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The Dubins–Dodgem car problem 1/2

T → min

ẋ1(t) = cos(x3) x1(0) = h x1(T ) = 0

ẋ2(t) = sin(x3) x2(0) = 0 x2(T ) = 0

ẋ3(t) = u x3(0) =
π

2
x3(T ) ∈ R

u ∈ [−1, 1].

x :=

x1

x2

x3

 f0(x) =

cos(x3)
sin(x3)

0

 f1(x) =

0
0
1



ẋ = f0(x) + uf1(x) x(0) =

h
0
π
2

 x(T ) ∈ expRf1(0)
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The Dubins–Dodgem car problem 2/2

T → min

ẋ1(t) = cos(x3) x1(0) = h x1(T ) = 0

ẋ2(t) = sin(x3) x2(0) = 0 x2(T ) = 0

ẋ3(t) = u x3(0) =
π

2
x3(T ) ∈ 2πZ

u ∈ [−1, 1].
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The problem 1/2

minimise T subject to

ξ̇(t) = f0(ξ(t)) + u(t)f1(ξ(t)) t ∈ [0,T ]

ξ(0) = x0, ξ(T ) ∈ Nf , u(t) ∈ [−1, 1]

Reference normal Pontryagin extremal (T̂ , ξ̂, û) with adjoint
covector

λ̂ : [0, T̂ ]→ T ∗Rn

Aim
Look for second order conditions that ensure
strong local optimality of the triplet
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The problem 2/2

minimise T subject to

ξ̇(t) = f r0 (ξ(t)) + u(t)f r1 (ξ(t)) t ∈ [0,T ]

ξ(0) = x r0 , ξ(T ) ∈ N r
f , u(t) ∈ [−1, 1]

Aim
Say the nominal problem corresponds to r = 0.
If |r | < R, does this perturbed problem have a strong local solution
that is near (T̂ , ξ̂, û)?
Does it look like (T̂ , ξ̂, û)?
Is it – at least in some local sense – the unique solution?
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Different kinds of strong local optimality

(time, state)–local optimality

there exist ε > 0 and a neighbourhood V of the graph of ξ̂ in
R× Rn such that the triplet is optimal among all the triplets
(T , ξ, u) such that

I

∣∣∣T − T̂
∣∣∣ < ε

I Ξ := Graph(ξ) ∈ V

state–local optimality

there exists a neighbourhood U of the range ξ̂([0, T̂ ]) of ξ̂ such
that the triplet is optimal among all the triplets (T , ξ, u) such that

I ξ([0,T ]) ∈ U
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Addressed cases: 1/2

N r
f is an integral line of f r1 & û is bang–singular

I û(t) ≡ u1 ∈ {−1, 1} t ∈ [0, τ̂)

I û(t) ∈ (−1, 1) t ∈ (τ̂ , T̂ ]

u

t
τ̂ T̂

I N r
f = {exp sf r1 (y r ) : s ∈ R} W.l.o.g choose y0 = x̂f := ξ̂(T̂ )
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Addressed cases: 2/2

N r
f = {y r} & û is bang–singular–bang

I û(t) ≡ u1 ∈ {−1, 1} t ∈ [0, τ̂1)

I û(t) ∈ (−1, 1) t ∈ (τ̂1, τ̂2)

I û(t) ≡ u2 ∈ {−1, 1} t ∈ (τ̂2, T̂ )

u

t
τ̂1 τ̂2 T̂

I Nf = {x̂f } := {ξ̂(T̂ )}
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Some quantities

I Reference vector field f̂t(x) := f0(x) + û(t)f1(x)

I Reference Hamiltonian F̂t(`) := 〈` , f̂t(π`)〉
I Fi (`) := 〈` , fi (π`)〉 i = 0, 1

I Maximised Hamiltonian Fmax(`) := max
u∈[−1,1]

(F0(`) + uF1(`))

I Σ := {` ∈ T ∗M : F1(`) = 0}

Remark. |u(t)| < 1, ∀t in the singular interval

=⇒ λ̂(t) ∈ Σ ∀t in the singular interval
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Hamiltonian approach to (time, state)–local optimality

I a suitable Hamiltonian (possibly time–dependent)

H : (t, `) ∈ [0, T̂ ]× T ∗Rn 7→ Ht(`) ∈ R

Ht(Σ) ⊂ Σ ∀t ∈ [τ̂ , T̂ ]

