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Abstract

We investigate the relaxation of internal temperature and the concept of volume viscosity in
nonequilibrium gas models derived from the kinetic theory. We first investigate a nonequilibrium
gas model with two temperatures—translational and internal—where the volume viscosity is ab-
sent. We establish that, in a relaxation regime, the temperature difference becomes proportional
to the divergence of the velocity fields and define a nonequilibrium, multitemperature, volume vis-
cosity coefficient. We next analyze the convergence of the two temperature model towards the one
temperature model when the relaxation is fast. We then investigate a nonequilibrium two temper-
ature gas model with a fast and a slow internal energy mode. We establish that, in a relaxation
regime, there are four contributions to the volume viscosity, namely the fast internal mode volume
viscosity, the slow internal mode volume viscosity, the relaxation pressure and the perturbed source
term. In the thermodynamic equilibrium limit, the sum of these four terms converges toward the
one-temperature two-mode volume viscosity. We finally perform Monte Carlo simulations of spon-
taneous fluctuations near thermodynamic equilibrium. The numerical results obtained from the
Boltzmann equation are compared to the predictions of the one and two temperature fluid models
and the agreement between theory and calculations is complete.

1 Introduction

We investigate in this paper the relaxation of internal and translational temperatures as well as the
concept of volume viscosity in nonequilibrium gas models derived from the kinetic theory.

We first study a two-temperature kinetic model where elastic and resonant collisions are fast but
collisions exchanging energy between the translational and the internal modes are slow. In such a
framework, the translational and internal temperatures are macroscopic quantities associated with
collisional invariants of the fast collision operator and there is no volume viscosity term in the viscous
tensor unlike with one-temperature polyatomic models [1, 2, 3, 4, 5, 6, 7, 8,9, 10]. In order to investigate
this point, we introduce a relaxation regime where the temperature difference becomes proportional
to the divergence of the velocity field and define a new volume viscosity coefficient involving the two
temperatures as well as nonlinear effects associated with the kinetics of relaxation. We further discuss
higher order effects associated with heat conductivity, viscous dissipation and perturbed source terms,
and we evaluate the translational and internal entropies per unit volume and the corresponding Gibbs
relations. In the limiting situation of fast relaxation, we recover the classical one-temperature model
including the volume viscosity coefficient. Theoretical models as well as experimental measurements
of the volume viscosity have confirmed that this coefficient is of the order of the shear viscosity for
polyatomic gases [11, 12, 13, 14, 15] and the impact of volume viscosity in fluid mechanics—especially
for fast flows—has been established [16, 17, 18, 19, 20].

We then investigate a two-temperature kinetic model with two internal energy modes, one with a
slow exchange rate and one with a fast exchange rate. In this situation, there is a volume viscosity
due to the fast internal energy mode as in classical one-temperature models. However, part of the
thermodynamic equilibrium volume viscosity is still hidden in the slow internal modes. A detailed
analysis yields that, in a relaxation regime, there are four contributions to the effective volume viscosity,
namely the fast internal mode volume viscosity, the slow internal mode volume viscosity, the relaxation
pressure and the perturbed source term. In the thermodynamic equilibrium limit, the sum of these
four contributions coincide with the one-temperature two-mode volume viscosity.

We finally perform Monte Carlo simulations of spontaneous fluctuations near thermodynamic equi-
librium to investigate the transport properties of a model polyatomic gas [21, 22]. We integrate the
full Boltzmann transport equation with a Monte Carlo method [23, 24, 25, 26, 27] for a model gas



with internal degrees of freedom. The results obtained from the numerical solution of the Boltzmann
equation are compared to the predictions of the one and two temperature fluid models.

When the characteristic time of internal energy relaxation is larger than the flow characteristic
time, the two temperature model gives an accurate description of the system and the one temperature
model fails. On the other hand, when the characteristic time of internal energy relaxation is smaller
than the flow time, both the two temperature model and the one temperature model including the
volume viscosity are adequate to describe the fluid. The agreement between theory and calculations is
complete and these calculations also confirm the importance of the volume viscosity coefficient.

The nonequilibrium two-temperature model is considered in Section 2 and the two-temperature
two-mode nonequilibrium model in Section 3. The numerical method and the numerical results are
finally presented in Section 4.

2 A Two-Temperature Kinetic Model

We investigate in this section a nonequilibrium kinetic model for a polyatomic gas with a slow energy
exchange rate between the translational and internal degrees of freedom. In such a two-temperature
kinetic model, the macroscopic temperatures are defined with the kinetic energy and internal energy
collisional invariants. The corresponding viscous tensor then does not contain any volume viscosity
term. In order to recover such an effect, we introduce a relaxation equation of the temperature difference
and define a new volume viscosity coefficient involving the two temperatures as well as nonlinear effects
associated with the kinetics of relaxation. In the limiting situation of fast relaxation, we recover the
one temperature model.

2.1 A multi-temperature kinetic framework

Thermodynamic nonequilibrium is of fundamental importance in reentry problems, laboratory and
atmospheric plasmas, as well as discharges. The most general thermodynamic nonequilibrium model
is the state to state model where each internal state of a molecule is independent and considered as
a separate species [28, 29, 30, 31, 32, 33, 34, 35, 36, 37]. When there are partial equilibria between
some of these states, species internal energy temperatures can be defined and the complexity of the
model is correspondingly reduced [30, 31, 32, 33, 34, 35, 36, 37]. Another example is that of electron
temperature in plasmas [38, 39, 40, 41, 42, 43, 44]. The next reduction step then consists in equating
some of the species internal temperatures [35] and it yields the two temperature models investigated
in this paper.

We consider a kinetic framework for a single polyatomic gas with the Boltzmann equation written
in the form

of +c Vf= %jraujsl, (2.1)

where t denotes time, 0, the time derivative operator, « the spatial coordinate, V the space derivative
operator, ¢ the particle velocity, f(¢, x, ¢,1) the distribution function, I the index of the quantum energy
state, J"P the rapid collision operator, J*' the slow collision operator, and e the formal parameter
associated with the Chapman-Enskog procedure. We assume for the sake of simplicity that the particles
are not influenced by an external force field.

The complete collision operator J = J"?P + J sl ig in the form
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where in a direct collision 1 and J denote the indices of the quantum energy states before collision, I’
and J' the corresponding numbers after collision, € the velocity of the colliding partner, ¢/ and € the
velocities after collision, a; the degeneracy of the 1th quantum energy state, o7 the collision cross
section, g the absolute value of the relative velocity ¢ — ¢ of the incoming particles and e’ the unit
vector in the direction of the relative velocity ¢/ — € after collision. Conversely, for inverse collisions,
the primed quantities denote the state before collision and the unprimed quantities after collision. Only
binary collisions are considered since the system is dilute and the cross sections satisfy the reciprocity
relations [3, 7]

aa,go”" " dedéde’ = aldg'c" M dc'dE de. (2.3)



Denoting by W™ the transition probability for collisions, we also have the identity go™'*'de’ =
W' de’dé so that the collision terms may equivalently be written in terms of transition probabilities
[7].

Denoting by E; the internal energy of the particle in the 1th state, the rapid collisions are either
elastic without any change of internal energy levels E, = E; and E;, = E;, or resonant with F; +
E, = Ey + E; where Fy # FE, and E; # E,, whereas the slow collisions are such that AEF =
E/+E, — E — E; # 0. We denote by J"~* the operator associated with elastic collision, Jt—int
the operator associated with resonant collisions, and J* =™ the operator associated with collisions
such that AE # 0. These operators JU—t gnt=int and 7t=int are in the form (2.2) with the
summation restricted to elastic, resonant, and non elastic non resonant collisions, respectively, and the
fast and slow collision operators are then J'P = Jt—tr 4 gint=int apq 7 sl — gtr—int  The collisional
invariants of the fast collision operator are now associated with particle number ' = 1, momentum
P = me,, v € {1,2,3}, as well as kinetic energy 1° = ' and internal energy ¥® = ¢'"* where
Y = Im(c—v) (c—v) and Y™ = E,.

The Enskog expansion is in the form f = f(O(1 4+ e¢ + O(e?)) where f(© is the Maxwellian
distribution. This Maxwellian distribution involves two temperatures and is in the form

©_(_m N\ina o mc—v)(c-v) 5
f B (QWkBTtr) Zint eXp( QkBTtr kBTint)a (24)

where T' is the translational temperature, 7 the temperature associated with the internal energy
modes, and Z™ the partition function Z™ = 3" a, exp(—E;/k;T™") which only depends on 7™,

2.2 Fluid equations

The equations for conservation of mass, momentum and internal energies are obtained by taking the
scalar product of the Boltzmann equation (2.1) with the collisional invariants of the fast collision
operator. The scalar product (&, ()) between two tensorial quantities £(t, @, c,1) and ((t, @, ¢, 1) is

defined by
ey =3 / £oc de,

where £( is the contracted product. The fluid variables are the particle number density n =
(W F) = (Y, fO) or equivalently the mass density p = mn, the mass averaged velocity v such
that pv = ((me, ) = (me, fO), and the translation and internal temperatures T and 7™ de-
fined by E5(T%) = ((f,) = (fO, ) and E4(TY) = ((f,pimt) = (O, i), Note that the
dependence on n is left implicit to simplify notation. Following the Chapman-Enskog procedure, the
equations for conservation of mass, momentum, and internal energies are found in the form [35]

O,p+V-(pv) =0, (2.5)
0, (pv) + V-(pvev +pl)+ V-II =0, (2.6)
KET + V- (vEM) + V-Q" = —pV-v — II:Vv — wi™, (2.7)
E™ + V-(vEM) + V-QM = W™, (2.8)

where £% denotes the internal energy per unit volume of translational origin, £ the internal energy
per unit volume of internal origin, Q' and Q™ the corresponding heat fluxes and witt the exchange
term in the Navier-Stokes regime. These equations may be added in order to recover a conservation
equation for the the total internal energy €% + £ in the form

O (ET +EM) + V- (v(ET + &™) + V(Q™ + Q™) = —pV-v — IT: V. (2.9)
The state law and the internal energies are in the form
p = nk,T", EY =n3kT™, Ent = nF, (2.10)

where E denotes the average internal energy per particle B = > “Z‘]ft‘ exp(fﬁ). The transport

fluxes, on the other hand, are found in the form

II = — (Vv + (Vo) — 2(V-u)), (2.11)
Qtr _ )\tr,trVTtr o )\tmintVTint, (2]_2)
Qint _ )\int,trVTtr _ )\int,intVTint’ (2]_3)
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where 1 denotes the shear viscosity, and A%t , and A% the thermal conductivities.

