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Abstract

A limiting one-dimensional Poisson-Nernst-Planck (PNP) equations is considered,
when the three-dimensional domain shrinks to a line segment, to describe the flows
of positively and negatively charged ions through open ion channel. The new model
comprises the usual drift diffusion terms and takes into account for each phase, the
bulk velocity defined by (4) including the water bath for ions (see [14]). The existence
of global weak solution to this problem is shown. The proof relies on the use of certain
embedding theorem of weighted sobolev spaces together with Hardy inequality.
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1 Introduction

Ion channels are proteins embedded in the cell membranes that surround all living cells;
one of the interesting properties of ionic channels is their selectivity to different ions, they
conduct ions of one type much better than ions of another type, this ionic movement allows
to conduct electrical signals down nerves. Ion channels control many important biological
processes that involve rapid changes in cells such as the coordination of muscle’s contraction
including cardiac muscle.

*Faculté des sciences. Université de Blida BP 270 Blida 09000 Algérie (Email: hadjadj lila@yahoo.fr).

fCMAP, Ecole Polytechnique, CNRS 91128 Palaiseau Cedex France(Email:
kamel.hamdache@polytechnique.edu).

tLaboratoire de mathématiques. Université USTHB BP 32 El Alia Alger (Email: djamroun@yahoo.fr).



In this paper, we analyze a nonlinear electro-diffusion model for flows of two types of ions
through open ion channel of biological membrane and in surrounding electrolyte bath. The
unknowns are the electric potential ¢ = ¢(t, z), the concentration of positively charged ions
p = p(t,x) and the concentration of negatively charged ions n = n(t,z). Since the bath and
channel in practice always include water characterized by the concentration w = w(t, x), if
we suppose that the channel is saturated, we take

hon + hyp +w =1 (1)

where h,, is the valence of negatively charged ions and h,, is the valence of positively charged
ions.

To make the paper reasonably self-contained, we present briefly the derivation of the
model following the PNP (Poisson-Nernst-Planck) theory as has been used many times in
the literature (e.g; [1], [3], [5], [12]). More precisely, we adopt the model proposed by Giles
Richardson in[14].

We suppose that the electric potential is governed by the Poisson’s equation with a source
term equal to the charge generated by the ions including the permanent charge along the
interior wall of the channel ¢ = ¢(x)

Vx- (€(X)Vxo(t, X)) = hnn(t, X) = hyp(t, X) + q(X) (2)

with electrical permittivity 5. Nernst-Planck equations are used to describe the migration
and diffusion of ions which will be treated as a continuous charge distribution. The continuity
equations for the two types of ions are

on dp

— 4+ Vx.J, =0 and

5 o+ Vi = 0. (3)

The movement of ions depends on the electrical potential across the membrane, then the
flux densities .J,, and J, are given by the following relations

Jn = kn(VXn —nVxo)—nv Jp = kp(VXp +pVxp) — pv

where k,, and k, are the diffusion coefficients of the respective ions and v is the bulk velocity
given by
v = hy(kn — ko) Vxn+ hy(ky, — k) Vxp + (hpkpp — hokon)Vx o (4)

where k,, is the diffusion coefficient of the water.
The problem (2)-(3) will be considered in Rt x Q, where 2 is the domain occupied by
the channel. We suppose that the channel can be modelled by

Q = {(X = (21,22, 73) € R® such that 0 < z; <1 and z3 + 23 < A*(z1, )}

where A is a smooth function satisfying A(z1,0) = 0 and %(ml,O) = g(x;) and the pa-

rameter p measures the maximal radius of the cross-section of the ionic channel. We follow



the idea of [1] and [12] to derive a one dimensional approximation of (2)-(3). We set the
following change of coordinates
i) T3
xr = x17 y = VY 1= —
Az, ) Alzy, 1)

when the radius of the cross-section p approaches zero, the open channel form a nearly one
dimensional path for electro-diffusion even if the electric field is not. To solve the problem
we have to prescribe the boundary conditions at the ends of the channel but unfortunately
the values of the electric potential and concentrations are unknowns there; they are only
known at a macroscopic distance away from the channel, then we take into consideration the
ionic transport in the surrounding electrolyte bath. Therefore we suppose that the following
PDEs are considered in the whole real line

{ g*Om = 0, [¢*((kn — hn(kp — kuw)n)Oun — hy(ky — ki)n0ep — knn(1 4 hykpp — hyk,yn)0,¢)]
9°0ip = 0y [ (=P (ki — kw)p D + (kp — (K — b)) Oup — kypp(1 — hypkipp + hnkinn)0:9)]
where ¢ satisfies (2). At the ends of the baths we impose the conditions

lim n(t,z) =ny € RT, 1iri1 p(t,z) =pr eR", teR"

r—*+00

lim ¢(t,z)=¢L€R , te R

r—*+00

and we prescribe initial conditions (ng, po) for (n,p). We suppose without loss of generality
that h, = h, = 1, else we perform the change of unknowns n; = h,n and p; = h,p. For
simplicity, we suppose also that eo(z) =1, k, = k, = k and we set k' = k — k. A remark is
given at the end of the paper concerning the general case k,, # k,. The function g(x) grows
indefinitely with x into the baths, we take as in [1] and [12]

glz) =1+a>
In summary our model equations reads
( g%0n = 0, [¢*((k — K'n)0yn — K'ndyp — kn(1 + p — 1n)0,0)] in R x R

