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A GLOBAL STABILITY ESTIMATE FOR THE
GEL’FAND-CALDERON INVERSE PROBLEM IN TWO
DIMENSIONS

ROMAN NOVIKOV AND MATTEO SANTACESARIA

ABSTRACT. We prove a global logarithmic stability estimate for the

Gel’fand-Calderon inverse problem on a two-dimensional domain.

1. INTRODUCTION

Let D be an open bounded domain in R? with with C? boundary and let
v € CY(D). The Dirichlet-to-Neumann map associated to v is the operator
® : CY(OD) — LP(dD), p < oo defined by:

_
_8V8D

(L.1) o(f)

where f € C1(0D), v is the outer normal of D and u is the H*(D)-solution
of the Dirichlet problem

(1.2) —Au+v(x)u=0 on D, ulsgp = f;

here we assume that 0 is not a Dirichlet eigenvalue for the operator —A + v
in D.

Equation (1.2) arises, in particular, in quantum mechanics, acoustics, elec-
trodynamics; formally, it looks like the Schrédinger equation with potential

v at zero energy.

The following inverse boundary value problem arises from this construc-
tion: given ® on AD, find v on D.

This problem can be considered as the Gel’fand inverse boundary value
problem for the Schrodinger equation at zero energy (see [4], [9]) and can
also be seen as a generalization of the Calderén problem for the electrical
impedance tomography (see [3], [9]).

The global injectivity of the map v — ® was firstly proved in [9] for
D C R? with d > 3 and in [2] for d = 2 with v € LP. A global stability
estimate for the Gel’fand-Calderén problem for d > 3 was firstly proved by
Alessandrini in [1]; this result was recently improved in [10].

In this paper we show that, also in the two dimensional case, an estimate

of the same type as in [1] is valid. Indeed out main theorem is the following:
1
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Theorem 1.1. Let D C R? be an open bounded domain with C? boundary,
let v1,v2 € C*(D) with lvillc2py < N for j = 1,2, and @1, P the cor-
responding Dirichlet-to-Neumann operators. For simplicity we assume also

that vilopp = 0 and %vﬂap =0 for j = 1,2. Then there exists a constant
C =C(D,N) such that

(1.3) [lva—v1lzoo(py < Clog(3+[[@2—®1[7") " log(3log(3+||@2— P17 1)),

where | A|| denotes the norm of an operator A : L*>(0D) — L*>(9D).

This is the first result about the global stability of the Gel’fand-Calderén
inverse problem in two dimension, for general potentials. Results of such a
type were only known for special kinds of potentials, e.g. potentials coming
from conductivities (see [6] for example). Note also that for the Calderon
problem (of the electrical impedance tomography) in its initial formulation

the global injectivity was firstly proved in [11] for d > 3 and in (8] for d = 2.

Instability estimates complementing the stability estimates of [1], [6], [10]
and of the present work are given in [7].

The proof of Theorem 1.1 takes inspiration mostly from [2] and [1|. For
20 € D we show existence and uniqueness of a family of solution .,(z, A)
of equation (1.2) where in particular v¢,, — e)‘(Z_ZO)Q, for A\ — oo. This
is accomplished by introducing a special Green’s function for the Laplacian
which satisfies precise estimates. Then, using Alessandrini’s identity along

with stationary phase techniques, we obtain the result.

An extension of Theorem 1.1 for the case when we do not assume that

vjlap = 0 and %Uﬂap =0 for j = 1,2 is given in section 6.

2. BUKHGEIM-TYPE ANALOGUES OF THE FADDEEV FUNCTIONS

In this section we introduce the above-mentioned family of solutions of
equation (1.2), which will be used throughout all the paper.

We identify R? with C and use the coordinates z = 1 +ixe, Z = 1 — i

where (71, 22) € R2. Let us define the function spaces C(D) = {u : u, % €

C(D)} with the norm ||uflcy(p) = max(llullc(p): 152 lo(p)), CHD) = {u :
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u, gg € C(D)} with an analogous norm and the following functions:

(21)  Gay(2,6 ) = X207 (2,¢, \)e M2,

(2.2) (2,¢,A) SR / S _MC—M)QdR dI
. 9z20\2, G, = = — en almrm,
0 ™ Jp  (m—2)(—7n)
(2.3) bag(2,A) = X720 1 (20 0),
(2.4) fa(2,N) = 14 /D G0 (22 € N0(O)tzg (€, A)dReC dlm,
(2.5) hZO(/\):/ e)‘(zfzo)zfj‘(gfgoyv(z)uZO(z,)\)dRezdImz,
D

where z,29,{ € D and A € C. In addition, equation (2.4) at fixed zp and A,
is considered as a linear integral equation for pi,(-,\) € C1(D).
We have that

(2:6) G =i -0.
(2.7) 4((;92 +2/\(z—20)> ({igzO(z,C,/\) =d(z - (),
(238) 1 () o () = 0,
(29) -4 (8‘92 + oAz — zo)> aaz,%(z, ) + 0(2)iisg (2, ) = 0,

where z,29,( € D, A € C, § is the Dirac’s delta. (In addition, it is assumed
that (2.9) is uniquely solvable for p,(-,\) € CL(D) at fixed 29 and \.)
Formulas (2.6)-(2.9) follow from (2.1)-(2.4) and from

e~ A(z=20)*+A(2—20)*

=4(2), (882 +2X(z — zo)> — AN = 3(z),

TZ

01

0zZ1z

where z, zg, A € C.
We say that the functions G, g, V2, Mz, Pz, are the Bukhgeim-type
analogues of the Faddeev functions (see [9], [8], [2]).

3. ESTIMATES FOR @, iz, Iz

This section is devoted to crucial estimates concerning the functions de-

fined in section 2.

Let
(31> gzo)\u(z) = / gZO (Zv C? )‘)U(C)dRGC dImC7 z € Du 20, )‘ € (C,
D

where g,,(z,(, A) is defined by (2.2) and u is a test function.
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Lemma 3.1. Let g, \u be defined by (3.1), where u € Ci(D), z,A € C.
Then the following estimates hold:

Gzt € CL(D),

(D)
(3:2)  llgzouller(p) < e lullcrpy, A= 1,

oA + D)
33 lgapaules < “EPDEE R e, ) o 20, 2 1.

Lemma 3.1 is proved in section 5.

Given a potential v € CL(D) we define the operator g, \v simply as
(Gzoa0)u(2) = gapaw(2), w = vu, for a test function u. If u € CH(D), by
Lemma 3.1 we have that g, \v : C1(D) — CL(D),

(3.4) 92000111y < 29200151 5y 10l c2 (D)

where || - ngzl(D) denotes the operator norm in C’Z1 (D), z0, A € C. In addition,

ng()’,\HOC’;(D) is estimated in Lemma 3.1. Inequality (3.4) and Lemma 3.1

implies existence and uniqueness of ji,,(z, A) (and thus also ¥, (z, X)) for ||

sufficiently large.
Let

k
/"LZQ Z gZO,)\U
=0

RF)(\) = / NEm20)PAG=20)% () ) (2, A)dRez dImz,
D

20
where 2,29 € D, A € C, k € NU {0}.

Lemma 3.2. Forv € C;(D) such that v|pp = 0 the following formula holds:

(3.5) v(z0) = = lim [AA (), 20 € D.

T A—00
In addition, if v € C*(D), v|sp = 0 and %bD =0 then

2 log(3|A
B9 It~ SN < D) S ol

forzoe D, A€ C, |A\| > 1.

Lemma 3.2 is proved in section 5.
Let

WZO(/\):/ e/\(z_zo)g_5‘(2_20)211)(2)(11:{6zdImz,
D

where 29 € D, A € C and w is some function on D. (One can see that

W,, = h,(z?)) for w =wv.)
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Lemma 3.3. For w € CL(D) the following estimate holds:

log (3[A[)

(3'7) |Wzo ()‘)| < C4(D) |)\|

lwllerpys 20 € Dy [A] > 1.
Lemma 3.3 is proved in Section 5.

Lemma 3.4. For v € CL(D) and for HQzO,AUH?;(- <0 <1 we have that

D)

k 5k+1
(3.8) lrtza (5 X) = 1B N leagy < 17—

log(3]A]) 3++1

(3.9) |hz(A) = KD (V)] < C4(D)T 1= 5”””0;(13),

20

where zop € D\ {0}, A€ C, |\| >1, ke NU{0}.

Lemma 3.4 is proved in section 5.

