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Abstract

In this paper, we extend the globally convergent steering algorithm introduced in [13]
for regular nonholonomic systems to general systems with singularities. This extension
is based on the explicit construction of a lifted system which is regular. We also propose
an exact motion planning method for nilpotent systems, which makes use of sinusoidal
control laws and generalizes the algorithm presented in [19] for steering chained-form
systems. It gives rise to smooth trajectories, leading to possible dynamical extension.

Contents
Introduction

Steering by Approximation
2.1 First order approximation and approximate steering method . . . . . . . . ..
2.2 Privileged coordinates and distance estimation . . . . . .. ... ..o

Desingularization by Lifting

3.1 P. Hall basis on a free Lie algebra and evaluationmap . . . . . . . ... .. ..
3.2 Canonical form of a nilpotent free Lie algebra . . . . . . . ... ... ... ..
3.3 Desingularization algorithm . . . . . .. ... ... o 0oL
3.4 Proof of Theorem 3.5 . . . . . . . . . . . ...

Global Steering Method for Regular Systems
4.1 Construction of the approximate system . . . . .. ... ... ... ... ...
4.2 Global approximate steering algorithm for regular systems . . . . . ... . ..

Exact Steering Method for Nilpotent Systems

5.1 Steering by sinusoids . . . . . ...

5.2 Choice of frequencies . . . . . . . . ...
5.2.1 A simple case: m=2and Card (£J)=1 .. .. ... ... ... ....
5.2.2 A more general case: m =2 and Card (£J) >1 ... ... ... ... ..

IS

10
11
12
14
17

25
26
27

*Y. Chitour is with L2S, Université Paris-Sud XI, CNRS and Supélec, Gif-sur-Yvette, 91192, France.

yacine.chitour@lss.supelec.fr

TF. Jean is with UMA, ENSTA ParisTech, Paris, 75739, France. fjean@ensta.fr

R. Long is with CMAP, Ecole Polytechnique, Palaiseau, 91128, France. long@cmap.polytechnique.fr

$This work was supported by grants from DIGITEO and Région Ile-de-France.



5.2.3 General case: m > 2 . ..., 46

5.3 Numerical implementation issues . . . . . . . . . . .. ... L. 46
6 User’s Guide 48
7 Conclusion 48

1 Introduction

Nonholonomic systems have been attracting the attention of the scientific community for many
years by the theoretical challenges they offer and several important applications they cover.
In this paper, we address the motion planning problem for a general class of nonholonomic
systems, i.e, for driftless control-affine nonholonomic system given by

T = ZuiXi(x)a z €, (1)
i=1
where (2 is an open connected subset of R", X;,...,X,, are C'™ vector fields on 2 and u =

(Ug, ... um) € R™,

This issue has been solved for some specific classes of driftless noholonomic systems by
effective techniques among which a Lie bracket method for steering nilpotentizable systems
(see [15] and [16]), sinusoidal controls for chained-form systems (see [19]), and trajectory
generation method for flat systems (see [8]). However, there exist nonholonomic systems
whose kinematic model does not fall into any of the aforementioned categories. For instance,
mobile robots with more than one trailer cannot be transformed in chained-form unless each
trailer is hinged to the midpoint of the previous wheel axle, an unusual situation in real
vehicles. Another similar example is the rolling-body problem. Even the simplest model in
this category, the so-called plate-ball system, does not allow any chained-form transformation
and is not flat. For general 2-input systems, as long as the dimension of the state space
reaches 5, exact nilpotentizability becomes the exception rather than the rule. Techniques
about steering general nonholonomic systems have also been proposed by several authors. We
can take some examples such as the iterative method of [16], the generic loop method of [20],
and the continuation method of [6] and [24]. However, the two first methods require an a priori
estimation of some “critical distance" which is in general an unknown parameter in practice.
In the third method, proving global existence of solution for the path lifting equation turns
out to be a hard issue and it can be achieved only under strong assumptions (see |4, 5, 7]).

This paper takes as starting point the globally convergent algorithm for steering reqular
nonholonomic systems discussed in [13]. Let us recall how this algorithm works: one first
solves the motion planning problem for a control system “approximating" system (1) in a
suitable sense, one then applies the resulting input @ to (1) and iterates the procedure from
the current point. If we use Z(¢,x,, 1), t € [0,T] to denote a trajectory of the “approximate"
system starting from x,, a local version of this algorithm is summarized as follows, where d is
an appropriate distance to be defined in the next section.

We note that Algorithm 1 converges locally provided that the function AppSteer is con-
tractive with respect to the distance d, i.e., for x; € €, there exists ,, > 0 and ¢ € (0, 1) such
that

d(AppSteer(x,z1),z1) < cd(z1, x), for x € Q, and d(z1, ) < &,. (2)



Algorithm 1 Local Approximation Steering (LAS)
Require: zg, x1, €
k= 0;
* = z0;
while d(z*,z,) > e do
Compute @* such that z; = (T, x
28t = AppSteer (2%, 21) := (T, 2*, 0%);
k=Fk+1;
end while

Assume now that we have a uniformly contractive function AppSteer on a compact set
K C Q, i.e. there exists e > 0 and ¢ € (0,1) such that

d(AppSteer(z, 1), z1) < cd(zy,x), for x,2y € K, and d(z1,7) < ek. (3)

Based on the local algorithm, a global approximate steering algorithm on K can be built
along the line of the following idea': Consider a parameterized path v C K connecting g

to 1. Then choose a finite sequence of intermediate goals {zd = xg,2¢,... 2% = 2;} on v
such that d(z¢ |, 2) < ¢/2, 4 = 0,...,n. One can prove that the iterated application of a

uniformly contractive AppSteer(zi~1, z¢) from the current state to the next subgoal (having
set ¢ = x1, for i > n) yields a sequence z* converging to x;.

To turn the above idea into a practically efficient algorithm, three issues must be success-
fully addressed:

(P-1) Construct a uniformly contractive local approximate steering method;

(P-2) The “approximate" control #* must be exact for steering the “approximate system" from
the current point 2% to the final point x;. As this computation occurs in each iteration,
it must be performed in a reasonable time;

(P-3) Since the knowledge of the “critical distance" €k is not available in practice, the algorithm
should achieve global convergence without knowing .

In [13], Issue (P-1) was solved by assuming the control system to be regular. As regards
Issue (P-2), a general method was proposed in [15] and [16] for computing @. Then, the authors
proposed in [13] a globally convergent motion planning algorithm solving Issue (P-3) and not
requiring a priori knowledge on the “critical distance" €. However, two main drawbacks come
up along the lines of the previous solution. Firstly, the regularity assumption is restrictive since
general nonholonomic systems do exhibit singularities. Secondly, & computed as above is not
suited for practical applications: for instance, a large number of maneuvers is unavoidable as
well as the inversion of a nonlinear algebraic system.

In this paper, we first completely solve Issue (P-1), i.e., remove the regularity assumption of
[13] and extend it to general driftless control-affine nonholonomic systems. This generalization
is based on the construction of a “lifted" control system which generates a free Lie algebra up
to certain step. This system contains only regular points and the algorithm introduced in [13]
can thus be applied.

LA similar idea was proposed in [16].



In a second step, we present an algorithm using sinusoidal inputs for exact steering of
general nilpotent systems. In particular, the algorithm is applied for controlling the approx-
imate system used in [13], which is nilpotent. Our method generalizes the one proposed in
[19] for controlling chained-form systems and we next briefly recall it. After havin put the
system under a “canonical” form, one proceeds by controlling component after component by
using, for each component, two sinusoids with suitable frequencies. For general systems, we
show, in the present paper, that with more frequencies for each component, one can steer an
arbitrary component independently on the other components. As a consequence, we are able
to construct control laws which give rise to C' trajectories. This property will enable us to
deal with dynamical extensions.

The paper is organized as follows. In Section 2, we define properly the notion of first
order approximation. We then propose in Section 3 a purely polynomial desingularization
procedure based on a lifting method. In Section 4, we describe in detail the globally convergent
steering algorithm given in [13] for regular systems together with a proof of convergence. In
Section 5, we present an exact steering method for nilpotent systems using sinusoids. Before
the conclusion, we provide in Section 6 a user’s guide which summarizes the global motion
planning strategy developed in this paper.

2 Steering by Approximation

2.1 First order approximation and approximate steering method

Let © be an open connected subset of R”, and V F(2) the set of C* vector fields on €. Let
m be an integer smaller than n. Consider m vector fields Xj,..., X, of VF(Q), and the
associated driftless control-affine nonholonomic system given by

= ZuiXi(a:), x € Q, (4)
i=1
where the input u(t) = (uy(t),...,un,(t)) € R™ is an integrable vector-valued function defined

on [0,T] with T" a positive real number.

Given z, € Q, let x(s, x4, u), s € [0,T] be the trajectory of (4) starting from x, under the
action of the input function u. A point x € € is said to be accessible from z,, if there exists an
input w : [0,7] — R™ and a time ¢ € [0, 7] such that © = (¢, z,,u). Chow’s Theorem states
that any two points in ) are accessible from each other if the elements of the Lie algebra
L(X) generated by the vectors fields X, ..., X,, form an n-dimensional vector space at each
point (see [1]). As System (4) is driftless, Chow’s condition implies controllability in the usual
sense (see [21]). Throughout this paper, we assume that System (4) is controllable. Then,
the motion planning problem is the following: given two points xg, x1 € €2, find an input «
such that z(T, zo,u) = 1. Before bringing a solution to this problem, we first provide useful
definitions. We refer the reader to [1] for more details.

Definition 2.1 (Length of an input). The length of an input w is defined by

/ JEBO + -+ (b,

and the length of a trajectory x(-, x4, u) is defined by

Hx( xq,u)) = U(u).




The appropriate notion of distance associated with the control system (4) and closely re-
lated to the notion of accessibility is the sub-Riemannian distance, also called control distance.

Definition 2.2 (Sub-Riemannian distance). The vector fields X7, ..., X,, induce a function
d on 2, defined by
d(x1, ) = inf l(x(-, z1,u)), (5)

where the infimum is taken over all the inputs u such that x(-, x1,u) is defined on [0, 7] and
z(T,z1,u) = xo. We will say that the function d is the sub-Riemannian distance associated
with Xl, ce ,Xm-

Remark 2.1. The function d defined above is a distance in the usual sense, i.e., it verifies (i)
d(zy,m9) > 05 (i) d(x1,x2) = 0 if and only if xy = xo; (iil) symmetry: d(z1,22) = d(za, x1);
(iv) triangle inequality: d(z1,x3) < d(x1,x2) + d(xe, 3).

Remark 2.2. We have that d(x;,25) < oo if and only if z; and z, are accessible from each
other.

Definition 2.3 (Nonholonomic derivatives of a function). The first-order nonholonomic deriva-
tives of f are the Lie derivatives X;f of f along X;, i« = 1,...,m. Similarly, X;(X;f),
1,7 =1,...,m are called the second-order nonholonomic derivatives of f, and more generally,
Xiy - Xi fy i1, .. ig €{1,...,m} are the k™-order nonholonomic derivatives of f.

Proposition 2.1 (|1, Proposition 4.10, page 34|). Let s be a non-negative integer. For a
smooth function f defined near z, € €2, the following conditions are equivalent:

(i) f(z) = O(d*(z,x,)) for x in a neighborhood of x,;
(ii) All the nonholonomic derivatives of order < s —1 of f vanish at z,.

Definition 2.4 (Nonholonomic order of a function). Let s € N and f be a smooth real-valued
function defined on Q. If Condition (i) or (ii) of Proposition 2.1 holds, we say that f is of
order > s at x,. If f is of order > s but not of order > s + 1 at x,, we say that f is of order
s at x,. The order of f at x, will be denoted by ord,, (f).

Definition 2.5 (Nonholonomic order of a vector field). Let ¢ € Z. A vector field Y € VF(Q)
is of order > q at z, if, for every non-negative integer s and every smooth function f of order
s at x,, Y[ is of order > ¢ + s at x,. If Y is of order > ¢ but not > ¢ + 1, it is of order q at
z,. The order of Y at x, will be denoted by ord,, (V).

Definition 2.6 (Nonholonomic first order approximation at x,). An m-tuple
X0 = (X7, .., X%

defined on B(xg, pz,) = {x € Q, d(z,x,) < pg, } with p,, > 0 is the nonholonomic first order
approzimation of X := (Xi,...,X;n) at z, if the vector fields X; — X[, for i = 1,...,m, are
of order > 0 at x,. The positive number p,, is called the approzimate radius at xz,.

Remark 2.3. As a consequence of Definition 2.6, one gets that the nonholonomic order at z,
defined by the vector fields X7, ..., X** coincides with the one defined by Xj,..., X,,.



Definition 2.7 (Nonholonomic first order approzimation on ). The nonholonomic first order
approzimation of X on € is a mapping A which associates to every z, € ) the first order
approximation of X at x, defined on B(xz,,ps,), i.e., A(z,) := X% on B(z,,ps,). The
approzimation radius function of A is the function p : Q — (0, 00) which associates to every
x, its approximate radius p,,, i.e., p(xy) = pa,-

In the sequel, the nonholonomic first-order approximations will simply be called approzima-
tions. Useful properties of approximations are continuity and nilpotency.

Definition 2.8 (Continuity and nilpotency of an approximation). Let A : x, — X be an
approximation on (2.

e We say that A is continuous if

(i) the mapping (z,,z) — A(z,)(x) is defined and, for every z, € €, is continuous on
a neighborhood of (z,,z,) € Q x £;
(ii) the approximation radius function p of A is continuous.

e We say that A is nilpotent of step s € N if, for every z, € Q, the Lie algebra generated
by X%« is nilpotent of step s.

We also need to define precisely the notion of steering law for an approximation.

Definition 2.9 (Steering law for an approximation). Let A : z, — X be an approximation
on ) and p its approximation radius function. A steering law of A is a mapping which, to
every pair (z,z,) € 2 x Q verifying d(x,,z) < p(x,), associates an integrable input function
@ : [0,t] — R™, henceforth called a steering control, such that the trajectory Z(-,x,a) of the
approximate control system

= uXi () (6)

is defined on [0, 7] and satisfies &(7', z,4) = z,. In other words, @(-) steers (6) from z to z,.

Given X, an approximation A of X, and a steering law for A, we define a local approzimate
steering method for X as follows.

