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Abstract

We investigate the mathematical structure and properties of a Saint-Venant model with an
energy equation and with temperature dependent transport coefficents. These equations model
shallow water flows as well as thin viscous sheets over fluid substrates like oil slicks, atlantic waters
in the Strait of Gilbraltar or float glasses. We exhibit an entropy function for the system of partial
differential equations and by using the corresponding entropic variable we derive a symmetric con-
servative formulation of the system. The symmetrized Saint-Venant quasilinear system of partial
differential equations is then shown to satisfy the nullspace invariance property and is recast into
a normal form. Upon establishing the local dissipative structure of the linearuzed normal form,
global existence results and asymptotic stability of equilibrium states are obtained. We finally
derive the Saint-Venant equations with an energy equation taking into account the temperature
dependence of transport coefficients from an asymptotic limit of a three-dimensional model.

1 Introduction

We investigate the derivation and mathematical properties of a viscous Saint-Venant system of partial
differential equations with an energy equation and with temperature dependent transport coefficients.
These equations model shallow water flows as well as thin viscous sheets over fluid substrates like oil
slicks on water, surface atlantic waters above the denser Mediterranean sea in the Strait of Gilbraltar
or float glasses used for the production of plate glass. Modeling temperature variations is important
in various environmental and engineering applications or float glasses and this motivates the present
study.

We first present the Saint-Venant system of partial differential equations with an energy equation
and temperature dependent transport coefficients. We exhibit an entropy function for the system of
partial differential equations and by using the corresponding entropic variable we derive a symmetric
conservative formulation of the system. The symmetrizing variable is obtained from the entropy and
not the kinetic energy as investigated by Tadmor [41], Hauke [18], and Carey [7] in the isothermal
case. These symmetrized systems may also be useful for finite element discretization and numerical
simulations [7, 18].

The symmetrized Saint-Venant system of partial differential equations is then shown to satisfy the
nullspace invariance property and is recast into a normal form, that is, in the form of a symmetric
hyperbolic-parabolic composite system. We next establish stability conditions of the source term as
well as the local dissipative structure of the linearized normal system around constant equilibrium
states. In particular the entropy production is nonnegative and the source term lies in the range of
its derivative at equilibrium. Global existence results and asymptotic stability of equilibrium states
are then obtained from Kawashima’s theory of hyperbolic-parabolic systems [27] and its extension to
systems with sources terms [16].

Numerous existence results can be found in the literature concerning the Saint-Venant system
without an energy equation in various functional settings. We refer the reader notably to Serre [38]
and Dafermos [9] for inviscid models, and Kanayama and Ushijima [24], Bernardi and Pironneau [5],
Ton [42], Kloeden [29], Sundbye [40], Orenga [33], Lions [30], Bresch, Desjardins, and Métivier [6] and
Wang and Xu [44] for viscous Saint-Venant models with a constant viscosity coefficient. To the authors’
knowledge, it is the first time that the quasilinear Saint-Venant model with an energy equation and
temperature dependent transport coeflicients is investigated.



In the remaining part of the paper we derive the Saint-Venant equations with an energy equation
taking into account the temperature dependence of transport coefficients. These equations are derived
from an asymptotic study of a three dimensional incompressible model of a thin viscous sheet over a fluid
substrate. The fluid substrate is incompressible and is modeled by using the hydrostatic approximation.
We also derive typical free boundary conditions for the Saint-Venant model from the three dimensional
governing equations and free boundary conditions associated with the viscous sheet.

Numerous derivations of the viscous Saint-Venant system of partial differential equations without
an energy equation and with a constant viscosity can also be found in the literature. The inviscid
equations were first written by Saint-Venant in 1871 [10]. Gerbeau and Perthame have revisited the
derivation of the viscous case and validated the Saint-Venant model by a direct numerical comparison
with the underlying incompressible model [13]. For viscous layers on a fluid substrate, Howell has
derived a Saint-Venant model by performing an asymptotic analysis [20, 21]. Multilayer Saint-Venant
models have recently been investigated by Audusse [1], Audusse and Bristeau [2], and Kanayama and
Dan [26]. A Saint-Venant model with a temperature equations has been introduced by Benqué, Haugel,
and Viollet [3] and used by Podsetchine, Schernewski, and Tejakusuma [36] to investigate the Oder
Lagoon. The derivation of a Saint-Venant model of a thin viscous sheet over a fluid substrate with a
temperature equation and taking into account the temperature dependence of transport coefficients as
well as that of boundary conditions from an asymptotic analysis is new to the authors’ knowledge.

2 Governing equations

We summatize in this section the Saint-Venant equations governing thin viscous sheets over fluid
substrates as well as shallow water flows. We include an energy equation in the model since temperature
variations are important in various engineering and environmental applications.

2.1 Conservation equations

The equations governing shallow water flows and thin viscous sheets over fluid substrates express
the conservation of mass, horizontal momentum and energy. The mass conservation equation can be
written in the form

B,h + 0, (hu) + 9, (hw) = 0, (2.1)

where ¢ denotes time, (z,y) the horizontal cartesian coordinates, h the height of the shallow water flow
or of the viscous sheet in the vertical direction, u the velocity in the x direction, and v the velocity in
the y direction. The momentum equations in the z and y directions can be written

0, (hu) + 9, (hu® + p) + 0, (huv) + 0,y + 0,111y, = 0, (2.2)

0, (hv) + 9, (huv) + 8y(h1)2 +p) + 0 Iy + 0,11, = 0, (2.3)

where p is the kinematic pressure and Il.;, Iy, II,., and II,, are the coefficients of the kinematic
viscous tensor IT. Finally the total energy conservation equation can be written in the form

0,(he™") + 0, ((hetOt + p)u) + 9, ((hetOt + p)v)
+ 0, (Qa + ppu + Ipyv) + 0, (Qy + Hypu + Iyyv) =H, (2.4)

where e is the total energy per unit mass, Q,, Q, are the components of the kinematic heat flux @,
and H denotes a heat loss term.

Since the Saint-Venant system of partial differential equations is naturally written in two dimensions,
we will use in the following sections the indexing set C' = {z,y} which is more explicit than the set

C={1,2}.
2.2 Thermodynamic properties
In the Saint-Venant system, the kinematic pressure is given by
p = sah?, (2.5)

where « is a constant associated with gravity. On the other hand, the total energy per unit mass e**
of the fluid sheet is given by
e (h,T) = e+ &(u* +0v?), (2.6)



where e denotes the fluid sheet internal energy per unit mass. The internal energy e can be written

T
e(h,T) = ¢ + / co(7) dr + Lah, (2.7)
Tst
where ¢, is the heat capacity at constant volume per unit mass of the fluid, T the absolute temperature
and e the formation energy of the fluid at the standard temperature T°¢. We also define for convenience

st
the formation energy at zero temperature ¢ = et — fOT ¢y (7) d7 is such a way that the internal energy

e can also be written e = % + foch (1) dr + ah.

In comparison with the perfect gas model, we note that, with the Saint-Venant system modeling
fluid sheets, the height h plays the role of a density, the fluid is barotropic with a quadratic dependence
of the pressure p on height A and the internal energy per unit mass of the fluid sheet e depends on
both temperature 7' and height h.

The natural compatibility relation [30] between p and e is also satisfied since h?dpe = p — TOrp =
%ahQ so that there exists an entropy per unit mass s such that Gibbs relation T'ds = de + pd(1/h)
holds. From Gibbs relation, it is easily shown that Td;s = dre = ¢, and Td,s = d,e — p/h? = 0 in

such a way that
T
= st / o 4 (2.8)
Tst T

where s is the formation entropy of the fluid at temperature 75'. The Gibbs function is further
defined as g = e + p/h — T's and will be required to express the entropic symmetrizing variable. Note
finally that the Gibbs function g can be decomposed into g(h,T) = §(T') + ah where § only depends

on temperature and reads § = et + fTTt co(T)dr — T (s + fTTtQT(T) dr).

Remark 2.1. Strictly speaking, denoting by p the—constant—density of the fluid, only the quantity
pp/h is homogeneous to a pressure and p/h to a kinematic pressure. However, these h factors are
natural since the equations are in two dimensions so that the internal constraints are transmitted
through contact lines and not contact surfaces. Similarly, the quantity peh is the internal energy per
unit horizontal surface and psh the entropy per unit horizontal surface of the fluid sheet.

2.3 Transport fluxes

The transport fluxes of the fluid sheet, that is, the kinematic viscous tensor IT and the kinematic heat
flux @, can be obtained from an asymptotic analysis as presented in Section 7. The kinematic viscous
tensor is in the form.

I = —Z/h(aw'v +8,v" + 28m-vI), (2.9)

where 8, denotes the derivation vector 8, = (9,, 8y)t, v the velocity vector v = (u,v)!,  the com-
ponent = (x,y), v the kinematic shear viscosity of the fluid, I the two dimensional unit tensor,
and * the transposition operator. The viscous tensor IT thus corresponds to the usual two dimensional

formulation with a ‘shear viscosity’ hv and a ‘volume viscosity’ 3hv. Upon decomposing the viscous

tensor, we obtain
.., I, 2(20,u + 0,v 0,u + 0,v
IT = ) =-vn ( ) Y . (2.10)
I, My, Oyu+ 0,v 2(0,u +20,v)

We also define, for future use, the kinematic pressure tensor P = pI + II, which can be interpreted as
a kinematic momentum flux tensor. In addition, the kinematic heat flux is given by

Q= (Q:, Q)" = —xhd,T, (2.11)

where ¢ is the kinematic thermal conductivity of the fluid.

Remark 2.2. Strictly speaking, denoting by p the—constant—density of the fluid, only the quantity
pII /h is homogeneous to a viscous tensor and IT /h to a kinematic viscous tensor. Similarly, only the
quantity pQ/h is homogeneous to a heat flux and Q/h to a kinematic heat flux. However, these h factors
are natural since the internal constraints are transmitted through contact lines in two dimensional
models. We have still termed IT the ‘viscous tensor’ and @ the ‘heat flux’ for the sake of simplicity.
The quantities n = vp and A = sp are the dynamic viscosity and the thermal conductivity, respectively,
of the fluid.



Remark 2.3. Erroneous forms of the viscous terms are often found in the literature as for instance
the forms —8,- (1(8,(hv) 4+ 8, (hv)" + 28, (hv)I)) or —h8,- (v(d,v + 8,v" + 28, -vI)) instead of the
correct form obtained from asymptotics —8,- (vh(8,v + 8, v’ +28,-vI)). Only the correct later form
is energetically consistent as shown by Gent [12].

2.4 Source terms

Heat exchanges are important in the modeling of shallow water flows [36] and various viscous sheets
such that oil slicks and float glasses [20]. We consider a heat loss term in the form

H=—X(T-T°),

where T° is a given constant ambiant temperature and X* a heat exchange coefficent.

