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Abstract. We prove a representation formula for solutions of Schrédinger equations with potentials
multiplied by a temporal real-valued white noise in the Stratonovich sense. Using this formula, we obtain
a dispersive estimate which allows us to study the Cauchy problem in L? or in the energy space of
model equations arising in Bose Einstein condensation [1] or in fiber optics [2]. Our results also give a
justification of diffusion-approximation for stochastic nonlinear Schrédinger equations.

1. INTRODUCTION

The following nonlinear Schrédinger equations perturbed by a potential, deterministic in space and
white noise in time have been used as model equations in several applications in Physics.

00 = 5 (-0 + V() — it + A + S K@é(D), +20, @R (1)

For example, in [1] and [16], the authors propose the above equation with V(z) = K(z) = |z|? to describe
Bose condensate wave function in all-optical far-off-resonance laser trap, arguing that fluctuations of the
laser intensity are observed in this case. In this model, the term & (t) represents the relative deviations of
the laser intensity F(t) around its mean value (see [1]), and is assumed to be a real-valued white noise
in time with correlation function E(£(t)£(s)) = 0380(t — s). Here, 8y denotes the Dirac measure at the
origin, and o9 € R. The damping term, with a coefficient v > 0, describes the interactions with the
thermal cloud created by non-condensed atoms. Finally, the sign of X is related to the sign of the atomic
scattering length, which may be positive or negative, and it may be assumed without loss of generality
that A = £1.

Related equations may also be found in the context of optic fibers. In [2] e.g., equation (1.1) without
the potential in the drift but with a multiplicative noise, i.e., V(z) = 0, K(x) = |2|?, and £(t) as above,
was considered as a model for optical soliton propagation in fibers with random inhomogeneities.

Our aim in this paper is, in order to justify these model equations (1.1) from the mathematical point of
view, first to construct the fundamental solution of (1.1) with A =« = 0, and establish the corresponding
dispersive estimates. This result will then enable us to prove the global existence of solutions of Eq.
(1.1) (with a more general nonlinear term) in L2, in subcritical cases, since the L? norm of the evolution
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equation is bounded if v > 0. For this purpose, we need some “good” properties of the integral kernel of
the linear evolution propagator (with v = 0), which can be expressed in terms of classical orbits, as is often
used in semiclassical analysis. Using these classical paths, we can write the propagator as an oscillatory
integral operator associated to the action integral. Such oscillatory integral operators have been studied
by many authors in the context of deterministic Schrodinger equations (see e.g. [13, 14, 15, 18, 20, 28]). In
the present paper we follow Yajima [28] who derived dispersive estimates for Schrédinger equations with
magnetic fields. We use the following gauge transformation. We define G(t,z) = 1(V(z)t + K (2)&(t))
and consider the change of gauge:

Y(t,x) = e CEDy(t, ) (1.2)

where (¢, x) verifies Eq. (1.1) with v = A = 0. After this transformation, u satisfies the following
Schrédinger equation with a random magnetic field:

d
i = —% S (0, — iAs(t2)Pu, A= VG(t,x) = %(VV(x)t +VE(@)E(®)). (1.3)

Jj=1

The theory of [28] does not apply directly to equation (1.3), since it requires that the time derivative of
the vector potential A(t,z) is uniformly bounded, while this time derivative only exists as a distribution
in our case, since f (t) is a white noise. We will however prove, making use of the almost sure C regularity
of the Brownian motion, with 0 < a < 1/2, that the estimates in [28] can be generalized to our case.
Actually, in our study, &(¢) could be replaced by any real valued C'* function of the time variable, with
a > 0. After having completed this work, we were told about the existence of the paper [23] where
an explicit formula is given for solutions of linear equations of the form (1.3) with purely quadratic
Hamiltonian and continuous coefficients in time. However, with our extra regularity assumptions in time
(C* instead of CY) we get a slightly more precise description for small times (see (3.21) below).

We are also interested in the convergence, as € tends to zero, of the solution of the following equation
to Eq. (1.1),

10yp = %(—A +V(2)p — ive + ANp|e + Q%m(eiz)l((x)@, t>0, zcR? (1.4)
where m(t) is a centered stationary random process, and o3 = 2E f0+oo m(0)m(t)dt. Garnier, Abdullaev
and Baizakov in [16] studied this type of diffusion approximation limit in order to investigate the collapse
time of the Bose-Einstein Condensate. They use this analysis for the differential equations of the action-
angle variables in order to explicit the structure of the width of the BEC, which satisfy a closed form
ODE in the variational ansatz. The same kind of study has been performed in [11, 21] for some model
equations in optical fibers with dispersion management. We will address this diffusion-approximation for
Eq. (1.1).

In order to state precisely the problem and our results, we consider a probability space (2, F,P)
endowed with a standard filtration (F;);>o such that Fy is complete, and a standard real valued Brownian
motion W (t) on R starting at 0, associated with the filtration (F);>0. We set & = ao% and then
consider the stochastic nonlinear Schrédinger equation with a more general nonlinear term than Eq. (1.1)

idi + %(Aw V@)t — Moyt = S K (@) o dW, (1.5)

where 0 > 0, 09 € R, A = %1, and o stands for the Stratonovich product in the right hand side of (1.5),
which is natural since the noise here arises as the limit of processes with nonzero correlation length. Note
that we set v = 0 for the sake of simplicity, but the global existence and convergence results of Theorems
2 and 3 can be easily generalized to the case v > 0.
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Some linear stochastic equations similar to (1.5) with A = 0 have been studied in the context of
stochastic quantum mechanics. In [26], e.g. an equation of the form (1.5) (with A = 0), but with in
addition a stochastic magnetic field is considered in the semi-classical limit, and semi-classical expansions
at any order are given. In [29], a representation formula using Fresnel type path integral is given for
the solution of (1.5) with A = 0, when V(z) and K (x) are Fourier transforms of bounded complex Borel
measures on R? (this is clearly not the case in our situation). This representation is similar to that given
in [3] for deterministic linear Schrodinger equations. However, it is not clear whether this representation,
which involves an integral on infinite dimensional space, would lead to Strichartz estimates as those we
use here to study the nonlinear equation (see Proposition 7 below).

Let us give some notations. We denote by e (1 < k < d) the unit vector pointing in the direction
of the zj axis in R?. The number p’ is the conjugate of p € [1,00] given by % + ; = 1. In all the
paper, Oy € C§°(RY) is a cut-off function with supp©y C {z € R? |z| < 2M} and O = 1 on
{x e R4, |z| < M} for M > 0.

For p > 1, LP(R?) is the Lebesgue space of complex valued, p-th summable functions, and the norm

in LP(R9) is denoted by | - |-
We define

S(k) = {U e L’RY), > |a%0%0[7. = v} < +O<>}
lal+[B8I<k

for k € N, and write X(—k) for the dual space of ¥(k) in the L? sense. In particular we denote £(1) by
2.

If I is an interval of R, F is a Banach space, and 1 < r < oo, then L"(I, E) is the space of strongly
Lebesgue measurable functions v from I into E such that the function ¢ — |v(t)|g is in L"(I). We define
similarly the space C(I, E).

Note that for the deterministic case V(z) = |z|?> and K = 0, it is known that Eq.(1.5) is locally well
posed in 3, for A =41, 0 < % ifd>3or o< +ooif d=1,2 and globally well posed if either A =1 or
A= —1and o < 2/d (see Oh [24]). These results in the deterministic case may be proved with the help
of the dispersive estimate for small time : for p € [2, 0],

Uo(t) flLoqay < ClHI 2P f| gy, f € L (RY), (1.6)

where Uy (t) is the propagator of Eq. (1.5) with V(x) = |z|?, K = 0 and X\ = 0. This estimate is obtained,
for example, by using the transformation which connects Eq.(1.5) with V(z) = |z|? to Eq.(1.5) with
V(z) =0 for the case of K =A=0:

1 i .2 T
t — —3x” tant (ta t )
ult, @) (cos t)d/26 YT Gost )

where v is the solution of Eq. (1.5) with V = K = XA = 0 (see e.g., Carles [5]). However, this transfor-
mation does not seem useful in the stochastic case, i.e., in the case where K # 0. Using a compactness
method, we generalized in [12] the deterministic existence and uniqueness results to Eq. (1.5), but only
in space dimensions one and two (and with restrictions on o) due to the lack of dispersive estimate of
the form (1.6). In the present paper, we prove such a dispersive estimate for equation (1.5) with A = 0.
As a consequence, we will improve the results in [12], showing some existence results in d > 3.



2. MAIN RESULTS

First, we mention our results for linear Schrédinger equations. We will deal with the specific case
where V(z) = E?Zl vjxs, and K (z) = Z?Zl a3, with v; and ; € R. Then, using transformation (1.2)
with

Gt z) = %(V(x)t + oK (2)W (1)), (2.1)

we are led to consider the equation (1.3), with, for 1 < j <d,
1
At x) = 5(8@7 V(z)t + 000, K(x)W (t)) = z;(vit + ooy W (1)).

Remark 2.1. For each t > 0, and each w such that W(-,w) is continuous al t, the linear operator
2
H,(t) = (V - iA(th)) is essentially self-adjoint on C$°(R?), and its closure is identical with its
mazimal extension which is denoted by the same symbol (see, e.g. [25], Theorem X.34). The domain of
H,(t) is given, for each t >0, by
D(H,(t)) = {v € L*(RY), H,(t)v € L*(R%)},
and contains the space %(2).

