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ABsTRACT. We study, for times of order 1/e, solutions of wave equations which
are O(e?) modulations of an ¢ periodic wave equation. The solutions are of slowly
varying amplitude type built on Bloch plane waves with wavelength of order e. We
construct accurate approximate solutions of three scale WKB type. The leading
profile is both transported at the group velocity and dispersed by a Schrodinger
equation given by the quadratic approximation of the Bloch dispersion relation
at the plane wave. A ray average hypothesis of small divisor type guarantees
stability. We introduce techniques related to those developed in nonlinear geo-
metric optics which lead to new results even on times scales t = O(1). A pair
of asymptotic solutions yield accurate approximate solutions of oscillatory initial
value problems. The leading term yields H! asymptotics when the envelopes are
only H'.
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1. INTRODUCTION

This paper studies the propagation of waves through a slightly perturbed periodic
medium. The period ¢ is assumed to be small compared to the size of the wave packet
that we take as O(1), ¢ << 1. The equations are hyperbolic and the Cauchy problem
is solvable for arbitrary initial data. The wavelength of solutions is determined by the
initial data. We study the delicate case where the wavelength ¢ and period are small and of
comparable size. As discussed below, this scaling is particularly important in technology.

The resonant case ¢ ~ ¢ contrasts with the case of waves with wavelength large com-
pared to the period of the medium, ¢ >> . For such long waves, the medium can, with

small error, be replaced by a medium which does not vary on the small scale (see e.g.
1
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[8], [10]). The homogenized limit is a wave equation with effective coefficients that are
computed as in the static case. The pertinent dispersion relation and group velocities are
those of the homogenized equations. For a second order scalar equation, the dispersion
relation is quadratic in frequency and wave number as is the dispersion relation of the
original problem.

If ¢ << e, then from the point of view of the wave, the medium is slowly varying and
the approximations of standard geometric optics are appropriate. The group velocities are
those defined by the characteristic variety of the equation with nearly periodic coefficients.
For second order scalar equations the dispersion relation is quadratic with coefficients
which vary on the short scale .

In this paper we discuss the resonant case when ¢ ~ . A principal interest of this
scaling is that the dispersion relation (1.6) is given in terms of Bloch eigenvalues, denoted
below by A,. It can be very different from the relations in the preceding regimes. For
example, for scalar second order equations the group velocity has strictly positive norm,
while in the resonant case there can be zero speeds. Periodic structures are the focus
of intensive work on designer photonic materials. Since for ¢ ~ ¢ the dispersion relation
can have form entirely different from the original equations, this leaves open the door for
materials with radically different properties than the periodic constituents. Among goals
achieved by such efforts is to slow light ([21], [5], [37], [20], [4]), and to achieve preassigned
band gap structures. The use of the latter materials in optimized fibers is now common
practice (see [31]). It is dreamed that the slow light technologies are a first step toward
an all optical computer.

In the case when ¢ ~ ¢ and for times ¢ ~ 1, there is a geometric optics approximation
with propagation speeds given by group velocities defined from the Bloch spectral theory
(see [11], [8], §2 and §3 below, and [18], [19] for a Wigner measure approach). Our
main results concern the propagation of such Bloch wave packets on the long time scales
t ~ e ! associated with diffractive geometric optics. For these long times, the supports of
solutions extend beyond the tube of rays with feet in the support of the initial data. The
behavior is described by Schrodinger equations whose dispersion is computed from Bloch
spectral data and whose lower order (potential) term is obtained by an averaging of the
small perturbations of the periodic medium. We give an infinitely accurate analysis at the
scale of geometric optics, and a mathematically solid foundation at the scale of diffractive
geometric optics.

We consider the following wave equation describing an O(g?) perturbation of a e-
periodic medium

(1.1) Pe(t,x,0pp)u® = p° — div(A°gradu®) =0 in [0, 00[xRY.

)




The coefficients A° and p° are of the form
(1.2) A¥(x) = A (g) +e24, <t,az, g) : pS(z) = po (g) +&%py <t,:c, g) :

The unperturbed coefficients Ag(x/e) and py(z/c) are periodic with period €. We suppose
that po(y) and pi(t,z,y) are smooth real valued functions on T := RY/ZY (the flat
unit torus) and RN x T respectively. The functions Ag(y) and A;(t,z,y) are smooth
symmetric matrix valued functions on T and R'*" x T respectively. For each «, j, we
assume

(1.3) {00, ypis 0n, Ast € L¥(REY x TY).
There is a constant 6 > 0 so that for all y,
(1.4) poly) > 6 >0,  Ayy) > I > 0.

The scaling in (1.2) is such that the O(e?) perturbations affect the leading term of the
approximate solutions for t = O(1/e). Smaller perturbations, that is with a higher power
of €, would not affect the leading order approximation for times of order 1/e.

Remark 1.1. The time derivative in (1.1) is not taken in the divergence form 0,(pd;). The
two forms are equivalent for time independent coefficients. When there are modulations
in time the proofs of accuracy are a little easier in the divergence form case. Our earlier
article [3] gives the formulas for the divergence form case. The 0} (pu) form is of difficulty
equal to the present case requiring no ideas not already present. We chose to do one of
the hard cases so as to make such a statement.

In the purely periodic case, with p; and A; identically equal to zero, solutions are linear
combinations of Bloch plane wave solutions (see §2.1),

(1_5) e27ri(w(€)t+€.z)/e wn(x/€’ 9) ’ 0 e [O, 1[N7

with w satisfying the dispersion relation,

(1.6) 47702 (0) = \(0).

The Bloch eigenfunction, v, (y, 0), is 1-periodic in y and satisfies the eigenvalue equation,
(1.7)  —(div, + 2i70) <A0(y)(grady + 2m0)¢n) — M(@)po(y) Yy in TV,

corresponding to the n-th eigenvalue or energy level A\, (#). Equation (1.7) together with
(1.6) is equivalent to the wave equation (1.1) for the plane wave solution (1.5). The
Hilbert space L*(T)’) is normed by

[0lagemy = [, 100 do.
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The operator on the left in (1.7) is hermitian symmetric in the associated scalar product.
The eigenfunctions corresponding to distinct eigenvalues are orthogonal with respect to
the scalar product of the equivalent norm,

([ mw 1w a) "

Definition 1.2. Fiz 6y and a simple eigenvalue \,(6p) # 0 and w one of the roots
of (1.6). Denote by K C LQ(TéV) the one dimensional eigenspace, and by ¥, (y,0y) an
eigenfunction normalized with respect to the L*(TY, po(y)dy) scalar product,

(1.9 [ mw) ety ) dy = 1.
Denote by I1 the LQ(TéV, dy) orthogonal projection onto K.

In a neighborhood of 6y, \,(#) is thus a well defined simple eigenvalue and A,,w are
analytic functions of #. The group velocity is defined as,

(1.9) Vo= —Vew(by).
We construct approximate solutions of (1.1) which have a linear phase,
(1.10) S(t,z) := w(b)t+bp.x.

Our main results show that the O(e?) perturbations affect the leading asymptotics for
times ¢ of order 1/¢ while perturbations O(e) affect the leading behavior at times ¢ of
order 1. The rule of thumb is that the time of influence of the perturbations is of order ¢
divided by the amplitude of the perturbations.

We first describe the geometric optics approximation for times ¢ = O(1). In such a
case, it is possible to consider larger perturbations of order O(e), namely to replace (1.2)
by

A¥(x) = A < ) + A < "Z) : p(z) = po < ) +ep (t,x, g) .

In Section 3 we construct infinitely accurate approximate solutions v® for problem (1.1)
which are of Bloch wave type with slowly varying amplitude,

(1.11) v°(t, x) == >™SE W (e, t,x,x/e), Wle t,x,y) ~ wo(t,x,y)+ew (t, z,y)+... ,
where S is the linear phase (1.10). The ~ is in the sense of Taylor expansion in &,

1 0W(0,t,z,y)
7! Oel '

It is an asymptotic expansion as € — 0, not a convergent infinite series. For any m,

U}j:

Wie, t,z,y) Z&?w]ta:y ) = O™, as € —0.
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The expansion (1.11) is inserted in P°v° and terms grouped by powers of €. To make the
largest term vanish, the leading profile wq(t, z, ) must be a K valued function of (¢, z).
Equivalently, the leading order term in the approximate solution (1.11) is of the form

e™S1E a(t, ) Yn(z /e, 6p) aecC™.

It is a Bloch plane wave with slowly varying amplitude a(t,z). Equation (1.7) is written
as Lwy = 0. The equation at each order in € in the expansion of P%v® is projected in turn
onto the kernel and the range of the operator I which is neither injective nor surjective.
This yields equations which determine the profiles w;. For example, the profile wy = a1,
is determined from its initial data by the transport equation (see §3 or [8], [18]),

(@ + V.@m)wo =0, equivalently (8t + V.@x)a = 0.
Therefore the function wy is constant on the rays t — (¢, z + Vt) so,

wolt, z,y) = wolr =Vt,y),  wo(x,y) =wo(0,2,y).
These lines moving at the group velocity are also called group lines.

The rays are parallel which leads for times ¢ = O(1) to approximate solutions sup-
ported in the tube of rays with feet in the support of the initial data. As in the case of
homogeneous equations in nonperiodic media, for times ¢ = O(1/¢) and linear phases, we
prove that the support of the leading approximation extends beyond the tube of parallel
rays. The spread of waves beyond this tube is described by a Schrédinger equation. This
is called diffractive geometric optics (see [14], [7], [23], [17], [2]).

We next describe the diffractive geometric optics approximation for times t = O(1/¢).
In Section 4 we use an ansatz, similar to (1.11), but involving also a slow time, to describe
Bloch wave packets exhibiting diffractive effects. Formal discussion of such effects can be
found in the physical literature, for example in [33], [34]. In order to have infinite order
expansions analogous to those for t = O(1) it is sufficient (and not far from necessary)
that the O(¢?) modulations of the coefficients satisfy the constraint,

(1.12) <@t +V.6I) {A(t,z,y), pi(t,z,y)} = 0.

This very strong constraint is equivalent to the invariance of the modulations on the rays
(t,x 4+ Vt). Define

(1.13)  ~(t,x) = N Un(y) (pl(t, z,y)(2miw)? — div, Ay (t, 7, y) grady) U (y) dy .
Ty

When (1.12) is satisfied, (¢, ) is constant on rays so,
Vo) = -V, F@) = 4(0,1).

The leading term in the approximate solution is of the form

(1.14) 2SI G ety x — Vi) Pl /e, )
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where a(7, x) satisfies the Schrédinger equation
(4m’87 — Viw(0,,0,) @)5 =0,

with the slow time variable 7 = et which is of order 1 when ¢t = O(1/¢). In our earlier
paper [3] the approximation (1.14) is justified by weak convergence methods when (1.12)
is satisfied. In the present paper we give sharp error estimates and infinitely accurate
asymptotic expansions.

In addition, we prove that the same leading order term yields an approximation with
relative error O(e1~#) under much milder conditions than (1.12). The conditions involve
the average of (¢, x) along rays. It is reasonable that an observer moving on group lines
will, over long times, be affected by the average of v(¢,z) on the line. To start with, we
suppose that the ray averages

- 1T
i) = Jim o /0 V(@ 4 VE) dt

exist. This is equivalent to the fact that the solution of the transport equation

is sublinear in time. We make the ray average hypothesis from Definition 5.2 which is
much weaker than (1.12). There is a 0 < 3 < 1 so that for all ., the solution g,(t,z) of

(at n Vﬁx)ga = o, (v(tx) —F(x = VD),  gal_, = O,

satisfies (1 +t)7% g, € L>([0,00[xRY). This hypothesis is satisfied with 3 = 0 if v is
(t, z)-periodic with any period, and also for almost all quasiperiodic v and group velocities
V. It is proved with possibly positive 3 for quite general smooth almost periodic v in
§5.1.2.

So far we have discussed the construction of approximate solutions. We next give a
precise result for the initial value problem for the wave equation (1.1). Consider the
oscillatory initial conditions

(1.15) uf(0,2) = b(x) e*™ =0/ (x/c,6y) ous(0,2) = @627@1«.90/5 Yn(z/e,6h),

with b,c¢ € NgseH*(RY). Denote by w* the two roots of (1.6), by S* = w*t + Oy
the corresponding phases, and by V* the two group velocities. Define wi (7, z,y) :=
a* (T, ) ¥,(y, 0) with the scalar valued a* determined by the Schrédinger equations

~t
(4m’87 T Vaw*(0,,0,) + Vw(f))ai =0

with initial data,

b(x) c(x)

atlr—o = + a |lr=0 =
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chosen so that the Cauchy data of v® match those of u° as well as possible (see §5.3). The
following result follows from Theorem 5.13.

Theorem 1.3. Assume that 7 satisfies the ray average hypothesis with parameter 0 <
B < 1 for both group velocities £V, and that fUOi(T,x,y) are defined as above. Define

vE(t,z) = Z 2mSTa)e Gk (et x F VE 3 /e,
+

then v¢ is an approximate solution with relative error O(e'=7). Precisely, for any T > 0
the error and its first order derivatives satisfy,

swp swp [|(e0) (w5 () — v (O) ||y, < O
0<t<T/e |al<l

while the norms of (€0,,)*u® and (€0 ,)*v° are O(1).