The full source term w'™ may be written

= (™, ) = (™, ), (2.14)
since (1, 7)) = 0 and may be expanded into w'™® = Wi + efwi™ + O(e?). The source term win®
is then given by _

Wit = It 4 e5eint (2.15)

where wi denotes the source term evaluated from the Maxwellian distribution f(©) and dwi™® the
correction associated with the Navier-Stokes perturbation f(® .
Finally, defining the pressure tensor as P = pI + II we have

P =nk,T"I —n(Vv+ (Vo) — 2(V-0)I), (2.16)

which does not contain a volume viscosity contribution unlike with usual one-temperature polyatomic
gas models [1, 2, 3, 4, 5, 6, 7, 8, 9, 10].

2.3 Translational and internal entropies

The two-temperature fluid entropy per unit volume is directly evaluated from

S=—h Y [ (log(£5) - 1)de

where 8, = h} /(a;m3) and hp is the Planck constant. After some algebra, the entropy S is found in
the form

S =388t (2.17)
where the translational entropy per unit volume S* and the translational partition function Z% are
given by

5 n 2rmks TN 3
tr __ tr
S" =nks (5 —log Z“)’ VA ( 02 > ; (2.18)

whereas the internal entropy per unit volume S is given by

. E 1
int
S nkB( Tint log Zint). (2.19)

Defining the translational and internal Gibbs functions G** and G'™* per particle by

G" = kT log Ztr G™ = KT log me, (2.20)
the translational and internal Gibbs’ relations are in the form
T"dS" = d&" — G%dn,  T™dS™ = dE™ — G™dn, (2.21)
and we obtain that
tr nt E
as =5 ar + Car ( o + oo — ks log oo )dn, (2.22)

where ¢ = 3J, and ¢ = Y A (kB‘*E) exp(—%).

t
From the differential of entropy (2.22), after some lengthy algebra, the following entropy governing
equation is obtained

Qtr Qint> B 7Qtr~VTtr B Qi“t~VTi“t B II:Vov wilnt(Ttr _ Tint) (2 23)
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2.4 The thermodynamic equilibrium temperature

We define the equilibrium temperature as the unique scalar 7" such that
gtr(T) + gint(T) _ gtr(Ttr) + gint(Tint)7 (2.24)

keeping in mind that £%(T) 4+ £M(T) is an increasing function of T since ¢ and ¢ are positive. The
function £™* is generally nonlinear but may be written

T
gint(T> o Eint(Tint) _ / Cint(T/) dT' = 'Cvint(T o Tint)7 (225)
Tint

where we have introduced ¢t (T, T't) = fol A (T 4 5(T —T'™)) ds. The relation £ (T™) —EY(T) =
EWMYT) — £Y(TMY) may then be recast in the form

(T™ —T) ="(T —1T™). (2.26)
Finally, a governing equation for 7' may easily be obtained from (2.24) and (2.9).

2.5 Relaxation and volume viscosity

From the equations governing the internal energies we deduce at the zeroth approximation the system

¢ o pVeu W
atT r +v-VT T=— et — @,
4 (2.27)
int int wlOnt
GtT -+ v-VT = ’ncint .
A direct evaluation of the source term wi* yields that
wit = —2n2 [ (AE) (exp (12 - 55%) - 1)] (2.28)
where [ ] denotes the averaging operator
1 ~ 7t -
[[a]] = 8? Z /aIJI’J’f(O)f(O)gUUI ! dc dc del. (229)
1,J,1/,3/
Defining the nonequilibrium correction factor ¢ as
1
(= /exp((ksﬁr - %)s) ds,
0
the source term wi is recast in the convenient form
. AE)2 .
w(l)nt — 2n2 [[( ) C]] (Ttr _ Tmt)7 (230)

kB Ttr Tint

Defining naturally the nonequilibrium relaxation time by 7%t = ™k, T T /(2n[(AE)?(]), we finally

obtain that )
int ncmt
0o = rint

(T — 1™, (2.31)
The resulting equation for T — T is now

pV"U Cy Ttr _ Tmt
nctt v gint

O(T™ — T 40 V(T™ — T = — , (2.32)

where we have defined ¢, = '™ +c™(T™"). This is a typical relaxation equation and the corresponding
relaxation approximation yields _
Ttr _ Tint — Tlnt

ney

pV-v. (2.33)

This is the only approximation made in this section in order to recover a volume viscosity effect and
it neither requires 7™ being small nor 7% and 7' being close. This relaxation approximation is



valid when the flow characteristic time is greater than 7"*. We now define the nonequilibrium volume
viscosity by k = pksc™ 7 /(cye,) where ¢, = ¢ + (T, T™"). From the expression of 7"  this
nonequilibrium volume viscosity may be written

cint’é‘int kg(Ttr)QTint

S S (NG I (234

and we emphasize that this coefficient differs in many aspects from its thermodynamic equilibrium limit
int

ke = (c—)z(kBT)3/2[[(AE)2]] obtained independently from the Chapman-Enskog method [45, 46].

Cyv

Thanks to the nonlinear relation ¢,T = ¢ T + @™ Tt we further obtain in the relaxation regime
nksT™ = nksT — KV -0, (2.35)

as well as nkT™ = nkyT + "k V-v /™. The relation (2.35) is now similar to classical estimates of
temperature deviations and we have recovered a volume viscosity effect in the relaxation regime by
using the equilibrium temperature T

Finally, close to thermodynamic equilibrium, T and T are close to T, so that ¢, tends to ¢, &™
tends to ¢, ¢ tends to one, and the nonequilibrium & tends to the corresponding one-temperature
formula x°1. Many authors have discussed the near thermodynamic equilibrium situation, where the
internal temperature and the translational temperature are close, notably Kholer [1], Hirschfelder
Curtiss and Bird [2], Waldmann [3], Chapman and Cowling [4], Ferziger and Kapper [5], McCourt et
al. [6], de Groot and Mazur [9], Keizer [10], Zhdanov [33], Nagnibeda and Kustova [35], and Brun [36].
Second order effects are notably discussed by Hirschfelder Curtiss and Bird [2] and Zhdanov [33].

2.6 Higher order effects

We further investigate in this section the relaxation process in the Navier-Stokes regime. From the
governing equations we deduce, in the Navier-Stokes regime, the system

. Ot II: int
o + vowrt — _PYY V@7 Vo

tr tr tr tr’
nc nc nc nc
(2.36)
int int
. . V_an win
atTlnt 4 ’U'VTmt - _ = 1int7
nc nc

and we have to investigate the first order source term wi™.

The perturbed distribution function ¢ is such that Z'P(¢) = ¢ and (0 ¢,7) = 0 for 1 <
7 < 6, where Z™P denotes the linearized Boltzmann rapid collision operator, 1 the functional ¢ =
—Bt(o) log f(© — ¢-Vlog f(© + jSI’(O)/fO), and ¥/, 1 < j < 6, the collisional invariants of the fast
collision operator. The functional ¢ = —875(0) log £ — ¢-Vlog f© 4+ 750/ £O) may be evaluated in
the form

Y =—9":Vo— 1#/\”'V(k8;“tr) - ¢AW'V<@> + PUwi,

. . tr int .
where 9" is a symmetric traceless tensor, 1* and 1" are vectors, and 1* is a scalar

P = %((c—v)@(c—v)—%(c—’u)-(c—’u)), (2.37)
¢Atr _ (ngTtr _ %m(c—v)-(c—v))(c—v), (238)
P = (B B))(c—v), (2.39)

B jSL(O) %kBTtr — %m(c —v)-(c—v) n FE—E

¢ o f(O) B nchtthr2 ,rLkBCintCZ“int2 ’ (240)

The source term evaluated from the Maxwellian distribution J sh(0) has been decomposed in the form
jsl,(O) — w%)ntjsl,(o) where

~ 1 ~ i
jSL(O) - - § / O FOAE)Cgo™? dede’, 241
QHQH(AE)QC]] Ly f f ( )Cg ( )



and we have (1, 75O)) = 1 as well as (', 72O) = —1 and (1, 7)) = 0 in such a way that
1 is orthogonal to the collisional invariants of the fast collision operator. Thanks to linearity ¢ may
be written in the form

b =—¢" Vv - "V ,ﬁip) - as*““-v(ﬁ) + i,

where ¢ is a symmetric traceless tensor, ¢>‘“ and ¢)‘mt are vectors and ¢* is a scalar [35]. These
coefficients satisfy for pu € {n, A, \I** 51} the linearized Boltzmann equations Z**P(¢H) = ¢ with the
constraints ((f(Q¢#, 7)) =0 for 1 < j < 6.

