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Abstract

We investigate the kinetic theory of partially ionized reactive gas mixtures in strong magnetic
fields following [Physica A 327 (2003) 313-348]. A new tensor basis is introduced for expanding the
perturbed distribution functions associated with the viscous tensor. New symmetry properties of
transport coefficients are established as well as simplified bracket expressions. A variational frame-
work is introduced for a direct evaluation of the thermal conductivity and the thermal diffusion
ratios. The transport linear systems corresponding to the usual Sonine/Wang-Chang Uhlenbeck
polynomial expansions are evaluated. The behavior of transport coefficients and transport fluxes
for vanishing magnetic fields is investigated using series expansions. Practical implementation of
iterative algorithms for solving the resulting complex symmetric constrained singular transport
linear systems are discussed as well as various aproximations of the transport coefficients.

1 Introduction

Tonized magnetized reactive gas mixtures have many practical applications such laboratory plasmas,
high-speed gas flows, lean flame stabilization or atmospheric phenomena (3, 7, 9, 11, 12, 21, 37]. Appli-
cation of the Chapman-Enskog theory to partially ionized mixtures of monatomic gases in the presence
of electric and magnetic fields has been discussed in particular by Chapman and Cowling [9] and
Ferziger and Kaper [21] in a regime where there is only one temperature in the mixture, assuming
that the electric field is not intense [10, 21, 25|. The proper collision operator to be used is then the
Boltzmann collision operator with shielded potentials [21]. Mixtures of monatomic gases at thermo-
dynamic nonequilibrium with multitemperature transport—arising from small electron/ion mass ratio
asymptotics—have also been investigated by Chmieleski and Ferziger [10], and in the fully ionized case
by Braginsky using Landau equation [3, 4]. Higher order evaluations of transport coefficients have been
performed by Kaneko and coworkers for binary neutral mixtures in uniform magnetic fields in a sim-
plified steady kinetic framework [31, 32]. Convergence properties of the Chapman-Enskog expansion
for transport coeffients of magnetized argon plasmas have been investigated by Bruno and coworkers
[5, 6, 7]. The degree of anisotropy of various transport coefficients introduced by the magnetic field
has been studied in terms of the electron Hall parameter. Bruno and coworkers have established in
particular the important influence of the Ramsauer mimimun in the electron-Argon cross sections |6, 7.

In a recent paper [25], the authors have investigated the kinetic theory of partially ionized magne-
tized polyatomic reactive gas mixtures. The macroscopic equations in the zeroth-order and first-order
regimes, together with expressions for the transport fluxes and the transport coefficients, have been ob-
tained. New bracket expressions have been established for the perpendicular and transverse diffusion,
thermal diffusion and partial thermal conductivity coefficients as well as for the shear viscosity coef-
ficients. A new definition of the thermal conductivity and of the thermal diffusion ratios—consistent
with the zero magnetic fields limit—has also been introduced. Positivity properties of multicompo-
nent diffusion matrices have been investigated and the mathematical structure of the transport linear
systems has also been addressed.

We further investigate in this paper the kinetic theory of partially ionized reactive gas mixtures in
the strong magnetic field regime. A new tensor basis is first introduced for expanding the anisotropic
perturbed species distribution functions associated with the viscous tensor which has better properties
than the linearly dependent generating family previously used [21, 25]. This new basis is constituted of
five independent traceless symmetric tensors constructed with the particle velocity vector and the mag-



netic field pseudo vector. These five tensors are orthogonal to collisional invariants and the derivation
of the corresponding linearized integral equations and transport linear systems is clarified.

New simplified bracket expressions for diffusion, thermal diffusion and partial thermal conductiv-
ity coefficients are also obtained from which we deduce new symmetry properties of these transport
coefficients. These symmetry properties result from clever manipulations of the real and imaginary
parts of Boltzmann linearized complex integral equations. As a consequence, we also simplify the pos-
itivity properties of the resulting multicomponent diffusion matrices and heat-mass transport matrices
parallel, perpendicular and transverse to the magnetic field.

Generalizing previous work on non ionized species [15] we further introduce a variational framework
for a direct evaluation of the thermal conductivities and the thermal diffusion ratios without the
intermediate evaluation of the partial thermal conductivities and the thermal diffusion coefficients. The
resulting transport linear systems are of reduced size which is more interesting from a computational
point of view.

All transport linear systems corresponding to the first usual Sonine/Wang-Chang Uhlenbeck poly-
nomial expansions are evaluated, making use of previous work on neutral species mixtures [14]. The
mathematical structure of the transport linear systems is discussed as well as the evaluation of the
corresponding transport coefficients parallel, perpendicular and transverse to the magnetic field.

Since the size of the transport linear systems can be relatively large and since the transport coeffi-
cients have to be evaluated at each computational cell in space and time, transport property evaluation
may become computationally expensive, especially for multidimensional numerical simulations. In this
regard, the use of iterative techniques has been shown to be an interesting and appealing alterna-
tive [14, 16, 17]. We discuss practical implementation of iterative techniques for solving the resulting
complex symmetric constrained singular transport linear systems. The accuracy of various approxi-
mated transport coeflicients is investigated and numerical tests are performed for weakly ionized air
at 10000 K.

The behavior of all transport coefficients and of anisotropic transport fluxes for vanishing magnetic
fields is finally investigated using series expansions in terms of the intensity of the magnetic field.
These series expansions show that, for vanishing magnetic field, the mass and heat fluxes as well as
the viscous tensor behave smoothly. Onsager reciprocal relations are also more closely investigated for
anisotropic transport fluxes in particular for the viscous tensor.

2 Theoretical framework

In this section, we summarize the theoretical kinetic framework for polyatomic reactive gas mixtures
in the presence of electric and magnetic fields.

2.1 Generalized Boltzmann equation

We consider a dilute reactive gas mixture composed of n® chemical species having internal degrees
of freedom. The Boltzmann equations for polyatomic gas mixtures are written in a semi-classical
framework with degeneracy averaged collision cross sections [38] and the chemical source terms is
taken from [33, 2, 18, 29].

The state of the mixture is described by the species distribution functions denoted by f;(t, z, ¢;, 1),
where 7 is the index of the species, t the time, « the three-dimensional spatial coordinate, ¢; the velocity
and I the index for the internal energy state of the ith species. We denote by & the species indexing
set S ={1,...,n°}, by my, e;, and z; = e;/m; the molecular mass, charge, and charge per unit mass
of the ith species, and finally by &;; the internal energy of the ith species in the 1th state. For a family
of functions &;, i € S, we will use the compact notation § = (§;),cs-

The family of species distribution functions f = (f;),.s is the solution of the generalized Boltzmann
equations

~ 1~ 1 5 .

Di(fi) + 3Dilfi) = =8:(f) +€Ci(f), i€, (1)
where @1 is the streaming operator QNDZ( fi) =0ufi+¢ci-Of; +Ei~80i fi associated with the reduced force
b, = g+ zi(E + vAB), where g is a species independent external force, E the electric field, B the
magnetic field, and D;(f;) = zz((cZ —v)/\B) -O¢, fi- The reactive source term C;(f) and the nonreactive



source term §8;(f) are described in [38, 14, 18, 25| and are both compatible with the H-theorem [18§].
In these equations, € is the usual formal parameter associated with Enskog expansion, and a and b
are positive integers which depend on the regime under consideration. In this paper, we only consider
the strong magnetic field regime b = 1 and the Maxwellian reaction regime a = 1 and we refer to
[18, 24, 25| for more details on other regimes.

The scalar collisional invariants of the nonreactive collision operator 8 form a linear space spanned
by ¢!, 1€ {1,...,n° +4}, with ¢! = (01i);es, for L € S, Pt = (Mmici);es, for l =n® +v, v =1,2,3, and
Pt = (2mlcl c + S“) ies? for | = n®+4, where ¢;, is the component of ¢; in the vth spatial coordinate.
For two families £ = (£;),cs and ¢ = ({;),cg, We define the scalar product by

=3 [&otde,

7,1

where ¢;®(; denotes the maximum contracted product between the tensor ¢; and the complex conjugate
tensor ¢;. The scalar product is defined for families of complex tensors as such quantities naturally
arise in the solution of Boltzmann linearized equations in the presence of magnetic fields.

An approximate solution to the Boltzmann equations (1) is obtained by using Enskog expansion

fi= (1 +edi+0O()), €S, (2)
where f? yields the same local macroscopic properties as f

(F,0) = (f0), Le{l,....n®+4}. (3)

The family of zeroth-order species distribution functions f° = ( fio)ie s is shown to be given by
generalized Maxwellian distributions [21, 25]

£ = exp( C-C; — ) ies, 4

b BaQy 2kBT ' kT @)
where n; is the number density of the ith species, k; the Boltzmann constant, C; = ¢; — v the relative
velocity of the ith species, T' the temperature, QZ the full partition function per unit volume of the ith

species Q; = QI™*QY with Q™ =Y« exp( 2 ) and QF = (%)3/2, aj; the degeneracy of the
P

ith species in the 1th state, hp the Planck constant and (; = hf‘;/ai,mf’.
The macroscopic conservation equations at zeroth order are obtained by taking the scalar product of
Boltzmann equations by collisional invariants and by only keeping the zeroth-order terms (DY), v+

(D(f00),v') = 0,1 € {1,...,n"+4}, where D(£0) = (Di(f?));cs and D(f°¢) = (Di(f2¢:));cs These

zeroth order equations, together with Maxwell’s equations, yield the magnetogasdynamic equations
[9, 21, 25].

