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1 IntrodutionWe onsider the homogenization of a reation-di�usion equation with a largenon-linear reation term in periodi porous media. We assume that theoe�ients of the equations are periodially osillating in both spae andtime with a paraboli (or di�usive) saling; namely, the spatial period is ε andtemporal period is ε2, ε being a small positive parameter. The orrespondingCauhy problem reads
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) in R
n×(0, T ),

uε(x, 0) = u0(x) ∈ L2(Rn), (1)where u0 is the initial data, and the oe�ients a(y, s), ρ(y) and g(y, s, u) are
1-periodi in y and s. The unknown uε is the onentration of some hem-ial speies di�using in a porous medium of porosity ρ(y), with di�usivity
a(y, s) and reating with the bakground medium (for example by absorp-tion/desorption) through the nonlinear term g(y, s, u). The fat that theoe�ients vary periodially in time an be interpreted as a rude modellingof some exterior foring (like another hemial reation). In addition to usualassumptions on the oe�ients (see the next setion for details), we makethe ruial assumption on entering of the nonlinear term, namely we assumethat, for eah u ∈ R,

∫

[0,1]n+1

g(y, s, u)dsdy = 0.This ondition an be interpreted as a loal equilibrium of the reation for anyonentration level, whih allows us to expet a non-trivial limit, as ε goesto zero. Our main result is the onvergene of the sequene uε of solutionsof problem (1) to the unique solution of the following homogenized problem(see Theorem 3 for the exat statement):
{

∂tu = div
(

â∇u
)

+ F (u) · ∇u+ V (u) in R
n×(0, T ),

u(x, 0) = u0(x) ∈ L2(Rn),
(2)2



where the e�etive veloity F (u) and e�etive potential V (u) are expliitnon-linear funtions de�ned in terms of orretors or solutions of the so-alled ell problems. There are two interesting features of the above e�etiveoperator. The �rst one is the appearane of the �rst order term in the limitoperator, even if the original equation is formally self-adjoint. This e�et isdue to the time osillation of the oe�ients in (1). Indeed, if the oe�ientsdo not depend on the temporal variable s, then simple omputations showthat the veloity F (u) vanishes, see Remark 4 below.The seond feature is that, in ontrast with the original equation whihhas nonlinearity only in the zero order term, the limit operator also inludesa nonlinear �rst order term, in other words the nonlinearity an jump tothe next higher order term. This asymptoti phenomenon is well-known inphysis and mehanis. For several models it has also been justi�ed in themathematial literature, see for instane [10℄.The fat that onvetion an arise from the homogenization of a purelydi�usion-reation problem is already known and has several interesting appli-ations. This e�et was �rst disovered in nulear reator physis in [9℄ andlater rigorously justi�ed by homogenization arguments in [6℄, [7℄. It is alsoan important phenomena in reative transport through porous media whereonvetion an be enhaned by hemial reations [3℄, [4℄, [11℄, [12℄. Finally,it is an explanation for the origin of bio-motors [14℄. On the other hand,the transmission of the nonlinearity from the reative term in the originalequation (1) to the onvetive term in the e�etive equation (2) is anotherevidene of the strong oupling between onvetion and hemial reationsin reative transport through porous media.Large zero-order terms have already been homogenized in the linear asewhen they sale like 1/ε2 [5℄. In suh a ase the fatorization tehnique allowsus to separate a periodially osillating part ψ(x/ε) of solutions so that theremaining part uε/ψ(x/ε) has a regular behaviour, see [2℄, [4℄, [8℄. However,3