Definition 2.10 (Local approzimate steering). Let z, € Q. For x € B(x,, p(z,)), let a(-)
be one steering control of A(x,) between x and x,. The local approximate steering (LAS for
short) method associated to A and its steering law is the function defined on €2 x Q2 by

AppSteer(x, z,) := x(T, z,0).

Definition 2.11 (Contractive and uniformly contractive). A LAS method is contractive if,
for every x, € €2, there exists €,, > 0 such that the following implication holds true:

d(Tq,7) < €4, = d(x4, AppSteer(z,z,)) < d(xq, )7,

where 5 > 0 is independent of z,. A LAS method is uniformly contractive on a compact set
K C Qif it is contractive and if €., is independent of x,, i.e., there exists ex > 0 such that,
for every pair (z,,x) € K x K, the following implication holds true:

d(z4,2) < ex = d(z4, AppSteer(z,z,)) < d(xq, ).



Remark 2.4. We will show that if X is an approximation of X at x,, the corresponding
AppSteer function is contractive in a neighborhood of x,. By the Fixed Point Theorem, one
gets local convergence of Algorithm 1 (LAS). However, in order to obtain a globally convergent
algorithm from LAS, one needs AppSteer to be uniformly contractive. In other words, the
mapping A needs to be continuous in the sense of Definition 2.8.

2.2 Privileged coordinates and distance estimation

A special class of coordinates, called privileged coordinates and defined below, turns out to
be a useful tool to compute the order of functions and vector fields, and to estimate the
sub-Riemannian distance d.

Recall first that the length of elements in L(X) is defined by induction as

AX;) = 1, fori=1,...,m; (7)
A([X[,X]]) = A(X[) —|—A<XJ), with X[,X] S L(X) (8)

We will use L*(X) to denote the Lie sub-algebra of elements of length not greater than s € N.
Take z € Q and let L°(x) be the vector space generated by the values at x of elements
belonging to L*(X). The controllability of System (4) guarantees that there exists a smallest
integer r := r(z) such that dim L"(z) = n. This integer is called the degree of nonholonomy
at x.

Definition 2.12 (Growth vector). For z, € Q, let ny(z,) := dim L*(z,), s = 1,...,7r. The
sequence

(n1(xa), ... ne(z4))

is the growth vector of X at z,.

Definition 2.13 (Regular and singular points). A point z, € Q is said to be regular if the
growth vector remains constant in a neighborhood of x,and, otherwise, xz, is said to be singular.

Note that regular points form an open and dense set in ).

Definition 2.14 (Weight). For z, € Q and j = 1,...,n, let w; := wj(x,) € N be defined
by setting w; = s if n,_; < j < n,, with ng := ny(x,) and ny := 0. The integers w;, for
j=1,...,n are called the weight at x,.

Remark 2.5. The meaning of Definition 2.14 is best understood in term of a basis of the
tangent space of ) at x, denoted by 7, €. Choose first some vector fields Wy,... W, in
LY(X) such that Wi(z,),..., Wy, (z,) form a basis of L'(z,). Choose then other vectors
fields W, 11, ..., Wy, in L*(X) such that Wy(z,),..., Wy,(x,) form a basis of L?*(z,). For
every s € N, choose W,,, ,11,..., Wy, in L?(X) such that Wi(z,), ..., W, (z,) form a basis of
L*(x,). We obtain in this way a sequence of vector fields Wy, ..., W, such that

Wi(xg), ..., Wy(x,) is a basis of T, €, ()
W;e LV i=1,...,n.

A sequence of vector fields verifying Eq. (9) is called an adapted frame at x,. The word
“adapted" means “adapted to the flag L'(z,) C L*(z,) C --- C L"(z,) = T,,§, since the
values at z, of an adapted frame contain a basis Wi (z,), ..., W, (z,) of every subspace L*(z,)
of the flag. The values of W1,..., W, at z;, near z, form also a basis of T;,(2. However, this
basis is not adapted to the flag L'(z,) C L?(x) C -+ - C L™ () = T, Q2 if 2, is singular.
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Definition 2.15 (Privileged coordinates at xz,). A system of privileged coordinates at x, € Q

is a system of local coordinates (z1,...,2,) centered at x, (the image of z, is 0) such that
ord,, (z;) =wj, for j=1,... n.
Remark 2.6. For every system of local coordinates (yi,...,¥,) centered at x,, we have, up

to a re-ordering, ord,, (y;) < w; or without re-ordering, » ", ord,, (y;) = >\, w;.
The order at z, € € of functions and vector fields expressed in a system of privileged
coordinates (z1, ..., z,) centered at x, can be evaluated algebraically as follows:

Qn

an is equal to its weighted degree

e The order of the monomial 2" ...z

w(a) == wiag + -+ whap;

e The order of a function f(z) at z = 0 is the least weighted degree of the monomials
occurring in the Taylor expansion of f at 0;

e The order of the monomial vector field 2" ...zy"0,, is equal to its weighted degree
w(a) — wj, where one assigns the weight —w; to 9., at 0;

e The order of a vector field h(2) = "7, h;j(2)0;; at z = 0 is the least weighted degree of
the monomials occurring in the Taylor expansion of h at 0.

Definition 2.16 (Continuously varying system of privileged coordinates on ). A continuously
varying system of privileged coordinates on §) is a mapping @, with values in R”, defined and
continuous on a neighborhood of (z,,x,) € 2 x £ such that the partial mapping z := ®(x,, -)
is a system of privileged coordinates at x,. In this case, there exists a continuous function
p: Q2 — (0,+00) such that the coordinates ®(xz,,-) are defined on B(z,, p(x,)). We call p an
mjectivity radius function of ®.

Definition 2.17 (Pseudonorm). Given the system of privileged coordinates (z1, ..., z,) cen-
tered at x,, the function
2llay := a0 e L,

where wy, ..., w, are weights at z,, is called a pseudonorm at z,.

Privileged coordinates provide estimates of the sub-Riemannian distance d, according to
the following result.

Theorem 2.2 (Ball-Box Theorem [1]|). Consider (Xi,...,X,) € VF(Q)™, a point z, € Q,
and a system of privileged coordinates z at x,. There exist positive constants Cy(x,) and e4(x,)
such that, for every x € Q with d(x,,x) < £4(x,), one has

1
Cd(l‘a)
If Q contains only reqular points and if ® is a continuously varying system of privileged

coordinates on ), then there exist continuous positive functions Cy(-) and e4(-) on Q such that
inequality (10) holds true with z = ®(x,,-) at all (z,x,) satisfying d(x,x,) < c4(z4).

12(2)|za < d(2a, %) < Cala) [[2(2)]|, - (10)



Corollary 2.3. Let K be a compact subset of Q). Assume that K contains only reqular points
and there exists a continuously varying system of privileged coordinates ® on K. Then the
AppSteer function in the LAS method is uniformly contractive on K. Moreover there exist
positive constants Cx and e such that, for every pair (xq,x) € K x K verifying d(z,, ) < €k,

one has
C%{Hz(x) — 2(@a )|z < d(20, %) < Ckll2(z) — 2(20) |2 (11)

where z 1= ®(x,, ).

Privileged coordinates also allow one to measure the error obtained when X is replaced by
an approximation X.
Proposition 2.4 (|1, Prop. 7.29]). Consider a point x, € Q, a system of privileged coordinates
z at x,, and an approximation X of X at z,. Then, there exist positive constants Ce(x,) and
ge(xq) such that, for every x € Q with d(z,,x) < e.(x,) and every integrable input function
u(-) with {(u) < e.(x,), one has

l2(2(T, 2, w)) = 2(2(T, 2, u)) o, < Ce(wa) max (|l2(2)]s,, £(w)) €)', (12)

where r is the degree of nonholonomy at xz,, x(-,z,u) and Z(-,x,u) are the trajectories of
=" wX(x), and & =", u; X;(z) respectively.

If Q0 contains only reqular points, ® is a continuously varying system of privileged coor-
dinates on Q, and A a continuous approrimation of X on €, then there exist continuous
positive functions Ce(-) and e.(-) such that inequality (12) holds true, with z = ®(x,,-) and
X = A(zy), for every pair (z,z,) € Q x Q with d(z,z,) < o(za) and every integrable input
function u(-) with £(u) < e.(x,).

Corollary 2.5. Let K be a compact subset of ). Assume that K contains only reqular points
and there exists a continuously varying system of privileged coordinates ® on K, and A a
continuous approrimation of X on K. Then, up to reducing cx occurring in Corollary 2.3,
for every pair (xz.,z) € K x K wverifying d(z,,x) < ek, one has

1
d(AppSteer(x, z,),x,) < §d($€, Ta), (13)

1
lz(AppSteer(z, za))|lzs < 5 [l2(2)]lz.. (14)

Remark 2.7. Since the growth vector and the weights do not remain constant in any open
neighborhood of a singular point, privileged coordinates z cannot vary continuously in any
open neighborhood of that singular point . Therefore, around a singular point, the distance
estimations Egs. (11) and (14) based on privileged coordinates do not hold true uniformly.
In particular, if (x,,) is a sequence of regular points converging to a singular point x, (this is
possible since regular points are dense in ), the sequences g4(,,) and e.(z,,) tend to zero
whereas £4(,) and e4(z,) are not equal to zero.

Remark 2.8. A similar discontinuity issue of course occurs for the approximate system. In-
deed, if z, is a singular point, the growth vector and the weights of the associated privileged
coordinates at x, change around z,, implying a change of the truncation order in the Taylor ex-
pansion of the vector fields. Therefore, the approximate vector fields cannot vary continuously
when approaching a singular point.



3 Desingularization by Lifting

Since general nonholonomic systems exhibit singular points, the estimations (11) and (14)
cannot hold uniformly on 2 (see Remark 2.7). Therefore, global convergence of the motion
planning algorithm presented in Section 4.2 is not guaranteed for general nonholonomic sys-
tems. In this section, we present a purely algebraic procedure of desingularization for general
nonholonomic systems. Assume that the vector fields X = {X;,..., X,,} C VF(Q) are given
in a certain system of coordinates z = (zy,...,x,) and the maximum degree of nonholonomy
of X is equal to 7.

The strategy consists in “ lifting " the vector fields X to some extended ones & = {&;,...,&n}
defined on some extended domain € := Q x R”, with 7 € N to be defined later, so that:

(i) for i =1,...,m, & has the following form in coordinates = := (z,y),
gi(xa y) = Xz(aj) + Z bj(ma y)ayja
j=1

where y is a system of coordinates in R” and b;, for 5 =1,...,n, are smooth functions;
(ii) the vector fields {&1,...,&,} generate a free Lie algebra up to step r.

Point (i) guarantees that, if we consider the canonical projector = from Q to Q defined by
7(z) = x with ¥ = (z,y) € 2, one has

m.&i(T) = Xi(m(7)),

where 7,§; is the push-forward of &; by m, defined by 7.£(z) := Dmz&;(7), with Drz denoting
the value of the differential of 7 at Z. In other words, for 7 € Q and z = (), one obtains
Xi(z),..., Xpn(x) by projecting & (T), ..., 4n(Z) on the tangent space of Q at x. Thus, the
projection by 7 of trajectories of the following control system

T=> w(7), with ¥ € Q, (15)
=1

gives rise to trajectories of (4). Therefore, in order to steer System (4) from p to ¢ with
(p,q) € Q2 x Q, it suffices to steer System (15) from p := (p,0) to ¢ := (g, 0).

Point (ii) guarantees that System (15) is regular. Indeed, since & generates a free Lie
algebra up to step r, the growth vector is constant at every point x € Q. Moreover, we will
construct during the lifting process a continuous varying system of privileged coordinates for
¢ such that the nonholonomic first order approximation of (15) is in a “canonical" form which
can be exactly controlled by sinusoids (see Section 5). Therefore, the algorithm presented in
Section 4.2 can be applied to the motion planning of System (15), and it is globally convergent
by Theorem 4.1 and Proposition 4.2.

We start this section by presenting some general facts on free Lie algebras, namely the P.
Hall basis in Subsection 3.1, and the canonical form of a nilpotent Lie algebra of step r in
Subsection 3.2. We then give a desingularization procedure in Subsection 3.3. The proofs of
the results stated in Subsection 3.3 will be gathered in Subsection 3.4.
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3.1 P. Hall basis on a free Lie algebra and evaluation map

In this subsection, we present some general facts on free Lie algebras. The reader is referred
to [3] for more details. Consider Z := {1,...,m}, and the free Lie algebra £(Z) generated by
the elements of Z. Recall that £(Z) is the R-vector space generated by the elements of Z and
their formal brackets, together with the relations of skew-symmetry and the Jacobi identity
enforced (see [3] for more details). The length of an element I of a free Lie algebra £(Z) is
well defined via Eqgs. (7) and (8), and is denoted by |I|. We use L£5(Z) to denote the subspace
generated by elements of £(Z) of length not greater than s. Let 15 be the dimension of £°(Z).

A P. Hall basis of L(T) is a totally ordered set of elements H := {I;};en of L£(Z) defined
as follows.

Definition 3.1 (P. Hall basis). A subset H := {I; }jen of L(T) is the P. Hall basis of L(T) if
(H1), (H2), (H3), and (H4) are verified.

(

(H2) {1,...,m} C H, and we impose that 1 <2 < -+ <m;

(H3) every element of length 2 in H is in the form [[;, I;] with (I;,1;) € T x Z and I; < I};
(

)
)
)
H4) an element I, € L(Z) of length greater than 3 belongs to H if Iy = [Ix,, [y, Iks)]

with Ikl,IkQ,Ik3, and [Ik271k3] belonging to H, Ik2 < Ik3, [kg < [kl or Ik2 = Ik17 and
Ikl < [Ik2,[k3].

The elements of ‘H form a basis of £(Z), and “ <" defines a strict and total order over the set
H. In the sequel, we use I; to denote the k' element of H with respect to the order “ < 7.
Let H?® be the subset of H of all the elements of length not greater than s. The elements of H*
form a basis of £*(Z) and Card(H?®) = ns. We also consider the set G* made of the elements

in H of length equal to s. One has G® = H*\ ‘H*~!. The cardinal of G* will be denoted by %s.
By (H1)—(H4), every element I; € H can be expanded in a unique way as

[j:[]kuukzv"' >[]ki’]k]"'“’ (16)

with ky > -+ > k;, k; < k, and k € {1,...,7,}. In that case, the element I; is said to be a
direct descendent of I, and we write ¢(j) := k. For I; € H", the expansion (16) also associates
with I; € H a sequence o; = (al,...,a]") in Z™ defined by

P 0
af = Card {s € {1,...,i},k, = (}.
By construction, one has a? =0for ¢ >j,and o; = (0,...,0) for 1 < j < my.