Remark 2.4. Various other effects may be taken into account in the Saint-Venant system of partial
differential equations depending on the particular application under consideration. For shallow water
flows, it is possible for instance to take into account friction forces, wind effects, coriolis forces due to
earth rotation and the sea depth [7, 13]. In the modeling of oil spills it is also important to take into
account friction forces, water currents, shoreline deposition, winds effects and evaporation [34]. These
extra source terms would not essentially modify the mathematical analysis that will be presented in
the next sections.

Remark 2.5. Depending on the particular application under investigation, various terms may also
be neglected in the Saint-Venant system of partial differential equations as for instance the kinetic
energy terms in the energy conservation equation. However, these terms have been kept since they
are important for structural purposes. They guarantee that the structure of the system is that of a
symetrizable system of partial differential equations of hyperbolic-parabolic nature as will be shown in
the next sections.

3 Quasilinear form

The governing equations presented in Section 2 are recast into a quasilinear vector form in this section.

3.1 Conservative and natural variables

The conservative variable U associated with the equations (2.1)—(2.4) is given by
U = (h, hu, hv, he'")", (3.1)

and the natural variable Z by
Z = (h, u, v, T), (3.2)

where h is the vertical height of the viscous sheet or of the shallow water flow playing the role of a
density, u, v are the horizontal components of the mass averaged flow velocity in such a way that the
velocity vector is v = (u,v)?, €*°® is the total energy per unit mass of the fluid, ! is the transposition
symbol, and T is the absolute temperature.

The components of U naturally appear as conserved quantities in the Saint-Venant system with an
energy equation. On the other hand, the components of the natural variable Z are more practical to
use in actual calculations of differential identities.

3.2 Vector equations

The Saint-Venant equations modeling thin viscous sheet over fluid substrates or shallow water flows
(2.1)-(2.4) can be rewritten into the compact form

QU + 0, Fy + 0,F, + 0, F° +0,F = Q, (3.3)

where 0, is the time derivative operator, 9,, 0, are the space derivative operator in the z and y directions

respectively, I, and Fy are the convective flux in the z and y directions respectively, Fds and F;is are



the dissipative flux in the x and y directions respectively, and (2 is the source term. We will use the
indexing set C' = {z, y} in the following for the sake of simplicity.
From Section 2 the convective fluxes F, and Fj in the z and y directions are given by

F, = (hu, hu? + p, huv, he'°tu —i—pu)t, (3.4)

F, = (hv, hvu, hv? + p, he**tv —|—pv)t, (3.5)

where p is the pressure and e*** the total energy per unit mass. The dissipative flux Fd and F;“S in
the x and y directions are

deis = (Oa sza Hacya Qm + Hmmu + Hmyv)t’ (36)

i t
S = (0, Hya, Iy, Qy + Hysu+ I,0), (3.7)

where IT is the kinematic viscous stress tensor (2.9)(2.10) and @ the kinematic heat flux vector (2.11).
Finally, the source term is given by

Q= (0,0,0,H)", (3.8)

where H is the heat loss term.

These equations have to be completed by the relations expressing the transport fluxes IT and Q,
the thermodynamic properties p and e*°*, and the source term (2, already presented in Section 2. These
relations have been given in terms of the natural variable and are used in the next sections to rewrite
the system as a quasilinear system in terms of the conservative variable U.

3.3 Mathematical assumptions

We describe in this section the mathematical assumptions concerning the thermodynamic properties
and the transport coefficients associated with the Saint-Venant equations. These assumptions are
assumed to hold in Sections 3, 4. and 5.

(Thy) The fluid density p and the pressure factor « are positive constants. The formation energy
est and the formation entropy s are constants. The specific heat per unit mass c,, is a C®
function of T > 0 and there exist positive constants ¢, and ¢, with 0 < ¢, < ¢,(T) < ©,, for

T2>0.

(Tr1)  The kinematic shear viscosity v, the kinematic thermal conductivity », and the thermal ex-
change coefficient X are C* functions of T for T > 0.

(Tr2)  The kinematic thermal conductivity s, the kinematic shear viscosity v, and the heat exchange
coefficient X are positive functions.

Remark 3.1. The adiabatic situation where X* = 0 is also easily investigated and we only assume
that X* > 0 in order to simplify the formal presentation. Similarly, the situations where v and s are
functions of both T" and h are easily taken into account.

3.4 Dissipation matrices and quasilinear system

In this section, we rewrite the system of partial differential equations (3.3) as a quasilinear system of
second-order partial differential equations in terms of the conservative variable U. In order to express
the natural variable Z in terms of the conservative variable U, we first investigate the map Z — U and
its range.

Proposition 3.2. The map Z —— U is a C™ diffeomorphism from the open set Oz = (0,00) x R? x
(0,00) onto an open set Oy. The open set Oy is convex and given by

Oy = { (’ul,UQ,U3,U4) € R4;U1 > 0, Ug — ¢(U1,UQ,U3) >0 }, (39)
where ¢ : (0,00) x R? — R is defined by

u%+u§

0 1 2
+ e uy + souy,
U1

¢(U1,U2,U3> = %

and where € is the formation energy of the fluid at zero temperature.



Proof. From Assumption (Thy) and the expression of thermodynamic properties, we first deduce that
the map Z — U is C*° over the domain Oz. On the other hand, it is straightforward to show that the
map Z — U is one to one and that

1 0 0 0
U h 0 0
07U = v 0O h 0|’

e“’t—l—%ah hu hv he,

so that the matrix J,U is nonsingular over Oz. From the inverse function theorem, we deduce that
Z — U is a C* diffeomorphism onto an open set Oy. From he'®* = he + 1hv-v, the expressions of e,
and (Thy), it is then established that Oy is given by (3.9). The convexity of Oy is finally a consequence
of the convexity of ¢, which is established by evaluating its second derivative. More specifically, for
u1 > 0 and usg,ug € R, we have

u2+u3
(b* +Oé, u1u2¢7 27 u1u3¢77_2
U1 uy uy

1
832¢:833¢:_7 8321“(;5:0,
U1
in such a way that for any (21,72, 23) € R? we have
1 u 2 1 u 2
Z rix;02 = axi + —(1'2 - —2501) + —(:cg - —3501) ,
— E U U U U
1<4,5<3
and the matrix (812““], ®)1<i j<3 18 positive definite over (0, 00) x R2. O

In Section 2.3, the transport fluxes IT and Q and, therefore, the dissipative fluxes F%$ and F;is,
have been expressed in terms of the gradient of the natural variable Z. By using Proposition 3.2, these
dissipation fluxes can thus be expressed as functions of the conservative variable gradients

F = =" Bi;(U)0,;U
jec

where C' = {z,y} and B;;(U), i,j € C, are the dissipation matrices. The matrix B;;(U) is a square
matrix of dimension 4, which relates the dissipative flux in direction ¢ to the gradient of U in direction j.

We may further introduce the Jacobian matrices A;, ¢ € C, of the convective fluxes F;, i € C,
defined by
A; = 0y L, 1€ C,

and finally rewrite the system (3.3) in the quasilinear form

OU +> AU = > 9,(Bi;(U)0;U) + QU), (3.10)

eC i,jeC

where the matrix coefficients are defined on the open convex set Oy. As a direct consequence of (Thy)
and (Try), the system coefficients satisfy the following property (Edp;)

(Edp,) The convective fluzes F;, i € C, the dissipation matrices B;j, i,7 € C, and the source term
are smooth functions of the variable U € Oy .

Expanding the sums over C' = {x, y}, these equations can also be written in the more explicit form

O,U + An(U)0,U+A,(U)0,U = 0, (B (U)0,U) + 8, (Bay(U)0,U)
+ 0, (By2(U)0,U) + 8, (B, (U)0,U) + QU). (3.11)

The detailed form of the coefficient matrices A;(U), i € C, and B;;(U), i,j € C, will not be needed in
the following, and, therefore, will not be given.



4 Symmetrization of Saint-Venant equations

For hyperbolic systems of conservation laws, the existence of a conservative symmetric formulation
has been shown to be equivalent to the existence of an entropy function [17, 11, 32]. These results
have been generalized to the case of second order quasilinear systems of equations by Kawashima and
Shizuta [28, 16, 14]. Kawashima and Shizuta [28] have also shown that, when the nullspace naturally
associated with dissipation matrices is a fixed subspace, a symmetric system of conservation equations
can be put into a normal form, that is, in the form of a symmetric hyperbolic-parabolic composite
system. Giovangigli and Massot [16, 14]. have further characterized all possible normal forms for such
systems.

In this section, we investigate the symmetrization of the Saint-Venant system with an energy equa-
tion (3.10). We exhibit a mathematical entropy function and derive the corresponding conservative
symmetric form. This symmetric form is then used to derive a normal form. The symmetrizing variable
is obtained from the entropy and not from the kinetic energy as investigated by Tadmor [41], Hauke
[18], and Carey [7] in the isothermal case. The assumptions concerning thermodynamic properties
(Thy) and transport properties (Tr1)(Trz) are assumed to hold in this section.

4.1 Entropy and symmetric conservative form

The following definition of a symmetric (conservative) form for the system (3.10) is adapted from
Kawashima and Shizuta [28, 16, 14].

Definition 4.1. Consider a C*° dipheomorphism U — V from the open domain Oy onto an open
domain Oy and consider the system in the V variable

(V)QV + Y A(V),V = > 0,(Bi(V)9,V) + V), (4.1)
e i,j€C
where ~ ~
Ay = 8,0, A; = A;0,U = 0, F;,
~0 1% - 1% 1% (4'2)
Bij = Bl’jaVU, Q = Q.

The system is said of the symmetric form if the matrices /~10, /L-, 1€ C, and Eij, i,7C, satisfy the
following properties (S1-Sa).

(S1)  The matriz Aq is symmetric positive definite for V € Oy .
(S2)  The matrices A;, i € C, are symmetric for V € Oy .
(S3)  We have Efj = Eji fori,jeC,andV € Oy.

(S4)  The matriz B = >ijec B

w € X, where L1 is the unit sphere in 2 dimensions.

(V)wiwj s symmetric and positive semidefinite, for V € Oy and

The following generalized definition of a mathematical entropy function is adapted [16, 14] from
Kawashima [27] and Kawashima and shizuta [28].

Definition 4.2. Consider a C™ function o(U) defined over the open convex domain Oy;. The function
o is said to be an entropy function for the system (3.10) if the following properties hold.

(E1) The function o is a strictly convex function of U € Oy in the sense that the Hessian matriz
d% 0 is positive definite over Oy .

(E2)  There exists real-valued C* functions q; = ¢;(U) such that

(aUO') Aizaqu, ieC, Ue€Oyp.

(E3)  We have the property that, for any U € Oy

(0%0) ™' Bl = By (930)”", ijeC.



(Es)  The matriz B = >ijec Bij(U) (8[2]0(U))71 wyw; is symmetric positive semidefinite for any
U e Oy and any w € X',

Kawashima and Shizuta have established [28, 16, 14] the equivalence between conservative sym-
metrizability and the existence of an entropy function.

