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Abstract

We establish existence of compact minimizers of the prescribed mean curvature prob-
lem with volume constraint in periodic media. As a consequence, we construct com-
pact approximate solutions to the prescribed mean curvature equation. We also show
convergence after rescaling of the volume-constrained minimizers towards a suitable
Wulff Shape, when the volume tends to infinity.

1 Introduction

In recent years, a lot of attention has been drawn towards the problem of constructing
surfaces with prescribed mean curvature. More precisely, given an assigned function
g:R?Y — R, the problem is finding a hypersurface having mean curvature s satisfying

K=g. (1)

To our knowledge, this problem was first posed by S.T. Yau in [23], under the additional
constraint of the hypersurface being diffeomorphic to a sphere, and a solution was provided
in |20, 12] when the function g satisfies suitable decay conditions at infinity, namely that
it decays faster than the mean curvature of concentric spheres. Another approach was
presented in [2, 11], by means of conformal parametrizations and a clever use of the
mountain pass lemma. A serious limitation of this method is the impossibility to extend
it to dimension higher than three, due to the lack of a good equivalent of a conformal
parametrization.

Motivated by some homogenization problems in front propagation [15|, in this paper
we look for solutions to (1) without any topological constraint but with a periodic function
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g, so that in particular, it does not decay to zero at infinity. A natural idea is to look for
critical points of the prescribed curvature functional

F(B) = P(B) - [ gda.

as it is well-known that such critical points solve (1), whenever they are smooth [10].
Observe that, in general, it is not possible to construct solutions of (1) by a direct mini-
mization of the functional F', because such minimizers may not exist or be empty.

The first result in this setting was obtained by Caffarelli and de la Llave in [5] (see
also |7]) where the authors construct planelike solutions of (1) under the assumption that
g is small and has zero average, by minimizing F' among sets with boundary contained
in a given strip, and then show that the constraint does not affect the curvature of the
solution.

Here we are rather interested in compact solutions of (1). This problem seems difficult
in this generality and only some preliminary results, in the two-dimensional case are
presently available [13]. However, the following perturbative result has been proved in
[15]: given a periodic function g with zero average and small L>-norm and ¢ arbitrarily
small, there exists a compact solution of

R = ge

where ||g- — g||;1 < e. Since the L'-norm does not seem very well suited for this problem,
a natural question raised in [15] was whether the same result holds when the L'-norm is
replaced by the L®-norm.

In this paper we answer this question. More precisely, we prove the following result
(see Theorem 4.4): let g be a periodic Hélder continuous function with zero average and
such that

[otr<a-nPEQ  vECQ )

E

for some A > 0. Then for every € > 0 there exist 0 < ¢/ < & and a compact solution of
K=g+e. (3)

We observe that (2) is the same assumption made in [7] in order to prove existence of
planelike minimizers.

We construct approximate solutions of (3) as volume constrained minimizers of F for
big volumes. This motivates the study of the isovolumetric function f : [0,4+00) — R
defined as

f(v) = min F(E). 4)



As a by-product of our analysis, we are able to characterize the asymptotic shape of
minimizers as the volume tends to infinity, showing that they converge after appropriate
rescaling to the Wulff Shape (i.e. the solution of the isoperimetric problem) relative to
an anisotropy ¢, depending on g. We mention that, in the small volume regime, the
contribution of g becomes irrelevant and the minimizers converge to standard spheres
(see [9] and references therein).

The plan of the paper is the following: in Section 2 we show existence of compact
minimizers of (4). In Section 3 we prove that the function f is locally Lipschitz continuous
and link its derivative to the curvature of the minimizers. We also provide an example of
a function f which is not differentiable everywhere. Let us notice that in these first two
parts no assumption is made on the average of g or on its size. In Section 4 we use the
isovolumetric function to find solutions of (3). Eventually, in Section 4.1 we investigate
the behavior of the constrained minimizers of (4) as the volume goes to infinity.

Notation and general assumptions. We shall assume that g is a C%“ periodic func-
tion, with periodicity cell @ = [0,1]%. For simplicity, we shall also suppose that the
dimension of the ambient space is smaller or equal to 7, so that quasi-minimizers of the
perimeter have boundary of class C*“ [10]. For a set of finite perimeter we denote by
P(F) its perimeter and by 0*FE its reduced boundary (see [10] for precise definitions). We
take as a convention that the mean curvature (which we define as the sum of all principal
curvatures) of a convex set is positive. If v is the outward normal to a set, this amounts
to say that the mean curvature x is equal to div(v).