G*0p = 0, [¢*(—K'pOyn + (k — K'p)0yp + kp(1 —p+n)d,¢)] inRT xR

0z (9%0:0) = g*(n — p + q(z)) in RT xR (5)
lirerl n(t,r) = ny, lirerl p(t,z) = ps, liril o(t,z) = Py in R*
| (0, 2) = no(x), p(0,z) = po(z) in R.

The two first equations in (5) can be rewritten in the compact form as

90y (n,p) = 0.(g*[A(n, p)0x(n, p) + 0,0 B(n, p))) (6)



where the diffusion matrix is given by

k—kn —Kn
A(n,p) =
—k'p k—Kkp

and the vector field B by By(n,p) = —kn(1 4+ p —n) and Bs(n,p) = kp(l —p+n). In view
of (1) we will look for solutions satisfying n,p > 0, n+p < 1. Note that in this case A(n,p)
is positive definite, that is

A(n,p)¢. €= a€|” |, VE€R? (7)

for some a > 0.

In the last few years, Poisson-drift-diffusion models have been drawing great attention,
but up to now, only partial results are available in the literature concerning the well-
posedness of such problems. For example in [6], [7] and [8] Poisson-drift-diffusion model
for semiconductors with linear diffusion was treated in a bounded domain of R™ for n < 3,
there the diffusion matrix is constant and diagonal. In [4] the solvability and uniqueness of
solution were established for a degenerate Poisson-drift-diffusion problem with a non linear
diffusion describing semiconductors device, there the problem is considered in a bounded
domain of R”, n < 3 and the diffusion matrix is diagonal. In [2] the existence of weak
solution was shown, for a non linear degenerate drift-diffusion problem with full diffusion
matrix, also there the problem is considered in a bounded domain of R™ for n < 3. The case
at hand differs from the preceding models in the fact that our problem will be solved in the
unbounded domain R, then the situation becomes more complicated. Moreover the diffusion
matrix A is not diagonal and there are values for n, p for which the diffusion matrix is not
positive.

The rest of the paper is organized as follows. In section 2, we precise the functional frame
of our work together with the asumptions and we give an a priori estimate which is the key
of the existence proof of a solution. In section 3, we define our notion of weak solution and
give the main result of this paper, that is the existence theorem of a weak solution to the
PNP problem. The proof is based on an approximating method via an introduction of a
small parameter € > 0 and a regularization of the diffusion matrix, we set the approximated
problems in section 4 solve them and give a maximum principle satisfied by the approximated
solutions. This allows to obtain a solution of our problem by letting € — 0 in section 5.

2 Assumptions and preliminary results

We begin with the notations that we will use throughout this paper. For any 7" > 0, we set
Qr = (0,T) x R. We define the positive and negative parts of a real number s by st :=
max {s,0}, s~ := max {—s, 0} respectively. The symbol C' will denote positive constants
and sometimes we will write C'(ay, as, ..., a,,) to precise the arguments on which depend C.
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The norm in a Banach space E will be denoted by ||.||, if £ = L*(R) and ||.||; otherwise.
T
The Banach space F' = L?(0,T; E) will be endowed with the norm ||u||% = / |u(t)||5dt.

0
To take into account the behavior of the solutions in the baths x — Fo0o we introduce
the functions (), ¥(z) satisfying the stationary equations

d, ,do. d, ,d9

—(*—) = —(¢*°==) = in R
dx (9 dx) dx(g dx) : . (8)
hlf 0(z) = n, lirin W(z) = o+

where ny, ¢4 are real numbers satisfying assumption (H1) below, we easily verify the fol-
lowing

Lemma 1. (0,9), are given by

+ g) , U(z) =¢_+ g(arctanx—i— v + T

O(x) =n_+ g(arctanx + 22 5)

1+ 22
with a = 2(ny —n_), b= 2(¢, — ¢_) and satisfy g2, g% € L? (R) together with
T T dx dx
min(ny,n_) < 0(x) < max(ny,n_), Vo € R.

Note that § and 9 belong to L>®(R) but not to L*(R).
Hypotheses: We will make use of the following hypotheses

(H1) ni=pieR" nya<1/2 , ¢.€R

(H2)  (3—=2V2)k <ky < (3+2V2)k , k>0

(H3) ¢ has a compact support in R, ¢ € L*(R)

(H4)  g(no—0),9(po—0) € L* (R)

(H5) mno—po+q=0onR and ng,py >0, ng+ po < 1.

