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Topics

• Introduction
• Principe of Bound-state QED

– Dirac equation 
– Field operators
– Gell-Mann and Low theorem and perturbation expansion
– Two-time green function
– Mixing QED and relativistic perturbation theory
– Renormalisation

• Numerical methods
– Exact coulomb Green function
– Integration techniques

• Recent experimental results
• The hydrogen/muonic hydrogen puzzle
• Super-Heavy elements
• Conclusion
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What do we want to know?

• One-electron QED corrections
– One electron ions:  nl1s transitions are the most sensitive
– Two-loop effects checked only in light elements and lithium-like 

systems

• Two-electron QED corrections
– Much more difficult to evaluate (same as one-electron, plus two-

electron correlation and combined QED-correlation)
– Most advanced on the experimental and theoretical side are 

three-electron ions (Storage rings, dielectronic resonance, free 
electron lasers…)

– Helium fine structure is now better understood
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Non-perturbative bound-states QED

Principles
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Starting point
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Fields operators (second quantization)
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S-matrix theory
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Energy shifts
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Perturbation theory
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Perturbation theory 2
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H-like “One Photon” order (α/π)

Self Energy Vacuum Polarization

QED at order α and α2

11

samedi 11 décembre 2010



08/12/2010 Mathema-cal	
  models	
  of	
  Quantum	
  Field	
  Theory

H-like “Two Photon” order (α/π)2

H-like “One Photon” order (α/π)

Self Energy Vacuum Polarization

QED at order α and α2
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“Screening ” order α2

H-like “Two Photon” order (α/π)2

H-like “One Photon” order (α/π)

Self Energy Vacuum Polarization

QED at order α and α2
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Alternative methods: two-times Green function

12

samedi 11 décembre 2010



22/06/2010
Mathema-cal	
  Aspects	
  of	
  Quantum	
  

Electrodynamics

Alternative methods: two-times Green function

13

samedi 11 décembre 2010



23/06/2010
Mathema-cal	
  Aspects	
  of	
  Quantum	
  

Electrodynamics

“Screening of S.E. and V. P.”

Many body effects in QED
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“Screening of S.E. and V. P.”

RMBPT or MCDF (1/Z expansion!)

Non Radiative QED (QED correction to correlation and projection operators…)

Auger shift for auto-ionizing states

Non Radiative QED (no Hamiltonian or 
potential form!)

Many body effects in QED
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Feynman diagrams
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All orders vs perturbation

• Until 1974, expansion of the propagator was the rule
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All orders vs perturbation

• Does not work at high-Z
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Non-perturbative bound-states QED

Practical calculations and numerical methods
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Principles of the calculation
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Principles of the calculation
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No IR divergence if in Coulomb gauge
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Spherical symmetry
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Eigenstate of J2, Jz and parity
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Integrations
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Very excited states... Many poles on the real axis...
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Ultraviolet divergences
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Ultraviolet divergences 2
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Regularization
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Effect of the regularization
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Renormalization
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Orders of magnitude
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Self-energy is of order αmc2

At Z=1 one looses (αZ)4=2.8×10-9 i.e., 9 digits of numerical accuracy 
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High energy remainder

29

Very slow convergence for the sum over κ

Non-linear Van Wijngaarden condensation transform:

0<r≤1
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Convergence acceleration
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Nonlinear sequence transformations for the acceleration of convergence and the summation of divergent series, E.J. Weniger. 
Computer Physics Reports 10, 189-371 (1989).
Convergence acceleration via combined nonlinear-condensation transformations, U.D. Jentschura,  P.J. Mohr,  G. Soff et al. Computer 
Physics Communications 116, 28-54 (1999).
Calculation of the Electron Self-Energy for Low Nuclear Charge, U.D. Jentschura,  P.J. Mohr et G. Soff. Phys. Rev. Lett. 82, 53-57 
(1999)
Electron self-energy for the K and L shells at low nuclear charge, U.D. Jentschura,  P.J. Mohr et G. Soff. Phys. Rev. A 63, 042512 
(2001).

All calculations of S and B must be performed in 128 bits arithmetic for Z=1–5
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Two-loop self-energy

31

Two-Loop Self-Energy Correction in a Strong Coulomb Nuclear Field, V.A. Yerokhin,  P. Indelicato et V.M. Shabaev. JOURNAL OF 
EXPERIMENTAL AND THEORETICAL PHYSICS 101, 280–293 (2005).
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Difficulties
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• Renormalization very hard
• Mixed coordinate-space and momentum space Green 

function to evaluate numerically some renormalization 
contributions

• Double sums over angular momenta with slow 
convergence

• More numerical integrations
• cancellations
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Two-loop self-energy (1s)

V. A. Yerokhin, P. Indelicato, and V. M. Shabaev, Phys. rev. A 71, 040101(R) (2005).
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V. A. Yerokhin, Physical Review A 80, 040501 (2009) 
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Evolution at low-Z

34

V. A. Yerokhin, Phys. Rev. A 80, 040501 (2009) 

V. A. Yerokhin, P. Indelicato, and V. M. Shabaev, Phys. Rev. A 71, 040101(R) (2005).

All order numerical calculations

Analytic calculations

U. D. Jentschura, A. Czarnecki, and K. Pachucki, Physical Review A 72, 062102 (2005). 

K. Pachucki and U. D. Jentschura, Phys. Rev. Lett. 91, 113005 (4) (2003). 
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Cancellation at low Z
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Pushing QED to the limit
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The anomalous magnetic moment of free leptons 

37

Third order
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Progrès scientifique

Progrès technique
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Pourquoi remesurer le rayon du proton?
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L’hydrogène
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Déplacement de Lamb

46

Polarisation du vide
Plus on est près plus c’est fort!

Plus la particule est lourde plus c’est 
petit!