Acknowledgements. The authors would like to thank Antonin Chambolle for very
helpful comments and suggestions. The first author wish to thank Gilles Thouroude for
several discussions on this problem.

2 Existence of minimizers

In this section we prove existence of compact volume-constrained minimizers of F', by
showing that the problem is equivalent to the unconstrained problem

min F,(F) = min P(F) / gdx+u‘|E| — |, (5)
E

ECR4 ECR4

for u > 0 large enough. We start by studying (5), showing existence of smooth compact
minimizers. We then show that there exists pg such that, for p > pg, every compact
minimizer of F, has volume v. In particular, this will provide existence of minimizers of
(4), since f(v) < mbin F,(E) for every pu > 0.



Denoting by Qg the cube [~R/2, R/2]? of sidelength R, we consider the spatially
constrained problem
min F,(F). 6
Jmin Fy (E) (©
Having restrained our problem to a bounded domain, we gain compactness of minimizing
sequences and thus existence of minimizers for (6) by the direct method [10]. We want to
show that these minimizers do not depend on R for R big enough. In order to do so, we
need density estimates as [5].

Proposition 2.1. There exist two constants C(d) and v depending only on the dimension

C(d)

d such that, if we set ro(p) = ————
- lglloo

J:ERd,

, then for every minimizer E of (6) and every

o |ENB, ()| > ~r? for every r < rq if |B,(x) N E| >0 for any r >0,
o |B.(x)\E| > ~yr? for every v < rqg if |Br(x)\E| > 0 for any r > 0.

Proof. Let x € 0*F then by minimality of F we have

)

P(E) —/ gdi + ||| — v| < P(E\B,(z)) —/ gde + || E\By(z)| — v
E E\B,(z)

hence
P(E) < /E . gdx + P(E\B;) —i—,uHE\ — \E\BTH
NB;

_ / gdz + P(E\B,) + ulE N B,|
ENB;

<|1ENBr(llgllec + 1) + P(E\B).

On the other hand we have
P(E)=H*Y9*ENB,) + H"Y(8*E N BY)
and
P(E\B,) = H"Y(ENdB,) + H (8" E N BY)

From these inequalities we get

HHO'ENB:) < HTHENB,) + (llglloe + w)|E N Byl



Letting U(r) = |E N B,| and using the isoperimetric inequality [10], we have
(d)U(r)T < P(ENB,)
=H"Y9*ENB,) + (0B, N E)
< 2HN OB, NE) + (|lgllee + U (r).
Recalling that H* (0B, N E) = U'(r) for a.e. 7 > 0, we find

o(d)U ()T <207 (r) + (lglloo + @)U (r). (7)

The idea is that, when U is small, the term U ‘7" dominates the term which is linear
in U so that we can get ride of it. Letting wy be the volume of the unit ball and r <

_1
w, & , we then have
d 2(

f+ llglloo)
d
U(r) < |By| = wgr? < (C(d))> .

2(p+ llglloo
Elevating each side of the inequality to the power —é and multiplying by U we get
a1 2(p+ 19lloo)
U > ———U
(T) d —_ C(d)

and from this (@)

c d—1

B0 T~ (u+ gl > 0

thus finally

AU T~ (ut gl > WS,

1
Putting this back in (7) and letting C(d) = ¢(d)w, * /2 we have

@ r % ! r r 40(61)
g VT =T s gy
If we set V(r) = U%(T) we have
Vi) = 10U () > Cid)

Integrating we get
d d)\*
Vir) > Cid)r hence U(r) > (C( )> rd

The second inequality is obtained by repeating the argument with E'U B, (x) instead
of E\B;(x). O



We now estimate the error made by relaxing the constraint on the volume.

Lemma 2.2. For every set of finite perimeter E and every p > ||gllco we have

Fu(E) + vllglloo

El— <
1B = ol < =5

Proof. If |E| > v we have

&@mzpﬁn—ég+uww—w

thus
p(|E| —v) < Fu(E) + [|g]lc | £

and from this we find
(1= lglls) (|1 E] = v) < Fu(E) + v[|gloo-
Dividing by p — ||g|lcc we get

F.(E) 4+ vllglleo
=119l

[1E] = v| <

If |E| < v we similarly get

(1 + [lglloc) (| E| = v) < Fu(E) + v|glco
hence
_ FuB) +vlgllos _ Fu(E) +vllglloe

|E| —v| < <
4119l =119l

O]

We now prove that the minimizers do not depend on R, for R big enough. Here the
periodicity of g is crucial.

