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Abstract

We are interested in modeling some two-level population dynamics, resulting from
the interplay of ecological interactions and phenotypic variation of individuals (or
hosts) and the evolution of cells (or parasites) of two types living in these individuals.
The ecological parameters of the individual dynamics depend on the number of cells
of each type contained by the individual and the cell dynamics depends on the trait
of the invaded individual.

Our models are rooted in the microscopic description of a random (discrete) pop-
ulation of individuals characterized by one or several adaptive traits and cells charac-
terized by their type. The population is modeled as a stochastic point process whose
generator captures the probabilistic dynamics over continuous time of birth, mutation
and death for individuals and birth and death for cells. The interaction between indi-
viduals (resp. between cells) is described by a competition between individual traits
(resp. between cell types). We look for tractable large population approximations.
By combining various scalings on population size, birth and death rates and mutation
step, the single microscopic model is shown to lead to contrasting nonlinear macro-
scopic limits of different nature: deterministic approximations, in the form of ordinary,
integro- or partial differential equations, or probabilistic ones, like stochastic partial
differential equations or superprocesses. The study of the long time behavior of these
processes seems very hard and we only develop some simple cases enlightening the
difficulties involved.
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1 Introduction

In this paper, we are interested in describing the adaptive effects in a host-parasite system.
We model two-level population dynamics resulting from the interplay of ecological inter-
actions and phenotypic variation of individuals (or hosts) and the evolution of cells (or
parasites) of two types living in these individuals. In one hand, the ecological parameters
of the individual dynamics depend on its number of cells of each type. In another hand, the
cells develop their own birth and death dynamics and their ecological parameters depend
on the trait of the invaded individual.

We consider more precisely the following two-level population. The first level is composed
of individuals governed by a mutation-birth and death process. Moreover each individual
is a collection of cells of two types (types 1 and 2) which have their own dynamics and
compose the second level. The model can easily be generalized to cells with a finite
number of different types. We denote by n} (resp. by m}) the number of cells of type
1 (resp. of type 2) living in the individual 7. This individual is moreover characterized by
a continuous quantitative phenotypic trait z¢. The individual i can be removed or copied
according a birth-and-death process depending on %, n},nb. An offspring usually inherits
the trait values of her progenitor except when a mutation occurs during the reproduction
mechanism. In this case the offspring makes an instantaneous mutation step at birth to new
trait value. The death of an individual can be natural or can be due to the competition
exerted by the other individuals, for example sharing food. This competition between
individuals through their traits will induce a nonlinear convolution term. The cells in
the individual ¢ also reproduce and remove according to another birth-and-death process,
depending on x%,n%,nb. At this second level, cell competition occurs and its pressure
depends on the invaded individual trait.

Our model generalizes some approach firstly developed in Dawson and Hochberg [3] and
in Wu [11], [12]. In these papers, a two-level system is studied: individuals and cells follow
a branching dynamics but there is no interaction between individuals and between cells.
Thus all the specific techniques these authors use - as Laplace transforms - are no more
available for our model.

In this paper, we firstly rigorously construct the underlying mathematical model and prove
its existence. Thus we obtain moment and martingale properties which are the key point
to deduce approximations for large individual and cell populations. By combining various
scalings on population size, birth and death rates and mutation step, the single microscopic
model is shown to lead to contrasting macroscopic limits of different nature: deterministic
approximations, in the form of ordinary, integro- or partial differential equations, or prob-
abilistic ones, like stochastic partial differential equations or superprocesses. The study
of the long time behavior of these processes seems very hard and we only develop some
simple cases enlightening the difficulties involved.



2 Population point process

2.1 The model

We model the evolving population by a stochastic interacting individual system, where
each individual i is characterized by a vector phenotypic trait value z* and by the number
of its cells of type 1, n¢, and of type 2, nb. The trait space X is assumed to be a compact
subset of R?, for some d > 1. We denote by Mp = Mp(X x N x N) the set of finite
non-negative measures on X x N x N, endowed with the weak topology. Let also M be
the subset of Mg consisting of all finite point measures:

1
M= {Za(xivnivné), eX,(ni,n)eNxN, 1<i<I, Ie N} .
=1

Here and below 0, , n,) denotes the Dirac mass at (z,n1,n2). In case where I = 0, the
measure is the null measure.

Therefore, for a population modelled by v = ZZ'I:1 5( , the total number of its indi-

ztni nb)
viduals is (v, 1) = I and, if we denote by n := nj 4+ ny the number of cells of an individual

(irrespective of type), then (v,n) = Zle(nﬁ + nb) is the total number of cells in the

population v.

Let us now describe the two-level dynamics. Any individual of the population with
trait = and cell state (n1,ng2) follows a mutation-selection-birth-and-death dynamics with

e birth (or reproduction) rate B(x,n1,ns2),

e the reproduction is clonal with probability 1 — p(z) (the offspring inherits the trait

x),
e a mutation occurs with probability p(z),

e the mutant trait x + z is distributed according the mutation kernel M (z, z) dz which
only weights z such that x + z € X,

e death rate D(z,n1,n2) + a(z,ni,ng) Zjl.zl Uz — 27).

Thus the interaction between individuals is modeled by a comparison between their re-
spective trait values described by the competition kernel U. By simplicity, the mutations
parameters p and M are assumed to be only influenced by the trait . They could also
depend on the cell composition (n1,ng) without inducing any additional technical difficulty.

Any cell of type 1 (resp. of type 2) inside an individual with trait x and cell state (ny, ng)
follows a birth-and-death dynamics with

e birth rate by (z), (resp. ba(x)),

e death rate di(z) + B1(x)(n1 11 + n2A12), (resp. dao(z) + Ba2(x)(n1 21 + n2l22)).



The nonnegative parameters i1, As22, A12, As1 quantify the cell interactions. The rate
functions by, by, di, da, P1, B2 are assumed to be continuous (and thus bounded on the
compact set X).

The population dynamics can be described by its possible transitions from a state v to the
following other states:

1 - Individual dynamics due to an individual with trait = and cell state (n1,n2):

vV = V4 Oz, ne) With rate B(x,n1,m2)(1 — p()) ;
1
Vo= V= 0(gn,ne) With rate D(z,n1,n2) + a(z,n1,n2) Z Uz —a7) ;
j=1
V= U+ O(gqzn,ne) With rate B(z,n1,n2) p(z), where 2 is distributed following M (z, 2) dz.

2 - Cell dynamics:

I

v+6 zn1+1ng) — 5(z7n17n2) with rate by (x

)

v+ enina—1) — 5($,n17n2) with rate dao(x

NI NN
111

+ B1(x)(A11n1 + Ai2ne) ;
+

( )
V+ (zn1m0+1) — O(a,ni,me) With rate ba ()
( )
( ) + B2(x)(A21m1 + Agana).

emi—1,m2) — O(z,n1,ne) With rate di(z
(

Let us now prove the existence of a cadlag Markov process (v¢);>0 belonging to D(R, M)
modeling the dynamics of such a discrete population. More precisely, we consider

1)
Y= D S04, 510).5(0) (2.1)
i=1
where I(t) € N stands for the number of individuals alive at time ¢, X'(¢), ..., X!®(t) ¢ X

describes the traits of these individuals at time ¢ and N (), ..., Nll(t) (t) (resp. N3(t), ..., NQI(t) (1))
are the numbers of cells of type 1 (resp. of type 2) for the individuals alive at time ¢.

