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Abstract

Branching Processes in Random Environment (BPREs) (Z, : n > 0) are the generalization
of Galton-Watson processes where in each generation the reproduction law is picked randomly
in an i.i.d. manner. In the supercritical case, the process survives with positive probability and
then almost surely grows geometrically. This paper focuses on rare events when the process
takes positive values, but lower than expected.

First, we consider small positive values the process may reach for large times and describe
the asymptotic behavior of P(1 < Z,, < k) as n — oo. If the reproduction laws are linear
fractional, two regimes appear for the rate of decrease of this probability.

Secondly, we are interested in the lower large deviations of Z and give the rate function
under some moment assumptions. This result generalizes the lower large deviation theorem
of Bansaye and Berestycki (2009) by considering processes where P1(Z; = 0) > 0 but also

weaker moment assumptions.
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1 Introduction

A branching process in random environment (BPRE) is a discrete time and discrete size population
model going back to [38, 7]. In each generation, an offspring distribution is picked at random,
independently from one generation to the other. We can think of a population of plants having
a one-year life-cycle. In each year, the outer conditions vary in a random fashion. Given these
conditions, all individuals reproduce independently according to the same mechanism. Thus, it
satisfies both the Markov and branching properties.

Recently, the problems of rare events and large deviations have attracted attention [32, 10, 13, 33,
11, 26]. In the Galton Watson case, large deviations problems are studied for a long time [6, 8]
and fine results have been obtained, see [18, 19, 36, 37].

For the formal definition of a branching process Z in random environment, let @) be a random

variable taking values in A, the space of all probability measures on Ny = {0,1,2,...}. We denote



by
mg =Y kq({k})

E>0
the mean number of offspings of ¢ € A. For simplicity of notation, we will shorten ¢({-}) to
q(-) throughout this paper. An infinite sequence £ = (Q1,Qa,...) of independent, identically
distributed (i.i.d.) copies of @ is called a random environment. Then the integer valued process
(Zn :n > 0) is called a branching process in the random environment &€ if Zj is independent of £
and it satisfies

L(Zn| &, Zoy.., ) = QL7 a.s. (1.1)

for every n > 0, where ¢*# is the z-fold convolution of the measure q. We introduce the probability

generating function (p.g.f) of @, which is denoted by f, and defined by
fuls):=>_s"Qu(k),  (s€[0,1]).
k=0

In the whole paper, we denote indifferently the associated random environment by & = (f1, fo, -..)
and € = (Q1, @2, ...). The characterization (1.1) of the law of Z becomes

IE[SZ”|5, 20y Ty = fu(s)7n a.s. (O<s<1).

Many properties of Z are mainly determined by the random walk associated with the

environment (S, : n € Ny) which is defined by
So=0, Sy—Sy1=X, (n>1),

where
X, :=logmg, = log fylz(l)

are i.1.d. copies of the logarithm of the mean number of offsprings X :=log(mg) = log(f'(1)).

Thus, one can check easily that
E[Zn‘Qla ooy Qny Zo = 1] = &% as. (1.2)

We have the following well-known classification of BPRE [7]. In the subcritical case (E[X] < 0),
the population becomes extinct a.s. It also holds in the the critical case (E[X] = 0) if we exclude
the degenerated case when P1(Z; = 1) = 1. In the supercritical case (E[X] > 0), the process
survives with positive probability under quite general assumptions on the offspring distributions
(see [38]). Then E[Z;log™(Z1)/f'(1)] < oo ensures that the martingale e~ 7, has a positive
finite limit on the non-extinction event:
lim e Z, =W, P(W>0)=PW¥neN:Z,>0)>0.

The large deviations are related to the speed of convergence of exp(—S,,)Z, to W and the tail of
W. This latter is directly linked to the existence of moments and harmonic moments of W. In
the Galton Watson case, we refer to [6] and [37]. For BPRE, Hambly [25] gives the tail of W in 0,

whereas Huang & Liu [26, 27] obtain other various results in this direction.

In this paper, we consider the supercritical case and we are interested in the following asymptotic
probabilities
P(1 < Z, <ky), where k,, = o(exp(S,,)).



