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Dirac operator

Energy of a free electron (p +— —iV):

non relativistic relativistic
classical mechanics | E = p?/(2m) | E? = c?p? + m*c*
quantum mechanics | H = —A/(2m) | D? = —c?A + m?c*

Free Dirac operator:

3
D = —icZak(?k—i—ﬁmcz = —jca -V + Bmc? J
k=1

a = (a1,a2,a3), B = 4 X 4 hermitian matrices, chosen such that
(D%)? = —c2A + m3c™.
» Unbounded from below: ¢(D°) = (—o0; —mc?] U [mc?; 4+00).

Unitss m=c =1, a = &2.
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A nonlinear Dirac equation

Stationary equation including Vacuum Polarization effects:

P = X(—o0,u) (D) (1)
D =D°+alpp_1jp —v) * x| 7" + Xp

a = e? | (bare) fine structure constant

v | charge density of nucleus (ex: v = Zdy)
1 | chemical potential chosen to fix total charge

—a% (Hartree-Fock Theory)

Xp = 0 (Reduced Hartree-Fock Theory)

8;; (pp_l /2) (Relativistic Density Functional Theory)

» Density pg(x) := trea(Q(x, x))

[Dir34] P.A.M. Dirac. Solvay report XXV, 1934.
[EngDre87] Engel and Dreizler, Phys. Rev. A, 1987.
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Interpretation

P= X(—o0,1) (D) (1)
D=D°+a(pp_1j2 —v)*|x|7' +0

» v =0 solution P = PY := y(_ )(D°) (free vacuum), Vi € (—1,1).
. p0 1 _ a-p+p3 —
Reason: P2 — 5 = EEWnrE = ppo_1/, =0.

Rmk: For HF the free vacuum is different [HailLewSol07].
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Interpretation

P= X(—o0,1) (D) (1)
D=D°+a(pp_1j2 —v)*|x|7' +0
» v =0 solution P = PY := y(_ )(D°) (free vacuum), Vi € (—1,1).
. p0 1 _ a-p+p3 —
Reason. P_—j——m — pngl/2:O'

Rmk: For HF the free vacuum is different [HailLewSol07].
»v #0

polarized vacuum polarized vacuum + electrons

pol. vacuum

pol. vacuum electrons
W _—l—.—?-O-I:I—>
P p=0 o(D) P Iz o(D)

~ Dirac-Fock egs including Vacuum
Polarization [Chalra89]

[HaiLewSol07] Hainzl, L. and Solovej. Comm. Pure Applied Math. (2007).
[Chalra89] Chaix and Iracane. J. Phys. B (1989).
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Difficulties & Outline

» There is no solution to the nonlinear equation (1) when v # 0!
@ need to add an ultraviolet cut-off A

@ renormalization

» Possible to add classical SCF magnetic field (~ photons), but no
mathematical result so far.
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Difficulties & Outline

» There is no solution to the nonlinear equation (1) when v # 0!
@ need to add an ultraviolet cut-off A

@ renormalization

» Possible to add classical SCF magnetic field (~ photons), but no
mathematical result so far.

Outline
@ Existence and non-existence of solutions

@ Renormalization
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Existence, nonperturbative regime

Regularization: Ta= orth. projector onto $, = {f € [*(R* C*)
supp(f) C B(0;N\)}. Define C:= {f : [|f(k)|?/|k|]* < oo}
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Existence, nonperturbative regime

Regularization: Ta= orth. projector onto $, = {f € [*(R* C*)
supp(f) C B(0;N\)}. Define C:= {f : [|f(k)|?/|k|]* < oo}

Theorem (Existence [HaiLewSer05,GralewSer09])

For all p € (—1,1), « >0, A > 0 and v € C, there exists one solution to

P = X(—o0,u) (D) +9
. 0 B 1 (2)
D =T (D" + a(pp_po —v)* o) M

where 0 < 0 < 1y,,(D), such that
P— P € &y, PY(P - P°)PY € &4, pp_po € L2NC.

» All such solutions share the same density pp_po .

> If amt/21/¢ |y, < 1 and 1 = 0, then § = 0 and P = P? is unique. In
this case tr P2 (P — PO)P® + PO (P — PO)PY = 0.

[HaiLewSer05] Hainzl, L. and Séré. Comm. Math. Phys. + J. Phys. A: Math & Gen. (2005).
[GraLewSer09] Gravejat, L. and Séré. Comm. Math. Phys. (2009).
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Idea of proof (p = 0): variational method

> Subtract infinite constant, using ppo 1/, =0and Q@ = P — PO
“Ear(P—1/2) - 5ﬁF(P° - 1/2)” =

tr DOQ — a// PQLIY) g1 @ // pQ’X fi‘ dx dy == E4pr(Q)

» Then [BacBarHeISie99], notice Q%> = QT — @~ and
tr D°Q = tr |D°|(Q@TT — Q=) = tr |D°|Q?
» Minimize the convex fn E§yr on the convex hull [Lie81]
{Q=Q* : @®<QTT-Q €61}

» The map {Q = Q* € G2(Hp) : QT € G1(HA)} = po € L2NCis
continuous

» For j1 # 0, replace D° by D° — 1

[BacBarHelSie99] Bach, Barbaroux, Helffer and Siedentop. Comm. Math. Phys. (1999).
[Lie81] Lieb. Phys. Rev. Lett. (1981).
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» We define the charge of our solution as
trpo (Q) := tr P2 QPY + PIQPY
Rmk. if P2 = P, then trpo (P — P?) € Z, [AvrSeiSim94,HailewSer05]
» By convexity,
choosing 11 «~ solving E7(q) := inf{EEpr(Q), trpo (Q) = g}

no minimizer 3 a minimizer

E"(q) /

dm Qo am
[AvrSeiSim94] Avron, Seiler and Simon. J. Funct. Anal. (1994).
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Maximum ionization

Theorem (Maximum lonization [GraLewSer-09])

Assumev € CN LY with Z .= [v.
» Then Z € [qm; qu| (existence of neutral atoms).