To write down the infinitesimal generator of v, we need an appropriate class of test func-
tions. For bounded measurable functions ¢, f, g1, g» defined respectively on R, R% N and

N, ¢tg,4, 18 given by

Prpng (V) = O(<v,fq192>)=¢ (/X f(ﬂ?)gl(m)gQ(nz)V(dﬂzdm,dnz))

x N2

= o[ X[ r@ntmatmavinn.d) | (2:2)

ni,ne €N2

The infinitesimal generator L of the Markov process (v4,t > 0) applied to such function
D g1go 1 given by:



L¢f§192 (V) =
I

D (S, forg2) + f(2')g1(n})g2(nd)) — d((v, Fg192))) Bla’,ni, ny) (1 - p(a’))

=1

1
+ Z /(¢(<V, farg2) + f(z' + 2)g1(n1)g2(nd)) — S((v, fgr92))) B(a', ni, my) p(a’) M (2, 2)dz

+ Z fglg2 f(xz)gl(nzl>g2(nl2)) - ¢(<V7 f9192>))(D(xi7 nliv nl2) + a(xi7 nZL nZZ)U * V(xi7 né? nZQ))

+ Z (v, fg192) + f(2") (g1 (ny +1) = g1(n}))g2(nh)) — &((v, fgrg2)))br(z")n}
+ Z (v, fg192) + f(2')g1(n1)(g2(ny + 1) — g2(n}))) — &((v, fg192)))b2(a" )}

+Z O((v, fgrg2) + f(2")(g1(n} — 1) = g1(n1))g2(nd)) — ¢((v, fg192)))

(di(x") + Bi(a")(An] + Aiznd))nf
I

+ > (v, Far192) + [ (2)g1(n})(g2(nh — 1) — g2(nd))) — $((v, fg192)))

i=1
(da(a) + Ba(a") (Aa1ny + Aaan) ). (2.3)
The three first terms of (2.3) capture the effects of births and deaths of individuals of the

population and the for last terms that of the cells. The competition makes the death terms
nonlinear.

2.2 Process construction

Let us give a pathwise construction of a Markov process admitting L as infinitesimal
generator.

Assumptions (H1):

There exist constants B, D, G &, U and C and a probability density function M on R?
such that for x,z € X, n1,ng € Ry,

Remark that the jump rate of an individual with n cells in the population v is then
upper-bounded by a constant times n (1 4+ (v,1)) and that the cell jump rate of such



individual is upper-bounded by a constant times n(1 + n). Thus the model presents a
double nonlinearity since the population jump rates may depend on the product of the size
of the population times the number of cells and quadratically on the number of cells.

Let us now give a pathwise description of the population process (14)¢>0.

Notation 2.1 We associate to any population state v = Z{Zl 5(961-’”%7”%) € M the triplet
Hi(v) = (X'(v), Ni(v),Ni(v)) as the trait and state of the ith-individual, obtained by
ordering all triplets with respect to some arbitrary order on R x N x N ( for example the
lexicographic order).

We now introduce the probabilistic objects we will need.

Definition 2.2 Let (2, F, P) be a probability space on which we consider the following
independent random elements:

(i) a M-valued random variable vy (the initial distribution),

(ii) A Poisson point measure Q(ds,di,dz,df) on Ry x N* x X x Ry with intensity measure
ds (2,@ 6k(di)) M (2)d=d6 .

Let us denote by (Fi)e>0 the canonical filtration generated by vy and Q.

Let us finally define the quantities 0%(s), 05(s), 05(s), 05(s), 05(s), 05(s), 0%(s) related to
the different jump rates at time s as:
i(s) = BH'(vs-))(1 —p(X'(vs-)));

95(8)_%(8) = B(Hi(ys))p(Xi(Vs))W§

O3(s) —03(s) = D(H'(vs-))+a(H'(vs-)) U vs— (X' (vs-));

Oi(s) = 05(s) = bi(X'(vs-)) Ni(vs-);

05(s) —0i(s) = ba(X'(vs-)) N3(vs-);

0(s) — 05(s) di (X" (vs-)) + Bu(X (5= )) (Vi (vs-) A1 + Ni(vs—)A12) Ni(vs-);
03(s) = O5(s) = da(X'(vs=)) + Bo(X" (vs—)) (V] (vs—) Aot + Nj(vs—)Aa2) Ny(vs-).

(2.4)
We finally define the population process in terms of these stochastic objects.

Definition 2.3 Assume (H1). A (Fi)i>0-adapted stochastic process v = (14)¢>0 is called
a population process if a.s., for all t > 0,



V:V+/ {5 iy iy iy lil/sf 1 (s
ETOF gt xxr, | NN Hist -0} <ol ()}
O (e )2,V (e ) N (e ) Li v 103 L1 (5) <0203 5) )

= X (), N (s ) N (vem ) Li e 1Y L3 9) <003 (5))
+ (5(Xi(us>,Ni(us)+1,N5‘(us)> = (X ) Nj (e ) Vi (o)) ) Ti<tvam 1} L {03 (5)<0<03 ()}

_l’_

_l’_

<. 1{01 )<0<0i(s)}

5X’(1/g P(ve—),Ni(vs—)+1) — 5(X’(1/s ), N} (vs—),N&(vs—)) )1 {i{vs—,1 1{91 )<O<0i(s)}
; e

(5 (X (e ) N} (e ) =L N3 ()~ O(XH (v ) N (v ) N ()

00X (s ), N (v ). N3 (s ) 1) ~ O(XT (s ) N ) N3 (vs)) | i vem 0} L i) <020 s>}}

Q(ds,di,dz,db)
(2.5)

Let us now show that if v solves (2.5), then v follows the Markovian dynamics we are
interested in.

Proposition 2.4 Assume (H1) and consider a process (14)i>0 defined by (2.5) such that
for all T > 0, E(sup,<p(v,1)3) < 400 and E(sup,<p(v4,n?)) < +00. Then (vt)i<o is a
Markov process. Its infinitesimal generator L applied to any bounded and measurable maps
Gfgrgs : M = R and v € M satisfies (2.3). In particular, the law of (v¢)i>0 does not
depend on the chosen order in Notation 2.1.

Proof The fact that (1¢);>0 is a Markov process is immediate. Let us now consider a
function ¢4, 4, as in the statement. Using the decomposition (2.5) of the measure 14 and
the fact that

Dfargo (V1) = Drg19.(0) + Z(¢fg1gz (Vs— + (Vs —Vs—)) — Praugo(Vs—))  ass, (2.6)
s<t

we get a decomposition of ¢, g, ().
Thanks to the moment assumptions, ¢yg,4,(14) is integrable. Let us check it for the non-
linear individual death term (which is the more delicate to deal with):

E / Vg_ — 5 i(y v v Vg, ]_ i<{ve_
< (0,] xN* x X' xR 4 (ol (X (vs=), N1 (vs—), N5 (vs— n F9192) — o({ f9192)) {i<(vs—,1)}

1{93(8)39395(5)}62(615, di,dz, d9)>

E(/o (s, (6((vs, fg192) — f(2)g1(n1)g2(n2)) — ¢((vs, F192)) (D(2,n1,n2) + a(,n1,n2) U * Vs(l‘)))ds)



Since ¢ is bounded and thanks to Assumption (H1), the right hand side term will be finite
as soon as

E (sup((ut,m + (v, n) (1, 1))) < 0.

t<T
Remark firstly that (v,n) < (v,n?). Moreover we get n{v,1) < 1/2(n? + (v,1)?) and thus
() (0, 1) < 1/2((0,0? + (1, 1)2)) = 1/2({,0%) + (1, 1),

The moment assumptions allow us to conclude and to show that the expectation is differ-
entiable in time at t = 0. It leads to (2.3). O

Let us show existence and moment properties for the population process.

Theorem 2.5 Assume (H1).

(i) If E ((vo,1)) < 400, then the process (vi)¢ introduced in Definition 2.3 is well
defined on R,.

(11) Furthermore, if for some p > 1, E ((vp, 1)¥) < 400, then for any T < oo,

E( sup (1, 1)!) < +oo. (2.7)
t€[0,T]

(iii) If moreover E (<V0,n2>) < +00, then for any T < oo,

E( sup {1, n?)) < +oo. (2.8)
t€[0,T]

Proof We compute ¢(< 14,1 >) using (2.5) and (2.6) for f = g1 = go = 1: we get

(<, 1>)=p(< 1, 1 >)+/

(0,t] x N* x X xR+

+ ((Z)(< Vg, 1> —1) — ¢(< Vs, 1 >)) 1{63(3)<6<9§(s)}}1{i<(’/s71>}Q(d8’ di,dz, d@)
(2.9)

{ (6(< Ve 1> 1) = $(< vsmy 1 >)) Ligege)

and for g1(n1) = nq,

< vg,ny > =<19,Nn1 > +/
(0] xN* x X xR+

{Nf(Vs) <1{9§9;(s)} - 1{9;(s)§9§9§(s)}>
+ 1{9§(s)§9§9}i(s)} — 1{Og(s)§9§9é(s)} }1{15@571)}@(&9, di,dz, d@) (2.10)

A similar decomposition holds for < vy, ng >.
The proof of (i) and () is standard and can easily be adapted from [7]: we introduce
for each integer k the stopping time 7, = inf{t >0, (14,1) > k} and show that the
sequence(Ty ) tends a.s. to infinity, using that

sup  (vs, 1) < (1, 1) —l—/

locw, 1 i Q(ds, di,dz,df),
s€[0,tATE] (0,tATR] X N* x X xR+ lisfa—s)} H{o<03()} ( )



and the estimates of moments up to time 7, deduced from the latter and Assumption (H1)
and Gronwall’s lemma.