1 GHz
n=2

2S1/2

2P1/2

Hydrogène (électron)

50 THz
λ ≈ 6 µm

n=2

2S1/2(F=1)

2P3/2(F=2)

10-6s

Hydrogène muonique (muon 207 fois 
plus lourd que l’électron)
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muonic hydrogen : 2S1/2(F=1) - 2P3/2(F=2)

2S1/2

F=1

F=0

F=1
F=0

2P1/2

2P3/2

F=2
F=1

5.56 THz

finite size 
0.96THz

2.03 THz

49.81 THz
~ 6 µm

(~708 nm)

→ proton charge radius (~0.1%)

• 550 events measured
• 155 backgrounds
• 31 FP fringes
• 250 hours 

R. Pohl, A. Antognini, F. Nez, et al., Nature 466, 213 (2010).
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muonic hydrogen: 2S1/2(F=0)- 2P3/2(F=1)

2S1/2

F=1

F=0

F=1
F=0

2P1/2

2P3/2

F=2
F=1

5.56 THz

finite size 
0.96THz

2.03 THz

54.61 THz
~ 5.5 µm

(~700 nm)

• measured position fits with our proton radius (preliminary) 
• laser worked even better at 5.5 µm

preliminary

~ at the position deduced with new rp → hfs : Zeemach radius (few %)
samedi 11 décembre 2010
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History of the proton radius
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Chiral extrapolation of octet-baryon charge radii, P. Wang,  D.B. 
Leinweber,  A.W. Thomas et al. Phys. Rev. D 79, 094001 
(2009).
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History of the proton radius

49

Hydrogen CODATA

Chiral extrapolation of octet-baryon charge radii, P. Wang,  D.B. 
Leinweber,  A.W. Thomas et al. Phys. Rev. D 79, 094001 
(2009).

samedi 11 décembre 2010



08/12/2010 Mathema-cal	
  models	
  of	
  Quantum	
  Field	
  Theory

History of the proton radius

49

Hydrogen CODATA

MAMI A1 e- p+

Chiral extrapolation of octet-baryon charge radii, P. Wang,  D.B. 
Leinweber,  A.W. Thomas et al. Phys. Rev. D 79, 094001 
(2009).
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History of the proton radius
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Hydrogen CODATA

MAMI A1 e- p+

µP LS

Chiral extrapolation of octet-baryon charge radii, P. Wang,  D.B. 
Leinweber,  A.W. Thomas et al. Phys. Rev. D 79, 094001 
(2009).
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Highly charged ions

Recent progress
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Hydrogen
EK   = -13.6 eV
<E>= 1 • 1010 V/cmZ = 1

Atomic Physics in Strong Coulomb Fields

1 10 20 30 40 50 60 70 80 90109

1010

1011

1012

1013

1014

1015

1016

1s

<E
> 

 [V
/c

m
]

Nuclear Charge, Z

samedi 11 décembre 2010



03/11/10
DPG	
  Symposium	
  Precision	
  spectroscopy	
  of	
  

highly	
  ionized	
  maKer 52

Intense Laser
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Intense Laser

Hydrogen
EK   = -13.6 eV
<E>= 1 • 1010 V/cmZ = 1

Z = 92

H-like Uranium
EK   = -132 • 103  eV
<E>= 1.8 • 1016 V/cm

Atomic Physics in Strong Coulomb Fields
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Atomic Physics in Strong Coulomb Fields

Atomic Structure at High-Z
 
• bound state quantum electrodynamics (QED)

• effects of relativity on the atomic structure

• electron correlation in the 
 presence of strong fields
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He-like U: 1s2p 3P2-1s2s 3S1

EHe = 4510.32 ± (0.45)stat ± (0.22)syst  eV

M. Trassinelli, A. Kumar, H. F. 
Beyer, et al., Europhysics 
Letters 87, 63001 (6) (2009). 
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Heidelberg EBIT (2)

56

Novel technique for high-precision Bragg-angle determination in crystal x-ray spectroscopy, J. Braun,  H. 
Bruhns,  M. Trinczek et al. Rev. Sci. instrum. 76, 073105-6 (2005).
Testing QED Screening and Two-Loop Contributions with He-Like Ions, H. Bruhns,  J. Braun,  K. Kubiček et al. 
Phys. Rev. Let. 99, 113001-4 (2007). 
Two-loop QED contributions tests with mid-Z He-like ions, K. Kubiček,  H. Bruhns,  J. Braun et al. J. Phys.: 
Conf. Ser. 012007 (2009) 
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First absolute measurement of highly-charged ions transition energies and width
1s 2s 3S1- 1s2 1S0 in He-like Argon (Zα∼0.13)

Other production methods (accelerators, Electron-Beam Ion Traps) provide diagram lines like the 1s 2p 
1P1- 1s2 1S0 line

Typical acquisition time 40 mn parallel side and ~3:30h antiparallel

M1 1s 2s 3S1!1s2 1S0  Typical parallel spectrum 
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From K. Kubiček,  H. Bruhns,  J. Braun,  J.R.C. Lopez-Urrutia et J. Ullrich. J. Phys.: Conf. Series. 012007, 
(2009). 
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The hydrogen/muonic hydrogen puzzle
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New calculation: S. G. 
Karshenboim, V. G. Ivanov, E. 
Y. Korzinin, et al., Phys. Rev. A 
81, 060501 (2010) and 1 S. 
Karshenboim, E. Korzinin, V. 
Ivanov, et al., JETP Letters 
92, 8 (2010).
0.00115(1) meV
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[1] QED is not endangered by the proton's size, A. De Rújula. Physics Letters B 693, 
555-558 (2010).
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555-558 (2010).
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Fig. 2. Comparison of the electric form factor from Refs. [27,
28], compared to a dipole model with the same R = 0.850fm as
deduced from the experimental function.

3 Evaluation of main vacuum polarization
and finite size correction

The evaluation of the vacuum polarization can be per-
formed using standard techniques of (perturbative) non-
relativistic QED (NRQED) as described in [30,32]. Here
we use the analytic results of Klarsfeld [57] as described
in [58] and numerical solution of the Dirac equation from
Sec. 2. In order to obtain higher order effects, we solve the
Dirac equation in a combined potential resulting from
the finite nuclear charge distribution and of the Uëhling
potential. The logarithmic singularity of the Uëhling po-
tential at the origin for a point charge cannot be easily
incorporated in a numerical Dirac solver. In the case of a
finite charge distributions, the singularity is milder, but
great care must be exercised to obtain results accurate
enough for our purpose.

