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Abstract

In this paper we analyze energy functionals concentrated on the discontinuity lines of unit-
length, divergence-free 2D vector fields. The motivation comes from thin-film micromagnetics
where these functionals correspond to mesoscopic wall-energies. A natural issue consists in
characterizing the line-energy densities for which the functionals are lower semicontinuous
for a relevant topology. In fact, this is a necessary condition for being the I'—limit of a
family of energies. A key point in our study is the use of the notion of entropy production
borrowed from the field of conservation laws. With this tool, we build a large class of lower
semicontinuous line-energies. In particular, we prove that certain power functions lead to such
line-energy functionals as conjectured in [2]. We also deduce compactness properties for these
functionals leading to the existence of minimizers for their lower semicontinuous envelopes.
Another natural question is whether the viscosity solution is a minimizing configuration. We
show that the answer is in general negative by exhibiting some special nonconvex domains as
counterexamples. However, we establish positive results for some special domains (stadium,
ellipse and union of two discs). The case of general convex domains is still open.

AMS classification: 49J45 (49Q20, 58E20, 49125, 35A15, 82D40)

Keywords: fold energy, semicontinuity, relaxation, entropies, eikonal equation, viscosity solution,

micromagnetics.

1 Introduction

1.1 Model

Let © C R? be a bounded domain with piecewise Lipschitz boundary that is oriented by the outer
unit normal vector n. We focus on the set S(Q2) of unit-length divergence-free 2D vector fields of
bounded variation

S(Q) == {meBV(Q,R?* : Im[=1,V-m=0 inQ}.
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For a vector field m € BV(Q,S), the jump set J(m) is a H!—rectifiable set oriented by a unit
vector field v : J(m) — S and we will denote by m™ : J(m) — S! the traces of m on J(m) with
respect to v. We then introduce energy functionals that concentrate on the jump set of m € S(Q):

Ti(m) = /]( = a

We only consider energy densities that depend on the jump size |m™ — m™| via a cost function
f :[0,2] — R4 which satisfies f(0) = 0 and is assumed to be lower semicontinuous. Notice that
the divergence-free hypothesis on m ensures that the normal component m - v is continuous across
the jump set J(m). So, for H'-almost every x € J(m), we can characterize the jump of m by
a so called "wall angle" §(x) such that m*(z) = cosf(z)v(x) & sinf(z)v*(x). In particular,
|m™*(z) — m™ ()| = 2|sinf(z)|. For the same reason, the trace of the normal component m - n is
well defined on 0f) and we can consider the minimization problem in the subset

So(Q)={meBV(QLR?) : |m|=1,V-m=0inQ and m-n=0ondQ}.

Our problem can be equivalently interpreted in terms of the stream function ¢ : & — R
associated to m = V+¢ € Sy(Q). Then the above variational principle turns in analyzing the
following energy functional

| 1w = v par (1)
J(V)
over the set of solutions of the Dirichlet problem associated to the eikonal equation

V)| =11in Q and ¢ =0 on 0.

The method of characteristics shows that for a simply connected bounded domain there is no
smooth solution of the eikonal equation |Vi| = 1 in Q satisfying the constaint ¢ = 0 on 9.
Typical singularities are jump discontinuities of Vi) (equivalently of m) through line-singularities
or vortices.

1.2 Motivation

Line-energy functionals Zy appear as natural candidates for the asymptotic energy of family of
singularly perturbed functionals {G¢}. o,

Ga<mg>=i/g<\1—|ma|2\>+5/ Vmef? @)
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defined for m. € H*(2, R?) satisfying the constraints V-m. = 0 in Q and m.-n = 0 on 9. Here,
€ > 0 is a small parameter and g : R4 — R is some lower semicontinuous function such that
9(0) = 0 and g(¢t) > 0 for t > 0. Variational models (2) arise in several physical applications such
as smectic liquid crystals, film blisters or convective pattern formation (see e.g. [4], [22], [20], [17]).

Observe that the vector fields m. in (2) are not S!'-valued but their distance to S! is penalized
by the first term of G.. As ¢ tends to 0, we expect that families {m.} of uniformly bounded
energies (2) will converge (up to extraction and in a certain topology, see below) to some limit mg
satisfying the constraints

mol=1, V-mpg=0 inQ and mg-n=0on 9. (3)

A natural question arises: if Z; is indeed the asymptotic energy of {G.} as ¢ — 0, what is
the relation between the energy density f and the function ¢? The ansatz consists in reducing
the 2D variational problem to a 1D asymptotic analysis: Assume that mg is of bounded variation
and satisfies (3), i.e., mg € Sp(€2). Then it is expected that at level € > 0 the energy G.(m.)
concentrates on 1D transition layers of length scale € through the line-singularities of mg. With
the above notations, let 2y be a jump point of mg, 6y be the angle defining the jump mgt (o) and
vo be the orientation of the jump set at xg (see Figure 1). At level € > 0, a 1D transition layer in
the direction v has the form

me(xg + try) = cosborg + u(t/zs)u&‘,

where u : R — R is the rescaled profile of the tangential component of the layer satisfying
u(s) 1% 4 gin 0y. (Observe that a divergence-free 1D transition layer has a constant normal

component.) Using this ansatz, we obtain that the limit energy is given by Z; with the cost

Vo

1D analysis

Figure 1: 1D anzatz : A line-singularity of a limit configuration mo (left picture) is regularized by a
smooth 1D transition layer at the level € > 0 connecting two limit states mZ (middle picture). The full
transition occurs in the normal direction 1 as represented in the right picture.

function computed as follows:

1
f(|23m90|)min{§/R{9(|Sin290u2(s)|)+ ‘;_Z

sin 6 T
= 2/ \/g(sin2 0o — u?)du, 6y € |0, 5], (4)
0

which yields the connection between f and g. In particular, every power function f(t) = t*

()

2
}ds : u:RHR,uiS—T%O:I:SiHGO}

corresponds to g(t) = ct?~! in (4) where the constant ¢ depends only on p.



For g(t) = t2, the above ansatz is known to be relevant. The corresponding functional (2) has
been introduced by Aviles and Giga [4]. The motivation comes either from solid mechanics, liquid
crystals or micromagnetic models (see [7, 14]). It gave rise to a series of articles [20, 6, 2, 12, 8, 23]
that justify that Z; with f(t) = t3/6 (given by (4)) is indeed the asymptotic energy of {G.}.
However, the I'—convergence program is not completely solved: The main obstacle is the fact
that the natural set of limit finite-energy configurations in not a subset of BV. Indeed, in [2] the
authors construct a family of divergence-free vector fields {my} C BV (£2, S!) of finite energy, i.e.,
supy, Zr(my) < oo that converges strongly in L' to some limit configuration m € L (€2, S*)\ BV,,.
The crucial point is that the cubic cost of small jumps of m in Z;(m) cannot control the linear
cost of the jump part of Vm. However, some regularity properties of BV -maps do hold for finite-
energy limit configurations: in [11], it is shown that for such limit m it is still possible to define a
H'-rectifiable jump set J(m) so that the definition of Z;(m) makes sense. The situation is better
if we focus on either zero-energy configurations (see [19]) or dilation invariant configurations ([13]).

Let us stress that for a general function g, the above 1D ansatz may be wrong. Indeed, in some
cases, it is possible to decrease strictly the energy by substituting 2D mesoscopic structures for 1D
transition layers. In these cases, the 1D asymptotic energy Zy (with f given by (4)) does not match
the 2D TI'-limit energy of (2). Such counterexamples are obtained with non lower semicontinuous
functionals Z; (see below Definition 1). Indeed, a I'-limit functional over a metric space must be
lower semicontinuous with respect to the induced topology. A first counterexample is given in [2]:
it is shown that power functions f(t) = ¢? lead to non lower semicontinuous functional Z; for p > 3.
A second counterexample is described in [1]: the cost function fars(2sinf) = 2(sinf — 0 cosh)
for 0 < # < 7/2 stemmed from the energy of 1D transition layers associated to a particular
asymptotics of the micromagnetic energy. It turns out that Zy, . is not lower semicontinuous. In
both cases it is possible to build a 2D mesoscopic structure with length-scale n < 1 between two
limit states m™ and m™ with an energetic cost strictly smaller than the cost of a direct 1D jump.
An example of such 2D structure is described in [1] (see Figure 2) and stands for the cross-tie wall

pattern in micromagnetics.

Figure 2: A cross tie wall. As 7 | 0, the 2D microstructure tends to a jump configuration (m~,m™) in
direction v and has less energy than the initial cost fars(2) corresponding to the 1D jump m® of angle

0 =90°.



1.3 Lower semicontinuity

As explained above, lower semicontinuity implies the optimality of the 1D structure, so it is
important to characterize cost functions f such that the line-energy 7 is lower semicontinuous in
a relevant functional space.

Let us first specify this space. The case of cubic power function f(t) = #3 has revealed that the
weak BV-topology is too strong. Then it is natural to weaken the regularity by using the topology
of L. Of course, in order for the constraint |mg| = 1 to be stable under convergence, we need to
use the strong L'-topology. Then, let us extend the function Z; in L*(Q, R?) by +oo, i.e.,

Z¢(m) =+4oco if me LY QR \SQ),

and let us introduce a relaxed functional I_f as the lower semicontinuous envelope of 7 with respect
to the strong L'-topology: Z; : L'(2, R?) — R U {+o0} is defined as

Z;(m) = inf { likniicgfff(mk) : my — m strongly in Ll}, vm € L'(Q,R?).
Obviously, Zy < Z; and all configurations of finite relaxed energy Z(m) < 400 belong to
LQ)={mec L' (QR?*) :|ml=1ad V-m=0 in Q}

which is a closed set in L!. Recall that the normal component of m € £() at the boundary 95
is well defined. In particular,

Lo(Q)={m e L(Q) :m-n=0 on 00} (5)
is a closed subset of L(£2).

Definition 1 We say that the line-energy Zy : L'(Q,R?) — R U {+o0} is lower semicontinuous
(Ls.c.) if Zp(m) = Zs(m) for every m € S().

Remark 1 The above definition is weaker than asking for Z; to be lower semicontinuous in L'
(ie. Iy = Z; in LY(Q,R?)). Indeed, as described in Section 1.2 for the Aviles-Giga model with
cubic jump costs, it is proved in [2] that T, ;s (m) = T, s (m) for every m € S(Q) (so, Ty is
lower semicontinuous after Definition 1), but one can construct a limit configuration mgo € L*\ BV
with finite relaxed energy Zy, s (mg) < +00 = Ty 43 (mo).

A first result asserts a necessary condition: in order for the line-energy functional Z; to be
lower semicontinuous, the cost function f should be also lower semicontinuous.

Proposition 1 Let f:[0,2] — R4 be a measurable function. If Iy is lower semicontinuous, then

[ is lower semicontinuous on [0, 2].

We address the following question raised by Ambrosio, De Lellis and Mantegazza in [2].

Conjecture 1 Z; is lower semicontinuous for power cost functions f(¢) =7 if 1 < p < 3.

First of all, we give a partial positive answer to this question: the behavior as a power function
t? for 1 < p < 3 at the origin is a natural one for appropriate cost function.



Theorem 1 For every p € [1,3], there exists an appropriate cost function f : [0,2] — Ry such
that f(t) = tP fort € [0,v/2] and Iy is lower semicontinuous.

The power t +— t3 is critical for the method used in the present paper (see Remark 12).