Further, one may build the solution (v);>0 step by step. One only has to check that the
sequence of jump instants (7)) goes a.s. to infinity as k tends to infinity, which follows
from the previous result.

The proof of (iii) follows a similar argument with 7',3 := inf {t >0, <ut, n%> > k:} From

sup <V5,n%> < <V0,n%> +/ locw, apy
s€[0,tAT}] (0ATE]XN* X X xR+

{(Nf(ys—))Q 1{9§9§(5)} + (2 Nf(’/s—) + 1) 1{9@(5)9<93(S)}}Q(ds7di7 dz, da)v

and E (<V0,n2>) < 400 and (ii) since 2ny + 1 < n? + 2, we firstly get, using Assumption
(H1) and Gronwall’s lemma, that

E( sup <Vt,n%>)§CT.
te[0,TAT}]

Then we deduce that 7} tends to infinity a.s. and that E(supsepo,n (v,n)) < +00. The

same is true replacing n; by no. O

2.3 Martingale Properties

We finally give some martingale properties of the process (v¢);>0, which are the key point of
our approach. For measurable functions f, g1, g2, let us denote by F, the function defined
on Mg by

Frg(v) =<, fg192 > .

Theorem 2.6 Assume (H1) together with E ((1/0, 1>3) < 400 and E ({vg,n?)) < +oo.

(i) For all measurable functions ¢, f,q1,92 such that
6£g19: (V)] + [Ld 19100 ()] < C(L 4 (v,1)% + (v, n?)), the process

t
b F019(11) — Bg102 (10) — / L por g (va)ds (2.11)

is a cadlag (Fi)e>o0-martingale starting from 0, where Lo g, 4, has been defined in (2.3).

(ii) For all measurable bounded functions f, g1, g2, the process

t
Mtfg = (v, fg192) — (v, fg192) —/0 Lng(Vs)dS (2.12)

10



is a cadlag square integrable (Fy)i>o-martingale starting from 0, where

LFfq(v) = /XxN2 {(B(:c,nl, n2)(1 — p(z,n1,n2)) — (D(x,n1,n2) + a(x,ni, ne)U * u(x)))
f(z)g1(n1)g2(n2)
+ p(x,n1,n2)B(x,n1,n2) /f(a: + 2)g1(n1)g2(n2) M (z,n1,n9, 2)dz

+ f(2)(g1(n1 + 1) = g1(m1)) g2(n2)b1 (@) + f(2)g1(n1)(g2(n2 + 1) — ga(nz))ba(z)ns
+ f(2)(g91(n1 — 1) — g1(n1)) g2(n2) (di(z) + Bi(x)(Ar1n1 + Aiang))ny

+ f(2)g1(n1) (g2(n1 — 1) — g2(n2)) (da(x) 4 B2(x)(A2rn1 + )\22n2))n2}v(d$,dn1,dn2)-
(2.13)

Its quadratic variation is given by

t
<Mfg>t = /0 /XXN2 {((1 —p(x,n1,n2))B(x,n1,n2) + (D(x,n1,n2) + a(x,n1,n2)U * IJS(ZC)))
F2(2)gi(n1)g3(n2)
+ p(x,n1,n2)B(x,n1,n2) /f2(93 + z)g%(nl)gg(ng)M(x, ni,ng, z)dz

+ f2(2) (g1 (1 + 1) — g1(m1))* g3 (n2)by ()
)

by (
+ 12(@)g} (m) (g2(n2 + 1) — g2(n2)) *ba ()
+ (@) (g1(n1 — 1) — g1(m1)) g3 (n2) (da () + Br(x) (A1 + Aranz))m
+ f2(2)g7 (n1) (ga(my — 1) — 92(n2))2(d2($) + Ba(z) (A21n1 + )\22n2))n2}vs(d96, dny,dny)ds.
(2.14)

Proof The martingale property is immediate by Proposition 2.4 and Theorem 2.5. Let
us justify the form of the quadratic variation process. Using a localization argument as
in Theorem 2.5, we may compare two different expressions of (14, fg1g2)?. The first one
is obtained by applying (2.11) with ¢(v) := (v, fglgg>2. The second one is obtained by
applying [td’s formula to compute (v, fg1 g2)2 from (2.12). Comparing these expressions
leads to (2.14). We may let go the localization stopping time sequence to infinity since
E( (v, 1>3) < 400 and E ({1p,n?)) < 4o0. Indeed, in this case, E((M/9);) < +oo thanks
to Theorem 2.5 and to the proof of Proposition 2.4. O

3 Deterministic large population approximations

We are interested in studying large population approximations of our individual-based sys-
tem. We rescale the size of individual population by K and the size of the cell populations
by K respectively Ky. With k = (K, K1, K3), the process of interest is now the Markov
process (Y;")¢>o defined as

I.(t)

K Z; (xi (), el Tanlt)

11



in which cells of type 1 (resp. of type 2) have been weighted by K% (resp. by %2) and
individuals by %. The dynamics of the process (X7.(t), N{}R(t), N3 ,.(t)) is the one described
in Section 2 except some coefficients are depending on the scaling x as described below.
The individual dynamics depends on By, px, My, Dy, oy, U which are assumed to satisfy
the assumptions (H7) of the section 2 for any fixed k.

Notation: We say that k — oo when the three parameters K, K1, K5 tend to infinity.
Assumptions (H2):

1) There exist continuous functions B, D and o on X x Ry x Ry such that

lim sup |Bu(z, K1y1, Koy2) — B(z,y1,92)| + |D(x, Kiy1, Koya) — D(z,y1,y2)| = 0,

R—=00 2,y1,y2

lim sup |ox(x, Kiy1, Koys) — oz, y1,y2)| = 0. (3.15)

R=00 2,y1,y2

We assume that the functions B, D and « satisfy Assumption (H1).

2) The competition kernel U, satisfies

Un(z) = 2 (3.16)

where U is a continuous function.

3) The others parameters p, = p and M, = M stay unchanged, as also the cell ecological
parameters: by, = by, by = ba, dix = di,dox = do, B1x = P1, Pox = P2. The functions
p and M are assumed to be continuous and the functions b;,d; and f3; are of class C.
We assume

ri=b;—d; >0, i€{1,2}.

4) Similarly to (3.16), the interaction rates between cells satisfy

ko Aij o
A = Fj i,j € {1,2}. (3.17)

Remark that Assumption (H2) 1) means that at a large scale K, the individuals are
influenced in their ecological behavior by the cells if the number of the latter is of order K3
for cells of type 1, resp. of order K» for cells of type 2. On the other side the hypothesis
(H2) 2) may be a consequence of a fixed amount of available resources to be partitioned
among all the individuals. Larger systems are made up of smaller interacting individuals
whose biomass is scaled by 1/K, which implies that the interaction effect of the global
population on a focal individual is of order 1.

Examples

(i) If K1 = Ky and if the individual rates By, Dy, only depend on z,n1,ng by the
proportion of cells of type 1, then (3.15) is satisfied.

(ii) Assume that K; = Ko = K and that the functions By, Dy, only depend on the
weighted total number of cells +(ny + n2).

12



3.1 A convergence theorem

We assume that the sequence of random initial conditions Y;* converges in law to some
finite measure vyg € Mp(X x Ry x Ry) when k — oo. Our aim is to study the limiting
behavior of the processes Y. as k — o0.