2.2 Linearized Boltzmann equations

The linearized Boltzmann operator, 8 = (H’S) jege can be written
ZZ/fO (6 + ¢ — ¢, — S dejdelde,, i€ S, (5)
JES 3y’

where ¢ = (¢),cs and w“‘ " is the transition probability between colliding molecules [24, 33]. An
important property is that the linearized Boltzmann operator is isotropic, i.e., it converts a tensor
constructed from (c;),.s into another tensor of the same type as in the monatomic case [21]. The

bracket operator is defined by [€,¢] = (f°¢, F5(C))), where ¢ = (§i)icss ¢ = (Gi)jesr and & and (;
depend on ¢; and 1. This bracket operator is hermitian [¢, {] = [, ], positive semi-definite [¢,£] > 0,
and its kernel is spanned by the collisional invariants, that is, [, &] = 0 implies that £ is a (tensorial)
collisional invariants, so that all its tensorial components are scalar collisional invariants.

The first-order integro-differential equations governing ¢ = (¢;);cs are easily obtained from (1)
and written F9 (¢) = —2;(C;AB)-0¢,¢; — Di(log ), i € S, with the scalar constraints ((f%¢, ) = 0
1 € {1,...,n° +4}. By linearity and isotropy of the linearized Boltzmann operator %, the solution
¢ = (¢i);cs is expanded in the form

¢; = —q{);];am'v - %(bfamv - Zd)ZD] a:p] - p] ) ¢ Og (kBT) (6)

JjES



After some algebra, the tensorial functionals ¢*, for u € {n,«, (D;) X}, are shown to satisfy the

integro-differential equations

JES?

FS(") + 2(CiAB)- 8, b + Z i) 2C; /fOC ABg! de; = W, €S, (7)

and the scalar constraints
(fo0 ') =0, 1e{l,...,n°+4}, (8)
where W) = 24 (CLaCs — C-CLI), WF = 220 (4m,CrCi— 3hT) + 265 (€~ £, w7 = (5, -

p—;)CZ-, \Ilf‘ = ( kT — mZC Ci+& — &-I)C’i, for i € S, where ¢ is the translational heat capacity per

molecule at constant volume, ¢i™* the internal heat capacity per molecule of the mixture, ¢, = clr 4 ¢int
the heat capacity at constant volume per molecule of the mixture, & = >, ;& exp(— é&ip) / Q" the
averaged internal energy per molecule of the ith species, and p; the partial pressure of the ith species.

2.3 First-order conservation equations

The macroscopic conservation equations at first-order are obtained by taking the scalar product of
Boltzmann equatlons with collisional invariants and by keeping the zeroth and first order terms
(DO + £00), ') + (D(£°0), 0") = (C(F0),¥'), L € {1,...,n* +4}, where we have defined €(f°) =
(Ci(f));cs- Note that the terms (D (f0¢®), vl) associated with second order currents have been
neglected [11, 25].

After some algebra, the species mass conservation equations, obtained for [ = 1,...,n°, are in the
form

Opi + Oz (piv) + Oz (pi Vi) = mzwo i €S, (9)

where V; = = 3 [ C; f2¢; de; is the diffusion velocities and @) = > [ €;(f°)de; the chemical source

term of the ith species discussed in [24]. The momentum conservation equation, obtained from [ =
n® 4+ 1, n® + 2, and n® + 3, reads

O (pv) + 8z (pv@v + pI) + 8, I1 = pg + Q(E + vAB) + jAB, (10)

where Q = ), s nse; is the total charge per unit volume, j = >, s n,e;V; the conduction current
and IT = Y. [ m;Ci®C; f2¢; de; the viscous tensor. The energy conservation equation, obtained for
Il =n® + 4, finally reads

Q(Epvv+ &)+ 0z ((3pvv + € +p)v) + 0z (q+IIwv) =
(pg + Q(E +vAB))-w + j-E, (11)
where ¢ = 37, | [(3miCi-Ci + Eir)ei fL ¢i de; is the heat flux vector.

3 The shear viscosities

3.1 A new expansion for ¢"

The solution @7 = (¢7),.s of (7)(8) with = n is such that ¢ is composed from all symmetric

traceless second-order tensors created from the vector C; = \/m;/2kT C; and the pseudo-vector B
which form a space of dimension five [39]. In this paper, we introduce the new tensor expansion

¢ ¢77 1)T 1) + ¢77 2)T(2 + ¢77 3)T(3 + ¢77(4 4) + ¢77(5 ) (12)

where qﬁy(l), | =1,...,5, are scalar functions of C;-C;, (C;-B)? and B-B, for i € S, in terms of the five
independent tensors Tl-(l), . ,Tl-(5), defined by

TV = ¢ec; - 3Ci-Ci I,

T® = 1[c,®(CiAB)+ (C;AB)®C,),

Ti(3) _ ( AB)®(C;AB) — 1C;-C; B-BI + (C;-B)* B& B/B-B,
T - lc¢;-B[C;®B+ BaC,] - (C;-B)* BeB/B-B,

T = 1c B[ ®(C;AB) + (C;AB)®B].



The former generating family of six tensors Tim, ceey TZ-[G] is related to the new basis by Ti[l] = Ti(l),
2 _ @ Bl _ 76) l6] _ (¢;-B)’B-B (4) (3) 1) Bl _ G 1 l6l
T =T", T =T", T~ = ¢ . BB 3C B (2Ti -T,” —B-BT, ), T =T"-58T
Ti[4] = Ti(4) + B—;,TFL These six tensors are linearly dependent and the linear relation CZ--Cl-TZ-[G] +
(CZ-~B)2[TZ-[3] + B-BTZ-[I] - 2Ti[4}] = 0 holds [21]. After some algebra, it is established that the former
expansion ¢; = Z|6z1 gb?mTim and the new one are equally valid and that gb?(l) = (b;]“], 1e€8, e

a,...,5.

3.2 Properties of the new tensor basis

Substituting expansion (12) into equation (7) for 1 = 7, using the isotropy of the Boltzmann linearized
operator F%, and equating the corresponding terms, yield five equations, each one involving one tensor

Ti(l) for | = 1,...,5. An important properties of the new tensors, however, is that they are simple

linear transformations of the tensor Ti(l) = C;®C; — %Ci-Ci I with coefficients independent of the
particle velocities C;, i € S

v Lo ) w
T® = —R(B)Ti(l)R(B)—F%B@BT}DB@B, (14)
@ _ lim oy _ 1 (1)

T = S(TWR®B)+RBTY) - s=BsBTBeB, (15)
10 - l(BeBTYR®B) - RB)TYBB), 16
K3 2 K3 K3

where B®B denotes the tensor product of the magnetic field B with itself and R(B) the rotation
matrix associated with B. For any vector Z, the rotation matrix R(Z) is defined by

0 —Zs Z
RZ)=|2s 0o -2z
~Zy Z; 0

Using these relations and the linear equations associated with each tensor Ti(l) we naturally obtain five
coupled equations between the family of tensors (;577(') = (q&?('))ies defined for | =1,...,5, by

oIV = ¢! (ciwe; - LcciT), i€

The resulting equations are in the form

F5(p"V) — zB2¢"? =7 e, (17)
T@") + 2] - B =0, i€s, (18)
F (") + zelP =0, ies, (19)
T+ w@!® - Bl =0, ies, (20)
F5(¢"®) + 2 (20"% 4+ ") =0, ies, (21)

and the derivation of (17)—(21) is clear and direct at variance with the case of the former generating
family where the derivation of similar equations was somewhat obscure mainly because of the depen-
dence on particle velocities of the proportionality coefficients between Ti[3], TZ-[4], TZ-[G], and Tim. Upon
introducing the usual auxiliary complex quantities

(p?(l) _ ¢?(1) + Bqu?(?’),
<p;7(3) _ ¢?(1) + %in)?(?) + %Bzd);ﬂ) + %iB3¢?(5),
where i = —1, we recover the integral equations
F(p" V) =W, (F +2BF") (")) =¥, (F° +iBF)(0"®) = @7, (22)



and the scalar constraints are automatically satisfied. Note that this was not the case for the former
tensor expansion since TZ-[B], TZ-[4], and TZ-[G] are not orthogonal to collisional invariant and the constraint
B ~B¢)?[6] = (;5;7[3] - (;5;7[4] was needed among the former expansion coefficients. The operator F*™ =
(Sff’m)ies is defined for u = (u;);cg by ¥, (u) = zu;, @ € S, where u; is the product of C;®C; —

%Ci-CZ- I by a complex scalar function of C;-C;, (C;-B)? and B-B. These systems are shown to be

well posed [25] and imply that the scalar function @?(l) such that <p;7() = gpl (C ®RC; — —C -C; I) only
depends on C;-C; and B-B, for | € {1,2,3} [21].

3.3 Expressions of the viscous stress tensor I1
From the relation IT = kT (®", fO¢)) + +kT{(¥", f¢)) I and the expansion of ¢ it is obtained that
T = k(8pv) I +mS + 12(R(B)S — S R(B)) + 15(B'SB BoB — R(B)S R(B))
+(SBIB + BoBS — 2BSBBB) + 15(BoBS R(B) — R(B)S BoB), (23)

where S = 9zv + 9zv' — %(amm)I, K = %kBT[[qﬁ“, ¢"] and the five shear viscosities 71,...,75 are
given by

m = lk'BT([[cp"(l) go"(l)]]+[[cp’7(2),cp’7(2)]]), (24)
m = —15kT(e"®,¢"?) (25)
= % T([¢"™M, "] = [¢"?, ")), (26)
n = % ([[cp n(3) Q" 3)]] [[ n(l) ”(1)]]—%[[gon(2),cpn(2)]]), (27)
s = 1okl (( (2>,s0”(2)))—((cp”(?’),cp"(g)))), (28)
where we have defined the scalar product
(€0 =S ab [ g oTdo. (29)
kK

The new tensor basis finally yields identical integral equations and bracket expressions for the five
shear viscosities but in a clear and straightforward way. After some algebra, denoting by R(z) and
3(2) the real and imaginary part of a complex quantity z = R(z) +iS8(z), it is further obtained that

m = gk (£, W) + R((F0" ), 27)) ). (30)
= kTS (0”@, €7)), (31)
ms = gk ((F007 0, W) — R((F07, @) ). (32)
n4=20kBT(2% T W)) = (1D, W) RS, ) ). (33)
15 = 35k (23((F07@, @) = ("), w7)) ). (34)

These new linear relations between the viscosity coefficients and the solutions of the linearized Boltz-
mann equations will be used to evaluate the shear viscosities from Galerkin approximate solutions.
Finally note that the volume viscosity is not influenced by the magnetic field and its evaluation is
already discussed in [14, 25].

