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NEW GLOBAL STABILITY ESTIMATES FOR THE
CALDERON PROBLEM IN TWO DIMENSIONS

MATTEO SANTACESARIA

ABSTRACT. We prove a new global stability estimate for the Gel’fand-
Calderén inverse problem on a two-dimensional bounded domain. Specif-
ically, the inverse boundary value problem for the equation —Ay+v 1) =
0 on D is analysed, where v is a smooth real-valued potential of conduc-
tivity type defined on a bounded planar domain D. The main feature of
this estimate is that it shows that the more a potential is smooth, the
more its reconstruction is stable. Furthermore, the stability is proven to
depend exponentially on the smoothness, in a sense to be made precise.
As a corollary we obtain a similar estimate for the Calderén problem for

the electrical impedance tomography.

1. INTRODUCTION

Let D C R? be a bounded domain equipped with a potential given by a
function v € L*°(D). The corresponding Dirichlet-to-Neumann map is the
operator ® : HY/2(dD) — H~Y2(0D), defined by

_ou
_a’/aD7

(1.1) o(f)

where f € HY2(OD), v is the outer normal of D, and u is the H'(D)-
solution of the Dirichlet problem

(1.2) (—A+v)u=00nD, ulspp=f.
Here we have assumed that
(1.3) 0 is not a Dirichlet eigenvalue for the operator — A + v in D.

The following inverse boundary value problem arises from this construc-

tion:
Problem 1. Given ®, find v on D.

This problem can be considered as the Gel’fand inverse boundary value

problem for the Schréodinger equation at zero energy (see [10], [17]) as well
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2 MATTEO SANTACESARIA

as a generalization of the Calderén problem for the electrical impedance
tomography (see 7], [17]), in two dimensions.

It is convenient to recall how the above problem generalises the inverse
conductivity problem proposed by Calderén. In the latter, D is a body
equipped with an isotropic conductivity o(z) € L>(D) (with o > opin > 0),

Ac'/?(z)
(14) ’U(ZL’) = W’ T e D,
80‘1/2
_ —-1/2 -1/2
(1.5) =0 (AO‘ +781/ >,

where 0=/2, 9'/2/0v in (1.5) denote the multiplication operators by the

—-1/2

functions o lop, /2 /0v|ap, respectively and A is the voltage-to-current

map on 0D, defined as

ou
(1.6) Af = e

)
oD

where f € HY?(OD), v is the outer normal of dD, and u is the H'(D)-
solution of the Dirichlet problem

(1.7) div(eVu) =0on D, wulsp = f.

Indeed, the substitution v = @io— /2 in (1.7) yields (—A+v)@ = 0 in D with
v given by (1.4). The following problem is called the Calderén problem:

Problem 2. Given A, find o on D.

We remark that Problems 1 and 2 are not overdetermined, in the sense that
we consider the reconstruction of a real-valued function of two variables from
real-valued inverse problem data dependent on two variables. In addition,
the history of inverse problems for the two-dimensional Schrédinger equation
at fixed energy goes back to [8].

There are several questions to be answered in these inverse problems: one
would like to prove the uniqueness, i.e. the injectivity of the map v — @
(for Problem 1, for example), then the reconstruction of v from ® and after
the stability of the inverse ® — wv.

In this paper we study interior stability estimates, i.e. (for Problem 1 with
a potential of conductivity type, for example) we want to prove that given
two Dirichlet-to-Neumann operators ®; and ®9, corresponding to potentials

v1 and vo on D, we have that

[v1 = vallpeo(py < w (|1 — P2l 12y g-1/2) s
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where the function w(t) — 0 as fast as possible as ¢ — 0. For Problem 2
similar estimates are considered.

There is a wide literature on the Gel’fand-Calderén inverse problem. In the
case of complex-valued potentials the global injectivity of the map v — @
was firstly proved in [17] for D C R? with d > 3 and in [6] for d = 2
with v € LP: in particular, these results were obtained by the use of global
reconstructions developed in the same papers. A global stability estimate
for Problem 1 and 2 for d > 3 was first found by Alessandrini in [1]; this
result was recently improved in [20]. In the two-dimensional case the first
global stability estimate for Problem 1 was given in [22].

Global results for Problem 2 in the two dimensional case have been found
much earlier than for Problem 1. In particular, global uniqueness was first
proved in [16] for conductivities in the W?2P?(D) class (p > 1) and after
in [2] for L> conductivities. The first global stability result was given in
[14], where a logarithmic estimate is obtained for conductivities with two
continuous derivatives. This result was improved in [4], where the same kind
of estimate is obtained for Holder continuous conductivities.

