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H well defined as a self-adjoint operator
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Quantization
QFT=00 degrees of freedom

D?p(t, x) + (D2 + m?)p(t, x) + V(x, 0(x,t)) = 0.
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Introduction

Quantization
QFT=00 degrees of freedom

D?p(t, x) + (D2 + m?*)o(t, x) + V(x, o(x,t)) = 0.

M phase space, dimM = oo

7(x), ¢(x) symplectic coordinates
{mi(x), 0j(x")} = 8(x — x')
{p(x), p(x")} = {r(x),n(x")} =0
(

)
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Quantization
QFT=00 degrees of freedom

D?p(t, x) + (D2 + m?*)o(t, x) + V(x, o(x,t)) = 0.

M phase space, dimM = oo H Hilbert space
m(x), o(x) symplectic coordinates 7. ¢ <= a*,a
{mi(x), 9 (x")} = o(x = x') [a(F), a"(g)] = (f,&)n1
{e(x), p(x)} = {m(x), m(x')} = 0 [a(F), a(g)] = [a"(f), a"(g)] = O
(7, ¢) H"=" H(m, ¢) = H(a", a)

Definition of H as a self-adjoint operator:
introduction of cutoff functions
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Nelson model (standard) The infrared problem

Nelson-type models (standard)

r(h) =@ @b b=L}R%dx)

a*(h) )
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Nelson-type models (standard)

r(h) =@ @b b=L}R%dx)
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The model

Nelson model (standard) The infrared problem

Nelson-type models (standard)

H =K ®TI(h)
rh) =@ro®;h  bh="L*R%dx)
K = L%(R3,dx)

H=Ka@1+1xdl(w)+ AP(v) a*(t) o)
M T
dr(w)lgsry == Y0 wi |
wh=-A+m?> m>0
o(v) = [v(k) ® a*(k) + v*(k) @ a(k)dk =

—ikx A

vi(k) = Wﬂ(k)
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The model

Nelson model (standard) The infrared problem

Nelson-type models (standard)

H =K &®Tl(h)
r(h) =B @b h="L*R?dx)
K := L?(R3,dx)

H:K®]l+ﬂ®dr(w)+/\¢(v) ;*_0;)' ma(h)

d

w

==

(W)l@ry =iy wi
=—A4+m m>0

=N

d(v) = a*(v) + a(v)
vy = w 2p(x — %)
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The model

Nelson model (standard) The infrared problem

Nelson-type models (standa

General situation

O'(K) ® se e
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The model

Nelson model (standard) The infrared problem

Nelson-type models (standa

General situ
sim>0 »
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The model

Nelson model (standard) The infrared problem

Nelson-type models (standard)

General situ

sim>0 »

sim=20

if [lw™ | g kcon) < oo (infrared regular condition)
E is an eigenvalue in the Fock representation [DeGe,BruDe]

otherwise (Nelson)
E is NOT an eigenvalue in the Fock representation [LMS,DeGe]
E is an eignevalue in another representation[Arai]
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Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

H:=K&®Tl(h)
H=K®1l+1dlM(w)+ AP(v)

dM(w)l@rp = iy wi
d(v) = a*(v) + a(v)

v=w1?p(x —x)

= —0;Ajj(x)0;) + V(x)
0< C<Aj(x)<G

w® = g(x)(—0;aii(x)0i)g(x) + m*(x) = ho + m*(x)
0 < ¢ < g(x),ajj(x) < c, m?(x) = ms >0

(K 4+ 1)~ compact
info(w)=m>0
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Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

Let m = info(w), then
infoess(H) C [inf o(H) + m, +o0].

In particular, if m > 0, H has a ground state.
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Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

If w? = hyg + m?(x), m?(x) > a(x)~2 for some a > 0, then H has
no ground state.

If w? = hg + m?(x), m?(x) < C(x)~27¢, for some C,e > 0, then H
has a ground state.
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Mathematical results
Idea of the proof
Nelson model with variable coefficients Comments and meaning

Theorem
If m?(x) > a(x)~2 then

w P < (x)PFE forall0 < B < d, whered > 3.

In particular this implies HwilvHB(;C,;C@h) < oo (and
wlv(K +1)7! compact).

obtained using [Porper-Eidel’'man |
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Mathematical results
Idea of the proof
Nelson model with variable coefficients Comments and meaning

Theorem (existence abstract version)
Let H: =K ®T(h) and

H=K®1+1®dl(w)+ A®(v),

with w : ) — b self-adjoint , w >0, 0 ¢ opp(w), v € B(K,K ®b).
Assume there exists a self-adjoint operator d > 0 on b such that

N[ =

= O(RY)

[F(8).wul = OR™), w HF(S)u(K +1)"

and (K +1)71, w=lv(K +1)"2 are compact.
Then H has a ground state.