3.4 Expansion polynomials

The integral equations (22) are typically solved by a (hermitian) Galerkin procedure where the per-
turbed distribution functions are expanded into polynomials. We will use the traditional basis poly-
nomials ¢®¢@ defined by

¢a0Cdk(Ck, K) _ (SSJF%(wk'wk) W,f(ekx) %Wy, 5ki) s

€S

where wy, = /my/2kT (¢, — v) is the reduced relative velocity of the molecules of the kth species
and eg = Epx/ksT is the reduced internal energy of the kth species in the Kth state. In addition, a, ¢,



and d are integers, S;_ | /2 is the Laguerre and Sonine polynomial of order ¢ with parameter a + 1/2,

W,C is the Wang Chang and Uhlenbeck polynomial of order d for the kth species, and ‘®%wy, is a

tensor of rank a with respect to the three-dimensional space, given by ®°w; =1, ®'w; = wy, and
2wy, = wi @ wy, — %wk-'wkI [38, 34, 14]. In the notation ¢?*°@*  the first index a thus refers to
the tensorial rank with respect to R3, the second index b = 0 refers to the absence of polarization
effects [14], the third index ¢ refers to the Laguerre and Sonine polynomial, the fourth index d refers
to the Wang Chang and Uhlenbeck polynomial, and the last index k refers to the species. These
functions have important orthogonality properties [38, 34] and various properties of the Laguerre and
Sonine polynomials, Wang Chang and Uhlenbeck polynomials, and functions ¢?°°%* are summarized
in [21, 34, 14].

3.5 Transport linear systems associated with the shear viscosities

The traceless matrix integral equations associated with the shear viscosities are in the form (3"8 +
(2621 4 031)iBF>™) (") = ", | € {1,2,3}, where ¥" =23, - ¢?%% and ¢>°0% = ((w), ® wy, —
%wk-wkI)é;ﬂ-)ieS [14]. By isotropy, the variational approximation space A" to be considered in the
first place is the space spanned by ¢20°% k€ §[9, 14, 21, 38|. The simulations by Bruno and coworkers
have shown that the corresponding coefficients are sufficiently accurate so that higher order expansions
of " 1€ {1,2,3} are not required [6, 7]. A (hermitian) Galerkin approach is used by requiring the
difference between the approximated (F& 4 (26 + 65)iBF*™) (") and ¥” to be orthogonal to the
approximation space.
For convenience ¢"(" is taken in the form

go”(') = (2/p) Z az(l)¢2000k, le{1,2,3}.
keS

The matrix associated with the variational procedure is denoted by H and is rescaled such that Hy; =
(2/5np) [0k $2000] k.1 € S, where n denotes the mixture number density. We also rescale the
right member 3} = (1/5n)((f°¢?°%% &™), k € S. We then have H € R™", 37 € R", and the linear
system for o) € R” and o® a"®) € C" are in the form

Ho"W =X, (H+2H%)a"® =X,  (H+iHP)a"® = X, (35)

where X = (X1,..., X,s)! and X}, is the mole fraction of the kth species. The coefficients of the matrix
H are given by [14]

16 XpXim? [,0mk a1 | o2 (2,2)
H, = —Q Q —— X220 keS 36
. leZS S5ksT (my, + my)? [ 3 my + } 5I€BT G © (36)
Ik
16 XpXympmi [ 19(1,1) (2 2)
H, = -0 Q kileS, k#I 37
kl 5]€BT (mk + ml)2 |: 3 "%kl + :|; , L €0, # ) ( )

where the Q( 7) are the classical collision integrals [9, 21, 34] and HP is the diagonal matrix HS =
5leXka/p, k les.

The matrix H is symmetric positive definite [14] and from (30)-(34) the shear viscosities are finally
given by the scalar products

m = @M, X)+IR(e"?, X)), (38)
1= 33((e", X)), (39)
s = 3@, X) - IR((a"?), X)), (40)
M4 R((@"®, X)) = $(a"M, X) = IR((a"?, X)), (41)
s = S((@"®, X)) - 1S((a"?, X)), (42)

where we have denoted by (z,y) = >, .5 Z+¥;, the Hermitian scalar product.
In the situation of nonionized and nonmagnetized mixtures, it has been shown that one step of the
conjugate gradient algorithm—preconditioned by the diagonal—already yields excellent accuracy for



the shear viscosity [14, 16], much better than the Wilke formula. In the situation of ionized magnetized
mixtures, however, it is not anymore possible to use strictly speaking a conjugate gradient technique
since in general there does not exist short recurrence iterative algorithms which simultaneously corre-
sponds to a global minimization of some error norm over the corresponding Krylov subspaces spanned
by the successive residual error vectors [19]. Nevertheless, it is possible to introduce orthogonal error
techniques which guarantee that the successive residual error vectors are orthogonal [20, 22, 27]. These
techniques are especially suited to the linear systems arising from the Galerkin procedure since it has
been shown that—with a proper formulation—such systems are symmetric complex with a positive
semi-definite real part and for such systems orthogonal errors algorithms are proved to be convergent
[25, 27]. Tt is also more efficient to solve such systems by iterative techniques in their complex form
rather than in their equivalent real form [22].

Numerical test have been conducted with weakly ionized air at temperature 10000 K and pressure
p =1 atm with collision integrals taken from [40] and thermodynamic properties taken from [30]. The
species associated with ionized air are the n® = 11 species N, O, NO, N, O, NJ, OF, NO*, N*, O
and E~. The choice of a particular temperature or pressure for weakly ionized air is not significant
since convergence properties would essentially be similar at other temperatures or pressures. The
numerical tests have first shown that the transport linear systems for ionized mixtures are usually
more difficult to solve than that for neutral species because of the greater disparity between collision
integrals. Nevertheless, the simulations have indicated that orthogonal error methods preconditioned
by the diagonal yield efficient algorithms which converge in a few iterates whatever the intensity of
the magnetic field. Relative errors of the order of 10™2 are typically obtained within three iterations.
Finally, as already shown by Bruno and coworkers for ionized Argon, the extra viscosities 7;, j =
2,3,4,5 are generally much smaller than n; even for large values of the electron Hall parameter [7].

4 Mass and heat transport coefficients

4.1 Equations associated with ¢)X

The solution (;5X = (q&f\)ies of (7)(8) with = X is in the form

o =2 VC + 6P CnB + 6B B,

where (b;\(l), (;5;\(2) and (;5;\(3) are scalar functions of C;-C;, (C;-B)? and B-B. Substituting this ex-

pansion into the integro-differential equations associated with ¢’\ and using isotropy first yield three
scalar coupled integral equations. Further simplification is then obtained if, for each species 7, instead

(1) ¢_X<2>

of three real quantities ¢; and gbf‘(g), one real and one complex unknowns are introduced

(P%\(l) _ (b?(l) +B2¢§\(3), g0;\(2) _ ¢;\(1) —I—iB(b?@), ieS.

K2

Upon defining @ = (227, 5, 0@ = (7P
(37") e defined for u = (u;),.5 by

ics» and introducing the operator F*¥ =

€j

3pksT

o) = iy Y / [{u;°C; dC; + zws, P €S,
7,3

where u; is the product of C; by a complex scalar function of C;-C;, (C;-B)? and B-B, it is easily
shown that ~ . ~ n
F D) =W, (FF +iBFY) () = W, (43)

Furthermore, the constraint equations (8) are easily rewritten in the form
(P00t =0, (XDl =0, Tef1,...,n"+4}. (44)

The structure of the first integral equation in (43) is classical and the structure of second equation
is similar in a complex framework [25]. From the isotropy of the operator F® the functions ©*) and
©*) cannot be functions of (C-B)? [21].



We define the unitary vector B by B = B/B and for any vector X, we introduce the associated
vectors

Xl = (X-B)B, Xt =x-xl, X©® = BAX.

The vectors X, X+ and X® are mutually orthogonal and obtained from X by applying the linear
operators Ml = BoB, M+ = T — BeB and M® = R(B). It is then straightforward to obtain that

o = (P BeB + RGP (1 - BeB) - 3(,°) R(B))C, 5)

or equivalently that (;5X = %(tpi(l) Cl-” + th(Q) (C + iC”)), where R(z) and (z) denote the real and
imaginary part of a complex quantity z = R(z) + i3(2).

4.2 Equations associated with ¢/

The above development can be followed through for the solution ¢/ of (7)(8) with u = D; as well.

More specifically, the perturbed distribution function ¢ = (q&iDj )ics is expanded in the form

¢le _ QbiDj(l)Ci + (biDj@)Ci/\B + QbiDj(B)Ci'B B,

and defining go = ¢D 5D Bz¢fj(3), ‘Pz‘ = ¢D 5 (1) + B¢D (2’ i,j € S, and P =
(% i)icss P =(p i).-c, J €S, we obtain for all j €
oS BNLIC) f’<2>c ics» J €S, we obtain for all j € S
FS(pPi V) = ¥ P (F8 +iBF>") (21 D)) = WP, (46)
(PP Mty =0, (2P g =0, Te{l,...,n°+4}. (47)
We can also write that
" = (¢ BB + NP ) (I - BB) - S(»™ @) R(B)) C:, (48)

or equivalently that ¢pP7 = ( D; (1) CZ-” + pPi(2) (Cf + iCzQ))-

4.3 New symmetry properties of the mass transport coefficients

Substituting the expansion (6) into the identity V; = kT (®P7, fO4), only the terms in ¢/, j € S,
and qu, yield non-null contributions. Expanding d)Dj, j €S8, and qb)‘, with (45) and (48), using
isotropy and denoting by d; = (9zp; — p;b;)/p the unconstrained diffusion driving force for the jth
species, we obtain

Vi = =Y (Dld)+Didf + Dod?)