Ht ≥ Fmax, Ht ◦ λ̂(t) = F̂t ◦ λ̂(t),
d

dt
λ̂(t) =

−→
H t ◦ λ̂(t)

I Let x̂1 := ξ̂(τ̂):
find a smooth function α : Rn → R such that

• dα(x̂1) = λ̂(τ̂)
• Λ := {( dα(x), x)}⊂ Σ
• Λ has some nice properties with respect to the flow H
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Hamiltonian approach to (time, state)–local optimality 2

I

Î × Λ Î × T ∗Rn

Î × Rn

id×H

id×π
(id×πH)−1 Î := [0, T̂ ]

Property

H∗(p dq − Ht dt) is exact on [0, T̂ ]× Λ
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Lifting trajectories

Λ

t

(0, λ̂(τ̂))
(T̂ , λ̂(τ̂))

t

Rn

(0, x̂0) (T̂ , x̂f )

(T , ξ(T ))

Ξ̂

Ξ Γ

Γ(a) =
(
t(a) = T + a

(
T̂ − T

)
, γ(a) = exp s(1− a)f1(x̂f )

)
, a ∈ [0, 1]

(id×πH)−1
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H∗(p dq − Ht dt) is exact =⇒

0 =

∮
H∗(p dq − Ht dt) =

∫
(id×πH)−1(Ξ̂)
H∗(p dq − Ht dt)

−
∫

(id×πH)−1(Γ)
H∗(p dq − Ht dt)−

∫
(id×πH)−1(Ξ)
H∗(p dq − Ht dt)

0 ≤ −
∫

(id×πH)−1(Γ)
H∗(p dq − Ht dt)
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H∗(p dq − Ht dt) is exact =⇒

0 ≤
∫ 1

0

(
− F1

( ∈Σ︷ ︸︸ ︷
Ht(a)

(
(πHt(a))−1(γ(a))

) )
+Ht(a)

(
Ht(a)

((
πHt(a)

)−1
(γ(a))

))(
T − T̂

))
da

=

∫ 1

0

(
1 + O

(
T − T̂

))(
T − T̂

)
da

which implies T ≥ T̂ .
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Hamiltonian approach to state–local optimality

I a suitable Hamiltonian

H : ` ∈ T ∗Rn 7→ H(`) ∈ R

Ht(Σ) ⊂ Σ t ∈ [τ̂ , T̂ ]

H ≥ Fmax, H ◦ λ̂(t) = F̂t ◦ λ̂(t),
d

dt
λ̂(t) =

−→
H ◦ λ̂(t)

I Let x̂1 := ξ̂(τ̂): find a smooth function α : Rn → R such that

• dα(ξ̂(τ̂)) = λ̂(τ̂)
• Λ = {( dα(x), x)}⊂ Σ
• Λ transverse to {H = 1} in λ̂(τ)

I Λ0 := Λ ∩ {H = 1} ⊂ Σ is a (n − 1)–dim manifold of T ∗Rn
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Hamiltonian approach to state–local optimality 2

I
I × Λ0 T ∗Rn

Rn

H

π
(πH)−1 I := [−δ, T̂ + δ]

Property

H does not depend on time
=⇒ H∗(p dq) is exact on [−δ, T̂ + δ]× Λ0
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Lifting trajectories

t

Λ0

λ̂(τ̂)
(T̂ , λ̂(τ̂))

x̂0

x̂f

ξ(T )

exp sf1(x̂f )

ξ̂

ξ γ

γ(a) = exp s(1− a)f1(x̂f ), a ∈ [0, 1]
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H∗(p dq) is exact =⇒

0 =

∮
H∗(p dq) =

∫
(πH)−1(ξ̂)
H∗(p dq)−

∫
(πH)−1(γ)
H∗(p dq)−

∫
(πH)−1(ξ)
H∗(p dq)

=

∫ T̂

0
1 dt −

∫ s

0
F1 ◦

∈Σ︷ ︸︸ ︷
H ◦ (πH)−1 ◦ γ(a) da

−
∫ T

0
〈H ◦ (πH)−1(ξ(t)) , ξ̇(t)〉 dt

≥T̂ −
∫ T

0
H(H ◦ (πH)−1(ξ(t)) dt = T̂ − T .

which implies T ≥ T̂ .
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Necessary conditions

u1F1(λ̂(t)) ≥ 0 t ∈ [0, τ̂)

F1(λ̂(t)) = 0 F0(λ̂(t)) = 1 t ∈ [τ̂ , T̂ ]