Next, we will establish a positive answer to Conjecture 1 for p = 2. Our interest for this case
has a physical motivation: In our previous work [17] we studied the energetic behavior of Bloch
walls in micromagnetics. More precisely, we study the asymptotics of family of functionals

1 2 € 2
Fume) = 5o [ o+ 5 [ om. ()

for m. = (ml,ms.) € H'(Q,R3?) (with m. = (m1.,ma.)) subject to the constraints |m.| =1 in
QCR? V-m.=0in Qand m.-n =0 on 9. In micromagnetics, the vanishing divergence
constraint on m. (called magnetization) corresponds to vanishing magnetic charge density due to
principle of pole avoidance (in analogy with electrostatics) while the first term in (6) stands for
the crystalline anisotropy which is a function of m favoring certain easy axis (the planar directions
in our case). Notice that F. is slightly different from the functional G. in (2) with g(¢t) = ¢
(corresponding to f(t) = t?/2 by (4)): indeed, the first term coincides for both functionals (since
m3 . =1 —|m.|?), while the second term in F; controls the one in G. since |[Vmc| > |Vm.|. The
natural question is whether the I-limit of {F. }._o (or {G:}-—0) coincides with Z; which represents
the energetic cost of 1D transitions layers (called Bloch walls). In [17], we establish partial results
in this direction, in particular we proved that there exists a universal constant C' > 1 such that

Ip(m) < Climl%)nf F.(m.),
g

for any family m. € H' (£, S?) satisfying V - [(mc 1, me 2)1q] = 0 and converging in L' () to some
m € So(€2). Unfortunately, we could not rule out the existence of lower energy 2D structures by
proving that this inequality also holds with C' = 1. However, the following result supports the
conjecture that Zy is the limiting energy of the family F, (and G.) as ¢ — 0. Indeed, Theorem 2
implies that it is not possible to significantly decrease the energy by substituting for a 1D transition
layer a 2D mesoscopic structure obtained by assembling together 1D transition layers. (This does
not rule out the possibility of 2D microscopic structures at scale € or below inside the transition
layers).

Theorem 2 If f(t) = t2, then Iy is lower semicontinuous.

In fact the quadratic cost function stated in Theorem 2 is a particular case of a large family
of cost functions that we will introduce in the following and which induce lower semicontinuous

line-energies.

1.4 Entropies and cost functions

In our context, the notion of entropy has been introduced in [12] and we will use it extensively
below. In [6] Aviles and Giga establish a representation formula for Z, ;s for proving its lower
semicontinuity, their construction is based on a single particular entropy. Here we will prove
Theorem 2 by generalizing their method to any (possibly large) set of entropies. In this sense,



the present paper is the opportunity to investigate further the relations between entropies and
line-energies.

The starting point consists in regarding the set of constraints (3) satisfied by our configurations
as a scalar conservation law. Indeed, writing mo = (u, h(u)) for the flux h(u) = £v/1 — u2, the

divergence-free condition on mg turns into
Opu + 9sh(u) =0, (7)

where (¢, ) := (21, 22) correspond to (time, space) variables. The notion of entropy as introduced
in [12] and defined below corresponds to entropy-entropy flux pairs for this scalar conservation law.

Definition 2 ([12]) We will say that ® € C=(S',R?) is an entropy if for every z = e =

(cosf,sinf) € S, we have
d
ZP(z) -z =
where 2L®(z) stands for the angular derivative “5[®(e™)]. The set of entropies is denoted by ENT.

This notion is consistent with the property that a smooth vector field m satisfying (3) induces
vanishing entropy production V - [®(m)] = 0. As expected, for m € S(Q), the entropy production

pia(m) := V- [®(m)]
is a measure supported on the jump set of m.
Proposition 2 Let ® € ENT be an entropy and m € S(Q?). Then we have
pa(m) = {B(m*) — B(m~)} - vHLI(m), (9)
where J(m) is the H'-rectifiable jump set of m oriented by v and m™ are the traces of m on J(m).

The main contribution of the paper is to associate an appropriate cost function to every subset of
entropies:

Definition 3 For a subset S C ENT, we define the cost function cs : [0,2] — Ry by
cs(t) == sup{[®(zT)—®(=7)]-v: €S, (27,2 ,v)eT, 27 —27|=t},
where T defines the set of admissible jump discontinuities:
T = {(z7,z",v) e (S")? : (zt—27)-v=0}.

Remark 2 The set 7 is motivated by the structure of jump discontinuities of divergence-free
vector fields m € S(). Indeed, one has (m* —m~) -v = 0 H'-a.e. on the jump set J(m)
oriented by the normal v. The cost function cg is nonnegative since one can switch v to —v so
that [®(zT) — ®(27)] - v > 0.

Observe that these cost functions depend only on the jump size. To be consistent with this isotropy,

we will impose the following geometric constraints on our sets of entropies.



Definition 4 A subset S C ENT is symmetric if S = —S and it is said to be equivariant if
R7YSR = S for every rotation R € SO(2). For any subset of entropies S C ENT, we will denote

(S) == {£R'®R : ® € S, R € SO(2)}
the smallest symmetric and equivariant subset of entropies which contains S.

For proving that 7., is lower semicontinuous for nonempty symmetric equivariant subsets S C
ENT, we introduce the following functionals (inspired by (9)) which generalize Theorem 2.1 in [6].

Definition 5 Let S C ENT. We define £s : L'(Q,R?) — R by

i=1 i=1

Es(m) = sup{Z(u¢i(m),ai> :n >0, (P;,a;) €S xD(QRY), Zai < 1} if me L(Q);

otherwise, we set Es(m) = +oo for m € L1 (Q,R?) \ L().

As a supremum of continuous functionals over L', this new energy is lower semicontinuous with
respect to the strong L' topology. In the above definition we use a partition of unity to localize
the entropy production. In particular, in the neighborhood of a jump discontinuity x, we can
choose a sequence of entropies maximizing the local entropy production as in the definition of
cs(Jm™(z) —m™(z)]). Using this property, we will prove that £s coincides with Z., on S(Q):

Theorem 3 Let S C ENT be nonempty, symmetric and equivariant. For every m € S(2), we
have

In particular, T, is lower semicontinuous and Es < I, in L*(Q,R?).

We deduce that the class of cost functions in Definition 3 leads to lower semicontinuous line-
energy functionals. Finally, for proving Theorem 2 we will construct a subset S C ENT so that
f = cs. As expected, this method is also valid for the cost functions mentioned in Examples 1
and 2 below, corresponding to the Aviles-Giga and "cross-tie wall" models.

Example 1 (Aviles-Giga cost function) There exists a subset S; C ENT generated by one entropy
®, (i.e., S1 = ({®1})) such that cg, (t) =3 for t € [0,2].

Example 2 (“Cross-tie wall” cost function) There exists a subset Sy C ENT generated by one
entropy ®2 € C11(St R?) such that

sin@ — 0 cos 0 if0<60<m/4,

cs, (2sinf) = T
s ) \/§<§9>cosﬁsin9 if /4 <60 <m/2.

For these examples, the corresponding entropies have been introduced in [20] and [1] respectively.
Obviously, not all appropriate cost functions can be associated to subsets of entropies generated
by only one entropy. For example, if cg(t) = t? for every t € [0,2], we are compelled to construct
a subset S generated by an infinite family of entropies (see the proof of Theorem 2).



Conjecture 2 Is it true that every lower semicontinuous line-energy 7 has the form Z., for some
subset of entropies S ¢ ENT?

Remark 3 One can address problem (1) for higher dimensions N > 3. In this case, DeLellis
proved in [10] that the power function f(t) = 3 (in the Aviles-Giga model) does not lead anymore
to a lower semicontinuous hypersurface-energy as in the two-dimensional case. The microscopic
structure breaking the one-dimensional ansatz considered in [10] can be adapted to other power
functions f(t) = t?. We highlight the fact that our approach for treating lower semicontinuous
line-energies via entropy method cannot be extended to hypersurface-energy functionals if N > 3.
Indeed, for N = 3, standard computations show that the only entropies associated to the system
of conservation laws generated by

uw:QCR*—=R* |u/=1 and Vxu=0 inQ

are the trivial entropies.

1.5 Existence of minimizers for the relaxed energy 7,

Now we deal with a second issue: the existence of minimizers of the relaxed energy functional I_f
under certain boundary conditions. (Without imposed boundary conditions, the problem is trivial,
Z; has vanishing minimal value and every constant unit vector field is a minimizer.) Firstly, we
impose the following boundary condition m-n = 0 on 92 to our configurations m, so we are looking
for minimizers in Lo(£2) (see (5)).

Suppose that the cost function f is equal to cg for some subset S C ENT. Then the relative
compactness in L' of the sublevel sets of I_f would imply the existence of minimizers of the relaxed
functional Z; in L£o(02). For that, one should be able to rule out oscillations for configurations of
uniformly bounded energy. It turns out that it is possible if the set,

Sy :={®e€ ENT : [®(z")—®(z")]-v < f(lzt —27|), V(z7,2T,v) e T},

composed of the admissible entropies associated with f, is large enough. More precisely, we will
obtain compactness if 2 < f(¢) in [0, 2] (see Theorem 4 below).

Remark 4 Observe that Sy is symmetric and equivariant. Moreover,
cs; < f in [0,2] (10)
and Sy is the maximal subset of ENT such that inequality (10) holds.

Theorem 4 Let f be a cost function such that inf % >0 andcs, = f. ThenI_f (respectively,

i
t€(0,2]
Es;) admits at least one minimizer over Lo(2).

It means that a minimizer m € Lo(2) of Z; can be written as a limit of a sequence {my} in Sp(2)
such that Zy(m) = limy, Z;(my). However, we do not know whether the minimizer m belongs to

So(9).



Remark 5 The existence result in Theorem 4 is still valid if we replace Ly(€2) by any closed subset
of £(€2). But this does not cover the case of general Dirichlet boundary conditions. However, the
following strategy can be adopted for Dirichlet boundary condition m = wupg on 092. If we can
extend upg : 0Q — S! as a divergence-free vector field u € BV(0O, S') for some smooth open
set O D €, then the argument in Theorem 4 shows the existence of minimizers of the functional
F(m) :=Z;(m;0) —Z;(u; 0\ Q) in the closed set

{m e L) : m=wuae. inO\Q}.

Observe that finite energy configurations F'(m) < oo satisfy m € BV (0, S!), m-n = upq-n H' —a.e.
on 9N (since m is of vanishing divergence), the jump of the tangential component [m - n-] on 99
is penalized through F(m) by the boundary term:

f(m* —m=])dr’,
o0
where m™ denote the inner and outer traces of m on 9 with respect to n (here, m* = upq on
0%2). The minimizing problem does not depend on the extended domain O or on the extension
vector field u.

1.6 Viscosity solution

We are also interested in the minimization problem under the more restrictive boundary condition

m = n' on JQ. This condition makes sense for m € BV and defines a new subset of Sp(€2),
S1(Q) = {m €S&(Q) : m= n+ on GQ} .

For configurations in this set, no change of orientation is allowed along the boundary. The moti-
vation comes from micromagnetics where the boundary vortices are strongly penalized in certain
asymptotic regimes (see [16, 18]).

The natural question in this context is whether the minimizer of Z; over S| () exists and is
associated to the viscosity solution of the Dirichlet problem for the eikonal equation, i.e., letting
1o be the distance function to the boundary

o = dist (z, 09Q),
we will always denote the corresponding map in S, (Q2) by
mo = V.

We will still call mg the viscosity solution on €. In relation with (1), this amounts to considering

stream functions ¢ satisfying m = V¢ € BV(Q,S!) and the boundary conditions ¢ = 0 and

o _
on

the name of Landau state.

—1 H!'—a.e on 0. The viscosity solution my is known in the micromagnetic jargon under

It is conjectured that if the domain € is convex, then the viscosity solution minimizes Z; in
S1(2) for f(t) =P, 1 < p < 3. The result is proved for p = 3 when Q is an ellipse in [20].
For p = 1 and if Q a convex polygon, it is proved in [5] that mo minimizes Z; over the set
{m € §,(Q) : Vm is piecewise constant}. We first give a positive answer in the case of a stadium
for general appropriate cost functions:

10



Figure 3: Stadium shaped domain and the corresponding viscosity solution.