The P. Hall basis H induces, via the evaluation map, a generating family of the control Lie
algebra L(X) associated with the vector fields Xy,..., X,, involved in System (4).

Definition 3.2 (Evaluation map). The evaluation map Ex defined on £(Z), with values in
L(X), assigns to every I € L(Z) the vector field X; := Ex(I) obtained by plugging in X;,
i =1,...,m, for the corresponding letter .

11



Definition 3.3 (P. Hall family). The P. Hall family Hy associated to the vector fields X =
{Xy,...,X,,} is defined by
HX = {EX(I),I € H},

where Ex is the evaluation map and H is the P. Hall basis of the free Lie algebra L£(T)
constructed over Z = {1,...,m}. Then, Hy also inherits the ordering and the numbering of
the elements in H induced by (H1)-(H4).

Note that Hx is only a generating family of L(X) and is not always a basis of L(X).

3.2 Canonical form of a nilpotent free Lie algebra

We present in this subsection the construction of some canonical form of nilpotent free Lie
algebra proposed by Grayson and Grossman in [9] and [10]. Similar results were also obtained
by Sussmann in [21].

Definition 3.4 (Free up to step s). Let s be a positive integer such that 1 < s <r. A family
of vector fields &€ = {&;,...,&,} defined on a subset 2 of R™ is said to be free up to step s if,
for every T € Q, the growth vector (ny(Z),...,ns(x)) is equal to (7, ..., Ng).

Remark 3.1. If ¢ defined on Q C R is free up to step r, every point of Qs reqular.

Definition 3.5 (Free weights). Let £ = {&1,...,&,} be free up to step r on Q C R". The
integers wy, ..., ws,, where w; = s if ny_1(T) < j < ng(7) for every T € Q are called the free
weights at T.

Let v := {vy,...,v5} be a system of coordinates in R™. For j = 1,...,7,, we assign to V;
the weight w; at 0, and to d,, the weight —w; at 0. Then, the weighted degree of a monomial

ny

of the form v ... v%ﬂ is equal to

w(a) == waq + -+ + Wx, o,

and the weighted degree of a monomial vector field vy ... vgfr L, is equal to w(a) — wj.

We now construct m vector fields D := {Dy,..., D,,} in coordinates v such that D is free
up to step r.

For every I; € H', let a; be the sequence associated with I; (see Subsection 3.1). Define
the monomial P ; associated with I; by

v
Py j(v) = ol (17)
ol
where v = HU/ , and ol = Haﬁ!. The monomial P ; can also be defined inductively
¢ ¢
by the following formulas.
Pk7j = 1 iijGHl and I]:Ik,
Poj = — 2Py, it L =[] and 6(j) = k. (18)
&]1 + 1

J2

We note that P, ; = 0 in other cases.
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Theorem 3.1 (|9, 10]). With above notations, define m vector fields in coordinates v as follows

D1 = &)1,

Dy = 0, + Z Py ;0,,,
2<|;|<r
#(j)=2

Dy = Op,+ > Pujoy,.
2<|1;|<r
¢(j)=m

Then, the Lie algebra generated by D :={D, ..., D} is free to step r, and one has

Dy, (0) = 0,,, forl; € H',

J

where Dy, = Ep(1;), where Ep is used to denote the evaluation map with values in the Lie
algebra generated by D.

The proof of Theorem 3.1 goes by induction on the length of elements in the Lie algebra
generated by D. The reader is referred to [10] for a complete development.

Corollary 3.2. For all I, € H", Dy, has the following form

D, =0,+ Y  Pfo, (19)
LiEH™, [1i|>[ 1
where all non zero polynomials Pf are homogeneous of weighted degree equal to |I;| — |1
Corollary 3.3. Fori=1,...,m, we define m derivations D; as follows

D’i = avi _'_ Z Pi,kavk + Z Pi,kavj7
2§‘I;€‘§HT71 IjES
P(k)=i ¢(j)=i
where S is an arbitrary non-empty subset of G". Then,

o if [, e H"1US, we have

Dy =0, + > PFo,

5 Gvs>
IieH™—1US, |I;|>|1x]

o if [, € G"\ S, we have le = 0.

Definition 3.6 (Canonical form). A family of vector fields X = {Xy,..., X} is said to be
in canonical form in a system of coordinates v if for ¢ = 1,...,m, one has

’U*Xi = Di,

where we use v, X; to denote the push-forward of X; by v.
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Consider now the control system given by
0= Z u; D;(v), for v e R™, (20)
i=1

Writing (20) component by component, one has

i)j = Pk‘,j(”l? e ,’Uj_l)Uj lf Qb(]) = k’, and j = 1, e 7ﬁr7 (21)
or inductively,
b= by, L =1, 1,], andj=1,...,7. (22)
aj, +1
More explicitly, one has
. L, . k
U = val%, if X;, = adijl X1, (23)
where ad])C(Ijl )(]].2 = [X]jl, [X[jl, oo ’[lelj’ X[jz}, with )(]j2 = [X[].3,X[j4] and ]jg < ]jl' The
k t;rrnes

inductive formula (23) will be used in Section 5.

Theorem 3.4 (|21]). Assume that the family of vector fields X = {X;,..., X,,} generates a
nilpotent free Lie algebra up to step r. Then, in the canonical coordinates of the second kind
(z1,...,25,) associated with the P. Hall basis Hx, the control system & = Y " w; X;(x) is in
canonical form.

Recall that the canonical coordinates of the second kind associated with Hy is the inverse of
the local diffeomorphism

(21,1 25,) ¥ p € 00 e with p € R™, (24)
where we use e*X! to denote the flow of X;.

Remark 3.2. The canonical coordinates of the second kind require to determine the flow of
the control vector fields, i.e. to integrate some differential equations. In general, there does
not exist algebraic change of coordinates between an arbitrary system of coordinates and the
canonical coordinates of the second kind.

3.3 Desingularization algorithm

Assume that we now work on a compact subset K of 2 C R™. Let r be the maximum of
the degree of nonholonomy of System (4) on K. Consider the P. Hall basis H" of the free
Lie algebra L£7(Z) of step r with Z = {1,...,m}. Choose now a set J C H" of cardinal n as
follows

J=A{h,....I,| [jeH forj=1,...,n, and I < [; for 1 <k <i <n}. (25)

Define J° := {I; € J, with |I;| = s}, and denote by k, the cardinal of J°. We also define
the domain V; C Q by

V7 :={ p € Q such that det(Xy, (p),..., X, (p)) #0 }, (26)
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where X := Ex(/;). This definition implies, in particular, that V7 is open in €2, possibly
empty, and for every p € V7, the family of vectors { Xy, (p),..., Xy, (p)} forms a basis of the
tangent space of V. at p.

Since K is compact, there exist J1,. ..,y defined as in Eq. (25) such that

M
K=|Jvs. (27)
i=1

One deduces from (27) a compact covering of K in the form

M
K=Jvs. (28)
=1

where, for ¢ = 1,..., M, the set V7 C Vg, is compact.

Take one J among [J1,...,Jv. Let a be a point of V7. In the sequel, we construct, by
induction on the length of elements in a free Lie algebra, m vector fields £ = {&1,...,&m}
defined on V7 x R™~" which is free up to step r. At the same time, we give in canonical
form a nonholonomic first order approximation of ¢ at @ := (a,0) € V7 x R, For s > 2,
we define G* := H*® \ H*!, and we will use 12:5 to denote the cardinal of G°. Assume that the
vector fields { X7, ..., X,,} are given in a system of coordinates x.

Desingularization Algorithm (DA)

e Step 1:
(1-1) Define V' := Vs xRF =k and K == HYU(J\J?). Let o' be a system of coordinates
in R¥=%1: Let a' := (a,0) € VY
(1-2) define {&],..., &L} on V! in coordinates (z,v') as follows:

0 forie J*!
1. . .
51‘ T X1+{ avzl fOfiEgl\jl )

(1-3) make the linear change of coordinates y* on V! (with values in R" x Rgl_kl) defined
by
(9yjl|a1 = f}j(al), for I, € K ;

(1-4) define the system of coordinates z' on V! by

z; = yjl-, for j € H',

ny
5=y — > (& oy yy,  for [; € KM\ HY
k=1
where I; denotes the j' element in K.
e Steps,2<s<r:
(s-1) Define V¢ := V=1 x RFs=ks and K¢ := KLU (G5 \ J*). Let v* be a system of

coordinates in ]R’ES_’“S; Let a® := (a,0) € V*;
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s-2) define {&,...,£} on V* in coordinates (z°71,v%) as follows:
( ) 1 m

="+ Y Py

Iy egs\js
(s-3) make the linear change of coordinates y* on V* defined by

Oys plas = &1(a%), for I € K*;

(s-4) define the system of coordinates Z* on V* by the following recursive formulas:

s-4-(a) for I; € H?,

17;]-1
Ze=yib Y ), (29)
k=2
where, for k =2,...,|[;| — 1,
Tk(yfa ce 7y;71)
k—1 ;
s \061 s i s s (ys)ﬁl (ys—l)ﬁj_l
D SN ARG ANCRI R AT Sl
151=k = ) a
w(B)<|1]
s-4-(b) for I; € K\ 'H?,
TN o (30)
k=2
where, for k =2,...,s,
s s S 1 S = S - S (ys)ﬁl (ys_l)ﬁﬁs
Te(Yi, - 7yﬁs) = - Z [(6[1)6 “‘(515)6”3 (?/j"‘z re)(a’)] ﬁl o Jﬁ~ o
3=k q=2 1 Ng*
w(B)<s

(s-5) construct the system of coordinates z* as follows:
s-5-(a) for j > ny, set 2§ 1= z3;
s-5-(b) for j = 1,..., 7, set 25 1= ®3(27,..., 25 ), where &% is a homogeneous poly-
nomial of weighted degree equal to w;, and in the coordinates z°, the ng first
components of & are in the form

S = Pi?j(z‘f, . 72]8'—1) + RZ‘J‘(ZS), (31)

1]

where &7 ; denotes the J™ component of & in coordinates 2%, and ord, (P ;) =
w; — 1, and ord}.(R; ;) > wj, with ord.(-) denoting the nonholonomic order
defined by {&5,...,&5} at a®.

Theorem 3.5. Let & :=¢], fori=1,...,m, and z; := 2}, for j=1,...,n,, where § and z]
are given by the desingularization algorithm. Then,

e the family of vector fields & == {&1,...,&n} defined on Q x R =" is free up to step r;
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e the system of coordinates z := (z1,...,2z,) i a system of privileged coordinates at a;

e the nonholonomic first order approximation E:: {El, e ,Em} of & at a in the coordinates
z 18 in canonical form:

& =0, + Z Pij(z,...,221)0, fori=1,...,m. (32)
2<|1|<ny
i<j

Remark 3.3. As the lifted system {¢1, ..., &, } is regular on ﬁ, the motion planning algorithm
presented Section 4 is globally convergent for the extended control system (15). Due to the
particular form of &, the projection of the trajectories of (15) on 2 gives rise to trajectories
of the original control system (4). Therefore, as mentioned at the beginning of Section 3, in
order to steer the system (4) from p to ¢ with (p, q) € Q x €, it suffices to determine an input
u steering the extended system (15) from (p,0) to (¢, 0), and the same input will steer System
(4) from p to q.

3.4 Proof of Theorem 3.5

The proof of Theorem 3.5 is based on the following proposition.

Proposition 3.6. The desingularization algorithm is feasible from s =1 to s = r. At each
stage s of the construction (s =1,...,r), the following properties hold true:

A1) The family of vectors { &5(a®) }rexs is linearly independent;

A2) if |I;| <'s, then ords(Z7) = [1;], and ord;.(27) = |1

(
(A2) j
(A3) if |I;]| > s, then ordS.(z3) > s;

(A4)
(A5)

A4) the change of coordinates ((I)?)J:l,m,ﬁs exists;
A5) in coordinates z°, for I, € K°, the vector fields &, has the following form
&= > (PF+RYO.+ > Qo (33)
I;eHs IyeKs\'H*

with ords, (RY) > |I;| — |Ii|, and ord},(Qf) > s — |Ii|, and PF given by Eq. (19).
More precisely, if one defines & by
gf = Z Pz‘,jaz;.,

Lens
#(j)=1i

then, one has

I;eHs

where the polynomaials Pf verify the following properties

o if I}, € H*, then
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_f0r|]j| <|]k|7 ij:[);
— for |L;| = |1, PJJ =1, and Pf =0 if k # j;
— for |I;] > ||, ords. (PF) = |I;] — |1kl

o if e K*\H*, Pf =0 forallj=1,... 7

Remark 3.4. Property (Al) implies that Step (s-3) is feasible, which, in turn, guarantees
that Steps s-4-(a) and s-4-(b) are well defined, and Z° is a system of coordinates because the
differential of the application y* — Z° at 0 is equal to the identity map. Property (A4) guaran-
tees that Step s-5-(b) is feasible. Property (A2) ensures that, at the end of the algorithm, the
system of coordinates 2" is a system of privileged coordinates. Property (A5) finally ensures

that for s = r, the approximation £ of £ is in canonical form.

By Remark 3.4, Theorem 3.5 is a consequence of Proposition 3.6. It remains to prove Propo-
sition 3.6. The proof goes by induction on s.

Proof of Proposition 3.6. We begin by showing that Properties (A1)-(A5) hold true for s = 1.

Claim 1. The family of vectors {£}(a')}rex is linearly independent, i.e., Property (A1) holds
true for s = 1.

Proof of Claim 1. By construction, for every I € J, one has &;(a') = X;(a) which belongs
to R" x {0}. For i € G'\ J!, the vector £!(a') belongs to R™ x R¥~k1and the family of
vectors {&}(a')}iegr\ o1 is linearly independent. Therefore, the family of vectors {¢}(a')}ex
is linearly independent and Claim 1 holds true.

(]
Claim 2. For j =1,...,ny, one has ordil(z}) =1, i.e., Property (A2) holds true for s = 1.