F101(λ̂(t)) := 〈λ̂(t) , [f1, [f0, f1]](ξ̂(t))〉 ≥ 0 t ∈ [τ̂ , T̂ ]

By differentiation

F01(λ̂(t)) := 〈λ̂(t) , [f0, f1](ξ̂(t))〉 = 0 t ∈ [τ̂ , T̂ ]

(F001 + û(t)F101)(λ̂(t)) = 0 t ∈ (τ̂ , T̂ )

where Fijk(p, q) := 〈p , [fi , [fj , fk ]](q)〉



22

The bang arc

Assumption: regularity along the bang arc

u1F1(λ̂(t))> 0 t ∈ [0, τ̂)
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The singular arc

Strong generalised Legendre condition

F101(λ̂(t))> 0 t ∈ [τ̂ , T̂ ]

⇓

û(t) =
−F001

F101
(λ̂(t)) t ∈ (τ̂ , T̂ )

FS := F0 −
F001

F101
F1 Hamiltonian of singular extremals

Fijk(p, q) := 〈p , [fi , [fj , fk ]](q)〉
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PMP consequences at the junction point

t 7→ u1F1(λ̂(t))

λ̂

t
τ̂

u1F1(λ̂(t)) > 0 t ∈ [0, τ̂)

d

dt
u1F1(λ̂(t))

∣∣∣∣
t=τ̂

= u1F01(λ̂(τ̂)) = 0

d2

dt2
u1F1(λ̂(t))

∣∣∣∣
t=τ̂−

=

= (u1F001 + F101)(λ̂(τ̂))≥ 0
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The junction point

Regularity at the junction point

(u1F001 + F101)(λ̂(τ̂))> 0

Equivalently

û is discontinuous at τ̂ .
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Geometric picture near the adjoint covector

S

λ̂(0)

Fmax = F0 + u1F1

Fmax = F0 − u1F1

−→
F0 + u1

−→
F1

λ̂(τ̂)

λ̂(T̂ )

−→
F01

−→
F1

Σ = {F1 = 0}

−→
F1 is tangent to Σ
−→
F1 is transverse to S
−→
F01 is transverse to Σ

S := {F1 = F01 = 0}
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Naive attempt

Choose Ht =

{
H1 := F0 + u1F1 t ∈ [0, τ̂)

F0 + a(t, `)F1 t ∈ [τ̂ , T̂ ]

for example: a(t, `) = û(t), a(t, `) = −F001(`)
F101(`) . . .

and start at time t = 0 from points ` in a neighbourhood of λ̂(0)

with the flow of
−→
H t : at some time t(`) the flow crosses Σ BUT

u1F01(exp t(`)(
−→
F0 + u1

−→
F1)(`)) < 0 =⇒

u1F1(exp(t − t(`))(
−→
F0 + a

−→
F1) ◦ exp t(`)(

−→
F0 + u1

−→
F1)(`)) < 0

for t > t(`)
Does not work: Ht is not the maximised Hamiltonian along the

flow of
−→
H t

Changing from F0 + u1F1 to F0 + |F1| causes loss of invertibility
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Change approach

t ∈ [τ̂ , T̂ ] =⇒ λ̂(t) ∈ S := {` ∈ T ∗Rn : F1(`) = F01(`) = 0}

A new Hamiltonian (Stefani, 2004)

Regularity Assumptions =⇒
∃ χ : T ∗Rn → [0,+∞) smooth such that

I χ(`) = 0⇐⇒ ` ∈ S
I −→χ (`) = 0 for any ` ∈ S
I for any ν : (t, `) ∈ [0, T̂ ]×T ∗Rn 7→ νt(`) ∈ R, the vector field
−−−−−−−−−→
F0 + νtF1 + χ is tangent to Σ
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The over–maximised Hamiltonian

Ht(`) =



F0(`) + u1F1(`) u1F01(`) ≤ 0, t ∈ [0, τ̂)

F0(`) + u1F1(`) + χ(`) u1F01(`) > 0, t ∈ [0, τ̂)

F0(`)− F001(`)

F101(`)
F1(`) + χ(`) t ∈ [τ̂ , T̂ ]
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The Hamiltonian

t
=
τ(
`)

t
(τ̂ , λ̂(τ̂)) (T̂ , λ̂(τ̂))

FS + χ

F0 + u1F1

︷ ︸︸ ︷
F0 + u1F1 + χ

FS := F0 − F001
F101

F1
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The second variation

The dynamics is affine with respect to the control, so the classical
second variation is completely degenerate =⇒
Proceed by perturbing:

I the switching time τ̂ ;

I the final time T̂ ;

I the singular control û|
(τ̂ ,T̂ )

With the constraints ξ(0) = x̂0, ξ(T ) ∈ Nf

u

t
τ̂ T̂
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The second variation

Transform the problem into a Mayer one on the fixed time interval
[0, T̂ ] by reparametrising time

minimise t(T̂ ) subject to

ṫ(s) = u0(s), t(0) = 0, t(T̂ ) ∈ R

ξ̇(s) = u0(s) (f0 + u(s)f1) (ξ(s)) ξ(0) = x̂0, ξ(T̂ ) ∈ Nf

u0(s) > 0, u(s) ∈ [−1, 1]

reference extended controls: u0 ≡ 1, u ≡ û

reference extended trajectory: s 7→
(
s, ξ̂(s)

)
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After a Goh’s transformation the quadratic form is given by

J ′′ext[(γ0, γ1, ε0, ε1,w)]2

=
1

2
(ε0(g0

τ̂ + u1g
1
τ̂ ) + ε1(g0

τ̂ + û|τ̂+ g1
τ̂ ) + γ0g

1
τ̂ )2 · β0(x̂0) +

+
1

2

∫ T̂

τ̂

(
w2(s)[ġ1

s , g
1
s ] + 2w(s) ζ(s) · ġ1

s

)
· β0(x̂0) ds

which is required to be coercive on the 5-tuplets
(γ0, γ1, ε0, ε1,w) ∈ R4 × L2([τ̂ , T̂ ]) such that

ζ̇(s) = w(s)ġ1
s (x̂0)

ζ(τ̂) = ε0(g0
τ̂ + u1g

1
τ̂ )(x̂0) + ε1 (g0

τ̂ + û|τ̂+ g1
τ̂ )(x̂0) + γ0g

1
τ̂ (x̂0)

ζ(T̂ ) = γ1g
1
T̂

(x̂0)

admits a solution ζ.
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The extended second variation cannot possibly be coercive: just
choose the non null variation

ε0 = 1, ε1 = −1, γ0 = û|τ̂+ − u1, γ1 = 0, w ≡ 0
=⇒ J ′′ext = 0
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The second variation

In order to obtain a possibly coercive extended second variation,

I renounce to perturbing the switching time τ̂ ;

I impose a stronger constraint on the final point:

ξ(T ) = ξ̂(T̂ ) := x̂f

u

t
τ̂ T̂
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The second variation

Transform the sub-problem into a Mayer one on the fixed time
interval [τ̂ , T̂ ] by reparametrising time

minimise t(T̂ ) subject to

ṫ(s) = u0(s), t(τ̂) = τ̂ , t(T̂ ) ∈ R

ξ̇(s) = u0(s) (f0 + u(s)f1) (ξ(s)) ξ(τ̂) = x̂1 ξ(T̂ ) = x̂f

u0(s) > 0, u(s) ∈ [−1, 1]

x̂1 := ξ̂(τ̂), ξ̂(T̂ ) := x̂f
reference extended controls: u0 ≡ 1, u ≡ û

reference extended trajectory: s 7→
(
s, ξ̂(s)

)
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Pull–back system

g i
s : = Ŝ−1

t∗ fi ◦ Ŝs , i = 0, 1

ĝs : = Ŝ−1
s∗ f̂s ◦ Ŝs = g0

s + û(s)g1
s

minimise τ(T̂ ) subject to

τ̇(s) = u0(s)− 1,

η̇(s) =
(
(u0(s)− 1)ĝs + u0(s)(u(s)− û(s)) g1

s

)
(η(s))

τ(τ̂) = τ̂ , τ(T̂ ) ∈ R, η(τ̂) = x̂1, η(T̂ ) = x̂1

u0(s) > 0, |u(s)| ≤ 1

constant reference trajectory s 7→ (τ̂ , x̂1)
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2nd variation associated to λ̂
∣∣∣

[τ̂ ,T̂ ]
(Agrachev-Stefani-Zezza 1998)

Let β : Rn → R such that dβ(x̂1) = −λ̂(τ̂) ∈ T ∗x̂1
Rn

J ′′[δu0, δu]2 =
1

2

∫ T̂

τ̂
δη(s) ·

(
δu0(s) ĝs + δu(s) g1

s

)
· β(x̂1) ds

where δu0, δu, δη satisfy

δ̇η0(s) = δu0(s) δη0(τ̂) = 0 δη0(T̂ ) ∈ R

δ̇η(s) = δu0(s)ĝs(x̂1) + δu(s)g1
s (x̂1) δη(τ̂) = 0 δη(T̂ ) = 0

(δu0, δu) ∈ L2((τ̂ , T̂ ),R2).
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After a Goh’s transformation the quadratic form is given by