Theorem 5 Let S C ENT be nonempty, symmetric and equivariant. We consider the stadium-
shaped domain Q0 (see Figure 3)

= (7La L) X (715 1) U B((va 0)5 1) U B((La 0)7 1)5
for some L > 0. Then the viscosity solution mqg minimizes L., over S1 ().

We also prove positive results for some other special domains non necessarily convex (in partic-
ular, ellipse and union of two discs) in the case of some particular appropriate cost functions (see
Proposition 18 and Corollary 2).

For nonconvex domains, it is proved in [5] that for power cost functions f(t) = t? with p < 4/3,
there exists a nonconvex polygonal domain € such that mg does not minimize Z; over S ().
Moreover, the same counterexamples indicate that for every power cost function with p > 0, mg
does not minimize Zy in Sy(£2). In [20], the authors exhibit a nonconvex Lipschitz domain (a union
of two intersecting discs) such that myg is not a minimizer of 7 in S, (2) for every f(t) =t with
p # 3 ; in the case f(t) = t3, my is a minimizer of Z¢, but it is not unique. It was conjectured that
for some other nonconvex domains, mg is not a minimizer of Z; ;5. In the following, we prove
this conjecture. In fact, we show a more general fact: there exists a nonconvex domain such that
for any fixed positive cost function f, the viscosity solution is not optimal in S, ().

Theorem 6 There exists a nonconver piecewise Lipschitz domain Q such that the viscosity solution
is not a minimizer of Iy over 81 (2) for every lower semicontinuous function f : [0,2] — R such

that [75 f(t)dt > 0.

The above domain € (a union of four disks and a square) is non smooth, but universal for every
positive cost function f. Moreover, by slightly modifying the boundary of €2, we can show that
the result is not restricted to nonsmooth domains. Still, the modified smooth domain is no longer
universal with respect to the cost function.

Theorem 7 For every bounded lower semicontinuous function f : [0,2] — R4 such that f\2/§ ft)dt >
0, there exists a nonconver C1' domain € such that the viscosity solution is not a minimizer of
Iy over 81 (Q).

The outline of the paper is as follows: In Section 2 we describe some properties of entropies and

lower semicontinuous line-energies and prove Theorem 3. The compactness issue is addressed in

11



Section 3 where we prove Theorem 4. In Section 4 we introduce some tools for computing the cost
functions c¢g when the set S is generated by a single entropy and extend our methods to the case
of non-smooth entropies. These situations cover Examples 1 and 2. The Conjecture 1 is addressed
in Section 5 where we focus on the line-energy Z;, ;2 and prove Theorem 2 and in Section 6 where
we prove Theorem 1. Finally, in Section 7, we first present some situations where the viscosity
solution is a minimizer, in particular we prove Theorem 5 . Then we exhibit the counterexamples
leading to Theorems 6 and 7.

2 Properties of entropies and semicontinuous line-energies

We begin by presenting some properties of entropies as introduced in [12]. An alternative and
equivalent definition for Definition 2 is given by the following property:

Proposition 3 Let ® € C>(S',R?). Then ® € ENT is an entropy if and only if for every
m € C*(Q,S) and z € Q,

V. om(z) =0 = V- [®(m)](z) = 0. (11)

Proof. Assume that ® € ENT. Let m € C*(2,S1) and x € Q. Then m has a smooth lifting ©
on a small ball B C (2 centered in x, i.e., m = ¢© in B. If V- m(z) = 0, then VO(z) - m*(z) =0
which implies that VO(x) and m(z) are collinear, i.e., there exists a real constant x(z) such that
VO(z) = k(x)m(z). Therefore,
0 d d 8
V- @m)](r) = V- [Be)](r) = b)) - VO(r) = () m(@) -mx) Lo (12)
and the property (11) follows.

Conversely, let ® € C°°(S!,R?) such that (11) holds. Set z € S'. W.lLo.g. we may assume
that © contains the origin 0 and moreover, that the ball B(0, %) C Q. Motivated by (12), we want
to construct a map m € C°°(2, S') such that m(0) = 2z and V-m(0) = 0 so that z and VO(0) # 0
are collinear. The idea is to consider m as the vortex map centered at z* defined on B(0, %) by

-z )"
m(z) = (7) in B(O,%)

|z — 2+

and m to be smooth in Q\ B(0,1). Then one computes VO(0) = z. Since V-m(0) = 0, (11)

implies V - [®(m)](0) = 0 and therefore, as in (12), we obtain

d d
@@(z) = @q)(m(())) -VO(0) = V - [@(m)](0) = 0.
O
In the next Sections, we will frequently need to compute explicitly entropy productions. For
this we will always use a second characterization given in Proposition 4 (see Lemma 2.4 in [12])

jointly with the convolution formula of Proposition 5 below.
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Proposition 4 Let ® € C*°(S',R?). Then ® € ENT is an entropy if and only if there exists a
(unique) 27— periodic ¢ € O (R) such that for every z = ¢ € S,

B(z) = p(0)z + 2—‘5(9)&. (13)
In this case, p
@q)(z) = \6)zt, (14)

where A € C*°(R) is the 2w —periodic function defined by A = —Ap :== ¢ + ddegp n R.

Remark 6 There exists a unique extension of A : C*(S' ~ R/27Z) — C*°(S') as a linear
nonbounded operator A : L?(S') — L2(S') with the domain D(A) = H?(S'). Moreover, the
kernel of A is given by ker(A) = Rsin @R cos, the spectrum of A is o(A) = {k* —1 : k € N*}
and the range of A is R(A) = ker(A)*. Consequently, for every A € ker(A)*, there exists a unique

Y e LQ(Sl)/ker(A) such that —A¢ = X\ and the corresponding entropy ® given by (13) is uniquely
defined by A up to a constant.
Proof. For z = ¢ € S1, we decompose ®(z) in the orthonormal basis (z, z+) as follows:

O(2) = p(0)z +(0)="

with () = ®(z) - z and ¥(0) = ®(2) - z*+. Obviously, p,% € C¥(R) are 27 —periodic functions.
Differentiating the above equality, we obtain

720 = (50 - 00+ (10 +000)) -

By (8), one concludes that the condition ® € ENT is equivalent to asking that the coordinate in

the direction z vanishes in the above expression, i.e., %‘g =1 in R. As a consequence, we obtain
. 2

LP(z) = Azt with A = ¢+ -0 O

Proposition 5 Using the notations of Proposition 4, for (z,27,v) € T withv = e, x € R and
2t = @) with B € [—7, 7], we have the convolution formula

[@(z1) —@(27)]-v = (A*sing)(x), z € R, (15)

where we write
sing(z) = sgn(B)sina  for |z < |5,
7 0 for |z| > |-

Proof. Let ® € ENT and let 2% and v be as in the hypotheses. Using the Notations of Proposi-
tion 4, we compute

z+03 ) ] z+03
[@(2T) —®(27)] - v :/_ﬁ %Q)(ele)-e” df = /_ﬁ A(0) sin(z — 0) d6,

which yields (15). O
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Remark 7 For further simplifications, we record here some symmetries. First we have the obvious
identity,

Axsing = —A*sin_g. (16)
Next, the entropy production is invariant under a change in the direction of the orientation
(27,27,v) — (27,27, —v). Plugging this change of orientation in (15), we obtain, in the case

B €[0,7],
Axsing = (A*sing_g)(m + ). (17)

Notice that in fact, this identity is equivalent to Axsin = 0 (here, sin = sin, ) which is a consequence
of A € (ker A)*.

For m € L1(2,8') and ® € ENT, we define the entropy production
pa(m) = V- [B(m)] € D).

Proposition 3 suggests that the entropies are a useful tool for detecting jump discontinuities of
vanishing divergence maps with values in S'. Indeed, for such BV-vector fields m, it is stated in
Proposition 2 that the entropy production concentrates on the jump set of m.

Proof of Proposition 2. For the BV-map m, the gradient measure Vm splits into two terms
Vm =Vgm+ (m* —m™) @ vH'LJ(m)

where the diffuse measure Vym = (9;,4m;) is a Mo (R) valued measure that does not charge HE-

rectifiable sets and we denote the traces of m by m*(z) = lim. o m(z £ ev(z)) in L}, (J(m), S?).

It is known that there exists a BV-lifting © of m, i.e., m = €'© a.e. in Q (see e.g. [9], [15] or [21]).
Since V -m = 0, one has Vg -m = 0 and the chain rule applied to m = e*© leads to

mt V40 =0 |Vgm|—ae in Q,

where V40 stands for the diffuse part of the measure VO (throughout the paper, we always identify
m and © by their precise representative that is defined H'-a.e. on Q\ J(m)). Therefore, there
exists a diffuse real measure k << |Vgm| such that V40 = m k. Applying now the chain rule to
(') 0 O(-), we deduce

d
do
d _ 1

— @(I)(m) -mk + [‘I)(m"—) - @(m )] -vH LJ(m)

pa(m) = V- [®(e®)) = —®(m) Vg0 + [®(mT) — &(m™)] - vH LI (m)

and by (8), the conclusion is straightforward. O

Formula (9) inspires a new way for defining line-energies as in Definition 5. The new energies
Eg associated to a set of entropies S are lower semicontinuous in L' and there are useful for proving
that the associated line-energies 7., are lower semicontinuous (after Definition 1).

Proposition 6 For every subset S C ENT, the energy s : L'(Q, R?) — R is lower semicontin-
wous with respect to the strong L' —topology.
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Proof. For every n > 0 and (®;,a;) C S x D(Q,Ry) such that Y. ; o; <1, the functional

m Z(uq)i(m),ai) = —Z/Qq)i(m) -Va; dx

is continuous over the closed subset £(2) C L'(Q,R?) endowed with the strong L!—topology.
Extended by 400 on L'(£2,R?)\ £L(Q), it becomes a lower semicontinuous functional L!(Q, R?) —
R. Since a supremum of such functionals is also lower semicontinuous, we get the conclusion. [J

For every S C ENT, we associate a cost function cg as in Definition 3. These cost functions
have the following properties:

Proposition 7 For every S C ENT, the cost function cs : [0,2] — R is a nonnegative lower
semicontinuous function with cg(0) = 0.

Proof. The first property is trivial since one can always replace v by —v so that [®(zT) — ®(27)]-
v > 0. For the second property, one can write

cs =supcpey with cpep(t) =sup {[@(z1) —@(z7)] v : (27,27, v) €T, |27 —27| =t}
oes

Since the cfgy : [0,2] — R are continuous, their supremum cg is lower semicontinuous. O

The lower semicontinuity of a cost function is a necessary condition so that the associated
line-energy functional is Ls.c. as stated in Proposition 1:

Proof of Proposition 1. Let zp € Q and {Q7,Q27} be the open partition of  after cutting
by the vertical line passing through z. For ¢ € [0, 1], we define the piecewise constant vector field
my € S(Q) by my(z) = (V1 — 12, 4t) for 2 € QF. The map ¢ +— m; is continuous from [0, 1] into
S(9) endowed with strong L!-topology and since

Zytm) = [ = mp D = (3 007) re20),
o nat
the lower semicontinuity of f follows from the lower semicontinuity of Zy. O

We now prove Theorem 3: the energy Es is an extension of a line-energy functional of type Z.
for the cost function c¢g. Observe that we assume the equivariance of S because we are interested in
cost functions c¢g depending only on the size of the jump ¢t = |2+ — 27|. Without these restrictions,
the definition

és(z7, 2T v) = (s;;g [@(:zT)—®(=7)] v, (27,2t v)eT (18)

would lead to possibly nonisotropic cost functions ¢g. However, ¢g : 7 — R remains lower
semicontinuous on the compact set 7 C (S1)? and the symmetry of S still implies the nonnegativity
of 55.