The main result of this paper is the global solvability of our problem in certain weighted
spaces. The key of the proof is the observation that the system (5) possesses an energy
functional which is uniformly bounded if n,p > 0 and n 4+ p < 1. Indeed, multiplying the
first equation of (5) by n — 6 and the second one by p —# and adding the resulting equations
lead to the following formal equality

1d

T gQ(\n — 9|2—Hp — 9|2)dx+/ g2A(n,p)(9m(n—9,p—0)'8w(n—9,p—0)dx = —(L+1+15)
R R



where )

I

/Rg2(1411(n,p) + A12(n,p))0:0 Op(n — 0) dx

I, = /92(A21(”ap) + A22(n>p>)6x9 Oy (p—10) dx
R

I = / G (Bi(n,p) 0u(n — 6) + Bo(n,p) Oy (p — 0)) Ourd.
\ R
(7) with the help of Young inequality, implies that

1d

la 2 2 a2
5 d Rg (In—0|"+|p — 0] )dx+a/

R

¢ ([80(n — ) + |8u(p — 0)[2) da < c+c/ 210.0[2dx
R

In the other hand, deriving Poisson equation with respect to ¢ leads to
0P <92 ag,tQS) =g (Oip — Oin)

thus multiplying this relation by ¢, using the equations of n and p, we obtain thanks to
Young inequality

1d
2dt Jq

(%

/R ¢ (10:(n — O + 10, (p — ) dz + C() / P0,6dz + C(a)

therefore Gronwall inequality provides the energy estimate

/g2(|n—9|2+|p—@|2+\8z¢|2)dx+a/ /92(|8m(n—9)|2+|8x(p—9)|2) deds < C. (9)
R 0 R

In order to make energy estimate rigorous, we have to prove that n,p > 0 and n+p < 1 (see
section 3). Observe that unfortunately, (9) does not provide an L?*(0,T; H*(R)) estimate
for ¢ since Poincaré inequality is not valid in the unbounded domain R. We overcome this
difficulty by using functions which decrease towards 0 at infinity so we introduce the following
weighted Sobolev spaces. For m = 0, 1,2 and positive functions o;,7 = 0, 1, 2, we set

di
H! . (R)= {functions u:R —R; aid—u. € L*(R),i=0, m}
..... m -
endowed with the norm ,
full, . = Sl
HE om0 (|7 i ||y

If all the weight functions are equal to o, we will denote the corresponding space by H™(R)
if m > 1 and by LZ(R) if m = 0. Note that u € H,(R) if and only if gu € H'(R) with
Cillgullm < l[ullm < Caflgul|mr, (C1, Cy positive constants) and it holds
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Lemma 2. (i)The dual space (H,(R))" of H,(R) is characterized by ¥ € (H,(R))" iff
g0 e HYR) and

Cy g™l < Wiy < Cillg™ ¥l

(i1) Hy (R) is continuously and compactly embedded in L* (R)
(#ii) (Hardy inequality) There exists a constant C' > 0 such that for every u € Hll,g (R)

du

<
ful, <€ |

2
Lg

Proof. The first point is a consequence of the precedent remark. For the second one, the
continuity of the embedding is obvious while the compactness is a direct consequence of [13],
theorem 2.1 when choosing the different data p = ¢ = 2, by (z) = 1, by (z) = (1 + g(x))?,
w(z) =1, v (z) = vy (z) = ¢*(z) and r(z) = 1. See also [10] (theorems 18.12 and 20.5). For
the last point, we refer the reader to [10] (theorem 21.8) or [13] (theorem 2.3 and example
2.4). O

3 The main result

First let us specify our notion of weak solution

Definition 1. Under hypotheses (H1)-(H5), (n,p, ¢) is a weak solution of (5) in Qr if the
following properties hold

(i) n—0,p—0eL>(0,T;LAR)) N L*0,T; Hy(R)), g*din, g*dp € L*(0,T; (H,(R))")
p—1v€eL® (0 T; Hfgg(]R)) ,0<n, p,n+p<1ae inQr

(17)  n(0,z) =no(z), p(0,z) = po(x) a.e. in R.

(ui1) /0 (g°0(n,p), (§,0))dt + / G*A(n, p)0y(n —0,p — 0) - 0,(€, O)dadt

QT

+/ 9°B(n,p)0u(¢ — V) - 95(§, ¢)dadt = 0

forall &,¢ € L*(0,T; H)(R)) where (, ) is the dual product between (H](R)) x (H}(R))'
and H,(R) x H}(R) ndfor all me L*0,T; H)(R))

/ G20, ¢0,ndrdt + / g>(n—p+q)ndxdt =0

T T

The main result of the paper can be stated as follows
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Theorem 1. Let T > 0, under the assumptions (H1)- (H5), there exists (at least) a weak
solution (n,p, ®) to the system (5) in Q. Moreover the following energy estimate holds for
t e (0,7)

/ G — 02 + [p— 6 + 10,(6 — 0) ) + / / G (0s(n — O)* + 10, (p — 0))dads < C
R 0 R

The proof will be done in several steps. We consider an approximation of problem (5)
involving the additional term eg%¢ in the equation of ¢ and we prove the existence of weak
solution of the approximate problem using decoupling mapping and Leray Shauder’s fixed
point theorem. Finally, uniform bounds with respect to € are obtained and the limit ¢ — 0
can be performed.