4. PROOF OF THEOREM 1.1

We start from Alessandrini’s identity

/D(U2(2’) —v1(2))Y2(2)Y1(2)dRez dlmz

— / V1(2)(Pg — B1) (2, o (C)dldz,
oD JoD

which holds for every 1; solution of (—A +v;)1; =0 on D, j =1,2. Here
(P — P1)(z,() is the kernel of the operator &5 — P;.

Let fi,, denote the complex conjugated of y,, for real-valued v and, more
generally, the solution of (2.4) with g¢,,(z,(,A) replaced by g, (z,¢, \for
complex-valued v. Put ¢(2) = 14, (2, —A) = e M2 [y (2, —X), o(2) =
V2,20 (2,A) = e’\(z_zo)ng(z, A), where we called for simplicity fi1 = 1,2, 2 =
M2z, This gives

(4.1) /DeA,ZO (2)(v2(2) —v1(2))p2(z, A1 (2, \)dRez dlmz

:/ / e A0 [y (2, = A) (B — ®1)(2, ()20 1y (¢, N)dCdz,
oD JoD
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where ey 5, (z) = eMz=20)?=A=Z=20)?  The left side I()\) of (4.1) can be written

as the sum of four integrals, namely
L\ = /D ex0(2) (v2(2) — v1(2))dRez dImz,

B = = [ exa(@)02() — va(:)) (2 = (i — 1Rz I,

/D exz0(2) (v2(2) — v1(2)) (42 — 1)dRez dlmz,

L) = —B(\) + /D ex00 (2)(02(2) — v1(2)) (i1 — 1)dRez dImz,

for zg € D. By Lemma 3.1, 3.2, 3.3, 3.4 we have the following estimates:

(4.2)
2A1% = (sa(e0) = o) | < ea D) E R o = e,
(4.3)
1 < co(0) LA QOB oy gy elcslentencoy
(4.4)

1 4 |20] (log(3|A[))?
=02 e lv2 = villerpyllvallcamys

[I5] < |I2| + c6(D)

(4.5)

1+ |20 (log(3]A]))*
BE lvz = v1llE pyllvillcr (o),

sl < |fol + co(D) =

for |A| sufficiently large for example, for A such that

2log (3[AD(L + |2o])e2(D)
[Allz0/?

max ([[villc1(pys lvillexp), v2llex ) lv2llcrmy) <1/2, A= 1,

(4.6)

20 # 0 (in fact we can suppose that 0 ¢ D). The right side J(A) of (4.1) can

be estimated as follows:
(4.7) AT < er (D) @y — @y,
where we called L = max.cap, »,ep |2 — 20l

Putting together estimates (4.2)-(4.7) we obtain

log(3|A 2
(48) [ua(a0) ~ vr(an)] < cs(D) BTN 4 Zer (DI, — ]
for z0 € D,0 ¢ D and N is the costant in the statement of Theorem 1.1. We
calle = ||®2—®1 | and impose || = ylog(3+c71), where 0 < v < (2L?+1)}
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so that (4.8) reads

(4.9)  [v2(20) —v1(20)| < es(D)N*(vlog(3 +7")) ™" log(3ylog(3 +¢71))
+ 207(D)(3 + 6_1)(%2“)76,

for every zp € D, with

(4.10) 0<e<e(D,N,n),

where 1 is sufficiently small or, more precisely, where (4.10) implies that
IA| = ylog(3 + e71) satisfies (4.6) for all zy € D.

As (3 + 5_1)(%2*1)75 — 0 for € — 0 more rapidly then the other term,
we obtain that

log(3log(3 + ||®2 — @1 71))
log(3 + || P2 — ®1]|71)

(4.11) |[ve — w1l oo (p) < eo(D, N,7)

for e = || Py — @1|| < e1(D, N,7).

Estimate (4.11) for general ¢ (with modified ¢y) follows from (4.11) for
e < e1(D, N,v) and the assumption that [vj[|ze(py < N, j = 1,2. This
completes the proof of Theorem 1.1.