The generator L" of (Y):>0 is easily obtained by computing, for any measurable function
¢ from Mp(X x Ry x Ry) into R and any p € Mp(X x Ry x Ry),

LE¢(n) = OB (¢(Y("))i=0-

In particular, similarly as in Theorem 2.6, we may summarize the moment and martingale
properties of Y'*.

Proposition 3.1 Assume that for some p > 3, E((Y{, 1)P + (Y{, v? + 43)) < +00. Then
(1) Forany T >0, E (SuPte[o,T} (Y{", 1)P + supyepo (Y5, ¥i + y%}) < +o0.
(2) For any measurable bounded functions f, g1, g, the process
t
M9 = (YF, fgi1ge) — (YT, fg192) — / / {(Bn(x7K1yla Kay2)(1 — p())
0 JXXRL
— (Dula, Ky, Kaoyo) + e Kign, Koyo) U x Y (2,91,92)) ) £(@)91 (1) g2(32)
+p(a) Bulas Ky, Kawe) [Fla+ 291 (00)g2(02) M (1, 2)dz
1
+ f(@)(g91(p1 + E) —g1(11))92(y2) bi(z) Ky

+ F@) ) (92002 + ) — ga(u2) bal) Koy

K
+ () (g1(m1 — I;) —g1(y1)) 92(y2) (dl(w) + Bu(@) Ay + )\1292))K1y1
)l ~ 5~ 920) (daa) + i) O + V) Ko
Y (dx,dys, dys) ds (3.18)
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is a cadlag square integrable martingale starting from 0 with quadratic variation

ety = [ (Bt K s i

+ (D (z, K1y1, Koyz) + ax(z, Kiy1, Koy) U *Y:(l‘»yl,yz)))fQ(if)g%(yl)gg(yz)

+ p(0)Balr, Kiyn, Koya) /f%c T 2)g2 ()63 (v2) M (z, 2)d=

+ 2(2) (g1(y1 + i) - 91(3/1))2 95 (y2) bi(z) K1y

K,
+£2(0) H0) (oalo + 7) — 92(0m))” (o) Kope
+ fA(x) (9101 — ];1) —g1))” G2 (y2) (dl(ﬂﬁ) + Bi(z)(Ayr + /\12y2))K1y1
+ 2(z) 9t (1) (g2(y2 — ;2) - 92(?/2))2 (dQ(JU) + B2(z)(A21y1 + >\22y2))K2y2}

YF(dx,dyy, dy2) ds. (3.19)
We can now state our convergence result.

Theorem 3.2 Assume (H2). Assume moreover that the sequence of initial conditions
Yy € Mp(X x R%) satisfies sup, E((Y, 1)%) < +oo and sup, E(Y{, yi 4+ y3)) < +oo. If
Yy" converges in law, as k tends to infinity, to a finite deterministic measure vg, then the
sequence of processes (Y )o<i<T converges in law in the Skorohod space D([0,T], Mp(X x

R2)), as k goes to infinity, to the unique (deterministic) measure-valued flow v € C([0,T], Mp (X X

Ri)) satisfying for any bounded and continuous function f and any bounded functions g1, g2
of class C},

(ve, fg192) = (vo, fg192) +/0 /XxRi {(B($,y1,y2)(1 —p())
— (D(z,y1,92) + a(z, y1,y2) U * vs(z, 41, y2)))f(33)91(yl)92(y2)
+ p(x) B(w, y1,y2) /f(m +2)M (xz, 2)dz g1(y1)92(y2)

+ f(x) [g’l (y1)92(y2)b1 () y1 + g1(y1)g5(y2)ba(2) Y2

— 91(y1)92(y2) (dl(x) + Bi(z)(Aayr + >\12y2)>y1

— 91(11)92(y2) (d2(1’) + Bo(x)(A21y1 + )\22y2)>y2] }vs(da:, dy1,dy2) ds. (3.20)

Note that for this dynamics, a transport term appears at the level of cells.

Remark 3.3 e A solution of (3.20) is a measure-valued solution of the nonlinear
integro-differential equation
0
e = (B(l —p)— (D+aUsx vt)>vt + (Bpu) « M — v, (cv) (3.21)
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with

a(z,y) = i (ri(z) — Bilx) Ay + Maye))
ca(a,y) = w2 (r2(z) — Ba(a) (Aaryr + A2ya)) - (3.22)

Thus, the existence of a weak solution for Equation (3.21) is obtained as corollary of
Theorem 3.2.

e We deduce from (3.20) the limiting dynamics of the total number of individuals:

</Uta va / / fl? ylayZ) —D(J%yla?/Q)
X xRE

- O‘(l‘7 Y1, y2) U * US(-T) Y1, y2))vs(d:p7 dy17 dyZ) dSv (323)

while the total number (v, y;) of cells of type i at time ¢ is obtained by taking
f=19iy) =y,9; =1 (i # j) in (3.20) :

Uta yz U07y1>

/ / , (,y1,92) — D(x,y1,y2) — a(x, y1,y2) U*vs(x,yl,yQ))yi vs(dx, dy1, dy2)ds
XXR

—i—/ /XXRQ (bi(x) — di(x))y; — Bi(x)(Niiyi + )\ijyj)yi) vs(dz, dyy, dy2) ds. (3.24)

Proof The proof of the theorem is obtained by a standard compactness-uniqueness
result (see e.g. [4]). The compactness is a consequence, using Prokhorov’s Theorem, of the
uniform tightness of the sequence of laws of (Y}*,¢ > 0). This uniform tightness derives
from uniform moment estimates. Their proof is standard and we refer for details to [10], |7]
Theorem 5.3 or to [2]. To identify the limit, we first remark using (3.19) that the quadratic
variation tends to 0 when K tends to infinity. Thus the limiting values are deterministic
and it remains to prove the convergence of the drift term in (3.18) to the one in (3.20). The
drift term in (3.18) has the form fg(YS’i, A®(YF)(fg192))ds and the limiting term in (3.20)
has the form fg@s, A(vs)(fg192))ds. (The exact values of A® and A are immediately given
by (3.18) and (3.20)).

Thus, let us show that if Y* is a sequence of random measure-valued processes weakly
converging to a measure-valued flow Y and satisfying the moment assumptions

sup E(sup(Y}®, 1)%) + sup E(sup(Y}®, y?)) < +oo, (3.25)
Ko <T Ko t<T

then (Y;®, A®(Y})(fg192)) converges in L to (Y;, A(Y;)(fg1g2)) uniformly in time ¢ € [0, T).
We write

(Y5, A(Y) (fo192)) — (Ye, A(Y2)(f9192))
= <Y}K> An(nﬁ)(fglgﬂ - A(Ytﬁ)(fgng» + (Y;’i, A(Y;")(fgng) — A(Y:)(f9192))
(Y =Y, A(Y)(f9192))- (3.26)
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The convergence of the first term to zero follows from Assumptions (H2) and (3.25) and
from the following remark, that for Cl}—functions g1 and g, the terms

K (0u(o — ) — 0iwn)) + o)
7

converge to 0 in a bounded pointwise sense, which allows us to apply the Lebesgue’s
theorem.
The convergence of the second term to 0 is immediately obtained by use of (3.25), since
the functions o and U are continuous and bounded.
The convergence of the third term of (3.26) is due to the weak convergence of Y* to Y.
We know that for all bounded and continuous functions ¢, the quantity (Y;* —Y;, ¢) tends
to 0. The function A(Y:)(fg192) is a continuous function which is not bounded because
of linear terms in y and y2. Thus we need to cutoff at a level M replacing y by y A M.
The remaining terms are proved to go to 0 using (3.25). Hence we have proved that each
limiting value satisfies (3.20).

We have now to prove the uniqueness of the solutions v € C([0,T], Mp(X x R2)) of
(3.20). Our argument is based on properties of Lotka-Volterra’s flows. Firstly we need the
following comparison lemma.

Lemma 3.4 If u; is a non negative function with positive initial value and satisfying for
some a,b € RY the inequality

Vvt > 0,

—up < aug — bu?,

ot - = Tt

then 0 < supu=:u < +o0.
t>0

Moreover 0 is an absorbing value: if uy, = 0 then for all t > to,us = 0.