The shear viscosity may be written n = %kBT[[qb”,qu"]], the translational thermal conductivities
in the form A% = L[oN" @] /ky (T)2, At = L[N @A™ ]/, (T™)2, and the internal thermal
conductivities in the form A0t = LA™ A" ] /g (T1)2, Aimtint = L[pA™ @A™ ] /k, (T2,

The source term wi™ can next be written

wllnt 1nt + 6w1nt (242>

int

where the perturbed source term dwi™ is given by

i = 3 B / (fOFO L (g 4 §) = FOFO(9+§)) g dedede’.  (2.43)

1Q oy
1,313/ o &y

Upon defining Wt = dosw .y (AE ff 0)go dede’ it is shown that dwirt = (£ ¢ W) Using
now the Curie principle, we have dwi™ = wint(( f(©) ¢~ Wint)) and we may define
’wllnt - <<f(0) ¢w’ Wint>>a (244)

i"* may be written in the form

in such a way that dw;
Swint = intpint, (2.45)

In the Navier-Stokes regime, the relaxation approximation then yields that

AR (AR A T

The correction terms in (2.46) either involve the product of x by another transport coefficient or

the perturbed source term wi™. Near thermodynamic equilibrium, all terms involving the product

of two transport coefficients must be discarded as pertaining to the Burnett regime, and only the

term —r (1 — wi™)V-v may play a role. We note, however, that the perturbed term ¢“ vanishes in

a first approximation and thus the perturbation wmt also vanishes. Indeed, the standard Galerkin
3 1 m

variational approximation space for scalar functions is spanned by ¢2010 = 5= 35 kBT(c —v)-(c —v)

and ¢! = (E — E})/k;T™*, which are both collisional invariants of the rapid collision operator, and
are therefore in the nullspace of Z*?P.

2.7 The thermodynamic equilibrium asymptotic limit

We investigate more closely in this section the asymptotic convergence of the two-temperature model
towards the one-temperature model when the characteristic time for energy exchange becomes of the
order of magnitude of the elastic collision time, that is, when 7" = O(e). It is fundamental to observe
here that the one temperature model is only valid under the condition 7" = O(€) as confirmed by the
results of the numerical experiments of Section 4.

When 7% = O(€) we are certainly in the relaxation regime and we further deduce from nk, (T —
T) = —kV-v that T® — T = O(e) and T™ — T = O(e) since then k = O(e). Denoting by x°4 =
(e /e, )2 (ks T)3/2[(AE)?] the limiting one-temperature value of the volume viscosity k, we also have
k%4 = O(e) and k — £°9 = O(€?), so that nkT" = nkT — k°9V-v + O(e?) and nk,T™ = nk,T +
trﬁeqv_,v/cint + 0(62).

Considering first the momentum equation, only the pressure term nk, T need to be rewritten into
nksT — k°1V-v and the resulting pressure tensor at thermodynamic equilibrium is in the form

P = (nkT — £°YV-0))I —n°Y (Vv + (Vo) — %(V"U)I). (2.47)



This is in agreement with the one-temperature model where the state law reads p®® = nk;T and the
viscous tensor is IT®! = —x°4(V-v)I —°4 (Vv + (V)" — 2(V-v)I). The two-temperature momentum
equation thus coincide with the one-temperature momentum equation up to Burnett type O(e?) temrs.

Similarly, in the total internal energy conservation equation (2.9), we may replace E%(T') +
Emt(Tnt) by EW(T) 4 EMYT) by definition of T, and we may also replace T% and 7™ by T in
the fluxes since all thermal conductivities are O(e) perturbations and since O(e?) terms must be dis-
carded in the Navier-Stokes regime. This yields in particular Q%4 = Q¥ + Q™ = —X\9VT with
Aed = \totr g ptrint 4 inttr  Aintint - The only left term is the pressure term pV-v = nk,T"V. v
which must be rewritten in into nk,TV-v — £°4(V-v)2. The term —x°4(V-v)? then completes the
friction term associated with the shear viscosity to form the full viscous dissipation term. We have
then recovered the classical one-temperature energy equation

HE+ V- (Ev)+ V-Q% = —p*IV v — IT*: V. (2.48)

where £(T) = EY(T) + EM(T) and thus the full set of one-temperature Navier-Stokes conservation
equations discarding Burnett type O(€?) terms.

We further investigate the entropy per unit volume as well as the entropy conservation equation.
From the differential (2.22) and the energy constraint &(T') = EY(T) 4 (T, it is easily deduced
that when 7" = O(¢) then

ch(T) _ Str(Ttr) =+ Sint(Tint) 4 0(62),

where §°4(T') denotes the equilibrium one-temperature entropy [7]. Furthermore, the chemical term
involving w!® in the entropy conservation equation (2.23) is such that

int tr int e
w (T =T k% 2 2
TtrTint - T (V’U) +O<E )7

since wi = wi* + O(e), so that the two-temperature entropy governing equation finally converges
term by term towards the one-temperature entropy governing equation discarding Burnett type (9(62)
terms.

Finally, we note that theoretical models as well as experimental measurements of the volume vis-
cosity have confirmed that this coefficient is of the order of the shear viscosity for polyatomic gases
[11, 12, 13, 14, 15] and the impact of volume viscosity in fluid mechanics—especially for fast flows—has
been established [16, 17, 18, 19, 20]. More generally, recent numerical investigations have brought
further support for the importance of accurate transport property in various multicomponent reactive
flows calculations [47, 48, 49, 50, 51, 52, 53].

3 A Two-temperature Two-Mode Kinetic Model

We investigate in this section a kinetic model with two internal energy modes. A first mode has a rapid
exchange rate with the translational degrees of freedom whereas the other one has a slow exchange rate.
In this situation, there is a volume viscosity due to the rapid internal energy mode as in one-temperature
models. Nevertheless, part of the equilibrium viscosity is still hidden in the slow internal energy mode.
In a relaxation regime, there are indeed four contributions to the effective volume viscosity, namely the
fast energy mode volume viscosity, the slow energy mode volume viscosity, the relaxation pressure and
the perturbed source term. In the near equilibrium limit, the sum of these four contributions coincides
with the one-temperature two-mode volume viscosity.

3.1 A multi-temperature multi-mode kinetic framework

We consider a kinetic framework of a single polyatomic gas with two independent internal energy
modes. The internal energy in the 1th quantum state is decomposed into

E = E2 + EY, (3.1)

where 1 denotes the composed index 1 = (I'*P,1¥!), I"*P the index of the quantum energy state of

the rapid mode, 1! the index of the quantum energy state of the slow mode, Eiah the rapid mode
internal energy, and E the slow mode internal energy. We will often denote for short E;™" for E;iD

and Ef for ES) so that B, = E{"® + E!. We assume that the rapid collisions are all the collisions

such that AE® = EIS/1 + E?,l — E8' — B3 = 0, either only involving the translational energy and rapid



mode internal energy or resonant with respect to the slow internal energy mode. The corresponding
Boltzmann equation is in the form

1
Of + e Vpf = Ejfap +J (3.2)

where f(t, x, ¢, 1) denotes the distribution function, J*#P = 7 (tr+rap)—(tr+rap) o 7sl=sl the rapid collision
operator, and g = gltrtrap)=sl the slow collision operator. We have denoted by 7 (tr+rap)—(tr+rap)
the collision operator involving solely the translational and fast internal degrees of freedom, 7= the
operator for resonant collision with respect to E®, and Jtr+rap)=sl the operator for collisions such
that AES' # 0. The collisional invariants of the fast collision operator are now associated with particle
number ! = 1, momentum '™ = mc,, v € {1,2,3}, the energy associated with translational and
fast internal degrees of freedom ©° = 9* + ™ and the slow internal energy mode ¢® = ¢°, where
Y™ = Im(c—v)-(c—wv), PP = E*P, and ¢y = EFL

The Enskog expansion is in the form f = f(O)(l + ep + 0(62)) where f(© is the Maxwellian
distribution. This Maxwellian distribution is found in the form

0 _ (%ZT)%;;;; p(- eV o) B By (3.3)

2T kT kT

where the degeneracy a, is given by a; = almpap1 and

int Elrap E;Dl int rap :31

Z ZaI exp( o kBTsl)’ Zint = grapg (3.4)
E B

Zrap _ Z Ayion exp( k;Tp ), Z ash exp( ;Sl ), (3.5)

rap

T is the thermodynamic partial equilibrium temperature between the translational and fast internal
degrees of freedom, and T®' the temperature associated with the slow internal energy modes.

3.2 Fluid equations

The equations for conservation of mass, momentum and internal energies are classically obtained by
taking scalar products of the Boltzmann equation with the collisional invariants of the fast collision
operator. The extra fluid variables to consider, in addition to the particle number density n and the
mass averaged velocity v, are now the partial equilibrium temperature between the translational and
fast internal degrees of freedom T and the slow mode internal temperature 7 defined by £%+2P(T) =
(f, 0t Py = (fO ot 4 opraP)) and EY(T) = (f, ™) = (f©@,4*"). The corresponding mass
and momentum conservation equations are similar to (2.5) and (2.6) and are not repeated. On the
other hand, the equations for conservation of internal energies are in the form

EUTIP 4 V- (uEUTIP) + V.QUIP = —pV v — Vo — o, (3.6)
8t551 + V. ( gsl) +V. Q%l _ Wl , (37)

where £4+1aP = £4(T) 4 £8P (T') denotes the internal energy per unit volume of translational and fast
internal mode origin with £ (T) = ((f(©), %)) and £*P(T ) (f© qprapy) €91 the internal energy per
unit volume of slow internal mode origin, Q"1™ and Q' the corresponding heat fluxes, and w§! the
exchange term in the Navier-Stokes regime.