We now state our result on the propagator of the linear evolution equation (1.3).

Theorem 1. Let Tp > 0 and 0 < o < 1/2 be fized, and let w € Q be such that W(-,w) € C*(]0,Ty)) .
There exists a positive number T,, and a unique propagator {U“(t,s),t,s € [0,Tp], [t — s| < T, } with the
following properties.

1 t,s) can be written in the form of an oscillatory integral operator as follows :
i) U¥ b ) in the f f 11 ; l foll
U“(t,8)f(x) = 2mi(t — ) "?a(t, ) / ST f(y)dy, e O5*(RY),
Rd

where a(t, s) is a C* function of t, s € [0,To] with |t —s| < T, satisfying |a(t,s) —1| < C, 1, |t — s
for some constant C, 1,. The real valued phase function S(t,s,x,y) satisfies the Hamilton-Jacobi
equations:

(8)(t, 5, 2,9) + (1/2)(VaS)(t: 5,2, y) — A(t,2))” = 0,
(9:5)(t.5,2.9) = (1/2)((VyS)(t, 5,2, ) + Als.y))” = 0,
and the following property : for any multi-indez -, 3, 8;5‘55 =0if|y+ 0] >3 and

|z -yl
2(t — s)

agag{su,s,x,y)— }]gcw, it |y 46 =2.

(i) The operator U*(t,s) is a linear, unitary operator in L*(RY), and satisfies
U“(t,s) =U“(t,h)U¥(h,s), for 0<s<h<t<Ty |t—s|<T,.

Moreover, if f € L*>(R?), then U“(-,s)f is continuous in t with values in L*(R?), and 0,U% (-, s)f
is continuous with values in X(—2) and satisfies

i&tU“’(t,s)f:f%(V—iA(t,x))QU”(t,s)f, in 2(-2).



Remark 2.2. We could construct the propagator of (1.8) for more general potentials V(z) and K(x),
for example for smooth real-valued V(x), K(x) satisfying

sup |07V ()|, sup |97 K (z)| < Cq

z€R? z€RY
for any multi-index o with || > 2. For the construction, one could follow the same arguments as in [28],
which uses the approzimation of the propagator U¥(t, s) by the semi-classical propagator whose amplitude
function is defined as the series of solutions to the associated transport equation. The iteration procedure
would be justified similarly to [13, 14, 28], making use of Kumanogo-Taniguchi techniques in [19] for multi-
product of pseudo-differential operators. In the case where V(x) = ijl l/jI?, and K(zx) = Z]d‘:1 'ij?,
the system satisfied by the classical paths is linear (see (3.1) below), thus only the first term in the series
is nonzero.

In order to apply the above results to the nonlinear equation (1.5), we first solve the following equation
for u, which is related to ¢ by (1.2) :

. 1 . 2 2
10u = -5 (V — i A(t, CC)) u+ Aul““u. (2.2)

More precisely, we consider the mild form of Eq. (2.2) which, as is well known, is equivalent to equation
(2.2) as long as we consider solutions which are, at least, continuous in time with values in L?(R%); the
initial data u(0) = ug is in L?(R%).

u(t) = U (t,0)up — i/\/o U“(t, s)|u(s)|*7u(s)ds. (2.3)

Remark 2.3. Here, we have defined U¥(t,s) for any t,s € [0,Ty] by setting U“(t,s) = U¥(Sp, Spn—1) ©
-0 U¥(s1,80) where [s,t] has been decomposed into [sg,s1] U [s1,82] U+~ U [8p—1,8,] with s = so and
t = s, so that |sj11 —s;| <T,,0<j<n—1.

Equations of the form (2.2), but with magnetic vector potentials A independent of time or with
bounded time derivatives have been studied e.g. in [9, 22] using the results of [28] on the propagator of
the linear equation. Here, we generalize those results to our case, by using standard arguments in the
deterministic theory (see e.g. [17, 27]).

Proposition 1. Assume 0 >0 and A = +1. Let 2/r =d(1/2 —1/(20 + 2)).
(i) Let ug € L*>(R?) and o < 2/d. Then there exists a unique global solution u of (2.3), adapted to
Fi)e>o0, almost surely in C([0, Tp); L2 (RY)) N L7 (0, Ty; L2 T2(R%)) for any Ty > 0. Moreover, the
(Ft)>
L? norm is conserved:

[u(®)|2 = |u(0)|r2, a.s. inw, forallt >0,

and u depends continuously on the initial data ug in the following sense: if ug ,, — ug in L?(RY),
and if u, denotes the solution of (2.3) with ug replaced by ug ., then u, — u in L>(0,Ty; L?).

(ii) Let ug € 3 and o < 2/d. Then there exists a unique global adapted solution u of (2.3) almost
surely in C(RT; ).

(i) Let up € &, 0 < 2/(d—2) if d >3 and 0 < +o0 if d = 1,2. Then there exists a mazimal time
T* =Ty, ., > 0 such that there exists a unique adapted solution u(t) of (2.3) almost surely in
C([0,T*); %), and the following alternative holds: T* = +o00 or T* < +00 and limp+ [u(t)|s =
+o0.

Transformation (1.2) changes only the phase of the solution, so it preserves the form of the nonlinear
term. Also since the solution u(t) of (2.2) given by Proposition 1 is adapted, so is 1(t) (see (1.2)). We
then obtain the following results concerning equation (1.5).
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Theorem 2. Assume 0 >0 and A = £1. Let 2/r =d(1/2 —1/(20 + 2)).
(i) Let vy € L2(RY) and o < 2/d. Then there erists a unique global solution 1) (t) of (1.5), adapted
to (Fi)i>0 with ¥(0) = 1o, which is almost surely C(RT; L2(R4)) N Ly, (RT; L27*2). Moreover,
the L? norm is conserved by the time evolution, that is,

[olr2 = |Y¥(t)|L2, a.s. inw, forallt>0.

(ii) Let o € & and 0 < 2/d. Then there exists a unique global solution ¥ (t) of (1.5), adapted to
(Ft)t>0 with ¥(0) = 1o, almost surely in C(RT;X).

(i) Let g € X and 0 < 2/(d—2) ifd > 3, 0 < 400 if d = 1,2. Then there exist a stopping time
™ =71, ., >0 and a unique solution (t) of (1.5), adapted to (Fi)i>0 with ¥(0) = tbo, almost
surely in C([0,7%);X). In fact, 7* = T*, defined in Proposition 1 (iii).

(iv) Let \=1, v e E and 0 < 2/(d—2) if d > 3, 0 < 400 if d = 1,2. Then there exists a unique
global solution 1 (t) of (1.5) adapted to (Fi)i>o, with ¥(0) = 1o, almost surely in C(RT;X).

In (iv) above, we use the Hamiltonian

d
1 1 Ao
H(y) = 1|V¢|QL2 1 > vilevlia + mW\QLzﬁz, (2.4)
j=1

which is a conserved quantity of the deterministic equation, that is (1.5) with K = 0. H(¢) is well
defined for ¢ in ¥, thanks to the embedding ¥ C H'(R?) C L2>+2(R?), for 0 < 24 if d > 3 or 0 < +00
ifd=1,2.

At last, we prove that equation (1.5) is the diffusion-approximation limit of the equation driven by a
stationary process m(t) . We will assume the following.

Assumption (A). The real valued centered stationary random process m(t) has trajectories a.s. in

2
L>(0,T) for any T > 0, and is such that for any T' > 0, the process ¢t — a% j;)t/s m(s)ds converges in
distribution in C([0,T]) to a standard real valued Brownian motion.

Theorem 3. Let 0 < 0 < 2/d and A = +1. Suppose that m(t) satisfies Assumption (A) above. Then, for
any € > 0 and Yy € L*(R?) there exists a unique solution ¢., with continuous paths on R with values
in L2(RY), of the following equation:

{ g = S(-A+V@)e+Melpt oom( ) K@e 23)
©(0) = o.

Moreover the process p. converges in distribution in C([0,T]; L?(R9)) as € tends to zero, to the solution
Y of (1.5), for any positive T'.

Theorem 3 is proved as in [11, 21] , by making use of the following proposition concerning the continuous
dependence of the solution of (2.2) on the Brownian paths W (-, w).

Proposition 2. Assume 0 < 0 < d/2. Let Tp > 0 and 0 < « < 1/2 be fized, and for R > 0, let Br be
the closed ball of radius R in C*([0,Ty]). Then, for any uy € L?(R?), the mapping

W o= v
Br — C([0,Ty]; L*(R%))

is continuous, where u"V is the unique solution of (2.2) given in (i) of Proposition 1, and where Bg is

endowed with the topology of C([0,To)).
[§



The paper is organized as follows. In Section 3, we study the linear problem. We first give some proper-
ties of the «classical orbits associated with the Schrédinger operator with magnetic field
1(V —iA(t,z))%. Using these properties, we define the action functional, and we construct the inte-
gral kernel of the oscillatory integral proparator. Note that we give only outlines in Section 3, the reader
will find the proofs for this section in the appendix. In Section 4 we prove the existence of solutions of
(2.2), i.e. Proposition 1, which will immediately give the proof of Theorem 2. Section 5 is devoted to the
continuous dependence of solutions on the Brownian paths in L?(R?). Using this latter result, we also
show the convergence of the solution of (2.5) to the solution of (1.5) in distribution in C([0, T]; L?(R%)),
as € goes to zero. To lighten notations, we denote sometimes in what follows by Cpy ... a constant which
depends on 6 and so on.