Remark 1.4. i. In the above theorem, as throughout this paper, C denotes a constant that
does not depend on e. ii. The construction of the first corrector in the proof of Theorem
1.3 fails when the ray average hypothesis is not satisfied.

This result is surprising since one might expect that traversing O(1/e?) periods of the
background medium might destroy the wave packet structure. There are three counter-
vailing influences;

i. The Bloch plane waves are solutions of the unperturbed equation for all time.

ii. The perturbations 2p;, €24, are scaled with € so that their effect is felt at times
of order 1/e.

iii. The term 7(t,z) from the perturbations has well defined averages along rays, and,
its integral along long segments of group lines differ little from the values predicted by
the average.

The Schrodinger approximation of diffractive geometric optics comes from a second
order approximation of the dispersion relation. The diffractive effect comes from the
nonlinear character of the effective dispersion relation of periodic materials (see [13], [32]
for other instances of this effect). The same is also true of the parabolic or paraxial
approximation for waves propagating in a privileged direction (see [6], [29], [35]).

When the periodicity is on the atomic or even nano scale, it is impossible to perform
numerical simulations of the differential equation to study propagations over macroscopic
distances. The only hope is to replace the equations by others whose coefficients do not
vary on the microscopic scale. The approximations of geometric optics and diffractive
geometric optics produce such equations.

When the group velocity V is zero (which happens, at least, at the bottom and top of
each Bloch band), the geometric optics scaling shows that Bloch wave packets (1.11) are
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essentially stationary for times ¢ ~ 1. The diffractive scaling shows that this trapping

persists for ¢ ~ 1/ when the modulations are O(e?) and satisfy the ray average hypothesis.

Experimental exploitation of this phenomenon to slow light are cited above.
Furthermore, there exists no solution of the type (1.11) with temporal frequency w

2 is in a gap of the Bloch spectrum, i.e., when for all n > 0 and 0 € [0, 1[V,

when 472w
4712w? # \,(0). Arbitrary initial data are resolved into waves whose temporal frequencies
never lie in these forbidden zones. An asymptotic analysis like that of §3, shows that
when waves with forbidden frequencies arrive at the periodic medium from a medium
which supports such frequencies, the waves are totally reflected. These properties are
fundamental features of photonic crystals (see [26]).

The analysis of this paper is for scalar wave equations. The case of first order systems
with elliptic spatial part is susceptible to an analogous analysis. There are complications
from the vector nature and simplifications because the subtle L? estimates of §5.2 are
not required. The case of Maxwell’s equations poses additional difficulties as the spatial
part is not elliptic. The compactness of resolvents holds on functions satisfying the e-
dependent and rapidly oscillatory divergence free condition div(ee(x)E) = 0 where € is
a sequence of dielectric permittivities. This is the subject of a future project.

This paper is organized as follows. Section 2 recalls some facts about the Bloch spectral
decomposition. In the case of purely periodic problems, with p; = 0 and A; = 0, the so-
lutions have an exact representation using this decomposition. Infinite order asymptotics
can be derived by performing an asymptotic analysis of the resulting integrals. These
computations yield our principal results in a very special case. And, they motivate the
ansatz for the geometric optics and diffractive geometric optics scales. They do not give
a hint concerning the impact of the perturbations, p;, A;.

Section 3 presents the analysis at the scale ¢ ~ 1 of geometric optics and for larger
modulations ep1, €A; instead of €2p;, 2 A;. The construction of the approximations (1.11)
introduces into the Bloch wave context projection techniques developed in nonlinear geo-
metric optics, and, the fundamental identities of perturbation theory. The approximation
solves the differential equation (1.1) with infinitely small residual. The standard energy
estimate for P° implies that the energy of the error is infinitely small. However, the
operators (P¢)~! are usually not uniformly bounded on higher Sobolev spaces. A nontriv-
ial stability result in Section 3.4 shows that (P¢)~! amplifies higher derivatives at most
polynomially in 1/¢. Since the expansions have residuals that are O(¢*), this suffices to
show that high derivatives of the error are also O(¢*°). Though our main interest is in
diffraction, these results on the scale t = O(1) are new. For these times scales the analysis
could have been performed for nonlinear phases and their curved wave fronts. For the
diffractive time scale, it is important that the phases are linear.
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Section 4 presents the analysis at the scale ¢ ~ 1/¢ of diffractive geometric optics when
the modulations are constant on rays moving at the group velocity, that is satisfy (1.12).
The hard new work is devoted to computing the profile equations which determine wy
and the correctors w; in (1.11). Otherwise it follows the pattern of rigorous asymptotic
analysis established in Section 3;

i. Construct profiles.

ii. Use Borel’s theorem to construct the approximate solutions and estimate the resid-
ual.

iii. Use the stability estimate to prove accuracy.

Section 5 is devoted to producing leading order approximations when (1.12) is not
satisfied but the ray average hypothesis is. In this case one does not achieve infinite order
accuracy. We construct a three term expansion with residual O(e27%). We use all of the
preparatory work in the preceding sections. The gradient of the error is easily estimated
by the standard energy estimate. A subtle stability argument is required to obtain L?
estimates for the error. The oscillatory initial value problem is solved in Section 5.3 using
two phases and correspondingly two approximate solutions. In Section 5.4 we show that
the analysis for smooth envelopes is sufficient to yield strong convergence for the leading
term asymptotics in diffractive geometric optics for envelopes which are only H!(RY).
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by the Research Training Network MULTIMAT MRTN-CT-2004-505226 funded by the
EEC. The research of G. Allaire is partially supported by the DEFI project at INRIA
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by the U.S. National Science Foundation under grant NSF-DMS-0104096. M. Palombaro
and J. Rauch thank the CMAP at the Ecole Polytechnique and its members for their
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2. THE PURELY PERIODIC CASE

In this section we make the assumption that
A;=0 and p; =0,

so the coefficients of (1.1) are periodic.

2.1. Bloch spectral decomposition. We briefly recall the Bloch decomposition. See
[9, 8, 12, 25, 30, 38] for more details. Write each £ € R™ as n + 0 with n € Z" and
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0 € [0,1[". Expressing u(y) in terms of its Fourier transform, (), yields

(2.1) u(y) = /[0,1[N iy ( Z eQﬂin'yﬂ(QJrn)) b .

ncZN

The function in parentheses is periodic with respect to y. The integrand is a function g
which is f-periodic in the sense that y — e=™¥ g(y) is periodic with period 1 in each y;.
This decomposes L*(RY) as the direct integral over 6 of the Hilbert space of f-periodic
functions. The parameter @ is called the Bloch frequency.

The partial derivatives of #-periodic functions are #-periodic and the product of a
f-periodic function with a periodic function is #-periodic. Therefore, the differential op-
erators div, Ag(y)grad, and P (upon the change of variable x = ey) map f-periodic
functions to themselves. Therefore, the Bloch decomposition reduces these operators.
Thus, arbitrary solutions of (1.1) are integrals over 6 of #-periodic solutions.

To analyse the #-periodic solutions reason as follows. The unitary mapping v +—
™%y on L*(TV) intertwines div, Ay grad, with domain equal to the 6-periodic ele-
ments of H? with the selfadjoint elliptic operator

A = —(div, + 2ir6) <A0(y)(grady n 2m0)¢)

with domain equal to periodic H?2.

Standard elliptic theory implies that for all 8, the eigenvalue problem (1.7) has a count-
able nondecreasing sequence of real eigenvalues {\,(0)},>1 repeated according to their
multiplicity and L?(TV, po(y) dy) orthonormal eigenfunctions {1, (y,6)},>1, periodic in y
and depending measurably on 6. The 6-periodic functions are linear combinations in n of
the eigenfunctions

eV 1, (y, 0).

The following lemma makes this precise.

Lemma 2.1. Let u(y),v(y) € L*(RY). Define their Bloch coefficients for n > 1 and
0TV

)= / po(y)u(y)uly, )™ ¥y, 5u(0) := / po(y)0 ()b, (y, B)e " dy.

Then, oy, B, belong to L*([0,1[Y) and

u(y) = ; /[071[N i (0)n (y, 9)62iw9'yd9, v(y) = Z B (0)0,(y, 0)62i7r€-yd0’

n>1 [0,1[N

and they satisfy the Parseval equality

/R y po(y)u(y)o(y)dy = Z /[O " an ()3, (6) db.
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The Bloch transform u — {a,(0)}n>1 s an isometry from L*(RY) into ¢2(L*([0,1[Y))
that diagonalizes the elliptic operator in (1.1), in the sense that, for u,v in H'(RY),

[ AVl Vowyay = 3 [ (0)anle)3,(60)do.
RN n>1 v 01N

Arbitrary solutions of the wave equation (1.1), are linear combinations over 6 and n
of the Bloch plane waves (1.5), (1.6). In this section we show that there exist spectrally
localized solutions which have an asymptotic expansion whose leading term has the form
of a Bloch wave with slowly varying amplitude, that is

alt, ) ETEHIDE Y (1 /c.9).

2.2. Explicit solutions. Throughout this paper we make the following assumption: for
a fixed 0y € [0, 1[V and integer n > 1,

(2.2) An(0o) > 0 is a simple eigenvalue.

Remark 2.2. Recall (see [8], [12], [25], [30]) that the minimum of \(0) is zero and is
uniquely attained at @ = 0. This is a consequence of the maximum principle. The Hessian
matriz at 0 = 0, VoVeA1(0) is equal to the usual homogenized matriz for equation (1.1).
Therefore 3C > 0 such that \(0) > C|6|>. On the other hand, for n > 2, there ezists a
positive constant C' > 0 so that ming A, (¢) > C > 0.

Remark 2.2 implies that \,(6p) > 0 except if n = 1 and 6y = 0 mod Z". The
important part of assumption (2.2) is the simplicity of the eigenvalue. If the eigenvalue
had multiplicity independent of 6 on a neighborhood of 6y an analogous analysis could
be performed. We do not know any scalar examples of this kind. For systems such a
generalization would be natural. In our scalar setting, simplicity is generic [1]. Since
A(0) has compact resolvent and depends analytically on 6, simplicity implies that the n't
eigencouple of (1.7) is analytic in a neighborhood of 6y (see e.g. [24]). Choose w(f) an
analytic solution of the dispersion relation (1.6) defined near 6.

Under these conditions, if a € C§°(RY), then for & small the expressions

0 — 6,

u8<t, .T}) — g_N/ wﬂ(f’e) eQniw(G)t/a 627ria:.0/5 CL( >d9
[071[N £ e

are superpositions of Bloch plane waves spectrally localized near 6, so are exact solution of
(1.1). (To treat the exceptional cases where one of the coordinates of 6, vanishes, switch
to a fundamental domain [—c,1 — ¢[Y with 0 < ¢ < 1 such that 6, lies in its interior.)
Change variable letting ¢ := (0 — 6y) /e to find

(2.3) u = emine / U2, 80+ 2C) exmiattors0le ghnin (¢ d,

an expression prepared for Taylor expansion.



12 GREGOIRE ALLAIRE, MARIAPIA PALOMBARO, AND JEFFREY RAUCH

2.3. The geometric optics time scale t ~ 1. Recalling definition (1.9) of the group
velocity V, Taylor expansion in ¢ of infinite and finite orders respectively yield,

(2.4) Un(y, 00 +2C) ~ ©uly,00) + > g;(y,€),

Jj=1

Wby +e¢) = w(bh) —V.eC +e’k(e, ().

Then,
627ritw(€0+6<)/5 _ e27ritw(90)/e 6727ritV.( e%ri(et)k(s,ﬁ)
(2.5) _ 2mitw(0) /e ,—2mitV.C <1 +Z(5t)jk'j(5a§))a
Jj=1

where the last line uses a Taylor expansion of s — €2™**<) about s = 0. Define

v(x) = / ™ q(¢) d¢ .
Injecting (2.4) and (2.5) into (2.3) yields the expansion
(26) ' ~ 5 (wglt, @ 0/e) +ewi (L, afe) +0 ), S = w(bo)t+ by,

with leading term,
wo(t,z,y) = v(z —Vt),(y,b) .

From this calculation we learn three things. First, rigidly translating waves at the
group velocity is a reasonable approximation. Second, an infinite order expansion (2.6) is
a reasonable ansatz to try in more complicated problems. Finally, in (2.5), the expansion
parameter is £t so when £t is not small, the approximation is not appropriate. For the
diffractive scale et ~ 1, one needs to modify the method.

2.4. The diffractive time scale t ~ 1/¢. The modification is to take the next term in
the Taylor expansion in the exponent. Denote by ¢ the symmetric quadratic expression
N

82(,(.)(‘90)
1,j=1
Then,
w(ly+eC) = w(y) — eV.C + £2q(¢,0)/2 + 53253@(0,
Jj=0
and,
627riw(o90+6<)t/6 _ e27riw(€0)t/e 6727ritV.( e27ri€tq(§,§)/2 627ri€(€t)2j20€jfj(C) )

If (et) is bounded, expansion in ¢ is justified in the last term. The exact solution has the
form
™S/ W (e, et x — Vi, x/e), S = w(b)t + by,

W(e, T,z,y) = / Dn(y, o + £C) e2mTUCO/2 2miET X0 145(0) 2mind (¢ (.
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Taylor expansion in ¢ yields

o T )
Jj=1
Injecting (2.4) and (2.8) in the definition of W shows that
(29) /—W/(E,T,l’,y) ~ Z gj iDj<T7'T7y) )
Jj=0
with
(2.10) wo(T,x,y) = Yn(y,b) /GQMTQ(C’C)/Z 2™ ¢ q(C) dC .