The state law and the internal energies are in the form

—sl

p=nkT, P =n(GRT+E™), &'=nE (3.8)
where E® and E° denote the average fast and slow mode internal energy per particle E =
rap prap rap s ol Bl S

D pran %exp<f ]Z;T) and B = Dol ;f‘ exp(fkf‘;g). The transport fluxes, on the other
hand, are found in the form

II = p — §"**Vul — (Vo + (V) — 2(V-o)I), (3.9)

Qtr+rap _ _)\tr—i-rap,tr—i-rapVT _ )\tr—i-rap,slvjwsl7 (310)

Qsl _ _)\sl7tr+rapvf _ )\SI’SIVTSl, (311)



where p'' denotes the relaxation pressure, £'P the volume viscosity associated with the fast internal
energy modes, n the shear viscosity, and Atrfraptrdrap  ytrtrapsl - yshtrdrap - anq Asbsl the thermal
conductivities. The full source term w® may be written

Wl = (9, T = (v, 7)), (3.12)

since (¢, J*2P)) = 0 and may be expanded into w®! = w§ + edws! + O(€?). The source term w§' is then
given by
Wil = Wil + edwfl (3.13)

where w§' denotes the source term evaluated from the Maxwellian distribution f(©) and §w§' the cor-
rection associated with the Navier-Stokes perturbation f(®¢.
Finally, defining the pressure tensor as P = pI + II, we have

P = (kT + p™ — kP V-0)I — (Vv + (Vv)! — 2(V-0)I), (3.14)

with a pressure term nk,T1I, a volume viscosity contribution associated with the fast internal modes
k'*PV.vI, and a relaxation pressure term p™'I.

3.3 The thermodynamic equilibrium temperature
We define the equilibrium temperature as the unique scalar T' such that
EW(T) + E™°(T) + ENT) = E¥(T) + £™P(T) 4 (T, (3.15)

. . . r ra Sl . . . . . . r o__ 3
keeping in mind that E™(T') 4+ £*P(T) + £¥(T') is an increasing function of T' since since ¢ = Sk,

keaiil, (Eiih —ETT\2 B y kpaZy  BY B\ 2 B3 e
crap — erap Z”;;app( I ;BT ) EXp(— k};%)7 and Cbl — Zlﬁl stll( 1]:787 ) exp(— kB‘Tl) are pOSlthe.
The function £ is generally nonlinear but may be written

T
ENT) — (T = / NTY AT =T - T, (3.16)
Tst

where we have introduced ¢(T,T%!) = fol (T + s(T — T*')) ds. Similarly, we write the nonlinear
function £P in the form

£roP(T) — 7P (T) = / Tcrap(T’) AT’ = @ (T - T), (3.17)

T

where &P (T, T) = fol (T + s(T —T)) ds. The relation £ +P(T) — grirap(T) = £Y(T) — £Y(T)
may then be recast in the form

(" 4 TPNT —T) =T —T%). (3.18)
Finally, a governing equation for T' may easily be obtained from (3.15) and by adding (3.6) and (3.7).

3.4 Relaxation and the slow mode volume viscosity

From the equations governing the internal energies we deduce at the zeroth order the system

— _ V- sl
T +vVT=——LY% 0
’IL(C r4 Crap) n(ctr + Crap) (3 19)
wsl '
T + v VT = =0
ncs
and a direct evaluation of the source term w§! also yields that
s s sl sl
Wil = —2n2 [(AB") (exp(35: - £27) - 1)]. (3.20)

Defining the nonequilibrium correction factor ¢3' as in the previous section

1
. sl sl
Cal /Oexp((AE AESl)S> ds,




the source term wg! is recast in the convenient form

[[(AESI)QCSl]] o

sl 2 sl
wy =2n — T-T). 3.21

Defining naturally the nonequilibrium relaxation time by 7! = Sk TT®'/(2n[(AE®)2(*!]), we finally
obtain that

sl

s ne” = S
wil = —(T-T h. (3.22)
The resulting equation for T — T*! is then
— — V- - T _ Tsl
QT —-TH+oV(T T =LY% ¢ , (3.23)

n(ctr + Crap) (Ctr + Crap) Tsl
where we have defined ¢, = ¢ + ¢@P(T) + ¢*(T®!). This is a typical relaxation equation and the
corresponding relaxation approximation yields at the zeroth order

sl

T-—T%=—

pV-v. (3.24)

ney

This approximation neither require 7°! to be small nor T and T*! to be close and is indeed valid when
the flow characteristic time is greater than 75!, We next define the slow mode nonequilibrium volume
viscosity by %' = pksc'79/(¢cy ¢y ), where ¢, = ¢ + &% (T, T) + &Y(T,T*) and £* may also be written

slsl 3T2Tsl
=Sk . (3.25)
Cy Cy 2|I(AESI)2CSI]]

Thanks to the nonlinear relation ¢,7 = (¢'* + ¢™P)T + &!T"! we further obtain—after some algebra—
that at zeroth order -
nksT = nkyT — 5V 0. (3.26)

3.5 First order corrections

Since we will need to add the slow mode volume viscosity %, which is O(7™!), to the volume viscosity
K™P associated with the fast energy mode in the Navier-Stokes regime, which is O(¢), we eventually
need to take into account first order corrections to the temperature difference T — T%'. From the
governing equations we deduce in the Navier-Stokes regime the conservation equations

B B v. v.Qtrtrap m:v P
OT+vvT=——PVv _ VQ - ) et )
n(ct™ 4 ¢aP)  n(ctt 4 ¢aP)  n(ctt 4 craP)  n(ctt 4 crap) (3.27)
v. sl sl |
KT +v-VT = — Ql WIl’
ncs ncs

and we thus have to investigate the structure of the first order source term w;! = w§! + dwsl.
The perturbed distribution function ¢ is such that Z'P(¢) = ¢ and (f@¢,47) = 0 for 1 <
j < 6, where 7P denotes the linearized Boltzmann rapid collision operator, and 1 the functional

Y= 7350) log f© —¢-Vlog f© + jSl’(O)/fO), and 7, 1 < j < 6, the collisional invariants of the fast
collision operator. The functional ¢ = 75}(0) log f(O — ¢-Vlog f©O + 70/ £0) may be evaluated in
the form

b= TV _¢>\tr+rap.v($) _w/\SI'V<kB;sl) —Lyr Voo + 9w,

. . tr4rap sl .
where "7 is a symmetric traceless tensor, ¥ and 1*" are vectors, 1" and 1)* are scalars given by

11



[35]

m
P = E((c—v)(gg(c—v)—%(c—v)-(c—v)), (3.28)
d})\trJrrap _ (§kBT—%m(c—v)'(C—U))(C—'U)v (329)
,L/J)\t'l _ Esl ) (330)
I i (3- m(c—v)-(c— v)) ¢ (B™" - E™) (3.31)
Ctr + crap 2 2]€BT Ctr + crap k’BT ) .
o = IO ng gm(e—v)(c—v) FT-gT | F B (3.32)
f(O) (Ctr Crap)T2 nks (Ctr + Crap)T2 nk:BCSITSl2 . .
The source term 755 has been written J54(0) = wgljSI’(O) where
= 1
TN = sy 3 [S OO AR e e (3:3)

J,1,

and we have (¢, 75O) = 1, (g + ¢rap, 7sLO)) = 1, and (1, 7)) = 0 in such a way that ¢~
is orthogonal to the collisional invariants of the fast collision operator. Thanks to linearity ¢ may be
expanded in the form

6=V TV () = 0V () - 30 Vo o

. . tr4rap sl
where ¢ is a symmetric traceless tensor, ¢* and ¢V are vectors, ¢* and ¢ are scalars. These

coefficients ¢*, p € {n, NP )sl 1 1}, satisfy the linearized Boltzmann equations Z*P(¢") = M
with the constraints ((f(D¢H, 7)) =0, 1 < ] < 6.

The shear viscosity may be written n = 15 L}, T[#", #"], the translational and fast mode thermal con-
ductivities in the form )\tr+rap,tr+rap — %[[Q/))\tr+rap’¢)\tr+rap]]/kBT27 /\trJrrap,sl _ %HgbA“_Hap,(b)‘Sl]]/kBTSlQ,
and the slow mode thermal conductivities in the form M\shtr#rap — %[[(;5/\517¢’\“+”p]] /kBTQ’ Asbsl —
%[[W‘Sl, (;le]] / kBT512. In addition, the relaxation pressure p*®' and the reduced relaxation pressure p*e!
are given by - -

P =l 7 = kT 6" ") = shT(V¢", ), (3.34)

The source term w§' can be written

Wil = Wi + dws!, (3.35)
where the perturbed source term dw§! is given by

i = 3 B /(f<0> FO' L (g 4 3 = fOFO 6+ 6) ) g0V dedede!,  (3.36)

1,5,1",37 @y
and upon defining W9 = Z] v ], (AE) ff(o)gam "dede’ it is shown that

swi' = (f D, W, (3.37)

Using now the Curie principle, we have dwjl = —1(f@¢" W)V-v + (f@ ¢~ Welhwi! and we may
define
wf = =5(FO" W), wll = (10, W), (3.38)

in such a way that
Swil = wf Vv + wil wil. (3.39)

Furthermore, in the relaxation approximation, and in the Navier-Stokes regime, we may replace
wSl by its zeroth order approximation wgl ~ —c*'pV-v/c, in the first order term dws'. The resulting

effective first order correction in the relaxation regime is therefore

sl
dwi = (wf — pe wi) V-v. (3.40)

Cv

12



After some algebra, the first order relaxation approximation then yields that

sl
) . ’i(ﬂ:Vv L v.QUrter
p

cywh ¥ 4 crep

csl

nksT — nkyT = —£° V~v(1 —wi + V-QSI). (3.41)

cslp

The new terms in (3.41) involve either the product of s by another transport coefficient or the
perturbed source term wf and wf'. Near equilibrium only the term —* V-v(1 — w§ + c,w" /pc)
plays a role since all terms involving the product of two transport coefficients are associated with the

Burnett regime.