Proof of Lemma 3.4. Let us define Uy as solution of the associated logistic equation

ou;
ot

Then 2 (Uy — w) > a(U; — ue) — b(UZ — u?). With &; := Uy — uy it holds

=al; — bUZ, U = ug.

0
aét > (CL — b(Ut + Ut))5t7 (50 =0.

Let us show that t +— d; increases, and therefore is positive. For t = 0, since §y =
0, %h:o > 0. Thus §; > 0 in a neighborhood of 0.

Let define tg := sup{t > 0: 0; = 0}. If {9 = 400 the problem is solved.

If not, Uy = uy on [0,tg]. Let us now define ¢; := inf{t > ¢y : &y < 0}. If t; = +oo the
problem is solved. If t; < 400, by continuity d;, = 0 and then %|t=t1 > 0. Thus, in a
small time intervall after ¢1, §; would increase and be positive, which is a contradiction
with the definition of ¢;. Therefore t — 0; increases and stays positive, which implies that

0 <u:=supu; <supU; < 4o0.
>0 >0

g

Let us now recall some properties of the Lotka-Volterra’s flow involved in the cell dynamics.
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Lemma 3.5 Let ty € [0,T], x € X and y = (y1,y2) € R be given. The differential
equation

d ‘

7Y(t) = clz,y(0), t € [to, T, with y(to) =y (3.27)
where ¢ defined in (3.22), admits in R2. a unique solution t — @i*Y(t) = (goioly(t ,Q iogy(t)).
Moreover the mapping (z,t,s,y) — ¢z*(t) is C* inx € X and C* int,s,y € [0,T)> x R2
and is a characteristic flow in the sense that for all s,t,u,

pi?(t) = 3" (t),  where z = o3 (u). (3.28)

Proof of Lemma 3.5. Since the coefficients ¢; are of class C' and thus locally bounded
with locally bounded derivatives, the lemma is standard (cf [1]) as soon as the solution
does not explode in finite time. The latter is obvious, since the quadratic terms are non
positive. Indeed, the functions (y1, y2) are dominated by the solution (z1, z2) of the system

oai(t) = ri(@)zi(t) = Bi(@)hizf 5 2z:(0) =i, 1=1,2,

and we use Lemma 3.4.
The flow clearly satisfies

t
SOV(H) = yrexp ( [ (@) = 5@ Ong ) + ettt >)ds),

Ry (t) = yaexp (/t (ra(x) — Ba(x) (A210 (5) + Aol (s ))d8> :

0

The proof of uniqueness will be based on the mild equation satisfied by any solution of
(3.20). Let us consider a function G defined on X xR? of class C! on the two last variables
and for any x € X, let us define the first-order differential operator

oG oG
LG(x,y) = 01(%34)8?/1(%1/) + ca(z, y)%(xa y) =c- VG (z,y), (3.29)

where the notation - means the scalar product in R2.
Then the function G(s,t,z,y) := G(x, pz”(t)) satisfies

0

t07y
T (t)

—G = V,G(z,¢5"(1)) - 8ts0x
= c(x, t“’( ) - Vy Gz, 03Y(t))
= LG(z,¢2Y() = LG (3.30)

Let us fix t > 0. We deduce from (3.30) and from the flow property (3.28) that G satisfies
the backward transport equation:

885(; + LG =0, Vs <t with G(t,t,x,y) = G(z,y). (3.31)
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We now write (3.20) applying the measure v; to the time-dependent function (s, z,y) —

G(s,t,x,y) where G(z,y) = f(z)g(y) and obtain the mild equation

(oo fa) = (wn. Fgo ey + [ [ - { (B st
— (D(:E, y1,y2) + a(z,y1,y2) U xvs(z, y1, y2)))f(33)g o @3Y(t)

—{—p(l’)B($, Y1, yQ) /f(ZE + Z)g o Sojshyrz(t)M(:E7 Z)dz}vs(dx, dyla dy2) ds. (332)

(The last term involving the quantity %g o @x?(t) + Lg(pz?(t)) vanishes by (3.31).)

Let us now consider two continuous functions v and o in C([0,T], Mp(X x R2)) solutions
of (3.20) with the same initial condition vy. Then the difference of both solutions satisfies

(v — 1, fg192) = /0 /XX]R2 { [(B(377y17?42)(1 —p(z)) — D($7y17y2))f($)g o p3¥(t)
+ p(z)B(z, Y1, y2) /f(:c +2)g0 @SV ()M (z, 2)dz | (vs(dz, dyr, dys) — Ts(dz, dyr, dys))

—a(x,y1,y2) f(x)g o ¥ (t) (U * vs(x, Y1, y2)vs(de, dyr, dy2) — U * vs(x, y1, y2)0s(dz, dyi, dyz)) }ds.

The finite variation norm of a measure v is defined as usual by
||v||Fv := sup{(v, h), h measurable and bounded by 1}.

Since all coefficients are bounded as well as the total masses of vy and v; , it is easy to
show that there exists a constant Cr such that

t
lvg — 0|l Py < CT/ lvs — Vsl Fv ds,
0

which implies, by Gronwall’s Lemma, that v and v are equal . [

Let us now prove that if the initial measure has a density with respect to Lebesgue measure,
then there exists a unique function solution of (3.21). That gives a general existence and
uniqueness result for such nontrivial equations with nonlinear reaction and transport terms,
and a nonlocal term involved by the mutation kernel. The existence takes place in a very
general set of L'-functions.

Proposition 3.6 Assume that the initial measure vo admits a density ¢g with respect to
the Lebesgue measure dxdyidys; then for each t > 0, the measure vy solution of (3.21) also
admits a density.

Proof Let us come back to the equation (3.32) satisfied by v. Using basic results on linear
parabolic equations, we construct by induction a sequence of functions (¢™),, satisfying in
a weak sense the following semi-implicit scheme: ¢6‘+1 = ¢9 and
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@i fo) = onfaoron+ [ [ [{(Be - e g e s

(@B unye) [fat 2y wzﬁzu)M@,z>dz}¢’;<x,y1,y2>

— (D(z,y1,y2) + a(z, y1,y2) U * ¢ (x,y1, yg))>f($€)g o @fc’y<t)¢?+l(x7y17y2)]d90dy1dy2d8-
(3.33)

Thanks to the nonnegativity of ¢y and of the parameters B, p, 1 — p, and applying the
maximum principle for transport equations (Cf. [1]), we can show that the functions ¢™
are nonnegative. Taking f = g = 1 and thanks to the nonnegativity of the functions ¢"

and to the boundedness of the coefficients we get
¢
sup (|93 1 < [[dolh + Cs / sup ||, [|1du,
s<t 0 u<s

where the constant C; does not depend on n and can be chosen uniformly on [0,T]. By
Gronwall’s Lemma, we conclude that

supsup |67 [l1 < [|poll1 7. (3.34)
n t<T

Let us now prove the convergence of the sequence ¢" in L>([0,T], L!). A straightforward
computation using (3.33), (3.34), the assumptions on the coefficients and similar arguments
as above yields

t
sup 037 = 62 < o [ (sup ™1 - ol -+ sup ot - 61 ),
s<t 0 u<s u<s

where (Y is a positive constant independent of n and ¢ € [0, T]. It follows from Gronwall’s
Lemma that for each t < T and n,

t
sup [|¢7 — 6711 < C /0 sup |7 — 621 ds.

s<t u<

We conclude that the series ), sup,cp 1 ¢+t —¢2|l1 converges for any T > 0. Therefore

the sequence of functions (¢"),, converges in L>°([0,T], L') to a continuous function ¢ — ¢,
satisfying

sup [|pell1 < [[goll1 e

t<T

Moreover, since the sequence converges in L', the limiting measure ¢ (x,y1, y2)dwdy;dys
is solution of (3.32) and then it is its unique solution. Hence, that implies that for all ¢,

v(de, dy1, dy2) = ¢(x, Y1, y2) dedyrdys.
]

We have thus proved that the nonlinear integro-differential equation (3.21) admits a unique
weak function-valued solution as soon as the initial condition ¢q is a L'-function, without
any additional regularity assumption.