The research line delineated above is devoted to prove stability estimates
for the least possible regular potentials/conductivities. Here, instead, we
focus on the opposite situation, i.e. smooth potentials/conductivities, and
try to answer another question: how the stability estimates vary with respect
to the smoothness of the potentials/conductivities.

The results, detailed below, also constitute a progress for the case of non-
smooth potentials: they indicate stability dependence of the smooth part of
a singular potential with respect to boundary value data.

We will assume for simplicity that

(18) D is an open bounded domain in R?, oD € C?,
1.8
v € W™HR?) for some m > 2, supp v C D,

where

(1.9)  W™Y(R?) ={v : d've LYR?), [J|<m}, meNuU{0},

oMlu(z)
Je (Nu{0})? J| = Ji + Jo, M v(z) = ———.
(Nu{o}) || = J1+ J> (2) D O

Let

= 9”7 .
[vllm,1 Ig@!l || L1 (r2)
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The last (strong) hypothesis is that we will consider only potentials of con-
ductivity type, i.e.

Agl/Q

(1.10) V= for some o € L*™(D), with 0 > opin > 0.
o

The main result is the following.

Theorem 1.1. Let the conditions (1.3), (1.8), (1.10) hold for the potentials
v1, Ve, where D is fized, and let ®1 , ®o be the corresponding Dirichlet-to-
Neumann operators. Let ||vj|lm1 < N, j =1,2, for some N > 0. Then, for
any o < m there exists a constant C = C(D, N, m,«) such that

(1.11) lv2 = vi| oo () < C(log(3 + [|[@2 — @1 71)) 7,

where ||‘1>2 — <I>1H = ||(I)2 - (I)1||H1/2%H*1/2'

Corollary 1.2. Let o1, 09 be two isotropic conductivities such that A(ajl./Q)/Ujl./2
satisfies conditions (1.8), where D is fized and 0 < omin < 05 < Omax < 400
for 5 = 1,2 and some constants omin and omax. Let A1 , Ao be the cor-
responding Dirichlet-to-Neumann operators and ||A(O']1-/2)/0']1-/2||m71 < N,
Jj = 1,2, for some N > 0. We suppose, for simplicity, that supp (o; —
1) € D for j = 1,2. Then, for any o < m there ezists a constant C =

C(D, N, 0min, Omax, M, ) such that
(1.12) loa — o1l zoe(py < Clog(3 + [|A2 — Agf| 1)) ™7,
where ||A2 — A1|| = ||A2 — A1||H1/2%H—1/2'

The main feature of these estimates is that, as m — 400, we have a =
a(m) — +oo (one can take a(m) = m — 1). In addition we would like
to mention that, under the assumption of Theorem 1.1 and Corollary (1.2),
according to instability estimates of Mandache [15] and Isaev [13], our results
are almost optimal. Note that in the linear approximation near zero potential
Theorem 1.1 (without condition (1.10) but with a@ < m — 2) was proved in
[21]. In dimension d > 3 a global stability estimate similar to our result

(with respect to dependence on smoothness) was proved in [20].

The proof of Theorem 1.1 relies on the O-techniques introduced by Beals—
Coifman [5], Henkin—R. Novikov [12], Grinevich-S. Novikov [11] and devel-
oped by R. Novikov [17] and Nachman [16] for solving the Calderén problem
in two dimensions.

The Novikov—Nachman method starts with the construction of a special
family of solutions v (z, A) of equation (1.2), which was originally introduced
by Faddeev in [9]. These solutions have an exponential behaviour depend-

ing on the complex parameter A and they are constructed via some function
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w(x, \) (see (2.5)). One of the most important property of u(x,\) is that it
satisfies a d-equation with respect to the variable A (see equation (2.8)), in
which appears the so-called Faddeev generalized scattering amplitude h(\)
(defined in (2.6)). On the contrary, if one knows h(A) for every A € C, it
is possible to recover yu(z, ) via this O-equation. Starting from these argu-
ments we will prove that the map h(\) — v(x) satisfies an Holder condition
(Proposition 4.2). This is done in Section 4.

The remaining part of the method relates the scattering amplitude A(\) to
the Dirichlet-to-Neumann operator ®. In the present paper this is done using
the Alessandrini identity (see [1]) and an estimate of h(\) for high values of
|A| given in [18]. We find that the map ® — h has logarithmic stability in
some natural norm (Proposition 3.3). This is explained in Section 3.