Proposition 2.3. For every p > ||g|lo, there exists Ro(u) such that for every R > Ry,
there exists a minimizer Er of (6) verifying diam(ER) < Ry. Equivalently we have

min F,(F)= min F,(F
min Fu(E) = min F,(B)

for all R > Ry.



Proof. Let @ be the unit square and

N =1#{zeZ’/|{z+Q} N Eg| # 0}

We want to bound N from above by a constant independent of R.
Let ro = as in Proposition 2.1. For all © € Er we have

C(d)
ptglloo
|Eg N B, (x)| > ~yr? Vr <.
Letting r1 = min(rg, 3), for all = € R? we have

H{z €2/ {z+Q} N B, (z) # 0} < 2%

We can now find at least N/2¢ points x; in Eg such that By, (z;) N By, (z;) = 0 for every
i # j and such that x; € Q + z with [{z; + Q} N Eg| # 0.
We thus have N
|Er| > |Br (x:) N Eg| > ﬁ’ﬂ”f
i
This gives us
27| Ep|
yr{

Letting BY be a ball of volume v, by Lemma 2.2 we have

F,(BY
“ER|*U’§ #( )+UHQHOO

N <

p =119l
d-1
c(d)v T +2v|gl
© = lglls

This shows that e
(d)v T + 20[|goo

=gl
so that N is bounded by a constant independent of R.

We now prove that diam(Fr) < C(d)N. Indeed let © € Er and let Py = [0, 1] X
[—R/2,R/2]%! be a slice of Qg orthogonal to the direction e;. For i € Z we also set
P; = Py+1iej. Our aim is showing that ER is contained in a box of size N in the direction
e1. Up to translation we can suppose that Egr N P; = ) for all 7 < 0. We want to show
that we can choose Er C U P

0<i<N
Let I < R be the least integer such that Er C U P; and suppose I > N. Because of
0<i<I
the definition of N, there is at most N slices P; such that P,NER # 0. Hence there exists

IERISU+C
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Figure 1: the construction in the proof of Proposition 2.3.

i between 0 and N — 1 such that P,NEg = 0. Let B = | | ErNP; and E; = | | ErN P,
j>i j<i
then if we set Ep = E; U{E] — e} we have FH(ER) = F,(ER) and Ep C Uo<i<r—1 Pi
giving a contradiction (see Figure 1). o
The same argument applies to any orthonormal direction e, hence Er C Qan. O

We now prove existence of minimizers for F,.

Proposition 2.4. For j1 > ||g||e, there exists a bounded minimizer of F,. Moreover such
minimizer has boundary of class C>%, where o is the Holder exponent of the function g.

Proof. By Proposition 2.3 there exists Ry such that Er C Bp, for every R > 0. Suppose



now that there exists ' with F,(E) < F,,(ER,). Then there exists € > 0 such that
Fu(E) + = < Fu(En,).
Let us show that there exists R > Ry such that

€
FM(EQ BR) + 5 < FM(ERO)'

We start by noticing that |F N Br| tends to |E| and that /

gdx tends to / gdz
ENBgr E

when R — 4-00. On the other hand,
P(EN Bg) = H"YENOBR) +HY*E N Bg)

and we have
li ~1(9*ENBg)=P(E
Wl PO BN Br) = P(E)
and

R
lim HYIYENOB,)ds = lim |ENBg|=|E|
R—+o00 Jg R—+o00

The last equality shows that H'(E N dBg) is integrable so that, for every R > 0, there
exists R’ > R such that H?"1(E N 0Bg) is arbitrarily small. This implies that we can
find a R large enough so that
€
F.(ENBg) + 5 < F,(ER,)-

The minimality of E'r, yields to a contradiction.

We now focus on the regularity. Let E be a minimizer of F}, then for every G,

P(E)—/ngda:+u‘|E|—v‘ gP(G)—/ngJ:—F,uHG|—v‘
Hence

P(E) < P(G) + |lgllc| EAG| + p||E| — |G|
< P(G) + (lgllc + 1) EAG]

E is thus a quasi-minimizer of the perimeter so that, by classical regularity theory [10],
we get that OF is of class C*“. O



Before stating the equivalence between the constrained and unconstrained problems,
we prove a generalization of the Alexandrov-Fenchel inequality (see Schneider [16]) for
smooth non convex sets which will be useful for us and, we believe, is of independent
interest.