For a point charge, the Uëhling potential, which repre-
sents the leading contribution to the vacuum polarization,
is expressed as [59]

Vpn
11 (r) = −α(Zα)

3π

� ∞

1
dz
√

z2 − 1
� 2

z2 +
1
z4

� e−2merz

r

= −2α(Zα)
3π

1
r
χ1

� 2
λe

r
� (25)

where me is the electron mass, λe is the electron Compton
wavelength and the function χ1 belongs to a family of
functions defined by

χn(x) =
� ∞

1
dze−xz 1

zn

�1
z
+

1
2z3

� √
z2 − 1. (26)

The Uëhling potential for a spherically symmetric charge
distribution is expressed as [57]

V11(r) = −2α(Zα)
12π

1
r

� ∞

0
dr� r�ρ(r�)

×
�
χ2

� 2
λe
| r − r� |

�
− χ2

� 2
λe
| r + r� |

��
. (27)

The expression of the potential at the origin is given by

V11(0) = −2α(Zα)
3π

� ∞

0
dr�r�ρ(r�)χ1

� 2
λe

r�
�
, (28)

while it behaves at large distances as [59]

V11(r) = −2α(Zα)
3π

1
r

�
χ1

� 2
λe

r
�
+

2
3
< r2 > χ−1

� 2
λe

r
�

+
2

15
< r4 > χ−3(

2
λe

r) + . . .
�

(29)

using the moments of the charge distribution (7).
Obtaining the he accuracy required from the calcu-

lation on ED
2κµ, which has a value of ≈ 632.1 eV, while

the Lamb shift is ≈0.22 eV with an aim at better than
0.001 meV, is a very demanding task. For a point nucleus,
we get exact degeneracy for the 2s and 2p1/2 Dirac en-
ergies. For the vacuum polarization we obtain ∆E11,PN

2p1/2
−

∆E11,PN
2s1/2

=205.02820 meV, to be compared with 205.0282 meV
in Ref. [34]. Pachucki [32] obtained 205.0243 meV as the
sum of the non-relativistic 205.0074 meV and first order
relativistic 0.0169 meV corrections. To achieve this result
we used the mesh parameters described in the previous
section, and checked by varying them that our results
were stable within the decimal places provided here. For
finite nuclei, we have then performed many calculations
with different value of the first mesh point r0 and step
size h in Eq. (4). The best accuracy was obtained with
r0 = 2× 10−3 and h = 2× 10−3. This corresponds to ≈ 8700
tabulation points for the wavefunction, with around 2800
points inside the nucleus. We checked that changes in r0
and h do not change the final value. The main finite nu-
clear size effect on the 2p1/2–2s energy separation comes
from the sum of the Dirac energy splitting (the 2p1/2 and
2s level are exactly degenerate for a point nucleus) and of
the vacuum polarization. It is known [60] that this finite
contribution can be parametrized as

∆EV11FN = ED
2p1/2
− ED

2s1/2
+

�
∆E11,FS

2p1/2
− ∆E11,FS

2s1/2

�
−
�
∆E11,PN

2p1/2
− ∆E11,PN

2s1/2

�

= aR2 + bR3. (30)

We have used our numerical results for values of R from
0.7 fm to 2.2 fm by step of 0.1 fm to obtain a and b. Their
values are given in Table 2 and plotted on Fig. 3.

Friar and Sick [61] have evaluated the third Zemach
moment from Eq. (19), using the proton-electron scatter-
ing data available in 2005. Using a model-independent
analysis, they find

�
r3
�

(2)
= 2.71 ± 0.13 fm3, leading to an

energy shift of −0.0247 ± 0.0012 meV. Using our numeri-
cal solutions we find that ED

2p1/2
− ED

2s1/2
= aR2 + bR3, with

a = −5.199681 and b = 0.035020 for the exponential model
and a = −5.199719 and b = 0.032908 for the Gaussian
model. Borie [34] finds a = −5.1975 meV and b = 0.0347
for an exponential model and b = 0.0317 for a Gaussian
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•<r3>(2)=3.789  <r2>3/2 Dipole
•<r3> (2) =1.960  <r2>3/2 Gauss
•<r3> (2) =3.983 <r2>3/2 Arrington et al.

•<r3> (2) =36.6±7.3=43 <r2>3/2 De Rùjula ?!
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Fig. 2. Comparison of the electric form factor from Refs. [27,
28], compared to a dipole model with the same R = 0.850fm as
deduced from the experimental function.

3 Evaluation of main vacuum polarization
and finite size correction

The evaluation of the vacuum polarization can be per-
formed using standard techniques of (perturbative) non-
relativistic QED (NRQED) as described in [30,32]. Here
we use the analytic results of Klarsfeld [57] as described
in [58] and numerical solution of the Dirac equation from
Sec. 2. In order to obtain higher order effects, we solve the
Dirac equation in a combined potential resulting from
the finite nuclear charge distribution and of the Uëhling
potential. The logarithmic singularity of the Uëhling po-
tential at the origin for a point charge cannot be easily
incorporated in a numerical Dirac solver. In the case of a
finite charge distributions, the singularity is milder, but
great care must be exercised to obtain results accurate
enough for our purpose.

For a point charge, the Uëhling potential, which repre-
sents the leading contribution to the vacuum polarization,
is expressed as [59]

Vpn
11 (r) = −α(Zα)
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where me is the electron mass, λe is the electron Compton
wavelength and the function χ1 belongs to a family of
functions defined by

χn(x) =
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1
dze−xz 1
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+

1
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The Uëhling potential for a spherically symmetric charge
distribution is expressed as [57]
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12π

1
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×
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The expression of the potential at the origin is given by

V11(0) = −2α(Zα)
3π

� ∞

0
dr�r�ρ(r�)χ1

� 2
λe

r�
�
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while it behaves at large distances as [59]
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using the moments of the charge distribution (7).
Obtaining the he accuracy required from the calcu-

lation on ED
2κµ, which has a value of ≈ 632.1 eV, while

the Lamb shift is ≈0.22 eV with an aim at better than
0.001 meV, is a very demanding task. For a point nucleus,
we get exact degeneracy for the 2s and 2p1/2 Dirac en-
ergies. For the vacuum polarization we obtain ∆E11,PN

2p1/2
−

∆E11,PN
2s1/2

=205.02820 meV, to be compared with 205.0282 meV
in Ref. [34]. Pachucki [32] obtained 205.0243 meV as the
sum of the non-relativistic 205.0074 meV and first order
relativistic 0.0169 meV corrections. To achieve this result
we used the mesh parameters described in the previous
section, and checked by varying them that our results
were stable within the decimal places provided here. For
finite nuclei, we have then performed many calculations
with different value of the first mesh point r0 and step
size h in Eq. (4). The best accuracy was obtained with
r0 = 2× 10−3 and h = 2× 10−3. This corresponds to ≈ 8700
tabulation points for the wavefunction, with around 2800
points inside the nucleus. We checked that changes in r0
and h do not change the final value. The main finite nu-
clear size effect on the 2p1/2–2s energy separation comes
from the sum of the Dirac energy splitting (the 2p1/2 and
2s level are exactly degenerate for a point nucleus) and of
the vacuum polarization. It is known [60] that this finite
contribution can be parametrized as

∆EV11FN = ED
2p1/2
− ED

2s1/2
+

�
∆E11,FS

2p1/2
− ∆E11,FS

2s1/2

�
−
�
∆E11,PN

2p1/2
− ∆E11,PN

2s1/2

�

= aR2 + bR3. (30)

We have used our numerical results for values of R from
0.7 fm to 2.2 fm by step of 0.1 fm to obtain a and b. Their
values are given in Table 2 and plotted on Fig. 3.