» Fora|v|,+ a(l+log\) < C' and Z > 0, one has
alogA+1/A+alv|. -

¢ 1— CalogA -

dm <0

and
27 4 C(alog A+ 1/A + a|v,)

Z < <
=R 1— Calogh

Generalizes a result of Lieb in the nonrelativistic setting [Lie84].

[Lie84] Lieb. Phys. Rev. A (1984).
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Renormalization

» (Bare) parameters: charge e (o« = €2) and mass m(= 1)
Regularization: UV cut-off A

= predicted observables = functions O(«a, \)
» Predicted charge / coupling constant: o, (o, \) # «
» Renormalization formulae: see « as fn of (apn, A)
aph = opn(a, ) = a = a(opn, )
= predicted observables = functions O(aph, )

» Renormalization: ‘remove’ A from observable O(opn, A)
(possibly only perturbatively in app)
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Charge renormalization

Theorem (Charge renormalization [GraLewSer-09])

Assume that v € LY(R3)NC withZ= [v, N >0, a >0 and p € (—1,1).
Then pp_po € L'(R?) and it holds

- Z —trpo (P —P?)
7 — = = 3
/R3 Pp—po 1+ aBy (3)

where By = 2 log A — & + 2282 1 O(1/A?).

» Except in neutral case, solutions are singular: P — P% ¢ &

» For |v|, small, n = 0, observe a,,Z and not aZ, with

(0% Qph

—— = a=—>
1+ aBp ¢ l—aphB/\ J

Pb (Landau pole): o, By < 1, hence A = 0o = app — 0.
Mathieu LEWIN (CNRS / Cergy)
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Self-consistent equation

» Assume y =0 and ker(D = {0}. Cauchy’s formula:

1
p— P =5
/ <D+/7] D0+i77>

We get in Fourier space

Bp_po (k) = —aBa(k) (Pp_po (k) — D(K)) + Fa(alpp_po — 1)) (4)J

where
(4k/2)-(£—k/2)+1—E(f+k/2)E((—k/2
Ba(k) = ﬂz\k|2 f|/[+k//2\‘<//\\ é(/+l{/%)(E(£—/k/)2)(E(£—(&-k/2/)+)E((£—k//2))) dt
and F/\(f) = anl F2,,+17/\()“7 e f) with

Fin(fi, - fi) = i/Oo 1 'ﬁ”f'*ln )
kAT, o Tl ) = P o —ooD0+inj:1 ATj H ADO—i— n
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Renormalized equation

» Renormalized density: p,,, = ppn(apn, A) defined for By < 1 by

(v — pp_po ) = QphPph J

such that D = D% — apnppn | - |71

» We can re-express Eq. (4) in terms of physical quantities as

1 o0 o -+ By = }

where Up(k) = BA(0) — Ba(k) >0
Rmk.
72—z

fim (k) = K /1 28wk 2 log K|
Ame TN T o T kP 2) 8T [kl—oo 37108

[HaiLewSer05b] C. Hainzl, M.L. and E. Séré. J. Phys. A: Math & Gen., 2005.
[Ueh35] E.A. Uehling. Phys. Rev., 1935.
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Renormalization in perturbation theory

» At least formally, we can write

Pph(aph; /\) - Z(aph)nyn,/\

n>0

von = Vlgpon)y, Pia= Un(k)o(k),

where Don = UnDn1n + Z Z ,Ej’/\(ynl’/\, s Un ) forn>2

J=3 m+--+nj=n—j

» Limit A — oo in recursion formula = sequence {v,},>0

2 1 ol v(y)
_ 1)1/2 il 2x—ylt _“\V)
vo =y and Vl*l | 37r/ =D L2+t4]/u{se =y

is the Uehling potential

Question: CV of series ) (ap,n)"v,? probably divergent [Dys52]

)

[Dys52] F.J. Dyson. Phys. Rev., 1952.
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Asymptotic renormalization

Think of apy and K := o, B as new parameters

Theorem (Asymptotics as o, — 0 [GraLewSer10])

Let u =0 and v € L?(R3) N C such that, for some N > 1,
/ log(L + [k|)2N+45(k) 2 dk < oo
R3

Let € > 0. There exist two constants C(v,N,€) and a(v, N, €) depending

on N, v and € such that one has
N

pph(aph:/\) - Z(aph)nl/n S C(l/, N, 6) (aph)N+1
n=0 L2(R3)NC
for all 0 < apy < a(v, N,e) with e < o, By <1 —e.

In terms of ap, and k = A~ e357T/20ph \with ¢ <k<l-—c¢

[GraLewSér10] Gravejat, M.L. and Séré. arXiv:1004.1734
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Conclusion

» Simple effective model for relativistic atoms including vacuum
polarization

» Renormalization can be performed asymptotically

» Not a quantitative theory, but first step towards more advanced models

Open problems:
» Divergence of series Y~ (apn)"vn ?
» Include electromagnetic field

» Numerics
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