5. PROOFS OF THE LEMMATA

Proof of Lemma 5.1. One can see that g, \ = TTZO,A7 for zg, A € C, where
1

(5.1) Tu(z) = —/ U9 JRec dime,
™ JD C —Z

(5.2) Tyau(z) =—

M7 —AE e~ MC—2+20)+A(C—2+20)?
/ u(¢)dRe¢ dIm(,
D

(-2

for z € D and u a test function. Estimates (3.2), (3.3) now follow from

™

(5.3) Tw € CH(D),

64 ITulleypy < m(D) oy, where w e C(D),

(5.5) TZO,)\U S C(D),

- na (D

58) Tartloq) < 2 P ler oy for 20 =0, N = 1,

l0g(BA)(1 + |z0)ns(D)
RET:

G.7) N Topaullom) < lullcr(pys 20 7 05 Al 2 1,

where u € C1(D), 29, A € C. Estimates (5.3), (5.4) are well-known (see [12]).
The assumption u € C1(D) is not necessary at all for (5.5): indeed, using
well-known arguments it is sufficient to take u € C(D).
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Let us prove (5.6) and (5.7). We have that

efAngr;\ég _
_fTZOJ\U(Z) = Lyre(2) + Jepne(2)s
where

e~ M¢—2+20)2+A(C—F+70)°

68)  Lane)= | i u(C)dReC T,

N(B:,eUB:— 2 ¢) (—Z
e~ MC—2420)?+A((—2+20)?

(5.9 Jane(z) = /D u(¢)dReC dIm(,

Z,2(,€ C -z

and B, ={C € C:|(—z2<¢€}, D, e =D\ (B, UB,_., ). One sees
that

o
(5.10) Lge(2)] < 2 / ”, C”(’j) dRe( dIm¢ = 4me||ul o5,
B, -

with z, 29, A € C, € > 0. Further, we have that

sz\,a(z)
1 O ( ~MC—st20)2+(C7+20) u(€)
e — — (e ZrE A ——————dRe( dIm(
22 Jp. .y OC ( ) (C=2)(C—Z2+2)

= ‘]Zlo,)\,(:‘(z) + J§07A7€(2),

where
. 1 e~ MC—2+20)*+A(C—Z+20)? p

JZO,)\,&(Z) - ﬁ /aDZ’ZO,E (6_ 2)({- 4 20) U(C) C’

JZQ(),)\,E(Z)

__ e*A(C*erZO)QJr;\(ffZJrEO)Zi ( _ u_(() > dRe( dIm¢

2A .2y e IC\([C(—=2)(C—2+2)
Now we get
1 [u(¢)]]d¢]
1 < _2\41 = — — —
|JZO,)\,€(Z)| — Z,Z(),)\,E 4|)\| 8DZ’ZO7E |<- o ch —z + 20‘ ’
1 1 1

5.11) M} < — _ _ d

o sy [ (Tt paap) ien,
1 1 1

512) M}, . < (_ +—__>du

( ) 1,20, ,E 2‘20”)\| D g c K—_E’ ‘C—Z+ZO| ’ C‘H HC(D)
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where (5.12) is valid if zg # 0. We also have

(¢
Tore N Mo = 2|1A\ Deng e If—ZI%(—!Jrzol
T z\lu{g?'z Y5 C- ZHZL(_)Z' n ZO,QdReC dIm¢,
gy ou
619 Mar<gy [, e
i ,g_“_“;“g s —’uz(i)'zoy?» dRe( dlmg
(5.14) a 6
Mo < 2IlAI Divcg.e T 8_45’)!0‘ e jcfz)oluzo\ + 2z |_ui<,;||20
s Eﬁ!)lolz - z‘,ui z)ly?po AT lui Z)lHZOPdReC dIm(¢

where (5.14) is valid if z9 # 0. Using (5.11) and (5.13) we obtain that
(5.15)

[ Lone ()] < Nt na(D)eullony,
(5.16)

[T ()] < N5 (D) H|ullogpy + A~ n6(D) log(3e )||*_||c (D))

where z,20,A € C, |A| > 1,0<e < 1.
If zp # 0 we can use (5.12) and (5.14) in order to obtain

| Lone(2)] < [N zol ™tz (D) log (32 ™) [[ull oy,
(5.18) | T2 e ()] < [N 2ol ns(D) log(3e ™) |ull oy

_ _ ou
+ [AI 720 17”L9(D)H£||C(D)

Finally, putting ¢ = |A|~2 into (5.10), (5.15), (5.16) we obtain (5.6), while
putting ¢ = |A|~! into (5.10), (5.17), (5.18) we obtain (5.7). The proof
follows. (]

Proof of Lemma 3.2. First we extend our potential v to a larger domain
D1 D D (always with C? boundary) such that dist(0D;,0D) > & > 0 (for
some 6) by putting v[p,\p = 0. In such a way v € C'(D;) N C*(D; \ 8D)
with [[v]|ck(p,) = [[vller(py for k=1,2.
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Now let ys be a real-valued function on C, with 6 > 0, constructed as
follows:

Xs(2) = x(2/6), where
X € C®(C), x is real valued,
x(z) = x(Iz),
x(z) =1 for |z < 1/2,
x(z) =0 for |z] > 1.