Lemma 2.5. Let E C R? be a compact set with C* boundary, then
d—1

——PE)?>|E| | kdH (8)
d oF

1
Proof. Let o(t) = ‘(1 —t)FE + tB‘ ¢ which is concave by the Brunn-Minkowski inequality
[4]. If we set

P(t) = |E + tB]

We have .
ot) = -0 (1)

We can now compute ¢”(0). The first derivative of ¢ is given by

1—d

¢'t) =y <1it>; + d(ll—t)d/ <1it>w (1it>d

Differentiating again we find

UG —1t)3¢” (1it> v (1;)? " d(lliclf)?’u/2 (1it> v <1t—t> d

This gives

¢'(0) = MO (w00 - )

As F is smooth, for ¢ small we have
E+tB=FEU{x+sv(x)/xze€dE,secl0,t]}

thus
2

t
|E +tB| = |E| +tP(E) + 2/ kdHTY 4 o(t?)
(o))
This shows that 1/(0) = P(E) and ¢"(0) = / kdHP! giving the desired result. O
oFE

10



We are finally in position to prove existence of minimizers of problem (4).
Theorem 2.6. For all v > 0 there exists a compact minimizer E, of (4), with OE, of

class C>*. Moreover, E, is also a minimizer of E, for all

12 Cr(d)]glloo + Cald)o (9)
where C1(d) and Co(d) are two positive constants depending only on d.

Proof. Letting E,, be a bounded and smooth minimizer of F},, given by the Proposition
2.4, We will show that |E,| = v, for p large enough. Let p be larger than ||g|le and
suppose by contradiction |E,| # v. Then, if |E,| > v, the Euler-Lagrange equation for
F,, writes
KE, =9 —H
where rg, is the mean curvature of E,. But this is impossible since p > [|g||oo, which
would lead to kg, < 0, contradicting the compactness of E,.
Thus for p1 > ||g||s, we have |E,| < v and

KE, = g+ H.

Using the inequality (8) with £ = E,, we get

d
W(Ep) > 5 (1= 9l Bl = llglocl By

d v
2 7= lgllo)5 = llgllov-

On the other hand, F},(E,) < F,(B"), where B" is a ball of volume v, so that

d—1 v d v
Cld)o T +lgllocv = Fu(B") = o= (1 = llglleo) 5 = llgllcv

and we finally obtain
1
p < Cr(d)]glloo + Cad)v™a.

Remark 2.7. The minimizer E, satisfies the Euler-Lagrange equation
KE = g+ Ay with [y < p,

where  verifies (9). In particular, A, and thus also ||kEg||ec are uniformly bounded in v,
for v € [g,4+00).

The regularity of OE, also follows from the works of Rigot [17] and Xia [22] on quasi-
minimizers of the perimeter with a volume constraint.

11



3 Properties of the isovolumetric function

We show here some of the properties of the isovolumetric f defined by (4).

Proposition 3.1. The function f is sub-additive and locally Lipschitz continuous. Let v
be a point of differentiability of f and E, be a minimizer of (4) then f'(v) = X\, where
Ay 18 the Lagrange multiplier associated to By, that is, kg, = ¢ + A\y. As a consequence,
Ay 18 unique for almost every v > 0, in the sense that it does not depend on the specific
minimizer B, .

Proof. Let E, and E,s be compact minimizers associated to v and v'. Up to a translation
we can suppose that F(E, U E,) = F(E,) + F(E,), so that

fo+1') < F(BE,UEy) = F(Ey) + F(Ey) = f(v) + f(V)

and f is sub-additive.

By Theorem 2.6, for every a > 0 there exists po such that, for every v > «, the
constrained problem (4) and the relaxed one (5) are equivalent for p > po. Let v,0" €
[, +00), then

f(v) = F(E,) < P(Ey) - [E gdz + pav — | = F(©') + pralv — /|

thus | f(v) — f(v")] < palv — 0| and f is Lipschitz continuous on [a, +00).
We now compute the derivative of f. For v,e > 0 we have

flo+e) = f(v) < F(1+¢/v)iE,) — F(E,)

Let 6. = (1 —i—&?/v)% —1; then (1 —1—6/1))5EU = B, + 0. E,. Recalling that kg, = g+ A\, we
get

P((1+0.)E,) = P(Ey) + 55/ K, @ - vdHT 4 o(02)
OF,

= P(Ey) + 0 g(z)z - vdHIt 46, Ao - v dHE + 0(5.)
OE, OB,

= P(E,) + 6. g(z)z - vdHI + 6. \pd| Ey| + 0(6.)
o

/ g= / gdz + 65/ g(z)x - vdH*! + 0(d¢).
(1+§E)E1) v oK,

12



From this we obtain
F((1+¢/v)iB,) — F(By) = 5vd), + o(82).