Theorem 4.3. The system (3.10) admits an entropy function o defined over the open convex set Oy
if and only if it can be symmetrized over the open convex set Oy . In this situation the symmetrizing
variable V' and the entropy function can be chosen such that

V = (9y0)t. (4.3)

As is usual for compressible gases [28], mixtures of reacting gases [16, 14], ambipolar plasmas [15],
we define the mathematical entropy function o of the Saint-Venant system with an energy equation as
the opposite of the physical entropy hs

o= —hs,

where s is the entropy per unit mass of the fluid under considerartion (2.8). The mathematical entropy
o is associated with the physical entropy per unit surface hs and not the entropy per unit volume as
usual. The corresponding entropic variable

V = (aUU)t,

is then easily evaluated as

V= (g — %vov, u, v, fl)t,

N~

where g is the Gibbs function.

Proposition 4.4. The change of variable U — V is a C* diffeomorphism from the open convex set
Oy onto an open set Oy . The open set Oy is given by

Ov = { (u1,u,uz,us) € RYuq <0, g —(ug, ug,ug) >0 }, (4.4)
where 1 : R? x (—00,0) — R is given by

= u3 + u3
V(us, uz, us) = —uag(—1/us) + %%7
4

and where the Gibbs function has been decomposed into g(h,T) = g(T) + ah.

Proof. From Proposition 3.2, the map Z — U is a C* diffeomorphism from Oz onto Oy, so that
we only have to show that the map Z — V is a C*° diffeomorphism from Oz onto the open set Oy .
From Assumption (Thy) and the expression of thermodynamic properties, we first deduce that the map
Z — V is C*° over the domain Oyz. It is then straightforward to show that the map Z — V is one to one
and that its range is Oy since the Gibbs function can be decomposed in the form g(h,T) = §(T') + ah.
In addition, the matrix 9,V is easily shown to be nonsingular over Oz from its triangular structure
and the proof is complete thanks to the inverse function theorem. O

The conservative symmetric form is now investigated in the following theorem.

Theorem 4.5. The function o is a mathematical entropy for the system (3.10), that is, o satisfies
Properties (E1-Ea4) of Definition 4.2. The symmetrized system associated with the entropic variable
V € Oy can be written

Aodv + 3 Aoy = 0,(Byo,v) + 4, (4.5)
e i,j€C

and satisfies Properties (S1-Sa) of Definition 4.1. The matriz /~10 is given by

1 Sym
v vV + ahl ,

et + %ah (etot + %ah)vt Yo

-~ T
Ay ==



where

To = ("' + 1ah)® + ah(u® + v° + Tcy).
Since this matriz is symmetric, we only give its block lower triangular part and write “Sym” in the
upper triangular part. Denoting by & = (£,,&,)" an arbitrary vector of R2, the matrices A;, i € C, are
given by

v-£ Sym
S AG= | vwerare N, ,
iec (e + 3ah)v-& S, Tiv-€

where
Yop=vEvR@v+ah(v®E&E+ERV+2v-E1),

Yoo = (€™ + Sah)v-€v + ("' + Jah)ahg’,
Ty = (e + 2ah)(e"" + 2ah) + ah(u® +v° + Tc,).

The dissipation matrices, are given by

0 0 O 0 0 0 O 0
~ 0 4 O 4u ~ 00 2 2v
B, = hTv , B,y = hTv ,
0 0 1 v 01 0 U
0 4u v 6+ 3u? 0 v 2u 3uwv
0 0 0 0 0 O 0
~ 0 1 v ~ 01 0 u
By, = hTv , By, = hTv ,
0 2 0 2u 0 0 4 4v
0 2v u 3uv 0 u 4v 6+ 302

where 0 = T /v + (u® + v?). Denoting by & = (£,,&,)" and ¢ = (Cu, Gy)t arbitrary vectors of R?, we
have

0 0 Sym
> By&iG=hTv |0 2£0(+(RE+&-(T
nIee 0 20-C& +v-€C" + (€0 0C-E+3v-EvC

Finally, the source term Q is given by

Q=9.
Proof. The calculation of the matrices ZO, ZZ-, i€ C, and Eij, i,7 € C, is lengthy but straightforward
and, therefore, is omitted. This calculation is easily conducted by using the natural variable Z as an
intermediate variable. The symmetry properties of Ay, A;, ¢ € C, and Byj, i,j € C, required in (S1-S4)
are then obtained.

Consider then a vector x € R, with components (xs, X, Xy, x7 ). After a little algebra, we obtain

xt Agx =L (ah(xu+uxT)2+o¢h(xv+vxT)2
+ (xh + uxy + vx, + (e + %ah)xT)2 + ahchXQT), (4.6)

so that from (Thy) and the positivity of a, ¢,, and T, we deduce that A is positive definite. Further-
more, a straightforward calculation leads to the following expression

XISE(V7 w)x = Tyh(3(wz (Xu + UxXT) + Wy (Xy + UXT))2
>
T (xu  uxe)? + (xy + vxp)? + o) (4.7)
where X = (Xp, Xu, %o, )" and w? + w; = 1. The matrix B—easily shown to be symmetric—is thus
positive semidefinite from the positivity properties of transport coefficients. Finally, o also satisfies
(Ei-E4) with ¢, = ou and ¢, = ov, as is easily checked and o is strictly convex since Ay is positive
definite over the open convex set Oy . |

We have thus established in this section that the Saint-Venant system satisties the property

(Edp,) The quasilinear Saint-Venant system of partial differential equations (3.10) admits an entropy
function o on the open convex set Oy .



4.2 Normal forms of Saint-Venant equations

The quasilinear Saint-Venant system of partial differential equations (3.10) has smooth coefficients
and admits an entropy function, that is, satisfies the properties (Edp;) and (Edp,). Introducing the
symmetrizing variable V' = (9;,0)", the corresponding symmetric system (4.5) then satisfies Properties
(S1-S4). However, depending on the range of the dissipation matrices E, this system lies between the
two limit cases of a hyperbolic system and a strongly parabolic system. In order to split the variables
between hyperbolic and parabolic variables, we have to put the system into a normal form, in the form
of a symmetric hyperbolic—parabolic composite system [27, 28, 16].

To this aim, introducing a new variable W, associated with a diffeomorphism V' — W from Oy
onto Ow, changing of variable V.= V(W) in (4.5) and multiplying on the left side by the transpose of
the matrix 0y, V', we get a new system in the variable W and have the following definition of a normal
form [28].

Definition 4.6. Consider a system in symmetric form, as in Definition 4.1, and a diffeomorphism
V — W from the open set O, onto an open set Oy,. The system in the new variable W

A(W)OW +> A(W)OW = > 9,(BW)o,W) + T (W,0,W) + Q(W), (4.8)
eC i,j€C
where . - _ ~
Ay = (Bw V)t Ay (8, V), Bij = (OwV)! Bij (8y,V),
A = (Bw V)t A (0, V), Q = (OwV)iQ, (4.9)
T = — X 8,(0wV) Bi; (9w V)0, W,

i,j€C
satisfies properties (S1-Sa) rewritten in terms of overbar quantities. This system is then said to be of

the normal form if there exists a partition of {1,...,4} into 1 ={1,...,no} and 1 = {ng +1,...,4},
such that the following properties hold.

(Nory) The matrices Ay and B;; have the block structure

_ A0 — 0 0
Ag = 0 ZéI,H ) Bij = 0 EZ’U :

—IIIT

(Nory) The matriz EZ'H(VV, w) =32, iec By (W)wiw; is positive definite for W € Oy, and w € »t

(Nor3) Denoting 8,, = (9x,0y)", we have

T(Wa 8wW) = (TI (VV, BwWH) aTU (VV, BwW))t

where we have used the vector and matriz block structure induced by the partitioning of {1,...,4} into
1={1,...,n0} and 11 ={ng +1,...,4}, so that we have W = (W, Wy)t, for instance.

A sufficient condition for system (4.1) to be recast into a normal form is that the nullspace naturally
associated with dissipation matrices is a fixed subspace of R*. This is Condition N introduced by
Kawashima and Shizuta. In the following lemma, we establish that the nullspace invariance property
holds for the Saint-Venant system of partial differential equations.

Proposition 4.7. Let V € Oy, w = (w,, w,)" € &', and denote

i,j€C

The nullspace of the matriz B is one-dimensional and given by

N(B) = span(1,0,0,0)",

and we have B;;N(B) =0, fori,j € C.
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Proof. According to (4.7) the matrix B is positive semidefinite, so that its nullspace is constituted
by the vectors z of R* such that z'Bz = 0. Denoting = = (zp, T, Tv, z7)! and using (4.7), the null
condition 2! Bz = 0 implies that ;- = 0 and z,, = x, = 0 and conversely. We have thus obtained that
the nullspace of B (V,w) is one-dimensional and spanned by (1,0,0,0)¢, and it is thus independent of
V € Oy and w € ©!. Finally, one easily checks that Eij(l, 0,0,0)t =0, for i,5 € C. O

We have thus established the following property

(Edp3) The nullspace of the matriz B(V,w) = dijec Eij(V)wiwj does not depend on'V and w € X1,

dim(N(B)) = 1, and we have By;(V)N(B) =0, i, € C.

We now investigate normal forms for the system (3.10), or, equivalently, for the system (4.5). Since
the nullspace of the matrix B is spanned by the first canonical basis vector, the invertible matrix P of
Lemma 3.7 of [16] can be taken to be the unit tensor in R** so that the auxiliary variables are simply
U =Uand V' =V. Since U =U, = (h and V], =V}, = (u,v,—1)/T, we obtain form the general
characterization of normal form the following result.

Theorem 4.8. Any normal form of the system (4.1) is given by a change of variable in the form

u u —1\\t

W= (¢I(h)a ¢U(Ta Ta T)) )

where ¢; and ¢y are two diffeomorphisms of R and R3 respectively, and we have
T(W,0,W) = (0, T, (W, 8,W,))"

We can next use the possibility of mixing the parabolic components—the V. =V}, components—
established in Theorem 4.8, in order to simplify the analytic expression of the normal variable and,
consequently, of the matrix coefficients appearing in the normal form. More specifically, we select the
variable W = Z

W = (h, u, v, T)t,

easily obtained by combining the V}, = V;; components and derive the corresponding normal form of
the governing equations.