Let

vin(z, 20) = v(20) + v2(20)(z — 20) + vz(20)(Z — Z0),
for z,2z9 € Dy, v, = % and vz = %
We can write h,(z?))()\) = 5.,6(A) + Ry, 5(A), where

Sa0,5(A) = / eA(z_ZO)L;\(E_ZO)QUlm(Z, 20)Xs(z — zp)dRez dImz
C
= / ew‘l(22+22)vlm(efw()‘)z + 20, 20)Xs(2)dRez dlmz,
C
R.,s(\) = / A E=20)*=A(Z—20)? (v(z) — viin(z, 20)xs(z — 20)) dRez dIlmz
Dy

where () = 1(arg(\) — Z), 20 € D, A € C.
Using the stationary phase method we obtain that

2
(5.19) v(z0) = — lim |A]S;, 5(N),

T A—00

2 _
(5.20) [0(20) = —|A[S20,6(M] = a1(D, 0)[vllcr(p) A L
20 € D, 0 >0, A € C, |\ > 1. Integrating by parts we can write

1 9 —20)2-\(z—Z
Rzo,5()\) = i .- (QA(Z 0)%=X( 0)2)

2\ Jp, 0%z
% (U(Z) — UlinEZ7Z9)X5(Z — ZO))dReZ dlmz — Rz 6()‘) + Rz 6()‘)1
zZ— % 0, 0,
Rl () = —}/ AG—z0)2A(z—20)? (0(2) = Viin(2, 20)x6(2 — 20)) ;.
=0, 4i\ Jop, Z— 20 ’
1 Mz—20)2—X(zZ—Z20)?
REMM):%/ Mz—20)2 = A(z-20)
X Q_ <( v(z) - vlm(_ _) xs(2 zo))> dRez dlmz,
0z Z— 2

for zo € D, A € C\ {0}. In addition, we have that
(5.21) hm ])\]RZO s(A) =0,

(5.22) lim |AR2, 5(0) = 0.
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Formula (5.21) follows from properties of ys, the assumption that zgp € D
and that v|pp, = 0. Actually, as a corollary of this properties we have that
v(z) — vin (2, 20)xs(z — 20) = 0 for z € 9D, and, therefore, Rio,d(/\) =0 for
A e C\{0}.

Formula (5.22) for v € C'(Dy) is a consequence of the estimates

20,0,

X % ((v(z) — Ytin(2 Z(_))Xé(z — ZO))> dRezdlmz = O(e) as e = 0

(5.23) R>'._(\) ::/ Ae—20)2—A(5—0)
BZOE

I

— Z

(5.24) RZ%; (M) ;:/D Ae—z20)2=A(5—20)?
ZOE

3(( v(2) — vin(2, 20)X

X
0z -2

o(2 ZO))> dRezdlmz — 0as A\ — oo

t\z |

where B, . ={2 € C: |z — 20| < e}, Dy e = D1\ By e. In (5.23)-(5.24) we
assume that zp € D, 0 <e < d, A e C.
Estimate (5.23) is obtained by standard arguments using that

[v(2) = v(20)| < [[vllcr(p)l2 = 20l 20 € D, 2 € Bz 5,

while (5.24) is a variation of the Riemann-Lebesgue Lemma.

Formula (3.5) now follows from (5.19), (5.21), (5.22).