Annalisa Panati, Centre de Physique Théorique, Marseille e: Infrared aspects of the Nelson model on a static space-time



Mathematical results
e Idea of the proof
Nelson model with variable coefficients Comments and meaning

Theorem (existence abstract version)

Let H: =K ®T(h) and

H=K®1+1®dl(w)+ A®(v),

with w : ) — b self-adjoint , w >0, 0 ¢ opp(w), v € B(K,K ®b).
Assume there exists a self-adjoint operator d > 0 on b such that

N[ =

F(2).wd = OR™), w2F(2)y,(k +1)7F = O(R)

R

and (K +1)71, w=lv(K +1)"2 are compact.
Then H has a ground state.

If h = L?(R3, dx), one can replace (K + 1)~! compact with a
binding condition (follow [Griesimer] for exponential decay).

Annalisa Panati, Centre de Physique Théorique, Marseille e: Infrared aspects of the Nelson model on a static space-time



Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

Proof (idea)
H,, has a ground state 9,
H, — H in the norm resovent sense

Theorem (General lemma, Arai)
If

1/1;1 _>W ¢ 7& 07
Then 1) is a ground state for H.

Key bound:

(¥, Np,) < C uniformely in ;1 = existence
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Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

(¢, Np,) < C uniformly in i = existence

proof:

K := x(N < X)x(Ho < A\I(Fg) compact

lim, o0 Ktpy = 0

® 8 & & &0 D E & & @B Wj,l,

Illlll'll.
1]
.C
L]

Ky, ‘0

Annalisa Panati, Centre de Physique Théorique, Marseille e: Infrared aspects of the Nelson model on a static space-time



Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

Consider first the FLAT CASE:
N = /a*(k)a(k)dk

(V. Ny) = [ la(k)y|>dk
= [I(H = E + w(k))tv(k)ep|dk
< [lw(k)"Lv(k)(K + 1)1 dk
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Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

With a metrics: you have to avoid to decompose in k
N=A*A

A abstract pullthrough operator [Bruneau,Derezinski]

A:T(h) = T(h) @b
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Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

With a metrics: you have to avoid to decompose in k
N=A*A

A abstract pullthrough operator [Bruneau,Derezinski]

A:T(H) = T(h) @b
(¥, Nyp) - = ||[A]|
=|(Hol-E+1®w) vy

< Cllwtv(K +1)72|
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Mathematical results
Idea of the proof

Nelson model with variable coefficients Comments and meaning

U: K®T(h) — L2(M,m) m probablilty measure
P ®Q — 1

Set ( " )
1l,e7t71
D) =)

Lemma
Set E :=info(H). Then

Jlim y(t) = [[1e(H)1]?

In particular if lim;_o y(t) = 0 then H has no ground state.

One can compute this quantity explicitly, and it depends on
(P, S5 py) to be estimated using [Semenov]
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Mathematical results
Idea of the proof
Nelson model with variable coefficients Comments and meaning

Comments and meaning

m?(x) = goo(m? + OR(x)),0 = 0,1/6

0 = 0, metrics without singularities (goo — 1) :
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Comments and meaning

m?(x) = goo(m? + OR(x)),0 = 0,1/6
0 = 0, metrics without singularities (goo — 1) :

massive —  massive: w? = g(x)(—A,)g(x) + m*(x)
massless —  massless short range: w2 = g(x)(—2,)g(x)
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massless —  massless short range: w2 = g(x)(—2,)g(x)
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but Schwarzschild is not included (?) in our framework
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Comments and meaning

m?(x) = goo(m? + OR(x)),0 = 0,1/6
0 = 0, metrics without singularities (goo — 1) :
massive —  massive: w? = g(x)(— A,y)g(x) +m
massless —  massless short range: w? = g(x)(—A)g(x)
metrics with singularities (goo — 0) :

massive —  massless short range: w? = g(x)(—A,)g(x) + m?(x)
but Schwarzschild is not included (?) in our framework

conformal wave: m?(x) = m? + 0R(x) Ricci scalar (short range)
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massive —  massive: w? = g(x)(—A,)g(x) + m*(x)
massless —  massless short range: w? = g(x)(—A)g(x)

metrics with singularities (goo — 0) :

massive —  massless short range: w? = g(x)(—A,)g(x) + m?(x)
but Schwarzschild is not included (?) in our framework

conformal wave: m?(x) = m? + 0R(x) Ricci scalar (short range)

massless —  massless short range: w? = g(x)(—A,)g(x) + m?(x)
- R(x)>0 meaning?
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UV limit

UV limit

Theorem

There exists a family of unitary operators U, on H and a
self-adjoint operator H, such that:

lim U*(He — E. U, =

o0y
KR—00

(in the strong resolvent sens).
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UV limit

UV limit

Theorem

There exists a family of unitary operators U, on H and a
self-adjoint operator H, such that:

lim U (Hx — Eo(X))Ux = Hoo,

KR—00

(in the strong resolvent sens).
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UV limit

Perspectives

@ include Schwarzschild

@ Pauli- Fierz model type, etc
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UV limit

Perspectives

include Schwarzschild

Pauli- Fierz model type, etc
the other representation,

gs in the UV limit

black holes
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