Proof of Theorem 3. We first show that Es(m) = Z., (m) for m € S(Q). The proof will proceed
in several steps.
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Step 1. Eg(m) < Zog(m). Let n > 0 and {(®;, o) C S x D(Q, Ry )}i<i<p such that Y1 a; < 1.
By (9), one has:

n

> pa, (m), ) = Z/J a; [@;(mT) — ®;(m7)] - vdH

i=1 (m)
< / cs(lm™ —m™|) <Z ozi) dH! < / cs(lm™ —m™|) dH!.
J(m) i=1 J(m)

Therefore,
Es(m) < Z..(m).

Step 2. The case of a finite set S C ENT. For proving the converse inequality, we first assume that
S ={®q,---,®D,} is a finite and symmetric subset of ENT (so, for this issue, S is not equivariant);
we will obtain the general case by using a density argument. For every triplet T'= (27,27, v) € T,
we set as in (18):

és(T) = max {[®;(z7) — ®i(27)] v :i=1,...,p} > 0.

Observe that the cost function cg is defined for each triplet 7" while cg depends only on the jump
size |zt — 27 |. We want to prove that

| estm™ (@).m (@), vla) M (@) < Es(m) (19)
J(m)
For that, we denote for each T'= (27, 2T,v) € T,

ir :=min{i € {1,---,p} : [@;(z") = ®i(27)]-v =&(T)}

the smallest index for which the corresponding entropy reaches the maximum cost. In particular,
it induces a disjoint measurable covering of 7 given by the sets of triplets

sp:={TeT :ir=k} for k=1,...,p.

Notice that this cost function ¢g : 7 — R is continuous by equi-continuity of S. It is also
nonnegative thanks to the symmetry S = —S. Since m is BV and {®} are Lipschitz maps, we
have that ¢g(m™=,m",v) € L'(J(m)) on the H!—rectifiable set J(m); thus, for every e > 0, there
exists a finite union of disjoint closed C* curves J. C J(m) such that J. N 9Q = () and

/ és(m™,m*,v)dH' < e. (20)
J(m)\Je

The idea for proving (19) consists in constructing a suitable partition of unity that splits J. in
disjoint components J.  where the entropy ®; leads to the maximal cost, for every 1 < k < p.
More precisely, for k € {1,---,p}, we set

Jer={ye . - (m (y),m*(y),v(y)) € si};
hence, J. = U}_, J. 1, and

es(m™,m*,v)1, (m™ mb,v) = [@p(m*) — ®p(m™)]-v1;, H' —ae inJ. (21)
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Step 3. Mollifiers. Consider ¢ > 0 to be fixed for the moment. We introduce a mollifier
p € CX((—1,1),Ry) satistying filp(t) dt = 1 and p is even. Then for n > 0, we define the
1D—mollification of the measure H' J. x, k € {1,...,p}:

1

agpy(z) = —/ p <u) dH'(y) for every x € R?.
nJi. n

Observe that ay, is a nonnegative smooth function supported in €2 for n small enough since
Je N0 =0 and J. is a closed set. We show that {a,}reqi,... py i a partition of unity as n — 0
in the sense that

P
M := lim sup agp(z) < 1. (22)
nl0 zeRr? ; !

First of all, let us check that

» 1 if x € Int(J:),
lim > apg(x) =41 if £ € J.\ Int(J.), (23)
n
=1 0 ifz e\ J..

Indeed, if « € Int(J.), we parametrize J. around x by the arc-length parameterization v such that
~v(0) = 2 and |/(t)] = 1 on a small interval centered in 0. Then for small 7, one has

éak,n(x) = l/Ep <u> dH'(y) = /10 p (LO) UWWN) dt 5 /Rp(t) dt = 1.

n n —10

If x belongs the boundary of J., then similarly one has
P 10 oo
- t 1
Z%n(x):/ p<|7(0) 7(77)|> dtH/ o(t)ydt = L.
0 n 0 2
k=1

P

If z € R?\ J., then for n < dist (z, J.)/2 we have Zakm(z) = 0 which gives (23). Now we want
k=1

to prove (22). For that, one can choose {n,}, to be a decreasing sequence converging to 0 and a

sequence of points {z,}, C Q such that

p
1 In — Y ntToo
My = oy, (tn) = —/ p(g) M (y) " M
k=1 e

TIn Mn

Without loss of generality, we may assume that {z,} converges to some x € €. Clearly, if z ¢ J,
then for n large enough we have J. N B(zy,n,) = 0 and M,, = 0, therefore (22) holds. Assume now
that x € J. and let v be an arc-length parameterization of J. in the neighborhood of = such that
7(0) = . Since J. is a finite union of C! curves, we have v/(¢) -7/(0) > 1/2 in some neighborhood
of t = 0. Consequently, there exists a > 0 such that for any ball B(y,r) C B(z,«) the diameter
of the set {t : ~(t) € B(y,r)} is smaller that 4r. In particular, for n large enough there exists
tn, — 0 such that v(t,) € B(zp,n,) and

1 tn+2nn _ t
M, - - ) (M) i
M Jt,—2n, n
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Using the change of variables t = t,, + n,,¢, we write

2 —
-2 Tn

Extracting a subsequence if necessary, we may assume that {ni(xn - v(tn))}n converges to some
Zn = (tn+nnt)
Nn
o — £+'(0). Letting n tend to +o00, we obtain by dominated convergence theorem

o € B(0,1). Thus, the sequence of functions {E — } converges pointwise to £ +—
n

M = / pllo— Y O)) de < 1,

-2

which proves (22).
Step 4. We show that for every Lebesgue point x of (m~,m™*,v):J. — T one has

lim Z gy (2)[ @k (m T (2)) — Qp(m™ (2))] - v(z) = Es(m™ (z),m" (), v()).

7710

Indeed, we have
> (@) [ @k (mT (2) = Pp(m™(2)] - v(z) = T+ [I* £ I1T*

where

1 Tr—y ~ _ —0
2 [ o () om0, vl)) 1 )" s o ), ()
(we use that z is a Lebesgue point of ¢g(m™, m™,v) since ¢g is continuous),

‘Ili

() (o) - ot )i )

Je,

< %/p(u) it (z) — m* ()] dH (y) "2 0

Ul

(here, we used the fact that @ are Lipschitz maps),

ki [ o (B552) actmt - 0t - v ar )|

Ul

|5E y| 1 n—0
<T) v(z) — v(y)| dH () =0 0.

‘Illi

IN

¢
n
By (23), we know that ay n( ) 0 for z € @\ J. and n small enough, therefore we deduce that

lim Y~ gy (2)[@r(m™ (2) = S(m™ (2))] - v(@) = 0.

0
nl 1
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Step 5. End of proof of (19). By Step 3, we have

P P
. « .
Es(m) > limsup > (piay (m), ety > limsup 3 (e, (m), ). (24)
A U—— szzl jnlo A U——

Then, by (9), the dominated convergence theorem leads via Step 4 to:

hS]

p

E%ZW% (m), @) = lim > ({uay, (m)de, akn) + (o, (M) (T (m) \ Je), )
k=1 k=1

(20)
= / és(m™,mT, v)dH' > / és(m™,mT v)dH' —¢.
e J(m)

By (24),
Es(m) > /J( )Es(m_,m+,u)—€

and therefore, we obtain (19) in the case of a finite set S of entropies by passing to the limit e — 0.
Step 6. Eg(m) = Z.o(m) in the general case of an arbitrary symmetric and equivariant set S C
ENT. In fact, there exists a countable symmetric set S = {£®,},>1 C S which is dense in S for
the L>-norm. We set S), := {£®4,--- ,+®,}. For every (27, 2", v) € T, we have

+

cs(lzt —27]) = lim ¢, (27, 2%, v).

ploo
Integrating this equality on J(m), we conclude by the monotone convergence theorem and Step 5
applied to the finite set S, (for any p € N) that Eg(m) > Z.;(m). Therefore, from Step 1, we
have € = Z., on S().
Step 7. It remains to prove that I., = ., on S(2). Obviously, Z., > Z., and since s is Ls.c. in
L' and satisfies £ < Z., on S(Q), we also have Z., > s and we conclude by Step 6 that Z., is
ls.c. O

3 Compactness and maximal set of entropies

Energies of type £s are lower semicontinuous for the strong convergence in L!. For proving
existence of minimizers of £g, it is sufficient to establish the compactness of the sublevel sets
{€s(m) < n} for the strong L'-topology.

Proposition 8 Let S C ENT be equivariant and assume that there exists a uniformly bounded
sequence {®r} C RS such that for every z € S,

O(2) 1% By (2) ;{ gl Zzz:zg } (25)

Then for every n > 0, the sublevel set {m € L*(Q,R?), Es(m) < n} is relatively compact in L*(Q).
Proof. We closely follow the ideas in [12] based on a combination of arguments dealing with

compensated compactness theorem and Young measure theory. First of all, it is easy to derive
a weak convergence result. Indeed, let n > 0 and {m,} be a sequence in the sublevel set {m €
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LY(Q,R?), Es(m) < n}. By definition of g, we have that m, € L£(2). Therefore, up to a
subsequence, there exists mg € L>°(Q, R?) such that

m, —my in L(Q). (26)

As a consequence, one deduce that V- mg = 0 and |mg| < 1 a.e. in Q. In order to obtain that
m, — mg in L'(Q), it is sufficient to prove that |mg| = 1 a.e. in Q. We will denote by {3:}.cq,
the Young measure associated to the sequence {m,}. The second step consists in showing that
{V - [®(my)]} is compact in H~1(Q), for every ® € S. For that, we apply Lemma 3.1 in [12] for
{®(my,)} since {|®(m,)|?} is uniformly integrable in Q and {V - [®(m,,)]} is bounded in M(Q)
(because Eg(m,,) < n). The third step consists in applying the div-curl lemma of Murat-Tartar to
(V- [®(my)],V x [®(m,)] = V - [®(m,,)]} where &, ® € S. We obtain:

/51 (y) - & (y) dia(y) = (/S o(y) dﬁz(y)> : </5 & (y) dﬁz(y)>, ae. €.

By hypothesis (25) and the equivariance of S, this identity is also valid for the elementary entropies
R™1®R where R is an arbitrary rotation. Finally, Lemma 2.6. in [12] shows that 3, is a Dirac
measure for a.e. x € © and one concludes that the weak convergence (26) turns into a strong
L'—convergence. O

One needs a criteria on f so that the maximal set of entropies Sy satisfies the hypothesis (25)
of Proposition 8. This criteria is described in the next Proposition, whose proof is postponed to
the end of the Section.

Proposition 9 Let f:[0,2] — Ry be a cost function (f is lower semicontinuous and f(0) =0).
(i) If liminfy o % =0, then Sy = RId® R? (where Id : S* — S is the identity function,).

(i) If there exists to € (0,2] such that f(to) = 0, then there exists an infinite subset E C 27 such
that the Fourier coefficients v,(\) vanish for every p € E and ® € Sy (with A is given via ®
by (14) and written as AN(0) = Y ez W (N)e™*?, 0 € (=7, m)).

(iii) If 1252] I8 > 0, then RSy = ENT.
te (0,

Remark 8 This Proposition implies that if f is a lower-semicontinuous cost function which is
positive on (0, 2], then, either Sy contains only the trivial entropies (the space generated by the
identity and constant vectors in R?2), or S ¢ generates the entire space of entropies. For that,
the threshold behavior of f at the origin is the cubic power. Indeed, as in the setting of scalar
conservation laws, the entropy production across small shocks is cubic in non-degenerate cases (see
e.g. Proposition 5 in [17]).

In case (ii1) where the maximal set of entropies Sy contains all the entropies (up to multiplicative
constants), if the cost function associated to Sy achieves f, i.e., cs, = f on [0,2] then Zy satisfies
the desired properties: lower semicontinuity and existence of minimizers of I_f over Ly() as stated
in Theorem 4.