this tehnique fails to work if the problem under onsideration is nonlinear.On the ontrary, for linear equations with entered zero order term oforder 1/ε, solutions exhibit a regular asymptoti behaviour (see, for instane,[5℄, Chapter 1, Setion 12). The goal of the present paper is to prove anhomogenization result for equations with a nonlinear potential.The paper is organized as follows. In setion 2 we introdue the problemand speify the onditions on the oe�ients of equation (1). Setion 3is aimed at obtaining uniform a priori estimates. In Setions 4 and 5 weharaterize the two-sale limit of solutions, de�ne the limit problem andprove the onvergene result. Finally, in Setion 6 the properties of the limitproblem are studied. It is shown, in partiular, that this problem has aunique solution.2 Statement of the problemInstead of (1) we onsider a slightly more general initial boundary valueproblem
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) in Q×(0, T ),

uε(x, t) = 0 on ∂Q×(0, T ),

uε(x, 0) = u0(x) ∈ L2(Q), (3)in a Lipshitz domain Q ⊂ R
n, for some given �nal time T > 0. Notie thatthe domain Q might be either bounded or unbounded. In the ase Q = R

nproblem (3) turns into problem (1).We assume that the oe�ients of (3) satisfy the following properties:A1. Uniform elliptiity. The matrix aij is real, not neessary symmetri,positive de�nite: there exists Λ > 0 suh that
‖aij‖L∞(Rn+1) ≤ Λ−1, 1 ≤ i, j ≤ n,4



aij(y, s)ξiξj ≥ Λ|ξ|2 for all (s, y) ∈ R
n+1, ξ ∈ R

n.A2. Positivity. There exists Λ > 0 suh that
Λ ≤ ρ(y) ≤ Λ−1 for all y ∈ R

n.A3. Periodiity. The density ρ(y) is [0, 1]n-periodi, and the entries of thematrix a(s, y) are [0, 1]n+1-periodi. Without loss of generality we as-sume that
∫

[0,1]n
ρ(y)dy = 1.Here and in the sequel Y stands for the periodiity ell [0, 1]n. We alsodenote Y = [0, 1]n+1.A4. Centering ondition. We assume that, for any u ∈ R,

< g >
def
=

∫

[0,1]n+1

g(y, s, u)dsdy = 0.A5. Lipshitz ontinuity. We assume that there exists a �nite onstant
0 < C < +∞ suh that, for any y, s ∈ [0, 1]n+1 and u ∈ R,

|∂ug(y, s, u)| ≤ C ,

|∂ug(y, s, u1) − ∂ug(y, s, u2)| ≤ C|u1 − u2|
(

1 + |u1| + |u2|
)−1

.The last bound implies that, for all y, s ∈ [0, 1]n+1, the funtion ∂ug(y, s, ·)belongs to W 1,∞(R), and, moreover,
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1 + |u| .In partiular, A5 is ful�lled if g(y, s, u) is two times di�erentiable in u,and ∣
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∣
≤ C(1 + |u|)−1.A6. Equilibrium ondition. We assume that 0 is a possible solution of (1)or (3), i.e.,

g(y, s, 0) = 0 for all y, s ∈ [0, 1]n+1.5



In a standard way one an show that under the above assumptions foreah ε > 0 problems (1) and (3) have a unique solution uε, moreover uε ∈
L2(0, T ;H1(Q)) ∩ C(0, T ;L2(Q). However, due to the presene of the fator
1/ε in front of the zero order term in the studied equation, the standardenergy estimates are not uniform in ε. In the next setion we improve theseestimates and show that uniform in ε a priori estimates hold.3 A priori estimates and ompatnessWe begin this setion by obtaining uniform a priori energy estimate for thesolution uε. In the sequel, Q stands either for R

n, as in the ase of problem(1), or for a Lipshitz open subset of R
n, in the ase of the boundary-valueproblem (3).Lemma 1. Under assumptions A1.�A6. the following estimates hold true

‖uε‖L2(0,T ;H1(Q)) ≤ C, ‖uε‖L∞(0,T ;L2(Q)) ≤ Cwith a onstant C whih does not depend on ε.Proof. The desired estimate relies on the following representation of the largenonlinear potential term
1

ε
g
(x

ε
,
t

ε2
, uε

)