Theorem 4.9. The system in the variable W = (W,, Wy;)t, on the open convex set Oy = (0,00) x
R? x (0,00), with hyperbolic variable

and parabolic variable

Wy = (ua v, T)tv

can be written in the form

A oW+ A oW+ A oW, = 0, (4.10)
eC eC
Z(I)Lnatvvn i Z E;I,Iaivvl n Z Z;I,Ifaiml _ Z 31- (EZH(?JVVH) + ’]_’H + QH, (411)
ieC icC i,j€C

and is of the normal form. The matriz Ay is given by

_ 1 a 0 0
AO:? 0 hI 0 |,
0 0 ol

Denoting by & = (£,,&,)t an arbitrary vector of R%, the matrices A, and Zy are given by

av-§ Sym
S A = % aht  ho-£1 . (4.12)
iec 0 0 hevy. g

11



Denoting by & = (&:,&,))t and ¢ = ((u, )t arbitrary vectors of R?, the dissipation matrices, B;; are
such that

0 Sym
— h
Z Bijfigj = ? 02 V(2€®C+C®€+€°CI) s
bIee 0 O zeCI
or equivalently
0 0 0 O 0 0 0 O
— h|10 4 0 O — hl10 0 2v 0
Baw = Tlo 0o v o]’ Bay Tlo v 0 o]’
0 0 0 % 0 0 0 O
0 0 0 O 00 0 O
— h10 0 v O = hl10 v 0 0
BW‘T 0 2v 0 0]’ Byy 70 0 40 0
0 0 0 O 00 0 %
The term T ;; is easily evaluated as
1

Ty = (0, -8,T, I:8,v + Q-awT)t,

T2

whereas the source term Q = (Q;, Q)¢ = (0, V)t Q is given by
_ 2F
0= (0,0,0, ~55(

t

T Te))

Proof. The calculations are lengthy but straightforward and make use of Theorem 4.5 and Assumptions
(Thy), (Tr1) and (Tra). O

5 Global existence for the Saint-Venant equations

In the previous sections, we have established that the quasilinear Saint-Venant system of partial dif-
ferential equations is symmetrizable and can be written into a normal form so that we have already
established the Properties (Edp;-Edps). In this section we will first investigate the existence of constant
equilibrium states or Property (Edp,). We will next investigate the corresponding linearized normal
form and linearized source term. We will indeed establish the local dissipativity properties labeled
(Dis;-Diss) that will insure the asymptotic stability of equilibiruml states [16, 14]. In particular, global
existence of solution around equilibrium states as well as decrease estimates will be obtained for the
quasilinear Saint-Venant system with a temperature equation. We will use the normal variable W = Z
introduced in Theorem 4.9 but other normal variables could be used as well.

5.1 Local dissipative structure

We remind that the source term €2 is given by Q = (0,0,0, —X(T — Te))t7 where X* is a positive
coefficient and T° > 0 a positive temperature.

Proposition 5.1. Let a height h® > 0 and a velocity v¢ = (u®,v°)! € R? be given. Then the state U®
defined by
Ue — (he, heue, heve7 heetOt(he7T6))t7

is an equilibirum state

QU =0,
and for this constant stationary state we also have Z¢ = (h®,u®, v, T°)*.

Selecting arbitrarily Z¢ = (h®,u®,v°, T°)" we have established the following property

(Edp,) There exists a constant equilibrium state U® such that Q(U®) = 0.

We will denote by V¢ and W® the equilibrium states in the variables V and W, respectively. In order
to establish a global existence theorem, we further need to investigate the local dissipative structure
of the source term.

12



Proposition 5.2. The linearized source term L(V®) = —(8V(~2)(Ve) at the stationary state V° con-
structed in Proposition 5.1 is given by

0
0
0

L(Ve) = : (5.1)

o O o o
o o o o
o o o O

)\*eTe2
where X = X(T°). This matriz L(V®) is symmetric positive semidefinite and satisfies
R(L(V®)) = span(0,0,0,1)",

in such a way that we have Q(U(V)) = Q(V) € R(E(Ve)) forall Ve O,,.

Proof. Evaluating the matrix E(Ve) is straightforward, E(Ve) is positive semidefinite, and obviously
R(L(V*)) = span(0,0,0,1)". O

Proposition 5.3. Let U® = U(Z°) with Z° = (h®,u®,v°,T°)" be a constant equilibrium state in Oy
constructed as in Proposition 5.1. Then there exists a neighborhood 0 of V¢ and a positive constant §
such that

S|OV))P < —(V—VeQV)), Ve (5.2)
Proof. From the expression of V', we obtain
V= VE,(V)) =~ (T~ T,
TTe
and (5.2) since | Q(V)‘2 = XN%(T —T°)? and X is a positive function. O

We have thus established the Properties (Dis3) and (Disa)

(Dis3) The smallest linear subspace containing the source term wvector Q(V), for all V € Oy, is
included in the range of L(V*®), with L = (9, W)* L(V*®) 9, W.

Disg) There exists a neighborhood of V*¢, in Oy, and a positive constant § > 0 such that, for any V
\Y4
in this neighborhood, we have

S|QV) [P < —(V =V Q(V)).

5.2 Linearized normal form

If we linearize the symmetric hyperbolic—parabolic system (4.10)(4.11) around a constant stationary
state We = (h®,u®,v®,T°)!, we obtain the linear symmetric system

A(W)0z+ Y AWz = Y Bij(W®)0,0;2 — L(W®)z, (5.3)
ieC i,j€C
where the zeroth order term is defined as L(W¢) = —(9;;,Q)(W¢) and is given by

0
0
0 (5.4)

o O OO
o O OO

zre

Taking into account that (4.10)(4.11) is a normal form, and since the matrix L(W®) is symmetric
positive semi-definite, we obtain that Property (Dis;) is satisfied

(Dis1) The matriz Ag(W¢) is symmetric positive definite, the matrices A;(W¢), i € C, are symmetric,
we have the reciprocity relations (Fij(We))t = B;i(W®), i,j € C, and the matriz L(W¢) is
symmetric positive semidefinite.

We next have to investigate the existence of compensating matrices K I, g ec [27, 39, 16]. In the
following proposition, we denote by B(W*€, &) the matrix B(W*, &) = Zmec Bi;&i&;.
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Proposition 5.4. For a sufficiently small and positive a, the matrices K7,j € C, defined by

0o & 0
Z EjKj =a *6 02><2 02><1 ZO(We)_l’
7ee 0 0 O
where & = (&:,&,)!, are compensating matrices. In particular, the products KJAg(W®) are skew-

symmetric and the matrix
> KIA(WO)&E, + B(We, §),
i,j€C

is positive definite for & € X1,

Proof. Tt is obvious by construction that the products K7 Ay(W¢), j € C, are skew-symmetric. On the
other hand, a direct calculation yields

algl? (v=-£)¢" 0
N OGEIAWOE =a | —(v€)E  —hEDE O (5.5)
Liec 0 Oz 0

where the superscript © indicates that the corresponding quantity is evaluated at W€. As a consequence,
for £ € X1, and x = (zp, Ty, Ty, T7)?, we have |€] = 1, and there exists 8 > 0 such that

- ax
(z" Z &K A,(We)Ez) > - (27 — B(a2 + =2 + 27)).
i,jeC
Using now Property (Nors), the matrix
> KIA(We)&E, + B(We,€)
i,j€C
is positive definite for £ € ! and a sufficiently small. [l

We have thus established (Dis;)

(Disy) The linearized system is strictly dissipative in the sense that there exists compensating matrices
K’ jeC.

Remark 5.5. Different formulations can be used in order to establish the strict dissipativity of the
linearized normal form as detailed in [39]. However, we have chosen to directly establish the stronger
Proposition 5.4 which implies the existence of a combined compensating matrix K = Y KI¢; as
discussed by Shizuta and Kawashima [39].

jeC

5.3 Global existence and asymptotic stability

In the previous sections, we have established that Properties (Edp;-Edp,) and (Dis;-Diss) are satis-
fied. Therefore the existence theorems established in References [16, 14] can be applied to the system
(4.10)(4.11) governing shallow water flows or thin viscous sheets over fluid substrates written in the
W = (W,, W,,)t variable, with the hyperbolic variable

and the parabolic variable
W, = (u, v, T)t.
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Theorem 5.6. Consider the system (4.10)(4.11) with d = 2, 1 > [d/2] + 2, and let W°(z) be such that
WO —Wwe e Wi(RY).

Then, if [W° — WeHL2 s small enough, there exists a unique global solution to the the Cauchy problem
(4.10)(4.11)
AW+ Aow =Y o, (Eijajw) LT+
ieC i,jeC
with inatial condition
W(0,z) = W (z),

such that
W, — W¢ € C°([0, 00); Wi(R?)) N C* ([0, 00); Wi (RY)),
Wi — W € C°([0, 00); W5(R)) N C* ([0, 00); W5~ *(R7)), (5.6)

and

amWI € L2(0500;W2lil(Rd))a
W, € L%(0,00; Wi(RY)).

Furthermore, W satisfies the estimate

t
WO -wiz, + [ (0ol + 10,

10,02, + 18, T, ) dr < AW —We2,. (5.7)

where (B is a positive constant and SUp, pa ‘W(t) — We| goes to zero ast — 00.

Theorem 5.7. Keeping the assumptions of the preceding theorem, assume that d = 2, 1 > [d/2] + 3
and WO —We € Wi(R*)NLP(R?) with p € [1,2). Then, if [W(t)=We|,_, , +|W(t) =Welly,, is small
enough, the unique global solution to the Cauchy problem satisfies for t € [0,00) the decay estimate

W) = Wy < BA+8T(IWE) = Wy + W) = Wy ),

where B is a positive constant and v =d x (1/2p —1/4).

Remark 5.8. Theorems 5.6 and 5.7 are easily adapted to the situation d = 1, further assuming that
p =1, or to the situation X** = 0 where T° can then be chosen arbitrarily. Various extra effects like
friction forces or winds effects can also easily be taken into account in Theorem 5.6.

6 A thin viscous sheet model

We investigate in Sections 6 and 7 a three dimensional model of a thin viscous sheet over a fluid
substrate and its two dimensional asymptotic limit.

We first present in Section 6 the three dimensional partial differential equations governing a thin
viscous layer of an incompressible fluid with two free boundaries, an upper fluid/gas boundary and a
lower fluid /substrate boundary. The upper gas may depend on a particular application under concern
and will be denoted by ‘gas’ for the sake of notational simplicity. On the other hand, the fluid substrate
will be modeled by using the hydrostatic approximation. In Section 7 we will perform an asymptotic
analysis and derive the Saint-Venant equations with an energy equation and temperature dependent
transport coefficients from the three dimensional governing equations presented in this section.

There are various examples of such viscous layers over fluid substrates as for instance oil slicks over
water [19] float glasses [35], and atlantic waters over the deeper denser Mediterranean sea in the Strait
of Gibraltar [31].

During the spreading of an oil spill, there exist indeed several regimes where it can be modeled as
a thin viscous sheet over a water substrate [34]. This is notably the case during the gravity/viscous
or viscous/surface-tension spreading regimes [19]. The incompressible oil flow then presents two free
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Figure 1: Schematic of the thin viscous sheet

boundaries, the upper oil/air interface and the lower oil/sea interface. More refined models may also
include other effects like wind dispersion, water currents, shore deposition, evaporation, or dissolution,
in order to describe more realistically oil slick trajectories [34].