This shows that the solution has an asymptotic expansion of the form
e?miS/e W(s, et,x —Vt,x/e),

with W satisfying (2.9).
In our treatment of diffractive geometric optics in modulated media, we take a slightly
more permissive ansatz

p2mi(wt+d.x) /e (wo(’T, tx,y)+ew (T, tx,y)+ - )

with the idea that the added flexibility might be needed. Interestingly, it will follow that
the expansion has the more restricted form found above.

The operator ¢(0,,0,) applied to wy from (2.10) inserts a factor ¢(2mi(,2mi() =
—47?q(¢, ) inside the integrand. The operator dr applied to wy inserts a factor mig(, ¢).
Therefore wy satisfies the Schrodinger equation,

(2.11) <47m'87 - q(agg,agg))f&o — 0.

We will derive this equation in an entirely different manner in Section 4.

In the case of the constant coefficient wave equation, w is homogeneous of degree 1
in # and ¢ has rank N — 1. For the present problem ¢ may have rank N. When ¢
has rank N, the Schrodinger equation has more rapid dispersion of waves. For example,
in dimension N = 1 the constant coefficient wave equation is nondispersive, while a
periodic one dimensional medium will typically be dispersive for waves whose wave length
is comparable to the period.

3. BLOCH WAVE PACKETS ON A MODULATED BACKGROUND AND ¢ = O(1)

3.1. The two scale construction. This section considers solutions of the wave equation
0%uf
ot?

for times t = O(1). This time scale of ordinary geometric optics is an essential first step

(3.1) Pe(t,x,0pp)u® = p° — div, (A%grad, u®) = 0.

in treating the diffractive case.
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The coefficients are assumed to be of the form
(3.2) p° = polz/e) + epi(t,z,x/e), A® = Ag(x/e) + e Ai(t,z,x/e),

where the p;, A; satisfy (1.3), and, (1.4), from §1. For the geometric time scale, the
modulations are taken to be O(g) in place of O(e?) for the diffractive scale. After the
next paragraph a crude estimate suggests why such perturbations are expected to influence
the leading term asymptotics for times t of order 1.

Motivated by the case of smoothly varying media, and the special case of purely periodic
media in the Section 2.3, the ansatz expected to be valid for times t = O(1) is of two scale
WKB type,

i T T
u€<t, LL’) ~  2imS(ta)/e (wo <t7 x, —) + ew; <t7 x, _> + .. )
e e

where the w;(t, z,y) are periodic functions of y with period one. Equivalently, the w; are
functions on the unit torus T := RY /Z~.

The case when S is a linear function of (¢, x) is our principal interest since it is in that
case that the rays are parallel and one finds Schrodinger type equations at the diffractive
scale t = O(1/e). Write

S(t,z) = wt+0.z, (w,0) e RMNN\ 0.
It suffices to consider § € [0, 1[V. Other values can be converted to these by incorporating

a periodic exponential, e*™ in the profiles w;. Given w;, Borel’s Theorem allows us to
choose smooth W (e, t, z,y), periodic in y with Taylor series in ¢,

W<5at7377y) ~ Wo (twruy) + ew (t,ﬂf,y) + o
Approximate solutions are defined by,
(3.3) v (t,z) = e2Tistal/e W(e,t,x, E) )
€

Distinct choices of W yield approximate solutions whose difference is infinitely small in
the limit ¢ — 0. We choose w; and then W so that P°v° ~ 0 in the sense of Taylor series
in € at ¢ = 0. Toward that end, use the identities

8t (627m.5'/e W(E,t,l‘,y)) — 627”5/6 ( 7:&) I at>VV,

A A 2mi6
896(627”5/6 W(€,t,l‘,y)) _ 627”5/5( 7: +6$>W,

(@) (e%S/EW(g,t,x,y)) = T <@>W’

c 9
to show that
e, 1 e T B r.x/e — £ xr,xr/e
2miS/e PE( 2 S/5W( ,t o, / )) R( o, / ) )
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with

Rlevt, ) = e

d d ,
— (divx + 1vy> A® (gradgﬁ LB y) } <€27rzS/€ Wie,t, z, y))
(3.4) £ £

— [(po +ep1) (27% + 8t>

B <divy 4 2mif
€

<grady + 2mif
€

+ divl,) (AO + 5A1) + gradx>] w.

Equation (3.4) implies that R(e,t, z,y) admits a Taylor series in € at ¢ = 0 with uniquely
determined y-periodic functions r; such that

R(e, t,z,y) Zsr]txy

j=—2
Since one substitutes y = x /e, it would suffice to satisfy ; = 0 on the subspace of (z,y)

with  parallel to y. We achieve the more ambitious goal of choosing the w; so that r; = 0
everywhere.

3.2. The leading order term. Next analyse the cascade of equations,
r; = 0, j=-2,—-1,0,1, ---

The operator in brackets on the right hand side of (3.4) is collected according to the
powers ¢/, j = —2,—1,0, 1. The leading two orders are

e ?L(w,0,y,0,) + ¢ ' M(w,8,y,0,0.,0,),
where
(3.5) L(w,0,y,0,) = —4n*w’py — (div, + 2i70) Ag(y) (grad, + 2in6)
and

(3.6)
M(w, 0, z,y, 0, 0y, 0y) = podmiwd;, — ((27?2'0 + div,) Apgrad, + div, Ag (2mi6 + grady))

+ <p1 (2miw)? — (2mi0 + div,) Ay (2mi0 + grady)> :
The highest order term in the residual is

(3.7) r_s = L(w,6,y,0,)w

2

It comes from the terms of order €72 in the operator and the term of order € in W. In

order that r_, = 0 have nontrivial solutions, it is necessary and sufficient that

(3.8) ker L(w,8,y,0,) # {0}.
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According to Bloch wave theory, as described in section 2.1, L(w, 6, y, d,) has a nontrivial
kernel on periodic functions if and only w and 6 satisfy, for some integer n, the dispersion
relation (1.6). Equation (1.6) is equivalent to the eikonal equation

(3.9) 472 (8,5)° = M(8,5).
When A, (0) # 0, (1.6) has two roots w = £4/\,(0)/27 and there are two distinct eikonal

equations
210,S = £/ An(0:9),

corresponding to the two roots w. Recall assumption (2.2) that \,(6y) # 0 is a simple
eigenvalue. From now on we make this choice of n and #y and w is a solution of

(3.10) 4w = (o) .

Definition 3.1. Denote by L, the self adjoint operator L(w, 0y, y,d,) on L*(TY ; dy) with
domain equal to the periodic functions in H2(']Tév). Denote by 11 the projection operator
onto K := ker L(w, 6y, y, 0,) along the image of L. 11 is orthogonal with respect to the scalar

product of L*(TY ; dy) and not with respect to the scalar product of L*(T ; po(y) dy).
Denote by Q € Hom(H~'(T)); HY(TY)) the partial inverse of L defined by

ON=1Q=0, QL =1Q = I[—T1I.
Choose Y, (y) = 1n(y,6p) an eigenfunction spanning ker L(w, 8y, vy, 0,) and normalized
by (1.8).
The equation r_y = 0 is equivalent to wy € K = ker L, that is
(3.11) T wo = wp .

Summary. Equations (3.10) and (3.11) are equivalent to r_, = 0.

Equation (3.11) is equivalent to the fact that for each (¢, ), wp is a multiple of 1,
(312)  wolt,z,y) =v(t,2)Yaly), (L) = v(t,2) Yol fe) ST 4o
Comparing with Bloch plane waves (1.5), (1.6), one sees that v is a Bloch wave packet.
Our preferred perspective on (3.11) is to view K = kerIL as a one dimensional vector
space. Then (t, ) — wy(t, z,-) is a mapping from RV with values in K.

Using the definitions of L and M, the term r_; is given by,

(313) r—1 = ILwl + M’wo,
so r_; = 0 if and only if,
(3.14) Lw; +Muw, = 0.

Equation (3.14) involves both wy and w;. This is typical of multiscale expansions. Equa-
tions at a single order in ¢ involve profiles from more than one order.
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The operator IL is not surjective. The information about wg in (3.14) is that Mw, € Rg L
(Rg denotes the range). That information does not involve w;. To extract this type of
information, each equation r; = 0 with j > —1, is split into its part in ker . and its part
in RgL. In other words, it is written as the equivalent pair

HT’]':O, QT]‘:O.

The systematic use of these projections and partial inverses, inspired by the work of
Joly-Métivier-Rauch [22], [23] is an innovation of this article.
Using (3.13) and the relation IIL = 0, ITr_; = 0 yields an equation for wq alone,

(3.15) IMuw, = 0.
Taking into account (3.11), this is equivalent to
(3.16) IMIw, = 0.

Define v € C>°(RY) by
(3.17)

y(t,z) = /T D) (pa(tz.y) (2miv)? = (2mi0+div,) Ay (t ,y) (2mi0+grad,) ) (y) dy.

Proposition 3.2. For any w(t,z,y) € C*,

N
. . Ow 0
(3.18) IMIIw = (47m wop — ;47mwa—9j(00)a—xj + v(t,x))Hw.
Proof. From the definition of I and M one automatically has for arbitrary w,
a 0
(3.19) IMIw = <ia08t + ;iajﬁ—xj + c(t,x))Hw,

with constants a, and a zero order term c(¢, x). It suffices to compute the values of the
coefficients. This is done by computing the differential operator on the test functions 1,
t 1y, and x;1, to find,

cvnly) = IMIT,(y), iaot = U(4miwpo(y)vn), ia;v, = (IM(a;00))

;=0 )
The first relation shows that ¢ = v using the formula for M and the definition of «. The
normalization (1.8) of 4, together with the formula for iagi), yields

(3.20) ap = 4rw .
Injecting the definition of M yields

(321)  iayn = —TI((2mi0 +div,) (Ao(y) e) + e Ao(y) (270 + grad, )i )
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The identification of a; requires first order perturbation theory as in (3.22) of the next
proposition. Second order perturbation theory as in (3.23) is needed for diffractive geo-
metric optics.

Proposition 3.3. Suppose that 6y, \,(6p), and w are as above. Suppose that the co-
efficients p, A and 6 depend smoothly on a parameter o with their unperturbed values
attained at oy Then, there is a uniquely determined smooth simple eigenvalue A, (), root
w(a) and orthogonal projection I1(«) with their unperturbed values at ag. With' denoting
differentiation with respect to «, the following perturbation formulas hold,

(3.22) LI = 0,
and
(3.23) IIL"II — 2L QL'II = 0.

Proof. The equations defining II(«) are,
(3.24) I = 1T, =11, LII=0.
Since L is selfadjoint,
(3.25) L = 0.
Differentiate the last equation in (3.24) to find
(3.26) LII" + L'II=0.
Multiply by IT on the left and use (3.25) to prove (3.22). Multiply (3.26) by @ to find,
(3.27) (I-MII' = —QL'II.
Differentiate (3.26) to find
LII" + 2L'1II" + L"II = 0.

Multiply by II on the left, and use II' = ITII' + (I — IT1)IT’, to find

2TL/(ITIT + (I —INIT') + IIL"II = 0.
Use (3.22) and (3.27) to find (3.23), completing the proof of Proposition 3.3. O

Returning to the formula for a;, use (3.22) with a equal to the j™ component of 6.
Then, prime denotes 0/06;, so,
Ow

L = —87mpyw 50, 2mie; Ao (grad, + 27i0) — (div, + 27i0) A 27ie;
J
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where {ej}N_1 is the standard basis for R). Dividing this equation by 27 and combining

with (3.22), it follows that

II —4ﬂpow% — ie; Ag (grad, +27if) — (div, + 27if) Agie; [II = 0.

J
Apply this identity to 1, and use (3.11) and (3.21) to find

ow ow
ajtn = —T(47pw 8—@@&”) = —Arw g T v).
The normalization (1.8) of v, completes the proof of the Proposition 3.2. O

Summary. If 0y, w are chosen to satisfy the dispersion relation (3.10) at a simple eigen-
value A\, (6p), V = —Vow(by), and wy is determined from its initial data which is an
arbitrary smooth function with values in K as the solution of the transport equation

v(t, af) w

=0
4714 ’

(3.28) (& + v.az)wo +

then (and only then) r_o =0 and I1r_, = 0.

3.3. Determination of the correctors. Inductively suppose that J > 0 and the smooth
profiles w;, 0 < 7 < J, have been determined so that r_5,7_y, ... 7;_9 and II'r;_; vanish.
We show that the equations Qr;_; = 0 and IIr; = 0 yield a unique determination of
wyy1 from arbitrary initial data HwJ+1’t:0. One has

rj—-1 = LwJ+1 + MU}J + FJ,1<w0,w1, wal),

and
r; = Lwjo + Mwyp + Fi(wo,wy, ... wy),

where the last terms are smooth linear functionals of the profiles indicated.
The definition of () shows that the equation () r;_; = 0 is equivalent to

(329) (I—H)wJ+1 = —Q(MwJ+FJ_1(wo,w1, wJ_1)> .