Friar and Sick [61] have evaluated the third Zemach
moment from Eq. (19), using the proton-electron scatter-
ing data available in 2005. Using a model-independent
analysis, they find

�
r3
�

(2)
= 2.71 ± 0.13 fm3, leading to an

energy shift of −0.0247 ± 0.0012 meV. Using our numeri-
cal solutions we find that ED

2p1/2
− ED

2s1/2
= aR2 + bR3, with

a = −5.199681 and b = 0.035020 for the exponential model
and a = −5.199719 and b = 0.032908 for the Gaussian
model. Borie [34] finds a = −5.1975 meV and b = 0.0347
for an exponential model and b = 0.0317 for a Gaussian
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The expression of the potential at the origin is given by

V11(0) = −2α(Zα)

3π
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while it behaves at large distances as [62]
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using the moments of the charge distribution (7).

Obtaining the he accuracy required from the calcu-

lation on ED
2κµ, which has a value of ≈ 632.1 eV, while

the Lamb shift is ≈0.22 eV with an aim at better than

0.001 meV, is a very demanding task. For a point nucleus,

we get exact degeneracy for the 2s and 2p1/2 Dirac en-

ergies. For the vacuum polarization we obtain ∆E11,PN

2p1/2
−

∆E11,PN

2s1/2
=205.02820 meV, to be compared with 205.0282 meV

in Ref. [34]. Pachucki [32] obtained 205.0243 meV as the

sum of the non-relativistic 205.0074 meV and first order

relativistic 0.0169 meV corrections. To achieve this result

we used the mesh parameters described in the previous

section, and checked by varying them that our results

were stable within the decimal places provided here. For

finite nuclei, we have then performed many calculations

with different value of the first mesh point r0 and step

size h in Eq. (4). The best accuracy was obtained with

r0 = 2× 10−3 and h = 2× 10−3. This corresponds to ≈ 8700

tabulation points for the wavefunction, with around 2800

points inside the nucleus. We checked that changes in r0

and h do not change the final value. The main finite nu-

clear size effect on the 2p1/2–2s energy separation comes

from the sum of the Dirac energy splitting (the 2p1/2 and

2s level are exactly degenerate for a point nucleus) and of

the vacuum polarization. It is known [63] that this finite

contribution can be parametrized as

∆EV11FN = ED
2p1/2
− ED

2s1/2
+

�
∆E11,FS

2p1/2
− ∆E11,FS

2s1/2

�
−
�
∆E11,PN

2p1/2
− ∆E11,PN

2s1/2

�

= aR2 + bR3. (30)

We have used our numerical results for values of R from

0.7 fm to 2.2 fm by step of 0.1 fm to obtain a and b. Their

values are given in Table 3 and plotted on Fig. 3.

Friar and Sick [64] have evaluated the third Zemach

moment from Eq. (19), using the proton-electron scatter-

ing data available in 2005. Using a model-independent

analysis, they find

�
r3
�

(2)
= 2.71 ± 0.13fm3, leading to an

energy shift of −0.0247 ± 0.0012meV. Using our numeri-

cal solutions we find that ED
2p1/2
− ED

2s1/2
= aR2 + bR3, with

a = −5.199681 and b = 0.035020 for the exponential model

and a = −5.199719 and b = 0.032908 for the Gaussian

model. Borie [34] finds a = −5.1975 meV and b = 0.0347

for an exponential model and b = 0.0317 for a Gaussian

Table 3. Comparison of the coefficients for the finite nuclear size

effect on the Vacuum polarization and Coulomb 2p1/2–2s energy

splitting

Model a (meV/fm2) b (meV/fm3)

Uniform −5.2284 0.0313

Dipole −5.2271 0.0353

Fermi −5.2271 0.0324

Gauss −5.2265 0.0328

Ref.[34], Dip. −5.2248 0.0347

Ref.[32] −5.225 0.0347

Ref.[34], Gauss −5.2248 0.0317

a

model, leading to shifts of −0.0232 meV −0.0212 meV re-

spectively. Using the Fourier transform of the exponential

(14) distribution in Eq. (21), we find

�
r3
�

(2)
=

35
√

3R3

16
, (31)

showing that

�
r3
�

(2)
is proportional to R3 and justifying

the fit in R2 and R3 performed to derive a and b. The value

obtained by Friar and Sick corresponds to R = 0.894fm. In

that case our energy shift is −0.0250 meV in good agree-

ment with the energy shift in Ref. [64]. In the Gaussian

model, we find
�
r3
�

(2)
=

32R3

3
√

3π
, (32)

leading to R = 0.920fm and an energy shift of−0.0256 meV,

still in agreement. We can perform a more advance cal-

culation, using the charge distribution from Ref. [18], as

given in (22). We find

�
r3
�
= 2.45fm3, significantly lower

than Friar and Sick’s value. This lead to R = 0.864fm for

the exponential model and R = 0.889fm for the Gaussian

model, leading to shifts of−0.0226 meV and−0.0232 meV

respectively, in closer agreement to Borie’s work. The ra-

tios between

�
r3
�

(2)
and R3 are given by , 3.982, 3.78886

and 3.47451 for the experimental fit, the exponential and

gaussian models respectively.

4 Higher-order vacuum polarization

corrections

4.1 Higher order vacuum polarization

The term named “VP iteration”, which correspond to Fig.

4is given in Eq. (215) of Ref. [33] is given by

∆EVPVP = 0.01244
4

9

�α
π

�2
(Zα)

2 µr (33)

where µr =94.96446 MeV for µP (using [10]). This adds

0.15086 meV to the Lamb-shift for µP. The Uëhling po-

tential under the form used in Sec.3 can be introduced
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Fig. 3. Dependence of
∆EV11FN

R2 as a function of R in meV/fm2 for

different charge distribution models.

in the potential of the Dirac equation (3) when solving it

numerically. This amounts to get the exact solution with

any number of vacuum polarization insertions as shown

in Fig. 4. The numerical methods that we used are de-

scribed in Ref. [60,61]. Because of the Logarithmic de-

pendence of the point nucleus Uëhling potential at the

origin, we do not calculate the iterated vacuum polar-

ization directly for point nucleus. We instead calculate

for different mean square radii and charge distribution

models, and fit the curves with f (R) = a + bR2. All 4

models provides very similar values. The final value is

0.1510170±0.0000003 meV. The value calculated in Ref.