In a float glass, molten glass is flowing and floating above molten tin, and is progressively cooled
in order to produced plate glass [35, 20, 21]. This procedure gives the glass sheet a smooth interface
and modern windows are made from float glasses. The incompressible molten glass flow then presents
two free boundaries, the upper glass/gas interface and the lower glass/tin interface. The reducing
atmosphere above the molten glass and the tin bath is typically a mixture of nitrogen and hydrogen
to prevent the oxidation of tin.

On the other hand, in the Strait of Gibtraltar, the denser Mediterranean sea flows below Atlandic
waters penetrating in the Alboran sea. These phenomena may be modeled by using bi-layer Saint-
Venant shallow water equations [31]. More recently, multi-layer Saint-Venant equations have also been
investigated [26, 31, 1, 2].

Nevertheless, we will not discuss a particular application in the following sections since the models
investigated may be applied to quite different situations. We will thus generically denote by ‘fluid’ the
liquid constitutive of the viscous sheet, by ‘gas’ the gas above the sheet, and by ‘substrate’ or ‘fluid
substrate’ the liquid substrate below the sheet.

6.1 Setting of the problem

We consider a three dimensional flow governed by the incompressible Navier-Stokes equations with
temperature dependent transport coefficients. The flow configuration is depicted in Figure 1 with an
upper fluid/gas free boundary and a lower fluid/substrate free boundary. The incompressible fluid
constitutive of the viscous sheet is termed the ‘fluid’, the gas above the viscous sheet is termed the
‘gas’, and the lower fluid constitutive of the substrate is termed the ‘substrate’ or the ‘fluid substrate’.
The equations governing the viscous incompressible fluid can be written in the non conservative
form
0,v=0,
POV + pv-0,v + 8yp — Oy (nd) = pg,
pcoO,T + pcyv-0, T — 8, + (AT) = 2nd:d,
where 9, = (0,,0,, d,)t is the three dimensional gradient vector, p the constant density of the in-
compressible fluid, v = (u,v,w)" the three dimensional velocity vector, p the pressure of the three
dimensional glass flow, g = (0,0, g)? the gravity assumed to be constant and vertical, d = 9, v + 9, v*

the strain tensor, ¢, the heat capacity per unit mass of the incompressible fluid, n the fluid viscosity
and A the fluid thermal conductivity of the fluid. We denote by (e;, ey, e.) the canonical basis vectors

associated with the three dimensional cartesian coordinates x = (x,y, 2)t. We will denote by IT = —nd
the viscous tensor, P the pressure tensor P = pI + II, 0 = —P the Cauchy stress tensor, and Q the
heat flux Q = —A\9,T. Note that we use italic fonts in order to denote the asymptotic two dimensional

Saint-Venant model and roman fonts in order to denote the original three dimensional incompressible
Navier-Stokes model. We will assume in the following that the pressure in the fluid is measured relative
to the atmospheric pressure patm for the sake of simplicity.

The boundary conditions are that of free boundaries at the upper fluid/gas interface z = hgas and
at the lower fluid/substrate interface z = hgyp. On the top boundary, the fluid particles stay on the
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surface z — hgas = 0 and the usual kinematic condition yields that
W = O hgas + U0 Ngas + vayhgas,

where we have denoted by v = (u,v,w)! the three components of the velocity vector v. On the other
hand, the dynamic condition at the top free boundary can be written

O *Ngas = Ogas*Ngas — Vf/gcgasngas;

where ~¢/, is the surface tension between the fluid and gas and Cgas the total curvature of the surface
z = hgas seen from the fluid and given by

C aghgas (1 + (ayhgas)2) + aihgas(l + (azhgaS)Q) B Qaﬂﬂhgasayhgasagyhgas
gas — .
(1 + (azhgaS)Q + (ayhga8)2)3/2

In this dynamic boundary condition, the outward normal vector at the fluid/gas interface is given by

1/2

Ngas = ((Ophgas)” + (O hgas)® +1) " (=0, hgas, — 0, hgas, 1),

Y

and the stress tensor in gas by

O gas* Ngas = —PatmNgas,

where patm denotes the atmospheric pressure.

Remark 6.1. A more general dynamic boundary condition taking into account the spatial variations
of the surface tension v¢/, can be written in the form

O Ngas = Ogas* Ngas — 'Yf/gcgasngas - (I - ngas®nga5)az'7f/ga

where 8,7t/ denotes the gradient of the surface tension v¢/,. However, for the sake of simplicity, we
will assume in the following that ¢/ is a constant.

Similarly, at the lower boundary, z = hg,p, the vertical velocity component w is given by
w = Oyhsup + w0, hsup + 0, hsun,
and the dynamic condition reads
0 Ngub = Tsub* Nsub — Vf/sCsubNsub,

where 7¢/5 is the surface tension between the fluid and the substrate, Csup the total curvature of the
surface z = hgup seen from the fluid, and

Ngub = ((azhsub)2 + (8yhsub)2 + 1)_1/2 (agghsub; ayhsuba _1)1&’

the outward unit normal vector at the fluid/substrate interface. Thanks to the hydrostatic approxi-
mation, the normal component of the stress tensor in the fluid substrate is given by

O sub*Nsub = —Psublsub,

where pgu1, denotes the pressure in the substrate flow given by

Psub = Patm + psubghsub-
From a thermal point of view, at the top and bottom interfaces, we have the boundary conditions

A0, T Ngas = Xy o (T — Tigas)s

gas

A8, T-ngup, = Noupy (T — Tiun),

sub

where T,,s and Ty, are given temperatures in the gas and in the substrate flows, respectively, and
where X, and X{;, are the heat exchange coefficients.

17



6.2 Rescaled equations

In order to perform an asymptotic analysis of the three dimensional incompressible fluid flow, we need
to specify the order of magnitude of the various terms appearing in the governing equations. To this
purpose, for each quantity ¢, we introduce a typical order of magnitude denoted by < ¢>. We introduce
in particular a characteristic horizontal length <> = <y > and vertical length <z> = e<xz> where
the aspect ratio e is the small parameter associated with the thickness of the fluid viscous sheet.
We correspondingly introduce a characteristic horizontal velocity <u> = <v> and vertical velocity
<w> = e<u> as well as a characteristic density < p> = p where p is the constant density of the fluid
constitutive of the viscous sheet. Denoting by <7 > a characteristic viscosity, the Reynolds number

Re is then given by
_ <p><u><z>

<n>

Re (6.1)
We define the characteristic time from the characteristic length <z > and the characteristic velocity
<wu> by letting <t> = <x>/<u>. Denoting by <¢, > a typical heat capacity and <> a character-
istic heat conductivity of the fluid, the characteristic internal energy is defined by <e> = <¢, ><T >
and the Prandtl number Pr by

L <p><ey>
<A

Note that ¢, = ¢, for an incompressible fluid and that we may set for instance <¢, > = R/m where R
is the perfect gas constant and m the molar mass of the incompressible fluid. We will also denote by
Ec the energy ratio or Eckert number

Pr (6.2)

<u>?

Fc= ————.
<Cp><T>

(6.3)
For a fluid, this number plays a similar role as that of the square of the Mach number for a gas. From
these definitions we obtain that <n> = <p><u><z>/Re, <e> = <c¢, ><T> = <u>?/Ec and
<A> = <p><u><x><c,>/(RePr). We define the characteristic pressure as <p> = <p><u>>
and the Froude number by

<u>?

Fr=—"H6"7
<g><z>

(6.4)
so that <g> = <u>2/(Fr<x>). Denoting by <~ > a typical surface tension, the capilary number is

defined by
o <p><u>

<y>

Ca (6.5)
so that <y> = <ax><p><u>2?/ReCa. We also introduce a typical heat exchange coefficient < X* >

and the reduced quantity

< N><zx>
Ex = —F———. 6.6
* <A> (6.6)

In the asymptotic analysis, performed in the next section, it will be assumed that

— C —
Fr = ¢Ff, Ca=—, Ex=¢Bx, (6.7)
€
and that the numbers Re, Pr, Ec, Fr, Ca, and Ex are of zeroth order with respect to ¢, that is, are finite
as € — 0. Assuming that Ex and 1/Ca are small means that surface tension effects as well as thermal
exchanges are corrective effects. In order to simplify the formal presentation, it will be convenient to
define the modified reduced quantities

__ 0 _ A

= —, )\ = s 68
g Re PrRe (6:8)

_ g A — MNEx
== =——, = ) 6.9
& Fr 7 ReCa PrRe (6.9)

These quantities are such that

n=<p><u><x>T, A= <p><u><r><ey >N, (6.10)
v =e<p><u>i<a>T, g=<u>*g/<x>, (6.11)
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X =e<p><u><c, >N, (6.12)

and will simplify the formal presentation of the asymptotic analysis. From the aspect ratio of the thin
viscous sheet, we also deduce that the curvature is typically of the order <C> = ¢/<a>. We will also
denote by a the density ratio
a=-"L ,
Psub
where p is the density of the incompressible fluid constitutive of the viscous sheet and pg,1, the density
of the incompressible substrate fluid.

(6.13)

Remark 6.2. Typical values for density ratios are a >~ 0.70-0.97 between crude oil and water for oil
slicks, a ~ 0.35 between glass and tin for float glasses, a >~ 0.997 between Atlantic and Mediterranean
waters. Typical aspect ratios are € ~ 107°-1076 for oil slicks. and € ~ 10~3 for float glasses.