= div
[

G
(x

ε
,
t

ε2
, uε

)]

+ ερ
(x

ε

)

∂t

[

G
( t

ε2
, uε

)]

− ∂uG
(x

ε
,
t

ε2
, uε

)

· ∇uε − ερ
(x

ε

)

∂uG
( t

ε2
, uε

)

∂tu
ε

(4)with
G(s, u) =

s
∫

0

ḡ(τ, u) dτ, ḡ(s, u) =

∫

Y

g(y, s, u)dy, (5)and G(y, s, u)=∇yR(y, s, u) with R de�ned as the solution of
{

∆yR(y, s, u)= g(y, s, u)−ρ(y)ḡ(s, u) in Y,
R(y, s, u) is Y − periodi in y. (6)6



The right hand side of (6) has zero average in Y so R exists and is uniqueup to an additive funtion of variables s and u (whih does not matter inthe de�nition of G). This representation an be heked by straightforwardomputations. By onstrution and due to A5 and A6, we have
G(s, u) ≤ C|u|, |∂uG(s, u)| ≤ C, |∂uG(s, u1)−∂uG(s, u2)| ≤

C|u1 − u2|
1 + |u1| + |u2|

.and
G(y, s, u) ≤ C|u|, |∂uG(y, s, u)| ≤ C,

|∂uG(y, s, u1) − ∂uG(y, s, u2)| ≤
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|u|)−1.Multiplying equation (3) by uε, integrating the resulting relation overthe ylinder Q × (0, t) and making use of representation (4), we get afterstraightforward rearrangements
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(

‖uε(·, t)‖2
L2(Q) + ‖u0‖2

L2(Q)

)

,

|I5| = ε
∣

∣

∣

∫ t

0

∫

Q

ρ
(x

ε

)

G
( s

ε2
, uε(x, s)

)

∂tu
ε(x, s) dxds

∣

∣

∣

= ε
∣

∣

∣

t
∫

0

∫

Q

G
( s

ε2
, uε(x, s)

){

div
(

a
(x

ε
,
s

ε2

)

∇uε(x, s)
)

+
1

ε
g
(x

ε
,
s

ε2
, uε(x, s)

)

}

dxds
∣

∣

∣

≤ C
(

ε‖∇uε‖2
L2(Q×(0,T )) + ‖uε‖2

L2(Q×(0,T ))

)(with no boundary terms beause G(s, 0) = 0),
|I6| ≤ C‖uε‖L2(Q×(0,T ))‖∇uε‖L2(Q×(0,T )),

|I7| = ε
∣

∣

∣

∫ t

0

∫

Q

∂uG
( s

ε2
, uε(x, s)

)

uε(x, s)div
(

a
(x

ε
,
s

ε2

)

∇uε(x, s)
)

dxds
∣

∣

∣
+

+
∣

∣

∣

∫ t

0

∫

Q

∂uG
( s

ε2
, uε(x, s)

)

g
(x

ε
,
s

ε2
, uε(x, s)

)

uε(x, s) dxds
∣

∣

∣

≤ Cε‖∇uε‖2
L2(Q×(0,T )) + C‖uε‖2

L2(Q×(0,T )).Substituting these bounds in (7), we obtain
∫

Q

ρ
(x

ε

)

(uε(x, t))2 dx+

t
∫

0

∫

Q

a
(x

ε
,
s

ε2

)