This determines the left hand side in terms of already known profiles.
The equation ITr; = 0 is equivalent to

(3.30) H(MwJ+I+FJ(wO,w1, wJ)) — 0.
Using (3.29) write,
wyy = Hwyy — Q(MwJ+FJ_1(w0,w1, wJ_1)>.
Plug this into (3.30) to find
OIMII(MTwyq) + TG (wo, ...y wy) = 0.
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Thanks to Proposition 3.2, this is a simple transport equation which determines ITw
from its arbitrary smooth initial data at ¢ = 0 and the previous profiles (wg, w1, ... wy).
The transport is at the group velocity V = —Vyw(6p).

These computations prove the following theorem.

Theorem 3.4. Suppose that 60y and w satisfy the dispersion relation (3.10) at a sim-
ple eigenvalue A, (6p) # 0. Given smooth K valued functions g;(x), there are uniquely
determined smooth profiles w;(t,x,y) periodic in y so that

w0|t:0:.907 ij|t:0 = g]7 and Vjataxaya T](t’:E)y):O

The value of wy at (t,z) is influenced only by the data go,...qg; at © — Vt. The leading
term wo is K valued and is determined from (3.28).

The next result shows that once the profiles are constructed as above they serve to
construct an infinitely accurate approximate solution in the sense that the residual and
all of its derivatives are infinitely small as ¢ — 0.

Theorem 3.5. Suppose that the g; have supports in a fized compact set and the w; are as
in the preceding theorem. Suppose that W (e, t,z,y) € C*([0,1[x[0, co[xRY x TV) with
support over the tube of rays with feet in the support of the g; has Taylor expansion in ¢,

Wiet,z,y) ~ Y & wlt,z,y).
§j=0

Define
v(t,x) = ™ We, t,x,x/e).
Then P=v® = O(e*) in the sense that for any T > 0, o € NV and n € N, there is a C
so that
< Cer.

|07, P vaHLw([O,T]xRN)

Remark 3.6. In Theorem 3.5 the assumption of compact support for the initial data g;
can be replaced by a suitable uniform control of the derivatives at infinity.

Proof. The residual R(e,t,z,y), defined by (3.4), admits a Taylor expansion with terms
r; which, by construction are identically equal to zero. The approximate solution, v°
satisfies

Pevf = ™S/E R(e,t,x,x/e).
By construction, R € C*([0, 1[:x[0, oo, xR2 x TJ') with compact support in z and each
of its partial derivatives is infinitely flat at € = 0 uniformly on compact subsets of (¢, z, y).
The result follows from Taylor’s theorem. O
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3.4. Stability. The stability estimate of this section implies that exact solutions are
infinitely close to the approximate solution. If u® is the exact solution with the same
Cauchy data as v® then P¢(u® — v®) = O(¢*) so the error is given by

ut —v° = (P91 O(e™)) .

One needs estimates for (P°)~! which grow at worst polynomially in 1/¢ as & — 0.
As a map from L*([0,T]; L*(R"Y)) to C([0,T]; HY(RY)) n CY([0,T]; L*(RY)) such an
estimate is immediate from the energy identity. We prove that the L?(R") norm of
partial derivatives of order s > 1 has growth no faster than 1/¢*(*) on time intervals of
length of order 1/e.

The proof is subtle since one cannot simply differentiate the equation. Taking a partial
derivative 0 of Pu = 0 yields

Pe (8u) = [PE, 0] u.

The commutator is a family, indexed by e, of partial differential operators of degree 2. The
leading terms in the commutator come from the commutator of 0 with the unperturbed
operator. The unperturbed operator has coefficients which vary rapidly with x but the
coefficients do not vary rapidly in time. One finds that in shorthand P0,u = O(1/¢) 0*u
while P¢0;u = O(1)0*u. Injecting the first in a Gronwall argument yields growth in time
like /<. Differentiating the equation with respect to z yields estimates which grow too
fast.

The strategy is to differentiate with respect to ¢t only. The missing = derivatives are
recovered by an ellipticity argument. Control of 9, Peu and 8{ w in L? suffices to control
all derivatives. The proof uses estimates associated to the uniformly elliptic family of
operators G°(t) := div A grad, 0 < e < ¢y, t € R.

Lemma 3.7. For all1 < s € N, there are constants C = C(s) and m = m(s) > 0 so that
for allt € R, € €]0,&¢], ¢ € H*(R"),

1
(3.31) D] sy < C(||G€(t)¢||H5—2(RN) + €_m||¢”HS—1(RN)>-

Proof. The proof is by induction on s. The case s = 1 is true with m = 0. This is an
immediate consequence of the uniform elliptic estimate,

o6l < C [ (G6,6) de < Clléllmgan, 166 ]ucen

IN

]' €
5 (10:0B ey + 1612a)) + C UGB sqam
It follows that for all ¢, ¢,

Il < C(IGBlu1@m + lolzem)-
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Suppose that (3.31) is proved for s > 1. We derive the case s + 1. It suffices to estimate
the L? norm of 9%¢ when |a| = s+ 1. Choose multiindices o’ and 3 with o = o/ + 3 and
|a/| = s. Then

(3.32) 11079l 2@y) < [070] 10761

HS*Q(]RN) +

R C<||G58f¢| Hs,l(RN)) ,

5m(5)
using (3.31). Write
G0lp = ]G°p + [9],G%g.

Since || < 1, the commutator is a differential operator of order 2. The coefficients and
their partial derivatives grow at most as 1/¢2. Therefore,

C
1G°07ll 2wy < NG“Glmr@ry + SlSllme@r) -
Together with (3.32), this completes the induction. O

The next important stability proposition is stated only in the case of infinitely small
source terms. Tt is equivalent to an estimate for (P°)~! which grows polynomially in 1/e.
The result proves stability on time intervals of length O(1/e). The long intervals are
needed for the diffractive case.

Proposition 3.8. Suppose that T > 0, and v € C>([0,T/e] x RY) satisfies Pv° =
O(e*) with Cauchy data O(e*) in the sense that, for all o, [, k, there is a constant
C =C(k,a, () so that

(3.33) H&f{vs,6tv€}|t:0HL2(RN) + sup H@ffxpeve(t)HLQ(RN) < Céer.
0<t<T/e

Then, v° is infinitely small in the sense that for any «, k there is another constant C' =

C(a, k,T) so that

(3.34) sup H@g‘zva(t)Hm(RN) < Cer.

0<t<T/e
Proof. The first step is to show that ||¢¢ 97v°(0) | z2®yy = O(e™). For j < 2 this is implied
by (3.33). The proof is by induction on j. Suppose the assertion is proved for indices < j.
We prove the case j 4+ 1. Use the relation

P00 = 9P P 4 [P o0 = O(=™) + [P, o100

Dividing by p, this expresses the derivative 8,{“851}5 at time t = 0 as a sum of terms
which are O(¢*°) by the inductive hypothesis.

Estimate (3.34) is proved for |a| < n by induction on n. The case n = 1 uses the
standard energy method. Considering the real and imaginary parts of v¢, it suffices to



23

consider real solutions. Suppress the € dependence of v. Multiply P?v by 0;v and integrate
in space to find,

8t<% /RN( (B)* + (A%gradv, gradv)) dx) -

Ou(t) Pou(t) do + %/ (8th (0w)* + (9, A1 grad v, grad v>> dx
RN

RN
For the quantity
1

E(t) = <§ /RN (p° (Bw)* + (A°gradv, gradv)) da:) 2

equivalent to the norm [|0; ,v(t)|| 2~y this shows that

d
EEQ(t) < CE®) | Pv()|2@yy + CeE(2).

Gronwall’s method implies that there is a constant independent of v, £, ¢ so that
t
Cet Ce(t—s
(3.35) [|Orav(t HLQ(RN) < Cer Hatvﬂﬁv(O)HLQ(RN) + C /0 e HPaU(S)HLQ(RN) ds..

Using assumption (3.33) and the fact that et is bounded, this implies the case |a| = 1 of
(3.34). Estimate L?(R") norms as

o) || 2ry = HU(O) + /Ot Oyv(s) ds‘

IN

CXE“)+(ZIH@v@HLPmeB
< OE™) +t0(e™).

The last estimate uses the case |a| = 1. Since t = O(1/e) it follows that ||v(t)]|z2 = O(e*)
proving the case |a| = 0. This proves the n = 1 case of the induction.

L2(RN)

Suppose next that the result is known for |o| < n. We prove the case n + 1. The idea
is to use (3.35) for the function 0j'v. Toward that end compute

(3.36) POt = 9'Pv + (P50 = [P5,0Mv + O(®).

The commutator is a differential operator of degree n 4 1. The derivatives that appear
are at most of order 2 in . The coefficients are time derivatives of the coefficients of P*¢
so are O(e). By induction the terms on the right of (3.36) involving derivatives of order
< n are O(e*>). Therefore,

NP5, 0l oy < o 3 0000 gy + O

i
Applying (3.35) to 0fv yields, for et < T,
(3371 o). < /&:Z 1020}0(s)]| . d

JHB\ n+1
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Remark that in order to get (3.37) we used the fact that 0, ,0]'v is infinitely small at time
zero, which follows from (3.33).

The expression (3.37) is not ready for an application of Gronwall’s inequality, since the
integrand involves derivatives of order 2 in z which are not present in the left hand side.

Lemma 3.9. Suppose that Pv® = O(e>) and the Cauchy data of v° are O(£>) as in
Proposition 3.8. Assume in addition that, for all k, there is a constant C' = C(k) so that
(3.38) sup H@E‘xvs(t)HLQ(RN) < Céer.

0<t<T/e
la|<n

Then there is a constant C independent of €,v° so that, for any 0 < t < T/e, the
derivatives of order n + 1 satisfy

Sup Hag:vz’s(t)HL?(RN) < 0™) + C Z H@fé‘zve(t)HLQ(RN).

lor|<n+1 J+IBl=n+1
81<1
Proof. For n+1 > |y| > 2 we must estimate 8;8?“7'7'@5. Write v = 7/ + ¢ with || = 2.
The coercivity estimate (3.31) for s = 2 and ¢ = 379" "ve shows that

n+1-— 5 e ay’ qn+1— e 1 ! an+1— 5
(3:39) 0050 e, gO(HG 0 | g+ [0 08 HHl(RN))-

The second term in the right-hand side of (3.39) involves derivatives of order at most n
so, by hypothesis (3.38), is O(¢*°). Commutation yields

! ont1—|v| ! gn1—|y| " gn+1—|y]

1G°02 0 | oy < 020 TG gy + 16700 | oy
The commutator is a differential operator of degree n with coefficients no larger than
O(e7"). By the inductive hypothesis the norm of the commutator is O(£>).

Write G° = —P° + p°0? so
a;y’afﬂLl*\’Y\Geve _ _ a;y’a;”rlprevs + a;y’a;”rl*Mpsa?ve .
The first term on the right is O(e>) by hypothesis. Expanding the second term there is
one term with a derivative of order 1 + n and the others involve derivatives of p° times

derivatives of v of order < n. Since the derivatives of p* grow at most polynomially in
1/e these lower order derivative terms are O(£*°) by the inductive hypothesis. Therefore

|Gray o7 o ooy < COY AT T oy + O().
Injecting this in (3.39) yields
030y < C LBy + OE).

The order of the x derivative on the right is lower by 2. A finite number of applications
of this reduction, proves the Lemma. O]
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Lemma 3.9 shows that the left hand side of (3.37) dominates all derivatives of order
n + 1 so one has

> o)), < 0E™) + /0 Ce > ||0ddfv(s)]|,. ds.

|o| <n+41 J+|Bl=n+1
[B]<2

The sum in the integrand is smaller than the sum on the left hand side. Gronwall’s
Lemma completes the proof of the inductive step. O

Theorem 3.10. Let v°(t,z) be the approzimate solution defined in Theorem 3.5 and
u(t, x) be the unique solution of the initial value problem

Pe(t,x,0p,)u® = 0, OFufli—g = OFv%|4—g, for k=0,1.
Then for any T > 0, o € N**¥ and n € N, there is a constant C > 0 so that
o — v

(3.40) sup ‘ < Ce".

[t|<T

L2(RN)
Proof. This estimate follows from Proposition 3.8 since the error
Ef = uf(t,x) — ¥ W (e, t,x,x/e)

satisfies
Vn, VS, HPe(t,x,ﬁm)Ee’ He([0,T]xRN) = O(5n>,
and, the Cauchy data of E° vanish identically. O

Remark 3.11. If one is interested in an O(e") error estimate in (3.40) for a fized integer
n, it suffices to truncate the approrimate solution v¢, defined in (3.3), at order n + |a|.

4. DIFFRACTIVE GEOMETRIC OPTICS FOR BLOCH WAVE PACKETS

4.1. The long time ansatz. This section is devoted to long times ¢ of order 1/e. As
in the case of equations with constant coefficients and linear phases [14], this time scale
leads to envelope equations of Schrodinger type. The support of the leading term in the
asymptotic solution extends beyond the tube of rays with feet in the initial data. For
that reason it is called diffractive.

In order for the modulations to affect the leading order asymptotics at times of order
1/e and not before consider perturbations smaller than in the preceding section.

