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Optimal Transportation

M manifold

µt0 , µt1 Borel probability measures on M

c : M ×M → R cost function

Optimal Transportation Problem (OT)

Minimize the total cost
∫

M

c(x , ϕ(x))dµt0

among all Borel maps ϕ : M → M which pushes µt0 forward to µt1

(i.e. µt0(ϕ
−1(U)) = µt1(U) for all Borel set U).

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Optimal Transportation
Curvature of Hamiltonian Systems

Results

L : R× TM → R Tonelli Lagrangian

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Optimal Transportation
Curvature of Hamiltonian Systems

Results

L : R× TM → R Tonelli Lagrangian

ct0,t1(x , y) = infΓ
∫ t1
t0

L(t, γ(t), γ̇(t))dt (*)

Γ = {γ : [t0, t1] → M|γ(t0) = x , γ(t1) = y}
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L : R× TM → R Tonelli Lagrangian

ct0,t1(x , y) = infΓ
∫ t1
t0

L(t, γ(t), γ̇(t))dt (*)

Γ = {γ : [t0, t1] → M|γ(t0) = x , γ(t1) = y}
H : R× T ∗M → R corresponding Hamiltonian

Hamiltonian vector field ẋ = Hp , ṗ = −Hx

assume the Hamiltonian vector field is complete

Φτ,t flow of Hamiltonian vector field (recall Φt,t = id ,
Φt,s ◦ Φs,τ = Φt,τ )

Minimizers of (*) are projections of curves t 7→ Φt,t0(x , p)
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Theorem: (Brenier 89’, McCann 01’, Bernard-Buffoni 07’)

Assume µt0 absolutely continuous with respect to Lebesgue class.
Then there is a unique (µt0 almost everywhere) minimizer of (OT)
of the form

x 7→ ϕt1,t0(x) := π(Φt1,t0(dfx))

for some semi-convex function f .
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Theorem: (Brenier 89’, McCann 01’, Bernard-Buffoni 07’)

Assume µt0 absolutely continuous with respect to Lebesgue class.
Then there is a unique (µt0 almost everywhere) minimizer of (OT)
of the form

x 7→ ϕt1,t0(x) := π(Φt1,t0(dfx))

for some semi-convex function f . Moreover,

x 7→ ϕt,t0(x) := π(Φt,t0(dfx))

is a minimizer between µt0 and (ϕt,t0)∗µt0 for the cost ct,t0 , where
t ∈ [t0, t1]
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Connections with Ricci curvature

Definition:

Displacement Interpolation t 7→ µt := (ϕt,t0)∗µ

Definition:

Wasserstein space W := the set of all Borel probability measures

Definition:

Fix a family of measures mt .
Relative Entropy Functional E : R×W −→ R

E (t, µ) =

∫

M

ρt log ρtdmt ,

where µ = ρtmt .
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g Riemannian metric

H = 1
2

∑

i ,j g
ijpipj

mt = e−Fdvol, vol=Riemannian volume, F : M → R

µt = (ϕt,t0)∗µt0

Ric +∇2F Barky-Emery tensor

Theorem: (Otto-Villani 00’, Cordero Erausquin -McCann
-Schmuckenschlaeger 01’, von Renesse-Sturm 04’)

Ric +∇2F ≥ 0 if and only if d2

dt2
E (µt) ≥ 0. (i.e. E is convex along

displacement interpolations).
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g Riemannian metric

H = 1
2

∑

i ,j g
ijpipj

mt = e−Fdvol, vol=Riemannian volume, F : M → R

µt = (ϕt,t0)∗µt0

Ric +∇2F Barky-Emery tensor

Theorem: (Otto-Villani 00’, Cordero Erausquin -McCann
-Schmuckenschlaeger 01’, von Renesse-Sturm 04’)

Ric +∇2F ≥ 0 if and only if d2

dt2
E (µt) ≥ 0. (i.e. E is convex along

displacement interpolations).

