ECOLE POLYTECHNIQUE

CENTRE DE MATHEMATIQUES APPLIQUEES
UMR CNRS 7641

91128 PALAISEAU CEDEX (FRANCE). Tél: 01 69 33 46 00. Fax: 01 69 33 46 46
http://www.cmap.polytechnique.fr/

Lower bound for the energy of
Bloch walls in micromagnetics

Radu Ignat, Benoit Merlet

R.I. 667 October 2009






Lower bound for the energy of Bloch walls in micromagnetics

Radu Ignat * Benoit Merlet T

October 26, 2009

Abstract

We study a 2D nonconvex and nonlocal variational model in micromagnetics. It consists in a free-
energy functional defined over vector fields with values into the unit sphere S2. This energy depends on
two small parameters 3 and ¢ penalizing the divergence of the vector field and its vertical component,
respectively. We are interested in the analysis of the asymptotic regime § <« ¢ < 1 through the
method of I'—convergence. Finite energy configurations tend to become in-plane in the magnetic
sample except in some small regions of length scale ¢ (called Bloch walls) where the magnetization
varies rapidly between two directions on S?. The limiting magnetizations are in-plane unit vector
fields of vanishing divergence having an ! —rectifiable jump set. We prove that the I'—limit energy
concentrates on the jump set of the limiting configurations and the energetic cost of a jump is quadratic
in the size of the jump. The exact charge of the jump is computed by a I'—convergence analysis for
1D transition layers. Using the concept of entropies, we find lower bounds for the 2D model that
coincide with the I'—limit in 1D in some particular cases. Finally, we show that entropies are not
appropriate in general for the 2D model in order to obtain the full I'—limit.

AMS classification: Primary: 82D40, Secondary: 35J20, 35Q60, 35A15, 35B25.
Keywords: micromagnetics, Bloch wall, entropy, I'—convergence, singular perturbation.

1 Introduction

In this paper, we consider a simple model for Bloch walls in micromagnetics. Micromagnetics is
a variational principle for ferromagnetic samples of small size. The state of a ferromagnetic sample
occupying a region  C R3 is characterized by its magnetization

m : Q— R3.

The magnitude of the magnetization is considered to be constant (for a fixed temperature); therefore,
in the nondimensionalized form, m satisfies the nonconvex constraint

|m|=11in Q.

The micromagnetic principle states that the magnetization m corresponds to a (local) minimizer of
the following free-energy functional (written here in the absence of external magnetic field):

em) = @ [ v+ [ o)+ [P 1)

The first term is called the exchange energy and penalizes variations of m. The characteristic
constant d is called the exchange length and is an intrinsic parameter of the material (of order of
nanometers).

The second term represents the anisotropy energy. It favors some easy axes for the magnetization
corresponding to global minima of ¢ : S? — R,.
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The last term in (1) is the magnetostatic or stray-field energy. The stray-field H(m) : R® — R?
is a 3D vector field induced by the magnetization via the static Maxwell equation:

V x H(m) =0 in R?,
V-H(m)=-V"- (mlg) in R3,

that is, H(m) = V(-A)~1V. <m19> . Therefore, the stray field is generated both by volume charges

(given by the divergence V - m of m inside the sample Q) and surface charges (carried by the normal
component m - n of the magnetization on the boundary 0€2). It implies that a stable state favors
flux-closure configurations in order that the stray field energy is avoided (that is the principle of pole
avoidance). For more details, see the books of Brown [7] and Hubert and Schéfer [13].

The difficulty of the variational principle comes from the nonconvex constraint on the magne-
tization and on the nonlocal character of the stray field interaction. Together with the multi-scale
nature of the system, it leads to a rich pattern formation for the magnetization. Generically, a pattern
of a stable state consists in large uniformly magnetized regions (called magnetic domains) that are
separated by narrow transition layers (domain walls) where the direction of the magnetization varies
quickly.

Physical experiments put in evidence these different behaviors of the ferromagnets. The variety
of the transition layers is explained by the competition between the three energy terms of (1) (and,
in some cases, an additional term due to an applied external field). From the mathematical point
of view, it is natural to study various asymptotic regimes accounting for the differences between the
leading order of the energy terms (see e.g. DeSimone, Kohn, Miiller and Otto [10], Riviére and Serfaty
[21], Alouges, Riviére and Serfaty [2] and the overview of DeSimone, Kohn, Miiller and Otto [12]).
Our goal is to study one of the transition layers of the magnetization, called the Bloch wall, in a
special asymptotic regime through a I'—convergence analysis.

1.1 Our model

We consider a ferromagnetic sample corresponding to an infinite cylinder = w x R where w C R?
is a two-dimensional bounded domain with Lipschitz boundary. Let ¢ = diam (w) be the length scale
of the domain w and let n be the unit normal vector at dw. Here, we discuss the case of a surface
anisotropy of the form

p(m) = Qmj,

where the easy plane is the horizontal one. The quality factor ¢ > 0 is an intrinsic and nondimension-
alized parameter of the magnetic material that spans six orders of magnitude (e.g., from 2,5 x 1074
in Permalloy to 38 in SmCos). We also assume that m does not depend on the zs—direction, i.e,

m=m(x1,22) and m e H' (w,S?).

We are led to study the following two-dimensional functional corresponding to the energy (1) per unit
length in the xs3—direction:

52D = d2 \v4 2 2 h / 2-
(m) Jwmp <@ [ [ o)

Throughout the paper, we always use the notation m = (m’,m3) with m’ = (mi,mz) and the
differential operator

V = (01,0%).
The two-dimensional stray field h(m’) : R? — R? is defined by
V xh(m')=0 in R?,
V-h(m')=-V- (m’lw) in R?,
and corresponds to h(m') = V(=A)~1V - (m/1,); therefore,

/ / 1 !/
) = 19 00 L)y sy = [PV L) P
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where the Fourier transform of a function v : R? — R is denoted by F(v)(£) = 3= [g2 €™ v(z) d,
V¢ € R2.
We nondimensionalize all the quantities in order to identify the different scales in the energy terms.

Setting 7 := §, © := %, m(T) := m(z), h(m) = h(m'), & := T and B := 2,/Q%, we will focus on
the renormalized energy F. (1) := 2\/—&15217( m), i.e.,
Bepm) = / )2 di + —/ 2 i + ()2 di. @)
R?2
In the following, we omit the tilde ~ for our variables.
We are interested in the following asymptotic regime:
ex1 and B<Ke. (3)

We expect the limiting states of the magnetization to satisfy the flux-closure constraint as ¢ | 0 (and

by (3), 3 10), ie,
V-(m'l,) = 0 in D'(R?) (4)
and to be in-plane vector fields (mg = 0), i.e.,
m' € 8! ae in w. (5)

(In the sequel, we will always identify the plane R? with R? x {0} C R?; in particular, we identify
the unit circle S' € R? and S* x {0} C S%))

Due to (3), the leading order term in (2) is the magnetostatic energy so that for a minimizer of
E. 3, the stray-field energy (penalizing the constraint (4)) is asymptotically stronger than the planar
anisotropy (leading to (5)). This regime is different than the one considered in [2, 21] where ¢ < (3,
i.e., the anisotropy was more expensive than the stray field energy.

Our aim is to study the asymptotic of the energy (2) in the regime (3) in order to deduce the
limit energy in the spirit of I'—convergence. More precisely, we consider families of maps {mg}cj0 C
H'(w, S?) such that the following condition holds true for 8 = 3(¢) < ¢

limsup E; g(me) < oo. (6)
£]l0

We first analyze the limiting configurations mg of such families of magnetizations {m.} ase | 0. Then
we compute a lower bound energy Ej that satisfies the inequality

Ey(mo) < liminf E. g(me).
€]l0

Clearly, every strong L!—limit mg of a family {m.}.|o of uniformly bounded energy E. g(m.) < C
in the regime (3) must satisfy (4) & (5). The problem associated to these two conditions is rather
rigid for smooth solutions. Indeed, the condition (4) implies that

V-mog=0inw and mg-n =0 on dw

and thus, there exists a stream function ¢ such that mg = V¢ := (—da1, 919). The constraint (5)
means that 1 satisfies the eikonal equation |V¢| = 1 with a constant Dirichlet boundary condition,
e, 01 = 0 on dw (because of (4)). The method of characteristics implies that Vi) generates line-
singularities. Therefore, we expect that mg should be smooth away from an H'—rectifiable set .J
oriented by a unit normal vector v. It is important to observe that the normal component of mg does
not jump across the singular set J because of (4), i.e.,

Jr _ -
mg -V =mg -V onJ,

where mg and m; are the one-sided traces of mo on J (see Theorem 1 for a precise definition).
Therefore, each jump singularity is determined by the angle 6 = 2 zaurccos(mar -v). The line-singularities
of mg have a physical meaning: they represent an idealization of domain walls of the magnetization
at the mesoscopic level. At the microscopic level, these one-dimensional singularities are replaced by
narrow two-dimensional regions (called Bloch walls) where the magnetization behaves like a smooth

transition layer that quickly varies in S? between two given states m% of angle 0 (called wall angle).



Figure 1: Jump set of a limit magnetization my.

For such limiting configurations my, it is expected that the asymptotic energy FEo(mg) of the
family {E. g(me)}ej0 concentrates on the singular set J. Assuming that the transition layers have a
1D structure across a wall, an appropriate candidate for Ey can be deduced by analyzing the one-
dimensional problem associated to our model. Indeed, we prove that the I'-limit of {E. g}e|o in the
one-dimensional case is the following functional (see Section 3):

1 _
Bo(mo) = [ mif (@) = mg (@) a1t o). ™)
The main issue of this paper is to study whether this asymptotic lower bound stands true in the
two-dimensional case.
A special context for our model is given by smooth divergence free magnetizations corresponding
to the limit case 8 | 0. Then we are led to consider the family of energies

€ 1
Bom) = 5 [ oo [ md (3)

defined for magnetizations m € H'(w,S?) satisfying the constraint (4). As before, we study the
asymptotic behavior of families of magnetizations {m.} C H'(w, S?) such that

V- (mll,) =0 and limsup E.(m.) < oo. 9)
el0

We emphasize that (9) is a particular case of (6). On the other hand, in the regime (3), the situation (6)
is a small perturbation of situation (9). Thus, we expect that the limiting behavior of the family of
magnetizations {m.} and of the energies { E.(m.)} in (9) when € | 0 is the same as in the situation (6).
We conjecture that the transition layers are essentially one-dimensional. This conjecture is sup-
ported by the partial results of Section 2 and also by numerical simulations which are briefly detailed

at the end of the same section.