[32] is 0.1509 meV and the one in Ref. [34] is 0.1510 meV

in very good agreeement with ours. Our method provides

in addition the proton size dependence for this correction,

which is found to be -0.0000759±0.0000001 meV/fm2, which

was not calculated before. The uncertainties provided

here are the statistical average of the fit errors.

4.2 Reevaluation of the Källèn and Sabry potential

The Källén and Sabry potential [65], is a fourth order

potential, corresponding to the diagrams in Fig. 5. The

expression for this potential has also been derived on Ref.

[66–69]. In the previous version of the mdfgme code, the

Källèn and Sabry potential used was the one provided by

Ref. [62], which is only accurate to 3 digits. The expression

of this potential is for a point charge

V21(r) =
α2(Zα)

π2r
L1(

2

λe
r), (34)

Fig. 4. Feynman diagrams obtained when the Uëhling potential

is added to the nuclear potential in the Dirac equation. A double

line represents a bound electron wavefunction or propagator

and a wavy line a retarded photon propagator. The grey circles

correspond to the interaction with the nucleus

Fig. 5. Feynman diagrams included in the Källen and Sabry

V21(r) potential

where
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and

f (t) =
� ∞

t
dx


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�
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(36)

The function f (t) can be calculated analytically in term

of the log and dilogarithm functions. Blomqvist [70] has

shown that L1(r) can be expressed as

L1(r) = g2(r) log
2
(r) + g1(r)log(r) + g0(r), (37)
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The expression of the potential at the origin is given by

V11(0) = −2α(Zα)

3π

� ∞

0

dr�r�ρ(r�)χ1

�
2

λe
r�
�
, (28)

while it behaves at large distances as [62]

V11(r) = −2α(Zα)

3π
1

r

�
χ1

�
2

λe
r
�
+

2

3
< r2 > χ−1

�
2

λe
r
�

+
2

15
< r4 > χ−3(

2

λe
r) + . . .

�
(29)

using the moments of the charge distribution (7).

Obtaining the he accuracy required from the calcu-

lation on ED
2κµ, which has a value of ≈ 632.1 eV, while

the Lamb shift is ≈0.22 eV with an aim at better than

0.001 meV, is a very demanding task. For a point nucleus,

we get exact degeneracy for the 2s and 2p1/2 Dirac en-

ergies. For the vacuum polarization we obtain ∆E11,PN

2p1/2
−

∆E11,PN

2s1/2
=205.02820 meV, to be compared with 205.0282 meV

in Ref. [34]. Pachucki [32] obtained 205.0243 meV as the

sum of the non-relativistic 205.0074 meV and first order

relativistic 0.0169 meV corrections. To achieve this result

we used the mesh parameters described in the previous

section, and checked by varying them that our results

were stable within the decimal places provided here. For

finite nuclei, we have then performed many calculations

with different value of the first mesh point r0 and step

size h in Eq. (4). The best accuracy was obtained with

r0 = 2× 10−3 and h = 2× 10−3. This corresponds to ≈ 8700

tabulation points for the wavefunction, with around 2800

points inside the nucleus. We checked that changes in r0

and h do not change the final value. The main finite nu-

clear size effect on the 2p1/2–2s energy separation comes

from the sum of the Dirac energy splitting (the 2p1/2 and

2s level are exactly degenerate for a point nucleus) and of

the vacuum polarization. It is known [63] that this finite

contribution can be parametrized as

∆EV11FN = ED
2p1/2
− ED

2s1/2
+

�
∆E11,FS

2p1/2
− ∆E11,FS

2s1/2

�
−
�
∆E11,PN

2p1/2
− ∆E11,PN

2s1/2

�

= aR2 + bR3. (30)

We have used our numerical results for values of R from

0.7 fm to 2.2 fm by step of 0.1 fm to obtain a and b. Their

values are given in Table 3 and plotted on Fig. 3.

Friar and Sick [64] have evaluated the third Zemach

moment from Eq. (19), using the proton-electron scatter-

ing data available in 2005. Using a model-independent

analysis, they find

�
r3
�

(2)
= 2.71 ± 0.13fm3, leading to an

energy shift of −0.0247 ± 0.0012meV. Using our numeri-

cal solutions we find that ED
2p1/2
− ED

2s1/2
= aR2 + bR3, with

a = −5.199681 and b = 0.035020 for the exponential model

and a = −5.199719 and b = 0.032908 for the Gaussian

model. Borie [34] finds a = −5.1975 meV and b = 0.0347

for an exponential model and b = 0.0317 for a Gaussian

Table 3. Comparison of the coefficients for the finite nuclear size

effect on the Vacuum polarization and Coulomb 2p1/2–2s energy

splitting

Model a (meV/fm2) b (meV/fm3)

Uniform −5.2284 0.0313

Dipole −5.2271 0.0353

Fermi −5.2271 0.0324

Gauss −5.2265 0.0328

Ref.[34], Dip. −5.2248 0.0347

Ref.[32] −5.225 0.0347

Ref.[34], Gauss −5.2248 0.0317

a

model, leading to shifts of −0.0232 meV −0.0212 meV re-

spectively. Using the Fourier transform of the exponential

(14) distribution in Eq. (21), we find

�
r3
�

(2)
=

35
√

3R3

16
, (31)

showing that

�
r3
�

(2)
is proportional to R3 and justifying

the fit in R2 and R3 performed to derive a and b. The value

obtained by Friar and Sick corresponds to R = 0.894fm. In

that case our energy shift is −0.0250 meV in good agree-

ment with the energy shift in Ref. [64]. In the Gaussian

model, we find
�
r3
�

(2)
=

32R3

3
√

3π
, (32)

leading to R = 0.920fm and an energy shift of−0.0256 meV,

still in agreement. We can perform a more advance cal-

culation, using the charge distribution from Ref. [18], as

given in (22). We find

�
r3
�
= 2.45fm3, significantly lower

than Friar and Sick’s value. This lead to R = 0.864fm for

the exponential model and R = 0.889fm for the Gaussian

model, leading to shifts of−0.0226 meV and−0.0232 meV

respectively, in closer agreement to Borie’s work. The ra-

tios between

�
r3
�

(2)
and R3 are given by , 3.982, 3.78886

and 3.47451 for the experimental fit, the exponential and

gaussian models respectively.