4 The approximated problems

First, we set the change of unknowns N =n —60, P =p— 60, ® = ¢ — 9 which transforms
(5) into

( g%0,(N, P) = 0,[¢*(A(N, P)Oy(N + 6, P +6) + 0,(® +9)B(N, P))] in Qr
9.(g?0,®) = g>(N — P +q()) in Qr -
xEIilm N(t,x) = xl_{rinoo P(t,x) = zl—l>r:|£1(>o O(t,x) =0 in (0,7

[ N(0,2) =ng(x) —0(x), P(0,2) = po(z) —0(z) in R

where the matrix A is defined by A(N, P) = A(N +6, P+6) and the vector B by B(N, P) =
B(N +6, P+0). To solve the first equation, we need a definite positive matrix diffusion and
bounded coefficients, therefore we replace the diffusion matrix A by A* and the vector field
B by B* defined by

(- A _k—l{:’min((r+9)+,1—(5+0)+)+kw((r+9)++(3+9)+—1)+
All (T,S)—A22 (8,7")— 1+((T+0)++(8+9)+—1)+

i+ _ i+ _ K(r+6)*
A12(T78>_A21(ar)__1+((r+0)++(8+9)+_1>+

- e _ kr+0)T max((r+ )T+ (s+0)T, 1)+ (s+0)T = (r+0)7]
\ Bi(rs) = By (s,r) = = L+ ((r+0)*+(s+0)t—1)+ '



Then we define the approximate problem

( g*0,(N, P) = 0,[g*>(At(N, P)0,(N + 6, P + 0) + 0,(® + 9)B*(N, P))] in Qr
0:(9%0,®) —eg*® = g*(N — P + q(2)) in Qr
zl—lg:loo N(t,x) = zl_i)rjr:looP(t, T) = zl—lg:loo O(t,z) =0 in (0,7)

[ N(0,2) =ng(x) —0(x), P(0,z) = po(z) —6(z) in R

(11)
where ¢ > 0 is a small parameter. We uncouple the problem (11) and consider two linear
problems. First, we solve for given (N, P) € L? (Qr) x L* (Qr) the problem

—0,(g%0,®) + £g*® = —g*(N — P + q) in Qr

IEIjI:looq)(t’ z)=0 in (0,7) (12)
then, we solve the linear problem
§20,(N, P) = 0,[g*(A* (N, P) 9,(N + 0, P +0) + 0,(® + 9)B* (N, P)] in Qr
ml_i)riloo(N, P)=1(0,0) in (0,7)
(N, P)(0) = (no — 0,po — 0) in R
(13)

where ® is the solution of (12).

4.1 Solving problem (12)

We have

Lemma 3. Let (N,F) € (L?(Qr))? be given, for all € > 0 the problem (12) has a unique
solution ® € L*(0,T; H?, _ (R)) and it holds fort € (0,T)

9-,9;,

9012, < CEINE) ~P0) + (14
Proof. We use the variational method so we set

b(®, U) :/ g26x®8z‘lldxdt+6/ g'® W dxdt , @,V € L*(0,T; Hy ,(R))

T

(W) = _/ (N —P+q) Wdadt , U € L2(0,T; HY ).

T

Applying Lax-Milgram theorem, we get a unique ® € L?(0, T Hglg’ g) such that

b(®, V) = (V) for all ¥ € L*(0,T; Hp ). (15)
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Taking ¥ = & in (15), we obtain

/Rg2 10, ®(t, )| da + g /Rgﬂq)(t?z)ﬁdx < C(e) /]R IN(t,z) — P(t,x) + q(z)*dv.  (16)

/

As usual, the regularity of 9°® comes from the equation since §?® = —2% g0, P + £g*® +
g

(N — P+ q) and we get its L? estimate using (16). O
Moreover, the estimate (16) leads to

)

Lemma 4. The operator P : (L*(Qr))> — L*(0,T; HZ ,,(R)) defined by P(N, P)
where ® is the solution of (12) is continuous.

Proof. Indeed let (Ny, Py), (Ny, Py) € (L? (QT))2, o, = P(N;,P), i = 1,2, we set N =
Ny — Ny, P= P, — Py and ® = ®; — ®,. Since —0,(g?0,®) + eg*® = —g*(N — P), we get
using (14)

/0 Hfb(t)H%,;Q’gdtg(/*(s) /0 IN(t) — P(t)||3dt.

4.2 Solving problem (13)

In order to solve problem (13), we need

Lemma 5. The matriz A" is positive definite, that is there exists « > 0 such that At (u,v) €. >
Q ||§H2 for all (u,v) € R* and £ € R?. The same holds for A™.