J ′′ext[(ε0, ε1,w)]2 =
1

2
(ε0f0 + ε1f1)2 · β(x̂1) +

+
1

2

∫ T̂

τ̂

(
w2(s)[ġ1

s , g
1
s ] · β(x̂1) + 2w(s) ζ(s) · ġ1

s · β(x̂1)
)

ds

which is required to be coercive on the triplets
(ε0, ε1,w) ∈ R2 × L2([τ̂ , T̂ ]) such that

ζ̇(s) = w(s)ġ1
s (x̂1)

ζ(τ̂) = ε0f0(x̂1) + ε1 f1(x̂1) ζ(T̂ ) = 0

admits a solution ζ.
With a more appropriate choice of β the discrete part of J ′′ext
can be assumed to be null
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Invertibility

The extended second variation

J ′′ext[(ε0, ε1,w)]2 =
1

2

∫ T̂

τ̂

(
w2(s)[ġ1

s , g
1
s ] + 2w(s) ζ(s) · ġ1

s

)
·β(x̂1) ds

on the triplets (ε0, ε1,w) ∈ R2 × L2([τ̂ , T̂ ]) such that

ζ̇(s) = w(s)ġ1
s (x̂1) ζ(τ̂) = ε0f0(x̂1) + ε1 f1(x̂1) ζ(T̂ ) = 0

admits a solution ζ.

Assumption

I for (time, state)–local optimality
• The extended second variation restricted to ε0 = 0 is coercive.

I for state–local optimality
• The extended second variation is coercive.
• The reference trajectory is not self–intersecting.
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Consequences ((time, state)–local optimality)

I f1(x̂1) 6= 0

I ∃α : Rn → R such that

Λ :=
{
` ∈ T ∗R : ` = dα(x), x ∈ O(x̂1)

}
is a n–dimensional sub–manifold of Σ

=⇒ apply Hamiltonian methods
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Consequences (state–local optimality)

I f0 and f1 are linearly independent at x̂1

I ∃α1 : Rn → R such that

Λs :=
{
` ∈ T ∗Rn : ` = dα1(x), x ∈ O(x̂1),(

F0 −
F001

F101
F1 + χ

)
(`) = 1

}
is a (n − 1)–dimensional sub–manifold of Σ
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Adjusting for exactness: t < τ̂

Λs ⊂ {F0 + u1F1 + χ = 1, F1 = 0}

F 0
1

=
0

λ̂(τ̂)

u1F01 < 0 u1F01 > 0

−→
F0 + u1

−→
F1

−→
F0 + u1

−→
F1 +−→χ
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Replace part of Λs

f1 ‖ πΛs, f0(x̂1) transverse to πΛs =⇒

{
(F0 + u1F1)( dγ(x)) = 〈 dγ , f0 + u1f1〉(x) = 1 x ∈ Rn

γ|πΛs = α1|πΛs

admits one and only one smooth solution

γ : x ∈ O(x̂1) 7→ γ(x) ∈ R

Λb =
{
` ∈ T ∗Rn : u1F01(`) > 0, ` ∈ Λs

}
∪

∪
{
` ∈ T ∗Rn : u1F01(`) ≤ 0, ` = dγ(x), x ∈ πΛs

}
⊂ Σ
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Lifting trajectories

(πH)−1 τ̂

Λb

λ̂(τ̂)

(πH)−1τ̂ T̂

Λs

λ̂(τ̂)

x̂0

x̂f

ξ(T )

exp sf1(x̂1)

ξ̂

ξ γ

γ(a) = exp s(1− a)f1(x̂1), a ∈ [0, 1]

πΛb = πΛs
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The result

(time, state)–local optimality

Theorem Assume (T̂ , ξ̂, û) is an admissible triplet for the given
minimum time problem satisfying PMP in normal form and that û
has a bang–singular structure. If

I the regularity assumptions are satisfied

I the restricted extended second variation for the minimum time
problem between the extrema of the singular arc is positive
definite

then the triplet is a (time, state)–local optimiser.
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The result

state–local optimality

Theorem Assume (T̂ , ξ̂, û) is an admissible triplet for the given
minimum time problem satisfying PMP in normal form and that û
has a bang–singular–bang structure. If