Under the assumptions mentioned in Lemma 3.2, the final part of the
proof of estimate (3.6) consists in the following. We have, for £ < 6/2,

(525) ‘Rz 55( )| < / |U(z)|_Ulin(‘§720)|dReZdImZ
z— 2
20,€

+/ |UZ(Z) - 'UE(ZO)|dReZ dTmz S ;WHUHCQ(D)E:
B

|z—zo|

)
20,€

R0 = o / (=o' =K(e- zo>) -
(

0-€ zZ— 20
0 - vlzn 2, ZO X5
X == dRez dlmz
62 — ZO
-1 92921 22,2
= ﬁ RZO 56( ) ZO,(S@()\))?
1 Ss_sa2 1
R2,2,1 \) = / (2—20)2—\(Z—%0) _
zo,&,e( ) 2% oD 7 %
L2 (( -t ~20))
0z zZ— 2
_ —1 )\(Z 20)2—X(2—Z20)>? 1 g U(Z) - Ulin(zv ZO) dz
2i JoB.,. Z— 720z Z— 2 ’
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where we used in particular that v|sp, =0, é%v\apl =0,

R2,2,2 (A) — _/ 6)\(277;0)2,}(2*20)2

20 7675

Dy e
1 _
X 2 < — i <( v(z) Ulmg ,) Xs(2 ZO))>>dRezdImz.
0z \z— 7 0% Z— Z
We have, for e < §/2
1 [v(2) — viin(2, 20)|
5.26 R*% (2 < / 2\ d
)RR [ e
1 lvz(z) — vz(20)] 7
- dz| < = _
7 M= G R LR
(5.27) [RZZZ 0] < [RZ5% sV + [RZZ(N) — REAY (M),
(5:28)  |RZ%% (V] < @2(D,6)|[vllo2p),
|Ri(’)2(’52€( )— 22326/2 )| < Z/ u;(z, z0)dRez dlmz,
T ZO 6/2\B20 €
with
1 vz(z) — vz(20)
5.29 =
( ) U1(Z720) |Z—Zo‘2 zZ—20 ’
1 v(2) — vin(2, 20)
5.30 -
( ) u2<2720) |Z—Zo‘2 (2_50)2 ’
1 Uzg(Z)
5.31 =
( ) U3(Z,ZQ) ‘Z—Zo‘ 2_20 )
2 vz(z) — vz(20)
.32
(5.32) uy(2, 20) = =l G2 |’
2 v(z) — vin(2, 20)
5.33 =
( ) U5(Z,Z()) ‘Z—ZO‘ (Z_ 70)3
This yields
)
(5.34) RE22 () — RE22 ()] < gy los(oo)lvxo

where zp € D, 0 < e < /2. X € C\ {0}. Using (5.20), (5.25)-(5.34) with
e = |A|7! we obtain (3.6). Lemma 3.2 is proved. O

Proof of Lemma 3.3. We write

W, (\) = Wk

20,€

() + W5 (),

Z0,€

wl ()\)—/ e)‘(Z_ZO)Q_5‘(2_20)2w(z)dRezdImz,
DNBy e

W2 _(\) :/ e’\(Z*ZO)Q*;\(E*EO)zw(z)dRez dlmz,
D\Bay .«
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where B, . = {2z € C: |z — 29| < €}. One sees that

<535>rwd¢4A>|s(/’ lwllopydRez dimz = nljw]l(p)e?,
DNB.,-
WZ2 8(/\) = _—1/ i (6)‘(2*20)2*5\(2720)2) %dRez dImz
o 2X Jp\B., . 0z Z— 2
= W2LA) + W22 (),

-1 So- =
WAL = o [ Mo Az 2B g,
42)\ 8(D\Bz0,e)

z
W22 (3) = M0G0 O (W) pe s
e 2X\ Jp\B
z(),€

0z \z — 7z
We have
(5.36) (W2LN)| < M ar(D)|lwllo(p) log(3s ™),
(5.37) W22V < N aa(D)|lwllcrpy log(3e ™)

for zo e D, A e C\ {0}, 0 <e <1
Using (5.35), (5.36), (5.37) with ¢ = |A\|~! we obtain (3.7). This finishes
the proof. O

Proof of Lemma 8.4. Formula (3.8) follows from the assumption on ||g, \v||
and from solving (2.4) by the method of successive approximations.
The proof of estimate (3.9) follows from (3.8) and Lemma 3.3. The proof
follows. O

6. AN EXTENSION OF THEOREM 1.1

As an extension of Theorem 1.1 for the case when we do not assume that

vjlap =0, 8%Uj|3D =0, j = 1,2, we give the following result.