Upon defining the reduced quantity Zs = ¢/< ¢ > associated with each quantity ¢ of the fluid model,
we can now estimate the order of magnitude of each term in the governing partial differential equations.
Using the general notation for rescaled variables the reduced equations can be written in the form

0.V =0, (6.14)

0V + V-85V + 03D — 8¢+ (7d) =&, (6.15)

0,0, T +2,9-8;T — 05-(\) = 3, (6.16)

where ® = %ﬁa:a/Ec is the reduced viscous dissipation term. In order to perform an asymptotic

expansion of all the flow variables, it is further necessary to explicit the governing equations in the
horizontal and vertical directions. Upon expanding the flow vector equations and dividing the vertical
momentum equation by the aspect ratio € we obtain that

05 + WL+ T Oy0 + © 050 — 9 (2705 0)

- ~ 1, . < P ~

D30+ U0 + 0050 + 050 — 85 (1(0y0 + 950))

e 1 PR PR ~

z

P S U o Lo =g ~
O W + U0 + 003w + W O, w — Op (M0, w) — 6—283 (mo-1)

P 1 SR 1 NS 1. .. 1_

and
¢0-T + 6,0 0,T +2,00;T + ¢, 0T — 8, (N0 T)
— A~ 1 — o~ —

—95;(A\9;T) — G—QaQ(Aa?T) =9, (6.21)

where the reduced viscous dissipation @ is given by
3 = LijEc (4(3@17)2 + 4(0,0) + 4(0-0)° + 2(0, + 950)°
+ 220, + €0, @)% + 2(c05D + ga?aﬁ). (6.22)

Remark 6.3. The internal energy per unit mass can also be written e = 5% + fTTt ¢y(7) dr and the
total energy per unit mass is given by e"* = e + Zv-v. The reduced total energy per unit mass e*°

can also be written €%t = ¢t + fTTt Co(1) d7 + LEc(0? + 0 + €20?).
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6.3 Rescaled boundary conditions

Upon using the general notation associated with rescaled variables the reduced kinematic boundary
condition at the top rescaled free boundary zZ — hgas = 0 can be written

w = 8?hgas + U0z hgas + V05 hgas,
whereas the dynamic condition reads
~ ~ A ~ 2— 6 ~
O Ngas = Ogas*Ngas — € V/glgasNgas;

where N R 1/ R N
ﬁgas = ((eafn‘hgas)2 + (Ga@hgas)Q + 1) (_Gaic‘hgas; _Ga@hgaSa 1)15’

and where the normal component of the stress tensor in gas reads
&gas' ﬁgas = _/Isatmﬁgas-
By decomposing the dynamic boundary condition componentwise, we obtain the three equations
€pOz Ngas + ﬁ(Z@@G(—G@ghg%) + (5@@ + a?a)(_eaﬁhg%)

+Loa+ ea@w) — 9, CaasDs Hgas, (6.23)

+ 1027+ €0 ) = €Te/4Cas Oy hgas: (6.24)

— 5+ 7((05 + 2020)(—eDshgas) + (g + 2027) (—e0phgas)

~

+ 28;@) = —71,Cans. (6.25)
where the reduced curvature CAgaS can be written

é\ _ ai\/ﬁgas(l + € (a@\/ﬁgas)2) + a/i\/ﬁgas(l + € (aﬁs\/ﬁgas)2) - QGQ%Bgasa@\/ﬁgasa%@\Bgas
- (1+ €2(Dahgas)? + €2(Dphgas)2)””

(6.26)

~

Similarly, at the reduced free boundary z — hgyp = 0 between the fluid and the substrate we can
write that R R R
W= a’t\hsub + aa/z\hsub + 6a@\hsubv

and the dynamic condition reads
~ ~ A ~ 2— (’:,\ ~
O*Ngyb = Ogub*Nguyb — € 7{/5 subIsub,

with
ﬁsub = ((ea’z\hsub>2 + (eaa\hsub>2 + 1)71/2 (ea/m\hsub; 68@\h/sub; *1>t-

The normal component of the stress tensor in the fluid substrate reads
O sub*Nsub = —Psublsub,

where DPgup is assumed to be hydrostatic. The dynamic vector boundary condition can be decomposed
componentwise and yields that

— B0z et + (205 (nhons) + (937 + 057) (€Oghou) — 2027

N - I
— eaf’u}) = 7ghsubg(ea§hsub) — 637f/scsub85hsub, (6.27)
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— B0 haun + 7 (9 + 050) Dz houv) + 2050(Dghous) — 2050

I P PO
- Ga@w) = _ghsubg(ea@\hsub) - 63'7f/scsuba@‘hsub; (628)

B+ (L0210 + 0 )(Ds houv) + (207 + 05 @) (g o)

. 1~ _ _
—20:) = ~hour + g/ Cout- (6.29)

Finally, the rescaled thermal boundary conditions at the top and bottom interfaces, are in the form

- 2 v (T — Thas),
((Gafhgas)Q+(€a@‘hgas)2+1)1/2 gas
_ O-T(e0~heup) + O-T(D-haup,) — L0 e
By W (D5 haup) + 05 T(cOhau) — 0 Aoy (T — Toun),

where fgas and ﬁub are the rescaled given temperatures in gas and in the substrate flow respectively,

and where X;as and X:ub are the rescaled heat exchange coeflicients.

7 Derivation of the Saint-Venant equations

The governing equations presented in Section 2 and investigated in Sections 3-5 are now derived from
an asymptotic analysis of the three dimensional incompressible equations modeling thin viscous sheets
over fluid substrates presented in Section 6.

Asymptotic expansions are a powerful tool for deriving governing equations of multiscale medias.
We refer in particular to the monographs of Milton Van Dyke [43] for asymptotic methods in fluid me-
chanics, Sanchez-Palencia [37] and Benssousan, Lions, and Papanicolaou [4] for asymptotic expansions
in homogenization theory. In the context of thin viscous sheets over fluid substrates we mention in
particular Howell [20, 21] who investigated isothermal flows. Gerbeau and Perthame have revisited the
derivation and validated the Saint-Venant model by a direct numerical comparison with the underlying
incompressible model [13]. Audusse et al have also recently investigated mutilayer media [1, 2].

The two-dimensional Saint-Venant system of partial differential equations with an energy equation
and temperature dependent transport coefficient will be obtained as the zeroth order limit of the three
dimentional incompressible model presented in Section 6. We remind that, in the asymptotic limit,
the fluid parameters Re, Pr, Ec, Fr, Ca, and Ex are assumed to be of zeroth order with respect to e.
The quantities associated with the three dimensional incompressible model are generally denoted by
roman fonts whereas the quantities associated with the Saint-Venant two dimentional asymptotic limit
will be denoted with math italic fonts. The pressure in the three dimensional flow is denoted by p for
instance wheras it will be denoted by p in the two dimensional Saint-Venant limit model.

7.1 Asymptotic expansions

In order to derive the Saint-Venant equations modeling thin viscous sheets over a fluid substrate from
the three dimensional fluid equations described in Section 6, we expand in powers of the small parameter
€2 the fluid variables

U =1y + s+ (9(64), (7.1)
V=70 + €20y + (9(64), (7.2)
w = Wy + 62’L/U\g+ 0(64), (73)
T =Ty + o+ O(e%). (7.4)
We also expand the free boundaries hgas and hgyp and we define
h(t,l’,y) = hgas(tvxay) - hsub(tvxay)a (7'5)
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in such a way that

EO + 62ﬁ2 + 0(64),
hgas = hgaso + €hgasa + O(e),
E EsubO + 627lsub2 + O(€4>.
Note that, after some algebra, only the factor €2 appears in the rescaled equations presented in the

previous Sections 6.2-6.3. The asymptotic expansions (7.1)—(7.8) in terms of €? are thus natural as
they are in the small Mach number limit [14].

7.2 Zeroth order terms and compressibility

The terms of order €2 in the 7 and ¥ governing equations first yield that
52(@05260) =0,
a?(ﬁoa?ao) = 0)
where N
Mo = 1(To)-
These relations show that 7,01y and 7,0, are constants. However, the ¢! terms in the dynamic

boundary conditions at the fluid/gas and fluid/substrate interfaces yield that 0.y = 0 and 0.vy = 0
at both interfaces. We thus deduce that d_u = 0 and d_vy = 0 for all Z in such a way that

aO = ao(%\a Zi'\v @\)7

A~

@\0 = @\0(%\7 /:L'\a y)

Similarly, the energy conservation equation yields at order e~2 that
~05(N00:To) =Ty ((9710)* + (0550)°),

where L

Ao = A(To),
in such a way that a?(Xoa?fo) = 0 since d.up = 0 and 0,7y = 0. Since the e~ terms of the thermal
boundary conditions yield that XOGQTO = 0 at both the fluid/gas and fluid/substrate interfaces, we
again conclude that 0,7y = 0 for all Z in such a way that

TO = TO(%\’ /:L'\a /y\)
This shows that ?LO, U, Vg, and To—and incidentally 7, and Ap—only depend on (tA, Z,7), and ﬁo, U,
g, and Ty will constitute the variables of the resulting Saint-Venant two dimensional model. We will
also denote by vy the two-dimensional velocity vector vy = (g, 0o)*.
On the other hand, from the incompressibility equation at zeroth order we obtain that

62\@0 = —(&fﬂo + a@\i}\o),
so that d.wyp is independent of z. This shows that wp is an affine function of z and that

~ o~ ~
~ ~ ~

Wo (%\a E, j\lgasO) — Wo (%\; /x\a Y, hsubO) = _(855“0 + a@‘AO)(hgaSO - hsubO)-

~ ~

From the zeroth order kinematic conditions at z = hgung and z = heupo Wwe next deduce that

~

a’t\(hgaso - Esubo) + a0853\(77/gaso - Esubo) + 608@\ (ﬁgaso - TlsubO) =

~ o~

- (aia\O + 5360)(hgas0 - hSubO)a (7.9)
which finally yields that R N N
d>ho + 95 (hoto) + 95 (hotp) = 0. (7.10)

We have thus obtained a compressible model where the zeroth order height ﬁo plays the role of a
density.
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7.3 Zeroth order pressure

From the zeroth order terms of the normal momentum conservation equation (6.20) we next obtain
that
~ 05 (ToD=0) — Oy (Mg O=00) — 205 (Ty@>0) + 0P = o,

but since .Uy = 0, .0y = 0, 8.7, = 0, and 92wy = 0, we deduce from this relation that
89150 = 8-
This shows that the pressure is hydrostatic since
gy = g = Cte,

where g =g, = (0,0,8,)" and g, is negative. The relation d.po = g, implies that

~

pO(%\v :/C\, 37, 2) = ﬁO(a EE, ga hgaSO) + EO(Ef hgasO)a

but the third component of the dynamic condition at the fluid/gas interface also yields at zeroth order

~

that —po + 270w = 0 at Z = hgaso in such a way that

~

/ISO (%\a /.T\, /y\a /Z\) = 2@062{1}\0 + 8o (2 - hgasO)-

On the other hand, the dynamic condition at zeroth order at the fluid/substrate interface gives
—Po + 270 Wo = — L heubo8y at Z = hsubo so that

PP NP PPN I~ _
pO(t,fL', Y, hgasO) - pO(ta z,Y, hsubO) = _;hsubOgOa

and since the pressure at zeroth order is hydrostatic we also have

o~

pO( ) E, Y, hgasO) - ﬁO (%\a /.T\, @\a hsubO) = go(hgaso - hsubO)-

We deduce from these relations that lAzO = lAzgaso — iAzsubo = filAzsubo and finally that

o~

EgaSO = (1 — a)ﬁo, hsubO = 73%0. (711)

These conditions (7.11) are easily interpreted as a an equilibrium condition above the substrate bath.
Since the height of the outer free substrate bath is taken to be zero, we have of course hgaso > 0 and
hsubo < 0. Finally, since 0wy = — (9,0 + 8@50) and hgaso = (1 — a)hg, we have established that

Bo(t, 2,7, 2) = —27o(05To + 9500) + By (2 — (1 — a)ho). (7.12)
7.4 Zeroth order momentum equations

The horizontal momentum conservation equations at zeroth order yield
a/t\ao + UoO0yto + 5}\0517@0 — 8;(2%63%) — % (ﬁo (%ﬂo + 6555}\0))
— 05(My0zU2) — 05(7My03Wo) + 950 = 0, (7.13)
and
8?50 + Up0so + 506175)\0 — 04 (ﬁo(agao + afi)\o)) — %(QWO%%)
— 02 (M0 1i2) — 92 (705 Wo) + 93P = 0. (7.14)
Integrating the first equation between EsubO and iALgaso we obtain that