∇uε(x, s) · ∇uε(x, s) dxds

≤ C‖u0‖2
L2(Q) + Cε

∫ t

0

‖∇uε(·, s)‖2
L2(Q)ds

+

∫ t

0

‖∇uε(·, s)‖L2(Q)‖uε(·, s)‖L2(Q)ds+

∫ t

0

‖uε(·, s)‖2
L2(Q)ds.This yields the desired bound by a standard appliation of Gronwall's lemma.In the ase of an unbounded domain Q we also need to show that thesolution uε remains loalized in spae as ε → 0.Lemma 2. In the ase of Cauhy problem (1) or unbounded domain Q in(3), for any δ > 0 there exists R = R(δ) suh that, uniformly in ε,
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Proof. Let ϕ̃R be a ontinuous, pieewise linear funtion ϕ̃R : R
+ 7→ Rsuh that ϕ̃R(r) = 0 for r ≤ R, ϕ̃R(r) = 1 for r ≥ 2R, and ϕ̃′(r) = 1/R for

r ∈ (R, 2R). We denote ϕR(x) = ϕ̃(|x|), multiply equation (1) by ϕR(x)uε(x)and integrate the resulting relation over the set R
n × (0, τ). After simplerearrangements this yields
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ε

t2
∫

t1

∫

Q

ρε∂uG
ε
ϕ∂tu

ε dxdt = −ε
t2

∫

t1

∫

Q

∂uG
ε
aε∇uε · ∇ϕdxdt11



−ε
t2

∫

t1

∫

Q

ϕ
∂2

∂u2
G

ε
aε∇uε · ∇uε dxdt−

t2
∫

t1

∫

Q

ϕgε∂uG
ε
dxdt.Realling the estimate of Lemma 1 and the properties of G, one derives fromthe above relations that

|(ρεuε(·, t2), ϕ)L2(Q) − (ρεuε(·, t1), ϕ)L2(Q)| ≤ C(ϕ)
√
t2 − t1‖uε‖L2(0,T ;H1(Q))

+εC(ϕ)‖uε‖2
L2(0,T ;H1(Q)) ≤ C(ϕ)(

√
t2 − t1 + ε),and the required bound follows.We proeed with the ompatness result.Lemma 4. The family (uε)ε>0 is relatively ompat in the spae L2(Q ×

(0, T )).Proof. The fat that the estimates of Lemmata 1�3 imply the ompatness of
uε has been proved in [10℄. For the sake of ompleteness we simply explain themain idea of the proof. Introduing a smooth orthonormal basis (

e1(x)
)

i≥1of L2(Q), we use the representation
uε(x, t) =

∞
∑

j=1

αj(t)ej(x), αj(t) = (uε(·, t), ej)L2(Q),and denote
uε

N(x, t) =

N
∑

j=1

αj(t)ej(x), Uε
N(x, t) =

∞
∑

j=N+1

αj(t)ej(x).From the estimates of Lemma 1 it follows that ‖Uε
N‖L2(Q×(0,T )) goes to zero as

N → ∞ uniformly in ε. Then one an derive from Lemma 3 and, in the aseof unbounded domain Q, Lemma 2, that uN is ompat in L2(Q× (0, T )) forany N . This implies the desired ompatness. The reader an �nd a detailedproof in [10℄.
12



4 Two-sale onvergene and orretorsIn this setion we study the two-sale limits of uε and its gradient, and intro-due the orretors required for passing to the limit in the original problem.As a �rst step we apply the two-sale ompatness arguments (see [1,13℄). It follows from Lemmata 1, 4 that there exist a subsequene and limits
u(x, t) ∈ L2((0, T );H1(Q)), w ∈ L2(Q×(0, T );L2

#(0, 1;H1
#(Y ))) (the symbol

# indiates periodiity of the orresponding funtions) suh that, along thissubsequene,
uε −→

ε→0
u(x, t) in L2(Q× (0, T )) strongly, (9)

∇uε ⇀
ε→0

∇xu(x, t) + ∇yw(x, t, y, s) in the sense of two-sale onvergene.(10)Notie that w is de�ned up to an arbitrary additive funtion of x, t and s.In order to �x its hoie, we assume that
〈ρw〉y def

=

∫

Y

ρ(y)w(x, t, y, s) dy = 0. (11)Denote g̃(y, s, u) = g(y, s, u)−ρ(y)〈g(·, s, u)〉y, whih satis�es 〈g̃(·, s, u)〉y = 0sine 〈ρ〉y = 1. The rest of this setion is devoted to the proof of the followingharaterization of w.Lemma 5. The funtion w is a solution of the boundary value problem
{