1.2 A related model

The study of the energy FE. over divergence-free configurations is rather similar to the Aviles-Giga
model that arises in several physical applications such as smectic liquid crystals, film blisters or
convective pattern formation (see e.g. Aviles and Giga [5], Jin and Kohn [18]). It consists in associating
to a function v € H}(w) N H?(w) the following energy functional:

€ 1
Gu(ve) = 5 [ IvveP o[- vepy
2/, 2e J,,
Writing m’ := V4 : w — R?, the constraint V-m/ = 0 is satisfied and we have
/ € /2 1 712\2
AG.(m') = 3 |[Vm/| +2—€ (I —|m'%)=. (10)

Notice that our functional E. dominates the Aviles-Giga energy AGc; indeed, if m € H'(w,S?)
satisfies (4) then the inequalities |[Vm/| < |[Vm| and (1 — |m/|?)? = m3 < m3 yield

AG.(m') < E.(m). (11)



The question of I'—convergence of {AG.}. o was intensively studied. The compactness of config-
urations {m.}.|o of uniformly bounded energy AG.(m.) < C was proved by Ambrosio, De Lellis and
Mantegazza [3] and DeSimone, Kohn, Miiller and Otto [11]. The limiting configurations my satisfy
(4) & (5). Moreover, De Lellis and Otto [9] proved the H!—rectifiability of the jump set J of mg
(see Theorem 1), even if myg is in general not BV (see [3]). It is expected that the I'—limit energy
AGo(my) of the family {AG<(mL)}cj0 concentrates on the jump set J and has the following form
(first stated by Aviles and Giga [5]):

AGo(me) = é / img (2) — mg («)|® dH.
J

In fact, AGy is a lower-bound of {AG.}. o (see Aviles and Giga [6], Jin and Kohn [18]). The difficulty
consists in the upper bound construction for admissible configurations mg: recovery sequences have
been constructed only for BV configurations mg (see Conti and De Lellis [8] and Poliakovsky [20]).

We emphasize that the difference between the line-energy density associated to jumps of mg in Ey
and AGo comes from the two different anisotropy terms: 5=m3 for E. g and 5=m3 = 5=(1 — |m/[?)?
for AG., respectively. In particular, the energetic cost of a jump in the Aviles-Giga model is cubic so
that small jumps are less penalized than in our setting where this cost is expected to be a quadratic

function of the size of the jump.

1.3 Entropies

The use of the concept of entropies from scalar conservation laws is suggested by the structure of
the limiting configurations my satisfying (4) & (5). Indeed, (5) implies that one can write mg =
(cos by, sinfy) in terms of the phase 0y so that (4) reads as a conservation law:

01 cosby + Oz sinfy = 0.

Then, following De Simone, Kohn, Miiller and Otto [11] and De Lellis and Otto [9], entropies are
introduced as:
Definition 1. (De Lellis and Otto [9]) A smooth compactly supported map ® : R? — R? is called
entropy if for every smooth map m’ : w — R? we have

(V-m'=0 and |m'|=1) = V-{®(m')} =0.
In other words, ® is an entropy if the following relation is satisfied on the unit circle:

2-D®(z) 2+ = 0, Vz € S, (12)

where D® denotes the matriz (0;®;)1<i j<2 and 2+ := (—z2,21) for z € R%

The relation (12) suggests a suitable continuation of the entropy in the whole space R?. That
gives the following definition of a particular class of entropies introduced by DeSimone, Kohn, Miiller
and Otto [11]:

Definition 2. (DeSimone, Kohn, Miller and Otto [11]) A smooth compactly supported map P
R? — R? is called DKMO — entropy if

®(0) =0, D®(0) =0 and z-D®(z2) -zt =0,Vz € R% (13)

The DK M O—entropies were used in [11] for proving the relative compactness of a family {m.}
with uniformly bounded energy AG.(m.) < C as e | 0. The method of DK MO—entropies may lead
to similar compactness results for more general energies with the nonlocal term [, [2(m/)|? (e.g., see
Jabin, Otto and Perthame [17]). More precisely, the following energy functional is considered

1 1
R = [eAvmiPa [apmpp e [P, (14)

€ Jr

for vector fields m. € H'(w,R?). As stated in [9], one can adapt the technique of [11] for proving
compactness of a families {m.} satisfying F.(m.) < C as e | 0. The main ingredient is the inequality:

/ v~{¢<m;>}<\ < Co (FetmD)lI¢lloo + 2 Fm) 2 V¢l (15)
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where Cg > 0 is a positive constant depending on the C''-norm of a DK MO—entropy ® and ( is
an arbitrary test function.

If mg is a limiting configuration of the family {m.} of uniformly bounded energy F.(m.) <
C, then inequality (15) implies that the entropy production V - {®(mp)} is a measure for every
DK MO—entropy ®. De Lellis and Otto [9] characterized this class of vector fields where the entropy
production is a measure for every entropy. Essentially, every limiting configuration mg shares some
structure properties of maps of bounded variation BV (w), in particular it is possible to give a rigorous
definition of the jump set J. (A similar result was independently obtained by Ambrosio, Kirchheim,
Lecumberry and Riviére [4] using the characterization of mg in terms of its phase 6y.)

Theorem 1. (De Lellis and Otto [9])
1) For every strong L'—limit mo of a family {m.}.|0 satisfying limsup, , F-(m.) < oo, the
efel e]0 €
distribution

pe = V- {®(mo)} (16)

is a measure of finite total mass for every entropy .

(II) Let A(w) be the set of maps mo : w — R? such that (4) & (5) hold and e be defined by (16)
is a measure of locally finite total variation for every entropy ®. If mg € A(w), there exists a set
J C w (called jump set) such that

(a) J is H' o—finite and rectifiable;

(b) for H'= a.e. x & J, mg is of vanishing mean oscillation at x, i.e.,

1
lim—/ mo(y) _j[ mo
r10 7% Jp, (2) B.(x)

(¢c) for H'~ a.e. x € J, there exist the traces m (), mgy (z) € St with

1
lim — / moy—erac)dy—i—/ mo(y) — mg (z)| dy = 0,
HOTQ{BMJ =@y + [ mow) ~mi @)

where BE (x) == {y € B.(z)| £y -v(z) > 0} and v(z) is a unit normal vector on J at x;

dy = 0;

(d) for every entropy P,

pord = [v-(@(m*)—@(m7))|
paLK = 0 forany K cw\J with H(K) < oco.

Observe that the limiting configurations in our model satisfy the same properties since the energy
E. 5 dominates F;. Indeed, in the regime (3), we have for ¢ small enough,

F.(ml) < 2E.g(m.). (17)

Therefore, the jump set J of mg and the limit energy Ey are well defined in (7).

Another particular class of entropies was used by Jin and Kohn [18] in order to obtain lower
bounds for the Aviles-Giga model. The idea also comes from scalar conservation laws where the
entropy production through shocks is asymptotically cubic in the limit of small jumps. Therefore,
smooth entropies seem to be adapted for the energy AG,. Indeed, let ® : R? — R? be the following
smooth entropy:

1 1
d(m’) = (ma(1 —m?) — §m§ , mi(1—m3) — §mi’),Vm' € R?. (18)
(Notice that ® is not a DK MO—entropy.) Then the entropy production is estimate by the Aviles-
Giga energy density (up to a small perturbation), i.e., for smooth maps m’ : R? — R? with V-m/ = 0
in R?, one has

V-A{@(m')} = (1= |m'|*)(81mg + Bamy)
< A= m'P?)?

+ VR + eV a0
- 2e 2 '

—mao0dimy



Moreover, the entropy production is the limit energy density associated to AGy:

_ mtT —m™|3
(@(m*) — B} ey = 7L
for every jump configuration mg : R? — R? defined by
- ifa; <0
mo(l') = m 1 1 with mi = (ml,img,O), m12 +m22 =1. (19)
mt ifz; >0

In our model, the energetic cost of a jump configuration is expected to be quadratic in the size of
the jump. Therefore, smooth entropies are no longer adapted here. The idea is to use entropies with
discontinuous gradients. More precisely, we show that a special class of Lipschitz continuous entropies
can detect the quadratic charges over the singular set of limiting configurations. It comes via an
improvement of inequality (15) where the constant Cp > 0 will depend only on the Lipschitz norm
of a DKMO—entropy ® (see (51)). The main ingredient consists in the control of total variation
|/m3| v by the energy E. g through the Young inequality:

2
™m

2 Main results

We start our analysis with the one-dimensional case associated to our model. It corresponds to the
blow-up problem around a jump point for 1D transition layers. We discuss the optimal profile of a
Bloch wall and we prove I'—convergence of the 1D—energy E. g to the limit energy Ep.

Then we study the two-dimensional case. First we prove relative compactness of families of mag-
netizations of uniformly bounded energy (6). Then we find a lower bound corresponding to the limit
energy Ey (up to a multiplicative constant) for the family of energies {E. g}. Even if the constant is
not the optimal one, this lower bound proves that the energetic cost of jumps in 2D is quadratic as
indicated in the 1D case. The proof is based on the construction of a DK M O—entropy that has a
jump in the gradient.

We also have optimal results for the lower bound Fy. More precisely, we localize the problem
by considering periodic configurations in the xo— direction in the domain w := R x R/Z with a
transition imposed by boundary conditions at z; = d+o00. We search for appropriate maps that are
generalizations of the special entropy (18) used by Jin and Kohn [18]. We find such a map ® that is
adapted to Bloch walls of 180°; in other words, the optimal 2D transition layer for 180° Bloch walls
has asymptotically the same energy per unit length as the optimal one-dimensional structure. We also
define suitable maps ® for general wall angles; then the optimal lower bound is proved for energies
E. g(me) if the configurations m. take values on a certain spherical cap defined by the wall angle.
However, we prove that in general there is no map @ suitable for a wall angle when the configurations
m,. are allowed to take values into the whole sphere S2.

2.1 One dimensional analysis

Let us present the I'—convergence result in the one-dimensional case. For that, let m; € (—1,1) and
s € [0,1] be such that m;% +m2? = 1. As in (19), we denote by

m* = (

ml,img,O)

two possible mesoscopic states of the magnetization across a wall of normal direction ey. (71 and 7y
represent the normal and the tangential component of the mesoscopic transition, respectively.)

Figure 2: Element of M’



We consider the set of one-dimensional transition layers:
r1—LLo0

MW= {meHlloc(R,S2): 1i12 ml(xl):ml}

and the following one-dimensional energy corresponding to E. g per unit length in the tangential
direction of the wall:
2

€ 1 1 .
E;g(m) = §/R +2—€/Rm§+ B/R(ml 7m1>2.

We have the following compactness result that also gives the structure of the limiting 1D configu-
rations. They are piecewise constant maps with a finite number of jumps of the same wall angle.

dm

day

Theorem 2. Consider a family of maps {m.}. C M'P such that

limsup £ (m.) < o0, (20)
€l0

where 3 = (3(e) satisfies (3). Then the family {m.}c o is relatively compact in L'(w). Moreover, any
accumulation point mg : R — S is of bounded total variation, takes exactly two values {m*} and
can be written as:

N1 m
mo=Y | (="M | L, (21)
n=1 0

where N > 0 is an integer, p € {0,1} and —oco =tg < t; < -+ <ty < ty41 = +00.

Notice that the limit configurations remain in M'P. However, in general, boundary constraints
of type m* at 0o are not conserved in the limit; for example, one could imagine a transition layer
whose center moves to oo so that the limit map is a constant.

Let us denote by A'P the set of all limiting configurations given by (21). For such a configuration
mg € AP, we define the following one-dimensional energy corresponding to Fj:

1
EiP(mo) = §|mJr —m” 2 ( number of jumps of m0>, (22)

where the number N of jumps of mg in (21) corresponds to the number of limiting walls. We show
that Ej” represents the T'—limit of energies E!7:

Theorem 3. Let = ((¢) satisfies (3). Then
ELD 5 ESP under the L}, (R, S?)—topology as e | 0, i.e.,

(i) If {m.}. C M'P satisfies (20) and m. o4 mo in L} _(R,S?), then mg € AP and

loc

1iI§1liOnf E;7g(m5) > E{P (mo); (23)

(ii) For every mg € AP, there exist smooth maps {m.}. C M'P such that m. — mq has compact

support in R for all €, m, =i mg in L}, (R, S?) and

lim B25 (m.) = E§” (m)

Obviously, the same I'—convergence result stands true for the corresponding 1D energy E. (defined
in (8)) over configurations {m.} C M'P of vanishing divergence (when the normal component of m.
is a constant function equal to 721). In the case of in-plane transition layers (called Néel walls), a
similar result was obtained by Ignat [14] where the energetic cost of a transition is quartic in the size
of the jump.