Proof of Claim 2. For j =1,... 7, one has by construction &; - zj(a') = 1. Thus, ord},(z}) <
1. Since z' is a system of coordinates centered at a', one has zj(a') = 0, then ord}, (z}) > 0.
Therefore, one has ord}, (2;) = 1 and Claim 2 holds true.

O]

Claim 3. For I; € K' with |I;| > 1, one has ord},(z}) > 1, i.e., Property (A3) holds true for
s =1.

Proof of Claim 3. For |I;| > 2, ie. I; € K'\ J', one computes & - z; at a' for every
ked{l,....m}.

ni

&-zi(a) = &oyjah) =D (& -y - w)ia)

=1
= & -yjla') =& yila') =0.

Then, by definition, one has ord},(z;) > 1 for |I;| > 1 and Claim 3 holds true.

]
Claim 4. Fori=1,...,m, and j = 1,..., 7y, the j™ component of & in coordinates 2* is
equal to 1 if i = j, and equal to 0 otherwise. In other words, for i = 1,...,m, the ny first

components of £} verify Eq. (31). Properties (A4) and (A5) hold true for s = 1.
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Proof of Claim 4. By Claim 1, {{(a'),... &L (a')} is a basis of R™, then the linear change
1

of coordinates y' exists. As 0%1_ (0) =¢j(a'), and zj = yj for j = 1,...,7m;. Claim 4 holds true.

[
Therefore, Properties (A1)-(A5) hold true for s = 1. Assume now that Properties (A1)-(A5)
hold true for 1 < s < r, show that they still hold true for s + 1.

-----

Proof of Claim 5. Consider I, € G\ J*™', then one has Iy = [I,, I},]. Assume that
¢(I;) = i. By Eq. (18), one has

z
P (2°) == %sz(zs)‘

Since |Iy,| < s and |I,| < s, we have k; < n, and ko < ng, thus the right-hand side of the
above equation is well defined in coordinates 2° = (27,...,25 ). Therefore, the new vector

77777

Since ord?.. (2, Pik,) = ord}.1 (23, )+ords..i (Pix,), and by inductive hypothesis (namely
(A2) holds true at step s), one has ord’...(2},) = |Ir,|, and ord}... (Pi,) = |Ix,| — 1, therefore
Ol‘dzsﬂ(P@k) = |Ik1| + |Ik2| —1=s.

O]

Claim 6. For I}, € K™ with |I;| < s+ 1, one has

=6+ D, PN, (34)

Ijegs+l\Js+1

where ) )
PF(2%) = PF(z;,...,25) + RE(z*),

with ords .., (PF) = |I;| — |I| and ordzsﬂ(ﬁi?) > | L] — |1g]-

Proof of Claim 6. The proof goes by induction on the length |I;|. For |I;| = 1, one has (by
construction)

=g D Pudy,
Ij695+1\J5+1
o(j)=k

By Claim 5, ord?.,,(Px;) = s = |I;| — |Iz|. Claim 6 holds true for |I;| = 1.
Assume that Claim 6 holds true for every I € K*™! of length less than s;. Consider
I, € K**! with |Ix] = s; + 1. One has

5}9:1 — [5;]:;175;:;1] — [éikl + Z (Bh + Rfl)a”f+l’£;’“2 + Z <sz2 + R;Q)avf“]

Iiegs-&-l\Js-&-l Iiegs-&-l\:]s-&-l

=[G a0+ >, &, (BP R =& (P4 R®)}0,en.

Iiegs+1\js+1
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Since (A5) holds true up to step s, one has

&G, (PR+RE)Y = | Y (P4 RMO:+ Y. Qo] - (PP +RP)
I;eHs I, es\'H®

- SRR Y apour

I;eHs L, EKS\H?

k k Dk k Dk
+ Y (PP +RMOLRE+ Y QPR
I;eHs Iy e\ H?

SED PN IES Dol TR SRS U TN R S

I;eHs I;eHs I;eHs Iy eKs\'H®
§ k k
= P31825P12+RZ71
IjEHs

We first show that every term in R;; has, at a**!, an order strictly greater than s+ 1 — |I;]|.
Indeed, for I; € H?, since ord?.,,(z;) = |I;], ord®. ., (PF?) = || — |I},], and ordisH(Rfl) >
|1;| — |1k, |, then one has

oty (R 020 B) > || = L | + (11| = [ ]) = |1 = |1] = [ Te], with |Li] = s + 1.

Note that ordZSH((Pfl + Ré?l)@zjff?) = ordzsﬂ(}?flaz;}?f?). Since ordZSﬂ(Pfl) =1L| — |1
and ord?, , (R*) > |I;| — |1, |, one has

ord e (P 0o Ry?) > | I = D | + [ L] = [ | = | 1] = [T = | T,
Recall that, by definition, all the functions have positive order. Therefore, one gets
ordS i1 (Q 02 RI*) > ordieii (QF1) > 5 — Iy | = s — (|Ie] — [Liy]) = s+ 1= |L].

In conclusion, ord?.;, (Ri1) > s+ 1 — [Ii].
A similar computation shows that

&,, (P + R

- X BRRR | Y RRORN L Y (PR B0 - Y Qo

I;eHs I;eHs I;eHs I e\ Hs
= E PJkQaZ]sPlk1 + /R,Z"Q, with Ol"dzs+1 (Rﬁg) >s4+1— |Ik|
I;eHs

Therefore, one gets

gtho= &g+ >, D (Pro.P* - PRo.PM)}a,

Iiegs+1\Js+1 I] cHs

+ Y (Rix+Ri2)d,

]iegs+1\Js+1
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with ord?®,,, (Ri1 4+ Ri2) > min(ords, ,(R;1),0rd%. 1 (Ri2)) > s+ 1 — |Ii].
Since
> (PP0sP = PPo.PM) = P,

I;eHs
and ord,,, (PF) = |I;| — |I| by Corollary 3.3, one gets
Gl=aor ) (B RO,

LEGH\ T+

with ord®,,(PF) = s+ 1 — |I;, and ordzsﬂ(]:?f) >s4+1—|Ii].
Therefore, Claim 6 still holds true for I, € K**! with |I| = s; + 1. This terminates the
induction, and Claim 6 is now proved.
O

Claim 7. The family of vectors {&;" (a**)}j excs+r is linearly independent, i.e., (A1) holds
true at step s + 1.

Proof of Claim 7. Claim 6 implies that for all I, € K*, one has ™ (a**) = & (a*) € R™ X
{0}. Corollary 3.3 implies that for all [, € G**'\ J*™! one has §S+1( ) =& (a°) + 0y, €

R x RFs+1=k=1 Therefore, by (A1) at step s, the vectors {& 7 (@™} yexcsn are linearly
independent.
[

Claim 8. After performing (s+1)-4-(a) and (s+1)-4-(b) in the desingularization algorithm,
j|;

one has that for every I; € H** ordefl(Ej“) = |I;|, and for every I; € Kt \ H*,

dZﬂl( SH) > s+ 1.
The proof of Claim 8 is based on the following result due to Bellaiche [1, Lemma 4.12].

Lemma 3.7. Let {Xy,..., X,,} be a family vector fields defined on Q2. Consider {Wy,...,W,}
a basis adapted to the flag L'(z,) C -+ C L"(x) = T,,,Q at x4 € Q. A function f is of order
> s at x4 18 and only if

(Wit W f)(wa) = 0,

for all « = (o, ..., a,) such that w(a) < s.
Proof of Claim 8. Claim 7 guarantees that {5;:1} I,ens+1 1S a basis adapted to the flag
L@ C - C L (@),
Complete {f}*’:l} ,ens+1 with other brackets to get a basis adapted to the flag
LNa*™Y) € - Y@ € - L ().
For I; € K1\ H*t!, (s+1)-4-(b) ensures that
() (€7 e - 27 @) = 0
for all B = (B1,..., B,,,) such that w(B) < s+ 1. By Lemma 3.7, one has

ord?HL (Z57) > s+ 1, for I; € K5\ HOL
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For I; € H5t!, since (s+1)-4-(a) implies that
(&) ()P - 5 ) (@) =0,

for all 3 = (B1,...,Bj—1) such that w(B) < |I;| — 1 and by Lemma 3.7, one has
ord?HL (257 > || — 1, for I; € Ho

By construction, one already has that ord®} (23*!) <w; = |I;|. Therefore, one gets

ord? !t (25 = ||, for I; € HH.

Claim 8 is now proved. Note that this proof only involves the family {&571} oy

Claim 9. The change of coordinates (®5*");-; exists, i.e., Property (A4) holds true.

yeeesTls41

Proof of Claim 9. Note first that after performing Steps (s+1)-4-(a) and (s+1)-4-(b), one
zs+1 zs+1

obtains a new system of coordinates 7**'. Then, one can write &' in coordinates 7**! as
follows
s+1/~s+1\ D D A
EHEMN =0+ Y (Bt Riy)0en+ Y Quidyn,
IjEHS+1 IgG’CS+1\HS+1
|1;1>2,8(j)=t

where ordZﬁl(EJ) =w; — 1, ordsjfl(}? ;) > wj, and ordsjfl(ng) > s. Since ord’F, (2 ;H)

w; for I; € H* and ord3H (25%Y) > s+ 1 for [; € K¥1 \ 'H*™, the polynomials P, are

homogeneous of weighted degree equal to w; — 1, thus contain only variables of weight not
greater than w; — 1.
Let us now show that there exists a change of coordinates ®**! which transforms coordi-

nates Z°™ into new coordinates z** such that ord>, (z5*") = w; for I; € H*™, ord?H}, (27) >

s+ 1 for I; € K51\ H**! and in the new coordinates, the 7., first components of £ are
in the form

gs{rl(zs+1> P7J<Zf+1, N s+1) 4 R,J( s+1)7

2,7

where §5+1 denotes the 5™ component of £ in coordinates z*™!, one has ordz;ill (P ;) =w;—1,

and ordsﬂl(Ri,j) > w;. Note that, once one has ordifﬁ( jSH) = w; for I; € H*"' and

ord?f (25%1) > s+ 1 for I; € K\ H*F!, the order of P;; will be equal to its weighted

degree, and thus automatically equal to w; — 1 by construction of these polynomials.

. r s+1 . . ~
Consider now & defined in coordinates z**! by

€;+1(28+1) — angrl —+ Z Pz‘,jagjs_*l‘
Ij€H$+1
o(j)=i

Recall that, by construction, the vector fields {fl}lzlm generate a free nilpotent Lie algebra

of step s + 1. Moreover, in the canonical coordinates of the second kind (2t ...,z%jjl)

associated with {& IH} Lenst+1, the vector fields £ are in the canonical form, i.e.

€f+1(zs+1) — ag_g“ + E PL'JaZs_+1.
I3 J
IjEHS+1
#(j)=i
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By definition of a system of coordinates, there exist 72,41 smooth functions (®7*, ..., @3t )
such that for j = 1,...,n4,1, one has
s+1 _ x/s+1/zs+1 ~s+1
2 = CIDJ- (Z7 ... ’Zﬁs+1)'

Claim 9 is now proved.

]

Remark 3.5. The change of coordinates (<I>§+1)j:1

deed, since ordeﬂl(zjﬂ) = wj, and the nonholonomic order does not depend on any system

..isq1 18 computed by identification. In-
of coordinates, then <I>jf+1 is a function of order w; at a*™, i.e., the Taylor expansion of <I>j+1
at a**! contains only monomials of weighted degree equal to w;, which are finite. Therefore,
the function (IDjH is necessarily in the following form

P (zH) = Z I(ETh L (2%;11)0“’75“, where ¢ are real numbers. (35)

w(o)=wj

Eq. (35) is a finite sum and therefore the scalar coefficients (%) can be obtained by identifi-
cation. Claim 9 guarantees that such a set of real numbers (§) exists. Note also that, due
to the constraint on the weight, Eq. (35) only involves variables EZ“ of weight less than wj,

implying that the change of coordinates (CD;H) j=1,..7.,, is naturally triangular.

Remark 3.6. Let us now illustrate Remark 3.5 with a simple example. Consider here a
nilpotent system of step 2 generated by two vector fields (£1,&2). We have &, = &1, &, = &
and &, = [&1,&]. In coordinates Z = (21, 29, 23), & and & are necessarily in the form & =
(1,0,0121 + aeZs), and & = (0,1, 5121 + [22s), where ay, ag, (1 and By are real numbers
verifying 1 — as = 1. As mentioned in Remark 3.5, in the change of coordinates (®1, ®o, P3),
every ®; is a homogeneous polynomial of weighted degree equal to w;. Set

2= (®1(2), Dy(2), B3(2)) = (1, 2o, 23 + aZ1 2y + bE? + c32),

with a, b, and ¢ to be determined. One imposes th at &(z) = (0,1, z1). By computation, one
gets

(Oél + 2b)21 + (062 + CL)EQ == 0,
(51 + a)él + (52 + 26)52 = zZ1 = 21.

By identification, one gets a = —an, b= -9, c= —%, and in that case, g1 +a =01 —as =1

is automatically verified. Then, the triangular change of coordinates

. a, B
(21, 22, 23) = (21, 22, 73 — w129 — 712% o 7222>

puts & and & into the canonical form.

Claim 10. Property (A5) holds true at step s+ 1.

Proof of Claim 10. The proof goes by induction on the length of I;, € 1. It is similar to
the one of Claim 6.
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For |Ix| = 1, one has

gis+1 = Z (H,j + Ri:j)az;'H + Z Qi,éazlf-H,
LeHst! Ipeks+1\Hs+1
#(j)=i
with ord®"! (Py) = |I;| — 1, ord®¥L (Rij) > |I;| — 1, and ord®7}, (@) > s. Claim 10 holds
true for |I| = 1.
Assume that Claim 10 holds for brackets of length less than s;. We show that it still holds
true for brackets of length s; + 1. Consider I, € K*™! with |I| = s; + 1.