Theorem: (Ohta 08’)

Finsler version of the above result.
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√
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∑
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∑
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˙̄g = 2Ric backward Ricci flow,

L(t, x , v) =
√
t
2

∑

i ,j ḡij(t, x)vivj +
√
t
2 R̄(t, x),

R̄ is the scalar curvature of ḡ ,

H(t, x , p) = 1
2
√
t

∑

i ,j ḡ
ijpipj −

√
t
2 R̄(t, x),

Ē (t, µ) =
∫

M
(log ρ̄+ t−1/2u)dµ+ n

2 log t,
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i ,j ḡij(t, x)vivj +
√
t
2 R̄(t, x),

R̄ is the scalar curvature of ḡ ,
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mt = et
−1/2uvol,

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Optimal Transportation
Curvature of Hamiltonian Systems

Results

Connections with Ricci Flow

˙̄g = 2Ric backward Ricci flow,

L(t, x , v) =
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2 log t,

µ = ρ̄vol, where vol is the Riemannian volume of ḡ ,
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∂tu + H(t, x , dux ) = 0, u

∣

∣

∣

t=0
= f
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Connections with Ricci Flow

˙̄g = 2Ric backward Ricci flow,

L(t, x , v) =
√
t
2

∑

i ,j ḡij(t, x)vivj +
√
t
2 R̄(t, x),

R̄ is the scalar curvature of ḡ ,

H(t, x , p) = 1
2
√
t

∑

i ,j ḡ
ijpipj −

√
t
2 R̄(t, x),

Ē (t, µ) =
∫

M
(log ρ̄+ t−1/2u)dµ+ n

2 log t,

µ = ρ̄vol, where vol is the Riemannian volume of ḡ ,

mt = et
−1/2uvol,

∂tu + H(t, x , dux ) = 0, u

∣

∣

∣

t=0
= f

Theorem: (Perelman 02’, Topping 09’, Lott 09’, Brendle 10’)

d2

dt2
Ē (t, µt) +

3

2t

d

dt
Ē (t, µt) ≥ 0.
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i ,j ḡij(t, x)vivj +
√
t
2 R̄(t, x),

H(t, x , p) = 1
2
√
t

∑

i ,j ḡ
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˙̄g = −2Ric Ricci flow,

L(t, x , v) =
√
t
2

∑

i ,j ḡij(t, x)vivj +
√
t
2 R̄(t, x),

H(t, x , p) = 1
2
√
t

∑

i ,j ḡ
ijpipj −

√
t
2 R̄(t, x),

Ē (t, µ) =
∫

M
(log ρ̄− t−1/2u)dµ+ n

2 log t,

µ = ρ̄vol, where vol is the Riemannian volume of ḡ ,

mt = e−t−1/2uvol,

∂tu + H(t, x , dux ) = 0, u
∣

∣

∣

t=0
= f

Theorem: (Feldman-Ilmanen-Ni 05’, Lott 09’)

d2

dt2
Ē (t, µt) +

3

2t

d

dt
Ē (t, µt) ≥ 0.
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˙̄g = −2Ric Ricci flow,

L(t, x , v) = 1
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∑

i ,j ḡij(t, x)vivj +
1
2 R̄(t, x),
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mt = vol,

∂tu + H(t, x , dux ) = 0, u

∣

∣

∣

t=0
= f

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Optimal Transportation
Curvature of Hamiltonian Systems

Results

˙̄g = −2Ric Ricci flow,

L(t, x , v) = 1
2

∑
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2 R̄(t, x),

H(t, x , p) = 1
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Ē (t, µ) =
∫

M
(log ρ̄− u)dµ,

µ = ρ̄vol, where vol is the Riemannian volume of ḡ ,

mt = vol,

∂tu + H(t, x , dux ) = 0, u

∣

∣

∣

t=0
= f

Theorem: (McCann-Topping 09’, Lott 09’)

d2

dt2
Ē (t, µt) ≥ 0.
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complete Hamiltonian vector field
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Curvature of Hamiltonian Systems

H : R× T ∗M → R fibrewise strictly convex Hamiltonian

complete Hamiltonian vector field
∑

i (Hpi∂xi − Hxi∂pi )

Flow Φt,t0

Vertical bundle V = ker dπ, π : T ∗M → M projection

J(x ,p)(t) = dΦ−1
t,t0(VΦt,t0(x ,p)

) ⊆ T(x ,p)T
∗M
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Curvature of Hamiltonian Systems
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t,t0(VΦt,t0(x ,p)
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∗M

there is a frame E (t) = (e1(t), ..., en(t))
T in J
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(x ,p) such that

ëi (t) ∈ J
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(x ,p)
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H : R× T ∗M → R fibrewise strictly convex Hamiltonian

complete Hamiltonian vector field
∑

i (Hpi∂xi − Hxi∂pi )