2.2 Compactness

We now turn our attention to the two-dimensional case. First we prove a compactness result for a
family of magnetizations of uniformly bounded energy E. g. It is a generalization of the compactness
result for the Aviles-Giga model.

Theorem 4. Let w C R? be a bounded domain. We consider a family of maps {m.}. C H'(w, S?)
such that

limsup B g(m.) < oo,
£]l0

where 3 = B(g) satisfies (3). Then the family {m.} o is relatively compact in L*(w). Every L*—strong
limit mo of {me}ejo satisfies (4) € (5) and belongs to A(w).

The proof of this theorem adapts the technique of [11] where the planar configurations {m’} were
of vanishing divergence. The method is based on the theory of Young measures and the application
of the div-curl lemma of Murat and Tartar (see e.g. [22, 19]) to families {®(m.) A ®(m”)}. o where
®, & ¢ C(R2? R?) are two arbitrary DK MO—entropies. Incidentally we establish an improved
version of inequality (15) for Lipschitz DK MO—entropies as well as for general Lipschitz entropies
(see Remark 4.2).

2.3 A lower bound for {E. s} o
We show the following lower bound for (6):

Theorem 5. Letw C R? be a bounded open set. Assume that the family of maps {mc}-j0 C H'(w, S?)
converges to mg in LY (w). If 8 = B(¢) satisfies (3), then

Ey(mg) < C 1imli0nf E. 5(me),
€

for some universal constant C' > 1.

Actually, we prove the result for the non-optimal constant C' = 2v/4 + 72. The proof is based on
the construction of a Lipschitz DK M O—entropy ® that is adapted to the quadratic cost of a jump,
i.e., the entropy production through a jump configuration mg : R? — R? defined by (19) is given by
the expected limit density of energy Fy:

1
V- A{Po(mo)} = §|m8' —mg | H'{z; = 0} in D'(R?).

Even if we do not obtain the optimal constant C' = 1 in Theorem 5, the role of this result is to show
that the energetic cost of the jumps of limiting configurations has a quadratic behavior in our model
(as indicated by the one-dimensional analysis).

2.4 Partial results for the optimal lower bound

We prove the optimal limit behavior of the family of energies {E. g(m.)} in some particular cases.
More precisely, we focus on the periodic situation

w=RxR/Z

and we consider periodic magnetizations which are periodic in the tangential direction to the wall
with transitions imposed by the limit condition at infinity:

M = {m € Hlloc(wst) : m(Aa ) AT*O)O m in Llloc(w)} )
where m™ is the map defined by m™(x1,z2) := m* for +2; > 0 with m* given by (19).! The

associated two-dimensional stray field h(m’) is considered to be xo—periodic and the stray field energy
per-unit length in x5—direction is given by:

[ ey =19l (24)

!This limit condition is more general than asking lim m(z1,-) = m* in L? (R/Z).

x1—+oo



Here, we will always use the periodic stray field energy (24) as the last term in the energy E. s:

€ 1 1
E. g(m) = 5/ |Vm|? dz + Q—E/mg derB/ |h(m/)|? d.

In order to show that the optimal constant for the lower bound in Theorem 5 is C' = 1, one should
prove in the periodic case that for any family {m.} C M, we have

1
—|m* —m™|? =2my? < liminf E. g(m.) (25)
2 el0 ’
in the regime (3).
We introduce a class of maps ® that are a generalization of the entropies (18) used by Jin and

Kohn [18] for the Aviles-Giga model. More precisely, we define the Lipschitz continuous maps ® =
(p,9) € Lip(S?,R?) and a € Lip(S?) such that

pm™) —p(m™) = [@(mT) —®(m7)] e = %Iﬂ”ﬁ —m? (26)

and for every smooth m € C*(w, §?), the following inequality holds:

5 1
V-A{®(m)} +a(m)V-m' < §|Vm|2 + 2—m§ +V - -{a:(m)Vm} ae. inw, (27)
€
where ¢ > 0 is a small parameter and for every z € S?, a.(x) € E((T152)2, RQ) is a linear operator
of two variables in the tangent plane 7,.52. In the language of differential geometry, x +— a.(7) is a
section of the vector bundle

B:={(z,a) : z€85% acL((T,5%)?% R}

based on S? with fiber £(R*, R?). Using the natural differential structure, 3 is locally diffeomorphic
to R? x L(R* R?). With the induced topology, we will always assume that the section z — a.(z) is
Lipschitz (in order that (27) makes sense). Moreover, the inequality (27) holds true for every point
x € w such that m(z) is a Lebesgue point of D® and Da,.

This class of generalized maps ® are in fact Lipschitz entropies. Indeed, the following Proposition
describes the link between (12) and inequality (27).

Proposition 1. Let ® € Lip(S?, R?), a € Lip(S?) and a. be a Lipschitz section of B such that (27)
holds for every m € C*°(w, S?). Then (12) holds in the sense that

2-D®(2) -2+ = 0, for almost every z € S*. (28)

(Notice that since ® is Lipschitz the tangential derivative D®(z)-z* ewists for a.e. z € S = S1x{0}.)

Conversely, let ® € C°(S? R?) satisfying (12) and 0, ® = 0 on St (m3—symmetric entropies
®(m’',m3) = ®(m’, —m3) do satisfy this condition). Then there exist ¢ > 0 and o € C*(S?) such
that c® satisfies (27) with a. =0 for every m € C*(w, S?) and every ¢ > 0.

Therefore we are still looking for maps ® in the class of entropies as in the previous section. The
main difference is that here we want an estimate of [V - {®(m)} by the energy (with the optimal
multiplicative constant C' = 1) and allowing a perturbation V - {a-(m)Vm} in the RHS of (27).

The existence of a triplet (® = (¢,v), ) satisfying (27) would solve (25). Indeed, let m € M.
First, notice that

[ atm)v-a

Then integrating (27) on w and taking into account the boundary conditions (26), we would deduce
(25) in the regime (3) (see details in the proof of Proposition 2). This justifies the following definition:

23 1/2
<V s o I a2 < [al= (2] o)

Definition 3. For 0 < my < 1 and My = \/1 — o2, let m* be given by (19). We will say that a
triplet (® = (p,1), ) € Lip(S%,R?) x Lip(S?) is adapted to the jump (m~,m%) if (26) holds and
there exists g > 0 such that for every 0 < e < gy one can construct a Lipschitz section a. of B for
which (27) holds for every map m € C*(w, S?).

10



For the 180° Bloch wall (i.e., the biggest possible jump), we have a positive answer.

Proposition 2. There exists a smooth triplet (P = (p,v), ) adapted to the jump (—eq,e2). Conse-
quently, (25) holds for mq = 1.

For smaller jumps, we only have a partial result. For 0 < ms < 1, we define the spherical cap
SmQ = {m652 Loma Zmlz\/l—m22}

and the set of magnetizations taking values in this cap:
Mz, = {meM : m(z) € Sy, forae. zcw}.

We show that one can find a triplet (® = (¢p,), «) that is adapted to a jump (m~,m™) if we restrict
to configurations of Mz, .

Proposition 3. For every 0 < e < 1 and every € > 0, there exists Pm, = (pm,, Vm,) €
C>®(Sm,, R?), am, € C®(Sm,) and a smooth section a. of B such that (26) and (27) hold for
every m € C*°(w, Sm,). Consequently if {m.} C Mm,, then (25) stands true.

In the proofs of Propositions 1, 2 and 3 below, we exhibit adapted triplets (p, %, ). The construc-
tion of an adapted triplet is derived by some necessary conditions. Indeed, in the following lemma we
state that condition (27) yields some necessary pointwise bounds for an admissible triplet.

Lemma 1. Let e > 0, (® = (p,%),a) € Lip(S?,R?) x Lip(S?) and a. be a Lipschitz section of B
satisfying (27) for every map m € C*(w, S?). Then for almost every m € S%, we have
[Vo(m) + a(m)Ily e |
[V (m) + a(m)1Ly e

[mal, (29)

<
< |mal, (30)

where 11, denotes the orthogonal projection on T,,S?, for m € S2.

Despite Propositions 2 & 3, we will prove that for small jumps, inequalities (29) & (30) are not
compatible with condition (26). Consequently, there is no triplet (® = (g, %), @) adapted to a fixed
jump for general configurations (when the magnetizations cover the entire sphere S?):

Theorem 6. There exists n > 0 such that for 0 < g < 1, there is no triplet (® = (p,v), ) adapted
to the jump (m~,m™).

However, we strongly believe that the optimal constant in Theorem 5 is indeed C' = 1, in par-
ticular (25) holds for every wall angle. We have performed numerical simulations in the periodic
two-dimensional context indicating that the microscopic transition layers are one-dimensional.

Let us briefly describe the numerical method we have used. Let 6 € (0,27) be a wall angle and
let m* = (M1, £Ma, 0) with My = cos /2, My = sin /2. We want to observe the transition between
the left and right mesoscopic states m™ and m™ (the transition must be in the direction v = e; since
the divergence free condition on the limit magnetization implies (m* —m™) - v = 0). For this, we
set w := R x R/Z and we minimize the energy (8) for m € H} (w,S?) satisfying the constraint
V-m/ =0 in D'(w) and the boundary conditions m(zy,-) = m* for £z, > 1. After rescaling we are

led to minimize the energy
1 1
—/ |Vm|* + —/ m3,
2 /.. 2 /..

where w. := R x R/e7'Z. The rescaled magnetizations must satisfy m € H. (w.,S?), V-m’' =0 in
D'(we) and m(z1,-) = m* for £x1 > e L.
Next for numerical purpose, we relax the constraint on V - m’ and replace it by a penalizing term;

leading to the functional

1 1 A
J(m) = 5/ |Vm|2+§/ m§+§/ |Vm'|2,

for some large parameter A > 1. Then this energy is discretized by standard Finite Difference
approximation. Finally, the discretized energy is optimized by applying the method of [1] to our
functional.

11



We have performed several numerical simulations for various values of 6§ and . We always observe
purely one-dimensional transition layers m" = m”"(z;) which are close (for small £ and large \) to the
exact transition layer computed in Section 3, namely

mlD(xl) = (ml,mg tanh a1, o (Sinhwl)il) .

An example of these computations is given Figure 3.

-0.4 I I I I I I I I I

Figure 3: 1D profile of the numerical minimizer for § = /6, ¢ = 1072, A = 10°. The step of the
two dimensional grid is hy, = hg, = 5-1072. We have ||m" — m!P||o ~ 9.4-107° and ||m" (1, z2) —
mP(xy, To) || ~1.6-10710.

T1,T9,T9

The paper is organized as follows. In Section 3, we solve the I'—convergence problem in the one-
dimensional case. In Section 4 we prove the compactness result stated in Theorem 4. In Section 5,
we prove a lower bound of the energy E. s in the two-dimensional case that is given in Theorem
5. Proposition 1, Propositions 2 and 3, Lemma 1 and Theorem 6 are proved in Sections 6.1-— 6.4,
respectively.