+1 _ +1 +1
5;]9 — [ ;kl 76;k2 ]

— [ Z (PJEI—FR?)@Z;H‘F Z nglazjﬂ,

LeHs+1 Loeks+1\Hs+!
Z (ijQ + R§2)825+1 + Z Qlf@z;ﬂ]
LeHs+1 ’ LI\ Hs+1
= Z [ Z P’iklaz.s+1 ij2 - Pik2az§+lpfl]8zs,+1
LieHstl LieHs+! ’
+ Y [ Y ARMOa (P + B — R0 (P + R} +{PP0,:1 RI* — P01 R}
LieHstl LeHs+!
D QPO (PP 4 RP) — Q0 (P + RO,
I[EICS+1\H5+1
+ Z [ Z (P + RF)@;“@? — (P + RfQ)azfﬂQfl

I; E/C‘g""l\'HS""l I;eHst1

+ Z QIZI 8z;+1 Q;CQ - Q?Qazz-kl Qfl]ﬁz;H

IZEIC‘9+1\HS+1
By the inductive hypothesis, one gets that

e since ordefl(Rfl) > |L;| — |1y, ], and ordiﬁl(azﬁl(]?f? + R;”)) > |I;| = |Ii,| — | 1], then
ord*), Rflﬁz_sH(Pf? + R;??) > |I;] — |Ix|. By a similar argument, ordZﬂlRf28z_s+1(}7fl +
RY") > 1| — |Iil.

Therefore, one gets
ord! T (RP 0,1 (PP + RY?) — RI?0.. (PP + RY)) > |Ij] — |-
o Since ord: 5L (P) = |I;|— |1y, |, and ord: 5 (8,541 RE?) > |Ij|—| Ik, |—|1], then ord: 5L (P10, RY?) >

|I;| — |1|. By a similar argument, ordefl(Pf?azfﬂRfl) > | L] — |1kl

Therefore, one gets

ord} 7L (B 0,01 R? = P0,sn R) > |I] — [ Iy].
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e Since ordefl(azjﬂ(Pf?—i—RfZ)) > |I;|= I, | = (s+1), and ord®TY (Q}") > s+1—|14, ], then
ord*) ( ]Zlaz.zﬂ(PJk? + R!?)) > |I;| - |I;]. By a similar argument, ordZﬂlQ?@gﬂ(PJkl T+
R > L] — |Ii].

Therefore, one gets

ord? L (QF 0,001 (P2 + RY?) = Q20,001 (PP + RI)) > |Ij] — |Ii].

z

e Since ord:} (P + RIY) = |I,| — |I},|, and ordfljfl(8z§+1Q§2) > s+ 1 — |Iy,| — ||, then
ordefl((Pfl + Rfl)azisHQ?z) > s+ 1 — |I;|]. By a similar argument, ox‘dijfl((lt’il€2 +
Ri*)0,:1Q%) > s+ 1 — |I.

Therefore, one gets

ord; EL (P + R 0,0 QF — (P2 + Ri*)0,n Q') > s+ 1 — [I].

e Since 3ZZ~+1Q§?2 is a function, one knows by definition that ordzgﬂl(@gﬂ Q;”) > 0. As

ord*T (Q)') > s+ 1 — |I},|, one has
ord; T (Q7 0,011 QF?) > s+ 1 — Iy | = s+ 1= (It = |Lu]) > s+ 1= [I].

By a similar argument, ordZ;ill(QifQ@Z;H Q?l) > s+ 1 — |l
Therefore, one gets
ord; 7 (Qf' 0,541 QF — Q20,1 QF') > s+ 1 — | Iy
s+1

Summing up the above terms, one gets, for I, € K™ of length s; + 1, that the bracket A
can be written in the form

Gl= D (PIHRDOa D Qan,

LeHs+1 LeCs+1\ s+l

with ordefl(Pf) = |L;| — |1k, ordefl(Ré?) > |L;| = |Li], and ord®T (QF) > s + 1 — |I].
Claim 10 is now proved.
[

Therefore, Properties (A1)-(A5) still hold true at step s+ 1 in the desingularization algo-
rithm. The induction step is established, which concludes the proof of Proposition 3.6.
]

4 Global Steering Method for Regular Systems

Assume, in this section, that the family of vectors fields X = {X,...,X,,} is free to step
r (cf Definition 3.4). Recall that, in that case, every point x € 2 is regular and the growth
vector is constant on {2. We present in Subsection 4.1 an algebraic construction of privileged
coordinates converting the nonholonomic first order approximation of X into the canonical
form. For regular systems, this construction also provides a continuously varying system of
privileged coordinates. We then propose in Subsection 4.2 a global motion planning algorithm
for regular systems.
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4.1

Construction of the approximate system

Let z, be a point in €.

’Construction of a Nonholonomic First Order Approximation at z,

Step (1)
Step (2)
Step (3)

Step (4)

Step (5)

Step (7)

Choose an adapted frame Wy, ..., W, at z,;
choose a system of coordinates y = (y1, ..., y,) centered at z, such that 9,,|,, = W;(x,);
build the system of privileged coordinates z = (z,...,2,) by the following iterative
formula: for j =1,...,n,
w;—1
E/j = y]+ Z hk(yla-'wyjfl)a (36>
k=2
where, for k =2,...,w; — 1,
k—1 yo‘l yaj—l
o o 1 j—1
Pl yia) = = DWW (g D () ) e 2
|a|=k q=2
w(o)<wj
where |a] := a3 + - ay;
express the dynamics of the original system in the privileged coordinates z:

=1

where by abuse of notation, we use X;(z) to denote z, X;(x);

for j = 1,...,m, compute the Taylor expansion of the vector fields X;(Z) at 0, and
express every vector field as a sum of homogeneous vector fields with respect to the
weighted degree:

X =XT"@O+X"E) 4

where we use Xi(k) (2) to denote the sum of all the terms of weighted degree equal to k;
let X;(2) := Xf‘”(z);

construct a new system of privileged coordinates z := (z1,...,2,) by setting, for j =
L,...,n, z; == ®;(Z1,...,%j_1), where ®; is a homogeneous polynomial of weighted
degree equal to w; such that X(2) = {2.X1(3),..., 2.Xn(2)} (the approximate system
in the coordinates z) is the canonical form.

Remark 4.1. For Step (1), on can use for example elements in the P. Hall family generated
by {Xi,..., Xm}. The reader is referred to Subsection 3.1 for more details about the P. Hall
family. A system of coordinates y considered in Step 2 is called linearly adapted coordinates.
It can be obtained by an affine change of coordinates from the original system of coordinates

x.
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Remark 4.2. Steps (1)-(3) construct a system of privileged coordinates z. The proof that z
is a system of privileged coordinates is essentially based on Lemma 3.7. Roughly speaking,

the idea to obtain z; from y; goes as follows: for every a = (aq, ..., a,) with w(a) < w; (so
aj =+ = a, = 0), compute W --- W " - y;(x,). If it is not equal to zero, then replace y;
by
o Qj—1
e T UMY W/
Yj (Wl Wj—l Yj <xa))061! Oéj—I!'

With that new value of y;, one gets W™ - - I/Vja_jl_1 -y;j(x,) = 0. Therefore, by Lemma 3.7, one
has ord,,(z;) > w; for j = 1,...,n. On the other hand, since Step (3) of the construction
does not modify the linear part, the system of coordinates z remains adapted. By Remark

2.6, one also has ord,, (%;) < w,. Therefore, ord,, (z;) = w;.

Remark 4.3. The existence of ®; involving in Step (4) is guaranteed by an adaptation of
Claim 9. See also Remarks 3.5 and 3.6.

Remark 4.4. We will propose in Section 5 an effective and exact method for steering general
nilpotent systems given in the canonical form.

It results from [1] that, for regular systems, the mapping @ : (z,,x) — 2 is a continuously
varying system of privileged coordinates on (). Note also that the coordinates z are obtained
from y by expressions of the form

21 = N

29 = y2 +poly(1n)

Zn = Yn+ p01n<y17 S 7yn71)7

where, for j = 1,...,n, the function pol;(-) is a polynomial which does not contain constant
nor linear terms. Due to the triangular form of this change of coordinates, the inverse change
of coordinates from z to y bears exactly the same form. Therefore, the mapping z = ®(x,, -)
is defined on the whole R", i.e., ® has an infinite injectivity radius. We also note that
the continuity of the mapping A : (z4,2) — {X7*(2),..., X2 (2)} results from the one of
the mapping ® : (z,,x) — z. Therefore, for regular systems, the construction provides a
continuous approximation of X on (.

4.2 Global approximate steering algorithm for regular systems

In this subsection, we devise an algorithm to steer System (4) from any xy € ) to the origin
denoted by 0. That algorithm, as described in Fig. 1. does not require any a priori knowl-
edge on the critical distance ex. Note that this algorithm bears similarities with trust-region
methods (see 2] for more details).

The parameterized path ¢ — g (x) is defined by

dot(z) = (t 21 (x),. .. .t 2, (2x)), forx e,

where z := ©(0,-), and (wy,...,w,) are the weights at 0. Note that dy, is the (weighted)
dilatation in privileged coordinates at the origin with parameter ¢.
The function Subgoal is the following.
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Subgoal(Z, 1;, )

1. t; := max(0, 1 Hz(f)l\o)’

The formula for generating t; guarantees that [|z(z%) — 2(z¢_,)|[o < n; and that z¢ = 0 for j
large enough.

Global(zy, 0)
Step 1. i :=0; 7 :=1;

Step 2. x; := xg; T := To;

Step 3. n; := ||z(x0)||o; initial choice of the maximum step size;
Step 4. while ||z(z;)|lo > e while the pseudonorm at 0 of the state
1s above a given tolerance e. .. ;
Step 5.z := Subgoal(Z, n;, 7); choose the subgoal x at a distance n; from xf_l;
Step 6.  x := AppSteer(z;_,2%); steer the system from x;_1 using an

approzimate steering control with target x%;
Step 7. if [|2()||za > 2||2(@i—1) ||z if the system is not approaching the subgoal,

Step 8. then n; .= 1, reduce the mazimum step size;
T:=x,_1; ) :=1; and change the path 60 +(T);
Step 9. else z; := x; 2¢ .= x%;

ti=1+4+1; 5 =75+ 1;

Figure 1: The approximate steering algorithm.

The global convergence of the approximate steering algorithm (Fig.1) is established in
the following result. For sake of simplicity, we assume to work on a compact set K C ().
Alternatively, this condition can be guaranteed by adding a step in the algorithm as indicated
at the end of Section 4.2.

Theorem 4.1. Assume that the sequences (z;)i>0 and (z3);>0 by the algorithm Global(xy, 0)
both belong to a compact set K C ). Then the algorithm terminates in a finite number of
steps for any choice of the tolerance e > 0.

Proof of Theorem 4.1. Note first that, if the conditional statement of Step 7 is not true for
every i greater than some ig, then z¢ = 0 after a finite number of iterations. In this case, the
error ||z(x;)||o is reduced at each iteration and the algorithm stops when it becomes smaller
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than the given tolerance e. This happens in particular if d(z;_;, 1%) < ek for all i greater than
ip because condition (14) is verified. Another preliminary remark is that, due to the continuity
of the control distance and of the function || - ||o, there exists 7 > 0 such that, for every pair
(z,y) € K x K, one has

(@) = 2@l <7 = d(z.y) < 5~ (37)

In the following, we will prove by induction that if, for some ¢, one has 7;, <7, then, for
all ¢ > 1, one has o
d(zig,x8) < (1/2 4+ (1/2)7™)ek < ek.

We assume without loss of generality that o = 0 and T = xy. For ¢ = 1, by construction,
x? = Subgoal(zg, 19, 1) and
12(z0) = 2(2%)]lo < mo <.

In view of (37), one then has d(xg, 2¢) < ex/2, and so 2 = z¢ by (14). Therefore d(xg,x%) <

8}(/2.
Assume now that for ¢ > 1 one has:

d(ig,xf ) < (1/24 -+ (1/2)" ek (38)
Let 2% = Subgoal(Z, n;, 7). One can write:
d(l’i_h l’d) S d([L‘i_l, l’zd_l) + d(l‘?_l, l’d).

By construction, it is
l2(zy) = 2(2D) o < mi <7,

which implies d(z¢ |, 2%) < x/2. The induction hypothesis (38) implies that

d(x,-_l,xf_l) < d(%‘—%xg—l)‘

N —

Finally, one gets

1
§d<mi—27 xgtl) + d<m§lfl7 xd>

< (1244 (1/2))ex.

d(l’i_l, ZL’d>

IN

In view of (14), the conditional statement of Step 7 is not true, and so z¢ = z¢.

Notice that, for some ¢, n; > 7, the conditional statement of Step 7 could be false. In this
case, 1; is decreased as in Step 8. The updating law of 7; guarantees that after a finite number
of iterations of Step 8, there holds n; < 7. This ends the proof. ]

When the working space () is equal to the whole R", the assumption that the algorithm
stays in a compact set can be removed. This requires a simple modification of Step 9 of the
algorithm.

We choose a real number R close to one, precisely (1) (r+1)* « R < 1, where r is the
maximum value of the degree of nonholonomy of System (4). For every non-negative integer
k, we set R, =1+ R+ ---+ RF. The algorithm is modified as follows. Introduce first a new
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Step 9’. else
9.1 if |2(2)]lo > Rewall2(zo)llo  mi:= 2,
9°.2. if Rillz(zo)llo < [|2(2)]lo < Rys1llz(z0)llo
T; = T x?::xd;i::i+1;j::j+1;

ni= Tt k= k 4 1

973, if [|lz(2)]lo < Rellz(zo)llo

vio=xadi=at =i+ 15 =5+ 1

7

Figure 2: Step 9’

variable k, and add the initialization k := 0 to Step 1. Replace then Step 9 by Step 9’ below
(Figure 2).
Step 9’ guarantees that the sequences (;);>o and (z¢);>o of the algorithm both belong to

the compact set
n 1
K ={z eR" : |z(2)o < 7—Fll=(w0)llo}-

Moreover, at each iteration of the algorithm, the new variable k is such that

[12(0)lo
[2(zi)llo = Rellz(zo)llo = mi < T

Proposition 4.2. The modified algorithm Global (with Step 9’ instead of Step 9) terminates
m a finite number of iterations for any choice of xy and of the tolerance e.

Proof of Proposition 4.2. Notice that Step 9°.3 is identical to Step 9. It is therefore enough
to show that, after a finite number of iterations, only Step 9’.3 occurs in Step 9’. Another
preliminary remark is that the distance || - ||o give a rough estimate of the sub-Riemannian
distance. Indeed it follows from Theorem 2.3 that, for every pair of close enough points
(z,y) € K x K, one has

& l(2) = 25 < d(aw) < Colla(o) = )5, (39)

where Cj is a positive constant. As a consequence, Eq. (37) holds true if 7 < (ex/(2Cy)) .