Proof of Theorem 4. By Proposition 9, we know that RSy = ENT. By approximation of
elementary entropies by smooth entropies (see Lemma 2.5 in [12]), we deduce that (25) holds. Since
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Lo(R) is a closed set in L', Proposition 8 shows that {Es, < A} N Lo(Q) (resp. {Zf < A} N Lo(€2))
is relatively compact in L'(Q). Since Zy (resp. £s,) is lower semicontinuous in L', we conclude
with the existence of minimizers of Zy (resp. Es,) over Lo(2). O

Remark 9 The elementary (non smooth) entropy @ defined in (25) satisfies property (14) of
Proposition 4 in the sense of distributions: ie'?Ao(0) = & [®o(e™)] where Ao is the m-periodic
distribution given by

Ao = Orpp = 2 (=1)Pcos(2p) in  D'([0,7)).

p=0

So, the even Fourier coefficients of Ag do not vanish. We conclude that for a cost function f
satisfying situation (i) or (ii) of Lemma 9 (i.e. infyeg o f(t)/t® = 0), the set S = Sy does not
satisfy the hypothesis of Proposition 8. Consequently the existence of minimizers of I_f over Ly(1)
in these cases is still open.

Proof of Proposition 9. For an entropy ® € Sy, we will use the notations introduced in
Proposition 4. Let 2+ = ¢!®*8) and v = e for some arbitrary =z € R, § € [0,7]. By (15), we

have
B

[@(z7)—@(z7)]-v = / Az — 0)sin(0) do,
-8
where \(0) = 9p®(z) - 2+ for every z = ¢ € S'. By Taylor’s expansion, one writes A\(z — 0) =
A(z) — 0% (x) + O(6?). Therefore,
d\ /ﬁ 233 d\

f@(z) » 0sin(0) do + O(p*) = —T@(x) +0(8Y).

[@(z7) = @(27)] v =
In order to conclude, we distinguish the three cases:

(i): liminfy o % =0. If & € Sy, for every z € R and 3 € [0,7/2], we have

3

dX

f(2[sin ) > ’[@(ei(”ﬁ)) — Bl L gt -

(z) + O(3Y).

Dividing by 32 and passing to the liminf as 3 | 0, one gets % =0in R, i.e., Z—‘g + fo = 0 where
we use Proposition (4). We conclude that ¢ € R + R sin+R cos which leads to ® € RId + R?,
ie., Sy C RId+ R? The converse inclusion is obvious.

(11): There exists to € (0,2] such that f(to) = 0. Let Sy = arcsin(to/2) and let ® € Sy. Using
the notations of Proposition 4 and formula (15), we have by hypothesis A x sing, = 0. In terms of
Fourier coefficients, this is equivalently with:

Vk € Z, i(sing,) # 0= y(\) = 0.
In order to conclude, we have to check that 7o, (sing, ) # 0 for infinitely many even numbers k = 2p.
We compute

) 41 1
Yop(sing, ) := / sing, (z)e” 2P dr = 17 ]i T |sinfo cos(2pfo) — 25 Bo sin(2pfho)

—T
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Now, assume by contradiction that s, (sing,) = 0 for |p| large enough then in particular, cos(2pgy)
tends to 0 as |p| goes to infinity which is wrong (recall that the fractional part of the sequence
{pBo/m}, is either periodic or ergodic in [0,1]). So there exists an infinite subset E C 2Z such that
for every ® € Sy and k € E, we have y;(A\) = 0.

(iii): There exists C > 0 such that f(t) > Ct® for every 0 < t < 2. Let ® € ENT. For
(27,2, v) € T, there exists * € R and € [—m, 7] such that (z—, 2%, v) = (/@0 ¢il=+8 gy,
First assume that § € [—7/2,7/2], we have

_ 28
= 3

dX

@)+ 0(5Y) = 0(BF) < cf(2lsing)),

[@(zF) — (7)) v

for some constant ¢ = ¢(®) > 0. Finally, by (17) in Remark 7, we see that this inequality holds for
B € [—m, x]. Thus c7'® € Sy and ® € RS;. O

4 Some examples of appropriate cost functions

In this Section we consider symmetric and equivariant sets of entropies generated by a single
entropy ® € ENT"
(@) = {£R'®R : R € SO(2)}.

The corresponding cost function ¢y has been introduced in Definition 3. Using formula (15) in
Proposition 4 and symmetries (16),(17) in Remark 7, we have

cpy(2sin3) = sup [Axsingl|(z), B [0,7/2]. (27)
z€[0,27]

Remark 10 In the case of odd m—periodic functions A, (27) is equivalent by considering only the
supremum (27) over x € [0,7/2].

In some cases, the supremum (27) is easy to compute. Such a situation is explain in the
following:

Proposition 10 Let ® € ENT and let X be defined as in Proposition 4. We assume that \ is odd
and w-periodic and that its restriction to (0,7/2) is conver.

a) Then X x sing is an even w-periodic function that is nonincreasing on [0,7/2], for every 3 €
[0,7/2]. Consequently,

c(py(2sin f) = max {A xsing(0), —A xsing(7/2)}, B € [0,7/2]. (28)

b) The cost function c(g is continuous, nondecreasing and convex on [0,2].
¢) If moreover, \(- — m/4) is even, then (A sing)(- —n/4) is odd and

cpy(2sinff) = Axsing(0). (29)

Proof. a) It is easy to check that A*sing is an even w-periodic function. Note that Axsing(- —m/2)
is also even. Let us check that A x sing is nonincreasing on [0, 7/2]. For = € [0, 7/2], we have

B
(A sing)(z) = /0 Az — 0) — Mz +0)]sinfdo, Be0,7/2. (30)

22



Denoting
m(x—0) = |z —0| €[0,7/2], mo(x +0) = min(0 + 2,7 — (0 4+ 2)) € [0,7/2],
one deduces for z € [0, 7/2]:

d 5 5
(A sing)(a) = /O V(2 —0)— N(z+0)]sin0do — /0 IV (m1 (2 — 0)) — X' (s + 0))] sin 0 d,

where we have used the symmetries of A and the fact that 5 € [0,7/2]. Then we easily check that
0<m(x—0) <m(r+0) <m/2forf e (0,08) and z, 5 € [0, ,2], so that the convexity of X yields
A % sing is nonincreasing on [0, 7/2]. Therefore,
sup |Axsing |[(z) < max {|\ *sing(0)[, |\ * sing(7/2)|} .

z€[0,7]
We deduce (28) by noticing that A(#) < 0, for 6 € [0,7/2], so A xsing(0) > 0 > X * sing(7/2).
Indeed, since A is a odd, m—periodic and smooth, we have A(0) = A\(w/2) = 0. Then the convexity
of X on [0,7/2] yields A < 0 on [0,7/2].
b) In view of (28), the cost function cig)y is continuous. It is also non-negative and satisfies
c(3y(0) = 0, so we only have to check that it is convex. For this, writing

0B = arcsin(t/2), i.e. t =2sinf,

it is enough to prove that hy : ¢+ A*sing(0) and hy : ¢ — —A\*sing(w/2) are convex; since
A(m/2—-) satisfies the same hypotheses as A, we deduce from the identity ha(t) = A(7/2—-)*sing(0)
that it is enough to establish the convexity of hy. For this, we compute b} (t) = —A(5) tan 8 and
we conclude by proving that h) is nondecreasing, that is, equivalently,

i) = A3+ 22
This inequality is obvious if A'(8) < 0. On the other hand, if N'(8) > 0, we deduce from the
inequality sinf < m — 6 on [0, 7] and from the convexity of A that we have j(3) < A(8) + (7/2 —
BN(8) < Ar/2) = 0.
¢) If moreover (- — w/4) is even, we deduce that X\ x sing(- — 7/4) is odd. In particular, (A
sing)(m/2) = —(Axsing)(0) <0 and cig)(t) = A*sing(0). O

X(B) < 0, for B e[0,m/2.

Discussion on Example 1 for Aviles-Giga cost function: The following entropy ®; € ENT was
introduced in [20]:
By (2) = 4(25,23), for z = (21, 22) € S.

Using notations in Proposition 4, we compute o1 (6) = ®1(2) - z = 25in 26 for z = € and \,(0) =
p1+ j—;cpl = —6sin26. So \; satisfies the hypotheses of Proposition 10 ¢) and we compute

arcsin%
ca(t) = / 6sin20sinfdf =t> for 0 <t <2.

— in £
arcsin 5

We conclude by Theorem 3 that Z, ;s = £g,) on S(Q2) and Zy, s is Ls.c. O

The smoothness assumption in our definition of entropies yields some restrictions on the cost
function c(gy. In particular, they have a cubic power behavior at the origin:
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Proposition 11 Assume that So C ENT is a finite set. Then cg,)(t) = O(t3).

Proof. Since

C(so) = IAX C(a),

it is sufficient to prove the result when Sp is a singleton. Let So = {®}. For t € [0,2] we write
f = arcsin(t/2). With the notations of Proposition 4, we have c/g)(t) = [[Axsing| and we
compute

(A sing [(z) = 1Nl 8% = O(). H

[SVRIN )

/B()\(ZE —0) — N +0))sin(9)do| <
0

As a consequence, we deduce that cost functions with noncubic power behavior at origin (for
example, the quadratic power cost function) must be generated by an infinite number of smooth
entropies. A way to overcome this difficulty consists in using cost functions generated by nonsmooth
entropies defined below:

Definition 6 We will say that ® € C°(S',R?) is a nonsmooth entropy if (8) holds in D'(S').
We extend Definition 3 of the cost function c(gy to these entropies.

If @ is absolutely continuous, then c¢(g) is 1.s.c. on [0, 2] and Propositions 4, 5 and 10 are still valid:

Proposition 12 Let ® € WhH1(S1 R?).
a) Then ® is a nonsmooth entropy if and only if there exists a 2w —periodic ¢ € Wlicl (R) such that

D(z) = p(0)z + %(H)ZJ‘ in D'(S). (31)

In this case,

d
@q)(z) =\6)zt

2

d
where X € L}, (R) is the 2r—periodic function defined by X = ¢ + 02
for p€[0,m/2], t = 2sin 3, we have

@ in R. With this notation,

cp)(t) = sup |Xxsing |(x).
z€R

b) If ® is a nonsmooth entropy with X\ an odd w-periodic L}, .(R)-function such that the restriction of
A to (0,7/2) is nonpositive and convex, then the cost function cgy € W?2:°°(0,2) is a nondecreasing

conver function satisfying
c(py(2sin f) = max {A xsing(0), —A xsing(7/2)}, B € [0,7/2].
If moreover, \(- — w/4) is an even function then

cpy(2sin3) = Axsing(0) >0, Be[0,7/2].
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Proof. a) The arguments presented in the proof of Propositions 4, 5 are to be repeated also for
the absolutely continuous entropy .

b) Since A is convex on (0,7/2), it implies that A is locally Lipschitz on (0,7/2) and we denote
N € Lis5.(0,7/2) to be its derivative. Observe that the limits A(0£) and A\(§=£) exist in R (so, A

may jump at the origin). However, equality (30) holds for a.e. = € R and yields Axsing € W, (R)

d
is an even w-periodic function. In order to show that ﬁ()\*sing) < 0a.e. in (0, ), the argument

presented in the proof of Proposition 10 a) is to be interpreted in the sense of distributions. More
precisely, for every test function ¢ € C2°(0, %), ¢ > 0, one has that for a.e. § € (0, %):

/2 /2
—/0 Az —0) = Mz + 0)]¢'(z) dz = /O [N (m1(z = 0)) = N (m2(x + 0))|¢(2) do

+20(OA04) +2(5 — OAG-) <0,
where m and my are defined in the proof of Proposition 10 a) and we used the symmetries,

d

Ow/2 d—()\ x sing)¢ dx < 0 for every g € [0, T].
x

The rest of the proof follows as in Proposition 10. O

nonpositivity and convexity of A on (0, §); thus,

For an entropy ® € WH1(S R?), the cost function ¢(@) may be obtained as the cost function
generated by an infinite subset of smooth entropies through the standard regularization process
below:

Definition 7 For a given p € C(R,Ry) satisfying [g p(s)ds = 1, we consider the family of
mollifiers {p8 = %p(é)}0<s<1' If ® is an absolutely continuous entropy satisfying (31) for ¢ €
WLL(R), we define the family {®.}o<c<1 C ENT of smooth approzimations of ® by

d .
D.(2) :=p(0)z + @@E(H)zl‘ with ¢ == o * pe. and z = e € S'.