3. LINEAR PROBLEM, PHASE FLOW, CONSTRUCTION OF THE PROPAGATOR

In this section, we consider the linear equation (1.3) and follow closely Section 2 of [28]. Our aim is
the construction of the propagator of (1.3), and the investigation of some properties of its integral kernel.
We only give the outline of the arguments in this section since most of them follow those of Yajima [28].
Some brief proofs corresponding to the statements in this section will be found in the appendix. In all
the section, Ty > 0 is fixed.

We first study the small time behaviour of the phase flow generated by the Hamiltonian

Ho(t,6) = 3 (€~ Alt,2)

where we recall that A(t,z) = $(VV(2)t + 0o VK ()W (t)), i.e. A;(t,x) = z;(vjt + ooy W(t)). In all
what follows, we denote by N (resp. T') the diagonal d x d matrix such that $VV(z) = Nz (resp.
VK (z) =Tz) for any x € R?. Then, the Hamilton’s equations read as follows:

i(t) = DeHo(t,2,€) = £(t) — tNw(t) — W(t)Ta(t)

. (3.1)
§(t) = —0:Ho(t,z,§) = (tN + W()I)(&(t) — tNz(t) — W(t)Tx(t))

with (z(s),£(s)) = (y,m) € R??. We assume that w € Q is such that W(-,w) € C%([0,Ty]), where
0 < a < 1/2is fixed. It follows from a fixed point argument in C([s, s+7T]; R??), with T sufficiently small,
and the fact that the system (3.1) is linear in (z, &), that for any s € [0, To], there exists a unique solution
of the above system, in C([0, Tp]; R?9), with (x(s),£(s)) = (y,n), denoted by (z(.,s,v,1),£(.,$,9,7)), and
verifying

sup ([z(t)] + [£()]) < Comy (1 + [yl + [nl). (32)
t€[0,To)

Remark 3.1. It will be useful to remark here that (x,&) is linear with respect to y and n because the
system (3.1) is linear. Moreover, it is immediate that (x,&) € C1([0, Tp]; R??).

We also set for t # s,

#ts,ym) = (ts,y ) sy = (= 9)¢(tsy ) (3.3)

and Z(s,s,4,m) =y + 1, £(s,5,9,m) = 1.

We then have the following properties concerning & and §~ . We omit the proofs, except the C'! regularity
in time for |t — s| small (Proposition 5 below), which is given in the appendix.
7



L Y ; o ~, leY & 1,
Proposition 3. (1) For any multi-indices o and 3, 0;) 8556(25, s,y,m) and 0, 355(25, s,y,m) are C* in
(t,s,y,m) fort,s € [0,Tp], t # s, and (y,n) € R%%. Moreover, for 1 < j,1 <d,

93 G o} +losen {5 ~
+ a;ag{g%}’ + agag{g% i }| < Capnlt = sl

(2) There exists a positive number T,, > 0 such that, for t,s € [0,To] with |t —s| < T, the mappings
(y,n) = (@,n) = (@t s,,m),m), (y.n) — (4, 8) = (,£(t,5,y,m)) and

(y;m) = (y,2) = (y,Z(t, 5,9,m)) (3.4)

are global diffeomorphisms on R¢ x R?.
(3) Let (y,n(t,s,y,x)) be the inverse of (3.4) and n(t,s,y,x) =7(t,s,y,z)/(t —s). Then

T = (q(T)7 €(T)) = (i‘(7—7 87 y’ ﬁ(t7 S’ y’ m))7 g(T’ 87 y7 ﬁ(t7 87 y’ x))) (3'5)
is the unique solution of (3.1) such that q(s) =y and q(t) = z.

We define, for |t — s| < T, and for (x,y) € R x RY, the action integral of the path (¢(7),v(7)) given
by (3.5) and v(7) = @ = ¢(1) — A(1,q(r)) as follows:

t
S(t.sa) = [ Lirg(r),or))dr, (36)
where L(t, ¢, v) is the Lagrangian associated to Hy(t, ¢, &), that is,
1 v?
L(tquv) =U- 5 - HO(ta qvf) = 5(52 - A2(t7 Q)) = 5 +uv- (tN + W(t)r)q (37)

For t # s, it is easily seen that S(t, s, x,y) is C' in (¢, s, x, y), and that S(¢, s, z, y) is a generating function
of the map (y,1) — (z(t,5,y,7), £(t, 5,y,m)). More precisely,

Proposition 4. There exists T,, > 0 such that for any multi-indices o and (3, 8;‘855(@ s,z,y) is Clin
(t,s,z,y) for 0 < |t —s| < T, and (z,y) € R?*?, moreover

(VIS)(t,s7x(t,s7y,n)7y) :g(t757y777)7 (3-8)

(vys)(tvsvx(tasayvn)’y) = -, (39)

(0:5)(t, 3,2, 9) + (1/2) (V. S)(t, 5,2, y) — A(t, 2))* =0, (3.10)

(0s5)(t, 5,2, y) — (1/2)(V8)(t, 5,2,9) + A(s, )" = 0, (3.11)
fe |‘L B y|2 o,

e 85{S(t, $09) = 5y }‘ < Copory, la+pl=2 (3.12)

finally, S(t, s, x,y) is quadratic in (x,y), that is, 3;‘355(t,s,x,y) =0 for |a+ 3| > 3.
8



The proof of (3.12) may be performed as in Yajima [28], introducing S(t, s, x,y) = (t—s)S(t,s,z,y),
using the fact that S(¢,s,x,y) is a generating function of the mapping (y,n) — (Z,£), that is,

(0:9)(t,s,2,y) = £(t,s,y,7(t,5,y,3)), (3.13)
(8yS)(t,8,l‘,y) = —ﬁ(t78>y7$)a (314)
and Proposition 3.

We will prove that the definition of S(t,s,z,y) eliminates the singularity at ¢ = s in S(t, s, x,y), and
that the following smoothness properties hold.

Proposition 5. For any multi-indices v and 3, with |y + 5| < 2, 6;853(15, s,x,y) is Ctin (t,s,2,y) for
[t —s| < T, and (z,y) € R*. Moreover,

~ 1 1
0205 (S(t,5,2,9) = 52 =9 = 5= )@ —y) -GN+ WED)@+y))|  (3.15)
< Comlt = |1+ [a| + Jy[)> 7,

0105 (0.3)(t, 5,,) - %(x ) (SN + WD) (@ + 1), (3.16)

< Cult = s[*(1+ Jz| + [y))* "+,

0205 (@5t .7.9) + %(x —y) - (N + W(s)D)(@+ )| (3.17)
< Cumnlt — |1+ |z| + |y‘)2—l"y-i-ﬁ|7

where we recall that 0 < o < 1/2 is such that W(-,w) € C*([0,To)).

Proof. see Appendix. d

Still following the idea in [28], we set, for |t — s| < T,
R(t,s) = —(AS)(t,s) + % + sTr(N) + W(s)Tr(T), (3.18)
and
1 t
a(t, s) = exp (5 / R(r, s)dT). (3.19)

Note that in our case, R(¢, s) and a(t, s) do not depend on (z,y) because S(t, s, z,y) is quadratic in (z,y).
We easily deduce from Propositions 4 and 5 that R(t,s) is a continuous function of (¢,s) € [0, Tp]* with
|t —s| < T, and a(t, s) is a real valued C* function of (¢,s) € [0,Tp]? with |t — s| < T,, verifying

la(t,s) — 1| < Cy, 1|t — s|- (3.20)
Next, we define, for ¢, s € [0,Tp] and 0 < |t — s| < T,,, the oscillatory integral operator:
I(t,s,a)f(x) = (2mi(t — s))~¥2a(t, s) / eSHsTY) f)dy,  f € C°(RY). (3.21)
R4

We now list the properties of the oscillatory integral operator I that will allow us to define the propagator
U* and to conclude the proof of Theorem 1.
Proposition 6. Let (t,s) € [0,T0]* with 0 < |t — s| < T,,.

(1) The adjoint operator I(t,s,a)* of I(t,s,a) satisfies I(t,s,a)* = I(t,s,a), with a(t,s) = a(s,t).
9



(2) There exist bounded real valued functions a;k im (t,s), withl,m =1,2 and 1 < j, k < d, such that
vil(t,s,a) = I(t,s,a)v; — (t —s)I(t,s,a)(i0y,) (3.22)

d
+(t —s) Z{I(ta S, ajp11)xk + I(t, 5, ajk,12) (105, }
k=1

d

i0g;1(t,5,0) = I(t,5,a)i0;, + Z{I(t, S, ajk21)Tk + (t— 8)I(t, s, a5k,22)(10x,) }- (3.23)
k=1

(3) For any k € N, I(t,s,a) is a conlinuous operator in X(k), and
[1(t,s,a) flsk) < Coro .kl flsr)-
(4) For any s € [0,To) and f € L%(RY), we have lim;_ |I(t,s,a)f — f|z2 = 0.
Proof. see Appendix.