(% ] 1]
JjES
— (0085 10g T + 65 (85 1og T)* + 02 (84 10g T)®), (49)

where we have defined D). = (pksT/3)((f°0P: M), ®PY), D +iD) = (pksT/3)(fO0P: ), ")), and
ol = —(1/3)(f0*D), WP, oL 1+i0® = —(1/3)(f° @ ,\IID ). These coefficients are easily rewritten

in the symmetrized form

Dl = jpkTle™ M. o™ 0], (50)
D +iD5 = gpkaT ([ @, ] — (™ ®, ™ @), (51)
0l = [P L0, (52)
o +i07 = —3(le™ @ @D (7, ). (53)

Note the wrong sign in front of the bracket ((-,-)) contributions of D% + iD% and 0 + 10y overlooked
in expressions (5.11) and (5.13) of reference [25].



The new symmetry properties of perpendicular and transverse transport coefficients can then be
written

DE = Lpk T ®, 0" @] = LpkT R[p™ ), "], (54)
DS = ~1pk T, 07 ®) = ~LpkT R(”'?, P, (55)
gil _ _%H‘pDi(2), SDA@)]] _ _% %[[QDDi(Z) >\(2)]]7 (56)
07 = H(e” PP P) = A R P2, 57)

where ® and $ denote the real and the imaginary parts. In order to establish (54)(55) for instance,

we note that
x

J[[‘PDi(Q)v SODJ‘(Q)]] _ [[%(PDi@)7 éRSoDj(2)]] _ II%SODi(Q)7 %SODJ'(Q)]]' (58)
Di(2)) _

By using the imaginary part of the second equations in (46), however, we obtain that 7% (S
—BS’Z’”(%chi@)) thanks to S®P7 = 0. Since F9 is self-adjoint we next have

[3¢7 ) 0™ @) = (1075377 R ) = — (0BT R R ),
[Re 1(2)7080[’1 2)]] <<f0§Rgo i(2) 31-50 Dj(2)>> <<fO§RQO (2) ., BF* U§RSODJ 2)>>

so that [[%chi@)ﬁRgoDj@)]] [[§Rgo (2 C‘chJ(Q)]] ((§Rgo g 2),§RgoD” ) )) since the integral operator
F#v is self-adjoint over the functionals orthogonal to collisional invariants. It is similarly established
that %((chi@), chj(z))) = 0 so that both quantities [[goDi@), chj@)]] and ((chi@), goDj(Q))) are real and
(51) completes the proof of (54)(55). The relations (56)(57) are established in a similar way. The new

symmetry relations (54)—(57) imply in particular that DJ- Dj;, D® Dﬁ, o+ = 3[[go)‘(2), goDi(2)]],

and 6 = %((QOA(Z), <pDi(2))). Moreover, proceeding essentially as in [14], one can establish that the
nullspace of the real matrices DIl and D+ is spanned by Y in R”" and that their range is the (euclidean)
orthogonal complement of Y in R, and similarly that the nullspace of the complex matrix D+ +iD®
is spanned by Y in C"" and that its range is the (hermitian) orthogonal complement of ¥ in c".
In addition, the thermal diffusion ratios satisfy the constraints (6!,Y) = (#+,Y) = (#°,Y) = 0.
Finally, the usual constrained diffusion driving forces 31- =d;,-Y;> jes d; can equivalently be used
to formulate the mass fluxes thanks to the properties of transport coeflicients.

4.4 New symmetry properties of the heat transport coefficients

From the relation g = —<<\IIX7 fO0) + > s (2kT + E)n;V; and the expansion of ¢ it is obtained that

¢ = ~(N@a1) + X (@.1)" +3°(0.7)°)
—p Yo (0! +oFdt +07d7) + 3 (KT + E)niVi, (59)
€S €S

where Al = (1/3kBT2)<<f0goX(l), \IIX>> and AL 4+ i@ = (1/3kBT2)<<f0goX(2), \IIX>> These coeflicients are
easily rewritten in the symmetrized form

1

Al = TNE [[SOA(I), (Pk(l)]L (60)
SLa L (050 3@ A 3
1 (T B )] (61)

The thermal diffusion coefficients involved in the expansion of (¥, fO¢)) are first written in the form

0l = —(1/3)(fOpP: ), \IIX» and 01 +i0° = —(1/3)((f0p2®@), \le», but upon writing these coefficients
in a symmetric form 51‘ = —1[e M), P 1], and @-J' + i@-@ = —1([¢*®, P D] — (), P (D)),
we obtain from (52)(53) that 51-‘ = Hy, 0+ = 0+, and 02 = 69, i € S. The new symmetry properties
of perpendicular and transverse transport coefficients—established as for diffusion coefficients—then
reads

L BkBsz [[SOX(2) A(2)]] _ %BW §R[[80M2)780A(2)]]7 (62)
~ by X
3 =~ (07 @) = — il (M ). (63)
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As a consequence, the heat-mass transport matrices

Aol ThL gLt T)\GD got
I — 1 _ o _
A < ol pl) A=\ pr) A o po

are real symmetric, All and AL are positive semi-definite, and their nullspace is one dimensional and
spanned by (0,Y7,...,Y,:)" where Y} is the mass fraction of the kth species.

4.5 Entropy production due to heat and mass transfer

By using the new symmetry properties of transport coefficient, it is now much easier to establish that
the entropy production term associated with the heat flux and the diffusion velocities [25]

~(a- Y phivi) L -3 Lvia, (64
i€S i€S

is nonnegative. By using the expressions of V; and q, and the new symmetry properties we can indeed
write

_ 9 P ] 4 Il ll
T, = —)\”(8 (8,1 + Zo d) (8T + Z D).d}-d;
€S i,JES
L~y 1 L 1 gl p 1 gl L
+73 A (02T)(95T) TQZe dif-(8,T)* Z Di:d;d;
€S i,JES

so that
T'u = %(<AHIH7'I”> + <ALIL7:EL>)5

with xﬂ = (8zlogT)Il, x” = (d)l, 25 = (8 logT)*, and x}- = (d;)*>. Note in particular that the

terms ), g O?dG (02T)"+X s 9?(8 T)®.dj and 3

T, in reference [25] all vanish since =0, D® is symmetric, and x@ -y +x+ - y© = 0 for any vectors

x and y. The term 3, .5 ngZ d® was erroneously typed >, ;s ngf dL in reference [25].

ijes D% dll d® appearing in the expression of

4.6 First order transport linear systems associated with D

The vector integral equations associated with multicomponent diffusion coefficients are in the form
(F8 + 69iBF>?) (P V) = wP5  with | € {1,2},j € S, and

‘I’Dj = Z \ 2/mkl€BT(5jk — Yk)/nkgf)lOOOk,

keS

where ¢!'%0% = (wdr), cs [14]. By isotropy, the variational approximation space Af:o)o] to be considered

in the first place is the space spanned by ¢'%°% k € S, and we will denote by cp[%é](l)

approximation.

the corresponding

For convenience, cp{gé](l) is taken in the form

Dj(l OOD (1 .
SD[OJO]() \/— Z v [00 . )(blOOOk le {172}5 J € S.

keS

The matrix associated with the variational procedure is denoted by A[oo] and is rescaled such that

Aoyt = (2y/mimi/3p)[¢0%, 1000 k.1 € S. We also rescale the right member B%OOD”' by defining

Boon = (VIMRET/3)((f081°0 WP3), k € S. We then have Ay, ARy € R, goo arst) e R,

D;(2) D;(2) 00D, (2)

ne D;(1) _ / 00D;(1) B )
aﬁoo]f € C™ , and the linear systems for 04[00] = ( [oo]k )kes and Qo) = (O‘[oo]k )kes are in
the form
1) 2) D,
Ao O‘[oo( 6[00 (Ajgg) + IA[00 ) o 00]( = Bioop» (65)
(oY) =0, (api®.¥) = 0.
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The coeflicients of the matrix A[oo] are given by

XX X1 X
A[00 kk — E Dk la Sa A[OO]M == Dk lv kal € 87 k # la
les kl kl
I#k

where Dy, is the binary diffusion coefficient of the species pair (k,[), and the right members ﬁ[jgé] =
00D; .
(ﬁ[oo]k )kes are given by
00D; .
Bioop = 0ik — Yk, k,jeS.
The constraint vector is Y = (Y1,... ,Yns)t where Y} is the mass fraction of the kth species and we
have denoted by (z,y) = >, s Z+T; the Hermitian scalar product. The binary diffusion coefficient

Dy, can also be written Dy; = 3I€BT/16nmle,($’1) where my; = mgmy/(my, +my) is the reduced mass
of the species pair (k,1). Moreover, we have

Al = [-YRU)DP(I-URY),

where D7 is the diagonal matrix D = ynierB/p and U = (1,...,1)t € R".

The real matrix A, is symmetric positive definite, N(Ajq) = RU, R(A o) = UL in R™ [14],
whereas the complex matrix A, + iAféO] is such that N (A, + 1A[00 ) =CU, R(Ag +iA 00]) =U+
in C™", where the nullspace and range of a matrix A are denoted by N(A) and R(A), respectively. The
resulting approximated diffusion coefficients are denoted by DPOO] D[J(;O], D[%o]’ and are given by

I - D; (1) — 00D5(1) _ 00D:(1)
Doy = (a 06] 76[00 )= ool = Yool (66)
- D;(2) oD;\ _ _00D;(2) _  00D;(2)
Digoyi; Doy, = (@0t Bioty) = Yooyi - = Yooy, - (67)
In addition, for all @ > 0 we have DE‘OO] = (A[oo] +aY®Y)™ ! — (1/a)U®U and also D[oo] + 1D[00] =
(A + 1A[%0] +aY®Y)™t — (1/a)UxU.