The composition of the two above-mentioned maps gives the result of

Theorem 1.1, as showed in Section 5.

This work was fulfilled in the framework of researches under the direction
of R. G. Novikov.

2. PRELIMINARIES

In this section we recall some definitions and properties of the Faddeev
functions, the above-mentioned family of solutions of equation (1.2), which
will be used throughout all the paper.

Following [16], we fix some 1 < p < 2 and define ¥(z, k) to be the solution
(when it exists unique) of

(2.1) (=A +v)¢(z, k) = 0 in R?,

with e=@*yp(z, k) —1 € WIP(R?) = {u : 07u € LP(R?), |J| < 1}, where
= (z1,22) €ER?% k= (k1,ke) €V C C?,

(2.2) V={keC?: 2=k +k =0}
and
1 1 1
2.3 S
(2.3) ;T2

The variety V can be written as {(A,i\) : A € C} U {(A,—i\) : A € C}. We
henceforth denote ¢ (x, (\,i\)) by ¥ (z, A) and observe that, since v is real-
valued, uniqueness for (2.1) yields ©(z, (=X,i)\)) = ¥(z, (A, iN)) = ¥(z, \)
so that, for reconstruction and stability purpose, it is sufficient to work on

the sheet k = (X, i)\).
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We now identify R? with C and use the coordinates z = x1 + izy, Z =

o 1(a 0N o 1[0 0
0z 2\ 0x; dry )’ 0z 2 \0x Oxo )’

where (71, z2) € R2.
Then we define

r1 — il‘Q,

(2'4) @0(27)\) = w(xﬂA)7

(2'5) H(Z7 )‘) = eiiZ)\w(Z’ )‘)7

(2.6) h(A) = /D ey (2)¥ (2, \)dRez dImz,
for z, A € C.

Throughout all the paper c¢(«, 3, ...) is a positive constant depending on
parameters «, 3, ...

We now restate some fundamental results about Faddeev functions. In

the following statement 1y denotes o/2.

Proposition 2.1 (see [16]). Let D C R? be an open bounded domain with C*
boundary, v € LP(R?), 1 < p < 2, suppv C D, [v[|p(2y < N, be such that
there exists a real-valued v € L>®°(R?) with v = (Avo) /10, Yo(z) > co > 0
and Yy = 1 outside D. Then, for any A\ € C there is a unique solution
P(z,A) of (2.1) with e=# (-, \) —1 in L. Furthermore, e~ p(-,\) —1 €
WLP(R?) (p is defined in (2.3)) and

(2.7) le™ 2 (-, A) = Llwss < elp, s)NIAP,

for 0 < s <1 and X sufficiently large.

The function pu(z, \) defined in (2.5) satisfies the equation

N L e (@), sAEC,

2.
(28) oA\ 47\

in the WP topology, where h(\) is defined in (2.6) and the function e_x(z)
1s defined as follows:

(2.9) ex(z) = el (A +2A)
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In addition, the functions h(X) and u(z,\) satisfy

1 1

(2.10) H"“) < c(n,N), forallr € (7,5), =+~ =1,

A L (R2) p D
2.11 inf M| >e(D, N
(2.11) Zgleclu(z, )| = e(D,N) >0,
(2.12) sup ||p(z, ) — 1HLT(C) <¢(r,D,N), for all r € (p', 0]

zeC

and
(2.13) [h(A)] < e(p, D, N)[AI%,
(2.14) [1(-s A) = Yollwrs < e(p, D, N)A,

for X < Xo(p, D, N) and0<5<]%, where %—Fl%zl.

Remark. Equation (2.8) means that u is a generalised analytic function in
A € C (see [23]). In two-dimensional inverse scattering for the Schrodinger
equation, the theory of generalised analytic functions was used for the first

time in [11].

We recall that if v € W™1(R?) with suppv C D, then |9, < +o00, where

(2.15) 0(p) = (2%)2/ ey (x)dz, peC?
R2
(2.16) lllm = sup [(1+ [p*)™u(p)],
pER2

for a test function w.
In addition, if v € W™1(R?) with suppv C D and m > 1, we have

(2.17) V]| oo (py < diam(D)|[v][m,1,

so, in particular, the hypothesis v € LP(R?), suppv C D, in the statement
of Proposition 2.1 is satisfied for every 1 < p < 2 (since D is bounded).

The following lemma is a variation of a result in [18]:

Lemma 2.2. Under the assumption (1.8), there exists R = R(m, ||0]|;,) > 0
such that

(2.18) |h(N)] < 872|0]|m (1 + 4[A2) ™2, for |\ > R.