It is not difficult, using (3.10), to prove that the operator I(t, s, a) satisfies, for any f € C°(R9),

(i@t + %(v — At x))Q)I(t, s,a)f(z) = 0. (3.24)

Thus, setting U“(t,s) = I(t,s,a), Proposition 6 implies that U“ is a unitary propagator for equation
(1.3) (see the proof of Theorem 3 in [28]), that U“(t, s)f satisfies (1.3) in L2(R9) if f € X(2), and that
U“(t,s)f € C([s,s +T,]; L?) if f € L?>(R?). These arguments prove Theorem 1.

Remark 3.2. Once U%(t,s) is defined for all (t,s) € [0,T0)* (see Remark 2.3) one obtains that (u(t))i>s =
U-(t, s)us is adapted to (Fi)i>s, provided us € L*(Q, Fs, L*(R?)). Indeed, it easily follows from (3.1) and
(2) of Proposition 8 that Z(t, s,y,n), g(t, s,y,m) and 7j(t, s,y,x) are Fy-measurable, hence so is S(t, s, x,y)
by (3.6); on the other hand, (3.19) and (3.18) show that a(t,s) is Fi-measurable.

4. STRICHARTZ ESTIMATES AND NONLINEAR EVOLUTION

We prove Proposition 1 and Theorem 2 in this section. For this purpose we first establish the Strichartz
estimates. We remark that the expression (3.21) and usual interpolation arguments imply the following
lemma. T, > 0 will always be assumed sufficiently small so that the previous arguments in Section 3 are
satisfied.

Lemma 4.1. Let 2 < p < 0o and t,s € [0,Ty], with |t — s| < T,,. For any f € L? (R%), the following
estimate holds.

Uw t < Cw,TQ .

U (t, 8)f|poway < m”h#(md)

Recall that a pair (g,7) is said to be admissible if % = d(% - %) and 2 <r < 24 (2<r < ooif

d=1,2<r < oo if d=2). The following lemma may be checked in a similar way to Theorem 2.3.3 in
Cazenave [7] with the help of Proposition 6 and Lemma 4.1.

Proposition 7. (Strichartz estimates) Let (q,r) be an admissible pair. There is a constant C,, 1, such
that for any s € [0, Ty] and any us € L?(R?),

|UW(’7 S)US|L‘1($,3+TW/\T0;LT) S Cw,Tg |us|L2- (41)
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If (7, p) is an admissible pair and f € LY (s, s + T,; LP (R?)), then A“(t,s)f defined as
¢

A“(t,8)f = / U“(t,r)f(r)dr, te][s,s+T, ATy
belongs to L9(s,s + T, A To; L™ (R?)) N C([s, s + T, A Tp); L?(R?)). Furthermore, there exists a constant
C..1, such that, for every f € L7 (s, s + T,; L (RY)),

|Aw('» S)f|Lq(s,s+Tw/\To;LT) S Ow,To|f|L'y’(57s+Tw;Lo’)' (42)
Proof of Proposition 1. Let 0 < T < Ty A T,, where Ty is fixed, and put I = [0,7]. As in [17, 27|, the
local existence in L? is proved by a fixed point method in By = {v € Xr,|v|x, < Ro}, Ro > 0, where

Xp = L>(I; L) N L"(I; L*7+?),

with the metric [v|x, = |v|pe(1;2) + |V|Lr(1;020+2) and 7 is such that (r, 20 +2) is an admisible pair. Let
up € L?(R?). We define the mapping 7 by

t
(T9u)(t) = U (¢t,0)up — z')\/ U“(t, 7)(Jul*7u(r))dr = U (t,0)up — iAA“(t,0)(Jul*7u). (4.3)
0
For u,v € Bl))fo, the estimates

| T%ulx, < Cuyluolrz + Con, T ul 3

and
(4.4)
7% —T%v|x;, < CorT7(Ju i[’;L.Z”"'Q + |v QL?L50+2)|U = V| prp2oee
< Cur,T"Ro* |u—v|x, (4.5)

hold with v = 1— 22£2 which is positive if ¢ < 2/d. Taking R = 2C,, 1, |uo| 2, and choosing T sufficiently
small, 7% maps Bl){uf into itself, and is a contraction mapping. T depends only on |ug|rz,w and Ty. The

conservation of the L? norm may be verified with the use of a regularization procedure as in [9], and
thanks to the conservation of the L? norm, we have the global existence of solutions in L2. Continuous
dependence on the initial data in L? is also shown similarly to [9]. This completes part (i) of the proof
of Proposition 1. For part (ii), we define the space,

Yr = {v € Xrp, av, Vv € L™(I; L*) N L"(I; L**t?)}.

Note that the ball B = {v € Yz, |v|y,, < R} is closed for the norm | - |x,.. Let ug € ¥. We prove that
T defined above is a contraction mapping in the ball B},f, for a well chosen R. We remark here that
O, and the multiplication by z; do not commute with U“(t,0), but by virtue of (2) of Proposition 6, we
have the following estimates.

Lemma 4.2. For any f € X, U¥(¢,0)f € C(I,X)NYy. Moreover,
U 0) flyr < Cilflss A0 0) flyvr < Colflyy
with constants C1 and Cy independent of T (but depending on w and Ty ), where
Y, = {v such that v, zv, Vo € L*(I; L?) + L" (I; L%)}
Proof. see Lemma 3.3 of [9].
Let u € B}tf. With the help of the above lemma, we can show, in addition to (4.5), that

|TWU‘YT S Cl|U0|§] + CgT7|u|2L‘;L30+2|u\yT.
11



Since, from the proof of (i), we have |u|L;L§U+z < 2C, 1y |uo| 2, we may choose R = 2C|ug|s and T > 0

sufficiently small so that 7% is a contraction mapping from B}, into itself (for the Xr-norm). It may be
seen that T' depends only on |ug|r2, w and Ty, and thus the solution is global.

Lastly, we give the arguments for proving (iii) of Proposition 1. In that case, we estimate the non-
linearity as ||ul*7uly; < CT'~%|uly? 2041 for any u € Yy and 0 = 2(a+1) < 1. Then, if ug € %, for any

u,v € B ., we have
I T%uly, < Chlugls + CoT luf3g
and
|T%u — T x, < CT**(Jul3g + [0[35)u — vlxy,

which implies that 7 is a contraction in BY, with R = 2C|ug|s, for sufficiently small 77 > 0. This
allows us to show the local existence and the blow-up alternative in ¥ (see [9]). Note that by virtue of
Proposition 7 and (4) of Proposition 6, in each case, 7*u belongs to C(I; L?) or C(I;Y). The adaptivity
of u results from the adaptivity of U¥ (see Remark 3.2), the fact that u is obtained by a fixed point
procedure, and the use of a cut-off argument (see e.g. [10] or [11]). In the supercritical case (iii), the
cut-off argument has to be performed for a fixed ¢, in L2°T2 norm. Note that the adaptivity of u implies
that T is a stopping time. O

Proof of Theorem 2. We note that if u € C([0,Ty]; L*(R%)) then ¢ given by (1.2) is also in
C([0, To]; L?(R%)); moreover, if u is a solution of Eq. (2.2), then It6 Formula implies that v solves
Eq. (1.5) in C(]0,Tp]; 3(—2)). Since in addition, u € C([0,T]; X) implies ¢ € C([0, Tp]; %), it is easily
seen that the results of (i) and (ii) in Proposition 1 imply (i) and (ii) of Theorem 2. Concerning the local
existence in X, (iii), we define for R > 0, 7r = inf{t > 0, [u(-)[z~(0,;x) > R} where u is the solution
obtained in (iii) of Proposition 1, with ug = 1. Since {u(t)}+>0 is adapted to (F;);>0, Tr is an increasing
stopping time. We then set 7% = limg_, ;o 7. On the other hand, by the deterministic theory, we know
that there exists a maximal time 7™ = T}; , > 0 such that the following alternative holds; T* = +o0 or
limyyp+ Ju(t)|s = 400 if T < 4+o00. If T* = 400, u exists globally, so v is global, too. If T* < +o0, the
definition of 7 implies 7% = T™*. Part (iv) follows from the same argument as in (i) of Theorem 3 of [12],
combined with some ideas in [6]. Using It6 formula, the evolution of the Hamiltonian H given by (2.4)
of the solution of (1.5) is found to be, for any stopping time 7 < 7 AT :

H(T)) = //|I‘1:| [v(z 2dxdt—71m/0 /Rdrx Vi (z)h(x)dedW, a.s;  (4.6)

on the other hand, again by It6 formula,
l2)(T) |22 = |xthol2s + Im/ xip - Vipdr, forany 7 < Tp AT, as. (4.7
Rd
Now, assume that A = +1; one easily get form (4.6) that for any R > 0,

IE( sup \V@ZJ@Z) < |H(¢0)|+C\N\dﬂ*:< sup |$¢()|L2)

tE[O,TR/\T] te 0 TR/\T]

+C|F\,d,00 sup / |$¢ |L2d5
te[0,7rAT]

+CUOE( aup ‘ / / VK - sz/;d:chD (4.8)
e

1ﬁ§ 0 TR/\T



The last term of the right hand side above is estimated thanks to Theorem 3.14 in [§], and is then
majorized by

s B [( /T/\TR
0

IN

VK - vw&dxfds) 1/2]

3Co, TE( sup  |[Vo(t)| 2l (1)) 12

R4 te[0,7rAT]

IN

1
iE( sup |V¢(t)|%z)+CUO,TE( sup |$7f’(t)|2LZ)
tE[Oﬂ'R/\T] tE[O,TR/\T]