3 I'—convergence in the one-dimensional case

We start with some remarks about the one-dimensional case. Let m = m(z1) € M'P where z; is the
normal direction to the wall. Then the stray field h only depends on the x;—axis and satisfies the
equations:

dhy dmq dhs
— = d —=0 in R.
dl‘l dl‘l an d$1 ln

The unique solution of this system vanishing as |z1| — oo is given by
h = (ml — ml,O).

That explains the form of the stray field energy in Eg,g(m)
Suppose that m € M'P is a configuration of finite energy, i.e., E15(m) < co. Then my —m1, ms3 €
H'(R). Therefore, m; and ms are continuous functions with the following behavior at infinity:

lim m; =m; and lim mg =0.
|z1|—00 |z1|—00

12



de
Moreover, mg is a continuous function with T € L*(R) and since m takes values in S?, we have
X1

lim |m2|: mg = \/17%12.

|z1|—o00

Now we prove that the limiting 1D configurations correspond to a finite number of Bloch walls of
the same angle that are transversal to the x;-axis:

Proof of Theorem 2. Let m € M'P with E!5(m) < oo. We start with some estimates on m needed
for the compactness result. Let us denote

_ 2
u=4/1—mj.

Then u is a continuous nonnegative function and the set {u > 0} is a countable union of disjoint open
intervals. If I C {u > 0} is an interval, then

1
—(mg,m3) S CO(I, Sl)
u

Hence, there exists a continuous phase § € C%(I, R) such that

me =ucos and mz=wusinf in [ (31)
and one computes that
dmy|*  |dms|® | du | o | ,
—_— —_— = |- —_— .e. 1. 32
‘ dl‘l ‘ d$1 d$1 d$1 e ( )

On the set where u vanishes, one can set § = 0 in {u = 0}. Then (31) and (32) stand true a.e. in
R. Indeed, since m,u € H} (R) and {u = 0} = {mg = 0} N {m3 = 0}, it follows that 412 = dma —

dIl dIl

C‘Ii—“ =0 a.e. in {u = 0}. Therefore, we have
1
dm|> 1 |dul® | do|?
_ i — e. i R.
dry m? |dxy dry e

By Young inequality, we have the following estimates on m:

/ (mi—m)? < FED(m), (33)
/' d:vl ‘ = dml ﬁ/ﬁ(mﬁmlf < 2\/§E§§(m),
/ mi < QEEiﬁ(m), (34)
< dma|"

/‘ dx1 EA

Using the inequality % ‘u — mg‘ < |my — 1|, we also obtain via Young’s inequality that

= ‘76““;“%)2 L d—“ s / QS@Eéﬁ(m» (35)
. ENE

$1
dcost €
2] < = <E 36
[ofts] < 5 ol o2 L < s o

Let {m. = (mec1,me2,me3)}e C M'P be such that (20) holds. By (3), (33) and (34), it follows
that

1
- +—/ mj < 2E!5(m).
€ Jr ’

dl‘l

d:z:l

me1 —m; —0 and m.3—0 in L*R). (37)

Since |m¢| = 1, we have
|mea| —me in L. (R).
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If my = 0, i.e. M1 = %1, then we conclude that m. > — 0 in LZOC(R), that means
me — (Mm1,0,0) in L}, .(R).

Otherwise, My > 0 and it remains to prove that {me 2} is relatively compact in LZOC(R). Using
notations (31), it results that

=/1-m?2, -my and |cosf.|—1 in Lj.(R). (38)

Since lim|,, |0 u: = M2, combining (3), (20) and (35), we obtain

2 d(ue — m2)2)1/2

Ua(%)ng—‘ug(m)—mg’ =mz — (/ dz,

— 00

2 4 1/2
> Ty — <m—2(?ﬂ)1/21;;g(m5)) =5+ o(1), Vz; € R.

Then (36) leads to
d cos 0.

dl‘l

E! ﬁ(ms) > / (WQQ + 0(1)) (39)

R

Since M2 > 0, (20) implies that {cos 0. }.<., has uniformly bounded variation in R. Combining with
(38), we deduce that any limit function of {cosf.}.0 in Li,, is of bounded variation and takes the
values £1. Therefore, {m. 2 = u. cosf.} is relatively compact in L}, . and any accumulation point in
L;,. has the form

loc

N+1

DG VAR IR

n=1

where N > 0 is an integer, p € {0,1} and —oco = tg < t; < -+ < tn§ < ty4+1 = +00. The constraint
that m. 2 has the limits +my at oo for every ¢ is not conserved in general in the limit € | 0.
Therefore, N can vanish as well as p can take both values 0 or 1. [

We prove the first assertion in Theorem 3 for the lower bound of the energy Esl_g:

Proof of (i) in Theorem 8. By Theorem 2, we know that mg € AP, i.e.,

my
mi N+1
mo=| mo | = Z (=)™ Py | L, 1)
0 n=1 0

where N > 0 is an integer, p € {0,1} and —co =t < t; < --- < ty < ty4+1 = +00. Notice that if
My =0 or N = 0, then E}P(mg) = 0 and inequality (23) is trivial. Therefore, we assume that N > 1
and m» > 0. Since m. — mg in L}, ., using notations (31), we deduce

ma .
Me,2 — Mo, Ue L—mZ, — s and cosf. — — in  L}.R).

ma
/ de
- Mo dl‘l

dcos 0,

Z1

Therefore,

L d cos 0,
lim inf
€|l0 R dl‘l

Together with (39), the conclusion follows:

1i1§1li0nf Eé%(mg) > 1iminf/ (mf +0(1)) ’ > 2N = N
R

€0
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Before showing the second issue (i) in Theorem 3, let us now discuss about the optimal profile
of a transition layer, the so called Bloch wall. Tt corresponds to the minimizer m. of Eslg over the

configurations of MP that are of vanishing divergence, i.e.,

EB(m.) = mglﬂ% EB(m). (40)
In this case, if m € M and m; = m;, there exists 0 € Hlloc(R) (the transition angle) such that

m(t) = (M1, Mo cos O(t), Ma sin O(t)), (41)
with limy_, o cosf(t) = £1. Then (40) turns into the following Cahn-Hilliard type problem:

2
de

dt

1
+ 5 /R sin6 3 . (42)

One can solve the Euler-Lagrange equation corresponding to m. in terms of its transition angle 6.
which is the Cauchy problem associated to the first order ODE:

€

D — .
El(m.) = my? jomin 5[&

loc

cosO(t)—=+1,t—+o0

do 1
d—; = gsin&, with cosf.(t) — £1, t — +oo.

* centered in the origin is given

It follows that the unique one-dimensional transition layer between m
by (41) with the transition angle:

0-(t) = 2arctane ™"/ (43)

We denote by v the following smooth increasing odd function:

v(t) = cos by (t) = tanh(t), vVt € R. (44)
Then one can check that
o2 1 dv :
1D _ Mg 2 o 2

Now we construct recovery families for every limiting configuration:

Proof of (ii) in Theorem 3. Let mg € AP, i.e.,

my
N41
mg = Z (—1)"*+Pmy L, 1tn)s
n=1 0

where N > 0 is an integer, p € {0,1} and —co = tg < t1 < -+ < tn§ < ty41 = +0o. We want to
construct smooth transition layers m. such that m. — mg has compact support in R, m. — mg in
L;OC(R’ SQ) a'nd

lim sup Eé%(ms) < B3P (mo). (46)

€]l0
In the case where Ty = 0 or N = 0, i.e., my is a constant map, then Eg”(mg) = E!5(mg) = 0 and
hence, we may consider the recovery family m. := mg for every ¢ > 0.
Otherwise, N > 1 and my > 0. Let

1 min {|t, — tp—1],1} it N>2,

Z ) 2<n<N

5 { 1 if N =1.

We approximate the Bloch wall profile (71, M2 cos 0., M2 sin 6.) with 0. given in (43) by a localized
transition layer around the origin on the interval [—v,~]. More precisely, we consider the following
transition layer

me = (M, Mav., Maw,) : R — §?

15



where

Tt

ve(t) = v(Etan (%)) it €=, and  w. = /1 —02,

+1 if £¢> 7

and v is defined by (44). Then v, is an increasing continuous odd function in R. Using the change of
variable s = fr—z tan (”—t) and the fact that 1 —v%(s) = d”(s)’2

1—v2 | ds
—_— 92 ~ 2 ¥ 2
N m € 1—w
ELG(m.) TQ {/ T2 dt + / (Ts)dt}
-y € -y

— 2 +00 1 2 400 d

e R P At
2 oo 1w 2y oo 1+(7T_8) $2
mo

-2 {/Rﬁ + /R(1”2)} +o(1) £ 2m,? 4 o(1). (47)

We adapt the transition layer m. for the walls of the limit magnetization mg. For every € > 0, we
consider the following C*(R, S?)—maps

1 .
= coshZ(s)’ Ve compute:

=)

dve
dt

d_v
ds

d_v
ds

the1 +tn tn 4+t
me(t) = (M, (—1)" P Mg (t — ), Mawe(t — t,)) if t € ( 12+ , +2 “),n:

Then m. — mg has compact support in (¢t — 1,t5 + 1) and

m. —mo —0 in L'(R)ase|0.
Moreover,
BB (m.) = NEB(m.) ‘© 2Nms? + o(1).

87

4 Compactness

In this section we prove Theorem 4. Our proof is based on the compensated compactness method
described in [11] where entropies are used jointly with the theory of Young measures and the div-curl
lemma of Murat and Tartar. In order to use this program, it is sufficient to prove that for every
DK MO—entropy @,

{V -A®(mL)}}e10 is relatively compact in HYw). (48)

Let us first recall the following property of DK M O—entropies:

Lemma 2. (DeSimone, Kohn, Miller and Otto [11]) For every DK MO—entropy ®, there exist
U € Cg°(R%, R?) and E € C°(R%, R) such that

DO(z) = —2U(2)®z+Z(2)Id for every z € R®. (49)
Consequently, for every m’ € H*(w, R?), we have
V-Aem)} = ¥@m) VI —|n/|>) +Em)V-m'  ae in w. (50)
An important ingredient for (48) is the following estimate:

Lemma 3. Let m € H'(w,S?), ¢ € H} N L>®(w) and ® be a DK MO—entropy. With the notations
in Lemma 2, we have

[ 7@ < i [ 190 - 1mPie o1
5 1/2
o (EEeﬁ(m)> (Bes(m)2llClloo + €21 ¥C 1200 )
where Cp = v/2max{[|Z] oo, || VE| 0o }-
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Remark 4.1. The inequality (51) is an improvement of the estimate (15). In the regime (3), one
can get (15) from (51) by observing that:

/ VA = )¢ < 1o / V(m2) < Il / (s|Vm3|2+1m3> <N CloeEep(m).  (52)

The advantage of (51) consists in having the leading order term only dependent on the L*°-norm of
U (controlled by the Lipschitz norm of the entropy ® ) whereas in (15) the constant C depends on the
CYl-norm of ®. For this reason, if ®q is a Lipschitz continuous map satisfying (13) and if mo is a
strong limit of {m.} satisfying limsup, | E. 5(me) < oo in the regime (3), then pa, defined by (16) is
a measure of finite total mass. The choice of a suitable Lipschitz entropy ®o and the inequality (51)
are essential in the proof of Theorem 5.