As §. = ¢/(vd) + o(e), we find

i sup flo+e) = f(v) <,
e—0+ €

lim inf fote) = fv) > Ay
e—0~ e

In particular, if f is differentiable in v we have

() =X

In fact, the isovolumetric function f is slightly more regular.

Proposition 3.2. Let A\ and ™™ be respectively the bigger and the smaller Lagrange
multipliers associated with v then f has left and right derivatives in v and

lim f(v+h)_f(v) :)\gnn < )\glaxz lim f(U+h)—f(U)
h—0+ h h—0— h

(10)

The proof is based on the following lemma:

Lemma 3.3. Let vy, be a sequence converging tov. Then there exist sets B, with |E,| = vy
and

f(on) = F(En),
and a set E with |E| =v and
flv) = F(E),

such that, up to extraction, E, tends to E in the L'-topology, OE, tends to OF in the
Hausdorff sense, and A\, tends to X\, where A, (resp. \) is the Lagrange multiplier corre-
sponding to E,, (resp. to E).

Proof. By Theorem 2.6, we can find minimizers E, of (4), with |E,| = v,. Moreover,
by Proposition 2.3 we can assume that E, C Br with R independent of n. Since P(E,)
is uniformly bounded from above, it then follows that there exists a (not relabelled)
subsequence of E,, converging in the L'-topology to a set E C Bg with volume v = lirrln Up-

Moreover, by the lower-semi-continuity of the perimeter and the continuity of f, the set
E verifies



Let us now prove that the convergence also occurs in the sense of Hausdorff.
Let € > 0 be fixed and let x € EN{y /d(y,0F) >¢}. If x is not in E, then by
Proposition 2.1 we have
|[EnAE| > [Be(z)\Ep| > '75d

This is impossible if n is big enough because |E,AFE| tends to zero. Similarly, we can
show that for n big enough, all the points of E°N {y / d(y,0F) > ¢} are outside E,.
This shows that 0F,, C {y / d(y,0F) < e}. Inverting the roles of E, and E, the same
argument proves that 0F C {y / d(y,0FE,) < e} giving the Hausdorfl convergence of 0E,,
to OF. Now if A\, is the Lagrange multiplier associated with E,, it is uniformly bounded
and we can extract a converging subsequence which converges to some A € R.

To conclude the proof we must show that kg = g + A. As proved for instance in [18],
for every x € OF there exists 7 > 0 such that for n large enough the set B,(z) N 0E,
is the graph of a function ¢,, and the set B,(x) N JE is the graph of a function ¢, in a
suitable coordinate system. We then have that ¢, tends uniformly to ¢, as n — 400, and

—div (%) = g(x, on(x)) + Ay (11)

for all n big enough. By elliptic regularity [6], we can pass to the limit in (11) and obtain

that ¢ solves
. Ve
—div | ———= | = kg = g(z,p(x)) + \.

V14 |Vel?

O
Proof of Proposition 8.2. Let v > 0 and let
A = liminf f’ 12
iminf f'(v +¢) (12)
Notice that, for every € > 0, there exists a v. €]v,v + ¢[ such that
v+e)—fv
Fo) < L3I0, (13)

3

From (13) we get
A < liminf Jvte) - f(v)
e—0+ €

Let €, be a sequence realizing the infimum in (12) and let E,, C Bg be a set of volume
Vp = U + €, such that
f(on) = F(En).

14



By Lemma 3.3 the sets E, converge, up to a subsequence in the L'-topology, to a limit
set B, with |E| = v and kg = g + A\, where A\ = lim \,,. Reasoning as in Proposition 3.1,
n

liminf LU = FO) oy o Jimn sup flote) = fv)
e—0+ & e—0+ &

we see that

hence f admits a right derivative which is equal to A7, Analogously one can show that
f has a left derivative equal to AJ***. O
Notice that (10) implies that f is differentiable at any local minimum so that, if
equation (1) has no solution, either f is increasing on [0, +00), or there exists 7 > 0 such
that f is increasing on [0, 7], decreasing on [U, +00), and is not differentiable at ©.
We now give an example of a isovolumetric function f which has a point of nondiffer-
entiability. It is not clear to which extent this is a generic phenomenon.

Example. Consider a periodic function g which is equal to 0 everywhere in the unit cell
@, except in the neighborhood of two points a and b. Around these points, g is taken to
be equal to radial parabolas centered at the point, one parabola high and thin, and the
other small and large (see Figure 2).