We will denote
(@app = {P,0<e<1})

the set of entropies generated by the smooth approzimations of ®.

Remark that a-priori the set <<I>>app depends on the choice of the mollifying generator p. How-

ever, the cost function associated to <<I>>app is independent of the choice of p and coincides with
the cost function associated to the nonsmooth set of entropies (®):

Proposition 13 If ® € Wh1(S R?), we have that

@), = C@)-

app

Proof. With the notations in Proposition 12, we set A\(f) = 9p®(2) - 2+ € L}, _(R), z = € € S!

loc

and A. = Axp.. Let t € [0,2], B = arcsin§ and an arbitrary triplet (27, 2%, v) € 7 such that

|zt — 27| = t. Using rotation invariance of (®),  and (®) and standard properties of mollifiers,

app
Proposition 12 a) yields:

¢y, (t)= sup [@(2F) —@(z7)]-v| = sup [|Acxsing oo = [Axsing e = cay ().
de (@) £€(0,1]

app
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Indeed, since A * sing is a 2r—periodic continuous function, then there exists x = z(8) € [0, 27|

such that ||A xsing ||oc = A *sing(z) = lime_o A\c xsing(z) < sup ||z *sing ||oo; conversely, for
e€(0,1]
every y € R and € € (0,1], one has A\: xsing(y) = pe * (A *sing)(y) < ||A xsing || co- O

Discussion on Example 2 for the "cross-tie wall” cost function: It is a first example of nonsmooth
entropy introduced in [1] as an entropy adapted to the energetic cost of cross-tie walls. Namely,
let @, € C11(SY, R?) such that £®y(2) = Ao(0)z* for all § € [0,27), z = € where A, : R - R
is the odd m—periodic Lipschitz functlon defined by

T 37

>\2(9):|9* 4 4)

™
|717 V@E(

=1

This Lipschitz function Ay satisfies the hypotheses of Proposition 12 b) (since Ao(- — §) is an even
function); thus,

sin 3 — B cos B if 0 < B <mn/4,

B
o) (25 ) = /_5 Aa(~f)sinbdf = V2 - (g—ﬁ) cosfB—sinf ifr/d<p<m/2

So we conclude by Theorem 3 and Proposition 13 that Zc, ) = Zcy,, = E@,), ~on S(2) and
app a

Z¢ 4, 1s Ls.c. Moreover, by Theorem 4, the lower semicontinous energy 5<¢2>app admits at least a

minimizer in Lo(2). O

In Examples 1 and 2, the constructed cost functions have a cubic power behavior at the origin.
t

C<¢;é ()

+o00. An interesting example of cost function with a quadratic power behavior at the origin is given

One can also construct nonsmooth entropies ® such that the cost function satisfies lim sup,_,

by the following Lipschitz entropy:

Example 3 There exists a Lipschitz entropy ®3 such that c(g,)(t) = W for t € [0,2]. Indeed,
let A3 € L*°(R) be the m—periodic odd function defined by

wo-{ et

),
,0).

m|=! wl:\

Using the notations of Proposition 12, we construct a Lipschitz entropy ®3 : S — R? such that
L ®3(0) = A3(0)(e?)* for all @ € [0,27):

B3(e?) = (—1)F (a‘" - \/iei@k“ﬁ/‘*) if 0¢ (kr/2,(k+1)n/2),k=0,...,3.

Since A3 satisfies the hypotheses of Proposition 12 b), we compute:

B
C(a,)(28inf) = ca,), (2sinf) = / Ag(—0)sinfdf =2(1—cosf), [€][0,7/2]
-3
and the conclusion follows by taking ¢ := 2sin 3 € [0, 2]. O
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Example 4 (A nonmonotone and nonconvex cost function) In general the cost function cg) as-
sociated to an entropy is not convex and even not increasing. Indeed, using the notations of
Proposition 12, we consider a Lipschitz entropy ®4 € W1°°(S1, R?) such that Ay € L>®°(R) is the
odd 7/2-periodic function defined by Ay = —1 on (0,7/4). We have of course c¢,)(0) = 0. Next,
using (27), we have

i@y (T/4) = Ay *sing4(0) =2 — V2 ~ 0.58579.....

On the other hand, using \y(- + 7/4) = —A\4(+) and |A4] < 1, we have

ol

Clayy (37/8) = Sup/ Az —0) [Sin(@ - %) — sind + sin(6 + %)] df

</
-3

sin(6 — %) — sinf + sin(f + %)\ do = (2 —\2+ \/5) (V2 —1) ~ 0.06306.. . ..
So we have ¢(g,)(0) < ¢(a,)(37/8) < ¢(a,)(7/4) and ¢(¢,y is non-monotone and not convex.

ol

ol

5 On Conjecture 1: first part, Proof of Theorem 2

Let us know discuss Conjecture 1. We first concentrate on the cost function f(t) = ¢2/2. We will
show the following result:

Proposition 14 There exists S C ENT nonempty, symmetric and equivariant such that cg = f.

In other words, we are looking for an equivariant and symmetric set S C ENT such that for every
(z7,2F,v) €T, 2+ = F7H2) = ¢ we have

sup [@(z7) —@(z7)] v = 2sin?y (= f(|zT —27)).
oes

The proof of Proposition 14 relies on the following proposition:
Proposition 15 There exists a family {\y}ycjo,x/27 C L>(R) of m-periodic odd functions such
that

F,,(0) = 2sin’y for every v € [0,7/2], (32)
|E, p(z)| < 2sin®B  for every v, 3,z € [0,7/2]. (33)

where we have introduced the notation

F,3 = )\, xsing with

sing(0) = {sm(a) if 0 €[-p3,0

0 in the other cases.

As a consequence of Theorem 4 and Proposition 14, we obtain the lower semicontinuity of Zy
as stated in Theorem 2 and the existence of minimizers of Z; over Lo(f2). Let us now prove how
Proposition 14 follows from Proposition 15:
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Proof of Proposition 14. Assume that Proposition 15 holds. For v € [0,7/2], we define the
nonsmooth entropy @, € W (S, S by

d )
D (2) = py(0)z + @cp.y(ﬁ)f‘ for every z = ¢ € S,

where ¢, € W2>°(R) is the odd and 7-periodic function solving

d? .
202 P +oy = Ay InD'(R) (34)

(one uses Remark 6 for the existence and uniqueness of such a solution ¢.). By construction, ®,
is a nonsmooth entropy in the sense of Definition 6. By Proposition 12 a), we have for 5 € [0, 7/2]
and t = 2sin 3,

cp,)(t) = sup |\, *sing|(x) = sup |F, g(z)]
z€[0,7] z€[0,7/2]

(here we used that )\, is an odd m—periodic function). Thus if we set Sp := {®, : v € [0,7/2]},

we obtain by Proposition 15:

Cis)(t) = supcge y(t) = 2sin*B  for every B € [0, 7).
2!

Then, starting from Sy and using the mollifying process of Definition 7 and Proposition 13, we
obtain a family of smooth entropies S C ENT with the desired properties. O

Proof of Proposition 15. We begin by constructing the family {\,}. For v € [0, 7/2], we define
for 0 € [0,7/2]:
0 it 0<60 <,
M) = S —c, if P, <0<, (35)
0 if vy<6<m/2.

where the constants ¢, and ¢, € [0,7] will be set below. The function A, is then uniquely extended
on R as an odd, m-periodic function. How do we choose the constants ¢, and 1,7

i) First, we notice that (32) implies
. 9 1
sin® vy = §F%V(O) = ¢y(cos 1y — cos ). (36)
Next, assume ¢, = 2. In this case, (36) is equivalent to

1
COS 1)y — COSY = 5 sin? . (37)

It is easy to check that the function v — (cos7y + 4 sin®v) € C*°([0, 7/2]) decreases from 1 to 1/2
on [0,7/2]. So we can set

1
1y, = Uy(y) := arccos (cosy + 5 sin? 7) . (38)

Then ¥, : [0,7/2] — [0,7/3] is a continuous increasing bijective function with ¥ (y) < « for
v € [0,7/2] (these properties are due to the choice of the constant ¢, = 2). Now let us observe
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that this choice of A\, is not appropriate for v large where (33) fails. Indeed, let g(vy) := v+ ¥1(v).
The function g¢ is continuous and increasing on [0, 7/2]; since ¢(0) = 0 < 7/2 < 57/6 = g(7/2),
there exists a unique 7o € (0,7/2) such that

Yo + ¥i(y0) = 7/2 (39)

and v+ ¥y (y) s 7/2 for v < 70, 0 < v < 7/2. Moreover, vy > 7/4 since ¥1(7y9) < 0. One can
check that if ¢, were defined by (38) for v > ~p then we would have for ¢ > 0 small enough

—F, 5(m/2) > 2sin® B for v € (Bo, 70 +¢) and f=7/2 — ¢, <.

(Moreover, —F, 5 5(m/2) > 2sin” 3 for 8 € (0,¢).) Both these inequalities violate (33) at z = /2.
In order to avoid this situation, we do the following choice:

i) For v > o, we define ¥, to be the symmetric of v with respect to 7/4 (7o satisfies already this
property): in other words, we set

vy = Waly) == w/2—7, v>. (40)
In this case, (32) yields

Cy = C(’Y) = LLYG[LQ]) Y > "o- (41)
K siny — cosy

To summarize, we have chosen the family of m-periodic odd function {\,}, by formula (35) with

{C'y =2, ¢, = Wi (y) if 0 <~ <o,
oy = C(), ¥y = Us(y) ify<y<7/2

where o € (0,7/2) is the unique solution of (39).
With this choice (32) is satisfied. We now have to prove that inequalities (33) also hold. We
start by studying the variations of the functions F, 3 on [0, 7/2], where

Fyp(z) = */Rsinﬁ(y*x)kw(y)dy.

These functions are continuous and piecewise smooth. More precisely, A, is constant on each
component of its support supp A, = (¢, 7] + 7Z and we have that F, g on [0,7/2 is C* away
from the finite set

Cyp = {z€0,7/2] : {z+p}n({+y, =0} +7Z) # 0}, ~,0€[0,7/2].

The complement (0,7/2) \ Cy 5 is then a finite union of open intervals. The following Lemma
describes the variations of F g:

Lemma 1 Let v,3 € (0,7/2) and I C [0,7/2] be an interval such that I NCy 5 =10. Forxz € I,
we denote by n(x) the number of elements of the set {x = 8} Nsupp A, let J(z) := suppsing(- —
x) Nsupp Ay and p(x) the number of connected components of J(x). Then the functions n and p
are constant on I. Moreover, if n =p =1 then

|Fy5(z)| < 2sin® B for every x € I;

otherwise, F g is nonincreasing on I.
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Figure 4: Example of functions y — sing(y — z) and y — A (y) (thick lines).

Proof. We easily see that the functions n and p are constant on I since I NC, 3 = (). Moreover,
0<n<2and 0 <p<3. Observe that if p = 3 then n = 2. We enumerate and study below all
these possibilities.