Let us choose a positive 77 smaller than (ex/(2Cy)) . We next show that if, for some iy,
N, < 7, then Steps 9’.1 and 9°.2 occur only in a finite number of iterations. Recall first that,
from the proof of Theorem 4.1, one gets, for every ¢ > iy,

Iz()lo < l2(@ig)llo and  d(wi-1,2f) < e
In view of (39), an obvious adaptation of the latter proof yields, for every i > ig, d(z;_1,z%) <

2Cont/ ™Y and so [|z(z;_1) — 2(xd) [0 < (2C2)Y -+l T Finally one gets

20

r 1/(r+1)2
()0 < [2(zE ) o + [2(z:) — 2(xL )0 < [[2(@s) o + (203 T+l T (40)

i0
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On the other hand, there exists an integer ko such that n;, > [=@ollo g implies that

2ko
|2(xis)|lo < Riyll2(x0)]lo. Up to reducing 7, and so increasing kg, assume

Z\T
(203)1/(”1)(H (21;;)||‘0)1/(TH)2 < RN 2(0) o,

since one has chosen R > (1)V/0+1*  Using (40), it holds, for every i > i,

1
2
12(z5)lo < Ruoll2(zo0)llo + R*|2(x0)[lo = Rugs1l2(0)lo-

Therefore, Steps 9.1 and 9’.2 can occur in at most kg + 1 iterations.

Applying again the arguments of the proof of Theorem 4.1, the conclusion follows.

5 Exact Steering Method for Nilpotent Systems

In this section, we give an exact steering method for nilpotent systems. In particular, this
method can be applied for controlling the approximate system (32). For practical uses, we
require that the control laws give rise to smooth trajectories which are not too “complex" in
the sense that, during the control process, we do not want the system to stop too many times
or to make a large number of maneuvers.

Several algorithms were proposed for controlling nilpotent systems. In [15], the authors
make use of piecewise constant controls and obtain smooth controls by imposing some special
parameterization (namely by requiring the control system to stop during the control process).
In that case, the smoothness of the inputs is recovered by using a reparameterization of the
time, which cannot prevent in general the occurrence of cusps or corners for the correspond-
ing trajectories. However, smoothness of the trajectories is generally mandatory for robotic
applications. Therefore, the method proposed in [15] is not adapted to such applications. In
[16], the proposed controls are polynomial (in time), but an algebraic system must be inverted
in order to access to these inputs. Moreover, the size and the degree of this algebraic system
increase exponentially with respect to the dimension of state space, and there does not exist
a general efficient exact method to solve it. Even the existence of solutions is a non trivial is-
sue. Furthermore, the methods [15] and [16] both make use of exponential coordinates which
are not explicit, and thus require in general numerical integrations of nonlinear differential
equations. That prevents the use of these methods in an iterative scheme such as Algorithm
1. Let us also mention the path approximation method by Liu and Sussmann [18], which uses
unbounded sequences of sinusoids. Even though this method bears similar theoretical aspects
with our method, it is not adapted from a numerical point of view to the motion planning
issue since it relies on a limit process of highly oscillating inputs.

In this section, we assume that {X7,..., X,,} generate a free Lie algebra up to step r and
they are in the canonical form in coordinates x. The components of z will be numbered by
the elements of ‘H", i.e., for I € H", the component x; corresponds to the element X;. Recall
that

T, = Uy, ife=1,....,m;

1 %l’[LS‘C[R, if X;= ad];(ILX[R, with I, Ir € H'. (41)
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5.1 Steering by sinusoids

We consider input functions in the form of linear combinations of sinusoids with integer fre-
quencies. In [19], authors used this family of inputs to control the chained-form systems.

We first note that if every component of the input v = (uy, ..., u,) in Eq. (41) is a linear
combination of sinusoids with integer frequencies, then the dynamics of every component in
Eq. (41) is also a linear combination of sinusoids with integer frequencies which are linear
combinations of frequencies involved in the input u. One may therefore expect to move
some components during one 2w —period without modifying others if the frequencies in u are
properly chosen. Due to the triangular form of Eq. (41), it is reasonable to expect to move
the components of = one after another according to the order ” < ” induced by P. Hall basis.
In that case, one must ensure that all the components already moved to their preassigned
values return to the same values after each 2m—period of control process while the component
under consideration arrives to its preassigned position. However, all the components cannot
be moved independently by using sinusoids. We introduce the following notion of equivalence.

Definition 5.1 (Equivalence). Two elements X; and X; in a P. Hall family are said to be
equivalent if A;(X;) = Ay(Xy) for i = 1,...,m, where we use A;(X) to denote the number
of times X; occurs in X;. We write X; ~ X if X; and X; are equivalent and equivalence
classes will be denoted by

gx(fl,...,gm) = {X[ | AZ(X]) = li, for 1 = 1,...,m}.

We say that the components x; and x; are equivalent if the corresponding brackets X; and
X are equivalent and equivalent classes for components are defined as follows,

gx(gla s 7€m) = {ZE[ |XI € 5){(61,- .- 7€m)}

Remark 5.1. We will see in the following subsections that the frequencies occurring in the
dynamics of x; only depend on the equivalence class of x;, and not on the structure of the
bracket X;. Therefore, the equivalent components (in the sense of Definition 5.1) cannot be
moved separately by using sinusoids.

Definition 5.2 (Ordering of equivalence classes). Let E,((q,...,¢,) and Sx(gl, . ,Em) be
two equivalence classes. &,(¢1, ..., ;) is said to be smaller than Sm(gl, . ,Em) if the smallest
element (in the sense of “<") in &,(£y, ..., /ly) is smaller than the one in & (¢4, ..., 0y), and
we write (by abuse of notation) &, (¢1,...,n) < Ex(lr, ..., ly).

Let {EL,E2,...,EN} be the partition of the set of the components of x induced by Definition
5.1. Assume that, for every pair (7,j) € {1,...,]\7}2 with @ < 7, one has £ < &. Our
control strategy consists in displacing these equivalence classes one after another according
to the ordering “<" by using sinusoidal inputs. The key point is, for every j = 1,..., N
to determine how to construct an input w/ defined on [0,27] such that the two following

conditions are verified:

Y

(C1) under the action of u/, every element of £/ reaches its preassigned value at t = 27;

(C2) under the action of u/, for every i < j, every element of £ returns at ¢t = 27 to its value
taken at t = 0.
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Remark 5.2. Once one knows how to construct an input v’ verifying (C1) and (C2) for every
jg=1,... ,N, it suffices to concatenate them to control the complete system. Moreover, we
will see that it is possible make smooth concatenations such that the inputs, as well as the
corresponding trajectories, are not only piecewise smooth, but globally smooth.

5.2 Choice of frequencies

In this subsection, we fix an equivalence class £J. We choose frequencies in u/ such that
Conditions (C1) and (C2) are verified. For sake of clarity, we first treat the case m = 2 in
Paragraphs 5.2.1 and 5.2.2., and we show, in Paragraph 5.2.3, how to adapt the method to
greater values of m.

5.2.1 A simple case: m =2 and Card (£J) = 1

Let x; be the only element of S;Z, and X the corresponding bracket. Let m; := A;(X7), and
mo 1= Ag (X[)

Proposition 5.1. Consider three positive integers wy, wq, ws, and € € {0,1} such that

W3 = mMiwy + (mg — 1)w2, (42)
e=m;+mg—1 (mod 2),
and
wy > (my + ma)my. (43)
By choosing properly C, the control
uy = coswit, us = coswat + ( cos(wst — sg), (44)

steers, during [0,27|, the component x; from any initial value to any preassigned final value
without modifying any component x;, with J < I. Moreover, x;(2m) — x;(0) gives rise to a
non zero linear function of ¢, where ( is the coefficient in front of cos(wst —e%) in Eq. (44).

The key point is to understand the frequencies occurring in the dynamics ;.
Lemma 5.2. For J < I, the dynamics ; is a linear combination of cosine functions of the
form

cos{(€1w1 —+ 82(,()2 -+ ggtdg)t — (€3€ + 51 -+ 62 + 63 — 1)%}, (45)

where 1,0z, 3 € Z satisfy [(1] < my, |lo| + |[l3] < mo.
In particular, the term

T
cos|[(mywy + (Mg — 1)we — w3)t — (—& +my + my — 1)5]

occurs in T with a zero coefficient depending linearly on (.
Proof of Lemma 5.2. The proof goes by induction on |J|.

e |J| =1, the result is true since &;, = u; and &, = us.

33



e Inductive step: 3 3
Assume that the result holds true for all J such that |J| < s. We show that it remains
true for J such that |J| = s.

By construction, we have X; = ad’)“(h Xy, with /1] < s and |J2| < s. Then,

: L, .
Ty = Hl{%xhv (46)

Ty, is given by the inductive hypothesis and z, is obtained by integration of Eq. (45).
By using product formulas for cosine function, the result still holds true for J of length
s. This ends the proof of Lemma 5.2.

[

Proof of Proposition 5.1. First note that integrating between 0 and 27 a function of the form
cos(yt + %) with (v,7%) € N? almost always gives 0 except for (v,5) = (0,0). Therefore,
in order to obtain a non trivial contribution for x;, #; must contains some cosine functions
verifying the following condition

{ Elwl + fgwg + ggtdg = O, (47)

lse+ 0+ myg+0l3—1=0 (mod 2),

and this condition must not be verified by J < [ in order to avoid a change in the component
xTy.
Under conditions (42) and (43), we claim that
(1) (mq,mo—1,—1,¢) is the only 4-tuple verifying (47) for z;, and x;(27) — ;(0) is a non
zero linear function of (;

(2) Eq. (47) is never satisfied for x; with J < I.
Indeed, consider ({1, la, l3) € Z3 verifying |¢1| < my, |€a] + [¢3] < my. One has

liwy + Lowy + laws
Elwl + fgwg + 53((m2 — 1)0)2 + mlwl)
= (€3(m2 - 1) + gQ)WQ + (61 + €3m1)w1. (48)

Assume that wy > (my 4+ may)myw;. Then, except for the 4—tuple (mq, ms, ms, ) verifying Eq.
(42), the only possibility to have Eq. (48) equal to 0 is ¢; = {5 = 3 = 0. In that case,

£1+£2—|—€37é1 (HlOd 2)

Then, Eq. (47) is not satisfied, and (2) is proved.

Due to Eq. (44), the power of ( is equal to the number of times w3 occurs in the resonance
condition (42). The latter is clearly equal to 1. Thus, z;(27) — x;(0) gives rise to a linear
function of ¢. It remains to show that the coefficient in front of ( is not equal to zero. By
Lemma 5.2, one knows that

. T
rr = (gr cos{(mlwl + m2w2)t — (m1 + mo — 1)5}
+ fracos{(myw; + (Mg — Nwg — w3)t — (Mg +me — 1 — 6)%} + R, (49)
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where we gathered all other terms into R. Note that the numerical coefficients f; and g;
depend on the frequencies wy, wy, and ws. The goal is to show that f; is not equal to zero if
we want to move the component z, i.e. when ws = (my — 1)wy +myw;. If we consider f; as a
function of wy, wy, and ws, it suffices to show that this function is not identically equal to zero
over the hyperplane of R? defined by the resonance condition ws = (my — 1)ws + miw;. We
assume that the next lemma holds true, and we will provide an argument immediately after
finishing the proof of Proposition 5.1.

Lemma 5.3. For all J < I, let m{ := A1(X;) and m3g := No(X ;). If f; is the coefficient in
front of the term cos{(mjwi + (mg — 1)ws — w3)t — (m{ +my —1—¢)2}, and g; the one in
front of the term cos{(m{w; + mjws)t — (m{ +mj —1)3}. Then, the quotient oy := f;/g,
verifies the following inductive formula.

e [fX;=X1,a;=0;If X; =X5, ay =1;
o If X;=I[Xy.,Xp], oy is defined by

J1 J1
mi w1 + My Wa

ay = ()éJ1+OéJ2.

mitw; 4+ (my' — 1wy — ws

where m* = Ny(Xy,) fori=1, 2.

Let us take w3 = —wsy. It results from Lemma 5.3 that, for every J < I, one has
ay = aj —|—OéJ2, leJ = [XJl,XJQ].

Since a; = 0 and o = 1, then, over the hyperplane of R? defined by ws = —w,, the function
ay is a strictly positive number independent of w; and ws.

Let us show now that aj(wy, ws,ws) is not identically equal to zero over the hyperplane of
R3 defined by w3 = myw; + (my — 1)ws. Let @y := —myw;/ms. One has

miwi + (m2 - 1)@2 = —(;)2.

It implies that
ar(wy, we, mwy + (me — 1)ws) = ar(wy, we, —w2).

Since the function a;(wy,ws, —ws) is never equal to zero, and it coincides with the function
ay(wy,wy, miwy + (my — 1)ws) at the point (wy,ws), the latter is not identically equal to zero.
Therefore, f(wq,ws,ws) is not identically equal to zero over the hyperplane ws = (my —
1)ws + myw;. Moreover, as it is a non trivial rational function, it eventually vanishes at a
finite number of integer points. Then, we obtain a non zero linear function of ¢, and (1) is

now proved. Proposition 5.1 results from (1) and (2).
O

Proof of Lemma 5.3. The proof goes by induction on |I|. Since &1 = uy, and &5 = ug, by Eq.
(44), one has a; = 0 and ay = 1.
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Assume that |J| > 2. By construction, one has X; = [X,, X,] with |Ji| < || < |J].
According to the inductive hypothesis, one has

iy = gy cos{(mi'wi + mJ'wy)t — (m]

+ o cos{(mi'wr + (m3! = Dws = wa)t = (m +m3! =1 =) 7} + Ry,
ty, = g7, cos{(mPwi +mPwr)t — (M +mP? — 1)%}

+f1, cos{(mPwy + (M3* — Vws — ws)t — (M +mP — 1 — 5)%} +Ry,.