The proof is technical and will be given in appendix at the end of the paper. Let us prove
the following existence result for problem (13)

Lemma 6. Let ¢ > 0, (N,P) € (L*(Qr))? be given and ® = P (N, P). The problem (13)
possesses a unique solution (N, P) such that N, P € L? (0, T: H; (R)) and it holds

t
HN(t)Hig + IIP(t)H%g +a/ (||azN(3)H2Lg + ||8zP(8)II%3)ds <
0 . (17)
Cla, T) + [Ing —9H2Lg + |Ipo —9||%g +C(a,6)/ IN(s) — P(s) + ql|3ds.
0

Moreover goyN, g0, P € L*(0,T; H'(R)) and satisfy

T
199N 22021y - 199 Pl 220 ri- ey < Clev, e, T) + 6)/0 IN(s) = P(s) + qll3ds.
(18)
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Proof. We introduce the change of unknowns N = exp(—=At) N, P = exp(—At) P where
A>0,s0V = <N, ]5) satisfies

GOV + \g*V = 0, [g*(AT (N,P) 9,(V+0)+ Bt (N, P) 9,(® + )] in Qr

lim V= (0,0) in (0,7) (19)
‘7(0) = (Tlo—e,po—9> in R

where © = (0,0), 6(t,2) = exp(~Xt) 0(x), J(t,2) = exp(~\) #(x) and & = exp(~t) P.
We set X = L*(0, T} H%(R)) and we introduce the space Y = D([0, T[xR) endowed with the
norm |ull$ = |lull%x + 5 [ 9*(2)u*(0, z)dz, such as the injection of ¥ into X is continuous.
Then we define the continuous bilinear form @ on X?xY? and the continuous linear functional
[on Y2 by

a(vl,vg):—/ g2V1-(9tV2dxdt+/\/ g2V1~V2dxdt—|—/ g*AT (N, P) 9,V; - 0, Vadudt
T T

T

(V)= /Rg2 (no —0,po — 0)-V (0, 2) da:—/ G*[(AT(N,P)2,0+B* (N, P)d,(®+0)]-0,Vduxdt.

T

Lemma 5 implies that for some real & > 0 we have
a(V,V) > a||V|]3., VV € Y2 (20)

Indeed

1 L
a(V,Vv) = / gz(—§8t|V|2 + A|V|?+ AT(N, P)o,V - 0,V)dxdt

1
> i/g2|V(0,x)|2dx+)\/ gz\V\2dxdt+a/ g*|0,V |*dxdt
R T

T

so thanks to theorem of Lions [11], there ex1sts V = ( ) € X? satisfying (~ V)
I(V),¥V € Y2 Then we get g0,V +\g*V = d,[g AT (N, )0 (V+6)+B* (N, P)d,(
9))] in the sense of distributions and we deduce that gorN atP e L*0,T; HY(R)).
deed we have U = g(A (N, P)0,(N + ) + AL, (N, P)d, (P + 0) + B (N, P) 0,(® +9)) €
L2(0,T; L* (R)) then go,N = 10, (gU) = LU + 9,U € L*(0,T; H~' (R)) and similarly
gO,P € L? (0,T; H*(R)). Therefore gN,gP € L*(0,T; H'(R)) n H'(0,T; H'(R)). Conse-
quently gN (0, ) gP(0,-) are well defined in L*(R) and the initial conditions are satisfied in
(19). Hence (N, P) = exp(\t)(N, P) is a solution of (13) and we get

1d

a / /
31 [ SUNE PR+ S [ (0N +10.PR)dx < Ca) [ (07 + 10 + o0 )do



12

so for all t € (0,7),
t
/92(\N\2+ |P\2>dx+a/ /gz(\azzv|2+ 0, P)dds <
R 0 R

t
/g2(|n0 0P+ [po — O2)dr + 1C(a) / GO + 10 P)de + C(a)/ /gz\am@zdxds
R R 0o Jr
(21)
which leads to (17) using (16) while (18) is a consequence of (17). For the uniqueness, it is
sufficient to prove that the solution of the homogeneous problem

G*0(N, P) = 0,(g*(A* (N, P) 8;(N, P))  inQr

lirf (N, P)=(0,0) in (0,7) (22)
(N, P)(0) = (0,0) in R
is (V, P) = (0,0) and this is a direct consequence of (21). O

Remark 1. To give a meaning to the initial conditions, it was sufficient to prove that
g 'ON, g0, P belong to L*(0,T; H(R)) since L (0,T; H; (R)) N H'(0,T;(H)(R))') is
contained in C(0,T; L2(R)).

The solution of problem (13) satisfies the following dependance with respect to the datum
(N, P)
Lemma 7. The mapping S : L*(Qr) x L*(Qr) — L*(Qr) x L*(Qr) defined by S(N, P) =
(N, P) where (N, P) is the solution of (13) provided by lemma 6, is continuous and compact.