3.6 Kinetic definition of the translational and rapid mode temperatures

The thermodynamic partial equilibrium temperature T between the translational and the fast internal
energy modes is defined from E%(T) + £2P(T) = (f(O, ™ +¢rPY) = ((f, 4" +4*P) and it is a
macroscopic quantity since ¥* + *P is the a collisional invariant. The translational 7% and the fast
mode internal temperature 7P are now defined from

ENTT) = (f M) ETP(TP) = (£, (3.42)

Since neither ' nor '@ is a collision invariant of the fast collision operator, these temperatures
cannot solely be expressed in terms of zeroth order quantities and have to be expanded in the form

T =TE + 6T + O(%), TP = Tp™ + e 6T, + O(€?), (3.43)

where T{" and T, are the zeroth order terms and §T}" and 677" the first order correctors associated
with the Navier-Stokes regime.

From the definition (3.42) and the expansions (3.43) we deduce that at the zeroth order we have
EX(TY) = (7O, 47) and EWP(TEP) = (7O, ), s0 that EX(TYF) = £7(T), and EP(TLF) =
E™P(T) in such a way that at the zeroth order

Tgr =T, = T, (3.44)
in agreement with the fast mode assumption.
We introduce for convenience the notation
T = Tgr + €8T}, TP = T5™ + € 6Ty, (3.45)

in such a way that T% = T + O(€?) and T**P = T1*® + O(e?). In other words T* and T} coincide
in the Navier-Stokes regime as well as 7" and 77°P. From the general relations

EX(TN) — EX(T) = (f — O, 9, ER(TR) — 90 (T) = (f — [0, 47),
we next obtain the linearized expressions
nd™ (T =T) = (fO%,¢™),  nc™(T1 = T) = (f ¢, ™). (3.46)

Note that ¢*P may be evaluated at T since T and TP are deviations from T in the Navier-Stokes
regime. We also know that ' + 4" is a collisional invariant so that ((f(©)¢, )" 4+ "™P) = 0 and

(™ + ¢™P)T = ™ T1" + c™PT*P. (3.47)

In the next section, we evaluate the first order perturbations T{* — T and 7™ — T in terms of the
divergence of the velocity field and the relaxation pressure.

Note that relations similar to (3.46) may be obtained for one-temperature polyatomic gas models.
In a one-temperature kinetic framework, starting from the thermodynamic equilibrium temperature
T, one may reconstruct approximations 79" and T} of the internal and translational temperatures in
the Navier-Stokes regime as in (3.46).

3.7 The rapid mode volume viscosity and the relaxation pressure

Since ' and P are scalars, from the Curie principle, only the scalar part of ¢ yields nonzero
contribution in the products ((f(@, ') and ()¢, 4™, in such a way that

nc™(T{" = T) = =L (f V", " YV-v + (f O, ), (3.48)
nc™P(T1* —T) = —L(f D" Y P Vv + (f O, proPhws. (3.49)

13



Since ¥+ is a collisional invariant, the scalar products {(f(9¢*, ) and (f(*)¢*, 1*@P)) are such
that ((f(©¢#, ) +(fO ¢, ¢praP) = 0. Similarly, the scalar products ((f(?) ¢, ®) and {(f(©) ¢, pr2PY)
are such that (f(© ¢~ ) + (f(O¢~,4™P) = 0. On the other hand, we have the expression of the

volume viscosity kP - -
R = Sk T(f V0", 4") = §keT[9", 0"

. K 9crapP tr 2ctr rap : .. . . . .
Noting that v 7@”“@)]%?#} + 7(c“+cmp)k]3?¢ is a collisional invariant, we obtain upon taking
the scalar product with f(©)¢" a second relation between ((f(© ¢ ) and ((f(®¢",4)"P)) which are
thus expressed in terms of k™P after some algebra. Similarly, we know that

el = T (O ¢, v,

and upon expressing 1" in terms of ', 1" and a collisional invariant, and taking the scalar product
with f(©¢*  we obtain a second relation between ((f(@ ¢~ ™) and (f(®¢~, ") which are then
evaluated in terms of p*®!. After some algebra, it is obtained that

nks TV = nk,T — K™PV v + 5w, (3.50)

tr

nks Ty = nk,T — ¢

~rel, sl
o (—kV-v +pwy). (3.51)
We notably deduce that the expression nk,T — k*™*PV-v + p*! appearing in the pressure tensor may
be written nk;T}" in the Navier-Stokes regime. The volume viscosity term —x™PV-v and the relax-
ation pressure p'®' = p*lwf modify the partial equilibrium temperature pressure term nk,T into a
translational temperature pressure term nk,T5r.

The fast mode volume viscosity is obtained as in classical one-temperature models [45, 46] and

found to be -
. crep 2 (kT
rap _
W = () 2[(AE)?] (3:52)

Note that in principle, we should write the bracket in the form [(AE™P)2]™" since we have to evaluate
the average as in the definition (2.29) but summing only over the fast reactions. However, thanks to
the scaling in the Boltzmann equations, the relative difference between [(AE™P)2]"*" and the complete
bracket [(AE*P)?] obtained by summing over the fast and the slow collisions is O(¢) and thus may be
neglected.

In order to evaluate the reduced relaxation pressure p*®' we use the expression

P = G T 0", v4) = §RT (0", THO),

and we have first to evaluate the perturbed function ¢*. The corresponding standard Galerkin

variational approximation space is the space spanned by ¢*10 = 2 — 1. (¢ — v)-(c — v) and

2 kg T
p0001rap — (FF — Er*P) /LT, The function ¢9001s! = (ESI — B9 /K, T9! is indeed a collisional invariant
of the rapid collision operator and must be discarded. We also discard higher degree polynomials in a
first approximation. The transport linear system associated with this Galerkin variational approxima-
tion space is similar to the system investigated in References [45, 46] and, after some lengthy algebra,

it is found that

rap

(b/-c _ _§ crap (k;BT)3
- P (Ctr + Crap)2 2[[(AErap)2]]

The scalar products ((¢°010, 7510 and (¢200lrap | 7sL(0)Y) are next evaluated in the form

(Crap ¢0010 — ot (Z)OOOlrap). (3_53)

H(AErap + AESI)(AESI)CSI]]

0010 Fsl,(0)y, _
(19010, F1.0) e P (3.54)
0001rap .7sl,(0) — [[(AErap)(AESI)CSIH
(o , T (AR AT (3.55)
The resulting rescaled relaxation pressure p*®' is then given by
ﬁrel _ (kBT)?)Crap Crap[[(AEsl)2csl]] + (Ctr + Crap)[[(AErap)(AEsl)Csl]] . (356)

2p(ctr + Crap)2 QII(AErap)QCsl]][[(AESI)ZCSIH
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Furthermore, in the relaxation regime, we may express the zeroth order source term w in term of

V-v in the expression of p*®! = wilp*®! and we finally obtain that
P =PV, (3.57)
where .
el (k,BT)Sclerap crap [[(AESI)QCSl]] + (Ctr 4 Crap) [[(AErap) (AESI)§51]]

o (et + crap)2c, 2[(AErar)2¢s1[(AEs)2¢H] ) (3.58)

and the relaxation pressure finally adds a contribution to the effective volume viscosity.

3.8 The perturbed source term

We further have to evaluate the perturbed source term dwf sl or equivalently the scalar products wh =
— (O, Weh) and wil = (f(© ¢, WeL), and next dwi! = wf V-v + wil wil. We first investigate the
product wf and then the product ws.

The perturbed distribution function ¢* has already been evaluated in terms of ¢°°1° and
and we are left with the calculation of ((f(®)¢%010 W) and ((f(©¢0001rap WslY) in order to evaluate
wf. After lenghty calculations, these scalar products may be expressed in the form

¢0001rap

<<f(0)¢0010’ Wsl>> QnT ([[(AEQI)(AESI + Arap)]] + QH(AESI) ¢0010CSI]] TS?NI)’ (3_59)
S 2n? S rap S rap ~s T_TSI
(5000, W) == ([AE)(AT)] = 2[(AE Pl ) (3.60)

On the other hand, we may also evaluate the difference between [(AE®)(AE® + AE™P)] and [(AE®)(AES + AE™P)(®
and the difference between [(AE*")?] and [(AE*")2¢*] in the form

S rap — S rap\ »~s S rap % E
[(AEHAE™)] = (AEYAE™)C + (ABY (A,
T -1

]%TTSI

[(AEN?] = [(AE)2C] + [(AE)3C]

where

CSI / /Cxp kB;l kBTbl) )drds (3.61)

In the relaxation approximation and in the Navier-Stokes regime, we have to discard gradients terms
squared associated with the Burnett regime, and we are left with the approximations

2n?