Proof. We consider the function H (k,p) defined as

1

(2.19) H(k,p) = W /R2 ei(p_k)xv(x)@/}(x,k)dx,

for k € V (where V is defined in (2.2)), p € R? and (=, k) as defined at the

beginning of this section.
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We deduce that h()\) = (2m)2H (k(\), k(A) + k(N)), for k(X)) = (),3iA). By
[18, Corollary 1.1] we have

(2.20) [H(k,p)| < 2[d]m(1+p*)"™*  for |\ >R,
for R = R(m, ||0||) > 0 and then the proof follows. O
We restate [3, Lemma 2.6], which will be useful in section 4.

Lemma 2.3 ([3]). Let a € L5 (R?) N L%2(R?), 1 < 81 < 2 < s < 00 and
be L5(R?), 1 < s <2 Assume u is a function in L°(R?), with § defined as
in (2.3), which satisfies

A
(2.21) 815% ) _aya) +6()),  Aec.
Then there exists ¢ > 0 such that

(2.22) [ullzs < cllbllzs exp(c(llallLsr + [lal[zs2))-

3. FrROM @ TO h(\)
Lemma 3.1. Let the condition (1.8) holds. Then we have, forp > 1,

1
Rm+1-2/p’

H h(M)
LP(AI>R)

where R is as in Lemma 2.2.

Proof. 1t’s a corollary of Lemma 2.2. Indeed we have

P

A

AP
L I L
Lr(|A[>R) r>R R(m+1)p—

Lemma 3.2. Let D C {z € R? : |z| <}, v1,v2 be two potentials satisfy-
ing (1.3), (1.8), (1.10), let @1, P2 the corresponding Dirichlet-to-Neumann
operator and hy, ha the corresponding generalised scattering amplitude. Let
lvjllm1 < N, j=1,2. Then we have

(32)  |ha(A) — hi(N)] < (D, N)e2 M| @y — &1 1/2, y-12, X € C.

Proof. We have the following identity:

(3.3) ha(A) — hi(A) = - P1(2, A) (P2 — @1)a(2, A)|dz|,

where 1;(z, \) are the Faddeev functions associated to the potential v;, i =
1,2. This identity is a particular case of the one in [19, Theorem 1|: we refer

to that paper for a proof.
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From this identity we have:
(3.4)

ha(X) = ha ()] < 191 (s Ml vz opy | @2 = Pl grave g-1/2 1920 Ml e apy-

Now take p > 2 and use the trace theorem to get

19 (s Ml rzopy < Cllwbi (5 Mllwrapy < CeM e 24 (-, M) lwsny

< G (Il ) = Ulwoaey + Mlwramy) s =12,

which from (2.7) and (2.12) is bounded by C(D, N)e!l. These estimates
together with (3.4) give (3.2). O

The main result of this section is the following:

Proposition 3.3. Let v, vy be two potentials satisfying (1.3), (1.8), (1.10),
let ®1, Py the corresponding Dirichlet-to-Neumann operator and hy, ho the
corresponding generalised scattering amplitude. Let 0 < e < 1,1 <p < 1—35
and ||vjllm1 < N, j =1,2. Then for every a < m +1—2/p there exists a
constant ¢ = ¢(D, N, m,p,«) such that

ha(X) — hi(X)
A

< clog(3 + ||P2 — D4 -

-1
H1/2_>H—1/2)
LP(C)

(3.5) '

Proof. Let choose a,b > 0, a close to 0 and b big to be determined and let
(3.6) 6 = [|®2 — @1l /2 pr-1/2-

We split down the left term of (3.5) as follows:

‘ ha()\) - hi(\) < ' ha()) - hi(\) n ’ ha(A) - hi(\)
A Lr(C) A LP(]A|<a) A LP(a<|\|<b)
ho(A) — hi(A
+’ 2 (M) —hi(N) _
A LP(]A[>b)
From (2.13) we obtain
1
(3.7) ‘ he) =N N, p) / I\|E=DPdReA dImA
A LP(|A\|<a) IA<a

= C(D,N,p)a€_1+2/p.