Proof. Consider a sequence (N, Pp,) in (L2 (Qr))? such that (N, Pr) — (N, P) strongly
in (L (Qr))? and set P(N, Pr) = Oy S(Npm, Pr) = (N, P). (17, (18), lemma 2
and Aubin lemma yield to the existence of a subsequence (not relabelled) and N, P €
L*(0,T; H,(R)) N H'Y(0,T; (H,(R))') such that

2
(N, Pp) = (N, P) weakly in <L2(O,T; Hgl(R)) NHY0,T; (H;(R))’))
(N, P) — (N, P)  strongly in (L?(Qr))?
and from lemma 4, we infer that
®,, — P(N, P) = ® strongly in L*(0,T; Hp. ,(R)).

Since the coefficients of the matrices AT and B* are bounded, we easily pass to the limit in
the equation satisfied by (N, P,,) (at least in the sense of distributions) then we conclude
as in proof of lemma 6 that (N, P) = S(NN, P) thus S is continuous. The compactness is a
direct consequence of (17), (18), lemma 2 and Aubin lemma. O
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4.3 Solving the full problem (11)

Now we are ready to solve the coupling problem (11). We have

Theorem 2. Assume (H1)-(H5), then for all ¢ > 0 the approzimated problem (11) admits
at least one solution (N, P., ®.) € L*(0,T; Hy(R) x H;(R) x Hp, ,(R)).

Proof. We use the previous results to perform a fixed point procedure. We have proved
in lemma 7 that the mapping S is continuous and compact. Let us prove that the sets

As = {(N, P) e (L? (QT))2 ; (N,P)=0d0S (N, P)} are uniformly bounded with respect to
d € [0,1]. The set Ag = {(0,0)}; let § # 0, the equation (N, P) = § S (N, P) is equivalent to

G20;(N, P) = 0,(g*[A* (N, P) 0,(N + 60, P + 66) + 6B* (N, P) 0,(® +¥)]) in Qr

im (N, P) = (0,0) in (0,7)
(N, P)(0) = 6(no — 0,po — 0) in R

(23)
Testing the equation of (23) with (N, P), we get

1d

S 9> (N*+ P?)dx + / G?AT (N, P)9,(N, P).0,(N, P)dz = —(I, 4+ I, + I3)
R

R

with

L =90 / g?A* (N, P)9,(N, P).0,(0,0) dx
R

ILh=9 / ¢*B(N, P)d,(N, P) .0,(® + 9)dx.
R

We have the following inequalities

Bl < Cla) [ @fe+ S [ 10N +10,PRs
R R

5] <Cl) [ g0 dovCa) [ WP de+ G [ o (087 + 0.PP) do
R R R
Using (16) and inserting these inequalities in (24), we obtain

1d

2 d g2(N2 + P dx + a / gz(\azN|2 + |0:,;P|2)d93 < Cla,e) + Cla, €) / g*(N? + P dx
R R

2 R
then Gronwal’s lemma implies the claim.

We deduce from the theorem of Leray-Schauder that S has a fixed point (N, P.) in
(L*(Qr))*. Thus (N, P.,®.) (with &. = P(N., P.)) is a weak solution of problem (11) in
Qr. O
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In fact, we get more regularity for (N, P., ®.). We have

Lemma 8. The solutions (N., P-, ®.) of problem (11) provided by theorem 2 are such that
9ON:, g0, P. € L*(0,T; H'(R)) , 0,®. € L*(0,T; H), ,(R)).

Proof. The regularity of 9;N., 0,P- is a consequence of lemma 6 then the same proof as for
lemma 3 lead to the existence and uniqueness of a solution ¥, € L?(0,T; Hgl2 ,(R)) to the
equation

—8w(g23w\lf€) +eg'l. = —92(8tNa —0/P.) inQr

. . (24)
hlf U (t,z) =0 in (0,7)
But since 0,P, solves this equation, we get the result. O

These solutions satisfy the following maximum principle

Lemma 9. The solutions (N., P-) of (11) provided by theorem 2 satisfy
N.+0,P.+0>0, N.+ P.+20<1 a.e. inQr.

Proof. First, let us show that (N. +6)~, (P-+6)", (N.+ P-+20 —1)" € L*(0,T; H{(R)).
We have

/ G| (N, +6)” |*dxdt = / g*(N2 + 2N.0 + 0*)dxdt < / g*N2dxdt < oco.
N.<—0

T N-+6<0
Moreover
' }8:,; (Ng—l-Q)_‘zdxdt = / G%10,(N. + 0)|2dzdt < oo

Qr N.+6<0

because g#’ € L*(R). Thus (N.+6)" € L*(0,T; Hy(R)) and the same arguments lead to
(P.+6)" € L*0,T; HY(R)). Next let v = (N, 4+ P. +20 — 1)", we write

/ g vidrdt = / g*(N. + P. + 20 — 1)*dxdt
T Ne+P->1-260 (25)

= / G*((N. + P.)? = 2(N. + P.)(1 — 260) + (1 — 20)?)dxdt.
Ne+P->1-20

Using the fact that § < %, we get

/ g*v? dadt < / g*(N. + P.)*dzdt < .
T N5+P521_29

Moreover
g°|0yv|*dxdt = / 9%10.(N. + P- + 20)|*dzdt < oo

QT N5+P521_20
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sov € L*(0,T; H;(R)). Now, multiplying the first equation of (11) by ((N: +6)", (P- +6)")
and integrating by parts, we get