Plugging this estimate into (4.8), one gets
E( [sup |V1/)\%2) < 2[H(vo)| + C\N\7d,T,agE( sup \m/)(t)|2L2)
te

0,7rAT] te[0,7rAT]
t
+C|p‘7d_’UOIE< sup / \mw(s)Fdes). (4.9)
te[0,7rAT] JO
On the other hand, by (4.7), one has

E( sw |av®li:) < lavols
tel0,7rAT]

T
AE( [ Yoraam(V6(Os + v 03 )dt). (4.10)
0
Hence, combining (4.9) and (4.10),
E( swp  [Vo(t)3e + lew(t): )

te[0,7rAT]

T
< CONjd o0, lwolz T C\N\,d,T,ao,|F\E(/O Lo, ranry (V1) 72 + Iww(t)ﬁz)dt),
and one concludes using Gronwall’s lemma that
E( sup  |Va(t)|32 + |a:w(t)|2L2> < Clyo|s,|N|,d,T,00,|T|-
te[(),TR/\T]

This latter estimate implies 7% = +o0, a.s. O

5. CONTINUOUS DEPENDENCE ON THE BROWNIAN PATH AND CONVERGENCE

We begin with proving the following proposition which is a consequence of the properties of the
propagator U (¢, s) that we studied in Section 3. We have already seen that for f € C§°(R?), U“ (-, s)f is
a strong solution of (1.3), and is a function of W (-, w), provided w € Q%O ={weQ, W(,w) e C0,To])}
with 0 < a < 1/2. Note also that we could have replaced in Section 3 W(-,w) by any function g(.) in
C([0, Tp]) with o > 0 (all the constants appearing in the estimates would then depend on |g|ca (jo,7)),
instead of w and Tp). Hence, we may fix w € Q%O and we regard U“ (¢, s)f as a function of the Brownian
path W (-,w). We then denote U“(t,s) by UW (¢, s) to clarify the dependence.

Proposition 8. Let Ty > 0, R > 0 and M > 0 be fized. There exist a T > 0, and a constant
Crry,m > 0 such that if f € C5°(RY), with supp(f) C B(0, M), and if W1,Ws € Bg, then, for any
t,s € [0,To] with |t — s| < Tr we have

(U™ (t,s) = U™ (t,9)) flre < Cray,m|Wi — Waloqo,1)) (|f|L2 + Z |53f|L1), (5.1)
lo|<$+3

where B is the centered ball in C*([0,Tp]) with radius R.
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Proof of Proposition 8. Let Wy, W, € Bg and f € C5°(R?). We write the difference as follows.
UWI (t7 S)f(x) - UW2 (t7 S)f(‘r)

= (2mi(t — s)>—d/2 /Rd REME (t,s,x,y)(awl (t,s) — a2 (t,8))f(y)dy

Hmi(e = 5)) 02 [ STt (S e S o) Va1, ) fg)dy (5.2)
R
=I1+1I

where a"i is defined as in (3.19), replacing W by W; in all Section 3. We will use the following lemma,
which will be proved in the appendix.

Lemma 5.1. The difference SW' — SW2 satisfies the estimate :
> ‘agaf (SWl (t,s,a,y) — S (t,s,x,y))‘ < Cryry W = Waloqoy) (14 |2] + y)* 1o+l (5.3)
la+8]<2
Proof. See Appendix.

We come back to estimate (5.2). Part I is estimated using Asada-Fujiwara’s Theorem in [4]; we refer
to the beginning of the proof of Proposition 6 in the appendix for a justification of the fact that the
assumptions of [4] are satisfied by the phase function S"1 (¢, s, z,y) provided that |t — s| < Tg, where Tg
is sufficiently small. Then,

‘I|L2 = |IVV1 (t787aW1 - aW2)|L2 < CR,T()'an (t,s) - awz(t’ S)”f‘sz

where the constant Cr r, depends only on R and Ty, and provided |t — s| < Tg. Using the definition
(3.19) of a(t, s), we may write the difference as follows.

ai(t,s) —a"2(t,s) = exp (% /t RW(r, S)dT) {1 — exp (% /:(sz (1,5) — RWi(r, S))dT)i|

S

By (3.20), we have
1 ‘ W] Wl
’exp (5 R (T,S)dT)‘ = a1 (t,8)| <1+ Cralt — s
and, by (3.18) and (5.3),

|RW2(7,5) — R™' (1, 5)| 1A, 8™ (1,8) — ALSV2 (1, 8)| 4 | Tr (D) |[|Wa (1) — Wi(7)|

Cr1, W1 — Walc(o,10])-

IN A

Therefore, we have
a1 (t,s) — a2 (t, s)| < Crmolt — s||W1 — Walc(o,mo))
and we obtain, for |t — s| < Tg,
z2 < Crmylt = sl[W1 — Walcqo,mop | flL2

for f € L?(R?).
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Next, we estimate II. Recall that suppf C {y € RY, |y| < M}. Let M’ > 0 be a constant that will be
choosen later. We write II using the cut-off functions 7,05 € CF° (R?) as follows.

In = (27riy)_d/2/ eiswl (t,s,z,y) (1 o ei(SW2 (t,s,x,y)—SW1 (t,s,a;,y)))
Rd

xa'2(t, 5)O) (2)On (y) f(y)dy
(eis’wl (t,s,zy) /v _ ei§W2 (t,s,a:,y)/l/)

+(2miv) 42 /

Rd
xa™2(t, s)(1 — O (2)On (y) f(y)dy,

I+ 1V,

where we put v =t — s. Since all the space derivatives of the amplitude function
(1— ei(S™2 (t,5,2,) - 5™ (t’s,z,y)))aWz (t,5)0, (2)On (1)

in IIT are bounded, taking SV (¢, s, x,y) for the phase function, and applying Asada-Fujiwara’s Theorem
[4], combined with Lemma 5.1, we get

1|2 < Croynanr a2 (8, ) [|W1 — Walc(o, 1)) | £ 22- (5.4)

Concerning IV, we set

VS o
b 7)o

and observe that %Ljeigwj/” = ¢i5"" /¥ We then integrate L times by parts to get

(2miv) =2 (v /i) E /

R4

1A ([LlLeiSW1 (t,sq,w,y)/l/] _ [Léeigwi’ (t,s,w,y)/u)})

xa™2(t,s)(1 — O (2)On (y) f(y)dy
(27riu)_d/2(1//i)L/ eiS‘“’l (ts,2.y) /v, Wa (t, 8)(1 _ (._)/]w(w))

R4
<[(LD)F = (L3) 10 (y) f (y)dy
+(27rz'1/)_d/2(u/i)L / (eiS'Wl (t,s,z,y)/v _ eiS’WQ(t,s,;c,y)/u)aWQ (t7 S)(l _ 9/]\4(1.))

Rd
*(L3)" 0 (y) f(y)dy.
On the other hand, using estimate (3.12), we obtain as in [28],

1 82 SW]‘

9,8 b,z = [0,8Vi(ts,0.9) = | o
0 Yy

(t,s,0x,y) - xdd

1 ST 1
Z'x‘ - |aySWJ (t73707y)| Z Z|x‘ - CJ\/I,R,Toa

v

where Cyrp1, = max{M, supsie[o’To]ﬂ‘y‘SM(8y§WJ)(t,s,O,y)\}, provided that |t — s| < Ty, for some
sufficiently small Tr. Thus,
~vir €T
10,53 (t, s, z,y)| > %, for |z| > 8Cr r1,, Y ESUppf. (5.5)
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We then choose M’ = 8C,r 1, and get
(1= 4 @)L OmW) f(W)] < Crmym(L+2)™" D 105 f()l, 7=1,2. (5.6)
la|<L
Moreover, it may be checked that whenever |z| > M’,
> 108(L; = L3)Ou W) W) < Crayr (L + [a) 7 Wy = Walcqomy > 105 FW)l,
la|<K [BI<K+1

and

1L OmW) f (W) < Crapn(L+ 2™ > [9) f(y)l.

IBISK lvI<k+K

Accordingly, for any L € N,
(1 = O (@) [(LD)" = (L3)*1Oum () f(y)]

L—-1
= |0 — e (@) SN~ L) (15) O () fw)
k=0
< Craoar(+ 1) Wi = Waleqomy D 195 FW)l- (5.7)

|| <L
We apply (5.7) to the first term of IV, and apply (5.6) and Lemma 5.1 for the second term of IV. Then

we obtain

IV < Cruyu V5214 [2) W = Waloqo.m) e (¢, )] Z
la|<L

+Cr 1o, VI (1 + [2)) I WL — Waloqo.mpla®? (4 9)] Z
lal<L

9, f(y)

Lt

9, f(y)

L
Hence, choosing L = % + 3,

IVl < Crayuv™ Y22 (t, )W = Walcqompy D ]&jf(y))
la|<d/2+3

X{(/Rd(l i |m|)fd72dx>l/2 N (/Rd(l n ‘x|)7d76dx)1/2}7

which ends the proof of Proposition 8. g

1

Before giving the proof of Proposition 2, we state a corollary of Proposition 8.

Corollary 5.2. For Ty, Tr as in Proposition 8, f € L*(R?), and any s € [0,Tp]), W — UW(-,s)f is
continuous in the sense of Proposition 8, from C([0,Tp]) N Br into C([s,s + Tr A Ty); L?(RY)).