(0) 1 sl ~ S S rap\ ~s
(FO0 W) & = EIAED(AE + A, (3:62)
(gt oy 2 () A (363)

The resulting perturbed source term is then in the form

6 crap 2p[[(AEsl)2Csl]] pcrap [[(AEsl)(AErap)Cslﬂ
wy = _(ctr + Crap) [[(AErap)2]] Totr o+ crap [[(AErap)2ﬂ (364)

On the other hand, in order to evaluate the scalar perturbed distribution function ¢*, we may
use the same orthogonal polynomials as for the scalar function ¢”. The transport linear system is
easily evaluated following the Galerkin variational approximation procedure and the classical formulas
associated with the transport linear systems [45]. Upon expanding ¢* in the form

d)w — 7% (Q10¢0010 + aOlrap¢0001rap) (3 65)
p )
we obtain a linear system Ka = ( where K is similar to the matrix presented in References [45, 46]
but now at temperature T. The nullspace of K is the vector (1,1)! and we have the constraint
ot + craPaO1raP = (). The right hand side is evaluated from [45]

1

510 -

S (FOGI0, Y, O = (OO (3.66)
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and after some algebra, it is found that

1/ [(AEY(AEY + AE™) (Y] o
810 3 <_ [(AE)2] oy crap)’ (3.67)

rap _ 1 [[(AESI)(AErap)Csl]] (rap
501 P —%( [(AES)2(] ot —l—crap)' (3.68)

The linear system is easily solved and it is found that

L GTP(ABYAEC] e

rap 10010 _ _tr ;0001rap
Ctr + crap QH(AErap)ZH H(AESI)2<’S1]] Ctr + Crap)(c (b C ¢ ) (369)

1
# =
2
Using the expressions (3.62) and (3.63) the perturbed source term wj! is first obtained in the form

sl 1 ((Ctr + cmp)[[(AESI)(AEmp)(:SI]] + Crap[[(AESI)2CSI]])2 (3 70)
wy = (ctr + Crap)2 [[(AErap)2M[(AEsl)2<SI]] . )

However, we have already assumed that the coupling between the modes is weak in such a way that
the square [[(AESI)(AE”“’)CSI]]2 may be neglected and this yields

rap >2 [(AE)2] 1 [(AE*)(AE™P)¢] (3.71)

c
,wsl _ _( )
1 ctr + crap [[(AErap)Z]] ctr + crap [[(AErap)Q]][[(AEsl)QCsl]]
Note that the approximate expressions (3.62) and (3.63), as well as the relaxation approximation
are used since we are interested in volume viscosity effects and in recovering the equilibrium volume

viscosity. However, the full nonequilibrium model may still be evaluated from the expressions (3.59)
and (3.60).

3.9 The effective volume viscosity

The general expression of the effective volume viscosity in the Navier-Stokes regime and in the relaxation
approximation is in the form

k=P — el 4 g s 4 kSl /e, (3.72)

where we have written for convenience p*®! = p'V.v. Collecting from the previous sections the

expressions of £, p*!, x5! and of the perturbed source terms, wf and w§17 it is found that

o (Y )

ctr + crap QII(AErap)Q]]
B iﬂ ( crap ) 2 (k;BT)SClerap B Crapcsl (ICBT)?) [[(AErap) (AESI)CSI]]
Cy ctr + crap QH(AErap)Q]] (Ctr + Crap)cv QH(AErap)QCsl]] H(AESI)QCSI]]
N CSIESI kBB(T)zTSI
ey 2[AEN)2C]
B ‘C‘il ( crap ) 2 kgTQTsl B crap’c”sl kg;TQTsl H(AESI) (AErap)]]
EV ctr + crap QH(AETB‘I’)Q]] (Ctr + crap)’é'v QII(AErap)Q]][[(AESI)QCSI]]
N csl’c‘sl ( crap >2 ]{:‘5721"81 N crapcsl’c‘sl kgTszl [[(AESI) (AErap)]] (3 73)
CVEV ctr + crap 2[(AErap)2]] (Ctr + Crap)CVEv 2H(AErap)2]][[(AESI)2<SI]] . .

Now a close examination of the nonequilibrium effective volume viscosity (3.73) reveals that its asymp-
totic limit at thermodynamic equilibrium is exactly the one-temperature two-mode volume viscosity
derived from the Chapman-Enskog method in the Appendix and given by

o (Crap>22[[((k33T)3 crapcsl (k;};T)?’[[(AErap)(AESI)]] (Csl)QQH(kBT)3

Cv Aper)2] 2 [(AER)?[[(AET) e/ 2(AET?]

(3.74)

More specifically, the first, second, fifth and seventh terms of (3.73) converge toward the first term of
(3.74), the third, sixth and eighth terms of (3.73) converge toward the second term of (3.74), and the
fourth terms of (3.73) converge toward the third term of (3.74).

16



4 Numerical experiments

The results derived in the preceding sections are assessed against numerical experiments for a poly-
atomic gas with a single internal mode. Results are obtained by solving the appropriate Boltzmann
transport equation via a Monte Carlo method. The transport properties of the model system are
investigated by looking at the spontaneous fluctuations at thermal equilibrium [54, 22, 55, 56].

We first establish that the two temperature model of Section 2.2 gives an accurate description of the
system transport properties as compared to direct solutions of the Boltzmann equation, in particular
when the relaxation time is large as compared to the characteristic flow timescale. The one temperature
model, instead, fails to describe the system behavior even in conditions of thermal equilibrium. The
reason is that the one temperature model is the limit of the two temperature model when T and Tt
are equal (or close) and a relaxation approximation is valid, as discussed in Section 2.7.

We next verify that, when the relaxation time is small enough as compared to the characteristic
flow timescale, both the two temperature model-—with no volume viscosity—and the one temperature
model—which includes a volume viscosity—are adequate to describe the properties of the system. In
this limit, the two temperature model thus reduces to the one temperature model.

Interestingly, the dynamics of spontaneous fluctuations can actually be probed by light scattering
experiments [56, 57, 58].

Before showing the results, we introduce the quantities used to describe the thermal fluctuations
(Section 4.1) and the theoretical fluctuation spectra predicted by the one temperature (Section 4.2)
and two temperature (Section 4.3) models, respectively. We then describe the Monte Carlo method
used to solve the Boltzmann transport equation (Section 4.4). In Section 4.5 the physical model used
for the calculations is described and, finally, Section 4.6 presents the results.

4.1 Kinetic theory of spontaneous fluctuations

The dynamics of the fluctuations of a variable A(r,t) is discussed by introducing the space-time cor-
relation function
SA%(r,t;r) V) =< SA(r, )0 A(x ') >, (4.1)

where < ... > means ensemble average and 0A(r,t) = A(r,t)— < A(r,t) > is the fluctuation of the
dynamic variable. For an isotropic system in thermodynamic equilibrium the correlation function
depends only on the space-time distance

SA (r,t;x) ) = 6 A% (Jr — 1|, t —t'). (4.2)

In particular, the quantity actually measured in light (or neutron) scattering experiments is the Laplace-
Fourier transform of the correlation function of density fluctuations, the spectral density (or power
spectrum) of these fluctuations [56]

on?(k,w) = /ei(k'rf“’t)éﬁ(r,t)drdt. (4.3)

Since the equilibrium fluctuations of the fluid variables are small compared to the average values,
their dynamics is governed by the same equations that govern the dynamics of the system, but lin-
earized around the equilibrium solution. These linearized equations are then doubly Laplace-Fourier
transformed to the (k,w) space and are solved for dpy(s = € + iw). The latter is used to construct the
space time correlation function < 5p;(0)g;>/k(s) >,

Finally, this correlation function may be connected with the density fluctuation power spectrum
S(k,w) that is a quantity experimentally measurable in light scattering experiments

S(k,w) < 6p3(0)3pk(s) >
= 2 1 .
Sy Afelim 505 (0)5pr(0) >

(4.4)

For thermal fluctuations in gases, the ratio of the fluctuation wavelength to the mean free path
defines the flow regime (from high to low ratios: hydrodynamic, kinetic, collisionless). Different regimes
are described by different values of the following parameter

8 p()\/k‘BT/m (4.5)

3v2r nk
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where pg is the equilibrium density, 7 is the shear viscosity and k is the fluctuation wavenumber. The
collisionless limit corresponds to y — 0, whereas the hydrodynamic limit (k¥ — 0) is approached for
y = 5. In the following we derive the thermal fluctuation power spectra in the hydrodynamic regime
as obtained by the one temperature model (egs. (2.5), (2.6), (2.48)) and the two temperature model
(egs. (2.5), (2.6), (2.7), (2.8)) fluid equations.

4.2 Fluctuation power spectrum from the one-temperature model

The fluctuation power spectrum for a fluid described by the (1T) Navier Stokes equations is reported
in the book by J.P. Boon and S. Yip [54]

9 v—1 2xk? 1 Ik? k2
op~(k,w) = 2 ne T 2 o T 2 272
v w?+ (xk?) v | (w+ cok)? + (Tk2) (w—cok)? + (Tk?)
1 k w + cok w — cok
— | -1 — — 4.

where v is the specific heat ratio, ¢y the speed of sound, x the thermal diffusivity and

I =

1(%7]4-/{

+ (= 1)),
20 (v —1)x

is the sound absorption coefficient.

The spectrum of the density autocorrelation function gives information on thermodynamic and
transport properties of the fluid. The position of the Brillouin peaks is a measure of the speed of
sound. The width of the Rayleigh peak is a measure of the thermal diffusivity, the width of the
Brillouin peaks a measure of the sound absorption coefficient, the Rayleigh-to-Brillouin peak area ratio
a measure of the specific heat ratio (Landau-Placzek ratio).