Hypotheses. The coefficients are given by
(4.1) " =po(z/e) + 2 pi(t,z,x/e), A® = Ag(z/e) + > Ay(t,z,x/e),

with p1, Ay satisfying (1.3), (1.4). In addition the important invariance hypothesis (1.12)
is satisfied, as well as assumption (2.2) that \,(6y) # 0 is a simple eigenvalue.
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These modulations are weaker by one power of ¢ than in the preceding section. If these
weaker perturbations were considered for times ¢ = O(1), they would not influence the
leading order term in the asymptotic expansion. We consider again a solution u® of (1.1).
Motivated by the constant coefficient case and the case of purely periodic media in Section
2.4, consider linear phases,

S(t,x) = wt+6.x,

and a three scale ansatz of WKB type,

(4.2) ue(t, 1‘) ~  2miS(ta)/e <w0 <€t, t,x, E) + cwy (575, t,x, E) + e )’
9 15

where the w;(7,t,x,y) are periodic functions of y with period one. The key feature is
the slow time scale 7 = et which becomes relevant for ¢ of order 1/c. The problem
addressed here is to take modulations as in (4.1) and ask how the solutions constructed
in the preceding section behave on the longer time scale. At those times modulations
satisfying (4.1) can affect the leading term in the expansions.

For t ~ 1/e one expects solutions to reach z ~ 1/e. The ordering of the terms in (4.2)
is measured by their rate of decay as ¢ — 0. In order for that ordering to be respected for
times ¢t ~ 1/¢ we require that the w; grow sublinearly in (t,x). For example, if w; grew
linearly in ¢, z, then for times t ~ 1/¢ the term ew; would be O(1) so might not have size
smaller than the leading term. To avoid this we suppose that for all j, T,

(Tt
(4.3) lim sup —lw]< 47, 9)| =
lt;x| =00 g<T<T, yeTN It z|

The profiles that we construct will satisfy the stronger condition that the w; are bounded.
This phenomenon is already present in the constant coefficient case [14].

Given w;, Borel’s Theorem allows us to choose smooth W (e, T, ¢, z,y), periodic in y
with Taylor expansion in &,

(4.4) Wi, T,t,z,y) ~ wo(T,t,z,y) + cwy (T,t,x,y) + - .
Approximate solutions are defined by

vt x) = ETEW(e et t,x, x/e).
Then

e 2T/ pe s = e’2m5/€P€<e2mS/EW(e,615,75,:6,3:/5)) = R(e,et,t,x,x/e),
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with
R(e, T, t,x,y) = e 2m5/¢ {pe (815 + 637)2
di d A
— (divm + ﬂ) A (gradm + 22 y) } (62’”‘9/5 W(s,T,t,x,y)>
(4.5) € €

2miw

— (p0+€2p1)< +at+eaT)2
€
B <divy + 276

<grady + 276
€

+ divz) (AO + 52A1) + gradx)] w.

Equation (4.5) implies that there are uniquely determined r; so that

[e o]

R(e, T, t,z,y) ~ Z elri(T,t,x,y).

j=—2
Compared to the preceding section there are two differences. The perturbation of the
coefficients is O(g?) rather than O(g), and there is the edr term.

4.2. The leading profile. We expand the operator on the right in (4.5) in powers of ¢,
and keep the leading three orders

e?L + ¢ 'M + ¢°N.
The term L is as in (3.5),
(4.6) M(y, 0y, 0y, 0y) :=4mipyw 0y — (2mi0 + div,) Ag grad, — div, Ay (27i6 + grad,)

and,
2

N(t,z,y,07,0, 04,0y) = 4dmipowdr + ( —divaogradz) +

(4.7) " or

<p1 (2miw)? — (div, + 2mif)) Ay (grad,, + 27?2'0)) .

The operator M is simpler than in the preceding section. Here it involves only pg and A,.
The modulations p;, A; appear in N. At the symbol level one has,

(4.8) M(y, 0, h,0,) = 4mipo(y)wdy — (divy + 2mif) Ag(y) h — h Ao(y) (grad, + 27i6),
where h replaces 0,. The leading terms in the residual are,
(4.9) r_o = Luwg, r_1 = Lw; + Muwy,, ro = Lwy + Mw; + Nuwy.

The relation r_y = 0 leads to (3.8), the dispersion relation (3.10), the Definition 3.1 of K,
I1, @, and (3.11), as in the preceding section. Fix w, y,V as before.

Since r_5 is in the image of L, one automatically has I[Ir_5 = 0. The equation r_5 =0
is equivalent to Q r_o = 0. For j > —1, each equation r; = 0 is split into two equations,
IIr;=0and Qr; =0.
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The equation r_; = 0 is,
Lw1 + Mwo = 0 .
Since wy = ITwy and IIL = 0, the equation IIr_; = 0 is equivalent to

IMIMITwy = 0.

With the simpler form of M in (4.6) (without the perturbations p;, A;), Proposition 3.2
shows that,

(4.10) IMIw = 4m(at n v.agg)nw, V= —Vew(th),
SO
(4.11) (at v V.8x>wo — 0.

Thus there is a reduced K valued profile wy(7, x) so that
(4.12) wo(7T,t,z) = we(T,xz—Vt).

It remains to determine the K valued function wo(7,x) of 1 + N variables. One needs a
dynamic equation in 7. The reader is reminded that wy is K valued and K consists of
functions of y, so wy is actually a function of (¢, z,y).

The equation Q) r_; = 0 yields

(4.13) (I -Mw, = —QMuy.

Equation (4.11) together with the fact that the coefficients of M depend only on y imply
that the right hand side is a function of (7,x — Vt,y). The same is therefore true of the
left hand side, so

(4.14) (O +V.0,) (I —Mwy) = 0.

This exhausts the information from r_5,7_;. The equations (4.13) and (4.14) are impor-
tant steps toward determining the first corrector w, and are also needed to derive the
equations determining the leading profile wy.

The equation IIrg = 0 yields the Schrodinger equation determining the dynamics of
wp. The fact that the leading profile wy is determined from three orders in the residual is
a reflection of the three scale structure of the asymptotics.

Multiply ro by II and decompose wg, w; along K & K+ using (3.11) and (4.13) to find

(4.15) IM (w, — QMuwg) + INIwy = 0.

This yields two equations. Multiply by 0; + V.0, and use (4.10), (4.11), and most impor-
tantly the invariance of the coefficients, (1.12), to eliminate the wq terms leaving,

(0, + V.8,)*(Tw,) = 0.



29

This shows that the restriction of TTw; to each ray, t — (¢, + Vt), is a linear function of
t. Since by assumption (4.3) each profile is required to have sublinear growth, the linear
function must be constant, so,

(4.16) (8 + vV.0,)(Ilwy) = 0.

Thus, the single equation (4.15) implies two equations, (4.16), and
(4.17) IINTTwy — IMQMITw, = 0.
Combining (4.16) and (4.14) yields

(4.18) (8 +V.0,)w = 0.

Thus, there is a reduced profile wy (7, x,y) so that wy(7,t,x,y) = w1 (7 ,x — Vt,y). This
corrector is not in general K valued. (I — IT)w; is determined in (4.13). The remaining
part ITw; will be determined after we find wy.

Proposition 4.1. On smooth functions w(7T,t,x,y) which satisfy (0; +V.0,)w = 0,
(4.19) <HNH - HMQMH) w = (mmT — WwV2w(d,, D) + fy(t,:c))Hw,
where 7 is defined in (3.17).

Proof. The definitions of IT in Subsection 3.2, of N in (4.7), and the normalization (1.8)
imply that the d7 term on the left in (4.19) is equal to
M4riwpeorllw = 4miw 07 (w) ..

Similarly the zero order term (with respect to ¢ and z) from IINIw is equal to (¢, x) w.
Use O;w = —V.0,w to conclude that

(HNH - HMQMH) s
- (47Tiw or + H<p0 (V'&C)2 — div, Ap grad, — M@ M>H s :p))Hw .

The second order terms in = come from the (1.0,)?, the two factors of M, each of which
is first order in 0, ., and, the div, Apgrad, term. They simplify thanks to the identities
of Proposition 3.3 as we now explain.

With h = (hy, ho,...,hy) € RY fixed, apply (3.22) for § := ha, a € R. Then the
derivative with respect to ais ' = h.0p = > h;0/00;, and,

(421) L' = —47°po (h.0p)(w®) — 2mih Ay (grad, + 2mif) — (div, + 2mif) Ag 2mih.
From (4.8) one has

—2mih Ay (grad, + 2mif) — (div, 4 2mif) Ag 2mwih = 2miM(y, 0y, h, 0,) + 2mi( — Amiwpody) -
Use this in (4.21) to find

(4.22) L' = —47%py (h.0p)(w?) + 27iM(y, 0, h,0,) + 87w py ;.
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Differentiate (4.21) to find,
(4.23) L” = —472py (h.0p)*(w?) — 87ih Agmih = —472py Va(w?)(h,h) + 87*h Agh,

where,

V2(w?)(h, k) = ZZ?@E?@? hik;.

i=1 j=1

Plug (4.22) into (3.23). Since I1IQ = QI = 0, each of the terms involving
—47% po (h.0p)(W?) + 87w py Oy
vanishes. Therefore,
NL QL' = —4x*TIM(y, d;, h, 8,) Q M(y, d;, h, 8,) I1.
Using this and (4.23) in (3.23) yields,
il (8 72 h Agh— 472 py V2(w?)(h, h)) I + 872 IIM(y, dy, h, d,) Q M(y, 8, h,9,)TT = 0.
Polarization implies equality of the associated symmetric bilinear forms,
il <87r2hA0k—47r2p0 V2(w?)(h, k)) I + 872TIM(y,d,, h,0,) Q M(y, 9y, k,d,) 1T = 0.
Dividing by 872 and replacing h and k by 9, yields
LMy, 9h, 0, 0,) Q My, 01, 03, 0) T = 11 (EVEW(0, , 02) = div Ao(y) grad, )T

Use this in (4.20) to find that (IINII — IIMQMII)w is equal to

(47riw6:r + H(po (v.a,)" — %VZ(wQ)(&B, ax))n + fy(t,:c))Hw.

Taking account of the K valued character of 11w, the definition of IT and the normalization
(1.8), this is equal to

(47m'w87 + (V.agc)2 — %Vﬁ(uﬂ)(@, D) + v(t,x))Hw.
Using,
V2w, 0,) = 20Vew(d,, 3,) + 2(Vew.d,)” = 2wV2(d,, 8,) + 2(V.8,)%,
yields,
<4m'w87 — wVaw(0,, O0p) + v(t,x))Hw.

This proves Proposition 4.1. O



31

The leading profile must satisfy (4.11) and combining (4.11), (4.17), and (4.19) yields
the Schrodinger equation

(4.24) (4m’w Or —wVaw(0,, 0,) + (1, x)) wo = 0.

Applying the operator &; + V.0, to (4.24) and using (4.11) yields ((9; + V.0,)7)wo = 0
so that solvability requires that (0; + V.0,)y = 0 on the support of wy.

Conversely, when ~ satisfies (1.12), introducing 7 such that (¢, x) = 7(x—Vt), equation
(4.24) is equivalent to

(4.25)  Twy =wy = wo(7T,x — Vi), (4m'w Or —wVaw(0,, 0,) + ?(w))f&o = 0.

The leading profile wy(7,x) is uniquely determined from its initial data as a tempered
solution of (4.25)

Example 4.2. In the case of purely periodic coefficients one recovers the Schridinger
equation,

(426) 47 87’1’170 — ng(@c, ax)@o = 0,
which agrees with (2.11).

Example 4.3. Fven more special is the case of the speed one constant coefficient wave
equation on RY where (4.26) is the standard Schridinger approzimation with Viw equal
to & the partial laplacian orthogonal to the direction 6.

The results of this section are summarized by the following proposition.

Proposition 4.4. The leading profile is a K valued function wo(7,z — Vt) where wy is
determined from its initial data at T = 0 as the unique tempered solution of (4.25). The
first corrector wy satisfies (4.18) and its projection wy orthogonal to K is given by (4.13).
These prescriptions are equivalent to the equations r_o =1r_1 = Ilrqg = 0.

4.3. Determination of the correctors. The hard work for problems satisfying (1.12) is
over. We show how the computation continues by determining the first corrector w;. The
projection (I —IT)w; is already determined. We show that ITw; and @ wy are determined
from the pair of equations Qro = 0 and IIr; = 0. Inductively, [Tw; and Qw;,, are
determined in the same way from the pair of equations Qr;_; = 0 and IIr; = 0 and the

values of the wq, ..., wy_1, (I — )wy.
Using (4.9), the equation @Q ro = 0 holds if and only if
(4.27) (I-M)w, = —QMuw; — QNuwy,

In particular using (1.12) and the invariance of wy, w; along rays yields

(4.28) (O +V.0,) (I —wy) = 0.
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The residual 7 is given by
r1 = Lws + Mwy + Nwy + Fi(wy),

where the term Fj is determined entirely from wg and its partial derivatives. Multiply by
IT and decompose wy, wy along K @ K+ to find, using (4.13) and Q ro = 0,

(4.29) TIM (M w; — QM(ITw; — QMuwg) — QNwy) + IIN(ITw; — QMuwy) = —I1F; (wo) -
Multiply by 9; + V.9, to find using the hypothesis (1.12),

(0, +V.0,) Mwy, = 0.
By assumption (4.3) (sublinearity along rays) it follows that

(O + V.0, )[Twy = 0.