Remark 4.2. Notice that (51) (as well as (15)) are not restricted to DK MO—entropies. Indeed if
® is an entropy and p € C§°((0,00)) is a cut-off function such that p(1) = 1 then ® defined by

!’

d(m') == p(|m')d( m ) for every m' € R*\ {0}

/|

is a DK MO—entropy and thus satisfies (51). Now the difference ® := ® — ® satisfies |®(m/)| <
C|1 — |m/||; then integrating by parts, the Cauchy-Schwarz inequality leads to

/V~{<I>(m’)}§‘ < CeV2E. 5(m) V<] 2w, Vm e H (w,S?), V¢ € H}(w).

Thus ® satisfies (51).

Proof of Lemma 3. Using the duality < -,- >p-1 () g1 (W), (50) yields

L v-{<1><m'>}c\ < / 91— [ P[] + / v-m'am')c\

< H‘I’lloo/ V(= [ P)IC+ IV - 10| -2 () | VE( ) L2

< Hwnm/ V(- P
IV - 0 L)l ey (eI T 220y + IVE oo I e | 97 220

and (51) follows. m

We then prove that {V - [®(m.)]} is relatively compact in H~!(w) whenever ® is a DK M O—entropy:

Proof of (48). It is sufficient to show that for every family of test functions {(.} C HJ(w) such that
¢ — 0in Hg(w), we have

[vwere 2o (53)
Let {¢.} be such a family of test functions. For § > 0, we define the truncated functions (as in [11]):
=0, if  ((x) < -
o) = Clx) if  |¢(z)| <4, and (Z:=( -l

5 if  C(x)=0

Using this decomposition of (. and integrating by parts, we compute

JRCARYE

For the first term of the RHS of (54), the Cauchy-Schwarz inequality yields that

[ #my-ve < hmsup</ mﬁ) (/{|€E>6}|{¢<m;>}|2>1/20, (55)

< (54)

JARLCAR

+| [ vy .

lim sup
el0




since {V(.} is bounded in L?(w), ¢, — 0 in L?(w) and {||®(m.)||oc }j0 is uniformly bounded.
For the second term of the RHS of (54), we apply (51) and (52) in the regime (3):

(50),(52)
lim sup / V- {eml)}y ! < limsup 2§||Y||e E:pg(me)
€l0 w €10
5 1/2
+ limlsoup Co (gEgﬁ(m)> (5E€7ﬁ(m)1/2 + 51/2||V§EHL2(UJ)) < (6. (56)
€
Finally, since ¢ > 0 is arbitrary, (54), (55) and (56) yield (53) which implies (48). L]

Now we complete the proof of Theorem 4:

Proof of Theorem 4. First of all, for configurations {m. = (mc1,mc2,me3) : w — S?} of uniformly
bounded energy E. g(m.) < C, their vertical components vanish asymptotically, i.e., ms3 — 0 in
L?(w). Then (48) and the compensated compactness program presented in [11] enables us to prove
that {m.} is relatively compact in L!(w). Obviously, every strong limit mg satisfies (4) & (5). It
remains to prove that the limit mg belongs to A(w). For every fixed DK M O—entropy ®, using (51)
and (52) for ® and m. and passing to the limit as ¢ — 0 we obtain that ue is a measure. For a general
smooth entropy ®, we associate a DK MO—entropy ® to ® as in Remark 4.2; since ®(mg) = ®(mq)
for |mo| = 1, we conclude that pe = pg is a measure, ie., mg € A(w). ]

Remark 4.3. The use of entropies seems to be appropriate for proving compactness of magneti-
zations in asymptotic regimes of thick thin-films micromagnetics. However, for ultrathin-films, other
techniques based on the topology of the flow of magnetization are to be used (see Ignat €& Otto [16, 15]).

5 A lower bound

The aim of this section is to prove a lower bound for the energy E. 3. The idea is to define a Lipschitz
continuous entropy that is appropriate for the expected quadratic cost of a jump.

5.1 The "DKMO—entropy" &

We introduce a map ®, : R2 — R? that plays the role of a DK MO—entropy and is well suited to
catch the square of the size of a jump of a limiting configuration. More precisely, we ask for ®( to be
(only) a Lipschitz continuous map satisfying (13) a.e. in R? and to satisfy

V- {Bo(mo)} = 2sin2 0 H {21 = 0} = %|mg —mgPH' e = 0} in D/(R2), (57)
for every jump configuration mg : R? — S! of the form
mo(z1,2) =mT = (cosf, +sinf) if +a; >0, 6 € (0,m).
The first ansatz is to search ®( of the following form in polar coordinates:
Do (r,0) =129(0),

where g = (g1, 92) : R — R? is Lipschitz continuous and 27-periodic. With these assumptions, (13)
turns into
cos0 dgg1 +sinfdpge =0 for a.e. 0 € [—m, 7], (58)

while (57) gives
g1(0) — g1(—0) = 2sin®0, VO € (0, 7).

The second ansatz is to consider g; as an odd function (i.e., g1(8) = —g1(—6) for 6 € (0,7)). We find
g1(0) = sign(f) sin? 6.

The condition (58) suggests that gs is even (i.e., ga(0) = go(—0) for 6 € (0, 7)) and dpga = —2cos? 0
for 6 € (0, 7). Since g2 needs to be continuous and periodic, we choose

20

(0) = 5~ sien(0) (0 + =4
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(The constant 7/2 is chosen in order to minimize || Uyl where ¥q is associated to &g via (49), see
below.) That justifies the following choice of our "DK MO—entropy": for r > 0 and —7 < 0 < 7, we
set
sign(6) sin® §
0y = 2| o7 sin(26
Bo(re?) = 1 ) <9+ ; )) . (59)

— —sign

2

In fact @ is not a proper DK M O—entropy since it is not compactly supported and only Lipschitz
continuous. But the identity (13) holds for a.e. z € R? and in D’'(R?). We compute

2 2
D®g(z) = —Po(2) ® z — —sign() cos 0 2t @2t
r r
That yields the decomposition
D(bo(z’) = —2‘1’0(2) ® z+ Eo(Z)Id,

where Uy and = are given in the following: for z = re®, r >0, -7 <0 <,
7r
Uo(z) = <— sign(0), —5—1— |9|> , Eo(z) = —2sign(f)r cosé.

Moreover, the following equality holds in L!(w) for m’ € H(w, R?):
V- {@(m')} = Wo(m')- V(1 —[m'[*) + Zo(m)V -m'. (60)

We also have ||Ugl|pe = /1 4 72/4.

5.2 Smooth approximation of P,

We can not apply (51) to ®¢ because of its lack of regularity (recall that (51) is valid only for
CY!—entropies while ®, € C%!). To overcome this difficulty we introduce smooth and compactly
supported approximations of ®q. First, let {¢}cg1 be the family of elementary DK MO—entropies
(see [11]):

_ |z|2f for z-f >0,
or(z) = { 0 for z- f <0.

The maps ¢¢ are not entropies since there are not continuous, but the formula

B) = (=) [ wlnes)ar (61)

defines a DK M O—entropy for any smooth weight w : S!' — R and any smooth cut-off function .
Notice that ®( (defined in (59)) may be obtained by (61) with xy = 1 and the BV -weight:

i sin(0) if —2<0<Z,
wy(e?) o= foaso<s
—sin(6) if §<0<-.

This formula comes as follows: taking z = e and differentiating (61) with respect to 6 (for x = 1),
one gets

1 g 0N )i
r—289<1>0 = (wo(ze 0) + wo(—ie 0))16 0.

Then choosing wy to be m—periodic (i.e., wo(e?) = wo(—e'?) for § € (—x, 7)), we deduce the above
formula for wg via definition (59).

Here the behavior of the DK MO—entropy ®(m) does not count for |m| > 2 since our families of
maps {m.} satisfy |m.| < 1. Therefore, in the sequel, we fix a cut-off function x € C§°(R,R+) such
that x(r) = 1 for |r| < 2. By mollifying the weight wg, we can obtain smooth approximations of ®g
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in the disk B>(0) C R?. More precisely, let p € C5°(R, R ) be a mollifier with support in (—m,7)
satisfying [ p = 1. For 1 > n > 0, identifying R? with the complex plane C, we set

pn(2) = 0" p(0/n), for z=¢? eS8, —w<b<n

and

wi(e) = [ /o) dy

Applying (61) with the weight w,, we define a smooth DK MO—entropy ®,. Since wg is a BV-
function, there exists a positive constant C' > 0 only depending on p, such that

[y — PollL=(Br0) < O (62)
The decomposition of D®,, is given by
D®,(z) = —2¥,(2)®z+E5,(2)Id for |z < 2 (63)

with
U, (2) = [51 Uo(z/y)pn(y)dy and  Z,(z) = /91 Eo(z/y)pn(y) dy.

5.3 Local results

We prove local lower bounds for the limiting energy density. Let {m.}.)o be a family of uniformly
bounded energy and assume that m. — mg in L'(w). With the notations of Theorem 1, we set (.,
the following cut-off function around a jump point zg € J of mg:

1 ) |z — o] £ <
Cmo’T(.’L') _ , ” 1 x Zo r,
0

it |z—xo| >

for any r > 0 such that d(zg, 0w) > r. Let R, be the rotation in the plane such that R, e; = v(zg).
We consider the following quantity:

qr(:EO) = /{RIO(I)O R mO } VCIO,T )

The quantity ¢,(x¢) is relevant for the concentration of the flow V- ®q(mg) around the jump point zg
of mg and provides information about the limiting energy density in the disk B,.(x¢). More precisely,
we have:

Lemma 4. For every xo € J and for every r < d(zp,0w), we have

c.. .
n(@o)| < Sliminf / V(1 ),
T €l0 B, (z0)

where C' > 0 is some universal positive constant (C' = \/1+ w2/4).

Proof. Let xo € J. Up to a rotation, we may assume that e; = v(x¢) (and then R,, = Id). By our
assumption, m’. — mg in L*(w). Let n > 0. By the dominated convergence theorem, we have

[ @) Tnrte) = tim [ @y (0)) - T ). (64)

Now, we use (51) to get

‘/ ) Voo () da

LA / V(L [ 2)][Caor]

38 1/2
# Co, (Bep(m))  (Beslm) 26l + 1V 1)
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where Cy, = \/imaX{HEnHooa [VE,|ls}. Letting € | 0, the second term in the RHS asymptotically
vanishes. By (64), inequality || ¥, o0 < [[Wollec < C = /1 +72/4, identity [|Czyrllc = 7! and
supp Czo.r C Br(xg), we are led to

[ @alma(a)) - T ) do

C
< —liminf/ V(1 — |mL)].
T €l0 B, (o)

Finally, letting n | 0, the conclusion follows by the dominated convergence theorem. [

We then check that the normal component of mq does not jump through J for H'-a.e. zo € J.
Lemma 5. With the notations of Theorem 1, we have

mg (z0) -v(zo) = myg (w0) - v(xo) for H'~ae. zo € J.

Proof. Let xg € J be such that point (¢) of Theorem 1 holds. Up to a rotation, we may assume that
e1 = v(xp). Since V - mg = 0, we have for every d(xq, dw) > r > 0:

0 = / mo - VQeo,r = / mo -+ Vzg,r + / mo + Vg, (65)
w B (xz0) B (@0)
Writing mo(z) = mg (z0) + (mo(z) — mg (x0)), we compute
[ mo Ve = mio) [ et [ o mi (wn) - Ve
B (z0) B (z0) B (o)

A direct computation shows that

/ Vaor = —1(20). (66)
B (x0)

Since |V(y, .| <772, we get by point (¢) of Theorem 1:

— rl0
[ mo-mi@o) Ve, = 0(r [ pmo—mi@l) o,
B (wo) B (wo)

Thus
lim mo - Vipgr = —mg(z0)-v(xo).
rl0 Bj (z0)
Similarly,
lim mo - Vir = mg(zo)-v(zo)
r|0 By (z0)
and the conclusion follows from (65). L]

Finally, we study the limit of ¢,(xo) as | 0.