This implies that

. : J J J JiNTT
ry = <m1J1(.U]_ + mle ng COS{(mllwl + m21w2)t B (mll n m21)§}
1
,rnlJ1 + (mgl - 1)(,()2 — W3

T T
—(ml‘]1 +m2 - 5)—} +RJ1> <gJ2 cos{( 2 +m2 wo)t — (m ”172 —i—mg2 — 1)5}

fracos{(m{'wy + (m3' — 1wy — ws)t

T
+fracos{(mPw + (m3* — Dws — ws)t — (MP +mP — 1 — 5)5} + R]2>

1 95197, J J J J m
= - cos{(mjwi + mywe)t — (mj] +my — 1)—
Qm‘lhwl —}-mglwg {(miwn 22) (mi 2 )2}

_’_1 ( Jl gJ1fJ2 gJQf.Jl )

T T
2 wi +mPwy  mitwr + (Mg — 1wy — ws

T
cos{(miw; +miwy —wa)t — (m +my — 1 — 5)5} + Ry

51

m
+fy cos{(miwy +mjwy — wy)t = (mi +m3 —1—e)7} +Ry.

= gycos{(mjw; +mjwy)t — (m] +myj — 1)

Therefore, one obtains
mTtwy + my w,

m'w 4+ (my' — 1wy — ws

Qaj = Oé]1+OéJ2.

5.2.2 A more general case: m =2 and Card (£J) > 1

In general, given a pair (m;, ms), the equivalence class £,(my, m2) has more than one element.
This situation first occurs for brackets of length 5. For instance, given the pair (3,2), one has
both X[ = [X27 [Xl, [Xl, [Xl,XQ]H] and XJ = HXl,XQ], [X17 [Xl,XQ]]] By Lemma 52, if one
chooses a 4-tuple verifying the resonance condition (42) for z;, the same resonance occurs in
2. Such two components cannot be independently steered by using resonance. The idea is
to move simultaneously these components. For instance, one can choose (u1,us) as follows:

ui(t) = coswit

us(t) = coswat + ajycoswst + coswyt + ay coswst,

36



where w; = 1, wy is chosen according to Eq. (43), wz = (mg — 1wy + myw; and ws =
(my — 1wy + mywy, with wy large enough to guarantee a non-resonance condition. After
explicit integration of Eq. (41), one obtains

Jr(wi,we)  fr(wr,wy) CLI) _ 4 CLI) _ (@i(27) — 2,(0)

frlwr,wa)  fr(wi,wy) ag aj xy(2m) —2,(0) )
where f; and f; are two rational functions of frequencies. Thus, the pair (u;,us) controls
exactly and simultaneously x; and x;, provided that the matrix A is invertible. We generalize

this strategy in the following paragraphs. Assume that £2(mq,ms) = {zy,,..., 21, }. The
main result is given next.

Proposition 5.4. Consider

{wh, Wit {W%N, cwWiN T {w%l, e ,w;’}rl,w;l}, . {w%N, . ,wg}\"}*l,w;N}

belonging to N™N x Nm2N sych that

mi mo—1
V=1 N W= ) et Y el (50)
i=1 i=1
e=m;+mg—1 (mod 2),
and
wy; € Nj
wﬂl > miwi; i=1...m,
Vi=1..N—1, ¢ wy > mui}; (51)
wéj > meZ-l—l—mlw{’}l ;o 1=2...my—1,

mo—1 mi .
Wijpr > MaWy — +Mawyy ;

then, the control

N m
Uy = ZZcoswijt,
=1 i=1
o ) 52)
Uy = Z Z coswéjt + a; cos(wy,t — 55),
Jj=1 i=1
steers the components (zy,,...,xr,) from an arbitrary initial condition (x1,(0),...,x1,(0)) to
an arbitrary final one (xy, (27), ..., x5, (27)), without modifying any other component having

been previously moved to its final value.

This result generalizes Proposition 5.1. The proof is decomposed in two parts. In the first
one, we show that, if (51) holds and the control functions are of the form (52), then (50) is
the only resonance occurring in (&y,,..., 4, ). The resonance gives rise to a system of linear
equations on (aj,...,ay). In a second part, we recover the invertibility of this system by
choosing suitable frequencies in the control function (52).

Part I Frequencies and Resonance

Consider inputs of the form (52). Generalizing Lemma 5.2, we give a general form of
frequencies involved in 1.
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Lemma 5.5. The dynamics i 5 is a linear combination of cosine functions of the form

(w1 4 o - wo + 05wt — (01 4+ Cs + s — 1 +€§5)%, (53)
where
N my N mao—1 N
Orwr =Y Y lwy, bwy=Y Y lhwh, l5-wy=> (w5 (54)
Jj=11i=1 j=1 i=1 j=1
N mq N mo—1 N
=) > by =) > b =) mj, (55)
7j=1 =1 j=1 =1 7j=1
with (€1, 6., 03;) € Z°.
Let
N my N mo—1 N
L= 100 1l =Y ) (6] and 6] =161,
Jj=1i=1 j=1 i=1 j=1

then, one has |01 < A1(Xy), |[la] + [65] < As(X ).
Proof of Lemma 5.5. The proof goes by induction on |J|.
e |J| = 1: the result is true since &1 = u; and &y = us.

e Inductive step: )
Assume that the result holds true for all z; such that 1 < |[J| < s. We show that it
remains true for z; with |J| = s. By construction, we have X; = aud])“(J1 Xy, and

. Loy
Ty = Exf“,la:h, (56)

with | 1| < |J], |Jo| < |J|, and k|J1| + |J2| = |J].
Then, by the inductive hypothesis, we have
ty = LinCom {cos{(€1 cwy by cwy 0wyt — (b + by + 05— 1+ 5’2‘5)%}} (57)
ty, = LinCom {cos{(gl w4 by wo + 05wt — (0 4+ Oy + 05— 1+ 5735)%}} (58)
where LinCom{-} stands “linear combination".

Eq. (57) implies that

xy, = LinCom {cos{(£1 cwy by cwy 5wyt — (0 + by + 05— 1 +€§5)g — g}}
— LinCom {cos{(e1 cwr by wa + 05wt — (6 4 Ly + O+ e;g)g}} . (59)

For notational ease, we will only write down the case ;5 = z 5,2 ,.

Using product formulas for cosine function, we have
t; = LinCom {cos{[(€1 +01) - wy + (U £ 0o) - wy + (65 £ 65) - wit
~ ~ ~ - T
(O 0)+ (b h)+(GEE) 1+ (G R)ITH . (60)
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Moreover, according to the inductive hypothesis, we have (1] < Ay(X ), €] + [65] <
AQ(XJl), and |€1| S Al(XJ2)7 |€2| + |£;| S AQ(XJQ). Then, we get

101 & 01| < A(Xy), and|ly + o) + |05 + 05 < Ay(X)).

This concludes the proof of Lemma 5.5.

[
By Lemma 5.5, one gets a non trivial contribution for x; if the resonance condition
€1~w1+€2~w2+€’2‘-w520, (61)
6;84‘514‘624—6;—150 (mod2),

is verified by the frequencies of some cosine functions involved in ;.

Lemma 5.6. Under conditions (50) and (51) in Proposition 5.4, one gets a non trivial con-
tribution on x; depending linearly on a; for all j=1... N.

Proof of Lemma 5.6. 1t is clear that the resonance condition (61) holds for

{Wha-- Wn} {Win- W1N} {w21,.. ,Wy® ! w;l}w--a{w%N?" W;nj\? ! w;N}a

and € € {0, 1} verifying (50). We show that it is the only resonance occurring in i;,. Indeed,
by Lemma 5.5, the integer part of frequencies in z;; is in the following form

ﬁl-wl—l—@-wg—l-@-w;

N my N mo—1
= sz @+ Z Z lyjwi; + 2623“12]
1 =1 1 =1
jN mi JN mo—1 mo—1
2D SRS 3 SERRS SLA0 SRS 3
=1 =1 1 =1 =1
jN mi ‘ ” N mao—1 ’
= D N (U +Gwh > Y (O A+ 5w, (62)
j=1 i=1 j=1 =1

By Condition (51), Eq. (62) is equal to zero if and only if

€§j+€§j = 0, fori=1,...,myq,
U+ 0 = 0, fori=1,...,my—L

Then, one has

N mq A N mq N

] = DO 1 =D 0> e =m0y 161,
Jj=1 i=1 j=1 i=1 j=1
N mo—1 ‘ N mo—1

] = ) |£;j|=22|£|—m2—12|f
j=1 i=1 j=1 i=1

However, by Lemma 5.5, one knows that |¢;| < my and |ls| 4 |¢5] < ms. Then, one necessarily
has m3; = 0 for all j = 1,..., N. In that case, one obtains {36 + , + ly + {5 —1 = =1 # 0
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(mod 2). In conclusion, the resonance condition (61) does not hold for any 4—tuple (¢4, {5, 03, €)
different from (mq,mgo — 1, —1,m; +mo — 1 (mod 2)).

By Eq. (52), the power of a; is equal to the number of times w;; occurs in the resonance
condition (42). Since the latter is equal to 1, we obtain a linear function of a;. This ends the
proof of Lemma 5.6.

O
Lemma 5.7. If x; € £ and i < j, then x;(27) — z;(2m) = 0.
Proof of Lemma 5.7. We first note that Eq. (62) still holds true. Recall its expression here.
61 -wl—l—EQ 'LUQ—FE;'UU;
N mq N mo—1
= D D (G Gy) Wit Y (G 6y) - wiy (63)
j=1 i=1 j=1 i=1

By condition (51) in Proposition 5.4, Eq. (63) is equal to zero if and only if £}; + £5; = 0 for
1=1,...,my,j = 1,...,Nand€§j—|—€§j:0f0rz':1,...,m2—1,j:1,...,N. In that case,
one has

N
] =m0y |6,
j=1
N
G|+ [65] = ma ) |63].
j=1

One also knows that |€1| S AI(XJ), |f2| + |£;| S AQ(XJ) with Al(Xj) < my or AQ(XJ) < Mma.
Therefore, one has (3; = 0 for all j =1,..., N. This implies that

€§5+f1+€2+€§—1:—17ﬁ0 (mod2)

In conclusion, the resonance condition (61) does not hold true. This ends the proof of
Lemma 5.7.

O
Part II Invertibility
As a consequence of Lemma 5.6, one has
$[1<27T) - xll(o) aq
-1 .
: = A(wry, - - s Wan s wan) | (64)
xIN<27T) - w[N(O) an
fﬁf(wilv"wwélvwsl)? )fj)l((w%Nv'-ww%Na”-aw;N) ai
= : : o
fffv(wh,...,w%l,...,wgl), ,fffv(w%N,...,wéN,...,wé‘N) an

where fl)f : R™ — R are rational functions of frequencies, and every wy; verifies Eq. (50) for

j=1,...,N. We show in the sequel that it is possible to choose integer frequencies
1 m1 1 mi 1 mo—1 * 1 mo—1 *
{wigs ot o {win, Wi b {wars - w? Wi b e {wany - Wan L Wi
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so that the invertibility of the matrix A involved in Eq. (64) is guaranteed, as well as the
non-resonance of every component z; belonging to a class smaller than &7.

For j =1,...,N, we use P; to denote the hyperplane in R? with M := m; + my defined
by Eq. (50), which we recall the expression next,

mo—1

ng E w1]+ E w2j

We begin by showing that the function detA(wn, e ,wg ) is not identically equal to zero on
ﬂf;le. This is a consequence of the following lemma.

Lemma 5.8. The family of functions

{fl)f(w}, LW wh Wy ! ,Wa )y fl)fv(w%, LW e Wy ! ,wa) }

is linearly independent on the hyperplane P in RM defined by the equation wj = ot wh 4
22121_1 W

Proof of Lemma 5.8. The first part of the argument consists in considering a family of M

indeterminates Y = {Y7,...,Y,,} and the associated control system
M
g=> vY (65)
i=1

Let Hy be a P. Hall family over Y. Consider all the elements {Y},,...,Y;_} in Hy of length

M such that Ay(Y;,) =1foralli=1...M,j=1,... , N, and the corresponding components
{Yss -5 ys.} in exponential coordinates.
If we apply one control of the form {v; = cosv;t}i—1 a, with v, = ZZ:I v;, to System

(65), then, by explicit integration, there exists, for each component y; , a fractional function
¥ :R™ — R such that
JJ

M-

ij(27T)—ij(O>Zf}2<l/1,...,l/M , for vy Z (66)
Claim 11. The family of functions {f};, ey f}]fv} 15 linearly independent on the hyperplane
in RM defined by vy = Zf\izl v;.
Proof of Claim 11. We first define f}i by

f}g(yl,...,yM):f}g(ul,...,—uM). (67)
Then, it is easy to see that f}; verifies the following inductive formula.
1. For J=i=1...M, f¥ (1) :Vii;

2. for |J| > 1, Yy = [Vy,,Y,], there exists an injective function o; : {1,...,m’} —
{1,..., M} such that

~ f}/(ya 1)y Vo (m‘]l)>~
f}/(Vch(l); Cey VUJ(mJ)) = ! Jz:m"l J f}g (VUJ(mjl +1)5 e VaJ(mJ))7 (68)
i=1 Yo (i)
where m” := A(Y;), m”7 := A(Y},), and m”2 := A(Y},).
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We note that the family of rational functions f}/ is well defined for all brackets Y; such
that A;(Y;) < 1,i=1,..., M. The algebraic construction could be extended to all the Lie
brackets, but it is not necessary for our purpose. We also note that Lemma 11 is equivalent
to the fact that the family of fractional functions

(0}

..... N
is linearly independent over the hyperplane Zf\il v; = 0.
Recall that every element Y, in the family {Y},,...,Y; } writes uniquely as
Yy, =Yy, Y] (69)

Definition 5.3 (Left and right factors). For J € {Ji,..., g}, the left factor L(J) and the
right factor R(J) of J are defined in such a way that Y; = [V, Yrn)-

Let L* be defined by
L* .= max {L(J;)}. (70)
N

The integer L* is well defined since a P. Hall family is totally ordered. Thus, there exists
J* € {J1,..., g} such that L* = L(J*). Then, define R* := R(J*) and set m* = |L*|. Let
A=A,UAgand A={1,...,N} \ A with Ay and Ag defined by
AL = {] € {1,...,N}, such that YL(Jj) NYL}, (71)
Ar = {je{1,...,N}, such that Y,y ~ Yr}. (72)

Then, for all j € A, there exists an injection function o, : {1,..., M} — {1,..., M} such that
one has

sy f[}//(Jj)(ij(l)a~--;V0'j(m*)) ' .

ij(ljl,...,I/M) = Zm* » fR(Jj)(VO'j(m*+1)7'"71/0']'(M))’ lf] € ALa (73)
i=1"o;(i)

. f[}j((])(ya(m*—i-l):al/o(M)) ~. . .

f};(Vl, ceey I/M) = J ]M J f}g(]ﬂ(yffj(l)’ ey Va(m*)), if ] € AR. (74)

Zi:m*-‘rl Vo (i)

Note that for all j; and js in Ay, one has iygjl(l), .. ~;Vaj1(m*)} = {Voj2(1), . .,V%(m*)}.
Denote by Z; the set of variables involved in ff( ) with j € Ay. A similar property holds
for Ag. For all j; and j, in Ay, we have {V‘Tn(m*ﬂ)j . z/gjl(M)} = {yom(m*ﬂ), . ,VU].Q(M)}.
Denote by = the set of all variables occurring in f{(Jj) with 7 € Ag. We have =, U= =
{v1,...,vp}. By abuse of notation, we re-write Eqs. (73) and (74) in the following form:

Y —_
Y L(J~)<':L) % —_ ap s
= = = f Ap;
ij(Vh V) ZDkEEL ﬁkfR(Jj)( r), ifj€Ap; (75)
) L
) = SN2, i € Ag. (76)

Zl)kEER Vk

Moreover, by the resonance condition Y™, v; = 0, Eq. (76) becomes

~ fopEr) o o
f};(l/lv...,l/M>:%JC}%#)(:L), if j € Ag. (77)
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We now prove that the family of fractional functions { f};(yl, s VM) Yoy 18 linearly

1111

independent over the hyperplane Zf\il v; = 0. The proof goes by induction over the length
of the Lie brackets under consideration. For the brackets of length 1, the result is obviously
true. Assume that the result holds for all brackets of length < M — 1.