Projected standard iterative techniques as well as projected generalized conjugate gradient methods
can be used to solve the constrained singular systems associated with the first order diffusion coefficients
(65). Tterative techniques for the real transport linear system associated with the real matrix DPOO] are
similar to that of non-ionized mixtures which have been investigated comprehensively [23, 14] We thus
only discuss in the following the evaluation by iterative techniques of the complex matrix D[oo] +1D[oo]’
by solving (A ;g + 1A[00 )(D& ioo] T 1D[00]) =1 - Y®U with the constraint (D[oo] + 1D[00]) =0. In
this situation, it is generally more efficient to solve iteratively the linear systems in their complex form
rather than in their equivalent real form [22].

When only the diffusion velocities are required—and not the diffusion coefficients—a complex form
of the Stefan-Maxwell equations can be solved by using orthogonal errors algorithms [20, 27]. In the
absence of Soret effect, these generalized complex Stefan-Maxwell equations are in the form

(A AR (VE =iVE) =d* —id® -V "(dj" —id}), (63)
les

where V° = (V°,..., V2t d° = (df,...,d;.)", o € {||,L,®} and Y = (Y1,...,Y,s)". The proper
modification of the complex Stefan-Maxwell equations in the presence of Soret effect are discussed in
Sectlon 5. The vectors d<> (d)ies, © € {||,L,®}, are the unconstrained diffusion driving forces and

d =d; YY) csd;, d = (d:)ieg, o€ {|,L,®}, are the corresponding constrained diffusion driving
forces Wthh sum up to zero. Only the diffusion velocities are required when an explicit time marching
technique is use to compute a multicomponent flow for instance. More generally, when fractional steps
are used, the diffusion velocities are also sufficient—that is, the diffusion coefficient matrices are not
needed—if the ‘diffusion time step’ is taken to be explicit.

On the other hand, when the diffusion coefficients are to be evaluated, as is typically the case if an
implicit time marching method is used, it is first possible to use a direct inversion method by forming

D[oo] + 1D[00] (Apg) + iAféO] +aY®Y)™t — (1/a)U®U where a > 0. The (n®)? coefficients are then
evaluated within (’)((ns)3) operations. It is nevertheless possible to evaluate approximate coefficients
within (’)((ns)2) operations by using standard iterative techniques. These techniques maintain a linear

12



relation between the right members and the diffusion coefficients so that the resulting algorithms can
directly be rewritten in terms of diffusion matrices. More specifically, in order to solve iteratively
(A + 1A{6)(Digoy + 1D[00]) = 1 - Y®U with the constraint (D + iDjjy)Y = 0, we introduce
the splitting A (0] —|— 1A 00] = = M — Z where M = D + 1A[00 and D is a diagonal matrix such that

Dk = Ajoojrr/(1 — Yz). Denoting by T the iteration matrix T = M~ Z, we then have the convergent

asymptotic expansion
o0

Digg +1Dfpg = >_(PTYPM P,
j=0

where P = 1—U®Y denotes the projector matrix onto Y- parallel to U. This expansion can be shown
to be convergent with a spectral radius of the product PT = PM ~!Z strictly lower than unity, and this
spectral radius is always lower in the magnetized case than in the unmagnetized case where the matrix
A[oo] vanishes [27]. Furthermore, since A oo = I-Y®U) DB(I-U®Y), the inverse of M = D —|—1A [00]

can easily be expressed in terms of the inverse of the diagonal matrix D + iDP? in such a way that

the iterates are easily evaluated [27]. Various approximations can then be obtained by truncating

(1

this convergent series. The first approximation (D[oo] + 1D[00]) generalizes the Hirschfelder-Curtiss

approximation with a mass corrector [36, 23, 24] to the magnetized case

n m MDU @ MDU

(‘D[OO] +1D[00]) = M+ <‘DU — 'DM‘DU, U>, (69)

where ® By-1 ( By-1

+iD7)7Y ® (D+iD7)~Y
M= (D+iD?)* - 70
(D +1D%) (D +1DP)17.Y) 70)
The second order approximation can further be written
(2] [ ] (1] 1]

(D[OO] + 1D[oo]) (D[OO] + 1D[oo]) (D[OO] + 1D[oo]) (D - A[oo])( (0o t ID[oo]) ) (71)

and yields a more accurate approximation. Since M is a rank one perturbation of the diagonal matrix
(D +1iDPB) 71, the first iterate is also a rank two perturbation of the matrix (D 4 iD?)~! so that both

iterates (D[oo] +1D[oo])[1] and (D[J()O] +1D[OO])[ ! are evaluated within O((n*)?) operations. The interest
of these algorithms is that they perform well whatever the intensity of the magnetic field since the
complete matrix iA%O] has been taken into account in the splitting matrix M = D + iA%O]. They do
not perform well, however, independently of the ionization degree and convergence rates deteriorate as
ionization levels increase as investigated by Garcia Munoz [35] in the unmagnetized case.

The numerical tests conducted with weakly ionized air at temperature 10000 K have shown that the
second iterate is generally within one percent of the exact corresponding first order matrix D[J(;O] "HD[@oo}

for usual matrix norms provided the ionization level is below 10~2. When the ionization level increases,
it becomes more and more difficult to evaluate the diffusion coefficients matrices by using standard
iterative techniques and in this situation, we recommend a direct inversion method.

Remark : Taking into account the electron/heavy particles coefficients in the splitting matrix M =
D+ iA[%O] with Dj; = Dy, if k # n® and [ # n®, and Dj,; = Aoy otherwise, assuming that the
electron is the last species k = n®, only slightly improves the convergence rates. Similarly, defining
Dioo) = Djoo — D[00]2®AD[00]2/<27D[00]2>, Ao = Bpogp :z*@z*/(D[oo]z,z), where 2* = z — (2,U)Y,
one can establish that Do) is the generalized inverse of A[oo] with prescribed nullspace RY @ Rz and

range span(Y, z*)*. In the asymptotic limit of vanishing electron mass, the matrix B[oo] has a finite
limit at variance with Djog) of which the coefficient Djggnsps is exploding [26]. It is then possible to

define an iterative technique by first evaluating Doz and then ﬁ[oo] instead of D|gg), but, once again,
it only slightly improves the convergence rates.

4.7 Higher order linear systems associated with D and electrical conduc-
tivities

Higher order approximations of the diffusion matrices, also accounting for the energy of the molecules,

require to consider larger linear systems of size 2n° + n” where n? denotes the number of polyatomic
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species of the mixture, that is, the number of species with at least two different internal energy states.
The corresponding systems can be written in the form

LaPi) = gPhi, (L +iLP)aPi® = ghi,
<an(1),y> =0, <an(2),y> =0,

where the matrices L, LP € R??"+7%.2n°+n" are detailed in the next section and the vectors fP7,) €

R2"° 47" are given by AP = (ﬁ[jgél, (0)ges, (O)kep)t, j€8,and by Y = (Y, (O)kes,(O)ke’p)t. The
higher order coefficients are given by

(72)

DZH] _ < (1) 6D> OODJ(l) — 00D:(1) (73)

=a, ,

D +iDg = (oD@ gPiy = a?ODf@) = a1, (74)
Defining VI = 7. ¢ ozDJ'(l)dL! and V+ —iV® =3 ool (d; —idY) the associated complex gener-
alized Stefan-Maxwell equations are in the form

(L+iLP)(vE —iv®) =" pPi(d) —idY), (75)

JjES

where V° = (V7,...,V2.)!, and VY% = V2, o € {||, L,®}. The corresponding modifications required
in order to take into account thermal diffusion are discussed in Section 5.

The same general strategy can be used to evaluate higher order diffusion mass fluxes as for first
order fluxes investigated in the preceding section. When only the diffusion velocities are required, an
orthogonal error method can be used to solve the generalized Stefan-Maxwell equations. When the
diffusion matrices are also required, either standard iterative algorithms or direct methods can be used
to solve the corresponding transport linear systems. The same standard iterative algorithms can be
used for instance by using splittings in the form L +iL? = M — Z with M = D + iL? where D is a
diagonal matrix or a block diagonal matrix as described in [14]. Denoting by T the iteration matrix
T = M~12, we then have the convergent asymptotic expansion

DY +iD® = H(i(??)jTM‘th>Ht

=0

where M = I — U®) denotes the projector matrix onto Y+ parallel to U where U is defined by
U = (U, (0)res, (O)kep)t and IT € R*2""+7” i the rectangular matrix IT = [I,0,0]. This expansion
can be shown to be convergent with a spectral radius of the product PT = PM~1Z strictly lower than
unity. The second order iterate (D+ + iDG)[Q] is a good trade off between precision and computional
costs.

The higher order effects usually have a minor impact on the diffusion matrix of neutral species
mixtures [14]. They have a more important impact, however, on ionized mixtures. Our numerical

test for high temperature air have shown that the relative error in matrix norms || DIl — DPOO /11D,
| D+ — D[00 Il/|ID*]|, and || D® — D ]||/||D”|| can be large for ionization rates above 1072 and remain
below 1072 only when the 1omzat10n rate is below 1073, The same is true for | D©—D 00] I/11D®||, unless

B is small but then both D® and D[oo] are small. Above the ionization level 1073, it is recommended
to use the higher order approximations diffusion matrices D and to use direct methods.

Higher order effects due to the energy of the molecules are always important, however, even for
weakly ionized mixtures, in order to evaluate the electrical conductivities [21, 3, 6, 7]. The electrical
conductivities oll, o, and 0, are defined by

I _ | 1 1 o _ Op om
ol = Dijmeznje], po— = Dijnleznjej, po = Dijnleznjej,
i,JES i,JES i,jES

and since the species charge e;, ¢ € S, can be of different sign, cancellation of significating digits may
arise so that using only the first order diffusion coefficients may lead to large errors in the conductivities,
as shown in particular by Bruno and coworkers in the monatomic approximation [3, 6, 7]. In the
numerical simulations by Bruno and coworkers, the errors are even amplified because of the Ramsauer
minimum in the Argon-electron collision cross sections [6, 7].