Flow Φt,t0

Vertical bundle V = ker dπ, π : T ∗M → M projection

J(x ,p)(t) = dΦ−1
t,t0(VΦt,t0(x ,p)

) ⊆ T(x ,p)T
∗M

there is a frame E (t) = (e1(t), ..., en(t))
T in J

t,t0
(x ,p) such that

ëi (t) ∈ J
t,t0
(x ,p)

any other such Ē satisfies Ē (t)O = E (t) for some orthogonal
matrix O
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Curvature of Hamiltonian Systems

H : R× T ∗M → R fibrewise strictly convex Hamiltonian

complete Hamiltonian vector field
∑

i (Hpi∂xi − Hxi∂pi )

Flow Φt,t0

Vertical bundle V = ker dπ, π : T ∗M → M projection

J(x ,p)(t) = dΦ−1
t,t0(VΦt,t0(x ,p)

) ⊆ T(x ,p)T
∗M

there is a frame E (t) = (e1(t), ..., en(t))
T in J

t,t0
(x ,p) such that

ëi (t) ∈ J
t,t0
(x ,p)

any other such Ē satisfies Ē (t)O = E (t) for some orthogonal
matrix O

Ë (t) = −R(t)E (t) for some symmetric matrix R(t).
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Definition:

The operator Rt,t0
(x ,p) : J

t,t0
(x ,p) → J

t,t0
(x ,p) with matrix representation

R(t) with respect to E (t) is the curvature of J(x ,p).
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Definition:

The operator Rt,t0
(x ,p) : J

t,t0
(x ,p) → J

t,t0
(x ,p) with matrix representation

R(t) with respect to E (t) is the curvature of J(x ,p).

Definition:

The operator Rt0
(x ,p) := R

t0,t0
(x ,p) : V(x ,p) → V(x ,p) is the curvature of

the Hamiltonian system.
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Definition:

The operator Rt,t0
(x ,p) : J

t,t0
(x ,p) → J

t,t0
(x ,p) with matrix representation

R(t) with respect to E (t) is the curvature of J(x ,p).

Definition:

The operator Rt0
(x ,p) := R

t0,t0
(x ,p) : V(x ,p) → V(x ,p) is the curvature of

the Hamiltonian system.

Proposition:

R
t,t
Φt,t0 (x ,p)

= dΦ−1
t,t0R

t,t0
(x ,p)dΦt,t0.
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∑
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ijpipj

Rt
(x ,p)(V ) = Rm(p,V )p, Rm Riemann curvature tensor
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∼= T ∗
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∼= TxM
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H(x , p) = 1
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∑

i ,j g
ijpipj

Rt
(x ,p)(V ) = Rm(p,V )p, Rm Riemann curvature tensor

V(x ,p)
∼= T ∗

xM
∼= TxM

tr(Rt
(x ,p)) = Ric(p, p), Rm Riemann curvature tensor
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Examples

Example 1:

H(x , p) = 1
2

∑

i ,j g
ijpipj

Rt
(x ,p)(V ) = Rm(p,V )p, Rm Riemann curvature tensor

V(x ,p)
∼= T ∗

xM
∼= TxM

tr(Rt
(x ,p)) = Ric(p, p), Rm Riemann curvature tensor

Example 2:

H(x , p) = 1
2

∑

i ,j g
ijpipj + U(t, x)
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Example 1:

H(x , p) = 1
2

∑

i ,j g
ijpipj

Rt
(x ,p)(V ) = Rm(p,V )p, Rm Riemann curvature tensor

V(x ,p)
∼= T ∗

xM
∼= TxM

tr(Rt
(x ,p)) = Ric(p, p), Rm Riemann curvature tensor

Example 2:

H(x , p) = 1
2

∑

i ,j g
ijpipj + U(t, x)

Rt
(x ,p)(V ) = Rm(p,V )p +∇2U(p)
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Examples

Example 1:

H(x , p) = 1
2

∑

i ,j g
ijpipj

Rt
(x ,p)(V ) = Rm(p,V )p, Rm Riemann curvature tensor

V(x ,p)
∼= T ∗

xM
∼= TxM

tr(Rt
(x ,p)) = Ric(p, p), Rm Riemann curvature tensor

Example 2:

H(x , p) = 1
2

∑

i ,j g
ijpipj + U(t, x)

Rt
(x ,p)(V ) = Rm(p,V )p +∇2U(p)

tr(Rt
(x ,p)) = Ric(p, p) + ∆U
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∫