Assume that there exist ¢; € RY such that

N M
Zﬁjf};(yl,...,yM) =0, with Zl/i =0. (78)
=1 i=1

One has

N
Zéjf};(yl’ .. .,I/M) = Zgjf};(l/l, .. .,VM> + ijf};(l/l, .. .,I/M)

JEA jEA
Er)

= Z&Z . fR Z@Z N)fR(J)HL )+ Gfy (L vm)

JEAL JEAR jEA
= 0. (79)
Multiplying Eq. (79) by the factor Z Vg, we get
VLEST,
S R E i Er) = > Gy Er) Ry G + () 7)Y G (.. va)
JEAL JEAR UREEL jEA
= 0. (80)

Since L* is the maximal element among the left factors of Lie brackets of length M, the
fraction f}j does not contain the factor Z iy, for all j € A. Therefore, on the hyperplane of

ULEST,
R™" defined by Z v, = 0, we have
ULEE]
Z ¢ fL (J5) HL)JCR(JJ Er) Z ¢ fL (J) HR)fR (J) ( L) =0. (81)
JEAL JEAR

Fixing variables belonging to =g, Eq. (81) is a linear combination of elements of the family
{fﬁjj)(EL)}jeAL U {f}{uj)(EL)}jEAR associated to elements of length m* in P. Hall family.
By the inductive hypothesis, this family is linearly independent over the hyperplane of R™
defined by Z r = 0. We therefore obtain that

ULEEL

for all j € Ap, (82)
for all j € Ag. (83)

gjfzg(Jj)(E )

gjf E(Jj)(E )

Since Eqs. (82) and (83) hold true over the whole hyperplane of R¥~™" defined by
Z U, = 0, this implies that ¢; = 0 for every j € A.

UVLEER

0,
0,
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Therefore, Eq. (79) becomes
Zgjf};(Vh”wVM) =0. (84)
jEA

Consider now the maximum left factor for j € A and iterate the same reasoning used for Eq.
(78). We deduce that ¢; = 0 for every j € A. Therefore, the family {f}i(yl, VM) Yo

linearly independent over the hyperplane Zf\il v; = 0 and this concludes the proof of Claim
11.

77777

]

We are now in a position to proceed with the argument of Lemma 5.8. Let X; be an
element of Ex(my,ms), M := my + my and N :=Card Ex(my,ms). Consider also another
family of M indeterminates Y = {Y3,...,Yy} and let Hy be the P. Hall family over Y.
Finally, consider all the elements of the class &y (1,...,1) = {Y;,,...,Y; } in Hy.

Let IT be the algebra homomorphism from L(Y) to L(X) defined by

) =X, for i=1,...,mi, (85)

Y
(YY) =X, for i=my+1,... M. (36)

IT is surjective from & onto £x. Consider the following vector fields
Vy ={uY1+ - +onuYul,

where

v; = cosw;t, fori=1...M — 1, and vy = cos(wyt + eg), (87)

M—1
with wy; = Z w;, and w; verifying the non-resonance conditions.
i=1
Then, the non autonomous flow of V3 between 0 and 27 is given by

exp(Vy)(0,27) = YN oo el N o H eli Y, (88)
J>J1

Let us now apply II to Vy, we get

M) = VX = {orl(V1) + -+ 0 T1(Yin)} = {wnXy + uaXo), (89)
where
U = Zvi = Zcos wit, (90)
i=1 1=1
m m—1 T
" i:;-i-l " i=;+1 ot + cos{iomt + 85) S

Then, the non autonomous flow of Vy between 0 and 27 is given by

SP(Vx)(0,2r) = SR oo SIIT) o TT 100
J>Jy
_ ST Iy I & meo (92)
J>J1
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We also know that

&B(Vx)(0,27) = ef¥no...oeliv¥ivg [T
I>1
= eZ;V:1 I5%15 H eI X1, (93)
I>1

Recall that II is surjective from Ey(1,...,1) onto Ex(my, my). Therefore, by identifying Eqs.
(92) and (93), we obtain that for all j = 1,..., N, f}j is a linear combination of f} with

i=1,...,N, ie.
N .
fiy =2 alf) (94)
i=1
Since the family (f) ),_; _ is linearly independent, and the matrix A := (ag)izl,...,N;sz...,N

is surjective, we conclude that the family ( fl)j( )j=1...~ is also linearly independent. This ends
the proof of Lemma 5.8.

i=1,..

]

A consequence of Lemma 5.8 is the following.

Corollary 5.9. With the above notations, the function det A is identically equal to zero on
N, P
j=1"17

Proof of Corollary 5.9. For j =1,..., N, we define the vector L; by

T
o X 1 m1 1 mo—1 * X 1 my 1 mo—1 *
Lj= (flj (i1, W Wapy + ey Wt Way ), ;flj (Wins - s WIN Was - - Won 7W2N)) :
N
Assume that g ¢;L; = 0 with [; € R. Then, for all ¢ =1,..., N, we have
Jj=1
N
X 1 my 1 mo—1 *\
E :gjflj (Wigs s W7 Wog, s W W) = 0. (95)
7j=1

By Lemma 5.8, we have [; = 0 for j = 1,..., N. Then, the family (L;);= n is linearly
independent. We conclude that det A is not equal to zero. This ends the proof of Corollary
5.9.

]

We still need another technical lemma which guarantees that there exists integer frequencies
such that Eq. (51) is satisfied and the matrix A in Eq. (64) is invertible.

Lemma 5.10. There exists integer frequencies such that (51) is satisfied and det A is not
equal to zero.

Proof of Lemma 5.10. For j =1,... N, we set

m—1

fj(wl,...,wm,l) :fg(wl,...,wm,l,Zwi), (96)

i=1
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then, we have

fl(wh,...,wﬁl,wél,...,w;nlz_l), ,fl(w%N,...,w;”]\l,,w%N,...,wZ\?_l)

detA = : :
fN(w%17'"7w717{17w%1""7w727112_1)’ ’fN(w%N’"'7wT]\1]’w%N7""w;n]\2[_l)
P(wly, ... wit wa, ... ,w;”lz_l, e WINy e W Wanrs - - - ,w;”ﬁ,_l) (97)
Qwly, ... Wi Wi, et ) N U ) ,wg}g—l)’

where P and ) are two polynomials of (m — 1)N variables.

We first note that ) never vanishes over integer frequencies. Assume, by contradiction,
that P is always equal to zero for integer frequencies verifying Eq. (51). Consider P as a
polynomial in one variable w;”]\?_l, ie.,

1 mi 1 mo—1 1 mi 1 mo—1
Pwigy ooy Wi Wy e ey W2 e S W Ny e s W N Waps -+ - s Wang )
M
. . 1 mi 1 mo—1 1 mi 1 mo—2 mo—1\j
= E Pi(wig, -y Wi Wags o o, Wa1e ey WINy - - - s WIN s Wans - - s Won ) (wan )7 (98)
j=0
: : : 1 m1 1 ma—1 1 mi 1 ma—2y
Given integer frequencies (wyy, ..., Wi Waps -« s Wo2 ey WiNy -« s WIN Wans - - - s Wan ), if

Eq. (98) is not identically equal to zero, then this polynomial in the variable wg}{‘}*l most has

a finite number of roots. However, for a given choice of (m — 1)N — 1 first frequencies, there
exist an infinite number of wy), 1\2,_1 verifying (51). Then, P; = 0 over all integer frequencies,
and Py is not identically equal to zero. We note that all P; are polynomials of (m —1)N — 1
variables. Proceeding by induction on the number of variables, it is easy to see that, at the
end, we obtain a polynomial in the variable w{; which is equal to zero over all integer wi,, and
which is not identically equal to zero according to Corollary 5.9. That contradiction ends the
proof of Lemma 5.10.

O

5.2.3 General case: m > 2

Notice that the proof of Theorem 5.4 does not really depend on the number of vector fields
involved in the control system (4). Indeed, for m > 2, if the control functions are linear
combination of sinusoids with integer frequencies, then the state variables in the canonical form
are also linear combinations of sinusoids so that the frequencies are Z—linear combinations of
the frequencies occurring in the control functions. The proof is the same as that of Lemma
5.5, up to extra notation. Since Lemma 11 depends only on the length of the Lie brackets,
but not on the number of vector fields, the proof of Lemma 5.8 does not depend on m, either.
In order to prove a similar result for m > 2, we just need to re-project Egs. (85) and (86) to
m vector fields instead of 2.

5.3 Numerical implementation issues

In this paragraph, we explain how Proposition 5.4 can be used in practice for controlling nilpo-
tent systems in the canonical form. The numerical implementation of this strategy is divided
into off-line and on-line computations. The off-line ones consist in choosing frequencies for
each equivalence class and computing the corresponding matrix involved in Eq. (64). We note
that Proposition 5.4 only gives sufficient conditions to prevent resonance (by choosing widely
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spaced frequencies, cf. Eq. (51)) and guarantee the invertibility of the corresponding matrix
(by using a sufficiently large number of independent frequencies). These conditions tend to
produce high frequencies while it is desirable to find smaller ones for practical use. We can
prove that two independent frequencies suffice to steer one component (cf. Section 5.2.1),
and we conjecture that 2N independent frequencies suffice to control one equ ivalence class
of cardinal N by producing an invertible matrix. One can implement a searching algorithm
for finding the optimal frequencies for each equivalence class such that they prevent all reso-
nances in smaller classes and produce an invertible matrix for the class under consideration.
Proposition 5.4 guarantees the finiteness of such an algorithm. Moreover, one can construct
once for all a table containing the choice of frequencies and the corresponding matrices for
each equivalence class in the free canonical system. Once the frequencies and matrices are
obtained, the on-line computations needed to determine the scalar coefficients in front of the
corresponding sinusoids is only one matrix multiplication for each equivalence class.

Remark 5.3. Recall that the key point in our control strategy consists in choosing suitable
frequencies such that, during each 2m—period, the corresponding input function displaces
components of one equivalence class to their preassigned positions while all the components
of smaller classes (according to the ordering in Definition 5.2) return at the end of this control
period to the values taken at the beginning of the period. In order to achieve the previous
task, special resonance conditions must be verified by the appropriate components, and these
conditions must not hold for all the other smaller components (according to the ordering in
Definition 5.2). Note that two categories of frequencies have been picked in Proposition 5.4:
the basic frequencies {wfj}, and the resonance frequencies {wj;}. Since frequencies occurring
in the dynamics of the state variables are just Z—linear combinations of {w};} U{w};}, and the
resonance frequencies {wj]} are chosen to be special Z—linear combinations of basic frequencies
(resonance condition), then the frequencies in the dynamics of the state variables are special
Z—linear combinations of {w};}.
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6 User’s Guide

For the reader’s convenience, the global motion planning strategy developed in this paper is
summarized in this section.

’ User’s Guide ‘

Let (X) be a driftless control-affine system defined on a compact domain K, z be the
starting point, and x; be the goal.

1. Decompose K into compacts sets V5, with ¢ = 1,..., M (Subsection 3.3). Without loss
of generality, one can assume that zo € V7 and 7, € V7 .

2. Choose a sequence (xz)zzl v—1 such that 2! € Vs N V}M. Without loss of generality,
one can assume that zo := 2° and x; := 2! for some i € {1,..., M — 1}.

3. Apply Desingularization Algorithm (Subsection 3.3) at z, := z¢ with J := J;41. One
obtains a regular control system &, a system of privileged coordinates 2 at z,, and an
approximation £ in canonical form.

4. Apply Global (Zo, 71) (Subsection 4.2) with Zy := (29,0) and z; := (21, 0).

At each iteration,

(a) construct an approximation of £ at the current point (Subsection 4.1);
(b) compute u (Section 5);
(c) construct AppSteer (Definition 2.10).

7 Conclusion

In this paper, an effective framework has been proposed for solving the motion planning prob-
lem for driftless control-affine systems. First, an iterative steering algorithm based on the
nonholonomic approximation techniques has been devised. This algorithm is globally conver-
gent for regular systems, and it does not require a priori knowledge on any critical distance.
Second, for general systems which contain singular points, an explicit desingularization proce-
dure involving only explicit polynomial transformations has been proposed. This construction
gives rise to a “lifted" system which is regular, and it has been shown that, in order to steer
the original system from one state to another, it suffices to solve a motion planning problem
for the lifted system. Finally, an exact method using sinusoidal controls for steering general
nilpotent systems has been proposed. In particular, it can be used to control exactly approx-
imate systems involved in our general planning algorithm.This method gives rise to smooth
trajectories, leading to possible dynamical extensions.
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