It is shown in [9] that, when the volume v is sufficiently small, the minimizer E, is
connected. Since the bound on v depends only on [|g||so, which can be fixed as small as
we want, we can suppose that the minimizers F, are connected and are located near a or
b.

By the isoperimetric inequality [10] we then get that E, is a disk with volume v
centered at a or b, and will be denoted by D,(a), D,(b), respectively.

Therefore, for small volumes the global minimizer is D, (a) and, once the equality

Joi®= o
Dy(a) o)

is attained, it switches to the disk D, (b). When this transition occurs, there is a jump
singularity of the derivative f’.

4 Existence of surfaces with prescribed mean curvature

In this section we shall assume that g has zero average and satisfies
[o<a-nPEQ  VECQ (14)
E

for some A > 0. Notice that (14) is always satisfied if ||g||ze() is small enough, and
is precisely the assumption needed in [7] (see also [5]) to prove existence of planelike

15



Figure 2: example of a function f with a point of nondifferentiability.

minimizers of F. Notice also that, if g satisfies (14), then the inequality in (14) holds for
all sets E C R? of finite perimeter. In particular, this implies the following estimate on
the function f:

cv'T < flv) < Co'T for some 0 < ¢ < C. (15)

In the sequel we will need a representation result for the functional F', due to Bourgain
and Brezis [3].

Theorem 4.1. Let g be a function verifying (14) then there exists a periodic and contin-
uous function o with max o(x) < 1 satisfying divo = g. The energy F' can thus be written
as an anisotropic perimeter:

F(E)= /a*E (14+o0(z)- v)

Theorem 4.1 implies that

AP(E) < F(E) < 2P(E) (16)

for all sets E of finite perimeter.

16



The next Lemma gives an upper bound on the number of “large” connected components
of a volume-constrained minimizer.

Lemma 4.2. Let g be a periodic CO function with zero average and satisfying (14). Let
E, be a compact minimizer of (4), and let E; be the connected components of E,. We can
order the sets E; in such a way that |E;| is decreasing in i. Given 6 > 0 let

(98]

i |Ej| < dv. (17)

i=Nj

N5 =

Then

Proof. Let x; = € [0,1]. Recalling (15), we have

o0 (@) d
T Zx Z (|Ei|) = )ch%v

| Ei
v

hence - -
-1
Zwid §; and inzl.
=1 =1
Let now M be the smallest integer such that
(0.0
Z x; < 6,
i=M+1
we want to prove that M < Nj. Indeed, we have
° 1 d-1 P O
0 < T; = zix, ¢ <uxf, Z z; ¢ gza:]‘f/[.

We then obtain

Hence we get

which gives

17



4.1 Compact solutions with big volume
From (15) and Proposition 3.2, we immediately obtain the following result.

Proposition 4.3. Let g be a periodic C% function of zero average satisfying (14). As-
sume that f'(v) < 0 for some v > 0. Then there exists w > 0 such that f'(w) = 0,
therefore problem (1) admits a compact solution.

Theorem 4.4. Let g be a periodic CO® function with zero average and satisfying (14).
There exist v, — +0o and compact minimizers E, of (4) such that |E,| = v, and E,
solves

K=g-+ )\n

with A\, > 0 and \,, — 0 as n — +oo.

Proof. Two situations can occur:
Case 1. There exists a sequence ¥, — +o0o such that f/(9,) < 0. Recalling (15) we have

flv) > cv%l, which implies that we can find v, > 0, such that f has a local minimum
in vy, hence A, = f/(v,) = 0.

Case 2. There exists vop > 0 such that f'(v) > 0 for every v > vy. By (15) we have
flv) < CU%, and

f0) = s+ [ fs)ds.
vo
It follows that there exists a sequence v, — 400 such that

lim f'(v,) = 0.

n—-+o0o

O

Corollary 4.5. Let g be a periodic C%® function with zero average and satisfying (14).
Then for every € > 0 there exists €' € [0, €| such that there exists a compact solution of

k=g+¢e.

Notice that for a general function g we cannot let ¢’ = 0 in Corollary 4.5. Indeed,
as shown in [1], there are no compact solutions to (1) for periodic functions g, of zero
average, which are translation invariant in some direction.

We expect that condition (14) is not necessary for the thesis of Corollary 4.5 to hold,
as suggested by the following result:

Theorem 4.6. Let g be a periodic CO® function with zero average and such that glag = 0.
Then for every € > 0 there exists a compact solution of

K=g-+Ee.