In order to improve the accuracy of the electrical conductivities, a first possibility is to compute
the higher order diffusion coeflicients D and then the corresponding electrical conductivities. A second
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possibility, however, is to use the first order diffusion coefficients Djgg) in the species equations—when
they are sufficiently accurate—and to only evaluate the solutions ¢(!) and ¢(?) of the linear systems

L¢W = "nje; 3", (L+iLP) ¢ = "nje;n",
jES j€S (76)
€M) =0, (@9 =0.

Once the vectors ¢((V) and ¢(?) are evaluated, the electrical conductivities are then be obtained from

ol = anejg“](-l), p(ot +i0® Zn]e]g“@

jES JjES

The systems (76) can be solved by using a generalized conjugate gradient procedure like an othogonal
error algorithm which converge within a few iterations independently of the magnetic field.

4.8 Transport linear systems associated with A and 0

The vector integral equations associated with the partial thermal conductivity are in the form (3:5 +
62iBF>?) () = @, with | = 1,2, and

_ Z /2(kBT)3/mk ¢1010k + Z /2(kBT)3/mk ¢1001k7
keS keP
where ¢!010k — ((% — wk-wk)wké;ﬂ-)ies, keS, ptootk = ((Ek — ekK)wké;ﬂ-)ieS, k € P, P denotes the
set of polyatomic species, and n? the number of polyatomic species [14]. The variational approximation
space A to be considered in the first place is the space spanned by POk L c S, ¢!k Lk S, and
$1001% 1 € P, and we will denote by ¢*() the corresponding approximation.
For convenience, cpx(') is taken in the form

0 = \/21@7(2 \/m_k(ago’\(')¢1000’“ + a]1€0>\(|)¢1010k) + Z \/m—kaglk(l)qsloom)’ |=1,2.

keS keP

The matrix associated with the variational procedure is denoted by L and is rescaled such that Ly; =
(2¢/my /3p)[[¢10”“ A0, (1K), (s,1) € {OO}XS U {10} xS U {01} xP. We also rescale the right

member G5 = V/2my /KT /3p{(fOp1000% XY (r k) € {00}xS U {10} xS U {01} xP. We then have
L € R2+n"2n%4n” - g} o R2n°+n” and the linear system for o A1) ¢ R2° 47 and o ) ¢ 2"

are in the form ~ ~ N ~

{ Lo =g, { (L+iLP)a*® = B,

(@, ) =0, (@@, ) = 0.
The coefficients of the matrix L are given in reference [14] and are summarized in Section 5.3, the
constraint vector Y € R2" +7" ig gwen by Y = (Y, (0)kes, (O)kep)t, and the right member 3 is such
that B> = 0, (r,k) € {00}xS, B> = = 52Xy, (r,k) € {10} xS, and B = ¢t X, k. (r,k) € {01}xP,
where c}cn“ is the internal heat capacity of the kth species per molecule. On the other hand, the matrix
LB is in the form
LB = (1-YeuU) L2 (1 -Uzy),

where L? is the diagonal matrix (L?)75 = §p8,snrerB/p, if (1, k) € {00} xS, (LB)rs = 5k16T32nkekB/p,
if (r,k) € {10} xS, (LB)rS = Spibrscinger B/ksp, if (r,k) € {00} xP, and U = (U, (0)kes, (O)kgp) )
The matrix L is symmetric positive semi definite [14], the partial thermal conductivities are given by
the scalar products

N — %(oﬁ‘(l),ﬁa _ %(< 103(1),610X> + <a013(1),601i>), (77)
Maie — %<ai(2),ﬁi> _ %(< 10X(2),610X> I <a01X(2),601X>), (78)
and, the thermal diffusion coefficients are given by
ol = (a0 ghiy = _agoi(1)7 (79)
OF +i0P = —(a’® Py = 2R (80)



Note, however, that it is computationally more 1nterest1ng to directly evaluate the thermal con-
ductivities All, )\l @ ~and the thermal diffusion ratios xI, x*+, x© rather than the partial thermal
conduct1v1tles N\ /\L 2© and the thermal diffusion coefficients 0” 6+, 0°, as described in the next
section.

5 Thermal conductivity and thermal diffusion ratios

We first present the usual definition of the thermal conductivities Al, AX, A® and the thermal diffusion
ratios x!I, x, x©. We then introduce a variational framework which allows a direct evaluation of these
coeflicients without the intermediate evaluations of the partial thermal conductivities AL AL A and
the thermal diffusion coefficients 0!I, 8+, 6©.

5.1 First definition of the thermal conductivities and the thermal diffusion
ratios

| 1

The thermal diffusion ratios !l = (Xi)ics» X
linear systems [25]

= (Xi)ies> and X© = (x7),cg> are defined from the

Dliyll =gl DY +iDO) (vt +ix®) = 6L + 169,
(81)

(xI,u)y =o, (Xt +ix®,U) =0,

where U is the vector of length n® with unit components U = (1,...,1)!. Thanks to the symmetry of
DI, DL and D@, transposing these systems yields that the thermal diffusion ratios coincide with the
modified thermal diffusion ratios ¥l = xIl, x* = x* and Y® = x© also introduced in [25]. We next
define the thermal conductivities from [25]

A= A= /1) Y Dladd
i,jE€ES
M X = M40 = (p/T) Y (DF; +iDS) () + ixg ) (- +ixP)-
i,JES

The diffusion velocities and the heat flux can then be written

=3 "D (d) + X (82 10g )

JES
= Di(d; + x5 (82 log T)* + x5 (85 10g T)®)
JjeES
=Y Dg(dS + x5 (8z1og T)® = x§ (D log T)*), (82)
JES
g = —(\(@.1) + 3 (8.T)" + A2 (9,T)°)
+p Y OVl + Vi PV + Y (BT + E)niVi (83)
€S €S

5.2 A variational framework for A\ and y

A variational framework for a direct evaluation of the thermal conductivity and the thermal diffusion
ratios in a nonionized gas has been introduced in [14, 15]. This framework can readily be used for
the transport properties parallel to the magnetic field Al and x!. In this paper, we generalize this
framework to the complex magnetized case for the perpendicular and transverse components A+ +i\®
and x* +ix®. To this aim, we define

D = O 4 p TS P A = AR L TN (i)™, (84)
JjES JjES
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=0 plTY W W =W kT ()R, (85)

JeES JES
and it is easily shown that
TP =W, (I +iBT) () = W, (36)
(Pt =0, (PP ) =0, le{l,....n°+4}, (87)

From the definition of thermal diffusion ratios, it is straightforward to check that ({0 1) P71y =
0 and (f°*® wPiY) = 0 for j € S. However, the basis function ¢'°°% is a linear combination
of WP and of the vector collisional invariant (mpChr)res = ((mk(ck — v))kes in such a way that

(o V) p10003Y) = 0 and ((f0p 2 ¢'90%) = 0 for j € S. One may thus use a Galerkin vari-
ational approximation space orthogonal to the ¢1%%%  j € S in order to to solve (86)(87). It is
important to observe then that for any basis function #»'°% orthogonal to (;510003 j € S, we have
the relations ((fOW{, ') = ( FOW | 10RY and (FOBN 6 BOTFY = ( FOWA H107FY 5o that the
transport linear systems associated with a Galerkin approximation of (86)(87) can readily be eval-
uated even though the thermal diffusion ratlos are unknown. These orthogonality properties also

imply that Al = 7= (e A \Ilﬁ\» = BkBT2 (o) ‘I’k» A +IN® = BkBT = {(f0?? ‘I’ o) =

sz (O ‘I’A» ” = = (O'], €L, X HiXE = 5otz (fO07 o, Ck)), where € = (Chdik)ies,
so that
1
A= s [, D], AL 4ix® = 3l<:BT2 ([[<PM2) P ] - ((<P>\(2),<P>\(2)))), (88)
Xk =3 kBT MWoe, X +ing =3 kBT @, el (89)

5.3 Transport linear systems associated with A, x

The vector integral equations associated with the thermal conductivity and the thermal diffusion ratios
coefficients are in the form (F5 4 §2iBF=?)( ") = ¥ | with | = 1,2. Since we already know that
@ V1 = 1,2, are orthogonal to ¢'°°%  k € S, the variational approximation space A* to be considered
in the first place is the space spanned by ¢'°1% k€ S, and ¢'%% k¢ P.