Proposition 6.1. Let D C R? be an open bounded domain with C? bound-
ary, let vi,vy € C*(D) with ||vjllczpy < N for j = 1,2, and &1, Py the
corresponding Dirichlet-to-Neumann operators. Then, for any 0 < a < %,
there exists a constant C = C(D, N, «a) such that the following inequality
holds

(6.1) [vg = 01| zoo(p) < Clog(3 + ||@2 — ®4]I71) 7,

where ||Al|1 is the norm for an operator A : L>®°(0D) — L*>(0D), with kernel
Az, y), defined as | Ally = sup, yeop [A(z, y)|(log(3 + [z — y|71) 7

All we need to know about || - ||; consists of the following:

i) [|AllLe(ap)— Lo (o) < const(D)|All1;
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ii) by formula (4.9) of [9] one has
V]| Lo (ap) < const||®, — Pol1.

In order to prove Proposition 6.1 we need the following modified version
of Lemma 3.2. We will call (0D)s = {z € C : dist(z,0D) < d}.

Lemma 6.2. For v € C?(D) we have that

(6.2)
2 _4log(3|A _
o)~ 2NHD O] < wa (D)5~ E T e g 0a(D) o346 ol

for zo€ D\ (0D)s, 0 <d <1, AeC, |A\]| > 1.

Proof of Lemma 6.2. Let x5 be as in the proof of Lemma 3.2. We have in
particular that
(6.3) Ixsllcrey < 6 Ixller(e)> k€N

Let
viin(2, 20) = v(20) + v2(20) (2 — 20) + vz(20)(Z — Z0),

for z,z9 € D, UZ:% and Ug:%.

We can write hﬁ?()\) = 5.,6(A) + Rz, 5(A), where
Sx0.6(N) = / e,z (2)Viin(2, 20)Xs (2 — 20)dRez dlmz
C

= / e’w(22+22)vlm(e*i‘p(’\)z+ 20, 20)Xs(2)dRez dlmz,
C

Ry = [ exco(2) (2) = vinz,20) (2 — 20)) dRe dimz
D

where (A) = L(arg(\) — 3), ex.(2) = X020 1 € D\ (9D);,
reC.

Using the stationary phase method and the explicit construction of y5 we
obtain that

2 .
(6.4) v(zp) = = )\h_{l;o IA[S20,5(A),

2 p1(D _
65 Io0) ~ 2 NS5 < P42 ulon i llcniey A

20 € D\ (0D);,0< 0 <1, A€ C, |A| > 1. Inequality (6.5) follows from
2 p1(D
o(a0) = 28501 £ 28 ol el

p1(D) i
= A[o* HUHCl(D)HXHC“((C)a
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where we used [5, Lemma 7.7.3] and (6.3).

Integrating by parts we can write

R, s(\) = —215\/ g (exz(2)) (v(z) - vlmi 20)xs(% — ZO))dRez dlmz

— <0
- RZO (5()\) + RZO 5()\)

— Uiin (2, 20)X5(2 — 20))
42)\/6)‘z0 Z—Z dz,

Rzo,é()‘) 2)\ /D Azo( )& <( ( )_Ulm; ZZ ( ZO))> dRezdImZ,

for zo € D\ (0D)s, A € C\ {0}. In addition, we have that

ZO?

N
(=)

(6.6) *IAHRZO, ()| < #2(D)log(3 + 6 Hl[vllc@p)-

Formula (6.6) follows from the fact that xs5(z — 29) = 0 for z € 9D, 2y €
D\ (0D)s and from the estimate

21 |v(z)] k2 (D)log(3 +071)
R! <= d )
‘ 20,0 ( )| ’)\’ oD ‘Z ’ 2> ‘)\‘ HUHC(aD)
We now write RZO s(A) = %(Ri’ié’g()\) + RZO 55()\)), with
(6.7)
2,1 9 [ (v(2) — viin(2, 20)x5(2 — 20))
R 5.(A) = /B e)\,ZO(z)ﬁ ( - dRez dlmz
20,€
(6.8)
2.2 _ 0 ([ (v(2) = viin(2, 20)x5(2 — 20))
Rzo,é,g()‘) —/ 6’\"20(2)82 < E— dRez dlmz,

20,
where B, . = {z € C: |z — 2| < ¢}, Dyye = D\ By, . In (6.7)-(6.8) we
assume that zg € D\ (D)5, 0 <e <4, A € C.
The final part of the proof of estimate (6.2) consists in the following. We
have, for € < §/2,
2,1 7 _ 2
(69) R0 < alolleane®