19



3.2 Stationary states under a mean field assumption and without trait
mutation

This part is a first step in the research of stationary states for the deterministic measure-
valued process (v, t > 0) defined above. We firstly remark that equation (3.23), which
determines the evolution of the total number of individuals ¢ — (v, 1), is not closed if
the functions U, B, D or « are not constant, which makes the problem very hard. In
this section we consider the simplest case where the individual ecological parameters B
and D and the cell ecological parameters b; and d; are constant and where the mutation
probability p vanishes. Moreover, we work under the mean field assumption, that is the
competition/selection kernel U is a constant. We consider two different cases corresponding
to different selection rates a.

3.2.1 Case with constant selection rate

Let us assume that the selection rate « is constant. In this case, the mass equation (3.23)
is closed and reduces to the standard logistic equation

(00, 1) = (v0, 1) + /Ot@s, (B~ D) — alUl(v,, 1) ds, (3.35)
whose asymptotical behavior is well known: the mass of any stationary measure v, satisfies
(B — D){veo, 1) = alU (v, 1)%.

Either R := B — D < 0 and there is extinction of the population, that is

lim (v, 1) = (Voo, 1) = 0.

t—+00

Or R > 0 and the mass of the population converges to a non degenerate value

R
li 1) = (Voo, 1) = —. .
dm (v, 1) = (veo, 1) = — (3.36)
Furthermore, the convergence of the mass holds exponentially fast: due to (3.35),
0
— (v — Voo, 1) = —alU (v, 1) {(vy — Voo, 1).
ot
Thus (Ut — Voo, 1) = (Vg — Voo, 1) eoU Jo (vs,1) ds (3.37)

which vanishes exponentially fast.

Assume R > 0 in such a way that the mass of the population does not vanish. In what
follows we will need the following notations:

(v,1) := sup(v, 1) < 400
¢

and

a:=supay(< +o0) where =R —aU(v,1) = —alU(vy — v, 1).
t
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Let us now consider the weak convergence of the measures v; towards the stationary mea-
sure v, which is concentrated on the equilibrium state of the Lotka-Volterra dynamics.
Applying equation (3.20) to any bounded smooth fonction g(y) = g1(y1)g2(y2),

0 0 g

_ 99
En (v,9) = (v, g) + (v, riyn o + 722 8y2>

— (v, /81 ()\11y1 + Ai2y2)y1 + /32 1 (>\21y1 + X22y2) y2)
- at(“tag> <Ut,£g> (338)

where the differential first order operator £ = ¢ - V is the same as in (3.29) but without
dependence on the trait z. Using the flow of Lotka-Volterra equation (see (3.27)), we
represent the mild solution of (3.38) as

(vt, g) :/]R g0 %Y (1) vo(dy) + / as /}R2 g o e¥¥(t) vs(dy) ds. (3.39)

Let us firstly recall the long time behavior of the Lotka-Volterra system (3.27) in case
where the coefficients ¢; don’t depend on z(see Istas [8]).

Lemma 3.7 Any solution of

gtyl ) = wt) (r1— Br(Ayi(t) + Aa2y2(1)))
aatyz(t) = yo(t) (r2 — Ba(A21y1(t) + Aa2y2(t))) (3.40)

with non-zero initial condition in Ri converges fort large to a finite limit, called equilibrium
and denoted by m = (w1, m) € RL\ {(0,0)}. It takes the following values:

1. ™= (617}11 ,0) if a1 — 121 <0 (resp. =0 and ridag — roA12 > 0).
2. m=(0, %) if  T1Ao2 —reA12 <0 (resp. =0 and roAi; —r1A21 >0 ).
3. [f 7’2)\11 — 7"1)\12 >0 and 7”1/\22 — 7'2)\21 >0

_ (Bl)\12(b2 — da) — Padaa(br — di) Bador(br —di) — Sirii(ba — do)
B152(A2A21 — A1 A22) ’ B152(A12A21 — A1 A22)

). (3.41)

Therefore we obtain the following convergence result.

Proposition 3.8 The deterministic measure-valued process vy converges for large time t -
in the weak topology - towards the singular measure concentrated on the equilibrium state
w of the associated Lotka-Volterra dynamics:

lim vy = —9¢
00 t OéU (71'1,71'2)7

where m = (w1, m2) s defined in Lemma 3.7.
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Proof First, the Lotka-Volterra flow ¢©%¥(t) converges for large ¢ towards (77, 72) given
by Lemma 3.7. Since the test function g is continuous and bounded and vy has a finite
mass, Lebesgue’s dominated theorem implies that the first term in the right hand side of
(3.39) converges:

lim | go@"(t) vo(dy) = / limg o V(1) vo(dy) = g, m2) (w0, 1).
R? R}

Secondly, as already seen in (3.37), the mass (v, 1) of the total population converges
exponentially fast to its equilibrium size, that is oy converges exponentially fast to O:

de> 0,3y, Vs>ty as <e <.

Therefore the second term in the right hand side of (3.39) can be disintegrated, for ¢ larger
than tg, in the sum of two integrals over [0, ty] and [to,?]. The control of the integral over
[to, t] is simple:

t
< (v, )supg(y)| [ e “ds
Yy

to

t
/ as / g0 (1) vy(dy) ds
to Ra_

which is as small as one wants, when ¢y is large enough.
On the compact time interval [0,¢o] the following convergence holds:

to to
lim/ Qs / gop®Y(t)vs(dy)ds = / Qs / lim g o p®Y(t) vs(dy) ds
t 0 Ri 0 R?F t

to
= 9(7T1,7T2)/ as/ vs(dy) ds.
0 R%

Therefore for large time ¢ > tg, (vs, g) is as close as one wants to
to
gm.m) (oo, 1) + g(m,ma) [ [ wnldy)ds = glm,mo) (o, 1)
0 R2

For ¢y large enough, this last quantity is close to g(m1,m2) (Voo, 1) = % (01 ,m2)> 9)-
This completes the proof of the weak convergence of the measures v;. O

Remark 3.9 The stationary state is a singular one even if the initial measure vy has a
density: the absolute continuity property of the measure vy is conserved for any finite time
t, but it is lost in infinite time.

Convergence of the number of cells

First we prove the boundedness of the number of cells of each type and the boundedness
of its second moment. To this aim, we compare the multitype dynamics with a dynamics
where the different types do not interact, which corresponds to two independent monotype
systems.

Lemma 3.10 If (vg, 1) + (vo, y?) < 400 then SUP;>q (vt, y?) < +00.
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Proof Let us firstly prove that sup,> (g, y;) < 400.
At time t =0, (vo,¥;) < (vo, 1) + (v, y?) < +00. Moreover, equation (3.24) reads now

0

a@t,yﬁ = (R—aU(vs, 1)) (ve, ys) + (bi — di) (ve, yi) — Bi(Niaoe, 7Y + Nij (ve, i)
< (aw+ b — di) (v, yi) — Bidii(ve, y7)
i Aii
< (o + b —di)(ve, i) — (ﬁ%w@t, yi)?
< (@) oy — D25 (g, )2, (3.42)

(v, 1)
This inequality is a logistic one in the sense of Lemma 3.4. Therefore one deduces that the
number of cells of type ¢ is uniformly bounded in time:

sup(uvg, y;) < +o00, i=1,2.
>0

By (3.20) applied with f =1, g1(y1) = %%, g2 = 1, one obtains

0
§<Ut7y%> = (v, yi) + 2r1 (v, y3) — 261 <)\11<Utay%> + )\12<Ut7y%y2>>

< (o +2r) (v, Y1) — 28101 (vr, U3
1
< (o 4 2r1) (v, y1) — 281 A1 —— (v, 3)

A

<Ut7y1>
1
< (a@+2rm) (v, y?) — 281\ vy, y3)?
( 1)(ve, y1) — 281411 <v’y1>< t Y1)

since
<Ut7 y%>2 < <Uta y%)(”h y1>
This inequality on (v, y?) is of logistic type as (3.42). Lemma 3.4 implies

(v,y%) = sup(vt,y%> < +o0.
>0

The same holds for (v, y3). O

Proposition 3.11 If (vo,y;) < +00 and (vg,y2?) < +00, then the total number of cells of

each type per individual % stabilizes for t large:

lim <Ut7yi>
t—+oo (v, 1)

= ;.