/]”;0 (a/t\’/u\o + ’/u\oafz\’/u\o + 5}\06@\’&\0 — 65(2606%%)) - ﬁoc’)g (ﬁo(a@\ao + 653\60))
zgasO
—No[0zuz + 05Wo] + [ 95D dZ =0, (7.15)

hsubo
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where, for any function ¢ of (tA, 7,7, 2), the bracket [¢] denotes the corresponding function of (tA, z,Y)

defined by R R N R R R R
[01(t,Z,9) = ¢(t. Z, U, hgaso (£, Z,9)) — ¢(£, 7,7, heuvo (. Z, 7))

A~

(7.16)

We now use the dynamic boundary condition at zeroth order in the = direction at both interfaces to

get that
f)\oa/z\hgaso — 2ﬁ08/$\a08/z\hgaso - ﬁo((?@\ao + 8550)8@\]1%50
+ g0z Wo + o2z = 0,
— P00z hsubo + 2702 U0z hsubo + Mo (5o + O200) 05 hsubo

~

hsubO — i
goaﬁhsubO-

= NoOzWo — Oz Uz =
By adding these relations we deduce that
7o [02i2 + D= 10] + Podsho — 2ToOa o0z ho
— To(05T0 + O5T0)d5ho = —ahoBods ho,

where

~

Bo = (1~ a)Po(t, 2,7, igaso) + aPo(£, 2, 7, suno)-
From the expression (7.12) of Dy we obtain that
Bo = —27(85Ti0 + D5T0) — Bgaho,
so that
Tiol02 iz + 8, Wo] = 2705100z ho
+T7p(8Tio + D0)d5-ho + 2o (xTio + 05000z ho.
Furthermore, we deduce from (7.12) that

9=B0 = —05 (275(850 + D5700)) — (1 — a)dzho,

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

and 0.po is independent of z. Combining (7.15)(7.20)(7.21), and since 0.DPo is independent of Z, we

finally obtain that
ho (9Tt + oDl + o0y Tio — O3 (2MedaTho)) — hoda (To(Dato + D70))
— 27 (850 + 8500) D ho — 27oDT00sho — Tig (0580 + 0500) o
+ho (785(2%(85&0 +0,00)) — (1 — a)goa?ﬁo) =0.
After some algebra this equation can be rewritten in the form
hodxio + hotigdaTio + hotody o — Oz (ho2Tigdz o) — 5 (hoTle(Daio + DT0))
— 85 (ho27io(9:T00 + 0500)) — 3 (1 — a)gedxhg = 0.
Using the compressibility equation (7.10) and defining the new pressure
Po = —3(1— a)go b = 3(1 — a)[go| 75,
not to be confused with Pp, and defining the new viscous tensor
Tozs = —Tpho(405T0 + 2057), Moz = _ﬁo/ﬁo(agao + 03%0),
the equation governing g is rewritten in the form

9=(hotio) + 05 (hoti3) + 95 (hotigto) + - ozz + 05 ozg + dzBo = 0.

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

We can proceed similarly for the second horizontal momentum conservation equation which yields

upon integration between hgubo and hgaso that

R0 (840 + 00 + 00500 — hos (Tig (50 + 0500)) ) — (279 05T0)
Egaso
= Mo[0502 + Oyt0] + | O5Podz = 0.

hsubo
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We now use the dynamic boundary condition at zeroth order in the y direction at both interfaces to
get that

ﬁoa@\hgaso - ﬁo (a@\ﬂo + 3350)3@%%0 - Qﬁoa@\ﬁoa@\hgaso
+ 705 Wo + MyOz02 = 0,
— D095 hsubo + Mo (950 + 0200)phsubo + 27050095 hsubo

o~

— ~ — ~ hsubO — o
— angwo — MOs2 = *Tgo%hsubo-

By adding these relations we deduce that

Tio[0202 + 05 @o] + Dodyho — Tig (950 + 0500)0z ho
— 2%636083% = —a/ﬁogoa@\/ﬁo, (728)

so that from (7.18)
To[0202 + D5@0] = 7o (D50 + O50)dsho
+ 275850005 ho + 27io (Do + O500). (7.29)
Furthermore, we deduce from (7.12) that
95P0 = — 05 (20(95Th0 + 9570)) — (1 — a)dho, (7.30)

and 0, is independent of Z. Combining (7.27)(7.29)(7.30), and since ;P is independent of Z, we
finally obtain that

T80 + hotiodTo + hotody o — O (holig (950 + 92T0)) — D5 (ho2Tigd5T0)

— 85 (ho27io (Do + 0570)) — 3 (1 — a)gedyhg = 0. (7.31)
Defining o R R R o R R R
Hogg = —ﬁoho(a@\’uO + 853\’()0), HO@?] = —ﬁoho(%)?uo + 46@\1)0), (732)

the equation governing vy is easily rewritten in the form
0> (hovo) + Oz (hotioto) + 5g(h058) + 01 o5z + 5@\70@ + 95P0 = 0. (7.33)

Upon defining vy = (4, 09)?, = = (7,7)*, and
— Hozz oz
I, = <_0 P y) : (7.34)

both momentum equations can be rewritten in vector form
6?@0%0) + 855 (ﬁo%o@%o +]/)\01—) + Bﬁﬁo =0, (735)

in such a way that the height ?LO plays the role of a density and py the role of a pressure for the two
dimensional Saint-Venant model.

7.5 Zeroth order energy equation

Upon using 0.ty = 00 = 8?% = 8?X0 = 0, the energy conservation equation at zeroth order yields
that

/C\v()a/t\fo + Ev0a085f0 + Evoi)\oa{y\j_\‘o - (95 (Xoafv\j_\b)
=95 (M05T0) — 02 (Mod:To) = D, (7.36)
where the zeroth order viscous dissipation @ is given by

o = $7pEe(4(05700)” + 4(0500)% + 4(851o + 9500)° + 2(D5 1o + 500)7). (7.37)
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Integrating the equation (7.36) between lAzsubo and EgaSO we obtain that
To (evoa?fo + 2o0Tl005 To + o000, To — O3 (Xoaﬁfo)) — Tods (Mo Th)
— ho®o — Ao[0:T2] = 0.

We now use the thermal boundary condition at zeroth order at both interfaces to get that

N0 (=05T005 hgaso — 05 Tod5 hgaso + 02 T2) = Aggas(To — Togas),

X0 (85 T005 hsubo + 05 T005 hsuno — -T2) = Nogun (To — Tosub),
By adding these equations we obtain that
—Xo [[89?2]] + Xo({?@ﬁ)a@;\lo + Xoagfoag/’\lo = XS (To — Tomix),

where we have defined Y .
o AogasTOgas + )\OsubTOsub

TOmix - —x —=
)‘Ogas + )‘Osub

3

and _ _ _
)‘0 = )‘Ogas + )‘Osub'

Combining (7.38)(7.39) we obtain that
ho (aoaﬁo + CootlindaTo + ajoaoagfo) - aﬁ(ﬁoxoa@fo))
— 85 (horoTo) — ho®o = —Ag(To — Tomix)-
Furthemore, the dissipation term 71050 is easily rewritten in the form
71060 = —Ecll,: 8.

Denoting the heat loss term by R R
HO = _)\0(TO - TOmiX)a

the internal energy per unit mass by

j:b -
o=+ / 20(7) dF + L(1 — a)Ec[g, o,
Tst

and the heat flux vector by o L
Q, = (Qoz, Qop)"s

where

Qoz = *ﬁoxoaafov @og = *onoagfo,

the energy conservation equation is rewritten in the form

7108?80 + 71060’ 8@@0 + 8&\'60 + Ecﬁoafmﬂfv\o + ECﬁOZ 8@%0 = ﬁo.

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

(7.46)

Note that the inclusion of the term 1 (1—a)Ec|g, |ﬁo in the internal energy is associated with the pressure

work term EcpoOz- 0o in the energy equation thanks to the relation a?ﬁo + ﬁo-Biﬁo + ﬁoﬁa-ﬁo =0.
Finally, upon multiplying the momentum governing equation by the velocity vector vy, we obtain the
kinetic energy governing equation, which can be multiplied by Ec and added to the internal energy

governing equation in order to obtain the total energy conservation equation in the form
0=(hoeg®) + 8z ((hoes® + Ecpo)to) + 85+ (Qq + EcIly-Bo) = Ho,

where
~tot __ ~ 1 (22 | =2
€”" = €o + 3Ec(Ug + ),

is the reduced total energy per unit mass.
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7.6 Resulting model

From the previous sections, we can summarize the zeroth order rescaled governing equations in the
form

dxho + 83+ (ho®o) = 0, (7.49)
6?@0%0) + 8/2\ (ﬁo%o@%o +]/)\01—) + Baﬁo =0, (750)
0= (hoes®) + 85+ (R + Echo)Bo) + 85+ (Qq + Ecly-Bo) = Ho. (7.51)

The pressure Dy is given by (7.24), the total energy €°* by (7.48), and internal energy ey by (7.43).
The viscous tensor I, is given by (7.25)(7.32), the heat flux @, by (7.45) and the heat loss term Ho
by (7.42). R

Upon restoring the physical dimensions of the flow quantities ¢ = <z>t/<u>, ¢ = <z>Z,
hy = e<x>hg, vy = <u>Bo, py = <h><u>2py, el*t = <c,><T>elt, I, = <h><u>2TI,,
QO = <h><u><cv><T>ﬁO, and Hy = <h><u><cv><T>ﬁo/<x>, we obtain after some
algebra that

Oyhy + O+ (hovy) = 0, (7.52)
9, (howo) + By (hovo®@vo + poI) + 8, 1Ty = 0, (7.53)
By (hoer™) + By ((hoet™ + po)vg) + B+ (Qq + IIy-vg) = Ho. (7.54)
The scaled thermodynamic relations are
et =eg + 2(ug +v7), (7.55)
Ty
eg = 5t +/ eo(r) dr + 1(1 - a)lgolho, (7.56)
TSt
po = 5 (1 — a)|go| . (7.57)
The scaled viscous tensor is given by
— t _ HOMC HOzy
II, = yoho(awvo + 0,vy +28,-v, I) = <H0ym Moy, )’ (7.58)
with
HO:n:n = 71/0h0(48111,0 + 28yv0), HOzy = 7I/Oh0(ay’u,0 + 8961)0),
HOy:n = 71/0h0((9y’u,0 + az’Uo), HOzy = 71/0h0(28111,0 + 4(9y1)0),
where the kinematic viscosity is given by
T,
Vo = "(pO). (7.59)

Strictly speaking, only the quantity pIl,/h, is homogeneous to a viscous tensor and II,/h, to a
kinematic viscous tensor. Similarly, only the quantity pp,/h, is homogeneous to a pressure and py/h,
to a kinematic pressure. However, the multiplication by hj is natural in a two dimensional context
since then internal constraints arise through lines and not surfaces. Finally, the heat flux is given by

Q= (Qom, QOy)t = _%OhO(amTOﬂayTO)t’ (7-60)
where the kinematic thermal conductivity is given by
AT

Strictly speaking, only the quantity pQ,/h, is homogeneous to a heat flux and Q,/h, to a kinematic
heat flux. On the other hand, the heat loss term reads

A*
Ho = —70(710 — Tomix), (7.62)

where Xy = X{

0gas T Xosup and

Osu
X ons T0gas + Noe LT 0su
Tomiy = 270828 7 Z0sub_Oub (7.63)
)‘Ogas + )‘Osub

This model (7.52)—(7.63) is exactly the model that we have investigated in Sections 2-5 of this paper.
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T = Xb(ta y)

<
<

Figure 2: A local chart of the free boundary in the xy plane

/71{

Figure 3: Schematic of a slice of the thin viscous sheet free boundary

Remark 7.1. Saint-Venant models with a local energy partial differential equation should not be
confused with isothermal models incorporating a global kinetic energy balance as investigated for
instance by Kanayama [23].