4 Higher-order vacuum polarization

corrections

4.1 Higher order vacuum polarization

The term named “VP iteration”, which correspond to Fig.

4is given in Eq. (215) of Ref. [33] is given by

∆EVPVP = 0.01244
4

9

�α
π

�2
(Zα)

2 µr (33)

where µr =94.96446 MeV for µP (using [10]). This adds

0.15086 meV to the Lamb-shift for µP. The Uëhling po-

tential under the form used in Sec.3 can be introduced
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Fig. 3. Dependence of
∆EV11FN

R2 as a function of R in meV/fm2 for

different charge distribution models.

in the potential of the Dirac equation (3) when solving it

numerically. This amounts to get the exact solution with

any number of vacuum polarization insertions as shown

in Fig. 4. The numerical methods that we used are de-

scribed in Ref. [60,61]. Because of the Logarithmic de-

pendence of the point nucleus Uëhling potential at the

origin, we do not calculate the iterated vacuum polar-

ization directly for point nucleus. We instead calculate

for different mean square radii and charge distribution

models, and fit the curves with f (R) = a + bR2. All 4

models provides very similar values. The final value is

0.1510170±0.0000003 meV. The value calculated in Ref.

[32] is 0.1509 meV and the one in Ref. [34] is 0.1510 meV

in very good agreeement with ours. Our method provides

in addition the proton size dependence for this correction,

which is found to be -0.0000759±0.0000001 meV/fm2, which

was not calculated before. The uncertainties provided

here are the statistical average of the fit errors.

4.2 Reevaluation of the Källèn and Sabry potential

The Källén and Sabry potential [65], is a fourth order

potential, corresponding to the diagrams in Fig. 5. The

expression for this potential has also been derived on Ref.

[66–69]. In the previous version of the mdfgme code, the

Källèn and Sabry potential used was the one provided by

Ref. [62], which is only accurate to 3 digits. The expression

of this potential is for a point charge

V21(r) =
α2(Zα)

π2r
L1(

2

λe
r), (34)

Fig. 4. Feynman diagrams obtained when the Uëhling potential

is added to the nuclear potential in the Dirac equation. A double

line represents a bound electron wavefunction or propagator

and a wavy line a retarded photon propagator. The grey circles

correspond to the interaction with the nucleus

Fig. 5. Feynman diagrams included in the Källen and Sabry

V21(r) potential

where

L1(r) =

� ∞

1

dte−rt
��
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+
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+
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+
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+
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+
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,

(35)

and

f (t) =
� ∞

t
dx




�
3x2 − 1

�
log

�√
x2 − 1 + x

�
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−

log

�
8x
�
x2 − 1

��

√
x2 − 1


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(36)

The function f (t) can be calculated analytically in term

of the log and dilogarithm functions. Blomqvist [70] has

shown that L1(r) can be expressed as

L1(r) = g2(r) log
2
(r) + g1(r)log(r) + g0(r), (37)
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Table 4. Finite size correction to the Källén and Sabry contribu-
tion. Coefficients corresponds to ∆E = aR2 + bR3 + cR4, with ∆E
in meV and R in fm.

Model Uniform Exponential Fermi Gaussian
a -0.0002145 -0.0002145 -0.0002146 -0.0002145
b 0.0000078 0.0000086 0.0000082 0.0000083
c -0.0000008 -0.0000009 -0.0000008 -0.0000009

where Ei(r) is the exponential integral.
Using these results we could evaluate the finite size

correction to the Källén and Sabry contribution. The vari-
ation as a function of the RMS radius is of the form
aR2 + bR3 + cR4. We have fitted such a function of our
numerical result, for values of 0.3 ≤ R ≤ 2.2fm. The re-
sults are presented in Table 4.

4.3 Other higher-order Uëhling correction

SInce we include the vacuum polarization in the Dirac
equation potential, all energies calculated by perturbation
using the numerical wavefunction contains the contribu-
tion of higher-order diagrams where the external legs,
which represent the wavefunction, can be replaced by
a wavefunction and a bound propagator with one, or
several vacuum polarization insertion. For example the
Källen and Sabry correction calculated in this way, con-
tains correction of the type presented in Fig. 6. This cor-
rection is given by∆E11×12 = 0.0021551−0.0000012R2 with
a 10−7 meV accuracy.

5 All-order 2s state self-energy

5.1 Muon self-energy and vacuum polarization

The vacuum polarization due to the creation of virtual
muon pairs for s states is given by [10] Eq. (27),[30] Eq.
(32)

EµVP =
α(αZ)4

πn3

�
− 4

15

� � µr

mµ

�3
mµ, (49)

in which higher order terms in Zα have been neglected.
For the 2s in muonic hydrogen it gives 0.01669 meV and
is included in Refs. [32,34]. In the same work, the Self-
energy is obtained from a formula valid only in the low-
est order in Zα, and no finite nuclear size correction is
included. As it is a sizable contribution, and the muon
Compton wavelength, which represent the scale of QED
corrections for muons is of the order of the finite nuclear
size (1.9 fm), one could expect a non-negligible finite size
contribution. The exact self-energy for electronic atoms
and point nucleus is known from Ref.[41]. It requires
correction for recoil, as described in [10]. The global de-
pendence in the reduced mass has to be corrected in the

Fig. 6. Lower order Feynman diagrams included in the Källen
and Sabry V21(r) potential, when the Uëlhing potential is in-
cluded in the differential equation

anomalous magnetic moment part and there is an extra
logarithmic correction:

∆EµSE,nlκ =
α
π

(Zα)4

n3

�
µr

mµ

�3
(Fnlκ(Zα)

+

�
mµ
µr

�
1 − δl,0

2κ(2l + 1)
+

4
3
δl,0 ln

�
mµ
µr

��
.

(50)

Using this with F2s(α) = 10.546825185, F2p1/2(α) = −0.12639637
and F2p3/2(α) = 0.12349856 [41] one gets the exact muon
self-energy for each state. For the 2s state, this gives 0.6752 meV
instead of 0.6754 meV. The finite size correction is given
by perturbation theory [10] Eq. (54)

ESE−NS =
�
4 ln 2 − 23

4

�
α(Zα)ENS, (51)
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Table 4. Finite size correction to the Källén and Sabry contribu-
tion. Coefficients corresponds to ∆E = aR2 + bR3 + cR4, with ∆E
in meV and R in fm.