18



Proof. Fix € > 0. For N € N we let Ey be a minimizer of the problem

min P(E) — / (9(x) +¢) dx.
ECQN E

Since glapg = 0, by strong maximum principle, En is contained in the interior of Qn
and either Ex = 0 or OEy is a C>® solution of Kk = g + €.

However, from the inequality

P(Ew) ~ [ (gla) + ) dn < P(Qu) — eN' = N (20 o) <0
En
which holds for all N > 29/¢. it follows Ex # 0. O

4.2 Asymptotic behavior of minimizers.
For € > 0 and F C R? of finite perimeter, we let

F.(E) =9 VF (e7'E) = P(E) — % /Eg (g) dz.

Notice that, given a minimizer E, of (4), the set eE, is a volume-constrained minimizer
of F.. We recall from |7, Theorem 2| the following result.

Theorem 4.7. Let g be a periodic CO® function with zero average and satisfying (14).
Then there exists a convex positively one-homogeneous function ¢g4 : R? — [0, +00), with
dg(x) > 0 for all x # 0, such that the functionals F. T'-converge, with respect to the
L'-convergence of the characteristic functions, to the anisotropic functional

Fy(F) = pg(v) dHI? E C R of finite perimeter.
o*E
We remark that, with a minor modification of the proof, the result of Theorem 4.7 also
holds if we restrict the functionals F; and Fj to set of prescribed volume. In particular,

by a general property of I'-converging sequences (8|, we have the following consequence of
Theorem 4.7.

Corollary 4.8. Let E. be minimizers of F. with volume constraint \EE| =, then

limsup F;(E;) < min Fy(E). (18)
e—0 |E|=v

Moreover, if |E-AE| — 0 for some E C R, as e — 0, then |E| =v and E is a volume-
constrained minimizer of Fy. More generally, if E. — E in the LllOC topology, then E is a
minimizer of Fy with volume constraint |E| < v.
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Given the function ¢4 as above, we let

W :{:L‘ERd: max x-ygl}
dg(y)<1
be the Wulff Shape corresponding to ¢4. It is well-known that W, is the unique minimizer
of Fyy with volume constraint, up to homothety and translation [21, 19].
By Theorem 4.7 we can characterize the asymptotic shape of the constrained mini-
mizers as the volume tend to infinity.

Theorem 4.9. For v > 0 we let E, be volume-constrained minimizers of (4), whose
existence is quaranteed by Theorem 2.6. Then, there exist points z, € R? such that letting

1
~ W. d
Ev = (’/Ug|) EU + Zo

it holds B
Jim ’EUAWg’ —0. (19)
Proof. Notice first that E, is a minimizer of F( LAIPE with volume constraint |Ev| = |W,|.

Moreover, by (15) the perimeter of E, is uniformly bounded in v.

Case 1. Let us consider the case d = 2. Assume first that E‘U is connected. Then we have

diam(E,) < P(E,)/x,
hence the sets E, are all contained, up to a translation, in a fixed ball centered in the
origin. By the compactness theorem for sets of finite perimeter [10], there exist a bounded
set Fo, of finite perimeter and a sequence vy — 0o such that |Es| = |W,| and

lim | By, ABw| =0,

k—+o0
Since by Theorem 4.7 the set Eoo is also a volume-constrained minimizer of Fy, by unique-
ness of the minimizer it follows that E is equal to Wy up to a translation.

We now consider the general case when the sets E, are not necessarily connected. In
particular we can write Ey, = U;>1Ey, with |E;| a decreasing sequence and > ;- [E}| = 1.
Reasoning as before, there exists a sequence vy — 400 such that for all ¢ € N the sets
E;, converge to p;W,, up to a translation, where p; € [0,1] is a decreasing sequence.

Moreover, by Lemma 4.2, for all § > 0 there exists N5 € N such that > 5%\ |Ei| < S|Wy|
for all § > 0, which implies in the limit

ip? =1 (20)
i=1
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We claim that p; = 1 and p; = 0 for all ¢ > 1. Indeed, from (18) we have

+o0
Fy(W,) > limsup F 1 (B, >ZF0 piWg) = Fo(Wy) > pi.

v (‘Ug)f

Recalling (20), this implies
“+o0o +0o0
dpi=) pi=1
i=1 i=1

which proves the claim.