From Lemma 3.2 and (3.6) we get

ha(A) — hi(A)
A

al_Q/p

(3.8) ‘

<c¢(D,N) < 0 + 5bl/pe(2l+1)b) .
Lr(a<|A|<b)
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From Lemma 3.1

ha(A\) — hi(A N
0 R [
A (A 0 Y
We now define, for0<a<m+1—%,
(3.10) a=log(3+07") =T, b=log(3+4 )i,

in order to have (3.7) and (3.9) of the order log(3 + §~1)~®. We also choose
0o < 1 such that for every § < é,, a is sufficiently small in order to have
(2.13) (which yields (3.7)), b > R (with R as in Lemma 2.2) and also

(3.11) 0 - = dlog(3 +5—1)(m)<u/m < log(3 467 1)e.

al—2/

Thus we obtain

ho(A) — hi(A D,N
(312) ’ 2( ) _ 1( ) < C( Y 7ﬁ)a
A LP(C) log(3+46-1)
T (D, N)Slog(3 + 67Tz o2+ 1) log(3a~) TP
for 6 < ,. As

dlog(3 + (571)”(’”4“‘11‘2/1’) (2D Iog(B+a= D™ HZE g 1 5 5 0

more rapidly than the other term, we obtain that

ha(X) — hi(X)
A

< C(D7 N? m7p7 @)
) log(3+d7h)

(3.13) ’

f0r0<a<m+1—%,5§5a.

Estimate (3.13) for general 0 (with modified constant) follows from (3.13)
for 6 < §, and the property (2.10) of the scattering amplitude. This com-
pletes the proof of Proposition 3.3. O

4. FROM h(\) TO v(x)

Lemma 4.1. Let vi,ve be two potentials satisfying (1.3), (1.8), (1.10), with
|vjllm,1 < N, hi, ho the corresponding scattering amplitude and 1 (2, N), pa(z, A)
the corresponding Faddeev functions. Let 1 < s < 2, and § be as in (2.3).
Then

ha(A) — ha (V)

)

Ls(C)

(A1) sl )~ ()l < oD Nos)

ha(\) — h1(A)
by

Ls(C)

(42) sup Jospa(z, ) = vap (2, ) sy < (D, N, 5)
zE
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Proof. Let
(4'3) I/(Z,)\) :/LQ(Zv)‘)_Ml(Za)‘)v
(4.4) T(2,\) = va(2)p2(z, \) —v1(z)p1(z, A).

From the J-equation (2.8) (and the fact that v; and vy are real-valued) we

deduce that v, T satisfy the following non-homogeneous J-equations:

e-a(2) ha(A) — (M)

0 B —— e (2) M(\)——=
(4.5) ﬁy(z, A) = y 3 pa(z, \) + i 3 v(z,\),
0 . G,A(Z) hg()\) — hl ()\)7 e,A(z) hl ()\)
(46) 875\7—(2’ )‘) T 4 by 'U2M2(Za )‘) + A \ T(Zv )‘)7
for A € C, where e_j(z) is defined in (2.9).
By Lemma 2.3 and (2.10) we obtain
—————ha(A) — h1(A
It s < D, a2 L)
Ls(C)
ho(A) — hi(A
< (D, N sup na(z, ) | "2 21
zeC Ls(C)

ha(A) = hi(A)
A

)

Ls(C)

<¢(D,N)

where we used the property (2.12) of pa(z,A). With the same arguments
(along with (2.17)) we also obtain

ha(A) — hi(N)

HT(Z7')”L§ < C(D7N) UQMQ(Zﬂ)‘) ©
LS
ha(A) — h1 (X
< (D, Nysup la()(z, ) | P2
zeC L5(C)
<o(p,) | A
A L:(©)
which ends the proof. O

The main result of this section is the following proposition.

Proposition 4.2. Let v1,v2 be two potentials satisfying (1.3), (1.8), (1.10),
with ||vj|lm,1 < N, and let hi, ho be the corresponding scattering amplitude.
Let p,p’ such that 1 <p<2<p <oo, 1/p+1/p' =1. Then

ha(A) — ha(N)

A1) ol < oD Np) |22 .
Lp(C)NLP' (C)
Proof. We write
1
va(2) —v1(2) = (v2p12(2,0) — viu1(2,0) — v1(2)[p2(2,0) — p1(2,0)]),

N2(270)
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that yields
(4.8)

[v2(2)—v1(2)] < [v2112(2, 0) —v1 (2, 0) [+ [v1(2) | p2(2, 0) —p1a (2, 0)]).

1
|M2(270)|
We claim that

ha(X) — hi(X)
A

ha(A) = h ()

(49)  [[oapia(-,0) = vasar (s O)ll () < (D, N, p) ' ,
LP(C)NLP' (C)

(410)  [2(0) = 110 0) o= < (D, N.p) '

Lp ((C)H’LP’ (©)

for 1l <p<2<yp <oo, 1/p+1/p = 1. Suppose (4.9), (4.10) already
proved; then estimate (4.7) follows from (4.8), (4.9), (4.10), property (2.11)
and (2.17).

