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Quantization
QM=n degrees of freedom

M phase space, M = R2n

pi , qi : M → R
symplectic coordinates

H = H(p, q)

H Hilbert space

pi , qi : D ⊂ H → H
[pi , iqj ] = δij1l, [pi , pj ] = [qi , qj ] = 0

⇔ aj :=
(pj+iqj )√

2
, a∗j :=

(pj−iqj )√
2

[ai , a
∗
j ] = δij1l, [ai , aj ] = [a∗i , a

∗
j ] = 0

H "= " H(p, q) = H(a∗, a)

H well de�ned as a self-adjoint operator
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Quantization
QFT=∞ degrees of freedom

∂2t ϕ(t, x) + (D2
x + m2)ϕ(t, x) + V (x , ϕ(x , t)) = 0.

ω2 := (D2
x + m2)

M phase space, dimM =∞

π(x), ϕ(x) symplectic coordinates
{πi (x), ϕj(x

′)} = δ(x − x ′)
{ϕ(x), ϕ(x ′)} = {π(x), π(x ′)} = 0

H = H(π, ϕ)

De�nition of H as a self-adjoint operator:
introduction of cuto� functions
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Nelson-type models (standard)

Γ(h) :=
⊕∞

n=0

⊗n
s
h h = L2(R3, dx)

u ∈
⊗n

s
h h ∈ h

a∗(h)u :=
√
n + 1u ⊗S h

a(h)u :=
√
n(h|u

Nu = nu

a(h)Ω = 0

φ(h) = 1√
2

(a∗(h) + a(h)) h ∈ h
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H := K ⊗ Γ(h)
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Nelson-type models (standard)

General situation

σ(K )

if ‖ω−1v‖B(K,K⊗h) <∞ (infrared regular condition)
E is an eigenvalue in the Fock representation [DeGe,BruDe]

otherwise (Nelson)
E is NOT an eigenvalue in the Fock representation [LMS,DeGe]
E is an eignevalue in another representation[Arai]
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H := K ⊗ Γ(h)

H = K ⊗ 1l + 1l⊗ dΓ(ω) + λΦ(v)

dΓ(ω)|⊗n
s
h :=

∑n
i=1

ωi

Φ(v) = a∗(v) + a(v)
v = ω−1/2ρ(x − x)

K = −∂jAij(x)∂i ) + V (x)
0 < C0 < Aij(x) ≤ C1

ω2 = g(x)(−∂jaij(x)∂i )g(x) + m2(x) = h0 + m2(x)
0 < c0 < g(x), aij(x) ≤ c1, m2(x)→ m∞ ≥ 0

(K + 1)−1 compact
inf σ(ω) = m ≥ 0
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Theorem

Let m = inf σ(ω), then

inf σess(H) ⊂ [inf σ(H) + m,+∞[.

In particular, if m > 0, H has a ground state.
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Theorem

If ω2 = h0 + m2(x), m2(x) ≥ a〈x〉−2 for some a > 0, then H has

no ground state.

Theorem

If ω2 = h0 + m2(x), m2(x) ≤ C 〈x〉−2−ε, for some C , ε > 0, then H

has a ground state.
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Theorem

If m2(x) ≥ a〈x〉−2 then

ω−β ≤ 〈x〉β+ε, for all 0 < β ≤ d , where d ≥ 3.

In particular this implies ‖ω−1v‖B(K,K⊗h) <∞ (and

ω−1v(K + 1)−1 compact).

obtained using [Porper-Eidel'man ]
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Theorem (existence abstract version)

Let H := K ⊗ Γ(h) and

H = K ⊗ 1l + 1l⊗ dΓ(ω) + λΦ(v),

with ω : h→ h self-adjoint , ω ≥ 0, 0 /∈ σpp(ω), v ∈ B(K,K ⊗ h).
Assume there exists a self-adjoint operator d ≥ 0 on h such that

[F (
d

R
), ωµ] = O(R−1), ω−

1

2F (
d

R
)vµ(K + 1)−

1

2 = O(R0)

and (K + 1)−1, ω−1v(K + 1)−
1

2 are compact.

Then H has a ground state.

If h = L2(R3, dx), one can replace (K + 1)−1 compact with a
binding condition (follow [Griesimer] for exponential decay).
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Proof (idea)

Hµ has a ground state ψµ

Hµ → H in the norm resovent sense

Theorem (General lemma, Arai)

If

ψµ →w ψ 6= 0,

Then ψ is a ground state for H.

Key bound:

(ψµ,Nψµ) < C uniformely in µ =⇒ existence
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(ψµ,Nψµ) < C uniformly in µ =⇒ existence

proof:

K := χ(N ≤ λ)χ(H0 ≤ λ)Γ(FR) compact

limµ→∞ Kψµ = 0
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Consider �rst the FLAT CASE:

N =

∫
a∗(k)a(k)dk

(ψ,Nψ) =
∫
‖a(k)ψ‖2dk

=
∫
‖(H − E + ω(k))−1v(k)ψ‖2dk

≤
∫
‖ω(k)−1v(k)(K + 1)−1‖2dk
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With a metrics: you have to avoid to decompose in k

N = A∗A

A abstract pullthrough operator [Bruneau,Derezi�nski]

A : Γ(h)→ Γ(h)⊗ h

(ψ,Nψ) = ‖Aψ‖

= ‖(H ⊗ 1l− E + 1l⊗ ω)−1vψ‖

≤ C‖ω−1v(K + 1)−
1

2 ‖
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U : K ⊗ Γ(h) → L2(M,m) m probablilty measure
ψ ⊗ Ω 7→ 1

Set

γ(t) =
(1, e−tH1)

‖e−tH1‖

Lemma

Set E := inf σ(H). Then

lim
t→∞

γ(t) = ‖1lE (H)1‖2

In particular if limt→∞ γ(t) = 0 then H has no ground state.

One can compute this quantity explicitly, and it depends on
(ρx,

e−tω

2ω ρy ) to be estimated using [Semenov]
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Comments and meaning

m2(x) = g00(m2 + θR(x)), θ = 0, 1/6

θ = 0, metrics without singularities (g00 → 1) :

massive → massive: ω2 = g(x)(−4γ)g(x) + m2(x)
massless → massless short range: ω2 = g(x)(−4γ)g(x)

metrics with singularities (g00 → 0) :

massive → massless

short range: ω2 = g(x)(−4γ)g(x) + m2(x)

but Schwarzschild is not included (?) in our framework

conformal wave: m2(x) = m2 + θR(x) Ricci scalar (short range)

massless → massless short range: ω2 = g(x)(−4γ)g(x) + m2(x)
- R(x)>0 meaning?
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Theorem

There exists a family of unitary operators Uκ on H and a

self-adjoint operator H∞ such that:

lim
κ→∞

U∗κ(Hκ − Eκ

(X )

)Uκ = H∞,

(in the strong resolvent sens).
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the other representation,

gs in the UV limit

black holes
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