ρ(y)∂sw = divy

(

a(y, s)(∇yw + ∇xu(x, t))
)

+ g̃(y, s, u(x, t)) in Y
(y, s) → w is Y-periodi. (12)Proof. We �rst hek that (12) is well-posed. Aording to [8℄, equation (12)has a Y-periodi solution whih is unique up to an additive onstant. Thus,under the normalization ondition ∫

Y
ρ(y)w(y, s, u)dyds = 0, the solution of(12) is unique. Moreover, due to the de�nition of g̃, integrating (12) withrespet to the spatial variable y, we �nd that ondition (11) is also ful�lledby this solution of (12). 13



Let us now establish (12) by passing to the limit in the equation for uεwith a test funtion of the form
φε = εϕ(x, t)ψ

(x

ε
,
t

ε2

)with ϕ ∈ C∞
0 (Q× (0, T )) and ψ ∈ C∞

# ([0, 1]n+1) suh that〈ρψ〉y = 0 for any
s. By virtue of the last ondition, there is a smooth periodi vetor-funtion
Ψ = Ψ(y, s) suh that divyΨ = ρψ. Di�erentiating in s gives divy∂sΨ =

ρ∂sψ. After straightforward rearrangements we obtain
−ε

T
∫

0

∫

Q

ρεuεψε∂tϕdxdt−
T

∫

0

∫

Q

uεϕ div(∂sΨ
ε)dxdt

= ε

T
∫

0

∫

Q

ρ
(x

ε

)(

∂tu
ε(x, t)

)

ϕ(x, t)ψ
(x

ε
,
t

ε2

)

dxdt

= −ε
T

∫

0

∫

Q

ψεaε∇uε · ∇ϕdxdt−
T

∫

0

∫

Q

ϕaε∇uε · ∇yψ
ε dxdt+

T
∫

0

∫

Q

ϕψεgε dxdt;here and later on we use the notation ψε = ψ
(x

ε
,
t

ε2

), ∂sΨ
ε = ∂sΨ(y, s)

∣

∣

∣

y=x/ε, s=t/ε2
,

∇yψ
ε = ∇yψ(y, s)

∣

∣

∣

y=x/ε, s=t/ε2
and gε = g

(x

ε
,
t

ε2
, uε(x, t)

). Notie that by theLebesgue theorem, the di�erene (gε − g(x/ε, t/ε2, u(x, t))) onverges to zeroin L2(Q × (0, T )). Integrating by parts, passing to the limit as ε → 0, andonsidering the properties of g, we get
lim
ε→0

T
∫

0

∫

Q

ϕ∇uε · ∂sΨ
ε dxdt + lim

ε→0

T
∫

0

∫

Q

uε∇ϕ · ∂sΨ
ε dxdt

= −
T

∫

0

∫

Q

∫

Y

a(y, s)
(

∇u+ ∇yw(x, t, y, s)
)

ϕ(x, t)∇yψ(y, s) dydsdxdt

+

T
∫

0

∫

Q

∫

Y

ϕ(x, t)ψ(y, s)g(y, s, u(x, t)) dydsdxdt.14



Making further transformations yields
T

∫

0

∫

Q

∫

Y

ϕ(x, t)
(

∇u+ ∇yw(x, t, y, s)
)

· ∂sΨ(y, s) dydsdxdt

+

T
∫

0

∫

Q

∫

Y

u(x, t)∇ϕ(x, t) · ∂sΨ(y, s) dydsdxdt

=

T
∫

0

∫

Q

∫

Y

a(y, s)
(

∇u+ ∇yw(x, t, y, s)
)