4.3 Fluctuation power spectrum from the two-temperature model

Since the fluctuation power spectrum has not been explicitly reported in the literature we sketch here
the main steps required for its calculation. We start from the fluid equations (egs. (2.5), (2.6), (2.7),
(2.8)) that we rewrite here for convenience

Oyp+ V-(pv) =0, 4.7
9, (pv) + V- (pv@v + pI) + V-II =0, (48)
0" + V-(vEY) + V-Q" = —pV-v — II:Vv — wi™, (4.9)
D,EM 4 V. (vEM) 1 v.Qt — wint, (4.10)

Taking into account the Navier-Stokes expression for the pressure tensor, eq. (2.11), we rewrite
eq. (4.8) as
kBTtr Vp kB

Ov+v-Vu+ —— +
m

ks gt g2y 4+ Lviw.e] —
LT va+3V(Vv)} 0. (4.11)

Analogously, making use of expressions (2.12), (2.13), we rewrite egs. (4.9), (4.10) as

tr,tr

AT +v-VT" + L_wv.y 227
nc'r nc't
)\tr,int 2rpint n s 1 int
— S VTN 2 (Vo)) Ve + e =0, (4.12)
a Tint VTint _ )\int7int VQTint _ int,tr VQTtr _ 1 int _ 0 4 13
t v int int int wy =Y, ( . )
nc nc nc

where (Vv)§ = 1 [Vv + (Vv)"]— 2(V-v)I. Note that the transport coefficients are considered as fixed
parameters.
We now linearize egs. (4.7), (4.11), (4.12), (4.13) around the equilibrium solution. Introducing the
fluctuations
Sp=p—po, Sv=w, T =TT, 6T =T _Ty. (4.14)
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where the subscript denotes the equilibrium average value, into the equations, one obtains, to the first
order in the fluctuations, the following set of linearized equations

0,0p+ poV-v =0, (4.15)
[ 1 Ty 1
9, — E(Vz + Vv)} v+ @—Vép + EVcSTtr =0, (4.16)
L Po 3 m  po m
)\tr,tr int 1 )\tr,int int 1 .
- 24 ey L vy v2+ S| e =, (4.17)
nctr ctr o nctr netr ctr o
r )\int,int 1 . )\int,tr 1
0, — V>4 — | 6T — | = V> 4+ — | 6T =0, (4.18)
i ncmt o5l ncmt o5l

where we have formally introduced the internal energy relaxation time as

int
wllnt — nil (Ttr _ Tlnt). (419)

Denoting the spatial Fourier transform by

SAL(t) = / dre* T A(r, t), (4.20)
and the Laplace transform by
§AL(s = e+ iw) = /dteiStéAk(t), (4.21)
where i2 = —1 and k? = k-k, we now perform a double Laplace-Fourier transformation of the linearized
equations
s0pr(s) + ik (s) = dpx(0), (4.22)
A ke
(s + 52 -K")d1(s) + —ik(Todpi(s) + Gi(s)) = 41(0), (4.23)
Po m
)\tr,tr 9 Cint 1. kBTO — )\tr,int 5 cint 1.~
(s+ i g)gk(s) +— tked(s) + (T - T—l)hk(s) = g1(0), (4.24)
/\int,int 5 1.~ )\int,tr 9 1. _
. — . - — = 4.2
(54 g ¥+ i)+ (g B = ) dk(s) = hu(0), (4.25)

where ;;(s), gk (s), ;L‘;(S) are the Fourier transforms of pov, podT, podT™, respectively.
We now solve this linear system for dp(s) with the Kramer rule and then construct the correlation
function < §p}(0)dpx(s) >

N(k,s)

< 8p;(0)dpr(s) >= Mh o)

< 0pr(0)dpr(0) > . (4.26)

where M (k, s) is the determinant of the coefficient matrix for the linear system and N (k, s) is obtained
from M(k,s) by deleting the first row and the first column, keeping in mind that the macroscopic
variables are statistically independent variables so that cross-correlation terms vanish. The functions
M(k,s) and N(k,s) are therefore polynomials in s of degree 4 and 3, respectively, and, by taking the
limit € — 0, we can then write

N(k,w) = —iw® — by (k)w? + iba(k)w + bz (k), (4.27)
M(k,w) = w* —iby (k)w® — by(k)w? + ibs(k)w + be(k), (4.28)

where the expressions for the polynomials b;(k), 1 < j < 6, are easily evaluated. We have now all
ingredients to compute the fluctuation power spectrum from eq. (4.4).
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4.4 Simulation of spontaneuos fluctuations in a dilute gas

Thermodynamic fluctuations in gases, provided the density is low enough that only bimolecular colli-
sions are effective, are described by the Boltzmann equation. We then aim to compare the theoretical
results derived in Sections 4.2, 4.3 with those of a numerical experiment where a Monte Carlo method
is applied to the solution of the Boltzmann transport equation. In the case of the Boltzmann equation,
the system is described in terms of the one-particle distribution function. By linearizing the equation
around the equilibrium distribution a integro-differential equation for the space-time correlator of the
fluctuations of the distribution function is obtained [59]. The density fluctuations are then readily
obtained by integration over the velocity space.

For the simulation of the spontaneous fluctuations in a gas in thermodynamic equilibrium we use the
Direct Simulation Monte Carlo method (DSMC)[23]. DSMC is a particle simulation method that solves
the nonlinear Boltzmann equation. As such, it can simulate flows in the rarefied and/or hypersonic
regime that cannot be dealt with in the framework of a fluid-dynamic treatment. Besides, it can
handle situations of strong thermal nonequilibrium where a clear hierarchy of relaxation times cannot
be established and rate equation methods fail [27]. The principle of the method is the decoupling, over
a small timestep, of the processes of free flight and of collisional relaxation. A number of simulated
particles are moved in the simulation domain according to their velocities and to prescribed boundary
conditions. In the collision step, particles are made to collide inside spatially homogeneous cells. A
Monte Carlo method is used to realize collision events with the appropriate frequency. The details
of the molecular processes occurring in the gas system are specified by assigning the appropriate set
of collision cross sections. The viscosity and diffusion coefficients of the gas can be modeled by the
Variable Soft Sphere model of Koura[60].

The power spectrum of the fluctuations of the dynamic variable n(r,t) is evaluated as follows.
The variable fluctuations at all sampled space-time points, dn;; = n;; — ng, are recorded during the
simulation, ng being the equilibrium value. This discrete set is then Fourier transformed and squared to
get the discrete power spectrum. For an isotropic medium, it is sufficient to simulate a one-dimensional
spatial domain. Also, for obvious reasons, the number of simulated particles is much less than the
number of real particles present in the physical volume. The ratio of real to simulated particle number
is called the weight w of the simulated particle and it is a constant throughout the simulation. Now,
since the density fluctuations are proportional to the gas density[61], i.e., given the volume, to the
number of particles, the simulated fluctuations are equal to the real fluctuations to within a factor
w. Therefore, the spectrum sampled by the simulation is exactly equivalent, to within normalization
factors, to the spectrum measured in light scattering experiments. In order to reduce the statistical
scatter inherent in the particle simulation method ensemble averaging of the results is performed by
averaging the results of many independent runs.

This procedure allows also to estimate the variance of the results with respect to the statistical
scatter. It is worth mentioning that this procedure is amenable to implementation on a computational
grid. The GRID infrastructure allows hundreds of runs to be performed simultaneously, thus reducing
drastically the global computational time. The simulations of this work, in particular, have been done
under the Compchem Virtual Organisation.

When setting up a simulation, appropriate simulation and sampling requirements have to be spec-
ified. Provided the typical requirements of DSMC simulations are met (timestep, cell size, number
of simulated particles per cell) results are not very sensitive to the particular values chosen for the
simulation parameters. In this study the following values have been employed throughout

e Cell width to mean free path ratio: 0.3
e Timestep to mean free time ratio:  0.05
e Average number of simulated particles per cell: 20

Also, we mention that implementing periodic boundary conditions can introduce spurious correla-
tions due to the finite size of the simulation sample. Therefore the simulation domain is kept in contact
with an infinite reservoir of the gas at the specified equilibrium conditions. Care must be taken, in this
case, to sample accurately the statistics of the incoming particles[62].

The details on how the data are sampled, instead, have a big impact on the simulated spectra.
First, given a minimum wavelength to be sampled, fluctuation data are averaged over the appropriate
number of cells so that shorter wavelengths do not contribute. The same is done in the time domain.

The maximum sampled frequency should be chosen carefully so that all significant frequencies
are sampled correctly. Neglected frequencies spuriously contribute to the sampled spectrum with a
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phenomenon known as aliasing. We choose to sample up to the 16th harmonic, both in the space and
time domains.

A number of wavelengths must be simulated in order to increase the signal-to-noise ratio. A
compromise must be sought, obviously, between quality of the results and computational cost. For
each spectrum we sample 4096 time points and 64 wavelengths (corresponding to 2048 spatial points).
With these parameters we obtain a signal-to-noise ratio of 1073, i.e., the high frequency background
noise lies 3 orders of magnitude below the maximum value.

The use of Monte Carlo particle methods for the study of hydrodynamic fluctuations in gases has
been demonstrated many years ago by M. Mansour and coworkers [21] who studied with DSMC a
nonequilibrium gas subject to a fixed heat flux; also, one of the authors has applied DSMC to the
simulation of the fluctuation power spectra in a monoatomic gas (Argon) showing that DSMC gives
correct results both in hydrodynamic and rarefied regimes [22].

In the present case we apply the method to the simulation of the spontaneous fluctuations of a
model gas with internal degrees of freedom. We then turn to a discussion of the properties of the
model system under study.

4.5 Physical system

A single gas of Hard Spheres is considered with mass = 28.9641 amu, ¢ = 7.2-107' m?2. The gas has
two internal energy levels with degeneracies and energies given by

ag = 1, E() =0 J, (429)
a1 =9, By =k, 1000 J. (4.30)

Molecules exchange internal energy in collision according to the simplest single-quantum, line-of-centers
model

p(0 < 1) = po, (4.31)

0 er < By

apo(l— 24) e > By (4.32)

p(1<—0)={

where ¢, = % ug? is the kinetic energy in collision.
For this simple model all thermodynamic and transport properties can be calculated explicitly. In
particular, in thermal equilibrium (T =~ T ~ T,)

1 1 1
Lo L L ’ 4.33
V2on \/kTy/m (4.33)
- Ey \2n1ng
int — L L 434
c kB(kBTO) n TL’ ( )
E
7ol =nKo%(1 4 aje” ®%), (4.35)

T
K9 = 4pyoy/ % (4.36)

where 7. denotes the mean collision time. Note that in the calculation of the fluctuation power spectrum
for the two temperature model the zero-order approximation, 79 has been used in place of 7y since we
have seen in Section 2.6 that the term wi is small.