Proof Due to Proposition 3.8, the family of measures (v;); converge weakly towards vec.
Moreover, by Lemma 3.10, the second moments of v; are uniformly bounded. Therefore y;
is uniformly integrable under the family of (v;); which leads to :

li N — li N Ny
Jm vy = (1 v v = (v %)

Let us underline the decorrelation at infinity between cell and individual dynamics.
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3.2.2 Case with linear selection rate

Suppose now that the selection rate o does not depend on the trait « but is linear as
function of the number of cells of each type :

Jai, a0 €]0,1],  a(zr,y1,y2) = a1y + aye = a - y.

With other words the selection increases linearly when the number of cells increases.
The new main difficulty comes from the fact that the mass equation is no more closed :

t
(o, 1) = (v, 1) +/ (05, 1) (R — Ulvs, - 3)) ds, (3.43)
0
which has as (implicit) solution

(01,1 = (v, 1)e~ o (Wl -R)ds (3.44)

For this reason, unfortunately, we did not succeed in proving the convergence in time of
(vg, 1). Nevertheless, we can conjecture some limiting behavior of the process.

Conjecture : The deterministic measure-valued process v; converges for large time ¢
towards the following stationary value

. R
lim v = vy :=

) 3.45
t—+o0 Ulaim + agms) (m1,m2)> ( )

where m = (1, m2) is given in Lemma 3.7.

In this case too, the asymptotic proportions of the cells of different types per individual
would become deterministic and independent.

Some partial answers

e Equation (3.43) implies that any stationary measure vy should satisfy
(Voo 1>(R — U(voo, ¢ - y)) =0.

Then, either (vs,1) = 0, that means the extinction of the individual population

holds, or
B-D R
(Vooy @+ y) = (Voo 1t + 2p) = —-— = = (3.46)
which describes a constraint between the limiting number of the different types of
cells.

e Boundedness of the number of cells.

Lemma 3.12

(vo,yi) < +oo = sup (v, ¥y;) < +oo.
>0
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Proof The number of cells of type i satisfies

0
a(vt, yi) = (n i) (R+71:) — Ulve,yia y)(on, 1) — Bi(Nii{ve, v2) + Nij(ve, yiy;))
< (R—i—n)(vt,yi> — Oin<’Ut,yZ‘>2 (3.47)
which reduces to the monotype case solved in Lemma 3.4. g

Identification of a unique possible non trivial equilibrium.

Applying Equation (3.20) to f = 1, ¢;(y) = e #¥ and letting ¢ tend to infinity, we
remark that the Laplace transform Ly, (z) of any non vanishing stationary state voo
should satisfy

RL o (2) = U{voo, 1) {voo, (- y)e~*Y)

2
— Z 2 (Ti<v007 yie *Y) — Bi(Nii(voo, Yie YY) 4+ Aij (Voo yiyjefz'y») =0
i—1

OL 0L

= RL UL (0 >
co + ULoo(0)(en 021 o 07z )
2
OLoo 9L & Loo
e B N i ) =0 3.48
* ; (s on T ABNT + Aig o) (3.48)
with usual boundary conditions
OL
LOO(O) = <U0071>7 800(0) :_<Uc>07yi>'
%
The unique non trivial solution of this p.d.e. is
Loo(2) = (voo, 1) €777,
where (vso, 1) = aq% and where 7;, the equilibrium proportion of cells of type ¢ in

the global population, has to be equal to the equilibrium proportion given in Lemma
3.7 T =m.

Local stability of the non trivial equilibrium voo := % (1 ,m2)
Although we cannot control the convergence of (v, 1) to a positive number, we can
analyze the stability of the nontrivial stationary state vy, in the following sense.

Stability of the mass around its positive stationary value %

Let start with vy = veo +€d(¢, ¢,), Where € is small and ((1,(2) € Ri. From the mass
equation (3.43) one obtains for ¢ small :

(i(vt,l) = (Ut,1>(R—U<vt,a~y))
~ (v, 1) +€)(R = Uvao, - y) —eU - ()
o~ —aa%'fr +o(¢)



This quantity is negative for small £, which implies the stability of the mass around
its positive stationary value.

Stability of the number of cells of each type around its limit value if max(ry,r2) < R
We prove it only for the type 1. From (3.24) we get an expansion in € of the variation
of the global number of cells of type 1 for small time :

£<Ut,y1> = (e, 1) (R+r1) — U, yr o y) (o, 1) — By (An(ve, y3) + M2 {ve, y192)

ot
= (<v007 y1> + E:Cl) (R + Tl) - U(<v007 Yy a - y> + €C1 Q- C)((vOO7 1> + E)
—B1 (M1 {voe, Y1) + A12{Voo, y142)) — eB1(A1CT + M2Cilo)

- e((R )G = Ulvses g o y) — U - Clvse, 1) — Br(Aa¢2 + Auclcz)) + o(e)
= Pi(¢1,8) +o(e)

where P (y1,y2) < Py(y1) for all yo > 0, with
Pl(X) = —(Ua1<voo, 1> + Bl)\n)XZ + (R + ’I“l)X — UO(17T%<UOO, 1>

As second degree polynomial Pj is negative if its discriminant is non positive. This
condition is fulfilled when

(R + 7‘1)2 — 4UO£17T%<UOO, 1> (Ua1 <Uo<>7 1> + ,81)\11) < 0.
It is true as soon as
(R+71)?—4R* <0< 7 <R.

Thus if max(ry,re) < R, the number of cells of each type is stable around its limiting
value.

4 Diffusion and superprocess approximations

As in the above section we introduce the renormalization k = (K, K1, K2) both for in-
dividuals and for cells. Moreover we introduce an acceleration of individual births and
deaths with a factor K (and a mutation kernel My with amplitude of order K2 ) and
an acceleration of cell births and deaths with a factor K (resp. Kb).

We summarize below the assumptions we need on the model and which will be considered
in all this section.
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Assumptions (H3):
1) There exist continuous functions I'y B, D, on X x Ry x Ry such that

ny n2 ny n»2
B = K'"T(x, —, —) + B(x, —, —);
H('ranlvn?) ($, K1>K2)+ (337 Kl’ K2)7
ny n9 ny n2
D = K'"T'(x, —, —) + D(z, —, —);
H($7n17n2) (:E7 Kl’ KQ) + (:L" Kl’ K2)’
n n
an($7n17n2) = Oé(:L’, K117 K22) (449)

The function T is assumed to be bounded and B, D, « satisfy Assumptions (H1).
2) As before, the competition kernel satisfies

where U is a continuous function which satisfies Assumption (H1).

3) The mutation law z — Mg (z, z) is a centered probability density on X —x. Its covariance
o(z)
Kn

2
matrix is 1d, where o is a continuous function. We also assume that

lim K" sup/ |2|> My (2, 2)dz = 0.
K—o0 T

The parameter p, stays unchanged: p.(z) = p(x) .
4) At the cell level, we introduce Lipschitz continuous functions b;, d; on X and a continuous
function v such that

di(z) = Kiv(x) +di(z), i=1,2. (4.50)

The interaction between the cells is rescaled according on their type :
X = 20 ,j €{1,2 4.51
] T ?j’ (23S { ) } ( . )

The other parameters stay unchanged: B1, = B1, B2y = Bo2.
5) Ellipticity: The functions p, o, v and I are lower bounded by positive constants and

o/pl' and \/y are Lipschitz continuous.

As in the section 3, we define the measure-valued Markov process (Zf);>0 as

| 10
K __ . .
Zi =5 Zé(;{ N0 N0
=1

L0, et T2n D)

We may summarize as in Proposition 3.1 the moment and martingale properties of Z*.
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Proposition 4.1 Assume that for some p > 3, E((ZF, 1)P + (ZF,y? + y3)) < +o0o. Then

(1) ForanyT >0, E (supte[O’TKZf, 1)3 + supyepo, 7141 £yt + y2>> < +o0.