ϕ(x, t)∇yψ(y, s) dydsdxdt

+

T
∫

0

∫

Q

∫

Y

ϕ(x, t)ψ(y, s)g(y, s, u(x, t)) dydsdxdt.The seond integral on the left-hand side is equal to zero, and, sine ϕ is anarbitrary test funtion, we end up with the following relation
∫

Y

∇yw · ∂sΨ dyds = −
∫

Y

(∇xu+ ∇yw) · a∇yψ dyds

+

∫

Y

ψ(y, s)g(y, s, u(x, t)) dyds,whih holds for almost all (x, t) ∈ Q× (0, T ). The integral on the left-handside an be rewritten as follows
∫

Y

∇yw · ∂sΨ dyds =

∫

Y

divyΨ∂sw dyds =

∫

Y

ρψ∂sw dyds.Finally, we get
∫

Y

ψ(y, s)
{

ρ(y)∂sw(x, t, y, s)−divy

(

a(y, s)(∇yw(x, t, y, s) + ∇xu(x, t))
)}

dyds

−
∫

Y

ψ(y, s)g(y, s, u(x, t))dyds= 0

15



for almost all (x, t) ∈ Q× (0, T ) and for any ψ = ψ(y, s) suh that 〈ρψ〉y = 0for all s. Considering the de�nition of g̃, we onlude that
∫

Y

ψ(y, s)
{

ρ(y)∂sw(x, t, y, s)−divy

(

a(y, s)(∇yw(x, t, y, s) +∇xu(x, t))
)}

dyds

−
∫

Y

ψ(y, s)g̃(y, s, u(x, t))dyds = 0 (13)It is straightforward to hek that the last identity also holds true for anyperiodi ψ = ψ(s). Indeed, sine ∫

Y
ρ(y)w(x, t, y, s)dy = 0, then

∫

Y

ρ(y)w(x, t, y, s)∂sψ(s) dy = 0,and thus ∫

Y
ρ(y)∂sw(x, t, y, s)ψ(s) dy = 0. Finally, sine any Y-periodi fun-tion ψ(y, s) an be represented as

ψ(y, s) = ψ1(y, s) + ψ2(s)with
ψ2(s) =

∫

Y

ρ(y)ψ(y, s)dx, ψ1(y, s) = ψ(y, s) − ψ2(s),then the relation (13) holds for any ψ ∈ C∞
# (Y), whih implies that w is asolution of (12).Remark 1. By linearity of (12) it is straightforward to hek that its solutionsatis�es

w(y, s, x, t) = χ(y, s) · ∇u(x, t) + w1(y, s, u(x, t)) (14)with χ and w1 being Y-periodi solutions of the following problems
ρ∂sχ− divy(a∇yχ) = divya, 〈ρχ(·, s)〉y = 0 for all s, (15)and

ρ∂sw1(y, s, u)− divy(a∇yw1(y, s, u)) = g̃(y, s, u),

〈ρw1(·, s, u)〉y = 0 for all s, u ∈ R.
(16)16



5 Passage to the limitThe goal of this setion is to derive the e�etive marosopi model and toprove the onvergene result, namely Theorem 3.For this aim we multiply equation (1) (or (3)) by a smooth funtion
ϕ = ϕ(x, t) whih is ompatly supported in R

n × [0, T ) (respetively, in
Q× [0, T )), integrate the resulting relation over R

n × [0, T ) and pass to thetwo-sale limit as ε → 0. After straightforward rearrangements this yields
−

T
∫

0

∫

Rn

u(x, t)∂tϕ(x, t) dxdt−
∫

Rn

u0(x)ϕ(x, 0) dx

= −
T

∫

0

∫

Rn

∫

Y

a(y, s)
(

∇yχ(y, s) + I
)

∇u(x, t) · ∇ϕ(x, t) dxdtdyds

−
T

∫

0

∫

Rn

∫

Y

(

a(y, s)∇yw1(y, s, u(x, t))−G(y, s, u(x, t))
)