Lemma 6. For H'-a.e. 29 € J, we have

(a) lgr(zo)] < 7| PollLoo(s1), for 0 <r<d(xg,dw);

0l = g g (o) - mg (o)l

Proof. The point (a) is a consequence of the definition of ¢, (z¢) since |mg| = 1, |V(y, | < r~2 and

supp Czo,r - BT(:CO)'
To prove (b), we proceed as in Lemma 5. Up to a rotation, we may assume that v(xg) = e; and
that point (¢) of Theorem 1 holds for zg € J. We write

(o) = /B o Bolmo(@) oy @)+ /B Bo(mo(2)) - Vo r(e)dz,  (67)

- (z0)
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for 0 < r < d(wg, dw). Since ®q is Lipschitz and ||V, r|loo < 772, we have

/ Bo(mo(z)) - Vo () dz = Bo(mif (z0)) - / Vo o () di
B (z0)

Bj (:Eo)

+ O (T_2 /BJr( )|m0 —mé‘(:{:o)|> .

Letting r | 0, Theorem 1 (¢) and (66) lead to:

lim Do (mo()) - Vieg.r(7) dz = —Po(mg (z0)) - €1.
0SB (20)

From Theorem 1 and Lemma 5, we may assume that md (z9) = (cosf,sinf) and mg (zg) =
(cos B, —sin0) for some 0 € [—m, 7). We then have

lim Oo(mo(2)) - Vuyr(@)de 2 — sign(8)|sin 6|2,
rl0 Bj(zo)
Similarly,
1i?8 Do (mo(z)) - V() dv = Oo(my (20)) - €1 = — sign()|sin 6%
r B,,T (Z())
Letting » — 0 in (67), we get
. . 2 1 + — 2
timla, ()| = 2|56l = Zlm (a0) — m ()

5.4 End of the proof of Theorem 5

Since J is H! o—finite and rectifiable, there exists an increasing sequence of graphs {34 }ren such
that ¥ is a finite union of disjoint embedded C' curves (of finite length) and J C UpX, U P for
some H'-negligible set P. Theorem 5 is then the consequence of the monotone convergence theorem,
inequality (52) and the following result:

Proposition 4. Let ¥ CC w be a finite union of closed disjoint embedded C'-curves (of finite length,).
Then we have

1
5/|mg —mgPAH(TNE) < cn%nf/ V(1= [ml )],
for some universal constant C >0 (C = /4 +72).

Proof. Using Lemma 6 and the dominated convergence theorem, we have

1
5 [ I o) = mi o) P A D)) = i [ g o) dao
0 Jeng

Then Lemma 4 yields
1 _
5 [ 1m o) (o) PaH (2 2) o)
< VTF /A lin limlionfr_l/ / V(1 = | (2)[2)) d dH (xo).
T € 3 J B (z0)

Since ¥ is a finite union of disjoint embedded C! curves, for every § > 0 there exists 79 = r¢(5) > 0
such that for 0 < r < 1y, we have for every x € X,

H' (B (z)NE) < 2(1+6)r
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Thus, from Fubini’s Theorem, we have for every r < min{ry(d), d(%, dw)},
1

5 [ 1 (@0) = mi (@) P! (T 0 %) (w0)

€l0

< (1+9) 4+w2liminf/ V(1 — |m(z)[*)| dz.
¥4 B,.(0)

The conclusion follows by letting § | 0. [

6 Is the entropy method efficient for the optimal constant prob-
lem ?

In this section, we focus on the issue of finding the optimal constant. For simplicity we work in the
periodic domain w = R x R/Z and we fix the limit magnetization at x; = +00. We believe that the
optimal constant is the same as in the one-dimensional case although we are only able to prove partial
results in this direction. These results are obtained through the construction of maps ® such that
inequality (27) hold. As stated in Propostion 1, such maps are in fact entropies. This proposition is
proved in subsection 6.1 and the partial results in subsection 6.2. In the last subsections we establish
that the entropy method can not lead to the general result. The question of the optimal constant is
still open.

6.1 Proof of Proposition 1

Assume that ® € Lip(5?, R?) satisfies (27) for every m € C*°(w,S%). We will prove that ® satis-
fies (28). Let z € S'. There exists an open ball B C w centered at 0 and a map m’ € C*°(B, S') such
that

m'(0) = z, Dm/(0) = (9;m})(0) = z2*®z and V-m'=0on B.
For example, m’ may be the vortex map centered at z* defined on B = B(0, |z|/2) by

1
m'(z) = reE =
o\ |z =2t
Next for every A € R, |A| > 1, there exists a map my € C*(w, S?) such that m(z) = m/(z/\) for =
in some small neighborhood w) of 0. Applying (27) to my at z = 0 yields

1
Vo {®(my) < §|Vm,\|2+2—€m§\73+v-{ag(m,\)VmA} a.e. in wh. (68)

Now assume that z is a Lebesgue point of the tangential derivatives z + D®(z)-z+ and z +— Da.(z)-z+

on S, respectively. Then inequality (68) holds at # = 0 and by the definition of my, it reads
Az D®(z) 2t < A2 (ng Y (aa(m’).Vm/)(O)> .

Letting A tend to o0, we obtain (28).

Conversely, assume that @ satisfies (12) and 0,,,® vanishes on S!'. As in Remark 4.2, set
d(m') == |m/]P®(m’/|m’|) for m’ € R?. The map ® is a DKMO—entropy and by (50) we have
the decomposition

V-A{®(m)} —Z(m )V -m' = ¥(m')-V(1 - |m'|*) in w,
for every m € C*°(w, S?) where ¥ and = are smooth in R2. Since 1 — |m/|> = m%, we write
! 12 / 2 € 2 1 2
V(') - V(1 = [m']7) = W (m') - V(m3) = O(|Vms|lms) = O | 5|Vms|” + 5oms | .

Now the assumption d,,,® = 0 on S! implies that the difference m s ®(m) — ®(m’) may be written
on the form mZ0O(m), with © € C*°(5% R?). So we have

- € 1
VA{@(m) — e(m)} = O(Vm|ms|) = O <§|Vm|2 + 2—5m§> :
Finally for ¢ > 0 small enough, ¢® satisfies (27) for every € > 0 with « = —cZ and a. = 0.
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6.2 Optimal lower bound for the local model. Proof of Propositions 2
and 3

To prove Propositions 2 and 3, we adapt the method of Jin and Kohn [18] developed for the
family of energies { AG.} to our setting. An important difference with respect to [18] is that here the
generalized entropies ®;, must depend on the size of the jump. Indeed, for the Aviles-Giga model
in [18], once the direction of the jump is fixed (here e1), there exists an entropy leading to the optimal
lower bound for every possible jumps (see (18)).

The construction of our map P, = (¢, 1) for a fixed angle (defined via T3) is based on Lemma 1
(that we prove in the next section). For that, let us define f(0) := (M1, M2 cos @, Mz sin f). Inequal-
ity (29) yields

If'(0)] < mmp?|sind)|.

On the other hand, (26) yields
0 = 2m” + f(m) — f(0) = / {(6) + ms*sin@} db.
0

So the integrand vanishes and we have f’(§) = —mo?sin#. Consequently, the function ¢ is known up
to an additive constant on the circle {m; =my} N S%:

o(M1,ma, ms) = Mamsa + ¢, if m3 +m3 = mo?. (69)

Thus we will look for adapted triplets among triplets satisfying (69).
We now prove Propositions 2 and 3.

Proof of Propositions 2 and 3.  We first assume that ms = 1. Condition (69) implies that ¢(m) is
the projection of m on ez (up to a constant) when m turns on the circle {m; = 0} N S?. The way to
extend ® to S? is the following: for any m € 52, we set

®(m) = (p(m),¥(m)) = (ma(l—m3), mi(l—m3)) and a(m) = 3mimo.

Condition (26) is checked since (69) is satisfied. Recall that for m € S2, the projection IL,, f of f € R?
on the tangent plane T,,S? is given by the formula

Hmf = f_ (fm)ma
we compute for every m € S2,
L {Ve(m) + a(m)er} = ms(0,ms, —m2)
and I, {VY(m) + a(m)ex} = mz(ms, 0, —my).

Combining these identities with the fact that 9;m € T,,,5% = (e;9;m) = (II,,,(e); 9;m) for e € R?
and i = 1,2, we have for m € M,

V-A{®(m)} + a(m)V -m' =1L, {Ve(m) + a(m)er1 } - Ovm + I, {Vip(m) + a(m)es} - dom

—m1 82m3
=ms —MmMa . almg . (70)
ms Oamy + O1ma

By Young’s inequality, we obtain

AV {(I)(m)} + a(m)V -m’ < %m% —+ g((almg)Q + (52m3)2 + (62m1 + 61m2)2)

1 €
= 2—€m§ + 5 {(81m3)2 + (627713)2 + (52m1)2 + (61m2)2} + e0oymy101ma

IN

2, ¢ 2
—m3 + §|Vm| + 5(82m161m2 — almlagmg)

2e
mo agml )

—maodimy

L, ¢ 2
:2—€m3+§|Vm| +eV-
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So (27) holds for every € > 0 where the smooth section a. of B is given by
ac(m)(v,0) = emo(v - €1, —v-eg) for every m € S%, v, 0 € TS
It remains to prove that (25) holds for mo = 1, i.e., for any family {m.} C M,

2 < liminf E, g(m.)
|0

in the regime (3). For that, let x : R — R be a smooth positive cut-off function such that x(z1) =1
for |z1| < 1 and x(z1) = 0 for |z1| > 2. Set xx(x1) = x(%) for every 21 € R and k£ € N. Then (27)
implies

/w (v'{q)(ms)})(k(xl) + a(me)V - m/an(l‘l)) de
< /w{_me'Q i&_m }Xk 1) /de z1)as(me)(Vme) - ey d. (71)

First, we pass to the limit as k — oo. For the first term of the RHS in (71), the dominated convergence
theorem yields

1
lim { —|Vm.|? + Em } xk(x1) dx = E. g(m.)

k—oo [,

For the second term of the RHS in (71), Cauchy-Schwarz’s inequality leads to:

2\ 1/2 1/2
A1) ([

R dl'l

Zs;gg Has( )|| ( T.52)2 R2)
vk

—0 as k — oo.

d
‘/ Xk (x1)ac(me)(Vme) - e dz| <
d$1

For the first term of the LHS in (71), integration by parts implies that

d
/ V- {&(me)} xx(21) dz = _/ (me ka1, v2)) 'ﬁ% dx
w w 1
- (@(er) - cI)(m)> el (20 2 as k— oo,
since m. € M. For the second term of the LHS in (71), we have that

<V il s o IVl (me) il 2o

[ atma)¥ - mioxetan) da

<V (milo)ll g w2 (IValLocIVmalle(w) + |a||L°°||vXk|L2(w))

23 1/2 23 1/2
<IValli (2 Beplme) + ol (3 Eastma))

which means

23 1/2
<IValis () Eeptm)

Finally, summing the above relations and passing to liminf as ¢ | 0, (71) leads to (25) in the regime
(3) and Proposition 2 is proved.