I the regularity assumptions are satisfied

I the extended second variation for the minimum time problem
between the extrema of the singular arc is positive definite

I ξ̂ has no self–intersection

then the triplet is a state–local optimiser.
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Perturbed problem

minimise T subject to

ξ̇(t) = f r0 (ξ(t)) + u(t)f r1 (ξ(t)) t ∈ [0,T ]

ξ(0) = x r0 , ξ(T ) ∈ N r
f := expRf r1 (x rf ), u(t) ∈ [−1, 1]
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The geometric picture

Under the smoothness assumption with respect to r and the
regularity assumptions, the geometric picture in a neighbourhood
of λ̂ remains the same:

I the level set Σr := {F r
1 = 0} is an hypersurface in T ∗Rn

I any singular extremal of the perturbed system evolves on

Sr := {F r
1 = F r

01 = 0}

I F r
101 > 0 in a neighbourhood of λ̂

∣∣∣
[τ̂ ,T̂ ]

, so we may define the

Hamiltonian of singular extremals

F S ,r :=
−F r

001

F r
101
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Find the times and the adjoint covector

Φ: (r , ω, τ ,T , s) ∈ (−R,R)× (Rn)∗ × R3 7→

exp(−sf r1 )π exp(T−τ)
−−→
F S,r exp τ(

−→
F r

0+u1
−→
F r

1)(ω, x r0)−x rf ∈ Rn

Ψ(r , ω, τ ,T , s) =

(
Φ(r , ω, τ ,T , s),

F r
1 ◦ exp τ(

−→
F r

0 + u1
−→
F r

1)(ω, x r0),

F r
01 ◦ exp τ

(−→
F r

0 + u1
−→
F r

1

)
(ω, x r0),

F r
0 ◦ exp τ

(−→
F r

0 + u1
−→
F r

1

)
(ω, x r0)− 1

)
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ω̂0 := λ̂(0) =⇒

Ψ(0, ω̂0, τ̂ , T̂ , 0) = (0, 0, 0, 0)

ker
∂Ψ

∂(ω, τ ,T , s)

∣∣∣∣
(0,ω̂0,τ̂ ,T̂ ,0)

= ???

Assumption: controllability along λ̂
∣∣∣
[τ̂ ,T̂ ]

I λ̂
∣∣∣
[τ̂ ,T̂ ]

is the unique extremal associated to ξ̂
∣∣∣
[τ̂ ,T̂ ]

I equivalently:

span
{
f0(x̂1), f1(x̂1), ġ1

t (x̂1), t ∈ [τ̂ , T̂ ]
}

= Rn
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Under the regularity assumptions, the coercivity assumption and
the controllability assumption

ker
∂Ψ

∂(ω, τ ,T , s)

∣∣∣∣
(0,ω̂0,τ̂ ,T̂ ,0)

= 0

=⇒ there exists an extremal λr (t) := (µr (t), ξr (t)) such that

I λr is bang–singular

I the switching time τ r and the final time T r are near the
switching time τ̂ and the final time T̂ of λ̂

I the graph of λr is near the graph of λ̂ in R× T ∗Rn
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Theorem
There exist R > 0, ε > 0 and a neighbourhood V of the graph of λ̂
in R×T ∗Rn such that for any r , ‖r‖ < R, the extremal λr defined
via the implicit function theorem is the only extremal of the
perturbed problem whose graph is in V and whose final time is in
[T̂ − ε, T̂ + ε].

Is it a strong local minimiser?

The extended second variation along λr |[τ r ,T r ] is coercive

I ξr := πλr is a (time, state)–local optimiser

I if ξ̂ is simple, then also ξr := πλr is simple and it is a
state–local optimiser
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The (badly perturbed) Dodgem car problem

T → min

ẋ1(t) = cos(x3)+ur x1(0) = h x1(T ) = 0

ẋ2(t) = sin(x3) x2(0) = 0 x2(T ) = 0

ẋ3(t) = u x3(0) =
π

2
x3(T ) ∈ R

u ∈ [−1, 1].

f r0 (x) = f0(x)

cos(x3)
sin(x3)

0

 f r1 (x) =

r
0
1

 = f1(x) +

r
0
0


ẋ = f0(x) + uf1(x) x(0) =

h
0
π
2

 x(T ) ∈ expRf1(0)

=⇒ the extremal is b-s-b with the length of the second bang
interval of order

√
r (Felgenhauer 2011)
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