M
log ρdmt , µ = ρmt
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Theorem: (L. 12’)

mt a fixed family of measures

µt a displacement interpolation

E (t, µ) =
∫

M
log ρdmt , µ = ρmt

V t0(x , p) = (π∗
mt0)(x ,p)(ė1(t0), ..., ėn(t0)), v

t = logV t
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Results

Theorem: (L. 12’)

mt a fixed family of measures

µt a displacement interpolation

E (t, µ) =
∫

M
log ρdmt , µ = ρmt

V t0(x , p) = (π∗
mt0)(x ,p)(ė1(t0), ..., ėn(t0)), v

t = logV t

d2

dt2
E (t, µt) + b(t)

d

dt
E (t, µt)

≥
∫

M

(

tr(Rt,t0
Φt,t0 (x ,df )

)− nb(t)2

4

− d2

dt2

(

v t(Φt,t0(x , df ))
)

− b(t)
d

dt

(

v t(Φt,t0(x , df ))
)

)

dµt0(x)
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H = 1
2g

ijpipj , mt = e−F vol, b ≡ 0

Corollary: (Otto-Villani 00’, Cordero Erausquin -McCann
-Schmuckenschlaeger 01’, von Renesse-Sturm 04’)

Ric +∇2F ≥ 0 if and only if d2

dt2
E (µt) ≥ 0.
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ijpipj , mt = e−F vol, b ≡ 0

Corollary: (Otto-Villani 00’, Cordero Erausquin -McCann
-Schmuckenschlaeger 01’, von Renesse-Sturm 04’)

Ric +∇2F ≥ 0 if and only if d2

dt2
E (µt) ≥ 0.

H(x , p) is homogeneous of degree 2, b ≡ 0
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H = 1
2g

ijpipj , mt = e−F vol, b ≡ 0

Corollary: (Otto-Villani 00’, Cordero Erausquin -McCann
-Schmuckenschlaeger 01’, von Renesse-Sturm 04’)

Ric +∇2F ≥ 0 if and only if d2

dt2
E (µt) ≥ 0.

H(x , p) is homogeneous of degree 2, b ≡ 0

Corollary: (Ohta 08’)

Finsler version
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Time dependent Riemannian metric

H(t, x , p) = 1
2

∑

i ,j g
ij(t, x)pipj + U(t, x)
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H(t, x , p) = 1
2

∑

i ,j g
ij(t, x)pipj + U(t, x)

ġ = c1Ric + c2g
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Time dependent Riemannian metric

H(t, x , p) = 1
2

∑

i ,j g
ij(t, x)pipj + U(t, x)

ġ = c1Ric + c2g

∂tu + H(t, x , dux ) = 0, u
∣

∣

∣

t=0
= f
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Time dependent Riemannian metric

H(t, x , p) = 1
2

∑

i ,j g
ij(t, x)pipj + U(t, x)

ġ = c1Ric + c2g

∂tu + H(t, x , dux ) = 0, u
∣

∣

∣

t=0
= f

Corollary: (L. 12’)

Let c1k = −2, b = − k̈

k̇
, c2 =

2k̇
k
− k̈

k̇
, mt = e−kuvol, and

U = − c21
8 R . Then

d2

dt2
E (t, µt) + b(t)

d

dt
E (t, µt) +

nċ2

2
+

nc22
4

+
nb2

4
≥ 0
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Corollary: (L. 12’)

Let k = Ctm, c1 = − 2
Ctm

, c2 =
m+1
t

, mt = e−Ctmuvol, and

U = − c21
8 R . Then

d2

dt2
E (t, µt)−

m − 1

t

d

dt
E (t, µt) ≥

m(1−m)n

2t2
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Corollary: (L. 12’)

Let k = Ctm, c1 = − 2
Ctm

, c2 =
m+1
t

, mt = e−Ctmuvol, and

U = − c21
8 R . Then

d2

dt2
E (t, µt)−

m − 1

t

d

dt
E (t, µt) ≥

m(1−m)n

2t2

set ˙̄g = 2Ric, g =
√
tḡ , C = −1, m = −1/2

recover the result of Perelman, Topping, Lott
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Corollary: (L. 12’)