Proof. The proof of Corolllary 5.2 follows easily from Proposition 8 and (3) of Proposition 6 (with k& = 0)
which states that f +— UW (-, s)f is continuous on L?(R?), uniformly for W € Bp. O

Proof of Proposition 2. We first consider a truncated version of equation (2.2). Let, for M > 0, xu
be a positive C§°(R™) function with suppxas C [0,2M], xar = 1 on [0, M], and 0 < xpr < 1. We set
far(w) = xar(Jul?)|ul?*?u, and consider the following equation, which clearly possesses a unique solution,
denoted by u"V'M | in C(R™; L2(RY)), since fs is globally Lipschitz in L?(R?) :

O = f% (V —i(tN + W(OT)) *u + Afar (u), (5.8)
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with u(0,2) = ug € L?(R?). Equivalently, «"V** is the unique solution in C(R*;L?(R%)) of the mild
equation

u(t) = UW (£, 0)ug — ix /0 UW (£, 7) far (u(r))dr- (5.9)

Let us prove that W — u"'M ig continuous in the sense of Proposition 2 for any M > 0. It clearly follows

from the estimates of Section 3 that «""M is the limit in C([0, Tp]; L?) of the sequence u, " defined by
ug" M (t) = UY (t,0)uo and

t
u V= U (8, 0)ug — i / UY (t,7) far (u) M (7)) dr, (5.10)
0
and that this limit is uniform with respect to W € Bg. Hence, in order to get the continuity of W s u":M |
W,M

it is sufficient to prove that u, ™ is continuous with respect to W in the sense of Proposition 2, for any
k. We use an induction argument. Thanks to Corollary 5.2 and (5.10), this continuity will hold true at
level k + 1, assuming it at level k, if we prove that for any Wy € Bp,

¢
i sup [0 (6 5) far (™ (5)) = Ut 5)Far O () s = 0 (5.11)
t€[0,To] Jo ’
when W tends to Wy in C([0, Tp]), with W € Bg. But the left hand side of (5.11) is bounded above, for
W € Bg, by

To
[ s 08 aral ™ (5) = far (M 6)) s
0 te€[0,To]

To
+/ sup |UW(7§7 s)fM(uZVO’M(s)) —ygWo (t, s)fM(uZVO’M(S)HdeS
0 te[0,T0]

To
< CR,TO,M/ |UZV’M(S)—UkWO’M(5)‘L2d5
0

To , ’
+ / s[up | UY (L, 8) far (uy M (5)) — UYO(t, 8) far (uy O™ (5))] p2ds.
0 t€l0,To

The first term goes to zero by the induction assumption, and the second one by the dominated conver-
gence Theorem, since Corollary 5.2 implies the convergence of the term inside the integral, while the
boundedness of U™ (¢, s) in L?, which is uniform with respect to W € Bg, implies

U™ (&, 5) far(wy ™ () = U™ (8, 8) far (g M (5)) 12 < 2CR 7y ey ™ 2.

Hence, u"V*M is continuous with respect to W € Bpg in the sense of Proposition 2. It remains to get

rid of the cut-off function y»;. Note that we may restrict ourselves to a sufficiently small time interval
[0,T], provided that it depends only on R, Ty and |ug|r2. Let (p,20 + 2) and (r,p) be admissible pairs,
with p > 20 + 2 and 7/(20 + 1) < p (this is possible, since o < 2/d implies p'(20 + 1) < p). Note that
by Strichartz estimates (Proposition 7) applied to (5.9), u"V"™ € L*(0,T; L?°*+?), and for T sufficiently
small, depending only on R, Ty and |ug|pz,

\UW’M|LP(0,T;L2G+2) < Cr,1p|u0| L2

and
[u Lo (0, 7;020+2) < Cromy o] 2.
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Then, using again Proposition 7 for the difference between (5.9) and (2.3), we get for T as above,

W, M (XM(|UW,MD2 _ 1)|UW,J\I‘QUUW,M

w
lu —u" o020 2L 0,1522) < CRTy

L™ (0,T;L7")
W, M w
FCR Ty Juo| 2.0 T [0 = w™ | Loo, ;120 +2)

with v =1 — %, from which it follows, taking again T small enough depending on R, Ty, |ug|rz, o,
that

"M . (5.12)

w
=" |Le(o,r;20 420 (0,1322) < CRT, , ,
L7 (0,T:L7")

(XM(‘UW,M|)2 _ 1) ‘uW,]W|2UuW,M

On the other hand,

‘ (XM(‘uW,M |)2 _ 1) |UW,M |20uW,]\4

L™ (0,T;L7")

T , 1/r
< ([ Mgusrgopzanla ™M @R, ds)
0

r ! o r’ 1/r!
S (/ |]1{|UW,IVI(S’.)|22M}|E<I‘UW’M(S) (LQQ:;Q_}) dS) (5.13)
0

with ¢ > 1 such that % = % + % Now, by Holder inequality in time, this term is estimated by

g B 1/8 W,M |20+1
</0 |]1{\uW'M(s7')I22M}‘qu3> i A,

20+1 4 W, M 2 B/ /8
< (Croyluolz2)® (/ (meas{[u"*M (s, )2 > M}) st) (5.14)
0

where % = %TH + %; note that % > 0, since (20 + 1)r’ < p. In turn, we have

(/OT(meas{|uW7M(s,,)|2 > M})ﬂ/qu)l/ﬁ
1/

T
1
(/ <M/ \uW’M(s,x)FdI)ﬁ/qu) (5.15)
0 (™M (s.0) 22 M}

1 r 1/8 1
< (] s = ol
We have used in the last equality the fact that [u"V"* (s, )2 = |ug|r2, for any s. This fact is easily seen,
on a formal point of view, by multiplying equation (5.8) by 4, integrating on R? and taking the imaginary
part, and may be justified, as is classical, using a regularization procedure.

Finally, collecting (5.12), (5.13), (5.14) and (5.15) shows that u"** converges to u"V in L>(0,T; L?)
as M goes to infinity, uniformly for W € Bg, and Proposition 2 follows. O

IN

Proof of Theorem 3. By Assumption (A), Br being a Borel set of C([0,Tp]), we have
lim P(M* € Bg) = P(W € Bg),
E—

where we put M©(t) = = t/e* m(s)ds. On the other hand, since P(W € C*([0,Tp])) =1 if a < 1/2, for

oo JO

any 1 > 0 there exists Ry > 0 such that
P(W € Bg,) >1—n/2.
Thus, there exists g9 > 0 such that for any e € (0, &)

]P)(ME € BRO) Z 1 -
18



and hence
P(W € Bg, and M® € Bg,) > 1—3n/2.

By Skohorod Theorem, there exist a probability space (Q, F, If") subsequence of random variables {M £}
and a Brownian motion W such that £(M¢) = L(M*®), L(W) = L(W) and M¢ converges to W, P-a.s.,
in C(]0,Tp]). Then, for any € € (0,&p),

P(M° € BRO and W € Bg,) > 1 — 31/2.

Now, if M € Bp,, then the solution u™ I* of equation (2.3) with W replaced by M is well defined in
C(]0,Ty]; L?(R%)) by the proof of (i) of Proposition 1, and by Proposition 2, for any § > 0,
ED(ME S BRO, W S BRU and ‘UME — UW|C([O,T0];L2)) > 5)
converges to 0 as € goes to 0. Therefore, for any § > 0,
P(ju™” — UW|C([0,T];L2) >6) <2
provided that ¢ is sufficiently small. In particular, u™" converges to vV in distribution in C([0, Ty]; L?).

One easily prove in the same way that (M®, u™") converges in distribution in C([0, Tp]) x C([0, Tp]; L*(R%))
o (W,u"), and we deduce that

WM (1 ) = eI ENEME @) M gy

which is clearly the unique solution in C([0, Tp]; L2(R?)) of equation (2.5), converges in distribution in
C([0,Ty]; L?) to the solution 9 of equation (1.5) given by Theorem 2. a

6. APPENDIX

Proof of Proposition 5. Since we already know that S(t,s,x,y) is C* for 0 < |t — s| < T,,, it suffices
to prove (3.15)-(3.17) and similar asymptotics for the partial derivatives in the space variable, which will
prove that 8585§(t, s,z,y) is C! for |t — s| < T,,. We recall that 0 < o < 1/2 is fixed, and that w is such
that W(-,w) € C*([0,Tp]). Using the system (3.1), with initial conditions (x(s),£&(s)) = (y,n), and the
estimate (3.2), we get for any o € [s,t] with s,t € [0, Tp] :

€(oys,9,m) =1 — (0 = s)(sN + W(s)D)n + (0 — s)(sN + W(s)T')?y|
] / (uN + W (u)T)(€(u) — uNz(u) — W(w)Tz(w))du

7/ (sN + W(s)I")ndu + /0(5N+ W (s)I')%ydu

[ (= 9N + O () = WD E) — @V + W ) T)e )
+ [N WD) — 1 — W + W@ e - )

~(sN + W(s)T) /U((u _ SN + (W (u) — W(s))T)ydu
< Gy (L4 [yl + )] — s|'*, (6.1)
where £(u) = &(u, s,y,n) and z(u) = z(u, s, y,n). Similarly,

|z(0,5,y.m) —y — (0 = s)n+ (0 = s)(sN + W(s)D)y| < Com, (1 + [yl + o — s (6.2)
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Thus, we get
t
ot =y~ (¢ =)+ [ (@N -+ W(o)T)ydo