Case 1: n=0. If p =0, then F, g vanishes. If p = 1, then J(z) = [¢,7] and

-
F, s(x) = Cv/ sin(y — x) dy, for z € I,

~

and F, g is decreasing on I. Finally, if p = 2 then J(z) = [, —¥4] U [¢4,7] or J(x) = [1by, 7] U
[r — 7,7 —1,] and (using usual trigonometric relations)

v v
F, g(x) = 2cvcosx/ sinydy or F,g(x)= —QCvsinx/ cosydy forzel,

Wy ,

and in both cases F’, 5 is decreasing on 1.
Case 2: n=1. If p=1, then J(z) is an interval and

B 1<ey <
|y ()| < cv/ sinfdf = 2c,sin®(8/2) < 4sin®(3/2).
0
On the other hand, for 3 € [0,7/2] we have cos(3/2) > v/2/2. Thus

4sin®(3/2) < 8sin®*(3/2)cos’(8/2) = 2sin®f

and we conclude that |F, g(z)| < 2sin® 3 for every x € I. If p = 2 we have J(z) = [z — 3, —1),] U
[y, 7] or J(z) = [thy,y]U [ —v,2+ F]. So F, g(zx) is the sum of two integrals on the two intervals
of J(x) and an easy computation shows that each of these two integrals is a decreasing function of
x. Thus, F, g is decreasing on I.

Case 3: n=2. If p=2, then J(z) =[x — 3,y |U [y, x4+ f] or J(x) =[x — B,y U[r —v,z+ [].
In the first case we have

_w'y z+3
F,5(z) = ¢ (—/ sin(f — x) df + / sin(f — x) d9> for x € T,

_ﬁ ’Y
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and we compute
" a(r) = cy(=sin(yy 4+ x) +sin(yy, —x)) = —2¢,cosipysine <0 for x el C[0,7/2]

The same computation yields the same result in the second case. So in both cases, F’, 3 is decreasing
on I. If p =3, then J(z) = [z — 8, —¢,] U [¢y,7] U [m — 7,2 + 5] and F, g(zx) is the sum of
three integrals which are decreasing functions of x (by the same computations as in the situation
n=2,p=2). Thus, F, g is decreasing on I. (]

By Lemma 1, we easily see that it is sufficient to prove (33) for x = 0 and « = /2. This is the
purpose of Lemmas 2 and 3 below which end the proof of Proposition 15. ]

Lemma 2 For 3,7 € [0,7/2] we have 0 < F, 5(0) < 2sin® .

Proof. First, if § < 1, we have F, 3(0) = 0 and the result is obvious. Second, assume 3 > 7.
Since sing = sin, on the support of A,, we have

F, 5(0) = F,(0) 2 25in? y < 25in? 6.

Finally, in the case ¢, < 8 < ~, we have to prove that 2¢,(cos ., — cos3) < 2sin? # which is
equivalent to h(3) > 0 with h(3) := sin® 5 + €y €08 B — ¢y costhy. Since A/ () = sin B(2cos B — ¢y ),
we know that either h is decreasing on [/, 7] or h is increasing and then decreasing on this interval;
therefore, [glin] h = min(h(¢,), h(7)) = h(y) = 0. (We used relation (36) for this last equality). O

vy

Lemma 3 For (3,7 € [0,7/2] we have 0 > F, 5(7/2) > —2sin® 3.

Proof. If v > v, we have that A\, (- — 7) is even and therefore, F, 5(7/2) = —F, 3(0); the
conclusion follows via Lemma 2. We now assume v < 7 (so, ¢y = 2). We distinguish three cases:
Case 1: 3 < m/2 — . One computes F, g(m/2) = 0, so the conclusion is obvious.

Case 2: B > w/2 —1),. First, let us show the statement for Gy(y) = m/2 — 1,; one has that

F, gy (m/2) > =2 sin? By (7) is equivalent to proving that for v € [0, 7o,
.9
™ S ﬁo(’Y) . ™ T
cos (5 - 'y) —cos Fo(y) < — o de 0(ry) =0, (5 - \P1(’7)) +7 =< 50 <70 (42)
To show (42), we compute
o\ —1/2
Wi(y) = 2sin 3 <1 + [sin 2] > (43)

that is an increasing positive function on (0,7/2) and we check that ¢(y9) = n/2. We then
deduce (42) from the following statement:

Claim: For v € [0,7/2], we have £'(y) =1 — U (Bo(7)) ¥\ (v) > 0.
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Proof of Claim. By (43), the Claim is equivalent to

15 (sin @)2 (sin%)2 - (sin @)2 - (sin%)2 <1 for ~vel0,7/2. (44)

One computes sin Gy (y) = cospy =1 —2 (sin %)4 which implies

(s 2) = 5 ()" (- b))

Plugging this identity in (44) and writing s = (sin(y/2))?, we are led to prove that
k(s) = (u%ﬂ) (155 —1)—2-2s < 0 for0<s<1/2,
This inequality is clear for 0 < s < 1/15. If 1/15 < s < 1/2, we have V1—s2> \/5/2 and then,
k(s) < (1 —\/§s) (155 —1)—2—2s = —3+ (13+v3)s — 15V/3s2 < 0
since the above polynomial of second degree has conjugated complex roots. O

Returning to the general case 7/2 > (3 > [y(y), we conclude

(42)
F,5(m/2) = F, gyr)(m/2) > —2 sin? By () > —2sin? .

Case 8: w/2 —~v < 3 < 7w/2 — 1, We have to prove h(3) := siny — cos 3 — # < 0. By (42),
the result holds for 5 = 7/2 — 1), and we conclude by noticing that h is increasing on [0, 7/2]. O

6 On Conjecture 1: second part, Proof of Theorem 1

We have seen above that the asymptotic cg(t) s possible for p = 3 (in Examples 1 and 2)
and for p = 2 (in Example 3 and Theorem 2). In fact, in these two cases we even have the equality
cs(t) = P for t € [0,2]. For proving Theorem 1, we show below that for any 1 < p < 3, it is
possible to find S ¢ ENT symmetric and equivariant such that cg(t) = ¢ for t € [0,+/2]. The
case 2 < p < 3 is treated in Proposition 16 and the case 1 < p < 2 is established in Corollary 1 of
Proposition 17 below.

Proposition 16 For 2 < p < 3, there exists ® € ENT such that c(g)(t) = t? for t € [0,V/2].

Proof. Let p € [2,3] and let us consider the m—periodic odd function A : R — R defined by

AO) = —2P~1p(sin §)P~2 cos f for 6 € (0,7/4),
—or=1p (v2/2)" 7 (2 - L6)  for 6 € [n/4,7/2).

We easily see that A is continuous on R and affine on the interval (w/4,7/2). We then check that
A is convex in (0,7/2). Indeed, for 6 € (0,7/4), we compute

N'(0) = 2P 'p(sin€)” * cosf [(3 — p)(p — 2)(cos0)* + (3p — 5)(sin6)?*] > 0;
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moreover, at § = 7/4 (using the inequality 3 — p <1 < 4/7), we have

lim N(0) = 2°"'p(3 — p) (ﬁ/z)pil < 2 p(4/m) (\/5/2)1’71 = lim N(6).

o1m/4 olm/4

So the convexity holds in (0,7/2). We can apply Proposition 12 b) (first part) to the entropy ®
associated to A (note that A(w/4—-) is not even!). Next, we claim that A*sing(0) > —Axsing(w/2)
for 3 € (0,7/4). Indeed, since A is convex on [0, 7/4], we have A(0) < 2A(w/4) 6 = A(w/2—6) <0
for 0 € (0,7/4) which implies our claim. Finally, we get from (28),

B
cpy(2s8in ) = A xsing(0) = 2/ A(—0)sin 6 df = (2sin 3)?, B € (0,m/4).
0
Therefore, one gets the conclusion for the cost function c(g)(t). O

Remark 11 The preceding construction is based on a cost function generated by only one entropy.
This is feasible because we only prescribe the value of the cost function on the subinterval [0, v/2].
In the proof of Theorem 2 or Proposition 17 below, a larger set of entropies is required.

Remark 12 The value p = 3 is critical for our method based on entropies. Indeed, if S C ENT is
such that Hl?iionf cs(t)/t3 = 0 then by Proposition 9 (i), we have S C RId ® R? leading to c¢s = 0.

Proposition 17 Let f : [0,2] — Ry be an increasing cost function such that

f(2siny) - 2sin(v/2)
f(2sing) = sin(5 —~/2)

< for 0<~vy<pB<m/4 (45)

Then there exists a symmetric and equivariant set S C ENT such that cs = f on [0,v/2].

Corollary 1 Forl < p < 2, there exists S C ENT symmetric and equivariant such that cs(t) = tP
for t €[0,1/2].

Proof of Corollary 1. We will check that for 1 < p < 2, the increasing function f(t) = t? satisfies
the hypotheses of Proposition 17. We define the function & : (0, 5] — R by

. f(QSlnﬂ) m
k(B) = 15n2(3/2) 5E(Oa§]- (46)

First, we compute

sin g)P—1
K (3) = _213—2% (p+2(1—p)c052§) <0, 0<fB<7/2,1<p<2.
2

Thus, k is non-increasing and therefore the first inequality in (45) holds. Let us now prove the
second inequality in (45). For this, one observes that f(2siny)/f(2sinf) < (sinvy)/(sing) for
0 < < <m7/4,so it is enough to prove the second inequality in (45) only for p = 1. This is
equivalent to

hg(y) = sinﬁ—sin(ﬁ—y/Q)cos% >0 for0<~y<pB<7/4
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We easily check that hg(0) = 0 and hj(y) = Lcos(B—7) > 0if 0 < v < B < m/4; thus, hg is
non-decreasing so that the above inequality holds and the conclusion follows. O

Proof of Proposition 17. We proceed as in the proof of Proposition 14. Considering the
function k as in (46) non-increasing on (0, 7/4], let us define the family of odd 7-periodic functions
{M }y€(0,7/4) defined on (0, 7/2) by

—k(y) for 0<6<~,
A (0) =
0 for v <0< m/2.

We set F., g := A\, xsing for 0 <+, 3 < m/4. In order to conclude, it is enough to establish that

F,,(0) = f(2sinv) for every v € [0, /4], (47)
|Fy5(z)] < f(2sinp) for every v, € [0,7/4], = € [0,7/2]. (48)

Then we will conclude by the same regularization process as in Proposition 14.
First, the identity (47) is obvious. Indeed, by definition of k, we have, for v € [0, /4],

Foo(©) = k) [ [sin(@)|d0 = f(zsin)
—
Next, let us study the quantities |Fy g(x)|. We first assume that 0 < 3 < v < 7/4. In this case,
using the previous computation, we have

B k
|Fy g(x)] < k(’y)/ |sin(0)|df = %f@ sinf3), for every z € R;
-8
since k is non-increasing, it implies that (48) holds in this case. Next we consider the other case
0 <y < p<m/4. Here, F, g is piecewise smooth, we compute

4k(7) cos z (sin(y/2))? for0 <z <-4,

P B k()(2 cosa — cos(y — x) — cos ) for g —v <z <,

ve(@) = k(y)(cos 3 — cos(z — 7)) for <z < B+,
0 for B+y <z <m/2

In the last interval § + v < o < 7/2, (48) obviously holds. In the first interval 0 < o < 8 — ~,
we have |F, g(x)| < 4k(y) (sin(y/2))* = f(2siny) < f(2sin3), so (48)holds. In the third interval
0 <z <p+7, we have

0 > cos(f8) — cos(z — ) > cos(f8) —cos(B — ) = —2sin(8 — v/2) sin(y/2).

So, |Fy g(z)| = 2sin(B8 — v/2) sin(y/2)k(y) and using the second inequality in (45), we get (48).
Finally, we consider the second interval § — v < z < . For this, we compute

F 5(z) = k('y)<(2cos*y)sinx+sin’ycosz> < 0,

and by continuity of F, 3, we deduce that (48) holds in this interval from the results on the first
and third intervals. This ends the proof of the Proposition. (I
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7 Is the viscosity solution a minimizer?

Let us start this section by proving that the viscosity solution is a minimizer for the stadium-shaped
domain and any appropriate cost function cg.