7.7 Boundary conditions

We present in this section typical free boundary conditions associated with thin viscous sheets over
fluid substrates. These boundary conditions are written at the free boundary of the two-dimensional
Saint-Venant model. These boundary conditions are not used in this paper and are only written here
for completeness.

The two-dimensional Saint-Venant equations governing thin viscous sheets have been derived in
the previous sections from the three dimensional incompressible Navier-Stokes equations governing
incompressible fluids. Similarly, the boundary conditions associated with the two dimensional Saint-
Venant model will be derived from the boundary conditions and conservation equations of the three
dimensional model.

Exchanging eventually the role of z and y, we may assume that the free boundary can locally be
written in the form z = Xy (¢,y). The local geometry of such a free boundary x = X3,(¢,y) is depicted
in Figure 2. The boundary conditions associated with the two dimensional Saint-Venant model at
the free boundary x = Xy (¢, y) can be decomposed into a kinematic condition, a dynamic momentum
boundary condition, and a thermal boundary condition.

We first investigate the dynamic momentum boundary condition at the free boundary. To this aim,
we consider a slice of the free boundary of the three dimensional incompressible model in the plane
spanned by ny, and e,, where ny, is the outward unit normal of the free boundary z = X}, in the xy
plane as depicted in Figure 2

(1, -0,X5,0)". (7.64)

np = (1 + (ayXb)Q)
We next define ez = n, and e;j = e, A e; in such a way that ez, e;, e, form a direct orthonormal
basis, and we denote by (Z, ¢, z) the corresponding coordinates so that Z is measured along ny,. The
geometry of the corresponding slice in the plane (Z, z) of the free boundary associated with the three-
dimensional model is presented in Figure 3 where the fluid lay above the substrate. The asymptotic
dynamic boundary condition is obtained upon integrating the horizontal momentum equation in the
domain PQR. Since this domain is assumed to be of size O(e?), all inertial terms will be neglected in
comparison with the force terms that are O(e). The forces acting on this volume are the surface tension
forces, the viscous constraints on PR, and Archemedes’ forces on Qr. Note that we only consider the
horizontal momentum equation so that there is no gravity term.
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Since the pressure in the substrate fluid is hydrostatic, and keeping in mind that all pressure are
evaluated relative to the atmospheric pressure, the resultant of Archimedes forces on QR can be written

- / psubghsubnsub dgsuby
QR

where Sgyp is the arclength along the curve (i,ﬁsub(t,i,gj)). In this expression, we have denoted

hsub(t, Z,7) = hsub(t, 2,y) and ng,p the corresponding outward oriented normal vector

o Oz hsupny, — €,
Ngup = —F/F/—eemrm—s-

1 + (aihsub)2

Since the normal vector ng,, is oriented downward the arc QR must be oriented from Q to R. The
horizontal projection of this Archemedes’ force is easily evaluated as

/ psubghsubnsub’nb dgsub - %psubg(hgub(Q) - hgub(R))v (765)
QR

since

aihsub ~ ~
Ngup*'Np = —F/——————, dSsub =V 1+ (ag‘ghsub)Q dz.
1 + (ai hsub)2
On the other hand, the curvatures in the & direction are O(1/€) whereas the curvatures in the g
direction are O(e)—and may be neglected—in such a way that the total curvatures Cgas and Cgyp, may
be approximated as

agh as aghsu
Coas = 8 Coub = b (7.66)

(1 + (aihgas)2)3/27 (1 + (aihsub)Q)s/Q .

Using these expressions, the surface tension forces acting on PQR can be written

/ 0z ('Yf/ngas) dggas + 03 ('Yf/sTsub) dSsub,
PQ QR

where T4y is the tangent vector along the arc (f, Rsub, (t, z, 3})) oriented from Q to R, and 8gas and Tgas

are the arclength and tangent vector along the arc (i, ﬁgas(t, z, 3})) oriented from P to Q. We have used
in particular the differential relations 0sTgas = CgasNgas and OsTsub = CsubNsub. Furthermore, since ngaq
is upward and the arc PQ oriented from P to Q, we may assume that at zeroth order Ty.s(P) = €3 = ny,.
Similarly, since ng,p, is downward and the arc QR oriented from Q to R, we may assume that at zeroth
order Ty (R) = —ez = —np. Integrating along the arcs PQ and QR, the surface tension forces are thus
found to be

’Yf/s (Tsub(R) - Tsub(Q)) + ’Yf/g (Tgas(Q) - Tgas(P))-

We now use the fundamental relation relating the tangent vectors at the triple-point Q

7’Yf/sTsub(Q) + ’Yf/ngas(Q) — Vg/sText (Q) = 0, (767)

where z — hext = 0 denotes the free surface between gas and the fluid substrate, v,/s the surface tension

between gas and the fluid substrate, s a point as depicted on Figure 3, (i,ﬁext(t,i,g)) the arc Qs
oriented from Q to S, and Text the corresponding tangent vector. Since this arc is oriented from Q to
S with ney oriented upward, we may assume that at zeroth order 7ext(S) = ez = np. This relation
(7.67) can be used to simplify the expression of the surface tension forces by eliminating all quantities
associated with the triple point Q, provided we can express the tangent vector Text(Q). To this aim,
we can use the dynamic equilibrium condition at the gas/substrate interface which states that

Osub* Next = O gas* Next — Cext'}/g/snext = Ogas*Next — a§(7g/s‘rext)a (768)
where Ceyt is the total curvature of the surface z = hext which may also be approximated as

aghext
(1 + (aihext)2)

Cext =

7 (7.69)
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Using that the pressure is hydrostatic in the fluid substrate, we deduce from (7.68) that

/ psubghext Next ASext + Ve/s (Text(Q) - Text(s)) =0.
Qs

Eliminating the contributions associated with the triple point, the resulting horizontal force on the
control volume PQR is found to be

/(pI —nd)-ny, dz — ny, /Psubghsubnsub'nb dSsun
P Q

R R

— Np /psubghextnext'nb dgext - nb(’yf/s + ’Yf/g - 'Yg/s)'
Q

S

The horizontal projection of the surface tension force due to the substrate is easily evaluated as

/ Psub8hextNext* Nb, dSext = %psubg(hgxt(s) - h’gxt(Q))a (7.70)
Qs
since

ai hext

T dgex =
\ 1 + (aihext)2 '

and we may chose that the vertical axis in such a way that hext(S) = 0 since pressures are measured
relative to the atmospheric pressure. Upon defining

1+ (Ozhext)? d,

Next*Np =

y = Yeg/s — Vt/s — Vi/g
p

(7.71)

and using the relations (7.65) and (7.70) the resulting horizontal force on the control volume PQR at

zeroth order reads

/(pol —1pdg) 1 dz — 1, (3 psub |80l AZuno (R) + ). (7.72)
P

R
Since the control volume PQR is of the order of €2, we can neglect the inertial term and write that the
resulting force (7.72) vanishes at zeroth order.

The zeroth order force [, (poI — 1dy)-ny, dz can be evaluated from the expression of the zeroth
order strain tensor d, and of the zeroth order pressure p,. Since the second order tensor d,, restricted
to the plane spanned by e, and e, can be written 8,v, + 8,v} and is independent of z we directly
obtain upon integration that

/nOdO-nb dz = nyho(8,v, + Bzvf))-nb.
PR

On the other hand, from p, = —21,(9,u0 + 9,v0) + goz — (1 — a)gohy, we obtain upon integration that
- /Po dz = 215ho(9,u0 + 8,v0) + 5ph3g0-
PR

The last term $ph2go can then be combined with the contribution 1 psun |go|hZ (R) from (7.72) to form

ext
the pressure term pp, = % p(1 — a)gohd of the two dimensional model. On the other hand, the term

219ho (9,10 + 9,v0) will complete the isotropic part of IT,. Upon combining the above relations and
dividing by the fluid density p we have finally established the dynamic boundary condition

~(pol + Iy) -, = ymy,. (7.73)
where v = (’yg/s - Vt/s — ’Yf/g)/P-

Remark 7.2. It is interesting to note that in the zeroth order governing equations the surface tensions
do not appear. Surface tensions only play a réle in the zeroth order dynamic boundary conditions.

We can proceed similarly for the thermal boundary condition by considering the control domain
PQR. We observe then that the heat exchange coefficients are of order O(e) as are the lenghth of the
arcs PQ and QR in such a way that

/ Qo Ngas d3gas = / Xeas (T — Tgas) dSgas = O(€7),
PQ PQ
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R

/QO’nsub dgsub = /X;ub(To - Tsub) dgsub = 0(62)5
QR Q

where Qo = —X98,T1} is the three dimentional zeroth order heat flux. Upon integrating the heat
conservation equation in the domain PQR, we thus obtain at zeroth order that

/)\OBmTO-nb dz = 0,
PR

and therefore
Qo np, =0, (7.74)

where Q, = —hy o0, 1} is the zeroth order heat flux for the Saint-Venant model. Finally, since the
free surface x = Xy(t,y) is a streamline of the two-dimensional flow model, we obtain the natural
kinematic condition

ug = O Xy + ’UanXb.

This boundary condition can equivalently be obtained by integrating the incompressibility condition
0,-v = 0 on the control domain PQR. It is also easily rewritten in the coordinate independent form

(vy — vp)-np, =0, (7.75)

where vy, = 0; X}, is the velocity of the free boundary and it is well known that the normal velocity
Vp+ Ny, IS an intrinsic quantity associated with the free boundary.

The boundary conditions for the two-dimensional Saint-Venant model at the free boundary are
finally constituted by the kinematic condition (7.75), the dynamic momentum boundary condition
(7.73), and the thermal condition (7.74).
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