lim sup
k—o0

[ a9 () da

Finally we prove Proposition 3. We assume 0 < my < 1 and for m € S, we set

m a(m)

D, (M) = (przy (M), Yy (M) = %@(m)JrQ—mZ(O,mg) and g, (M) = =

Again (26) holds. From (70), we have that for every m € M,

1 my —my Oams3
V A®Pm,(m)} + am,(M)V -m' = mg— —ma : d1ms
ma ms Jamy + 01y



Now observe that for m € Sw,, we have

_ 2
m—m L _
1 1 1 1 — 2mymmy + 12 1 — 72
— —my = — < ——= 1
m m m
2 ms 2 2

We deduce again by Young’s inequality, that for m € M

1
V A ®m,(m)} + am,(m)V -m/ < —|Vm|2 —m3 +eV- ( m20am ) .

—mao0imy

So (27) holds for every ¢ > 0 and the same smooth a. as in Proposition 2. As above, the same
argument yields (25) which concludes Proposition 3. u

6.3 Proof of Lemma 1

In this section we prove the pointwise bounds of Lemma 1. These bounds are the key ingredients
leading to the contradiction establishing Theorem 6

Proof of Lemma 1. We define the following operator L = (L1, L): for every m € S? and (vi,v2) €
(TmS?)?,
(L) ) = ((Tm) + alm)er, To(m) + a(m)Tyen) : (on,02)).

where (-, -) denotes the scalar product in the Euclidian space R? x R3. Then for every smooth map
m € C*(w, S?), (27) writes as in (70):

(L(m); (Oe,m, Opym)) =V - {@(m)} + a(m)V - m’
—|Vm|2 img +V - -{a:(m)Vm}, forae z€w. (72)

Now let & € w be fixed and m € S? be a Lebesgue point of V® and Va,.

For simplicity, we transpose our problem from S? to R2. Let R be an isomorphism between R?
and the tangent plane 75,.52. We consider the following parameterization of S? in the neighborhood
of m :

m+ Rn

A : R? 52 _
oo /i + Rn|

Through the map A, we will associate to every map n € C*°(w, R?) the following map m := Aon €
C®°(w, S?). Moreover, the operator a. can be written via the following Lipschitz operator a. : R? —
L(R? x R?, R?) defined by

a:(n)Vn = as(m)Vm, forae. € w.

We prove that the operator a. has the following property:
Claim: Provided that m(z) = mn, there exists b. € R such that

V- {ac(m)Vm} (%) = be [01m(Z) ; Gom(E) ; m],

where [ ; - ; -] stands for the scalar triple product.

Proof of Claim. We compute

V -{a:(m)Vm} = Z 0i(ag j . (n) Ojni,)

i,5,k=1,2
= > dal; i o+ Y al;p(n)d0my  ae. inw. (73)
i,7,k,0=1,2 i,7,k=1,2
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(Here, we identified the linear operator a.(n) € L(R? x R? R?) with the corresponding tensor
(@ ;,(n))ijxr € R%.) Let y € R? be such that A(y) is a Lebesgue point of V® and Va.. For every
vector (Vi k)i jk=1,2 € R? satisfying Vi gk = Ujik, We choose n € C>(w,R?) such that n(z) = y,
Vn(z) = 0 and 9;0,nk(Z) = v; jk, for i,5,k = 1,2. Then m(z) = A(y), Vm(Z) = 0 and we deduce
via (72) and (73) applied at :

1 ~1
0 = 2_5A3(y)2+ > al@vigk
ijk=1,2

Since (v; ;%) was arbitrarily chosen such that v; j x = v;, %, we easily deduce that
al; . (y) =0 and aly(y) + a2, 1 (y) = 0, forik=1,2. (74)

Since y is an arbitrary point in a dense set of w and a. is continuous, it implies that the above identities
hold true in R2.

Now we consider maps n such that n(zZ) = 0. Since m = A(0) is a Lebesgue point of V® and Va,,
by (73) applied at Z and (74), we conclude:

V- {ac(m)Vm} () = > dal; 4 (0)dm 0

ijel=1,2

= Z 815@ 21k(0)(81n182nk — 81nk82nl)

k,l=1,2
= (Gldlm(o) — 6267,; 211(0)) (6171182712 — 8171262711)
= b det (1n(Z), Oan(T)) = be [01m(Z) ; Dam(Z) ; ) .

(Here, we used that 9;m (%) = RO;jn (%), j=1,2.) ]
Applying our claim for a smooth map m such that m(z) = m, (72) at Z reads

1
(L1, La)() ; (81m, am)) < §|Vm|2+2—ﬁ1§+b8[81m;82m;ﬁl].

5
Finally, for every vector v € T35 such that |v| = |3|/e we choose succesively two maps m such that
(01m, Oam)(m) := (v,0) and (9ym, dam)(m) := (0,v), respectively. We get that <Lj(ﬁ1); \TU|> < |ms|
for j = 1,2 and since 1 is an arbitrary point in a dense set of 2, we conclude with (29) and (30). n

6.4 Proof of Theorem 6

We now prove Theorem 6. In fact we prove the following stronger result which together with
Lemma 1 yields the Theorem.

Proposition 5. There exists ¢ > 0 such that for 0 < My < €, My := /1 — M2, mli := (M1, £, 0)
there is no triplet (,1,a) € Lip(S?, R?) such that (26), (29) and (30) hold.

Proof of Proposition 5. Assume by contradiction that there exists a sequence {p} C (0,1) converging
to 0 and a sequence of triplets (pk,v¥r, ax) C Lip(S?, R?) adapted to the jumps (mj,m;) with
mf := (M, £May), May, := pr and My, := /1 — p7. Then for k > 0, we have

er(mf) —ee(my) = 2pj, (75)
and from Lemma 1, we have for k£ > 0 and for almost every m € S? :
[Vor(m) + ag(m)Iler| < |ms] and  |[Vip(m) + ap(m)l,es] < |msl. (76)

Let us denote by I the symmetry transform with respect to the plane {mo = 0}. Replacing if necessary
(¢r, Vi, ax) by

ok — prol W +vrol «ap — agol
2 ’ 2 ’ 9 )
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we may assume whitout loss of generality that the following properties
or = —prol, Y = Yrol, ap = —agpol,  for every k > 0, (77)

hold and that (75) & (76) are still true.
We want to perform a blow up around m = (1,0,0) as k tends to infinity. For this reason let us
transport the problem from S? to R? (similarly as in Lemma 1). We introduce the map

1
P : R* — 5% n=(ng,n3) — m=(my,ma,ms)= W(l — |n|?/4,n9,n3),
Notice that the inverse P~! of this map is the stereographic projection of vertex (—1,0,0) on the
tangent plane to the sphere at (1,0,0).
For k > 0, we set ¢ = proP, v = Yo P and &y = apoP. With these notations, (75) reads

B e 0 — & I 0] = 2p° (78)
1+y/1—pf L+y/T—pf '
In order to translate the pointwise bounds (76) in stereographic coordinates, we write VP;(n) =

Hpmyei - DP(n) for i = 1,2 where DP(n) is the differential of P at n. Since the stereographic
projection is a conformal map, DP(n) is the product of a rotation and a dilation of factor ¢(n),

ie., DP(n)- 'DP(n) = ¢*(n)Id with g(n) = (1+ |n|2/4)71. Then (76) reads: for almost every
n = (n2,n3) € R?,
Vér+ @ VP (n) <q(n)|Ps(n)] and [V + @ VP (1) < g(n)|Ps(n)].

A straightforward computation leads to: for almost every (ng,n3) € R?,

VA F [nP/4)? = n3ay,
A +[nP/az 2

N L
T+ nfpae

< |nal, Vibi + < |nsl, (79)

where we have introduced the unit vectors e, := n/|n| and

VP 1 ni—n3 nang
£ = = 1+ - .
VP /(1 + [n]2/4)2 —n2 4 2

Now we rescale the problem in order to pass to the limit as k& goes to oo and reach the desired
contradiction. Namely we set

1. _ 1 - 3 i
Pr(n) = p—Q@k(pkn), Yp(n) = E?/}k(ﬂkn) and  ay(n) := ak(prn).
k
The conditions (78) & (79) imply that there exist a sequence of positive real numbers {do 1}, two
sequences of positive functions {d1 1} and {02} and a sequence of maps {f; ;} such that

Sop 51, SupGon N1 in CLU(R?), sl =1, for "Ses in CZ.(R%SY)  (80)
and
@k (60,7%0) _wk (_60,k50) = 2’ (81)
V@, (n) — 01 k(n)|nax(n)e,| < |ng| for a.e. n = (n2,n3) € R, (82)
|V (n) + 02k (n)ak(n)fok(n)| < prlns| for a.e. n = (ng,n3) € R% (83)
Moreover, from (77), we have
?,(0,n3) = 0, forevery Kk >0andnsecR. (84)

In order to pass to the limit k£ T oo, we prove the following Lemma.

Lemma 7. The sequence of Lipschitz maps {(@y,0;) Yren is locally uniformly equicontinuous.
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Proof. We will use several families of local orthonormal basis in the vertical plane (n2,n3) € R?:
(e2,€3), (e:(n),ea(n)) and {(f2,x(n),fs 1x(n))}ren With eg = e and f3, = f3, for every k € N.
Let B be an arbitrary closed ball in R?. Along the proof C' denotes a (possibly changing) positive

constant only depending on B. In the sequel, {a1 4}, {asx}, - will denote bounded sequences in
L>(B) and {b1 1}, {b2.k}, - will denote bounded sequences in C'(B) such that [b; x| > 1/C holds
uniformly.
We set
ary = (eg- V)P, and asy = (f34 V), forevery k>0. (85)

Then inequalities (82) and (83) imply that the sequences {a1 x} and {az2} are uniformly bounded in
L*>°(B) (as requested above). Together with (84), it leads in particular to:

[PrllL=m) < C. (86)

Now combining (82) and (83) in order to eliminate @y, we obtain two sequences {as3} and {b; 1}
defined by

azr = (e V)Pp(n) + |n|byx(for - V)b (n) for k > 0, (87)

that satisfy the required conditions.

Now our goal is to establish that @, solves a uniformly elliptic second order PDE on B with a
sufficiently integrable RHS in order to deduce some uniform regularity on {®,}. For this, we now
assume that the closed ball B is away from the ny—axis, i.e., BN {(ny,0) : no € R} = (. Since
{f3,1} converges uniformly to es on B, this assumption implies that for k large enough, we have

1> e, f35|(n) =leg-f21|(n) >1/C  for every n € B. (88)

In particular, there exists a sequence of angle functions {z;} bounded in C!(B) such that for k large
enough, we have f5 , = (coszy)e,+ (sinzy)ep with | cos x| > 1/C in B. Plugging this identity in (87),
we get for k large enough,

(f3.0 - V)P, = (cosay)as i + (sinzg)(eq - V)@, — (coszy)|n|ba i (for - V), on B.