Proof of Theorem 5. The jump set of my is the line J(mg) = (—L, L) x {0} oriented by vy = (0, 1)
and the traces of mgy on J(mg) are the constant functions m{ = (—1,0) and my = (1,0). Let
m € 81 (Q) be an arbitrary vector field in S, (2) with J(m) its jump set oriented by v and m* be
the traces of m on J(m). Recall that n is the normal unit outer vector at 92. Then, on one hand,

Zes (mo) = H'(J (mo))es(Img —mg |) = H'(J(mo)) igg[(@(mé) — ®(my)) - vol

= sup/V~[<I>(m0)] = sup/ d(nt)-ndH.
Q€S JQ Q€S JoN

On the orther hand, for every ® € S and every m € S, (Q),
/ d(nt) -ndH' = / V- [@(m)] = / (®(m™) —®(m™)) - vdH?
I9) Q J(m)
§/ cs(Im* —m™|)dH' = Z.o(m).
J(m)

Thus Z., (mo) < Zeo(m) and my minimizes Z., over S, (). O

We now present alternative domains €2 (including nonconvex domains) for which the viscosity
solution is still a minimizer of Z., in S () (but with more restrictions on the cost function; in
this sense, the next results are somehow weaker than the example of Theorem 5). For that, we
first prove the following statement:

Proposition 18 Let Q2 be a Lipschitz bounded domain, and let mqg be the associated viscosity

solution. We note Jy the jump set of mqg oriented by vy and moi the traces of mg on Jy. If

® € Whe(S1 R?) is a nonsmooth entropy such that
[@(mg (2)) — ®(mg (2))] - vo(@) = cray(Img (@) —mg (2)])  for H'-a.e. x € Jo, (49

then the viscosity solution mo minimaizes L g, -

Proof of Proposition 18. Let m € S, () with J(m) its jump set oriented by v and m* be the
traces of m on J(m). As in the proof of Theorem 5, one has:

m) = c mt —m~ 1 mt) — m))-v L . m
Tope, () /J e Ddrt > /] @) = e ) v = [ )

= [ owtyn= [ @om) - [0 ()~ ¥my @) -so 2 2 (mo).

Notice that we used Proposition 2 in a general case of a Lipschitz entropy ®. In fact, (9) still
holds since the proof of Proposition 2 only uses the chain rule for ®(e*()) 0 ©(-) that is valid for
® € Whe°(S1 R?) and © € BV (Q, R) a lifting of m (see Theorem 3.99 in [3]). O

Remark 13 Proposition 18 covers the cases of domains €2 and cost functions f where the following
two conditions are simultaneously satisfied:
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e Jp is a union of vertical lines oriented by vp(z) = e; with mZ (z) = e+ (*) 0 < o(z) < m;

e f = c(a) is generated by one (nonsmooth) entropy ® satisfying the hypotheses of Proposi-
tion 12 b). (Notice that the conditions on the corresponding A in Proposition 12 b) imply
that A € L>°(R) so that ® € W1>°(S1 R?).) In particular, the Aviles-Giga cost function of
Example 1, the "cross-tie wall" cost function of Example 2 or the cost function in Example
3.

Indeed, by Proposition 12 b), one has for H'-a.e. x € Jy:
c(a) (Img () = mg (2)]) = ¢y (2sinbo(x)) = A% sing,()(0) = [P(m] (2)) — P(mg (2))] - o,

i.e., (49) holds.

Corollary 2 Let f = cig) : [0,2] — Ry be a cost function generated by one (nonsmooth) entropy
® satisfying the hypotheses of Proposition 12 b) (i.e., A : R — R defined as \(0) = 9p®;(z) - 2+
for every z = €% € S is odd m—periodic and its restriction to (0, %) is convex, nonpositive and
symmetric with respect to w/4). Then the viscosity solution mg is a minimizer of Ty, f

K

Figure 5: Viscosity solutions for an ellipse, the union of two disks, and a bone-shaped domain (dotted
angles indicate vortices structures).

1. Q is an ellipse;

2. Q2 is the (non-convex) union of two discs B((—¢,0),1) U B((L,0),R) with 0 < { < 1 and
0<L<R;

3. Qs the (non-convex) bone-shaped domain

B((=s—¢,0),r)U(=s,5)x (=1,1)UB((s+ L,0),R), with0<{<r, 0<L<R, Rjr>1.

Proof. In the above cases, the jump set of the viscosity solution mg lies on one line oriented by
Re; for some rotation R € SO(2). The conclusion is then a direct consequence of Proposition 18
and Remark 13 with the entropy R~'®R (inducing the same cost function f). t
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Remark 14 The domain obtained as the union of two identical discs has been discussed in [20].
In that paper (see Theorem 7.1), it is stated that the viscosity solution mg of such a domain is not
a minimizer of Z; 4 for any p > 0, p # 3. This does not contradict our result since for p # 3, the
cost function ¢ +— tP is not generated by one entropy satisfying (49) on the jump line of my.

We now turn to the proof of Theorems 6, 7. Our construction is based upon this remark:
the line-energy does not penalize vortices (point singularities carrying a topological degree). So
we hope that some divergence-free configurations formed from interior vortices may have a lower

energy than the viscosity solution.

Proof of Theorem 6. Let Py = v2¢/(i7#3) € {(+1,+1) € R?}, k = 0,...,3. Let R be the
full square of size 2 having the vertices {Pk}1§k§4. We define the nonconvex domain of piecewise
Lipschitz boundary

Q= UogkggB(Pk, 1) UR,

where B(Py, 1) stands for the unit disk of center P,. We consider the function m : Q — S! given
by
(:L' - Pk)J‘

=TT

kr (kK41
if x € and Argxe(g,(JrT)ﬁ),k:Q...,S.

Figure 7: The configurations 7 (left) and mo (right)

Theorem 6 follows by proving the next Lemma. (]
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Lemma 4 We have mo,m € S () and Zf(m) < Zy(mo) for every lower semicontinuous function
f:10,2] — Ry nonidentically-zero on the segment (\/2,2).

Proof. Let Qx = e¢™*%, k=0,...,3and O = (0,0) € R? be the origin. Then an easy computation
shows that mg,m € S, () and their jump sets are supported by four segments:

J(?’h) = Uogkgg(OQk) and J(mo) = Uogkgg(OPk). (50)

Now we compute the line-energy of m. By symmetry, it is enough to compute the energy cost of
the jump line (OQp). If M(t) € (OQy) is a moving point with ¢ = |M(¢)Qo| € (0,1), then the
angle 0(M (t)) of the jump of 7 in M(t) is given by

~ LPyM (t)P: 1
O(M(t)) = % = arctan 7

Therefore, we obtain

Ty (1) 4/011‘ <2sin(arctan%)> dt4/01f (ﬁ) dt

Next we compute the line-energy of mg. By symmetry, it is enough to compute the energy cost
of the jump line (OPF). If P} = 1Py is the middle point of (OF,), we consider M(t) € (OF}) a
moving point with ¢ = |M (¢)P§| € (0, %) Then the angle 0g(M(t)) of the jump of mg in M(t) is
given by

ZQoM (1)@ 1
= ———"" = arctan —=.
2 /2
Observe that if M(t) € (PJPy), then the angle of the jump of mg in M (t) equals with the one in
the point 2P) — M (t) € (OP)). Therefore, by symmetry, we deduce

Z¢(mo) 8/0W§f <2sin(arctan%)) dt4\/§/01f <¢%) ds

(Here, we used the change of variable s = \/515) Since f is lower semicontinuous and nonidentically-
zero on the segment (v/2,2), we deduce Z(mg) = V2Z; () > Iy (). O

Oo(M(t))

Let us now discuss the case of nonconvex smooth domains:

Proof of Theorem 7. Let f : [0,2] — R4 be a bounded lower semicontinuous function that is
nonidentically-zero on the segment (v/2,2). Let € = £(f) € (0, 3) be a small positive number to be
determined in function of f later (see Lemma 5). We consider the nonconvex C*! domain

Q. ={z € Q : dist (z,00) > e}.

Note that the distance function ¢y = dist (2, 0. ) represents the restriction to Q. of the distance
function x + dist (z,09). Since ¢ is small, the corresponding configuration mg = V-+ has the
same jump set J(mg) C Q. (defined in (50)) and therefore, the same energy:

s - ()
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We now construct a configuration m. that has less energy than mg. In fact, m. will coincide
with /m away from four small sets N, k = 0,...,3 (see Figure 8). These sets are defined as follows:

First, we define the smooth function . : [0,¢:] — [0, 2¢] by

e (0) =2¢, 74e(te) =0, V241 —7.(t)2 = V12 +~2(t)=1—4e, t[0,t].  (51)

(Here, t. is defined as the first zero of the decreasing function ~.(¢) in ¢.) Then N§ corresponds to

the interior set surrounded by
ONG = {(x1,27:(1 — 1)) : z1 € [1 —t, 1]} U{(1,22) : m3 € [—2¢,2¢]}

and _
C—e TN k=1,2,3,

i.e., these regions are equivalent up to a rotation. Using notation introduced in Section 7, we define

me : Qe — ST as follows:

bl x € NE N B(Qo,2¢) N A,
€
~ % x GNOE\B(Q052€)5
mf(x): igfrlc ! ink
ez me(e” "2 ) reN, k=123,
Th(m) x € Q. \ Uogkgg./\/‘,f.
- —
P Py - —
— \/// e
0 2e EN— / H )
(o P RSO
— //\ o e —
R

Figure 8: The domain €. (left) and the configuration mo in the neighborhood of Qo (right).

Theorem 7 is then the consequence of the following result. 0

Lemma 5 We have mg,m € 81 () and Zy(e) < Ip(mo) if € < e(f) (one can choose e(f) :=

. 1 (\/5_ 1)folf(\/1isz) ds
mln{—, })
20 25 f Il Lo (j0,20)

Proof. We divide the proof in several steps.
Step 1. t. < 5e. By (51), we have that t* + (1 —7.(t))? = (\/12 + 1:(t)2 + 1 — 4¢)? which leads to

de — v (t) — 82

t t
1 —46 — ) E [0’ 8]7

12 4 - (t)?

if £ <1/20. Therefore, t. < 5e.
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Step 2. m. € S1 (). One can easily check that m. € BV (Qe,S!), m = nt on 9. and

Jone) = [ Je)\ |J N Ul U 0B@Qw2e)nNg) |Ul | (ONE\ B(Qk.22)) | . (52)

0<k<3 0<k<3 0<k<3

By definition, it follows that m. is divergence free in €. \ J(m.). It remains to show that the
normal component m, - v of /. is continuous across the jump set J(m.). Since the continuity of
me - v is easy to check for the first two components of J(m.) in (52), it is sufficient by symmetry
to prove that mt - v = m_ - v for every point M(t) € {(1 —t,7:(¢t)) : t € [0,t:]}. Indeed, if we
denote

v(M(t)) = %, MBP(): (t, 1 — (1)), M@QOZ (t, —e(t)),
then
(M () = —a—2e(: 70 () = (22071

and
2+ (1 —e(1)? V24 7e(t)?

and the divergence free condition at M (t) holds true by differentiating (51).
Step 3. Computation of Zy(m). First, we estimate the length of J(m.) \ J(m). For that, we have
that the length of ONE \ B(Qo,2¢) is bounded by

te
HYONS\ B(Qo,2¢)) =2 | /1 +~L(t)2dt < 2(t. +2¢) < 14e.
0
Since the length of B(Qo,2¢) NN§ is equal to 2me, we deduce by symmetry that
HE(J () \ J(m)) < 4(14e + 2me) < 100¢.

Therefore,

Iy(me) < Zp(m) + | fll oo o2 H (J(me) \ T (1)) < Ly () +100e|| fll zoepo,21) < Zy(mo)

provided that e < g(f) given in the statement. O
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