Combined with (4.28) this implies that (0, + V.0,)ws = 0. Thus, in view of (4.10), the
[IMIIw, term vanishes and there is a reduced profile, ws(7, x,y), so that

wo(7T,t,x,y) = wa(T,x—Vt,y).
Then, (4.29) becomes
(4.30) (TINTI — TIMQMIT) w;, = —T1Fy(wy)

with Fy determined from w, and its derivatives. When ~y satisfies (1.12), Proposition 4.1
shows that (4.30) holds if and only if

(4.31) (4m'waT — wVaw(0,, 0,) + ”y’(az)) (ITw;) = —I1Fy(w).

This equation along with (4.13) completely determines w; from the initial values w; T—o'

In addition, (4.27) determines (I —IT)w,. These determinations together with the earlier
ones are equivalent to the equations r_o = r_; = rqg = IIr; = 0. The new equations are
Qro = Ilr; = 0. This completes the second step of the inductive determination of the
profiles w; from the initial values of IIw;. When they are all so determined, all the

residuals r; vanish.

Remark 4.5. In homogenization problems one often uses (I — II)w; as part of test func-
tions. The common expressions are complicated involving 0 derivatives of ¥y, (x,0) (see
for example [3]). If one writes out our formula in detail one recovers those formulas. The
present formulation is well adapted to a systematic inductive arqument.

These computations yield the first of the following Theorems. We use the Schwartz
class S(R}Y x T)) defined by

Vo,3 sup |2” Opyw(z,y)| < oo.

RY XTYN
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This class is chosen as it gives the most structured of solutions. A result with the milder
class N H*(RY x TV) is stated in the introduction.

Theorem 4.6. Suppose that 60y and w satisfy the dispersion relation (3.10) at a sim-
ple eigenvalue \,(6y) # 0. Given Schwartz class K valued functions g;(z,y), there are
uniquely determined w;(T t,x,y) = w;(T,x—Vt, y) with w; € C* ([0, oo[7; S(RY x T"))
so that

w0|t=0:gO7 V]21 H{Ej|t=0 = Gj, and vjutwrvyv Tj<t7'ruy):0'
The leading term wy is K valued and is determined from the Schridinger equation (4.25).

Theorem 4.7. Suppose that g;(x,y) are Schwartz class K valued functions. Let w; be the
profiles constructed in the preceding theorem. Choose W (e, T, z,y) € C*([0,1][x [0, co[ xRN x
TN) with Taylor series in ¢,

W(E,T,Jf,y) ~ Z gj wj(T7x’y>’
7=0

such that, for any o € N**N 3 € NV, m € N, T > 0, there exists a constant C > 0
satisfying, Ve > 0,
(4.32) sup ‘xﬁ 6%x(W — Z ;)| < Cemth.

{0<T<T}XRN TN =0

Define
(tx) = e Wie,et,x — Vt,x/e).

Then Pv® = O(e™) in the sense that, for alla € N*™N 3 e NV m e N, T > 0, there
exists a constant C' > 0 satisfying, Ve > 0,

sup ” Oy (Peof)| < Cem.

{0<t<T/e} xRN xTN

Proof. The proof is like that of Theorem 3.5. OJ

Theorem 4.8. With notation and hypotheses of the preceding theorem, let u®(t,z) be the
unique solution of the initial value problem

P€<t7'raat,:v)u€ = 07 afue‘tzo = 851)6‘25:07 for k 2071
Then for any T >0, a € N'*¥_ and, n € N, there is a constant C > 0 so that

< Ce.

o, — v)

sup ’

[t|<T/e L2(RY)
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Proof. As in the proof of Proposition 3.8, one first establishes that

Then the Theorem is an immediate consequence of the residual estimate in the preceding

8§I(u€ — ) < Ce".

}t=°’ L2(RY)

Theorem and the stability estimate (3.34). The latter estimate was proved for stronger
perturbations and is true without modification in the present context. O]

5. MODULATIONS THAT ARE NOT CONSTANT ON GROUP LINES

This section treats modulations p; (¢, x,y), A1(t,z,y) that are not constant on group
lines. The coefficients are given by

(5.1) " =po(z/e) + & pi(t,z,z/e), A® = Ap(z/e) + & Ai(t,x,x/e),

with p1, Ay satisfying (1.3), (1.4), but not the invariance hypothesis (1.12).

For (1.12) to hold for several distinct group velocities is a very strong condition. For
example, if V, is a family of such velocities so that 9; +V,.0, span R'* then the only
p1, Ay which satisfy (1.12) for all these velocities are periodic functions of y which do not
depend on (¢, x). The conditions imposed in this section do not have this sort of defect.

5.1. Ray averages. Wave packets move with the group velocity V. An observer moving
at this speed sees the coefficients along the rays (¢, z+Vt). On such a ray, v = (¢, x+Vt).
In this section the hypothesis that 7 is constant on rays is replaced by a weaker hypothesis
concerning the average of v on rays.

Begin by assuming that the averages on rays,

1 (T
(5.2) lim —/ v(t,x +Vt)dt = F(x), exists uniformly in z.
T—~4o00 T 0

The quantity on the left is a trivial case of the average projectors in geometric optics (see
page 124 of [27]). We need more than (5.2). The function ¥(x) is the average on the ray
intersecting t = 0 at x. The ray passing through the point (¢, z) intersects ¢t = 0 at x — Vt.
The function which assigns to (¢,z) the average value of 7 on the ray through (¢, z) is
equal to ¥(z — Vt). The function which subtracts from (¢, z) its average on the group
line through (¢, x) is equal to (¢, x) — ¥(x — Vt).

Consider the solution g of the scalar transport equation

(5.3) (at + v.az) g = y(to)=F@ V), gl _,=0.
Then t
g(t,z) = /0 (fy(s, r—=Vt+Vs)—7(x — Vt))ds.
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Thus,

g(tf) _ %/ty(s,mvs)ds ~5E),  Fe—a-Vt
Assumption (5.2) is equivaleng to the fact that this is o(1) as t — 400,
(5.4) tE+moo zselllig\’ M = 0.

Equivalently, g = o(t) as t — +oc.

Lemma 5.1. If v satisfies hypotheses (1.3) and (5.2) then,
i. each partial derivative &157857 also satisfies the hypotheses,
ii. ¥ € C>°(RY), and,

iii. for all (j,3) € N x N¥

Loo(RN)

T
GRS / Btz + VE) dt — (—V.0,)0%(x)
0

T—+o00

Proof. First treat the case of x derivatives. Define
1 n
Gn(z) = — / Y(t,x +Vt) dt
n-Jo
Differentiating under the integral yields
e / Ooy(t,z + Vi) dt

Hypothesis (1.3) implies that for each [, the family {0°G,} is bounded in L>(RY).
Hypothesis (5.2) implies that G,, converges uniformly to 7 on R¥. Tt follows that 975 €
L>(RY) and

Jim |07 (G §)HL°°(]RN) = 0.
For T' > 1 choose n to be the integer part of 7. Then,
H / Oyt x + Vi) dt — aﬁG> ey O(1/T).

Formula (5.5) for j = 0 follows.
It remains to prove iii for j > 0. This follows by induction from the case 7 = 1. To
prove the case j = 1 use 0y = (@ + V.@x)v — V.0, to find

(0)(t,z+Vt) = (i) (t,z+Vt) — (V.0,7)(tz+ V).

Integrating this equation on rays and using the case j = 0 for the last term proves the
case 7 = 1. 0

We impose the following strengthening of (5.2) replacing the o(t) by O(t®) for some
0<pB<1.
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Definition 5.2. The function ~ satisfies the ray average hypothesis when (5.2) holds
and there is a 0 < 3 < 1 so that for all a« € N x NV the solution g, (t,z) of

(0 + V)9 = G ((L2) =Fx = VD), ga(0.2) = 0
satisfies (t) g, € L>(]0, 00[xRN) where (t) := (1 +12)Y/2,

Remark 5.3. i. For a = 0, we recover gy = g, the solution of the transport equation
(5.3). ii. The proof of Lemma 5.1 shows that if vy satisfies the ray average hypothesis then
so do its derivatives with the same value of (3. iii. The proof of Lemma 5.1 shows that
it suffices to treat the case aw = 0. iv. The hypothesis is quite general. It takes a little
ingenuity to construct examples that do not satisfy the hypothesis. For such an example
the ideas of §5.1.2 are helpful. v. For random perturbations of periodic media one would
expect analogous ray average hypotheses to hold with 3 > 0.

5.1.1. Exzamples of the ray average hypothesis with 8 = 0.

Proposition 5.4. i. The set of v satisfying the ray average hypothesis is a real vector
space. It contains the functions satisfying (1.12).

ii. If y(t,x) = f(L(t,x)) where f(0) is a smooth periodic function of arbitrary period
and € is a linear functional then the ray average hypothesis is satisfied.

iii. If M : RN — RM s linear and satisfies the small divisor hypothesis

3C >0, meN, VneNY oML V)#£0 = |[(nM(L,V)| > Cln|™,

then, for h(0y,...,0r) € C(TM) the quasiperiodic function (t,x) = h(M(t, x)) satisfies
the hypothesis.

Proof. i. Self evident.
ii. Write the linear functional as «.(t,x) with o € RN, Let v = f o /. Then,

v,z +Vt) = fla.(t,z+Vt)) = f(a.(0,2)+ta.(1,V)).

There is a dichotomy. When «.(1,V) = 0, v is constant on group lines so y =7 and g = 0
so the hypothesis is satisfied.

When «.(1,V) # 0, the restriction of y to group lines is periodic with period p/|a.(1, V)|
where p is the period of f. Then v — 7 is periodic on group lines with the same period
and has mean equal to zero. For any ¢ > 0 there is an m € N so that

m L
(1, V)]

p

<t < (m+1)m.
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The interval [0, mp/|a.(1,V)]] is exactly equal to m periods. Since the mean over one
period is equal to zero, the integral over this interval of m periods vanishes too. Therefore,

/7(5,§+V5)—§(5) ds| = / (s, T+ Vs) =7(7) ds
0 mp/la(LV)
(5.6) < v =7~ m < 2|f]l, |a.(f,V)|'

This proves the boundedness of g. To prove the boundedness of derivatives, apply the
above argument to the differentiated equation.
iii. For 0 = (61,...,0y) € TM, express

h = Z h,, €™ v o= ho/\/l(t,a:) = Z h,, em M) — Z Yn(t, ) .

neNM neNM neNM

Along the ray (t’ T+ Vt)a Tn is given by
Yul(t, © + VE) = hy, em-MOT) ginMLV)E

As in part i, there is a dichotomy. If n.M(1,V) = 0, then =, is constant on rays so
Yn — Yn = 0. Thus,

/Oy(s,mvs)—a'(f) s = 3 /0%(3,55+Vs)—%(§) ds .

n.M(1,V)#£0
As in (5.6), (7 — V) with n.M(1,V) # 0 is periodic with mean zero so,
[ w748 =5 ds < T~ Fullm
n\°; —In = n = In||L® Ty 1 A
0 [n.M(1,V)]
2w
< 2hy| ———
< 2l vy

< Ckn|™ [n|™,

the last using rapid decrease and the small divisor hypothesis. Summing over n.M(1,V) #
0 yields
< ZCKW_K n|™.
n#0
Choosing K > N + 1 — m yields the L>(R*") bound for g. The bound for derivatives

follows by applying the above argument to the differentiated equation using Lemma 5.1.
OJ

/0 (s, T+ Vs) — () ds

Proposition 5.5. i. If the components of M(1,V) have rational ratio, then the small
divisor hypothesis is satisfied.

ii. If the dimension is M = 1+ N and M = I, then the small divisor hypothesis is
satisfied for Lebesque almost all V.
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iii. If V and the dimension M are fized, then the small divisor hypothesis is satisfied
for Lebesque almost all M.

iv. If the dimension M 1is fixed, then the small divisor hypothesis is satisfied for Lebesgue
almost all M, V.

Proof. i. The rational ratio is equivalent to the existence of an r €]0, co[ so that
TM<17 V) = (qO7 qi,---, QM) € ZlJrM.
Then,

1 1
(ng,ni,...,nn) M(1,V) = (no,nl,...,nM).; (90, q1,---,qu) € ;Z.