· ∇ϕ(x, t) dxdtdyds

+

T
∫

0

∫

Rn

∫

Y

∂uG(y, s, u(x, t))·
(

∇yχ(y, s)+I
)

∇u(x, t)+∇yw1(y, s, u(x, t))
)

ϕ(x, t) dxdtdyds

+ lim
ε→0

ε

T
∫

0

∫

Rn

ρ
(x

ε

)

{

∂uG
( t

ε2
, uε(x, t)

)

∂tu
ε(x, t)+∂t

[

G
( t

ε2
, uε(x, t)

)]}

ϕ(x, t) dxdt;here I stands for the unit n × n matrix, and, as above (see Setion 3),
∂sG(s, u) = 〈g(·, s, u)〉y, 〈G(·, u)〉s = 0, and divG(y, s, u) = g(y, s, u) −
ρ(y)〈g(·, s, u)〉y, 〈G(·, s, u)〉y = 0. We transform further the last term onthe right-hand side as follows
lim
ε→0

ε

T
∫

0

∫

Rn

ρ
(x

ε

)

{

∂uG
( t

ε2
, uε(x, t)

)

∂tu
ε(x, t)+∂t

[

G
( t

ε2
, uε(x, t)

)]}

ϕ(x, t) dxdt;

= lim
ε→0

ε

T
∫

0

∫

Rn

ρε(x)∂uG
( t

ε2
, uε(x, t)

)

∂tu
ε(x, t)ϕ(x, t) dxdt =17



− lim
ε→0

ε

T
∫

0

∫

Rn

∂uG
( t

ε2
, uε(x, t)

)

a
(x

ε
,
t

ε2

)

∇uε(x, t)·∇ϕ(x, t) dxdt

− lim
ε→0

ε

T
∫

0

∫

Rn

ϕ(x, t)
∂2

∂u2
G

( t

ε2
, uε(x, t)

)

a
(x

ε
,
t

ε2

)

∇uε(x, t)·∇uε(x, t) dxdt

− lim
ε→0

T
∫

0

∫

Rn

ϕ(x, t)∂uG
( t

ε2
, uε(x, t)

)

g
(x

ε
,
t

ε2
, uε(x, t)

)

dxdt

=

T
∫

0

∫

Rn

∫

Y

ϕ(x, t)∂uG(s, u(x, t))g(y, s, u(x, t)) dxdtdyds.Combining the above relations we arrive at the following limit equation
−

T
∫

0

∫

Rn

u∂tϕdxdt−
∫

Rn

u0ϕ(·, 0)dx = −
T

∫

0

∫

Rn

â∇u·∇ϕdxdt

−
T

∫

0

∫

Rn

∫

Y

a(y, s)∇yw1(y, s, u(x, t))·∇ϕ(x, t) dxdtdyds

+

T
∫

0

∫

Rn

∫

Y

∂ug̃(y, s, u(x, t))
(

χ(y, s) ·∇u(x, t)+w1(x, y, u(x, t))
)

ϕ(x, t) dxdtdyds

+

T
∫

0

∫

Rn

∫

Y

ϕ(x, t)∂uG(s, u(x, t))g(y, s, u(x, t)) dxdtdydswith â the usual homogenized tensor, de�ned by â = 〈a(∇yχ + I)〉Y , and
g̃(y, s, u) = g(y, s, u)− ρ(y)〈g(·, s, u)〉y. If we denote
F1(u) =

∫

Y

a(y, s)∇yw1(y, s, u)dyds, F2(u) =

∫

Y

∂ug̃(y, s, u)χ(y, s)dyds,

F3(u) =

∫

Y

∂ug̃(y, s, u)w1(y, s, u)dyds, F4(u) =

∫

Y

∂uG(s, u)g(y, s, u)dyds,then the limit equation takes the form










∂tu = div
(

â∇u
)