Before proving (4.9), (4.10), we would like to recall that if v € W™1(R?),
m > 1, with suppv C D then v € LP(D) for p € [1,00]; in particular, from
Proposition 2.1, this yields h(\)/A € LP(C), for 1 < p < oo.

Now, in order to prove (4.9), (4.10) we write as before

(4.11) v(z,A) = pa(z,\) — pi(z, ),
(4.12) T(2, A) = va(2)pa(z, A) — v1(2)p1(z, A),

which satisfy the non-homogeneous d-equations (4.5) and (4.6), respectively.

From these equations we obtain

(4.13) (=, 0)] = ! /(Ce;;(;) h1/(\)\)

6_)\(2’) hg()\) — hl()\)
= A)dReA dImA

1

v(z, A)dReA dImA

hi(\)

A

1
< —5sup||v(z,°)||Lr
25zl y
ha(A) = hi(A)

472 A\

1
+ 5 sup [|p2(2, )| e
zeC L

and

(4.14) |7(2,0)] = 7(z, A)dReA dImA\

4\ A

N / enz) haN) = (N =5 R ex dim
c 4mA A

1
m

/ e-x(2) hi(N)
C

hi(\)
A

1
< sl /

L'f‘
ha(A) = (V)

lezll oo
+ e sup (e |

472 zeC ‘

)

Ll
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where 1/r+ 1/ =1,1 <7’ <2 <r < oco. The number s = 2r/(r + 2) can
be chosen s < 2 and as close to 2 as wanted, by taking r big enough.
Then

1

A

hi(A)
A

hi(\)

A

(4.15) H < c¢(N,r),

S ‘

L™ (|IA\|<R) P La(|]A\|<R)

where we have chosen p > 2 such that th()\)/j\HLP < ¢(N,p) from (2.10)
and also, since 1/¢g =1/ —1/p=1—1/r — 1/p, q can be chosen less than
2 by taking r big enough depending on p. With the same choice of p,q we
also obtain

1
(4.16) H ) < ‘ 1) (= < (N, 1),
Al (A Rr) A e 1M zeais Ry
From Lemma 4.1 with r = 5 we get
ho(A) — hi(A
(417)  suplule i < (D, N, | 2R
zeC A Ls(C)
ho(A) — hi(A
(W18)  suplir(z, ) < (DN, |2
zeC Ls(C)

and from (2.12)

(4.19) sup |p2(z, )| < e(D,N).
z,AeC
Finally
ho(A) — h1(A 1 ho(A) — h1(A
(4.20) ‘ 2V V| H 2(A) — (N
AA L A LP(|A\|>R) A v’
H 1 ha(A) — hi(N)
+ — ||
A LP' (]\|<R) A Lr

by taking p’ = s and p such that 1/p+1/p' = 1.
Now (4.9) and (4.10) follow from (4.11)—(4.20); this finishes the proof of
Proposition 4.2. O

5. PROOF OF THEOREM 1.1 AND COROLLARY 1.2

Proof of Theorem 1.1. Fix a < m and take p such that

2
,—> ) <p<2
m“(’m—a+1> P

From Proposition 4.2 we have

ha(A) — hi(\)
A

)

(5.1) Hw—mmﬂmsdaNmﬂ
LP(C)NLP' (C)
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where 1/p+ 1/p’ = 1. From Proposition 3.3

ha(A) — h1(A _ _
G2y [T <D N g tog 8-y
LP(C)NLP'(C)
asa<m-+1-— %. Theorem 1.1 is proved. U

Proof of Corollary 1.2. We first extend ¢ on the whole plane by putting
o(r) =1 for x € R?\ D (this extension is smooth by our hypothesis on o).
Now since oj|gp = 1 and %bD =0 for j = 1,2, from (1.5) we deduce that

(5.3) O =A;,  j=1,2
In addition, from (2.14) we get

(5.4) lim (2, 0) = 0;%(2),  j =12

thus we obtain, using the fact that o; is bounded from above and below, for
J=12

2 1/2
(5.5) oo — 1]l ooy < e(N)loy’? = 1|l 1os ()

= ¢(N)||p2(:,0) = pa(-,0)|| oo (-

Now the proof follows by repeating the proof of Theorem 1.1, using (5.5),
(4.10) and (5.3). O
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