When it is nonzero, it is equal to an integer divided by r so is bounded below in absolute
value by 1/r. This verifies the small divisor hypothesis with C' = 1/r and m = 0.

ii. A vector W satisfies the small divisor hypothesis if and only if
1

m|n|™

IdmeN, Vne NVIL nW #£0 = [nW|>

The set of vectors orthogonal to one of the n is a null set. So it suffices to show that the
complement of the set defined by
1

m|n|™

dm >0 Vn#0, |[nW]|>

is a null set. A vector W belongs to the complement if and only if
[n ™™

Vm >0, dn#0, |[nW|<——.
m
This is the set

n —m
N U{w mwi < n " b
m
m>0 n#0
We show that the Lebesgue measure of this set is equal to zero, by showing that its
intersection with {|W] < R} is a null set. Toward that end, for each n, we rotate
coordinates so that in the new coordinates, n = (|n[,0,0,...,0). Then

- W 1 W 1
W o nW| < [l = In- W] < C n - W] < —
m [n] m [n[mt ] m

The intersection of this set with the ball of radius R has Lebesgue measure < C(R)/m.
Since our set is the intersection on m of such sets, it is a null set.

iii. Denote by E € RY the set of full Lebesgue measure so that the small divisor
hypothesis is satisfied when M = I and V € E. Then, for V fixed, the pair M,V satisfies
the small divisor hypothesis whenever

M(LV) € E.
This is satisfied for almost all M.
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iv. Follows from iii and Fubini’s Theorem. O

5.1.2. Examples of the ray average hypothesis with 0 < < 1. The preceding section
showed that quasiperiodic « satisfy the ray average hypothesis with 7 = 0 under a small
divisor hypothesis. In this section we show that much more general almost periodic ~
satisfy the hypothesis with G > 0 under a weaker divisor hypothesis. The smooth almost
periodic v are assumed to be of the form
(5.7) y(t,x) = Z ay €M)

neRI+N

where a,, vanish for all but a countable family of 7 and satisfy

(5.8) VneN, Y )" a| < oo (n) = (14"

n
Then

@ +Vo)y = > n(1,V)a, et 5 = Y g, et
nERIN 7.(1,V)=0
Then
v(t,x) — F(xz —Vt) = Z a, e
1.(1V)#0
The ray average of this difference vanishes but the convergence is slow for terms with

n.(1,V) small. Lebesgue’s theorem implies that
Z a, et = o(1) as 0 —0.
0<|n.(1,V)|<6

Our hypothesis strengthens this to O(6¢) for some 0 < a.

Proposition 5.6. Suppose that 7y is as in (5.7), (5.8) and there is an o > 0 so that for
alln
(5.9) > e = 006",  §—0.
0<|n.(1,V)|<é
Then the ray average hypothesis of Definition 5.2 holds with = «/(a + 1).

Proof. Consider the solution of (0;+V 0,)g = (¢, ) —v(x—Vt) with vanishing initial data.
Part iii of Remark 5.3 shows that it suffices to consider only g and not its derivatives.
Write
y(t,x) —F(x = Vt) = Z a, e e 4 Z anei"'(t’x)
[n.(1,V)|<é [n.(1,V)|>6
with corresponding solutions g; and g with vanishing initial data. Estimate (5.9) shows
that

(5.10) gl oy < C 6%
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The solution g5 is given by

1 . ‘
_ in.(tx) in.(0,z—Vt)
g2 = E Z"r].(l,V)t (an e a e ) .

In.(1,V)[>6

The ray average hypothesis concerns only £ > 1 and one has,

C
(5.11) lg2(O)l| oy < 5
Choose § so that 6 = 1/(t6), that is § = t~/(1+%) to find that

C
lg1(O) lcomny + llg2llcomny < o@D "

0

5.2. The approximate solution. When the ray average hypothesis holds we construct
a three term approximate solution

(5.12) V¢ = e¥SIEWE (et t x, x e

(5.13) We(T, t,x,y) == wolT,t,xz,y) + cw (T, t,2,y) + 2wy(T,t,z,y),

with profiles w; smooth and y-periodic. The correctors w; and w, in this construction
will not in general be bounded in ¢. The corrected solution does not have the form
of infinitely accurate expansions constructed when (1.12) holds. The derivation of the
leading approximation and the correctors follows the lines established in Section 4. The
information gleaned from the leading residuals r_o, 7_; up to equation (4.14) is unchanged.
Equation (4.15) is treated differently. In the case of coefficients satisfying the invariance
(1.12), the equation was multiplied by J; + V.0, to eliminate wy and then to arrive at
(Op +V.0,)lTwy; = 0. In the present case, we isolate the w,; terms as

(HNH — HMQI\\/JIH)wO = —I[IMITw;.

Propositions 4.1 and 3.2 (the latter modified for the diffractive case so that there is no ~y
term) show that this is equivalent to,

(5.14) <47mw O — wV2w(d, , 8,) +(t, :c))wo = — (O + V.0,)w; .
Split
Vtx) = F@=Vt) + (v(t,z) —F(x = V1))
to write (5.14) as,
(4m O — wV2w(d, , ) +7(x — Vt))wo -
(5.15) — (8 + V.0, Twy — (y(t,z) — F(z — Vt))wy .
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The equation (5.15) is satisfied by first choosing wo(7 , ¢, x) = wo(7 ,x—Vt) where wy (7, )
is a K-valued function satisfying the Schrodinger equation

(5.16) <4m'w87 —WwV20(d,, 8,) w(x))wo — 0,

which implies that the left-hand side of (5.15) vanishes. The initial value, wy(0,z) €
S(RY; K) is arbitrary. Once chosen, the unique solution satisfies for all o,

(5.17) (z,0712)wy € L=([0,T]1 x [0, 00[; xRYY.
The K valued function ITw; (¢, x) is chosen as a solution of
(5.18) (at + V.8x>1_[w1 = —(y(t,2) = F(x — V))wo,

so the right-hand side of (5.15) vanishes too. Since wo(7,t,x) = wo(7,z—Vt) is constant
on group lines, the solution of the transport equation (5.18) can be chosen as,

Mw (T, t,z) = g(t,z)we(7,t,x),

where the scalar valued function ¢ is the solution of (5.3). The ray average hypothesis
with parameter 0 < g < 1 yields estimates for the derivatives of g and therefore those of
le,

)7 (x,0,,)*(Mwy) € L>([0,T] x [0,¢] x RV ; K).
The component (I — IT)w; is given by (4.13) in terms of wy so (5.17) implies,
(2, 0r4,20) (I —Mwy € L®([0,T] x [0,8] x RY x RY),
with w; is periodic in y. This completes the determination of wy and w;. At this stage
one has r_o =r_; = IIry = 0.
We choose wsy to that (I — II)rg = 0. As earlier, the equation (I — II)rp = 0 holds if

and only if (4.27) is satisfied. This determines (I — IT)w,. On the other hand, ITws does
not affect the profiles ro, 71, 7. It is chosen equal to zero,

(5.19) Mw, = 0.

The estimates for wg,w; imply that the y-periodic w, satisfies estimates analogous to
those of w; so,

(5.20) ()7 (2,0r00y) w; € L®([0,T] x [0,¢] x RY xRY),  j=1,2.
This completes the determination of the profiles so that r_o =7r_1 = ry = 0.

Theorem 5.7. Suppose that the ray average hypothesis of Definition 5.2 is satisfied with
0 < B < 1 and that we(0,z) = Mwy(0,z) € S(RY ; K) is chosen. The leading profile
wo(7T ,t,x) = wo(T,x — Vt) satisfying (5.17) is determined from the Schriodinger equation
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(5.16). Furthermore wy,wq are determined from (5.18), (4.13), (4.27), (5.19), and satisfy
(5.20). Then the approzimate solution (5.12), (5.13) satisfies

(5.21) Pe(t,x,0p ) v° = £ ™SI RE (et t, x, 2 )e),
where RE(T,t,xz,y) is periodic in y and for all « € N3NT2 T €]0, o],
(5.22) ’ (t>_ﬁ (2, 0rt2y) " R(T, t,z,y < Cla),

)HLOO([O,T]X[O,oo[XRiVXRé\’) —

independent of €.

The energy of the initial data of v° is O(1/¢) since the partial derivatives of first order
are O(1/¢). Denote by u® the exact solution of the Cauchy problem (1.1) with the same
initial data as v°®,

(5-23) Pe@v €z, at,:z:) ut = 0, uE‘t:O - Us‘t:o ) 8tu€}t:0 - atve‘tzo :

Theorem 5.8. The functions v® from Theorem 5.7 approximate the exact solutions u® in

(5.23) with relative error O(s177) in the sense that

(524) 3C >0, sup sup ||(€dp.)* (v — UE)HLQ(RN) < Ce P e—0.
0<t<T/e |al<1

Remark 5.9. The error in derivatives of higher order is not estimated. The previous

cases had residual O(e*). Here the residual is O(e'=P) and no better. The possible

unboundedness of the family (P*)~' as maps in higher Sobolev spaces (see §3.4) presents

a serious obstruction.

Proof. Denote w® := u® — v°. The error w® is the solution of the Cauchy problem

(5.25) Prw® = —e ™ R(et, t,x,x/e), wf|_y = o[, = 0.

t=0
The error estimate (5.24) with |a| = 1 is an immediate consequence of the classical energy
estimate: VI' >0, 3C >0, V0<e <1, V0<t<T/e,

Vw e C([0,T/e]; HYRY)) n ([0, T/e]; LX(RY)),
with Pew € L'([0,T/<] ; LA(RY)),

t
Z Hagmw(t)HB(RN) < C( Z Hagarw(o)Hm(RN) + /0 HPSM(S)HB(RN) ds).
lor|=1 lo|=1
Using (5.21), (5.22) the last term on the right is bounded by O({t)=¢) = O(e'~#). This
is the desired estimate for |o| = 1.

The error estimate (5.24) for & = 0 is subtle and occupies the remainder of this sub-
section. In contrast with the case |a| = 1, it uses in an essential way the oscillations in
t of the right hand side of (5.25). In the case of §3.4 estimates for u® are recovered from
estimates for u; by integrating in time. In the present context the integration is over an
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interval of length ~ 1/¢ and oscillations in time are used to show that the integral is not
large.
The proof of Lemma 5.12 below uses an important symmetry. Suppress the € in the
operator P¢(t,r,d;,d,). The transposed operator P! is given by,
P18, 0,)w = 9} (pw) — div,(Agrad,w).

Introduce the linear map P~! : C°(R™) — C°(R™N) by u = P7!(f) is the unique
solution of Pu = f such that if f vanishes for ¢t < ¢ then so does u. The function u is
the solution of the forward wave problem with source f. Similarly, for g € C5°(RY™),
w = (PT)~lg is the unique solution of PTfw = g so that if g vanishes for ¢ > ¢, then so
does w. The function w solves the backward radiation problem for P with source g.

Denote by K (t,z,s,y) and K'(t,x,s,y) the Schwartz kernels of the operators P~* and
(PT)~! respectively so that with the usual abuse of notation,

(P ) (ta) = | K(t,s,y) f(s;y)dsdy, (P g(t,x) = K'(t,x,5,y) g(s,y)ds dy.

R1+ R1+N

The precise version is that for all f, g € C5°(R™Y)

[ ot (P 0)(s.) dtdndsdy = (K fit.)glsn),

with an analogous expression for (PT)~! and KT. Here ( , ) denotes the pairing be-
tween compactly supported test functions and the distributions on R; Y x RITN. The
distribution K and KT are for N > 2 not locally integrable functions.

The kernel K is determined by the following recipe. For s,y fixed

P(t,x,0,0,)K(t,z,5,y) =05y, K =0 when t<s.
Similarly, the kernel KT is determined as follows. For ¢, z fixed
PT(s,y,ﬁs,ﬁy)KT(t,x,s,y) = 01a, K' =0 when s<t.

The next reciprocity lemma is analogous to the fact that for a matrix, the inverse of the
transpose is equal to the transpose of the inverse. The proof of the lemma is modelled on
the matrix case.

Lemma 5.10. The kernels K(t,x,s,y) and K'(t,x,s,y) satisfy the reciprocity relation,
(5.26) K(t,xz,s,y) = K'(s,y,t,).
Proof. The assertion is equivalent to the identity, Vf, g € C5°(R'™Y),

(527) <K7 g<t7 .T) f<87 y)>R1+N xR1+N = <KT ’ g(S, y) f(t7 x)>R1+NXR1+N'
The left hand side of (5.27) is equal to

Lhs. = (P7'f, g)pien = (P7Uf, Plw)piew.
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Integrating by parts yields
Lhs. = (PP'f, wypen = (f, wypen = (f, (PY) " g)pren .
The last expression is equal to the right hand side of (5.27). O

Duhamel’s formula gives the following expression for K(t,z,s,y). Define G(t,z,s,y)
to be the unique solution of
1
P(t,x,0,,0.,) G = 0, G‘t:s =0, (&tG)}t:s = 5 dy .

Then
G when t>s
Ktz sy) = {O when ¢ <s.

At the transition points where {t = s}, G = 0. Therefore,

0;G when t>s
O K(t,x,s,y) = { 0 when t<s.

We need an estimate for || [ 0,K(t,, s, y)d(y) dy| r2@~). The estimate uses a prelim-
inary lemma asserting that the evolution defined by the transposed operator is bounded
on time intervals of length O(1/¢).

Lemma 5.11. For any T > 0, there is a constant C' > 0 so that for all t, s, e satisfying
|t —s| < T/e and

w € C([min(t,s), max(t,s)] ; H(RY)) N C'([min(t, s), max(t,s)] ; L*(R"Y))

with
Plw e L'([min(t,s), max(t, s)] ; L*(RY)),
one has
Hat,xw(t)Hm(RN) +€Hw(t)HL2(RN) <
(5.28)

t
C(H@mw(s)Hm(RN) +EHw(S)HL2(RN) + ’/8 HPTM(O)HLQ(RN) dcr’).