For convenience, ¢*(" is taken in the form

(Pk(l) — \/m( Z \/m—kallcox\(l)¢1o10k + Z \/m—kazlf\(l)¢1001k)7 I=1,2.

keS keP

The matrix associated with the variational procedure is denoted by A and is rescaled such that A} =
(2/mrmy /3p)[¢'07F, $199], (r, k), (s,1) € {10}xS U {01} xP. It is then important to observe that
= /2my, [k T /3p((fO107F, W), so that B = B> for (r,k) € {10} xS U {01} xP. We then have
A e R FnPni4n? g « Rn4n” and the linear systems for o™ e R™ " and o e C*"+"" are in
the form
MU= (A +iAT)a"® = g,

where AP is the diagonal matrix given by (AP)15 = 616, 3niexB/p, for (r,k) € {10} xS and (AP)}5 =
Ski0rsciMnyer B/ ksp, for (r,k) € {01}xP. The coeflicients of the matrix A are intricated expressions
that can be written in the form [14]

X Xp  mgmy m, my my _ _
ALO10 [E——I—E——?)—B +44
ok ; D (me+my)2L2 my 4 my my M
12k
2 2
25 | (Aerr) JJM} n X2 [41%19 L2 | (Aex) JJ;C;C} Les
12 1 12 1 ; ’
A |t a
X Xp  mgny _ U (Aeg) ﬂ
010 _ 55 2 kl
A = s (28— 381 — 42 - g |, kres k£l
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A AR Z Xp Xy i [é [Aerdera ]y 51 led (v* =7y cosx) ],
" s Dromwtmultgpth o e
12k
oy [ (9" =77 cosx) | ,ﬂ s X L@’y
mp Q](i,l) 8 Drs Q](clk’l) ) s

AloL Xp X my [_5 |AaAen ], 5 LeP, (7% = cosx) |,

Drr mp + my Z Q](ivl) 2 Q](;l)

. Hﬁ?L (74 - ’7’713 COSX)JJ kl

], keS, leP, k+l,

1,1
S
int (AEk)QJJ
AOL01 XX{ % +§@U kl}
M ; M e Drmes | Y U,
Ik
cint | (Aerr)?]
+X2[ k48 ’“’“], keP,
F kBkat,k 8 Q(l 1)Dkk

AQ101 [ ufgx(f?L’YQ — €}, cos X)JJ 3 uAﬁkAflJJ Kl

- —XpX) iy |, mrer kAL
2 Du 2" Du

where u . JJ 4 1S an averaging operator associated with collisions between the species pair (k,1). The
details of the corresponding collision integrals are omitted for brevity and we refer to [14] for more
details. The matrix A is symmetric positive definite [14] and the thermal conductivities are given by
the following scalar products

P T< AV gAYy = %((alm(l),ﬁlo’\>+<a0”(1),601)‘>), (90)
A e — T< A(2) BN = %(<a1ox(2),610,\>+<aou(2),601>\>), (91)

and the thermal diffusion ratios by
Al = Looan(1)7 i@ = Looxagoiﬂ), (92)

where LY is the upper right block of L of size n® x (n® + nP) in such a way that the matrix L has

the bloc decomposition
7,0000 700X A 7,00
L= (L)\OO LAA) = (L 0(% A ) . (93)

The matrix L% can be written L0 = (L0010, LOOOl) where the blocks L0219 and L% are given by
Xle my
L — ——(6Cr1 — 5 ke, 94
lz; 2Dy mk+ml( o =5, (64)
€s
I#k
Xle my
L0 = —F (60w —5 k,leS, k#I,
2Dy my +my (60x ), 7
1 uegK — 7' cosy) ﬂ
LY = = > XX o B, keP,
Uy,
les Kl
1k
[Le?L — 7' cosy) JJ
LYY — XX, T Mo keSS, 1eP, k#l
Q( )Dkl
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From the expression of the matricies L, A, or L%, we note that, in addition to the classical Q( 2
integrals, many collision integrals associated with internal energy exchanges are required for the eval—
uation of transport properties of polyatomic species mixtures. These collision integrals are discussed
in particular in [5, 14, 34| as well as some typical approximations like those of Mason and Monchick in
terms of relaxation times. In order to solve the transport linear systems associated with the thermal
conductivity we recommend a few step of an orthogonal error method preconditioned by the diagonal
matrix diag(A) +iAP [14, 16]. The thermal diffusion ratios are then readily evaluated from (92).

In our numerical simulations for air at 10000 K, the relaxation times for internal energy of the
polyatomic neutral molecules have been estimated as described in [14] whereas the the rotational
relaxation times for internal energy of the polyatomic ionized molecules have been approximated as
the relaxation time of the corresponding neutral molecules [1]. Our numerical simulations with weakly
ionized air have shown that three iterations are generally required in order to evaluate the thermal
diffusion ratios with a good accuracy, whereas two iterates are generally sufficient for the thermal
conductivities.

It is also possible to use a reduced linear system associated with the total energy vector functionals
¢k € S, defined by ¢'0¢F = 1010k o p1001k §f | < P and ¢'0¢% = 1910k for monatomic species
k € S\P. The corresponding reduced linear systems of size n°® are associated with the matrices Ay
and A + iA[B;], where Ay is explicited in [14, 15] and where A[B;] is the diagonal matrix defined by

A[B;] we = SprnkerB/p, k € 8. These reduced linear systems generally yield accurate results at lower
computational costs. For weakly ionized air at high temperature we have found that the reduced
thermal conductivities are usually within one percent of the more accurate conductivity whereas the
thermal diffusion ratios are only accurate within ten percents.

5.4 Stefan-Maxwell equations with Soret effect

Stefan-Maxwell equations associated with the real vector VIl whose n® first components are the diffusion
velocities parallel to the magnetic field VI = pooll — [Tyl are similar to that of non-ionized mixtures
already investigated in [23, 14]. We thus only discuss in the following the generalized Stefan-Maxwell
equations associated with the complex vector Y+ —iV® defined by

VE—ive =3 "o ((df —idY) + (x5 +ix7) (82 log T) " —i(81og T)®)),
jES
whose n® first components are the diffusion velocities perpendicular and transverse to the magnetic
field V* —iV©® = P00l _p00o — [pL —jpo),
The Stefan-Maxwell equations in the presence of Soret effect are more conveniently written in terms
of thermal diffusion ratios [38, 21, 9, 24]. Multlplymg the transport linear system (72) for ai(?) by

the vector dj d]® + (XJ +1ix; )((8 logt)* —i(8 logt)®) we obtain the proper generalization to the
complex framework of the Stefan-Maxwell equations with Soret effect

(L+iILP) (W —iv®) =Y B2 ((d —idF) + (xj +Ix5) (82 log T)* —i(Bz1ogT)?)).  (95)
jes
Upon introducing the Schur complement
A+iIAP = Ay +iAGy — LONILM +1AP) 71 LA,

the Stefan-Maxwell equations can also be rewritten in the form

(A +iAP)(VE —iv©) = d —id” + (x" +1x®)((0zlog T)* —i(8510g T)®), (96)
where V© = V0% =TIV x* = (x$,...,x2:)% o € {|, L, ®}, and
d —id’ =Y P (d} —id?) = 0y S (df —idY), (97)
JeES JjES

are the unconstrained diffusion driving forces. These equations may be approximated as
. . ~L =0 . .
(Ajoo) + 1A[]g0])(VL —iV9) =d —id + (x" +ix?)((8zlogT)" —i(8xlogT)®), (98)

depending on the accuracy of the first order diffusion matrices. Projected standard iterative techniques
as well as projected generalized conjugate gradient methods can be used to solve the Stefan-Maxwell
equations with or without Soret effect and with or without magnetic field effects [14, 17, 27].
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6 Dependence of transport coefficients on the magnetic field

From a theoretical and computational point of view, it is important to investigate the behavior of
transport coefficients and transport fluxes for vanishing magnetic fields. In this section we establish
the proper structural properties of the transport coefficients which guarantee that all transport fluxes
behave smoothly as B goes to zero.

6.1 Heat and mass transport coefficients

The operators 3 and F* do not depend on the magnetic field B so that the functions <p?(1), 1€ S,

and <pzpj (1), 1,7 € S, are independent of B. On the other hand, in order to investigate the dependence
on the magnetic field B of the perpendicular and transverse transport coefficients we expand the

functions <pA(2), and <ij(2)
specifically, we write

;P =3"(1B)"g),, @Y =N (Bl  ijes, (99)
neN neN

, J € S, in series of the intensity of the magnetic field B = || B||. More

where the functions go§n = (Sogn)ies, go?,{ = (gof,i)igs, j €8, neN, do not depend on the magnetic
field and satisfy the integro-differential equations

?8(90-):0) = ‘I’kv ?S(QO_):”JA) = _?Z)U(Qo-):n)v n >0, (100)

D; B D; zw(, Dj ;
5"5(90,70) =wPi .‘Ts(go,)n_kl) =-F%pn), n=>0, jeS§, (101)

and the scalar constraints
(o) =0, (@) =0, n>0, 1€{0,...,n°+4}. (102)

These equations yield existence and uniqueness for cpzn, cpf,i, i,7 € S, n € N. From the well posedness

of the integral operator, the radius of convergence of these series is nonzero and we also remark that
gof:o = <p;\(l) and gofé = gof)j(l), i,j € §. From these series expansions, we can further expand the

transport coefficients Dyj, D% and DY, i,j € S, in the form

70

Dl‘j = D?j, D% =Y B2ND1_2J_N, DE? =3 B2N+1D?JN+17 (103)
NeN NeN

where the coefficients Dij\f ,

Dif = COFpRT( 3 0ol = X0 DM@l el)-

n+m=M n+m=M-—1

i,j €S, M € N, do not depend on the magnetic field and are given by

We then deduce the existence of regular functions denoted by ¢ﬂ3, (;58-, i,j € S, so that

Di - Dl = B%5(B?), DS = Be$(B2). (104)

The above expansion can be followed through for the coefficients 9”, 6+, and 9?, 1 € S, by using

(2

expansions (99) for the functions cp;\ , 1 € §. More specifically, we obtain

ol =00, 0= BWON, 0P = ¥ BEVHENTL (105)
NeN NeN

where the coefficients 6V, i € S, N € N, do not depend on the magnetic field and are defined by

02N = L) (S (e bl - Y (CDM(@P )

n+m=M n+m=M-—1

and we then deduce the existence of regular functions denoted by 93, 19?, i €S, so that

0 — o)

i i

= B9 (B?), 62 = Bo9(B). (106)
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By using expansions (99) for the functions @?(2)

XJ', :\\Q, in the form

, 1 € S, we expand the transport coefficients :\\”,

A :Xo, A= S BzNXzN7 O — S B2N+1X2N+1, (107)
NeN NEN
where the coefficients XM, M € N, do not depend on the magnetic field and are given by
N M ny, A X n by X
MW = (D) s (3 (UM @l = D (F (@ )

n+m=M n+m=M-—1

We then deduce the existence of regular functions denoted by gAl, ¢, so that

A= B%L(B?),  A° = BO(B?). (108)
An expanded form for coefficients xy, Xis X?, i € S, can be deduced from expressions (103) and
(105)
X=X xE = T BN, XD = BN (109)
NEN NEN

where the coefficients x;, i € S, N € N, are defined by the recursive systems

N-—1
DDUxG =00 = D (=)t DI ieSs, Y X =
JjeES n=0 JjES JjeES

© je S, so that

7 7

We thus deduce the existence of regular functions denoted by 3, 1!
Xt =X = BB, XD = BYP(B). (110)