20,5,8
exactly as in (5.25),

22 1 ) 1
RAEW =53 [ gzl s

— 2

0 <(U(z) — vun(2, 20)xs(2 — 20

))> dRez dImz
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20,0, 21 D, z — 20 aZ z — _0
1 1 0 [v(z) = vun(z, 20)
T 20 Jon,, . a3 77 73 < zZ— % dz
1 1 0 [ v(z)
2 )"ZO(Z)z—O(%<z—zo>dz’
REW==[ e
Dy
X 2_ - ! — (v(z) - Ulm(_ ?)Xa( 20)) dRez dlmz.
0Z \zZ— 290z Z—Z

We have, for e < §/2
(6.10)

v Viin (2, 20 1 vz(2) — vs(20
|R2(;2,ZS%5( ) ‘ ( ) ( )’|d ’ = ‘ ( ) ( )|’d2’|

| <
2 Jop.,. |z — 2P 0B, . 17 — Z0[?

1 lv(z)] / lvz(2)]

+ - + = — = |dz

5 ) s [ el
p2(D)

7
< gllvllez) + =5z lvller(p)

(6.11)
[REZZL 0] < [RZZE 501+ RSN — RE22 (],
(6.12)
2,22 p3(D)
[R5s2(M < 7””“02(/5 ;
B2 (=R, (V)] < Z / 5z o)l dln
zO §/2\ P20,
with u; defined as in (5.29)-(5.33). This yields
o
2,2,2 2,22
(6.13) [R5 ) = B 5 5/2(M < pa(D) log (o )||’UHC2

where z9 € D\ (0D)s, 0 < € < §/2, A € C\ {0}. Using (6.5), (6.6),
(6.9)-(6.13) with € = [A|~! we obtain (6.2) for |A| > 2

Notice that only the estimation of \)\HRZO 5(A)| requires [A| > 2. In that
case one has

_4log(3|A
2R, 501 < ps(D)3ES A ol
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If 1 <|A| < 2 we have that

2 ps(D)N
(6.14) 2 A2, 5] < P2
and
_log(3) ps(D) .
615)  ps(0) ES fulea ) > 25 0805 ol
where we used the fact that the function @ is decreasing for s > £.

We now define
/ 2p6 (D)N

~ p5(D)log(6)[vllcz(p)”

in order to have

2 —410g(3[A])
;|>\HR§O,5()\)| < dps(D)o 4TH”HC’2(D)7
for 1<|\[<23,0<6<1.
Thus, taking x1 = max(ps,c'ps, p1/x|lc4(c)), We obtain estimation (6.2)
for [A\| > 1 and 0 < 6 < 1. This finish the proof of Lemma 6.2. O

Proof of Proposition 6.1. Fix 0 < a < %, and 0 < 6 < 1. We have the

following chain of inequalities

[v2 — v1]| oo (py = max(|lva — v1|l oo (Dn(aD)s)s 1v2 = V1llLoo(D\(0D)5))

log(3log(3 + [|®2 — ®1]71))
d*log(3 + || P2 — P17 1)

< ] max <2N5+ | P2 — P11,

1
+log(3 + 5)”(1)2 - q>1||1>
1 -
< Cymax (2]\7(5 + || P2 — P11, 5 log(3 + ||®2 — @1]]; hyoe

1
Hlog(3-+ )12 - @],

where we followed the scheme of the proof of Theorem 1.1 with the following
modifications: we make use of Lemma 6.2 instead of Lemma 3.2 and we also
use i)-ii); note that Cy = C1(D, N) and Cy = C2(D, N, ).

Putting § = log(3 + || @2 — ®171)~® we obtain the desired inequality

(6.16) vz — w1l (py < Cslog(3 + [|[@2 — ®1]I71) 7,

with C3 = C3(D, N, ), ||®2 — ®1]|1 = ¢ < e1(D, N, a) with e; sufficiently
small or, more precisely when §; = log(3 + &7 1)~ satisfies:

1
o <1, g1 < 2Néy, log(3 + 5—)51 < 6.
1
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Estimate (6.16) for general £ (with modified C3) follows from (6.16) for
e <e1(D, N, a) and the assumption that [|v;{|(py < N for j = 1,2. This
completes the proof of Proposition 6.1. O
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