5 U0 (Por o) Py =

(26)
/ (AL (N2, P2) [0, (N +0)7)[* + Ay(Ne, P2) |0, (P + 6) ) [P > 0

Then since n, =p, =0 we get (N. +6)” = (P-4 0)" = 0. Similarly, adding the equations
of N. and P. and testing the resulting equation with v = (N. + P. 4 26 — 1)™, we obtain

1d

S goidr+ / G[(AH +AL)(N., P.)O, N+ (Af,+ AL (N., P.)9,P.)]0,v dx = —L (27)
R R

where L = [, ¢*((Bf + By)(N., P.)0,(®. + 9) 9,v dx = 0. Since
/ 92[(/11_1 + /I;l)(NE, P.)0, (N: +0) + (AE + 12132)(]\75, P.)0, (P: + 0)]0,vdx =
R

kw/ g2(NE + P.)0,(N. + P.) Oyvdx = k:w/ gQ(NE + PE)\Ovadx >0
No4P.420>1 N.

+P-420>1

we deduce that 4 [ g*v?dz < 0 then v = 0 because v(0,2) = (ng + po — 1)™ = 0. Therefore
N.+ P.+20< 1 0

Thus (N., P., ®.) also solves

( G*0(Ne, P.) = 0,9 (A (N., P.) 0,(N. + 0, P. + 0) + B(N., P.) 0,(®. + )] in Qr
_az(g2a:cq)a) + 594(1)8 = _92(N8 - Pa + Q(l'» in QT
xl_lgloo N:(t,z) = :El—l>r:|£1(>o P.(t,x) = xl_lgloo O (t,z) =0 in (0,7)

[ N.(0,2) = ng(x) — O(x), P-(0,2) = po(x) — O(x) in R

(28)

In order to pass to the limit in problem (28) when e approaches 0, we need uniform
estimates on (IV,, P., ®.). Let us prove the following

Lemma 10. There ezists a constant C (T') > 0 independent of € such that fort € [0,T]
t
VA + PO + 103 + 12O+ [ (10N-6) 1 + 0. P s <

19°0:Ne || 22 0.7 (HL(R)) + 19°0:Px || 2 orm®y) < C(T).
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Proof. We take back the formal calculus which have led to (9) and we use the regularity of
the solutions given in theorem 2 and lemma 8. First since (N, P.) € Ay, we get as in the
proof of Theorem 2

1d
2dt Jy

7]/gz(|8x]\7€|2+\8IP€|2)dx+C,7/92(\9'\2+|19'|2) dx—i—Cn/ngxCI)gde
R R R

g2(NE2 + Pf)dx + a/ 92(\01]\75\2 + |8zPE\2)dx <
R

where 7 is any positive constant. In the other hand, as 0,9, satisfies the equation (24) then
testing it by ®., using the equations satisfied by N, and P. and integrating over R, we get

1d / 44,2 / 2 2
——le [ g®idx + [ ¢°|0,D.|dx) = J + J
2dt< B ® 00| ) S

with
Jl = / 92((12111 - AQl)(Naa PE)aCC(NE + 9) + (A12 - A22)(Naa Pa)a:c(Pa + 0)) 8:0(I>5 dl’
R
Jy = /92(B1 — By)(N., P.) 0,(P. + ) . 0, . da.
R

Using Young inequality, we obtain

| 1] Sn/gQ(\BxNE\2+|8zPE\2)dx+Cn/92|9’\2dx+0,7/92\6x<1>5\2dx
R R R

|5 Sn/gz\8z®6\2dx+0n/gz|19'\2dx.
R R

Gathering all these inequalities and choosing judiciously 7, we obtain

1d
——(5/g4<1>?dx+/92(N3+Pf—|—|8ztl>g\2)dx) +g/92(|8zN8|2+\8xP8|2)da:§

01/92(\9'|2+|19'|2)d$+02/92\6x<1>5\2dx
R R

with C; > 0 independent of €. Integrating between 0 and ¢, we get using Gronwall inequality,
for all t € (0,7)

t
[ gae+ [ P00+ P20+ 0,00+ [ [ Q0N+ PP dads <
R R 0 R

Cexp(Cat) / g* [Ino = 0 + |po — 01 + |0:2(0)|* + eg|-(0)[*] da.
R
(32)
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From hypothesis (H5), we see that ®.(0) solves the equation —0z (¢%0,®.(0))+e9*(9,9.(0)) =
0 with liril ®.(0,2) = 0so $.(0) = 0 and we infer that

t
: [goins [ PE0P OO0 [ [ P10 4o P < (7
R R 0 JR

for all ¢ € [0,7]. To obtain a uniform bound of ®, in L? we use lemma 2 so we get for
te0,7]

/R 1@, (1)[2dz < C(T).