Model Uniform Exponential Fermi Gaussian
a -0.0002145 -0.0002145 -0.0002146 -0.0002145
b 0.0000078 0.0000086 0.0000082 0.0000083
c -0.0000008 -0.0000009 -0.0000008 -0.0000009

where Ei(r) is the exponential integral.
Using these results we could evaluate the finite size

correction to the Källén and Sabry contribution. The vari-
ation as a function of the RMS radius is of the form
aR2 + bR3 + cR4. We have fitted such a function of our
numerical result, for values of 0.3 ≤ R ≤ 2.2fm. The re-
sults are presented in Table 4.

4.3 Other higher-order Uëhling correction

SInce we include the vacuum polarization in the Dirac
equation potential, all energies calculated by perturbation
using the numerical wavefunction contains the contribu-
tion of higher-order diagrams where the external legs,
which represent the wavefunction, can be replaced by
a wavefunction and a bound propagator with one, or
several vacuum polarization insertion. For example the
Källen and Sabry correction calculated in this way, con-
tains correction of the type presented in Fig. 6. This cor-
rection is given by∆E11×12 = 0.0021551−0.0000012R2 with
a 10−7 meV accuracy.

5 All-order 2s state self-energy

5.1 Muon self-energy and vacuum polarization

The vacuum polarization due to the creation of virtual
muon pairs for s states is given by [10] Eq. (27),[30] Eq.
(32)

EµVP =
α(αZ)4

πn3

�
− 4

15

� � µr

mµ

�3
mµ, (49)

in which higher order terms in Zα have been neglected.
For the 2s in muonic hydrogen it gives 0.01669 meV and
is included in Refs. [32,34]. In the same work, the Self-
energy is obtained from a formula valid only in the low-
est order in Zα, and no finite nuclear size correction is
included. As it is a sizable contribution, and the muon
Compton wavelength, which represent the scale of QED
corrections for muons is of the order of the finite nuclear
size (1.9 fm), one could expect a non-negligible finite size
contribution. The exact self-energy for electronic atoms
and point nucleus is known from Ref.[41]. It requires
correction for recoil, as described in [10]. The global de-
pendence in the reduced mass has to be corrected in the

Fig. 6. Lower order Feynman diagrams included in the Källen
and Sabry V21(r) potential, when the Uëlhing potential is in-
cluded in the differential equation

anomalous magnetic moment part and there is an extra
logarithmic correction:

∆EµSE,nlκ =
α
π

(Zα)4
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(Fnlκ(Zα)

+
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Using this with F2s(α) = 10.546825185, F2p1/2(α) = −0.12639637
and F2p3/2(α) = 0.12349856 [41] one gets the exact muon
self-energy for each state. For the 2s state, this gives 0.6752 meV
instead of 0.6754 meV. The finite size correction is given
by perturbation theory [10] Eq. (54)

ESE−NS =
�
4 ln 2 − 23

4

�
α(Zα)ENS, (51)
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Table 4. Finite size correction to the Källén and Sabry contribu-
tion. Coefficients corresponds to ∆E = aR2 + bR3 + cR4, with ∆E
in meV and R in fm.

Model Uniform Exponential Fermi Gaussian
a -0.0002145 -0.0002145 -0.0002146 -0.0002145
b 0.0000078 0.0000086 0.0000082 0.0000083
c -0.0000008 -0.0000009 -0.0000008 -0.0000009

where Ei(r) is the exponential integral.
Using these results we could evaluate the finite size

correction to the Källén and Sabry contribution. The vari-
ation as a function of the RMS radius is of the form
aR2 + bR3 + cR4. We have fitted such a function of our
numerical result, for values of 0.3 ≤ R ≤ 2.2fm. The re-
sults are presented in Table 4.

4.3 Other higher-order Uëhling correction

SInce we include the vacuum polarization in the Dirac
equation potential, all energies calculated by perturbation
using the numerical wavefunction contains the contribu-
tion of higher-order diagrams where the external legs,
which represent the wavefunction, can be replaced by
a wavefunction and a bound propagator with one, or
several vacuum polarization insertion. For example the
Källen and Sabry correction calculated in this way, con-
tains correction of the type presented in Fig. 6. This cor-
rection is given by∆E11×12 = 0.0021551−0.0000012R2 with
a 10−7 meV accuracy.

5 All-order 2s state self-energy

5.1 Muon self-energy and vacuum polarization

The vacuum polarization due to the creation of virtual
muon pairs for s states is given by [10] Eq. (27),[30] Eq.
(32)

EµVP =
α(αZ)4

πn3

�
− 4

15

� � µr

mµ

�3
mµ, (49)

in which higher order terms in Zα have been neglected.
For the 2s in muonic hydrogen it gives 0.01669 meV and
is included in Refs. [32,34]. In the same work, the Self-
energy is obtained from a formula valid only in the low-
est order in Zα, and no finite nuclear size correction is
included. As it is a sizable contribution, and the muon
Compton wavelength, which represent the scale of QED
corrections for muons is of the order of the finite nuclear
size (1.9 fm), one could expect a non-negligible finite size
contribution. The exact self-energy for electronic atoms
and point nucleus is known from Ref.[41]. It requires
correction for recoil, as described in [10]. The global de-
pendence in the reduced mass has to be corrected in the

Fig. 6. Lower order Feynman diagrams included in the Källen
and Sabry V21(r) potential, when the Uëlhing potential is in-
cluded in the differential equation

anomalous magnetic moment part and there is an extra
logarithmic correction:

∆EµSE,nlκ =
α
π

(Zα)4

n3

�
µr

mµ

�3
(Fnlκ(Zα)

+

�
mµ
µr

�
1 − δl,0

2κ(2l + 1)
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4
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δl,0 ln
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mµ
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(50)

Using this with F2s(α) = 10.546825185, F2p1/2(α) = −0.12639637
and F2p3/2(α) = 0.12349856 [41] one gets the exact muon
self-energy for each state. For the 2s state, this gives 0.6752 meV
instead of 0.6754 meV. The finite size correction is given
by perturbation theory [10] Eq. (54)

ESE−NS =
�
4 ln 2 − 23

4

�
α(Zα)ENS, (51)
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Fig. 7. (FFS(Zα) − F(Zα))/(Zα < r
2 >) for 2s muon self-energy as

a function of Z for different nuclear size.

where ([10] Eq. (51))

ENS =
2
3

�
µr

mµ

�3 (Zα)2

n3 mµ

�
Zα < r >
�C

�2
, (52)

is the lowest-order finite nuclear size correction to the
Coulomb energy. Here �C is the muon Compton wave-
length. Equation (52) provides ENS = 5.19745 < r