Proof. Replacing w by a cutoff and smoothed w® then passing to the limit € — 0 shows
that it suffices to consider real solutions which are smooth and rapidly decreasing as
x — oo. For such solutions compute,

ow Phw dx = Owdy (pw) + (00w, Adyw) da
RN RN
<0$0tw, A@xw> dr = 1i/ <8xw, A@mw> dxr — 1/ <8xw, 0;A 8xw> dx,
RN 2dt RN 2 RN

Oyw)? 1
8t(p( t2 ) ) = 58,5/)(31511))2 + p@twafw,
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where 0, denotes the operator grad, and,

ow I (pw) = Ow (w@fp + 20,p Oyw + p@fw)

p(Ow)? 3
= 8t< ( ; ) ) + éatp(ﬁtw)Q + wd? pdyw .

Since the unperturbed periodic medium is time independent, the coefficients 9; A, d;p, 92p
involve only the O(g?) perturbations so are O(g?).

Introduce the energy
1

E*(t) = = p(Bw)?(t) + (Byw(t) , Adyw(t)) )dx.
2 Jan

The preceding computations show that

O, F? _/ Oyw Plw da:’ < C(€2E2+€2E”wHL2(RN)>'
RN

Estimating the integral by the Cauchy-Schwarz inequality yields,

atEQ) < C<E | Ptw oy + 2 E® + €2 ||w||L2(RN)) .

Since 0,FE? = 2FE O,F this yields

6tE‘ < c(||PTw||L2(RN) 2B+ 52||w||L2(RN)) .

Complementing this estimate is

O (o (®) Zaqem ) | = 12 / wwda| < 20 s w2y < C B lw(®)aey -

Since 8t(||w(t)||%2(RN)> =2 [|[w(t)|| L2y Ol |w(t)]| 2y, this implies,
|Olw(®)|l 2wy < CE.
Adding yields
10:(E + ¢ [w(t)]| 2@n)) | < C(HPTw”LQ(RN) +e(E+e Hw<t)HL2(RN))> :

Integrating this yields

t
B(t)+e [[w(t)| s2v) < O (E(s)4lw(s) | aany) + Ce=! / |P'(0) | g2qe, do].

Since E(t) + € ||lw(t)| p2@yy is a family of norms uniformly equivalent to the norms
102wl 2@y + € [|w(t)|| L2y, this completes the proof of (5.28) and therefore of Lemma
5.11. 0
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For t > s introduce the operator K(t¢,s) whose kernel is K (t,z,s,y). With the usual
abusive use of an integral sign for the operator with a given distribution kernel, for
¢ € C°(RY),

(K(t,9)9)(x) = | K(t,z,sy) ély) dy,
R
as well as its derivative with respect to s
(0.K(t,5)9) / O K(t,z,s,y) &(y) dy.

The precise version is that for ¢, ¢ € Cg°(RY),

[ @ 9@ de = (K(t..50), vl o)

RY xRY

Lemma 5.12. For all T and s < t with t — s < T/e there is a constant C' so that the
following operator estimates hold,

(5.29) HKts¢‘ < o

L2(RN) s) HQSHL%]RN)’

(5.30) ’

o S Ol

Proof. With s fixed, the function z(t,z) = [pn K(t, 2, 5,y)¢(y) dy is uniquely determined
for t > s by

P(t,x, 0, 0,) 2 =0, z’

The energy estimate shows that

t=s = O’ atz’t:s - ¢/p
10zl 2@y < C||@]| L2@ny provided t—s<T/e.
Writing 2(t) = [ 0,2(0) do yields
|z 2@y < C(t = 5) |9l L2mny -

This is exactly (5.29).
To prove (5.30) reason by duality. Inequality (5.30) is equivalent to

63) (0K (Easy) 6y) U@)) < C 6l aggr ]| n
With ¢ fixed, define by the formal expression ((s,y) = [ K(t, z,s,y)¢(x)dx. Precisely
(Cty), o(x) = (K(t,z,5,y), ¢(x)¥(y)) -

Lemma 5.10 implies that for s < ¢ the function ( is the solution of,

Y(y)
p(s,y)

RY xRY

PT(Svy7asaay)C = 07 C}s:t = 07 aSC}s:t =
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Since t — s < T'/¢, the energy estimate for P' proved in Lemma 5.11 yields the following
estimate for ds((s),

(532) ”88C(8)”L2(RN) S C}}¢}}L2(RN)
The Cauchy-Schwartz inequality implies

(O (t,2,5,9) ., d(x)U(y))| = [(0:¢, )| < Hasg(s)HL?(RN)HQbHL?(RN) <C HwHLQ(RN) H¢HL2(RN)'
This proves (5.31) and therefore the equivalent (5.30). O

Lemma 5.12 is now used to prove the L? estimate corresponding to the case o = 0 in
(5.24) and therefore complete the proof of Theorem 5.8. The solution of (5.25) is

we(t,z) = —¢ /tK(t, s) eXriwsth-o)/e Re(cg s 1 x/e) ds.
0
For ease of reading introduce
(T, t,x,y) = e2mibo-y R(T ,t,x,y).
which is fp-periodic in y. It inherits from R the bounds (5.22)

-8 o
H<t> (@, 07 tay) Te(T’ta%y)HLoo([o,T}x[o,oo[xR;Vng) < C,

independent of . Preparing for an integration by parts write,

2 gt A
w® = 27;@0 /0 K(t,s) r°(es, s, 1, 2/c) 0,7 ds .
Integration by parts yields,
2 t
w® = 25, / (8SK(t, s)ré(es, s, x, x/e) + K(t,s) (071 + 0 (es, s, , a:/&t))em"s/€ ds
Tiw Jo
e K (t,s)r(es, s, x, x/c)e?™/¢ .
2miw ’ L s=0 )

We must show that [|[w(t)|| 2@y < Ce'~F independent of 0 <t < T'/e and e. There are
two summands in the integral and two boundary terms.

Begin with the boundary terms. Since K (t,t) = 0, one of the terms vanishes. Because
of (5.29), the L? norm of the other is bounded by C' €27 |t|. Since |t| < T'/e this yields
the desired O(s17#) bound.

For the 0,K summand, (5.30) suffices to give the O(e!=?) estimate.

There remains only one term to estimate,

52

t
/ K(t, s)(c07r° + 0,r%) (s, 5,2, 3 /) *™/% ds.
0

2w
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This term is dangerous because K (¢, s) can be of size ~ T'/c on an interval of size ~ T'/e
which might compensate the prefactor of €2. To get a better estimate, integrate by parts
once more to find,

- t e d A
2mIw /0 K(t, S) (EaT + 8t)r5(55, s, x, :E/g) 5 £627T1w8/5 ds
R K 2miws/
= G | g () (o + ) (es.soafe)) e ds
3 | B
(2757)2 K(t7 5) (58’]’ + 8t)r6(€8, s, 1, ZL‘/E) 627rzws/a . .

The integrand of the first term on the right is equal to
O K (t, 5) (€07 + 0,)r° ¥™5/° + K (t,5) (07 + at)QTE p2miws/e.

Using (5.22), the first term has L? norm O(t?) while the second term has L? norm bounded
by O(t°|t — s|). So the L? norm of the sum, when integrated with respect to s over an
interval no longer than T'/¢, is bounded by CT?/e2*#. The prefactor € yields the desired
O(¢'7%) bound. The boundary term at s = ¢ vanishes and that at s = 0 has L? norm less
than C 279 since | K (t,0)|] < CT/e from (5.29). This completes the proof of Theorem
5.8. U

5.3. The oscillatory initial value problem. Using two approximate solutions from

Section 5.2, we find an approximate solution of the oscillatory initial value problem,
Pu® =0,

(5.39) w(0.2) = bo) G (/)

o(0,) = == TN (afe).

with b,c € S(RY). There are two linear phases S* with S(0,z) = y.x at t = 0,
St(t,z)=0y-x+wt and S (t,x)=0y v — wt,

with associated group velocities £). Similarly we denote by 7% the two averaged zero-
order (potential) terms in the limit Schrédinger equation (5.16) corresponding to the two
velocities V.

Theorem 5.13. Assume that the ray average hypothesis in Definition 5.2 with parameter
0 < B < 1 is satisfied for both group velocities £V. The solution u®(t,z) of the initial
value problem (5.33) admits the following approzimation

Z v = Z XIS Wk (et w F Vi, a)e)
n n
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with
(5.34) We*(T, z,y) Z I wWE(T, x,y) 0y (T, z,y) = ag (T, ) aly).

The initial data Wi (0,2) are determined by

c(x)

g (0,7) + @ (0,2) = bx),  ag(0.2) — @ (0.2) = ==,

so that the initial data of the exact and appro;m'mate solutions differ by O(e) in the sense
that (5.35) holds for T = 0. The profiles w; (T, x,y) are determined from the equations
of section 5.2 (with the corresponding zero- order term 3= ). Then for any T > 0, there is
a constant C' > 0 so that

5.35 su su H €0y . a(ue — (o7 + v )’ < Qe P,
( ) ogthT)/a |a\§pl (k) ( ) L2(RN)
Proof. The proof is like that of Theorem 5.8. U

Remark 5.14. In both Theorems 5.8 and 5.13 one can replace the three term approximate
solutions v°F by their leading term e2™S/*Wy(ct, x— Vi, x /<) or e S/ (et, x T VL, x/¢).
Indeed, the two other terms involving w, and wy are smaller by a factor of €% in the
norms of (5.35). This simplification is made in the statement of Theorem 1.3. The
corrector terms are crucial in the proof, as is usual in asymptotic analysis.

5.4. Diffractive geometric optics with H' amplitudes. The leading term of the
approximate solutions of diffractive geometric optics is given by

(5.36) Vspprox = e 5/ 4 (x /e, 00) alet,z — Vi)
with a(7, x) satisfying the Schrodinger equation
(5.37) (4m Oy — wV2w(d,, 9,) + a(x))a ~0.
The Cauchy data of vy, . are equal to
Vepprox(0:2) = €205, (e, 6) a(0, ),
Oen (0,2) = T T (e, B0) 0(0,2) + O(1).

In this section we explain how the analysis when a(0,-) € S(RY) suffices to justify the
approximation of diffractive geometric optics when a(0,-) € H'(RY).

The main result, Theorem 5.16, shows that the relative error in energy of the diffractive
geometric optics approximation tends to zero as ¢ — 0 for amplitudes a € H!. The proof
requires stability in energy for P¢ expressed in the proof of Theorem 5.8 and a simple
estimate for the Schrodinger equation. Its proof is left to the reader.
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Proposition 5.15. There is a constant C > 0 so that the approzimate solutions (5.36)
with a € C([0,00]; HY(RN)), a solution of (5.37), satisfy

Sup Sup H(‘gat,x)avzpprox(t)HL2(RN) S C Sup H(‘gat,x)avflpprox(o)HL2(RN) .
0<t<oco o<1 la|<1

The operators €0, , in the main result encode the length scale of the oscillations.

Theorem 5.16. Assume the ray average hypothesis in Definition 5.2 is satisfied. For
ap € HYRN), with ag # 0, define u® to be the solution of P*uf = 0 with initial data

2w

u(0,z) = g2mibo-z /e ao(z) Yp(z/e,6p) , Ot (0,x) = g2mifo.z/e Un(z/e,00) ap(x) .

Then, for any T > 0, there exists C' > 0 such that, for any 0 < ¢ < 1, the exact solution
satisfies

0 < C < sup He@t,xue(t)HLQ(RN) < 1/C.
0<t<T/e

Suppose a satisfies (5.37) with a(0,-) = ag, and v is defined by (5.36). Then

approx

lim  sup sup H(é?@m)a(us(t) — vjpprox(t))’
=0 p<i<T/e |al<1

L2(RN)

Proof. For any challenge number § > 0, choose aj € C°(RY) so that
lao — agll e~y < 6.
For the associated exact and approximate solutions u§ and v§, .. we have proved that

sup  sup H(eﬁm)o‘(ug(t) - ,Ug,approx(t)) HL2(RN) < C(9) gk,
0<t<T/e |a|<1

Applying (3.35) to u® — uj shows that

sup  sup |[(€0,.)* (v (t) — ug(t))HLQ(RN)
0<t<T/e |a|<1

ci.

IN

Similarly, Proposition 5.15 shows that

sup sup H (gatﬂﬂ)a (vgpprox (t) - v;approx (t)) HL2 (RN) S Co.
0<t<T/e |a|<1

The three last estimates together with the triangle inequality imply that

sup  sup ||(€0,.)* (v (t) — vgppmx(t))}|L2(RN) < 0P + Cy9,
0<t<T/e |a|<1

with Cy independent of ,4. Letting ¢ — 0 yields
lim  sup [[e0. (u"(t) — Vpprox(t)) HLQ(RN) < (L.

approx
=0 o<t<T/e

Since 0 > 0 is arbitrary, this completes the proof. O
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Example 5.17. Using Theorem 5.16, one finds approzimate solutions to the oscillatory
initial value problem (5.33) with rough amplitudes

bc € H'Y(RY),
and error o(1) in energy as € — 0. It suffices to take as approzimate solution

Z 2SI 4 (e, 00) a* (et x F VL),
-

+

where a™ are the unique solutions of the Schridinger equation

<j: driw O F wVaw(0,, 0,) + Av'i(x))ai =0,

with initial values a*(0,-) € HY(RYN) determined from,

at(0,:) + a=(0,) = b, at(0,:) — a (0,) =
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