As for the transport coefficients, the contribution of inelastic processes to the collision integrals
cannot be neglected in the case of fast relaxation.

The shear and volume viscosities have been evaluated from the following expressions

3 vV ’/kaBTQ

— 4.37
6 (4.37)
kBp int __in

K= ?c Crint, (4.38)

The thermal conductivities have been evaluated from [45]
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)\tr,tr _ g < atrvbtr >, )\tr,int _ g; < atrvbint >, (439)
)\mt,tr — int btr )\mt,mt — int bmt . 4.40
o7 = 0 o7 = 7 7 (4.40)

where a' and a'™ are solutions of the linear systems A - a® = b and A - a'™* = b, where

35k . 0
b = 2m "0 pt = ) 4.41
(5™ ). i (4.41)

The matrix elements are those described in Ferziger’s book [5], egs. (11.3-57); for the present model
they read

"1 8+ o+ Ya?

Ay = 4032 ¢ 4.42
+ - kB ’I’LTmt .132 ) ( )
5t 1
Ajg =49 = —— 4.43
12 21 = 4 kB TLTInt’ ( )
ks Tp " At 17T

Agg = 4y == Q(l b (=4 2. 4.44
22 mm ks + ks nTé“t(4+ n 2) ( )

where z = ,‘BE%O

The resulting expressions for the thermal conductivity coefficients reduce to the eqs. (11.3-60) of
Ferziger’s book [5] only in the limit ﬁ—ﬁ << 1 and 2—;5 << 1. When the relaxation is slow, the cross
terms A and A% are not very important. For pg = 0.01 for instance, we have At = 1.08 1072,
Atnint — 1,36 1074, \intbtr = 1,36 1074, and A\intint =722 1073,

On the other hand7 these cross contributions are important when relaxation is fast. For pg = 0.1, for
instance, we have A% = 7.46 1073, Atoint = 7,07 1074, At = 7.07 1074, and A%t = 5.49 1073,
In this situation, the differences are noticeable, and comparison with the DSMC results shows that
inclusion of the cross contributions are important.

4.6 Results and discussion

Simulations are conducted for the model gas described in the preceding section, in the following con-
ditions

Temperature T = 285.71 K
Density n =2.4-10%' m=3

The fluctuation spectra are sampled at the wavelength 27 /k = 0.02 m that gives y = 5.97 so that the
probed fluctuations fall into the hydrodynamic regime.

Two situations are analyzed. In the first case, we have chosen py = 0.01, that gives for the relaxation
time 79 &~ 7.0-107° 5 (Z = 70 = 49). Figure 1 shows the fluctuation power spectra for this case. The
spectra are normalized to umt maximum value. In this case, the relaxation is slow enough that a
relaxation approximation does not hold and the one-temperature model fails to describe the transport
properties of the system correctly.

The two-temperature model, instead, gives an adequate description of the system behaviour and the
agreement with the DSMC simulations is satisfactory. Also reported for comparison is the spectrum
predicted for the same gas when the internal energy relaxation is forbidden (frozen relaxation).

Next, we analyse a situation where relaxation of internal energy is fast enough as compared to
the flow characteristic time (as determined by the speed of sound). In these conditions we expect the
one-temperature model to be accurate and that the two-temperature model reduce to the former. We
have chosen py = 0.1 that gives for the relaxation time 7o = 7.0-107% s (Z = o =409).

Figure 2 shows the fluctuation power spectra as obtained from DSMC 51mulat10ns and from the
one-temperature and two-temperature models, respectively. Also shown for comparison are the spectra
predicted for the same gas when the bulk viscosity contribution is neglected (i.e., k = 0). We see that,
in this case, both models describe the DSMC results accurately. Comparison with the x = 0 case also
shows that this agreement is not trivial since there is an important contribution of the bulk viscosity to
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Figure 1: Fluctuation power spectra for the slow relaxation case (pp = 0.01). The spectra are normal-
ized to unit maximum value. Full line: 1T model; dotted line: frozen; dashed line: 2T model; symbols:

DSMC.

the spectrum with % ~ 1. Note, however, that the one-temperature model cannot describe the (small)
change in the speed of sound that is a consequence of the finite relaxation time for internal energy.
The statistical error in the simulation results is around 4% for the slow relaxation and 12% for the
fast relaxation case, respectively. We conclude that multi-temperature hydrodynamic equations, as
derived from the Boltzmann transport equation, provide an adequate description of internal energy re-
laxation for all values of the relaxation time. Therefore there is no need to invoke frequency dependent
transport coefficients that introduce unnecessary complications. Further, the results support the con-
clusion, obtained by kinetic theoretical arguments in the previous sections, that the multi-temperature
model reduces to the one-temperature model when the relaxation time is small enough and that only

in this case a bulk viscosity formalism is adequate.
These results are also relevant in view of the renewed interest in Rayleigh-Brillouin scattering

in gases made possible by the use of nonlinear optical techniques[63]. Coherent Rayleigh-Brillouin
scattering is a technique capable of making localized and high signal-to-noise ratio measurements of
gases from the collisionless limit to the hydrodynamic regime. CRBS data are therefore expected to

become a valuable source for the study of kinetic processes in molecular gases.

5 Conclusions

We have investigated the relaxation of internal temperature and the concept of volume viscosity in
nonequilibrium gas models derived from the kinetic theory. When the rate for internal energy exchange
is slow, the relaxation approximation leads to the definition of a multitemperature volume viscosity
coefficient. In the near thermodynamic equilibrium limit, the full classical one-temperature polyatomic
gas model including the volume viscosity is recovered.

The Monte Carlo simulations of spontaneous fluctuations near thermal equilibrium obtained by
solving the Boltzmann equation fully agree with these theoretical results. When the characteristic
time of internal energy relaxation is larger than the flow characteristic time, the two temperature
model gives an accurate description of the system and the one temperature model fails. On the other
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Figure 2: Fluctuation power spectra for the fast relaxation case (pg = 0.1). The spectra are normalized
to unit maximum value. Full line: 1T model; dotted line: 1T model without bulk viscosity; dashed
line: 2T model; symbols: DSMC.

hand, when the characteristic time of internal energy relaxation is smaller than the flow time, both the
two temperature model and the one temperature model including the volume viscosity are adequate to
describe the fluid.

Finally, when there is a fast and a slow internal energy mode, there are four contributions to the
volume viscosity in the relaxation regime and, in the thermodynamic equilibrium limit, the sum of these
four terms converge towards the one-temperature two-mode volume viscosity obtained independently
from the Chapman-Enskog method. Future work should consider numerical simulations with multiple
internal energy modes and more generally states far from thermodynamic equilibrium.
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A The one-temperature two-mode volume viscosity

We investigate in this section the volume viscosity associated with a one-temperature two-mode poly-
atomic gas. The standard linear system associated with the evaluation of the two-mode volume viscosity
is obtained with the Galerkin variational approximation space spanned by the orthogonal polynomials
¢O010 = 3 _1m (¢ _v).(e—v), 201 = (B - E*P) /T, and 690" = (B — E5') /R, T. Note that
the general solution of the Transport Linear Systems as well as their mathematical structure has been
investigated [45, 46, 64, 65, 66, 67]. Of course, the modes are termed ‘rapid’ and ‘slow’ for notational
consistency with the nonequilibrium framework, but in the thermodynamic equilibrium framework they

are all fast. The corresponding linear system of size 3 is in the form [46]

{ f(/ca; B, N (A1)
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where K denotes the system matrix, K the constraint vector, a = (a!?, a01maP q01)t the unknown

vector, B = (B9, g0rap BOIsh)t the right hand side vector, and the volume viscosity is finally given
by k = a'0B10 4 0lrapg0lrap 4 01s1301sl  The matrix K is positive semi-definite with nullspace
N(K) = RV where V = (1,1,1)!, the constraint vector is given by K = (c¢'¥, ¢*#P, ¢*)! and the right
hand side vector by 8 = (¢'#P + ¢!, —caP 1) /e,

We deduce from the constraint (K,a) = 0 that cTal® + 2Pa0lrP 4 $s1g01sl = 0 and xk =
—(crapal1rap 4 sl 0181y /et We may thus recast the singular linear system of size 3 into a regular linear
system of size 2 involving only the unknowns a®'™P and a°*!. Thanks to the vector relation KV = 0,
the coefficients of this linear system may also be expressed solely in terms of K™P-ap [rapsl and fshst,
We also have the relations KPP = 2[(AE™P)?]/(k,T)3, K**Ps! = 2[(AE™)(AE™)]/(kT)?3, and
K5t = 2[(AE®)?]/(ksT)3, where AE™ = E*P + B3P — E*P — E7*P and AE®! = ES! + 51— ES' — B3,

After some lengthy algebra, using the reduced linear system of size 2, it is obtained that

1 (crap)ZKsl,sl _ QCrapclerap,Sl + (csl)QKrap,rap
072 Krap,rapKSl,sl _ Krap,lerap,Sl

v

(A.2)

KR =

Since we have to investigate the equilibrium limit of a two temperature model where one mode is
fast and another one slow, we deduce that the coefficient K™P-"@P ig large and that the cross terms
Krapsl — [sLrap are also small. We therefore neglect the square term KSbraP K aPsl in the previous
expression and the limiting value of the effective nonequilibrium volume viscosity should thus be

(€Y BT e (IP(AETAR] (2 (T
=) aEey T a (GBI

o P INER (A.3)
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