The first term in the right hand side is uniformly bounded and by (85), the second term is also
uniformly bounded. For the last term, we notice that the coefficient (— coszy)|n|be required the
desired properties so that we may rewrite the last equation as

(f3.6 - V@), = aar + bar(for - V). (89)
We now prove
V- {(fgﬁk X fgyk)vak} = as + 8n2a6,k + 8n3a7,k. (90)

Multiplying (89) by f5 ; and applying the divergence operator, we obtain

VA{(fs1 @ f31)VP} = Onyask + Ongaor + V- {bsafar} {(for - V)b }

+ b p{(fa,r - V)2 } - Viby + bk Dty (F3k, F20). (91)
Since {bsx} and {fs;} are bounded in C*(B), we obtain that the third term in the right hand side
has the form aio x(f2.x - V)1b),. Now since |b3 1| is uniformly bounded from below, we deduce from (89)
that (fa5 - V)¢, = a11,6 + ba i (f3 1 - V)@, Finally by (86) we obtain that the third term in the RHS
of (91) has the form

Vo {bsifsp} {(FBo - V) } = arok + Onoarsp + Onyra .
For the fourth term in the RHS of (91), since fs 4, is a unit C' vector field (f3 ; - V)fa x, has the form
a14 83, and from (85), we deduce
bap{(fs - V)or} - VU, = a5

For the last term, we write D29, (f3.1,fax) = (For- V) {(f3.0- V) }—{(f21-V)fs 1} - Vb, Using (85)
and the fact that f5 ;, is a unit C! vector field, we have (fa - V)f3 = apf2r with ax uniformly bounded
in C1(B). Therefore

bo k D*y, (F3 1, Fo k) = bok(for - V)az g + bardr(fo k- V).
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As above, using (89) and (86), we deduce that the last term in the RHS of (91) has the desired form.
We conclude that (90) holds.

Similarly, multiplying the first part of (85) by ey and taking the divergence, we obtain that
V - {(ep ® €9)VP,} has the same form. Adding this result and (90), we conclude that 3, solves a
second order PDE on divergence form:

V- A(fsx@f31 +eg@eg) VP, } = a6,k + On, @17,k + Ons 18 k- (92)
By (88) the family of matrices
{fs0 @15, +es@eg}

is uniformly elliptic on B, uniformly in k. Using (86) and (92), classical elliptic theory implies that
{®,} is bounded in H!(B’) for every closed ball B’ in the interior of B. By (85) and (87) we deduce
that {V1,.} is also bounded in L?(B’). By Lemma 9 (seeAppendix), these L?-bounds on the gradients
together with the one-direction L>-bounds (85) imply that {3, } and {1, } are uniformly 1/3-Hélder
continuous on B’.

Finally we deduce from (85) and the fact that {fs;;} tends to e = (0,1) in L7S, that {5, } and
{1, } are also equicontinuous on bounded sets intersecting R x {0}. ]

By Lemma 7 and (84), Ascoli’s theorem implies the existence of (¢,) € C(R?, R?) and constants
{pr}r C R such that (up to a subsequence) {(B, %) — pr)}r converges to (¢,1)) uniformly on every
compact of R2. In the sequel, we identify R? with the complex plane C and we use both cartesian
and polar coordinates (na,n3) = re’ with r > 0 and # € R. Passing to the limit k T co in (81), we
obtain

©(1,0) —(—1,0) = 2. (93)

From (80), we have (fi,C V)b, — (e3 - V) in D'(R?). So (83) imply (e3 - V)¢ = 0 and v only
depends on ng as well as the distribution defined by « := —(es- V). Next using again (80) and (83),
we obtain @ — « in D'(R?). Finally, passing to the limit in (82), we obtain that

Vo — |nja(ng)e, € L. (R, R?)  and |Vy — |[n|a(nz)e,| < |n3| for ae. ne€ R (94)

loc

The couple (¢, o) inherits the symmetries (77) of the sequence (@}, @k ), so we have
p = —pol, a = —aol (95)

where we recall that I is the symmetry with respect to {ms = 0} on S? that turns through the
stereographic projection into the symmetry with respect to the axis {no = 0}. In particular ¢
vanishes on the axis {ng = 0}.

It turns out that the conditions (93), (94) and (95) are not compatible so we will obtain a contra-
diction, which proves Proposition 5. Namely:

Lemma 8. There is no couple (p,a) € C(R?) x D'(R) satisfying (93),(94) and (95).

The end of the paper is dedicated to the proof of Lemma 8.

A simple case: For convenience of the reader, we first prove Lemma 8 in the simple case of a C?
function ¢. The idea of the proof in the general case will be the same but some technical issues are to be
detailed. Assume that ¢ is of class C? and denote the angular derivative by %agw(rew) = eg-Vip(re'?).
By (94), a € L (R?). First, applying (94) on the unit circle r = 1, we obtain that

loc

|09p(e??)] < sind, 0<0<m.
Now from (93), we have
/ —0gp(e?)do = / sin 6 d6,
0 0
thus we have dpp(e??) = —sin6 for 0 < 6 < 7. Then (95) leads to p(e?®) = cosf for 0 < 6 < 7.

Therefore, (94) (where the equality holds for r = 1) yields

afcosf) = drp(e?), 0<0<m. (96)
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Moreover, using again (94), it results that

(%89(,0(7“6”))2 < r?sin®0  for 0< 6@ <mandr>0. (97)
This inequality is an equality for r = 1, so the derivatives with respect to r of the left and right hand
sides of (97) must be equal in » = 1. That means:
8T8950(ew) = —2sind, 0<0<m.
Combining with the symmetry (95) of « and (96), we obtain
alny) = 2na, —1<ng <1. (98)

To end the proof, we write (94) at n3 = 0 and using (98), it implies 0,,,(n2,0) = naa(ng) = 2n3.
This is not compatible with (93) since

1 1
4
o &) / On,p(n2)dny = / 2nZdny, = -
1 . 3

The general case: Here we only assume ¢ € C(R?). We begin by improving the regularity of .
Claim 1. The function ¢ is locally Lipschitz and « is locally bounded.

Proof. Using the polar coordinates, we write e3 = cos feg + sin fe, and

(e3-V)p = cosf(eg-V)p+sinb(e,-V)p
= cosf(eg- V) +sinb{(e, - V) — 2a(nz2)|n|} + 2a(nz)ns.

Denoting f := 2a(na)ns — (es - V)p, by (94), we know that f € L2 (R?), |f| < |ns|. Regularizing
with symmetric mollifiers in ne and ns the following distribution

2a(na)ng = (e3- V)p + f,

then integrating in nz on [0, 1] and letting the mollifiers to converge to Dirac masses, one proves that
a € L (R?) and satisfies

C

o) < lp(na.1) — pne.0) + 5 forac. m € R.
Combining with (94), we deduce that ¢ is locally Lipschitz. m
Claim 2. For every 0 < 6 < m, we have go(ew) = cos 0. Moreover the map
(0, +00) — LY(0,7), 7+ %69(,0(7“ exp(i-))
1s continuous at r = 1.

Proof. Since ¢ is Lipschitz, for every r > 0 the function ¢, : 6+ ¢(re'®) is absolutely continuous
with derivative 19p¢ (defined for H'—almost every ). From (94), we have that for almost every
r > 0:

1 .
rsinf 4+ —dpp(re?) > 0 for a.e. 6 € (0,m). (99)
r

Since the map r — ¢, with values in D'(R/27Z) is continuous, (99) holds for every » > 0. In
particular, if » = 1, integrating for 6 € (0, ), one has by (93):

/ (sin@ + 89(,0(6”)) df =0,
0

which implies by (99) that dpp(e?) = —sin6 a.e. in (0,7) and using (95) we obtain p(e?) = cos6
for 6 € (0, 7). Finally, by (93) and the continuity of ¢, we get

T 1 ; r—
/ (r sin 6 + —69(,0(7“619)) ao "= o,
- r

which means that the map 6 — %8990 converges to 0 — —sin@ in L'(0,7) as r tends to 1 which
establishes Claim 2. =
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Remark 6.1. In general if F : [0,1]> — R is Lipschitz, then the map [0,1] — L'(0,1), y

9. F(z,y) is not continuous. As a counterexample, let us set F(x, L) := s sin(2"z) for n > 1 and

z € [0,1]. Then we extend F(x,-) as an affine function on g, 5= |. It is easy to check that 0, F (-, y)
converges only weakly to 0 as y tends to 0.

Claim 3. We have a(ns2) = 2ng for a.e. —1 < mng < 1.
Proof. By (94), for almost every r > 0 and 0 € (0, ),

2

)

. 1 .
|0, 0(re?) — afrcosO)r]? < r?sin®6 — ‘;89(,0(7"616)

By Claim 2, the above RHS (as a function of #) tends to 0 in L*(0,7) as r — 1. Hence,

/|6T<p(rew)—a(rcose)|2d0 = .
0

(Here, we used that (r — 1)a(r cos0) =10 in L2 (0,7) because « is locally bounded.) Averaging for
radii s between 1 and r (r can be less than 1 or larger than 1) and using the identity ¢(e’?) = cos#,
we obtain

o(re’?) = cosf+ (r —1) ][ a(scos)ds + (r — 1)R(re?)  for a.e. € (0,7), (100)
1
with [ [R(re'?)* df "21 0. On the other hand, by (95), we have for all 6, € (0, 7) that
. b0 1 . o (1 .
p(re) = T/ —dpp(re?®)dd = 12 cosby Jrr/ {—89(,0(7"616) Jrrsin@} de.
w27 w2 LT
Plugging this equality in (100), we obtain
90 . T .
r {agw(rew) +rsinf} dd = (r—1) {][ a(scosby)ds — (r+1)cosby — R(rewo)} .
w/2 1

Finally, by (99), the integrand in the above LHS is non-negative which implies (dividing by = — 1 and
letting r | 1 and r T 1, respectively):

afcosfy) = 2cosby for a.e 0 < 6y <,

which proves Claim 3. (Here, we used that for a.e. 6y, cosfy is a Lebesgue point of «, i.e.,
lim, .1 ; a(scosby)ds = a(cosby).) "

Finally, we prove that (93),(94) and (95) lead to a contradiction. For that, we use (94) in the
neighborhood of {n3 = 0}. For almost every 6 € (0, 7), we have

—rsinf < 0. — 272 cos < rsinf for a.e. r > 0.

The continuity of ¢ implies that the above expression holds true for every 6 € (0, 7). Integrating in r
on (0,1) and letting 0 | 0 and 0 T =, since ¢(0,0) = 0 by (95), we obtain

4
90(150)790(7170) - §7
which contradicts (93). That concludes the proof of Proposition 5. L]
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7

Appendix

We used the following embedding theorem:

Lemma 9. Let By C R? be the disk of radius 2. Every function ¢ € H'(By) satisfying 010 € L>(Bs)
is +—Hdlder continuous on the unit disk, i.e., p € C%3(By) and

oty < 2 (1010l + 102l ) (101)

Proof. We first show that (101) holds for ¢ € C*(Bsy). For that, let (z,y) € B and we will estimate
o(x,y) —¢(0,0). First, we have that

oz, y) = (0,9)] < 1010l L= () 2] < 101 Lo (o) 2]/

[yl

1/3
For ¢§ := (7) € (0,1), we compute

5
l(0,y) —(0,0)] < +][ lo(2,y) — o(a’,0)| dz’

-0

o
©(0,y) *][ o(z',y) da’

-0

5
+‘<p(0,0) —][ o(2',0) dx’
_5

g y

< 010l + | [ onpta’y) dyf |
—0 0
'

< aorellca + (L) 10plinca)

<

< |y|1/3<||3190||mo(32) T |82@|LZ<BZ>).

Therefore,

lo(z,y) — ©(0,0)] < 2|(z,y)|** (IalsollLoo<B2> + ||52<P|L2<Bz>)

and (101) holds. For a general function ¢, one can use a density argument (by regularizing ¢ with
mollifiers in direction  and y) and conclude by passing to the limit in (101). m
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