Finally, the coefficients A)\”, AL and A© are easily shown to satisfy properties identical to that of the
coefficients M, AL and \®.
On the other hand, upon introducing the tensorial transport coefficients D,

s 57 €S, 6,1 €S,
and X defined by

D,; = D|.M! + DL M* + DI M®,
6, =6/ Ml +6;- M+ 1 6° M©,
A= MM XEME £ OmO,

where M!l = BB, M+ =T — BB, and M® = R(B), we obtain a compact formulation for diffusion
velocities and heat flux

V., = _ZDZ'J' d; — 0, 0,logT, (111)
jES
q = “X0T—p> 6di+> (36T +E)nVi. (112)
= €S

However, for any set of coefficients pll, y*, and p®, such that pll is independent of B, ut — ul =
B (B?) and p® = By (B?), where the functions ¢ and ¢ are smooth, we directly obtain that

the tensorial coefficient pll Ml + MJ-ML + u®M® can be written
pMI M 4 1OM© = T+ b (B?) (B*1 - BoB) + ¢S (B*) R(B),
since B = BB so that u”MH + MJ-ML + 1M is smooth for any B and converges towards p!lI as

B — 0. As a consequence, the heat and mass diffusion fluxes are smooth functions of the magnetic
field and we obtain in the limit case B — 0 the same contributions as with a zero magnetic field.
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6.2 Momentum transport coefficients

We first note that the volume viscosity x does not depend on the magnetic field. Similarly, since the

operators F% and F*™ do not depend on B, the function go?m does not depend on the magnetic field.
On the other hand, in order to study the dependence on the magnetic field of the shear viscosities, we

expand the functions ¢ and " in the form
e =3B!, e =3By, (113)
neN neN

where the functions ¢7, = (cpZ’n) n € N, do not depend on the magnetic field and satisfy the

integro-differential equations

ieS’
?8(9070) =, 378(90.77,714-1) = _gz,m(go.v{n), n =0, (114)

(fom,, ) =0, 1€{0,...,n°+4}. (115)
These equations yield existence and uniqueness of S"va 1 € §, n € N, and we have the relations

go;’m = go?)o, i € S. Relations (113) yield the following expansions for the shear viscosities

m = 5hTle" @l + 5k Y (—D)N2NBN N (=)™ [¢",, 97,1, (116)
NeN* n+m=2N

= —hkT Y (~D)N2NBT N () (7, 00,,), (117)
NeN n+m=2N

s = —a5kT Y (—D)N2NBN N (1)@, @7, (118)
NeN* n+m=2N

m=—gkT Y (~DNEN —2)B* N (=1)"[¢",, "], (119)
NeN* n+m=2N

m =gk Y (DY@ )BT N (1) (@7, 070) (120)

NeN* n+m=2N

As a consequence, there exist smooth functions (1, Ca, (3, C4, G5, Cs, of B2 such that

m=CG(B%), m=BG(B%), ns=DBG(B%), m=DB"UDBY), (121)
15 = B*(5(B?),  2n4—n3 = B'Gs(B?). (122)
Note in particular the relation 214 — 73 = Bps(B?) which is not straightforward to devise intuitively.
It is then possible to rewrite the viscous tensor as a smooth function of the magnetic field in the form
—II = £(84v) I + (1(B%)S + (2(B*)(R(B) S — S R(B)) — (3(B°)R(B) S R(B)
— (s(B*)B'SB BoB + (4(B*)(S Be B + BYBSS)
+(5(B?)(B®BS R(B) — R(B)S BoB),

using B = BB so that IT is a smooth function of B. Hence we obtain in the limit case the
same contribution as with a zero magnetic field for the viscous stress tensor since (1(0) = 7;(0) =
%kBT[[Qon(l),(pn(l)]]_

7 Onsager reciprocal relations

Onsager relations are symmetry properties which must hold between the transport coefficients. These
constraints express the invariance of phenomena by time reversal transformation. In the framework
of the kinetic theroy of gases, these symmetry properties can directly be deduced from the symmetry
properties of the linearized collision operator [3, 13, 21, 24].
Using the tensorial relations (111)(112), Onsager reciprocal relations require that
D,(-B)=D;(B)", 6, (B)'.  A-B)=X(B),

1] J?



and these equalities are easily estalished since the matrices Ml and M+ are symmetric, the matrix M®
is antisymmetric, the matrices M/l and M* are even functions of B the matrix M® is odd function of

B, the transport coefficients Dl DL D9, i ,j €S, 9” o, 96, 1 €S, )\” /\J‘ 2® are even functions

05 75 i
of B because they only depend on the norm B of the magnetic field, and the transport coefficients

satisfy D), = DI, Dz = D%, D2 = D% i, j € S, as a result of (50), (54), and (55).

jio jio gir ©
In order to express Onsager relatlons for viscosity coefficients, we rewrite the three columns of the

viscous stress tensor in the form

3
= (5MF; + M7+ oM M+ M7 4 s M) Div, i€ {1,2,3},

Jj=1

where II; is the i*® column of II, i € {1,2,3} and the matrices M3, M, i € {1,2,3}, a €
{1,2,3,4,5}, are defined by

hﬂ;? = eiQQGj,

M =6, I + e;@e; — 2e;Re;,

M}? = 20;;R(B) + R(e;)R(B)R(e;) + 2e;'R(B)e; I,

M}2 = 2B,B; BB — 2e,Re; + 2R(B) e;®e; R(B) — R(B) e;®e; R(B),

M} = —4B;B; BB + B,B; I + 6;;B&B + B, e;0B + B; BRe;,

M2 = —2B,B,R(B) — R(e;)R(B)R(e;) — 2¢;'R(B)e,; B&B,

with (eq, eq, e3) the canonical basis. Onsager relations require that

(kM3 +mMT +0oMP + 9sMP + M + s MT2) (= B) =
(KM%, + M7+ M 4+ M™% M7 4 sM%) (B), i, € {1,2,3),

but these equalities are easily established since the matrix R(X) is antisymmetric for any vector X,
the matrix R(B) is odd function of B, the viscosities k, 1., a € {1,2,3,4,5}, are even functions of B
because they only depend on the norm of the magnetic field.
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Appendix Erratum for ‘Kinetic theory of partially ionized reactive gas mixtures’, published in Physica
A 327 (2003) pp. 313-348

In this appendix, we report a number of misprints and errors overlooked in our previous publication
on the kinetic theory of partially ionized gas mixtures. The authors are very grateful to Doctor
Domenico Bruno from Istituto di Metodologie Inorganiche e dei Plasmi del CNR in Bari for first
spotting the sign error in the transverse coefficients bracket expressions. Note also that the transverse
components are denoted with the superscript ¢ in [Physica A 327 (2003) pp. 313-348] instead of © in
this report.

Section 5.2
e On page 332, below Equation (5.9), the formulas for the transport coefficients should be
Dy = (DR T/3) (%P0, WD), D +iDl; = (ph,T/3)((f°0"+*), ®P"), and
0] = —(1/3)(f° XD, W), 6) +i0) = —(1/3){(f D, ¥,
e On page 332, Equations (5.11) and (5.13) should be

D} +iD}; = dpkT ([P, pP D] - i((pP @, pPs2) ), (5.11)

0; +i0f = —3% ([[wDi(Q), @ P i, som))))- (5.13)
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e On page 333, after the second paragraph, DJ- and Dt should be
Dj; = 3pkBT(3‘f[[<PD i®), pPi] —3((90Di(2),<pD”'(2)))) = $phTR[PP®), P )],

DY = —3phT (Sl @ P @]+ R(™ D, P D) = —Lpk, TR( ™D, 7).

We also have seen that S[pPi(?) pPi)] = 0 and J(eP @), Pi(?)) = 0, in such a way
that [p/®), P O] = TP 6D and (P2, pP1) = R($P, P12

e On page 334, the last line should be

Il — I nenie: 1 Lo emae: t— b e
ol = D;nieinjej, po— = Dj;nieinjej, po’ = D;;nieinjej,
i,jES i,jES i,j€ES

Section 5.3

e On page 335, after Equation (5.21), the formulas defining the transport coefficients should
be Al = (1/36T2)(0XD, ®Y), X +iX = (1/3kT2)(f°0* @, *), and
0l = —(1/3)(fOpP: D), \IIX», L +i! = —(1/3)((fOpP: ), \IIX» We have also seen, however,
thanks to the new symmetry properties of the transport coefficients, that 51‘ = Gl‘ , @.L =0,
and 0t = 0!, i € S.

e On page 335, before the last paragrpah, the expressions for AL +iAt and éf + ié\,’f should be

A it =

1 @) A 3@ X
g (970 P - i@, ),

0 +i0; = =3 (172, 07 @] = i(*?, ) ).

Section 5.7

e On page 340, before the last paragraph, the last term in the expression of T, should be

> jes ij df dt and this term vanishes thanks to the symmetry properties of transport

coefficients and since dfd;- = —dﬁ-djL.

e On page 340, in the last line, the second term should be (Afz*, z!), zo should be zg =
(O log T)* and yo should be yo = (94 log T)E.
Section 5.8
e The discussion about Onsager reciprocal relations is not fully satisfactory. It should be
replaced by the detailed discussion presented in Section 7 of this paper which includes a
discussion of the viscous tensor.
Section 6.1
e On page 343, after Equation (6.4), the definition of 3}, should be
B = (fOuH, 7).
e On page 343, in the middle of the page, the constraint vectors Gi'” should be
Gl = (O T, le{l,....n°+4}, ve{l,....n"}.
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