As Z, = exp(S,) a.s. on the non-extinction event, this probability goes to 0 and we aim at
specifying its speed.
In particular a key role is played by the asymptotic probability to survive but stay bounded, which
corresponds to k, = k > 0 constant. For Galton Watson processes, the explicit equivalent of this
probability is well known (see e.g. [9] Chapter I, Section 11, Theorem 3) and we have

0:= nlL»H;o % logP(1 < Z, < k)= f'(pe), where p.=P(IneN: Z, =0).
In Section 2, we characterize this quantity in the random environment framework. In the linear
fractional case we can specify the value of p and two regimes appear, similar to the regimes observed
for the survival probability in the subcritical case (see [14, 24, 23]). This result is stated as a part
of the PhD of one of the authors and can also be found in [12].
Then, in Section 3, we get an expression of the lower rate function for the large deviations of the
BPRE, i.e. we specify the exponential rate of decrease of P(1 < Z,, < e") for 0 < § < E[X]. In
the Galton Watson case, lower large deviations have been finely studied, see e.g. [18, 19, 36]. In
the case of random environment, the rate function has been established in [10] when any individual
leaves at least one offspring, i.e. P(Z; = 0) = 0. This result is extended here to the situation where
P(Z; = 0) > 0 and relax the moment assumptions.
In the rest of the paper, the proofs of these results are presented. Section 4 deals with a tree
construction due to Geiger, which is used in Section 5 to prove a characterization of p. Section 6 is
dedicated to the proof the second result of this paper : it gives a general upperbound of o, which
may be reached. In Section 7, we prove the results on large deviations given in Section 3. Finally,
in Section 8 the statements for the linear fractional case are proved by using the general results
obtained before, whereas in Section 9, we present some details on two examples.
We add that for the problem of upper large deviations, the rate function has been established in
[13, 11] and finer results in the case of geometric offspring distribution can be found in [32, 33].
Thus large deviations for BPRE become well understood, even if much work remains to get finer

results, deal with weaker assumptions or consider the Botcher case (P(Z; > 2) = 1).

2 Probability of staying bounded without extinction

The initial population size is denoted by &k and the associated probability by Px(+) := P(-|Zg = k).
For convenience, we write P(-) when the initial population does not matter and can be taken equal

to 1. Let f;,, be the probability generating function of Z,, started in generation ¢ < n :

fi,n = fi+1ofi+2,no"'ofn7 fn,n:-[d a.s.

We will now specify the asymptotic behavior of P;(Z,, = j) for ¢,j > 1, which may depend both on
i and j. One can first observe that some integers j can not be reached by Z starting from i owing
to the support of the offspring distribution. The first result below introduce the rate of decrease
o of this probability and gives a trajectorial interpretation of the associated rare event {Z,, = j}.
The second one gives a general upperbound of this rate of decrease g, which may be reached. This
bound corresponds to the environmental stochasticity, which means that the rare event {Z,, = j}
is explained by rare environments. The third one yields the explicit expression of the rate g in the

case of linear fractional offspring distributions, where two supercritical regimes appear.



Let us define
T:={j>1: PQ®j)>0,Q(0)>0) >0}

and introduce the set CI(Z) of integers which can be reached from 7 by the process Z. More

precisely,
Cl(Z):={k>1:3n>0and j € T with P;(Z, =k) >0} .

We observe that Z C CI(Z) and if P(Q(0) + Q(1) < 1) > 0 and P(Q(0) > 0, Q(1) > 0) > 0, then s
CI(T) = N.

We are interested in the event {Z, = j} for large n. Recall that we focus on the supercritical
case E[X] > 0 throughout this paper and thus, the trivial case P;(Z; < 1) = 1 is excluded. We
also exclude the case P1(Z; = 0) = 0, which is easier and already handled in [10]. Then Z is also
nondecreasing and for k£ > j € N such that Px(Z,, = j) > 0 for some n > 0, we have

nlin;o % logPx(Z, = j) = —ko.

So let us now focus on the supercrtical case, with possible extinction, which ensures that 7 is not

empty.
Theorem 2.1. We assume that E[X] > 0 and P(Z, = 0) > 0. Then, the following limits exist
and coincide for all k,j € Cl(T),

o:= lim 2logPy(Z, = j) = lim 210gE[Qn(20) fon(0)* I F/ (£in (0))]

n—oo

where zg is the smallest element of . The common limit o belongs to [0, c0).