= | [ s v 1~ N WD+ (o — )N + W)y
S +((s = )N + (W(s) = W(o))T')(2(,5,5,m) — y)
—(sN+W(s)D)(x(o,8,y,m) —y — (0 = s)n+ (0 — s)(sN + W(s)[')y)|do
< Comlt— s 1+ [yl + nl).
We deduce, using (3.3), that

2(t,5,9,m) —y —n+ /:(UN +W(o)D)ydo| < Co |t — s/ (1 + |y| + [n]),
and also that
|Z(t5,5,m) —y —n+ (t = s)(sN + W(s)Dy| < Comy[t — s (1 + [y[ + In]).
Hence, plugging n = 7(t, s,y, z) into (6.3) and using the fact that
7t 5,y )| < Comy (14 || + [yl),
as follows from Proposition 3, we deduce

[n(t,s,y,2) —x +y — (t = s)(sN + W(s)D)y|
|’r~)(ta 5, Y, ZZ?) - j(ta 5, Y, ﬁ(ta 5, Y, ZL’)) + Yy—= (t - S)(SN + W(S)F)y|
< Comnlt = s+ J2] + Jy))

and

.
n(t, s,y ) = T2 — (N + W(s)D)y| < Cupylt = 5| (1+ [z + y).

From (6.2) and (6.5), we get for s <7 < :

‘(E(’T, S Y, n(tv s,y,x)) Y- (T - 3)77@» 87y7$) + (T - S)(SN + W(S)F)y|
< Con(L+lyl+ n(t, s,y x) )| — s+
< Cor(1+ [+ [y))|r — s

Hence, using again (6.5) :

L )
(e = y)| < Coa|r = 5|1+ [z] + Iy

On the other hand, (6.1) and (6.5) imply for s <7 <t:

‘l’(’]’, S»yﬂ?(f» S, yal') - Y-

x — T—s
‘5(7787y7n(t787y7x)) - fi/ - (SN + W(S)F)y - t—s

< Comlm = sl*(1+ |2 + ly]).
Now, from (3.7)

(sN +W(s)l')(x —y)

L(r,a(r),v(r)) = 5607, 5,.1(t8,,2)) — 5 [(7N + WD)z (r, 59,71, 5, 5,2))
20
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Hence,we get from (6.6) and (6.7)

T—S

(t—s)?

2
L(r,q(r),0(r) - 5 <x - y> ~ T2 (sN 4 W(s)D)y - (x—y)- (sN+W(s))(z —y)

2\t—s t—s
a—1 2 2
< Comlm =871+ [z + |yl*)

from which we deduce that

S(t.sca9) = (=) [ L(ra(r).v(r)ir
satisfies

8t5,2,) = 5@ = 9)* = 5t = )& — ) - (N + WD) +y)] < Cozylt = s (1 + [of? + o)

which is (3.15) except for the space derivatives.
We now consider the space derivatives of S. Note that (6.7) implies
[E(t, 5,9, 71(t, 5,y,)) = (@ —y) = (¢t = 8)(sN + W(s)D)z| < Coomlt — " (1 + || + [y]) (6.8)

which, together with (3.13), gives (3.15) for 9,5. The estimate for 9,5 follows from (3.14) and (6.4).
Next, we note that (y,n) — (v, Z(,s,9,7)) an (y,m) — (y,&(¢, s,y,7n)) are linear, hence the same is true
for (y,z) = (y,7(t, 5,9, 2)) and (y,2) — (y,£(t, 5,9, 7(t, 5,9, 2))). 1t follows that

awjg(t) S) x?y) = éj(t’ 87 y7 ﬁ(t7 57y’ x))
d d
= Zykéj(t787ekaﬁ(tvs7ek70)) J'_Zxkgj(t?‘qa()?ﬁ(ta 8707616))' (69)
k=1 k=1

Hence by (6.8)

al‘lal‘j S(t7 5Y, x) = gj(t, S, Oa ’f](t, S, O, 81))
Sj1+ (t—s)(svj + W (s)y;)d; + O(|t — s|'T%)

and

0y, 00, 5(t,s,y,2) = &(t,s,e,0i(t,s,e1,0))
= =5+ O(|t —s|'T).
Estimates on Jy, 8yj§ follow in the same way, using (3.14) and (6.4). It is clear that 9397 S(t,s, z,y) =0
for |a+f| > 3. In order to prove (3.16) and (3.17), we make use of Hamilton-Jacobi equation (3.10)-(3.11).
We only consider the derivative with respect to ¢, which, thanks to (3.15) and (6.8), may be written as

St s,x,y) = St s,z,y)+ (t—s)(99)(t,s,2,9)
1 _ 2
= Sty - 5 (9.8)(t,5,2,) = (¢ = )N + W(H))a]
= 2 {S(ts.ay) — S[E st 5.0.2)) - (t—s)(tN—I—W(t)F)a:r}
t — 35 ) 9 ) 2 ) ) ) ) ) )
1
= @@=y (N+WED) (@ +y)+ 1+ [z + yHO(|t = 5[%).
Estimate (3.17) is obtained in the same way with the use of (3.15) and (6.4), and the space derivatives
are estimates as above. O
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Proof of Proposition 6. Note that the operator I(t,s,a) is bounded in L?(RY) by Asada-Fujiwara’s
Theorem (see [4]). Indeed, by (3.14) and (6.4),

(8yk8yl§)(t, s,x,y) = —ni(t, s, ex,0) = g + O(|t — s]), (6.10)
and therefore,
1
|det(8yk3ylS)| > 3 for |t—s|<T, (6.11)

if T, is sufficiently small. Then, (1) is a direct consequence of the fact that S(s,t,y,z) = —=S(¢t, s, z,y),
which itself follows from (3.6).

(2) is a special case of Proposition 3.2 in [28], but we repeat the proof for the sake of completeness.
Let f € C5°(RY), then integrating by parts yields

[—i(t — 8)0, I(t, s,a) f — (t — 8)I(t, s,a)(—i0y, [)](x) = I(t, s, (0s,S + By, S)a) f(z). (6.12)

On the other hand, by (3.13) and (3.14), using the linearity of (y,1) — &(t, s,y,n) and (y,1) — 7(t, s,y, =),
we may write

IS8

awjg(t,s,m,y)—l—@ijt 8,2, Y) Zykfjkl (t,s) Z (t, 5,4, 7)€k .2(t, 5)

where we have set
éjk,l(tas) = éj(tasaek50)7 and gjk,?(tvs) = éj(t7s707€k) _5_]k

This proves

d d
I(t, s, (0, S—!—@ S ZI (t,s,&k10)TK +Zl(t,s,§jk72ﬁka). (6.13)
k=1 k=1

Now, using again the expression 7 (t, s,y,z) = —5%5'(15, s,x,y) and integrating by parts yields
I(t, 5, &k 27k a) f (x) = (¢ = $)1(t, 5,Ejx,2 @) (=i0y, ) (). (6.14)
Gathering (6.12), (6.13) and (6.14), and setting

§ik1
Ajk21 = =7 0 and  aji 22 =

k2
a
t—s
leads to (3.23). Note that a; 21 and a,i 22 are bounded for ¢, s € [0, Tp] with |t — s| < T, as follows from
the inequality

|£(ta S, 2/777) - 77‘ < Cw,To|t - S‘(l + |y| + |77|)
This inequality is easily verified by substituting (3.3) into (6.1). In order to prove (3.22), we use the fact
that

(t 5, Y, n(t S,Y,T Zyk)xjk 1 t 8 an(tasay7x)i‘jk,2(tas)
k=1

where we have set
Zika(t,s) =Z;(t,s,ex,0), and Z;p2(t,s) =z;(t,s,0,ex),

which gives
d

d
z;lI(t,s,a) = Z I(t, s, Tjppa)zs + Zl(t, 8, &k 2Nk G);
k=1 k=1
the same computations as above then show that
I(t, s, &k 2nka) = (t — s)I(t, 8, &jk,20)(—i0z,)
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and (3.22) follows after setting
1 . -
k11 = y—(Fjkr = p)a,  and  ajraz = —(Tjee — dje)a.

Again, those functions are bounded since (6.3) implies

Z(t, s,y,m) —y — 1l < Complt — s|(1+ [yl + [nl). (6.15)

The combination of (2) and Asada-Fujiwara’s Theorem implies (3), that is, the boundedness of (¢, s, a)
in (k) for any k € N.

The proof of (4) is essentially due to Fujiwara [13] and Yajima [28]. However, we repeat the arguments
here for the sake of completeness. Let f € C$°(R?) and let M > 0 be such that suppf C {z € R%, |z| <
M}. We recall that W(-,w) € C*([0,Tp]), and that using estimate (3.12) we may prove that if

Cy = Curw oy = max{M, sup |Vy§(t, 5,0,9)|},

s,t€[0,T0]
ly|<M
then
|V, S(t,s,2,y)| > % for |x| >8Ch, y € suppf, (6.16)

provided that |t — s| < T, for some sufficiently small T,,. Again, we use the fact that if v =¢ — s,

z( Vy:g _vy)eig/u _ eiS‘/y’
[VyS?

and integrate L times by parts to get, for |z| > 8Cyy,

9@l = [erin it [ [(29,) e s sy

w52 ©
= Jeminy i [ oSano{ (S ¥) ) fo]
< Comprr V(14 J2))” / Z 05 f (y)|dy,
la|<L

where we have used the bound (3.20) and the fact that

H((vvyy;2 'Vy)*rf( )] < Cp(l+Jz)~ |§L|3a

by the estimate (6.16). Thus, choosing L > d/2

1/2
[U“(t, 5) flr2(aj>sca) < Cootonr,p V242 Z |a§f(y)\L1(Rd)(/Rd(1 + |5C\)_2Ld90) ,

la|<L

and it follows that |U“ (¢, s) f|L2(|z|>8c,,) tends to zero as t goes to s.