+ divF1(u) − F2(u) · ∇u− F3(u) − F4(u),

u(x, t) = 0 on ∂Q× (0, T ),

u(x, 0) = u0(x) in Q. (17)18



The Dirihlet boundary ondition on ∂Q ome from the fat that the sequene
uε is weakly onverging in the spae L2((0, T );H1

0(Q)). Of ourse, there isno suh boundary ondition if the domain Q is the entire spae R
n.We summarize the above statements in the following proposition.Proposition 2. Under hypotheses A1�A6 the sequene uε of solutions ofproblem (1) or (3) is relatively ompat in the spae L2(Q × (0, T )). Anysubsequential limit of uε is a solution of the limit problem (17).6 Properties of the e�etive equationThis setion is aimed at proving the uniqueness of the solution of the homog-enized problem (17). For this we shall prove that all nonlinearities in (17)are Lipshitz ontinuous. The desired uniqueness will then easily follow.It is lear from their very de�nitions that the funtions F1(u) is Lipshitzontinuous while F2(u) is uniformly bounded and Lipshitz ontinuous:

|F1(u1) − F1(u2)| ≤ C|u1 − u2|, |F2(u2)| ≤ C,

|F1(u1) − F1(u2)| ≤ C|u1 − u2| for all u1, u2 ∈ R.The ase of F3 and F4 is slightly more involved.Lemma 6. Under the assumptions A1�A6 the funtions F3 and F4 areLipshitz ontinuous.Proof. As an immediate onsequene of de�nition (5) of G we have
|G(s, u)| ≤ C|u|, |∂uG(s, u)| ≤ C,

|∂uG(s, u1) − ∂uG(s, u2)| ≤ C
|u1 − u2|

1 + min(|u1|, |u2|)
.If ∂uG is di�erentiable in u, then the latter inequality implies that

|∂u∂uG(s, u)| ≤ C(1 + |u|)−1.19



In this ase,
∣

∣∂u

(

g(y, s, u)∂uG(s, u)
)

∣

∣ ≤ C,and thus
|g(y, s, u1)∂uG(s, u1) − g(y, s, u2)∂uG(s, u2)| ≤ C|u1 − u2|. (18)In the general ase (18) an be obtained by means of smoothing ∂uG. Clearly,(18) implies the desired Lipshitz ontinuity of F4. The Lipshitz ontinuityof F3 an be justi�ed in exatly the same way.We proeed with our main result.Theorem 3. Under assumptions A1�A6 the sequene (uε)ε>0 of solutionsof problem (1) onverges, as ε → 0, in the spae L2(Q× (0, T )) towards theunique solution of problem (17).Proof. The onvergene has been proved in the preeding setion. Theuniqueness of the solution of (17) follows from Lemma 6 by means of Gron-wall's theorem. By uniqueness of the limit the entire sequene onvergeswithout any extration of a subsequene.Remark 4. If the oe�ients of equation (1) or (3) do not depend on thetemporal variable but only on the spaial variables, then ∂uF1(u)−F2(u) = 0so that the e�etive equation does not ontain �rst order terms. Indeed, for

a = a(y) and g = g(y, u) the funtions χ and w1, de�ned in Remark 1, aresolutions of the ellipti equations
−divy(a(y)∇yχ(y)) = divya(y)and
−divy(a(y)∇yw1(y, u)) = g(y, u) (19)respetively. Thus, we have

∂uF1(u) − F2(u) =

∫

Y

a(y)∇y∂uw1(y, u)dy −
∫

Y

∂ug(y, u)χ(y)dy.20



Di�erentiating (19) in u we get
−divy(a(y)∇y∂uw1(y, u)) = ∂ug(y, u).Therefore,

∫

Y

∂ug(y, u)χ(y)dy = −
∫

Y

divy(a(y)∇y∂uw1(y, u))χ(y)dy

= −
∫

Y

∂uw1(y, u)divy(a(y)∇yχ(y))dy =

∫

Y

∂uw1(y, u)divy(a(y))dy

= −
∫

Y
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