2 > for
muonic hydrogen in agreement with Refs. [32,34]. The
perturbative self-energy finite-size correction to the 2s

level would then be ESE−NS = −0.000824 < r
2 > for muonic

hydrogen.
The suitability of the perturbative approach has been

shown to be questionable in heavy ions, where the wave-
function is contracted toward the nucleus[36]. As the
reduction in size of the wavefunction is even larger in
muonic atoms, a full calculation is needed to check the
suitability of the perturbative approach in hydrogen. Us-
ing the same technique as in Ref [46,47], we have cal-
culated the all-order in Zα finite size correction to the
self-energy for several nuclear size and 20 ≤ Z ≤ 90, as
the code is not adapted to low-Z calculations. The plot
of (FFS(Zα) − F(Zα))/(Zα < r

2 >) is presented on Fig. 7
for several different nuclear radii. The Z→ 0 limit is pre-
sented in Fig. 7 together with the perturbative result from
(51). For muonic hydrogen one gets

E
H

SE−NS
= −0.00107 < r

2 > +0.00035 < r
3 >

−0.00007 < r
4 > meV. (53)

For < r >= 0.875, one gets E
H

SE−NS
=−0.00061 meV. This

is very close to the result of the perturbative calculation
with (51) −0.00063 meV .

6 Evaluation of the hyperfine structure
corrections
The expression of the hyperfine magnetic dipole operator
can be written as

Hh f s = −ecα ·A(r) = −ecα ·A(r), (54)

Fig. 8. Scaled finite nuclear size correction to 2s muon self-energy
for different nuclear size.

with
A(r) =

µ0

4π
µ × r

r3 , (55)

where µ is the nuclear magnetic moment and we have
assumed a magnetic moment distribution of a point par-
ticle for the nucleus. It is convenient to express Hh f s using
vector spherical harmonics. On obtains [71–74]

Hh f s =M 1 ·T 1, (56)

where

T 1 (r) = −ie

�
8π
3

α ·Y (0)
1q

(r̂)

r2 , (57)

andM 1 representing the magnetic moment operator from
the nucleus. The operator T 1 acts only on the bound par-
ticle coordinates. The vector spherical harmonic Y (0)

1q
(r̂)

is an eigenfunction of J2 and Jz, defined as [75,72,76,77,
74]

Y (0)
1q

(r̂) = Y11q (r̂) =
�

σ

C
�
1, 1, 1; q − σ, σ, q�Y1,q−σ (r̂) ξσ

(58)

where C
�
j1, j2, j; m1,m2,m

�
is a Clebsh-Gordan coefficient,

Y1,q are scalar spherical harmonic and ξσ are eigenvectors
of s

2 and sz, the spin 1 matrices [75,72,76,77,74]. The re-
duction to radial and angular integrals is presented in var-
ious works [72–74]. In heavy atoms, the hyperfine struc-
ture correction due to the magnetic moment contribution
is usually calculated for a finite charge distribution, but a
point magnetic dipole moment (see, e.g., [72,73]). When
matrix elements non-diagonal in J are needed, one can
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2 and sz, the spin 1 matrices [75,72,76,77,74]. The re-
duction to radial and angular integrals is presented in var-
ious works [72–74]. In heavy atoms, the hyperfine struc-
ture correction due to the magnetic moment contribution
is usually calculated for a finite charge distribution, but a
point magnetic dipole moment (see, e.g., [72,73]). When
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All-orders calculations

(All-orders calculations-ESE-NS<r2>)/Z5 <r3>
1.8±1 x 10-5
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Dyson: the expansion in α of QED has zero convergence radius... e➝-e, plus d’état lié!

Divergence of Perturbation Theory in Quantum Electrodynamics, F.J. Dyson. Physical Review 85, 631–632 (1952).
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How to analyse the DCS data, using Perdro’s simulation
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huge momenta = very short distances

S. Brodsky, P. J. Mohr, P. Indelicato
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Results

71

Nonrelativistic contributions of order to the Lamb shift in muonic hydrogen and deuterium, and in the muonic helium ion, 
S.G. Karshenboim,  V.G. Ivanov,  E.Y. Korzinin et al. Phys. Rev. A 81, 060501 (2010).

Light by light diagrams

206.05329710 -5.227310 <r2> + 0.03489 <r3>+0.000043 <r4>

R = 0.84130 fm in place of 0.84184(67) fm

From hydrogen (CODATA) : 0.8768(69) fm
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Où on retrouve le vide

72

http://www.physics.adelaide.edu.au/~dleinweb/VisualQCD/QCDvacuum/welcome.html
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Interaction avec un proton
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Super-heavy elements
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A new regime for QED
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spectroscopy of the inner shells in superheavy quasimolecule 
systems with energy eigenvalues in the vicinity of the negative 

continuum
The vacuum decays into a charged vacuum in 10-21s
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High- γ

Electromagnetic Phenomena under 
Extreme & Unusual Conditions
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Merged Beams

Supercritical fields

U92+U91+

< 5 MeV/u

Texte
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Supercritical fields

Formation of a Quasi-Molecule
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Supercritical fields

Formation of a Quasi-Molecule

Interference:
    x-ray spectra
    fixed impact parameter
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Supercritical fields

Formation of a Quasi-Molecule

Interference:
    x-ray spectra
    fixed impact parameter

E1sσ (R)

b

samedi 11 décembre 2010



08/12/2010 Mathema-cal	
  models	
  of	
  Quantum	
  Field	
  Theory

QED and other corrections in outer shells

79
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The presence of outer shell electrons does not change critical Z (173)
What would be a neutral atom when the 1s shell is in the continuum
What happens to QED
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Quasi-molecular energy
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Atoms near critical Z
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Unsolved problems

82

• We do not know how to treat in a general and systematic 
way a 2 or more body problem (recoil in exotic atoms for 
example)

• Complex atoms (more than 3 electrons or one open shell) 
cannot be calculated

• Higher-order diagrams are beyond our grasp
• Even the relativistic treatment of few or many electron 

atoms is beyond what we know how to do (no relativistic 
hamiltonian...)
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Conclusions and perspectives

• Hydrogen and exotic hydrogen will be again a very intense field of 
research

• New developments will involve both few-body atomic and nuclear 
physics (nuclear polarization in muonic D, He...) as well as QCD

• A new generation of experiments are leading to very accurate results 
at medium and high-Z

• More general techniques for the many-body case needed...
• New methods for the resummation of classes of diagrams to all-

orders required 

83
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