Case 2. We now turn to the general case. Let vy — +o00 and let ¢, = (|Wg\/vk)é. For all
k, let {Qi }ien be a partition of R? into disjoint cubes of equal volume larger than 2|W,|,
such that the sets Evk N Qi are of decreasing measure, and let z; j, = |Evk NQikl/ Wyl
By the isoperimetric inequality [10], there exist 0 < ¢ < C' such that

N 41
a1 - 1Bo N Qigel 1Qix\Eu, | *
c x.? =¢ min b —, -
N O
< ZP Eyk,Qik)

T
< +o <> .,,> dH*!
Z /OEvkaz k < Ek

Fak( W) <C

<
hence
+o0 +oo 4, C
R d =
E Tip =1 and E z, i <
’ c
i=1 =1

Reasoning as in Lemma 4.2 we obtain that for all 6 > 0 there exists N5 € N such that

S w < 1)

i=Nj

Up to extracting a subsequence, we can suppose that z;, — ald € [0,1] as k — 400 for
every i € N, so that by (21) we have

» af=1. (22)
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Let 2 € Qi k. Up to extracting a further subsequence, we can suppose that d(z; x, zj,k) —
Cij € [0, +0o0], and

(Evk — zi,k> — E; in the Llloc—convergence

for every i € N (see Figure 3). By Corollary 4.8 we thus have
Ei=piWy  pi €[0,1].

We say that ¢ ~ j if ¢;; < 400 and we denote by [i] the equivalence class of 7. Notice
that E; equals F; up to a traslation, if ¢ ~ j. We want to prove that

ooz, (23)
i

where the sum is taken over all equivalence classes. For all R > 0 let Qr = [-R/2, R/2]¢
be the cube of sidelength R. Then for every ¢ € N|

|Ei| > |E; N Qr| = lim ‘(Evk - Zz‘,k) N QR‘ :
k—-+o0

If 7 is such that j ~ 4 and ¢;; < g, possibly increasing R we have Q1 — 21 C Qg for all

k € N, so that

. ~ . =~ d

lim ‘(Eyk — zi,k) ﬂQR’ > kEI—iI-loo ZR |Ev, N Qx| = Z aj\Wg|.

k——+o0

R
cij <% cij <%

Letting R — +o00 we then have
Z d
invj

hence, recalling (22),
DB = Wy,
[i]

thus proving (23).
Let us now show that
Yot =1 (24)
(4]
Up to passing to a subsequence, from now on we shall assume that c;; = +oc for all 7 # j.
Let I € N be fixed. Then for every R > 0 there exists K € N such that for every k > K
and 7, j less than I, we have
d(ziyk, Zj,k) > R.
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Figure 3: the construction in the proof of Theorem 4.9.

For k£ > K we thus have

where

T
E,) > 1+o <> : 1/) dH!
6k k Z [;Evkﬂ(BR+ZL k) < €k

E oo (52(2) )
8(E1,k—z7 k ﬁBR Ek

:Z Ek vk _Z’i,kaBR>
i=1

F.(E, Bgr) =/ <1 +o <x> -1/) dHA .
O0ENBR €k
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From this, (18) and the I'-convergence of F.(-, Br) to Fo(-, Br), we get

I I
Fy(Wy) > limsup F., (E,,) > Y _liminf F., (Ey, — 2%, Br) > Y Fo(E;, Br).

€ 0
e —0 =1 T i=1

For R > diam(W,) we have Fy(E;, Bgr) = Fo(E;) because E; = p;W, and therefore

Letting I — 400 we get (24).
Recalling (23), from (24) we then obtain

SRR SIS
i i
As before, this implies p;1 = 1 and p; = 0 for all ¢ > 1, thus giving

Jim (Eyk _ 217,{) AW,| = 0.

By the uniqueness of the limit this shows that the whole sequence E, tends to Wy as
v — 400, up to suitable translations. O

Remark 4.10. Let us point out that, if uniform density estimates for Ev were available,
we would get Hausdorff convergence instead of L' convergence in (19), showing in partic-
ular that the sets E, are connected for v large enough. We believe that such estimates
are true even if we were not able to prove them.

Remark 4.11. The asymptotic behavior of minimizers of (4), in the small volume regime,
have been considered in 9], where the authors prove a result similar to Theorem 4.9, with
the Wulff Shape W, replaced by the Euclidean ball, showing in particular that the volume
term becomes irrelevant for small volumes.

Remark 4.12. Notice that the results of this paper can be extended to anisotropic
perimeters of the form

Po(E) = | o()dn’

where ¢ : RY — [0, +00) is a smooth and uniformly convex norm on R
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