For the case |z| < 8C)s, we use the stationary phase method (see, e.g. Lemma A.8 of [14], or [15]).
The equation Vyg(t,s,x,y) = 0, as an equation in y, has a unique solution y = §(¢,s,z,0). Here,
(g(t, s,z,m),n) is the inverse map of (y,n) — (&(t,s,y,n),n). We recall (6.11) and apply the stationary
phase method; we obtain, for some smooth function r(¢,s,.),

—1/2
U= (t,5)1 (@) = | det(8,,0,8)| " eSsei/¥ (a(t, $)£() + vr(t, 5,7 2) (6.17)
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where § = (¢, s,x,0) and, for any k € N, there exist K(k) € N and C(k) > 0 such that for any |a| < k
and t,s € [0, Tp] with |t — s| < T,

2%r(t,s,v'a)| < Cila(t,s)] max sup a8 )
9275071 2)] < )] e sup 193 0)

On the other hand, it follows from (6.15), using = = Z(t, s, §(t, s, z,n)), that
9(t,s,2,m) — 2 +n < Comlt — s|(1+ ||+ [n])
and in particular,
5(t,s,2,0) — x| < Cop, [t — s[(1 + |z]), (6.18)

which implies that (¢, s,x,0) converges to x as t goes to s, uniformly for |z| < 8C)s. Thus,

lim f(g(t, s,2,0)) = f(z),

t—s

uniformly for |z| < 8Cyy. Also lim; 4 a(t,s) = a(s,s) = 1 and lim;_, | det(8,, d,,S)|y=5 = 1 by (6.10).
Finally, it follows from (3.15) and (6.18) that

S(t,s,z,7)

. < Comylt — s*(1+ [z]?),

hence S/v tends to zero uniformly on |z| < 8Cy;. Accordingly, we get that lim,_, U“(t,s)f(z) = f(z),
uniformly for |z| < 8C);, which completes the proof of (4) of Proposition 6. O

Proof of Lemma 5.1. We denote by (27 (t,s,y%,17), & (t, s,37,17)) the solution of the system (3.1) with
W (t) replaced by W;(t) for j = 1,2. Then, we have for y/,7/ € R? :

€1t syt ') =0t = (€3(t 5,57, 0°) = )| < Cralt — s[W1 = Waloqom)
+Cr1, /:(|€1(T) = &(n)| + [ () — 2*(7)|)dr
[zt syt n') =yt = (22t 5,07, 0%) — vP)| < Crolt — sl[Wi — Waleqom)
+Cr1, /:(|§1(T) = &()| + |z () = 2®(7)|)dr,
where 27 (t) = 27 (t, 5,97,1m7) and &7 (t) = €7 (t,s,97,n7) for j = 1,2. Therefore, Gronwall lemma implies,
€)= (0] +12(0) — ()] < Cary (1t — slIWh — Waleoum + It — 21+ 1t — 2] (6.19)
Using again the equation of (27,¢7), we estimate (&7, €9) defined by & (t, s, 47, p7) = 29 (t, s, 97,07 /(t — 5))
and & (t,s,97,m7) = (t — s)&(t, s,47,m7 /(t — 5)). We recall that ©VK(z) = I'z and $VV(z) = Naz.
Hence,
al(t,s,y' ') — 22t 5,97, 0%)
=yt [ {0 -0 - N WD) o) - 0)

—(Wl(o) - WQ(U))rx2(a)}da. (6.20)
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This implies
‘xl(tvsvylvnl) - yl - (t - 8)771 - (x2(tvs,y2»n2) - y2 - (t - 8)712)‘

t
< [ |e0) -t~ (€0) ~ )i + Cry e = slWs ~ Waloom)

t
o

Using again equation (6.20), together with the fact that

(0N + W(o)D)(z (o) — x2(0>)’da.

o, s,y" ") —n' = (E%(0,5,9%,7°) — )
= [N+ WD) [0 - €4) — (N + WO (r) - 2] ar
+ [ V@) - WA () + @V = (W) + WD) dr
S
and (6.19), we get for sufficiently small |t — s|, depending only on R,
|$1(tv S»yl»ﬂl) - yl - (t - 3)711 - (xQ(ta Say27n2) - y2 - (t - 8)772)|
< Crult = s[[Wi = Waloqo.n)) + Cralt = s°In" = 0| + Crzlt = slly' — 7.
Thus, for |t — s| < Tg sufficiently small,
|‘%1(ta Saylanl) - yl - 771 - (iQ(tﬂ S, y23772) - y2 - 772)|
< Crmlt = s[[Wi = Waleqom)) + Crmolt — sl(In" —n?[ + [y — 4.

Applying the above inequality with n/ = 7/ (¢, s, 37, 27) for j = 1,2, and recalling that 77 (¢, s, v, 7/ (¢, s, 37, 27)) =
27, we get

ot =yt =0t syt 2t) = (@ —y? = 0P(t s, 9%, 27))]
< Crmplt = s[[Wi = Waleom)) + Crmolt — sl — 7%+ [y* — y?)). (6.21)
Setting y' = y* = 0,2! = 2% = ¢, in (6.21), we obtain for |t —s| < T < 1/2Cr 1,
17" (t,5,0,ex) — 77, 5,0, ex)| < Crmy |t — s||[W1 — Walcqo.m))- (6.22)
We use this latter inequality in (6.19) and we get, again for |t — s| < T sufficiently small,
IEX(L, 5,0,7 (8, 5,0,ex)) — E2(t, 5,0,7%(L, 5,0, ex))|

< Crmplt = sl[Wi = Walcqoz)) + Cr1oln (¢, 5,0, ex) — 72(2, 5,0, ex)|
< Crmlt = s||W1 — Walco,10))- (6.23)

We now set o1 = 22 = 0 and y' = y? = e, in (6.21), and we obtain similarly, for |t — s| sufficiently small,
7' (¢, s, ex,0) — 72 (t, 8, e, 0)| < Cropy|t — s||W1 — Wa|c(o,1))- (6.24)

Therefore in the same way as above,
|£~1(t7 s,en, 7' (t, 8, ex,0)) — éz(t, s,ex, 2 (t, 8, e,0))| < Cr1o|t = s||W1 = Wale(o,10)) - (6.25)

It follows then from (3.13),(3.14), (6.22), (6.23) and (6.24), and the linearity of (£(t, s,y, 7(t, 5,y, x)), 7i(t, s, y, z))
with respect to (z,y) (see (6.9)) that

> ]agag(éwl (t,s,2,9) = S™2(t,5,2,9))| < Crylt — sl[W1 — Waloqo,n)-
lee|+161=2 25



Hence,
Z ‘8385(5W1 (t,s,x,y) - SWQ(ta&xay)) < CR7TO|W1 - W?'C([O,Tn])' (626)
la]+|B|=2
For the first order derivatives of S"* — S"2, we have for example, again with the relations (3.13) and

(6.9),
1 |z - = -
aﬂ;z(SW1 _SWQ)(t7svx7y)‘ = m‘gll(tasayanl(tsvyvx))_£?(t757ya772(t787y7x))’

1
t—s

IN

‘ Zyk[gll(tu S,€k7ﬁ1(t7s,ek70)) - g?(t787ek7ﬁ2(tu S,ek,o))]‘
k

1 ~ - ~ -
+m‘ Zxk[gll(tvsvoanl(ta 8507616')) - glz(t75707772(t7370aek))]’
k

< Crop(L+ 2|+ [yDIWi = Walc(o,m)
where we have used (6.23) and (6.25) in the last inequality. Hence,

>

lorf+[B]=1

aAP(SW (8, s, 2,) — SV (¢, s,x,y))) < Croy(1+ || + Y)Wy — Walcqomy,  (6:27)

In order to estimate S — SW2 we write
1
St 5v0,) = 8 (,5,0.5) + [ (0u5™0)(t,5.00.0) s, =12,
0

and then we use (6.27) for

9

‘/01 (05" (t,5,02,y) = (0.5™2)(t,5,60,y)) - wdt

which is majorized by
1
Crr, W1 — Wz\C([o,TO])/ (1+10z] + |y])]x|dd < Crz, W1 — Walcqop (1 + |2I* + [yl).
0

Again we develop SWi(t,s,0,y) around y = 0, then SWi(t,s,0,y) = fol(ﬁySW7')(t,s,(),9y) - yd0, since
SWi(t,s,0,0) = 0. We estimate this term as above, and we obtain

SWl (ta S,$7y) - SW2 (ta S, ‘T,y)‘ < CR,TO|W1 - W2|C’([O,TO])(1 + |£L’|2 + |y‘2) (628)

which completes the proof of Lemma 5.1. O
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