(2) For any measurable bounded functions f, g1, g2, the process

M9 = (ZF, fa190) — (Z5, fo192)

A (B~ D) — et U 25 S n)aaten)
X xR3

+p(fﬂ)(K”F(fﬂay1,y2)+B(fv,y1,y2))/(f(w+2)—f(fv))gl(m)gz(yQ)MK(:mZ)dz

+ f(2) (g1 (y1 + i) —g1(y1))g2(y2) (K1v(2) + bi(z)) Kiya

K,
+F@0 ) (92002 + 70) — 92()) (Kar(@) + ba(a) Kope
+ f(@)(g1(y1 — [;) — g1(1)) 92(y2) (K1y(2) + di(z) + Bi(z)(y1 M1 + y2hi2)) K1yt

+ f(@)g1(y1) (g2(y1 — ;2) — 92(y2)) (Koy(x) + da(x) + Ba(z) (Y1 d21 + y2A22)) K2y2}

Z5(dz, dyy, dys) ds (4.52)
is a cadlag square integrable (Fi)i>o0-martingale with quadratic variation
_ 1 [t
(M1, = K/ / {<2K" L'(z,y1,92) + B(@, y1,92)
X xR?

+ D(, 1) + al@,yipe) U x ZE @,y 02) ) £2@)gk )93 (02)
2

+p(@) (KT (2, y1,y2) + B(, y1,92)) /(f(x +2) = f(2)) Mg (x, 2)dz g7 (y1) g5 (y2)

L) (010t —) — ) Bu2) (FKir(e) + bi(@) Kuw

K
+£2(0) GH0n) (ol + 7) — ) (Ko (o) + bale) Ko
+ (@) (q1(y1 — [;) —g1(m))? g3 (y2) (KW(CU) + di(z) + B1(x) (y1 A1 + y2>\12)>K1y1

+ f2(2) gt () (92(y2 — I;) - 92(y2))2 (Kw(x) + da(z) + Ba2(x) (y1A21 + y2>\22))K2y2}

Z5(dx,dyy, dys) ds. (4.53)

We assume that the sequence of initial conditions Zf§ converges in law to some finite
measure (y. Let us study the limiting behavior of the processes Z” as k tends to infinity.
It depends on the value of 1 and leads to two different convergence results.

As before we denote by 7; the rate b; — d;.
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Theorem 4.2 Assume (H3) andn €]0, 1[; suppose that the initial conditions Z§ € Mp(X x
R?) satisfies sup, E({Zf,1)3) < 4o00. If further, the sequence of measures (Z{), converges
in law to a finite deterministic measure wy, then the sequence of processes (Zf)o<t<T con-
verges in law in the Skorohod space D([0,T), Mp(X x R2)), as k goes to infinity, to the
unique (deterministic) flow of functions w € C([0,T],L}(X x R%)) weak solution of

0

awt = (B —D—-aUsx* wt)wt + A\, (p02 Fwt) + Ay(ywy) — Vy - (cwy). (4.54)

Remark 4.3 One obtains the existence and uniqueness of function-valued solutions of
(4.54) even if the initial measure wy is a degenerate one without density.

Proof  The proof follows the same steps as the one of Theorem 3.2 except that the
mutation term will lead to a Laplacian term in f since the mutation kernel is centered and
the mutation steps converge to 0 in the appropriate scale. We first obtain the tightness of
the sequence (Z%) and the fact that each subsequence converges to a measure-valued flow
w € C([0,T], Mp(X x R2)) satisfying for bounded C?-functions f, g1, g,

t
(we, fg192) = <w07f9192>+/0 /X " {(B(%yhyz)

— D@, y,p2) — alw 1, y0) U x wula, ) ) F@)g ()92 ()
+ p(z)o? (2)T (2, y1,y2) A f(2) g1(y1)g2(y2)
+ f(2)Vg1(y1)g2(y2) (Tl(ﬂc) — Br(x)(y1 A1 + ?/2)\12)) Y1

+ f(2)g1(y1)Vg2(y2) (7“2(95) — Ba(x)(y1A21 + yz)\zz)) Yo

+ f(2)y(2) (Dg1(y1)g2(y2) + 91(y1) A g2(y2)) }ws(dw, dy1,y2) ds. (4.55)

We can also apply w; to smooth time-dependent test functions h(t, x,y) defined on Ry X
X x R%Z . That will add a term of the form (dsh, w,) in (4.55).

Let us now sketch the uniqueness argument. Thanks to the Lipschitz continuity and
ellipticity assumption (H3), the semigroup associated with the infinitesimal generator

A=pa’T Ny +y Dy +c- v,

admits at each time ¢ > 0 a smooth density denoted by ¥™¥(t,-,-) on X x Ri. That is,
for any bounded continuous function G on X x Ri, the function

G(t,z,y) = /W’y(t, 2y )Gy )da' dy’

satisfies 5
aG = AG; G(0,-,)=G.
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Thus (4.55) applied to the test function (s,z,y) — G(t — s,z,y) leads to the mild
equation: for any continuous and bounded function G,

t
<wt,G>—<w0,G(t,-))—|—/ (ws, (B — D — all  w)Ci(t — s,-)) ds
0
_ / G,y / Gty Yo (da, dy) da'dyf
X xR? A xR2

t
+ / G(m',y')/ / (B — D —aU * ws)(x,y) PPV (t — s, 2’y Yws(dx, dy) ds dx'dy’.
0
(4.56)

It is simple to deduce from this representation the uniqueness of the measure-valued solu-
tions of (4.55). Moreover, by Fubini’s theorem and (H3) and since sup;<p(wy, 1) < 400,
one observes that

(w, G) = / G2,y ) Hy (2, )dx'dy
X xR2

with H € L>([0, T], L' (X x R2)). Thus for any ¢ < T, the finite measure w; is absolutely
continuous with respect to the Lebesgue’s measure and the solution of (4.55) is indeed a
function for any positive time. O

If n = 1 the limiting process of Z" is no more deterministic but is a random superprocess
with values in C([0, T], Mp(X x R2)).

Theorem 4.4 Assume (H3) and n = 1. Assume moreover that the initial conditions
Zl € Mp(X x R%) satisfy sup, E((Z§,1)%) < +oo. If they converge in law as k tends
to infinity to a finite deterministic measure o, then the sequence of processes (Zf)o<i<T
converges in law in the Skorohod space D([0,T], Mp(X x R%)), as k goes to infinity, to the

continuous measure-valued semimartingale ¢ € C([0,T], Mp(X X Ri)) satisfying for any
bounded smooth functions f, g1, go:

M{? = (G, fo192) — (Cos Far92)
/ /X 2 { (x,y1,y2) — D(z,y1,92) — a(x,y1,y2) U * Cs(xay17y2))f($)gl(yl)92(y2)

+ p(x)o* (2)T(z,y1,y2) A f(2)g1(y1)92(y2)
+ f(2)Vg1(y1)g2(y2) (7'1($) = Bu(z)(y1 A1 + 3/2)\12)> Y1

+ f(2)91(y1)Vg2(y2) (7“2(93) — B2(2)(y1A21 + y2)\22)) Y2

+ f(@)v(x) (Ag1(y1)g2(y2) + 91 (y1) A g2(y2)) }Cs(dw, dy1,dyz) ds (4.57)

is a continuous square integrable (Fi)i>o-martingale with quadratic variation

t
e = [ [ 2T Plgt g m)G de dp.di) ds. (359
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Proof The convergence is obtained by a compactness-uniqueness argument. The uniform
tightness of the laws and the identification of the limiting values can be adapted from [7]
with some careful moment estimates and an additional drift term as in the proof of Theorem
3.2.

The uniqueness can be deduced from the one with B = D = a = 0 by using the Dawson-
Girsanov transform for measure-valued processes (cf. Theorem 2.3 in [5]), as soon as the
ellipticity assumption for I' is satisfied. Indeed,

t 2
E (/ / (B('TvylayQ) - D(%Z/b%) - 04(%1/173/2) U * CS($ay17y2)> Cs(dx7dy1ady2)d8> < +o0,
0 JXxRL

which allows us to use this transform.

In the case B = D = a = 0 the proof of uniqueness can be adapted from the general results
of Fitzsimmons, see [6] Corollary 2.23: the Laplace transform of the process is uniquely
identified using the extension of the martingale problem (4.57) to test functions depending
smoothly on the time like (s, z,y1,y2) — Yi—sf(x,y1,y2) for bounded functions f (see [6]
Proposition 2.13).

O
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