Let k = Ctm, c1 = − 2
Ctm

, c2 =
m+1
t

, mt = e−Ctmuvol, and

U = − c21
8 R . Then

d2

dt2
E (t, µt)−

m − 1

t

d

dt
E (t, µt) ≥

m(1−m)n

2t2

set ˙̄g = 2Ric, g =
√
tḡ , C = −1, m = −1/2

recover the result of Perelman, Topping, Lott

set ˙̄g = −2Ric, g =
√
tḡ , C = 1, m = −1/2

recover the result of Feldman-Ilmanen-Ni, Lott
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Corollary: (L. 12’)

Let k = Ctm, c1 = − 2
Ctm

, c2 =
m+1
t

, mt = e−Ctmuvol, and

U = − c21
8 R . Then

d2

dt2
E (t, µt)−

m − 1

t

d

dt
E (t, µt) ≥

m(1−m)n

2t2

set ˙̄g = 2Ric, g =
√
tḡ , C = −1, m = −1/2

recover the result of Perelman, Topping, Lott

set ˙̄g = −2Ric, g =
√
tḡ , C = 1, m = −1/2

recover the result of Feldman-Ilmanen-Ni, Lott

set ˙̄g = −2Ric, g = ḡ , C = 1, m = 0

recover the result of McCann-Topping, Lott
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Theorem: (L. 12’)

mt a fixed family of measures

µt a displacement interpolation

E (t, µ) =
∫

M
ρqdmt , µ = ρmt

V t0(x , p) = (π∗
mt0)(x ,p)(ė1(t0), ..., ėn(t0)), v

t = logV t
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Theorem: (L. 12’)

mt a fixed family of measures

µt a displacement interpolation

E (t, µ) =
∫

M
ρqdmt , µ = ρmt

V t0(x , p) = (π∗
mt0)(x ,p)(ė1(t0), ..., ėn(t0)), v

t = logV t

d2

dt2
E (t, µt) + (qb1(t) + b2(t))

d

dt
E (t, µt)

≥
∫

M

q (r tx )
q
[

tr(Rt,t0
Φt,t0 (x,df)

)− b2(t)
d

dt

(

v t(Φt,t0(x, df))
)

− d2

dt2

(

v t(Φt,t0(x, df))
)

− q b1(t)
2

4
− nb2(t)

2

4

]

dµt0(x)
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H(t, x , p) = 1
2

∑

i ,j g
ij(t, x)pipj + U(t, x)

ġ = c1Ric + c2g

∂tu + H(t, x , dux ) = 0, u
∣

∣

∣

t=0
= f
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Results

H(t, x , p) = 1
2

∑

i ,j g
ij(t, x)pipj + U(t, x)

ġ = c1Ric + c2g

∂tu + H(t, x , dux ) = 0, u
∣

∣

∣

t=0
= f

Corollary: (L. 12’)

Let c1k = −2, b2 = − k̈

k̇
, c2 =

2k̇
k
− k̈

k̇
, mt = e−kuvol, and

U = − c21
8 R . Then

d2

dt2
E (t, µt) + (q b1(t) + b2(t))

d

dt
E (t, µt)

+ q

(

nċ2

2
+

nc22
4

+
qb21
4

+
nb22
4

)

E (t, µt) ≥ 0.
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Corollary: (L. 12’)

Let k = C1t
m, b1 = C2t

−1, c1 = − 2
C1tm

, c2 =
m+1
t

,

mt = e−C1t
muvol, and U = − c21

8 R . Then

d2

dt2
E (t, µt) +

qC2 −m + 1

t

d

dt
E (t, µt)

+
q(2nm(m − 1) + qC 2

2 )

4t2
E (t, µt) ≥ 0
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From Theorem to Corollary

Lemma:

Let H(t, x , p) = 1
2

∑

i ,j g
ij(t, x)pipj + U(t, x). Then

tr (Rt,t
(x,p)) = Ricx(p,p) + ∆U(x)− 〈∇(tr (ġ)),p〉x

+ div(ġ)x(p)−
1

2
tr (g̈x) +

1

4
|ġ |2x
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Results

From Theorem to Corollary

Lemma:

Let H(t, x , p) = 1
2

∑

i ,j g
ij(t, x)pipj + U(t, x). Then

tr (Rt,t
(x,p)) = Ricx(p,p) + ∆U(x)− 〈∇(tr (ġ)),p〉x

+ div(ġ)x(p)−
1

2
tr (g̈x) +

1

4
|ġ |2x

Lemma:

Let ġ = c1Ric + c2g . Then

tr (Rt,t
(x,p)) = Ricx(p,p) + ∆U(x)− 1

2
c1 〈∇R ,p〉

− ċ1

2
R − nċ2

2
− nc22

4
+

c21
4
|Ric|2 + c21

4
∆R .
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tr (Rt,t
(x,p)) = Ricx(p,p) + ∆U(x)− 1

2c1 〈∇R ,p〉 − ċ1
2 R − nċ2

2 −
nc22
4 +

c21
4 |Ric|2 +

c21
4 ∆R

d
dt
v tΦt,t0(x,df)

= k(t)
(

1
2 |∇u|2ϕt

− U(t, ϕt)
)

+ k̇(t)u(t, ϕt)

d2

dt2
v tΦt,t0 (x,df)

=

−k(t)
(

U̇(t, ϕt) + 2 〈∇U,∇u〉ϕt
+ 1

2 (c1(t)Ricϕt (∇u,∇u) +

c2(t)|∇u|2ϕt
)
)

+ 2k̇(t)
(

1
2 |∇u|2ϕt

− U(t, ϕt)
)

+ k̈(t)u(t, ϕt)
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tr (Rt,t
(x,p)) = Ricx(p,p) + ∆U(x)− 1

2c1 〈∇R ,p〉 − ċ1
2 R − nċ2

2 −
nc22
4 +

c21
4 |Ric|2 +

c21
4 ∆R

d
dt
v tΦt,t0(x,df)

= k(t)
(

1
2 |∇u|2ϕt

− U(t, ϕt)
)

+ k̇(t)u(t, ϕt)

d2

dt2
v tΦt,t0 (x,df)

=

−k(t)
(

U̇(t, ϕt) + 2 〈∇U,∇u〉ϕt
+ 1

2 (c1(t)Ricϕt (∇u,∇u) +

c2(t)|∇u|2ϕt
)
)

+ 2k̇(t)
(

1
2 |∇u|2ϕt

− U(t, ϕt)
)

+ k̈(t)u(t, ϕt)

kill the term Ricϕt (∇u,∇u) by setting c1k = −2
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tr (Rt,t
(x,p)) = Ricx(p,p) + ∆U(x)− 1

2c1 〈∇R ,p〉 − ċ1
2 R − nċ2

2 −
nc22
4 +

c21
4 |Ric|2 +

c21
4 ∆R

d
dt
v tΦt,t0(x,df)

= k(t)
(

1
2 |∇u|2ϕt

− U(t, ϕt)
)

+ k̇(t)u(t, ϕt)

d2

dt2
v tΦt,t0 (x,df)

=

−k(t)
(

U̇(t, ϕt) + 2 〈∇U,∇u〉ϕt
+ 1

2 (c1(t)Ricϕt (∇u,∇u) +

c2(t)|∇u|2ϕt
)
)

+ 2k̇(t)
(

1
2 |∇u|2ϕt

− U(t, ϕt)
)

+ k̈(t)u(t, ϕt)

kill the term Ricϕt (∇u,∇u) by setting c1k = −2

kill the term 〈∇R ,∇u〉 by setting U = − 1
2k2

R
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tr (Rt,t
(x,p))− d2

dt2
v tΦt,t0(x,df)

= −nċ2
2 − nc22

4 − k̈(t)u(t, ϕt(x)) +
(

c2(t)k(t)− 2k̇(t)
)(

1
2 |∇u|2ϕt(x)

+ 1
2k(t)2

R(ϕt(x))
)

d
dt
v tΦt,t0(x,df)

=

k̇(t)u(t, ϕt(x)) + k(t)
(

1
2 |∇u|2ϕt(x)

+ 1
2k(t)2

R(ϕt(x))
)
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tr (Rt,t
(x,p))− d2

dt2
v tΦt,t0(x,df)

= −nċ2
2 − nc22

4 − k̈(t)u(t, ϕt(x)) +
(

c2(t)k(t)− 2k̇(t)
)(

1
2 |∇u|2ϕt(x)

+ 1
2k(t)2

R(ϕt(x))
)

d
dt
v tΦt,t0(x,df)

=

k̇(t)u(t, ϕt(x)) + k(t)
(

1
2 |∇u|2ϕt(x)

+ 1
2k(t)2

R(ϕt(x))
)

kill the term u(t, ϕt) by setting b = − k̈

k̇
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tr (Rt,t
(x,p))− d2

dt2
v tΦt,t0(x,df)

= −nċ2
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