Now we set V. = (N., P.), © = (6,6) and U. = g(A(V.)3,(V. + ©) + B(U.)0,(®. + 6;)). We
have ¢?0,V. = ¢'U. + g0,U. so ¢9,V. = ¢'g~'U. + 0,U.. Therefore ||g0,Vz|| 200,111 (r)) <
CllUellz2@ry < C(T) + C(10: Vel 12 + 10:Pc[[22). The result follows using (29) and lemma
2. 0

5 Passing to the limit
Thanks to (29) and (30) there exists subsequences (not relabeled) of N, P., ®. and three

functions N, P € L*(0,T; HX(R)) N H" (0,T; (H}(R))'), ® € L> (0,T; H{ ,(R)) such that
ase — 0

N. — N weakly in L* (0,T; H,(R)) N H" (0,T; (H,(R))") (33)
P. — P weakly in L? (0,T; Hy(R)) N H" (0, T; (H,(R))) (34)
. — @ weakly star in L (0,T; Hy ,(R)) . (35)

In order to pass to the limit in the nonlinear terms we need some strong convergence result.
The compactness of the embedding H,(R) < L?*(R) and Aubin lemma imply that

N. — N , P. — P strongly in L? (0, T; LQ(]R)) and a.e. in Qp
then thanks to lemma 9,
N+0,P+0>0, N+ P+20<1a.e in Qr.
Moreover since the operators A and B are lipschitz continuous, we get
A(N.,P.) — A(N,P) , B(N., P.) — B(N, P) strongly in L*(Qr).
Therefore (N, P, ®) satisfy in the sense of distributions the equations
G20,(N, P) = 8,[¢*(A (N, P) 0,(N + 6, P+ 6) + B(N, P)8,(® + 9))] in Qr

—0,(¢20,®) = —g*(N — P + q(x)) mop (30



18

and we have the regularity N, P € L>(0,T;L2(R)), g°0,N,g*8,P € L*(0,T;(H}(R))),
g02® € L>=(0,T; L*(R)) which lead to a weak solution of our problem according to definition
1.

Remark 2. The result of this work remains valid in the case where k,, # k, and assumption
(H2) replaced by one of the following assumptions

kn Z kw; kp 2 kwa kn+kp < 4kw

dky — k

fn < ks ky < Ky Ky > max(—2 " 4p 5k )
2

b > ko, Ky < kw, Ky > max(ky — 2k, @)
2

by < ks k> kK > max(k, — 2K, @).

Indeed in these cases, one has
4(]{771 - (kn - kw)n)(kp - (kp - kw)p) > ((kn - kw)p + (kp - kw)n)2

so that the diffusion matriz A(n,p) is positive definite if 0 <n,p,n+p < 1.

6 Appendix: Proof of lemma 5

Let £ = (&,&) € R?, we distinguish two cases
1/ If ut + 0T <1 we have

At(uv)€. &= (k—Kum) &+ (k—KvT) & — K (u™ +vh)&&.
We use the elementary inequality

dab — % b(4ab — ?)
8b 7 dab+ c¢?

az? + by? + cxy > min ( ) (:172 + y2) for all a,b >0 (37)

to obtain Fuuo) (k- Kot Fyu)
. 1\u, v — R 1\U, v 2 2
At (u,v)€.€ > min (8 oty ) ) (& + &)

where

Fi(u,v) =4 (k — Ku") (k—Kv") — E?(u™ +v™)?
Gi(u,v) =4 (k — Ku') (k= Kot) + K?(u™ +0T)2

We are proving that Fij(u,v) > ag > 0, for this we consider two cases. In the case k' > 0,
this inequality is equivalent to say that 4k? — k"2 — 4kk’ > 0 which is satisfied thanks to



19

(H2). Similarly, if &’ < 0 therefore (H2) implies that k2 < 4k* — 4kk’ then £ (u™ +vT) <
4k* (ut + vt) — 4kK (ut + vT) which gives

k' (u+ + v+)2 < Ak + 4K 0ot — AkE (u+ + v+)

2/ If u™ + vt > 1 we have

A* (u’ ,U)g §=

((kvt + kyu') &+ (ku® + ko) & — (k—ky) (u™ + vh)&66) .

ut 4+ ot

Once again applying the elementary inequality (37), we find

A (u, )€€ > 1 . ( ( Fy(u,v) (ku™ + k,v™) Fy(u,v)

ut + ot 8 (kut + kyvt)’ Go(u,v) ) (& +€)
where

Fy(u,v) = 4 (kv 4 kyu®) (kut + ko) — (k — ky)® (ut 4 v)?

Gao(u,v) = 4 (kv + kyu™) (ku™ + ko) + (k — ky)? (ut 4 v)2
We see that Fy(u,v) = uToT[4(k* + k2) — ((u™)? + (v)?)(k* + k2 — 6kk,)] > —((u™)? +
(%)) (k? + k5, — 6kky) > C((u)? + (v7)?)

that is
Fy(u,v) o (ku™ + kyot) Fay(u,v)
(o 507 (bt T o) = & M T o) Gl v)

>aifut +0t >1

then matrix A" is definite positive.
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