The proof is given in Section 5 and the theorem results from Lemmas 5.1 and 5.2. The right-hand
side expression of ¢ shows that the rare events {Z,, = j} corresponds to a “spine structure”, i.e.
one individual survives until generation n and gives birth in the very last generations to the j
survivors, whereas the other subtrees become extinct (see forthcoming Lemma 4.2). Moreover,
this expression will be used to get some of the forthcoming results.

The proof is easy if we consider the limit of 1logP1(Z, = 1) as n — oco. In this case, a direct
calculation of the first derivative of fj , yields the claim. However, the proof for the general case
is more involved. Here, we use probabilistic arguments, which rely on a spine decomposition of the
tree via Geiger construction.

We also note that we need to focus on 4,5 € CI(Z). Indeed, lim,,_ o %log Py(Z, =) and

lim,, oo % log Py (Z,, = j) may both exist and be finite for ¢ # j, but have different values. Moreover
the case limsup,, . +logP;(Z, = i) < liminf, .o L logPi(Z, = i) with i > 1 is also possible.

These facts are illustrated by two examples in Section 9 at the end of this paper.

In the Galton Watson case, f is constant, for every i > 0, f; = f a.s. and f; ,(0) — pe as n — oo.

We recover the classical result [9], which was given in the introduction : ¢ = —log f’(pe).

The results and remarks above could lead to the conjecture o = —logE[f'(p(f))], where p(f) =
inf{s € [0,1] : f(s) = s}. Roughly speaking, it would correspond to integrate the value obtained
in the Galton Watson case with respect to the environment. The two following results show that

this is not true in general.



First, we give an upperbound of g in terms of the rate function of the random walk S. In that

view, we assume that:

Assumption 1. There exists an s > 0 such that the moment generating function E[e™*X] < oc.

Moreover, the random walk S is non-lattice, i.e. for everyr >0, P(X € rZ) < 1.

This assumption assures that a proper rate function A of the random walk (S, : n € N)

AO) = ili[()) {A0 — log(E[exp(AX)])} (2.1)

exists. We note that the supremum is taken over A < 0 and not over all A € R. As we are only
interested in lower deviations here, this definition is more convenient as it implies A(f) = 0 for
all 0 > E[X]. We are also using the following assumptions about the truncated moments of the

offspring distributions.

Assumption 2. There exist € > 0 and a € N such that for every x > 0,
]E[(log+ fQ(a))%+E|X > 7LL‘] <00,

where log" x := log(max(z, 1)) and &,(a) is the truncated standardized second moment

&(a) =Y vqly)/mg , aeN,geA,
Yy=a

Proposition 2.2. Assume that P(X > 0) =1 or that both Assumptions 1 and 2 hold. Then
0 < A(0).

This bound is proved in Section 6 and used both for the proof of the next Corollary and Theorem
3.2. Tt can be reached and has a natural interpretation. Indeed, one way to keep the popula-
tion bounded but alive comes from a succession of "critical environments", which means S,, ~ 0.
Then E[Z,, | £] = exp(Sy,) is neither small nor large and one can expect that the population is
positive but bounded. The event {S,, ~ 0} is a large deviation event whose probability decreases

exponentially with rate A(0). This bound is thus directly explained by environmental stochasticity.

Now, we focus on the linear fractional case and derive an explicit expression of 9. We recall that
a probability generating function of a random variable R is linear fractional (LF) if there exist
positive real numbers m and b such that
1-—s
S) = 1-— )
1) m~t+bm=2(1—s)/2

where m = f/(1) and b = f”(1). This family includes the probability generating function of
geometric distributions, with b = 2m?. Thus, LF distributions are geometric laws with a second

free parameter b which allows to change the probability of the event {R = 0}.
Corollary 2.3. If f is a.s. linear fractional and E[|X|] < oo, then

B —logE[e*X] , if E[Xe X]>0
¢ - A(0) , else



Thus, there are two regimes. For E[Xe X] < 0, the event {1 < Z,, < k} is a typical event in a
suitable exceptional environment, say "critical". This rare event is then explained (only) by the
environmental stochasticity. For E[Xe~%] > 0, we recover a term analogous to the Galton-Watson
case, which is smaller than A(0) (and thus the probability is larger than exp(—A(0)n+o0(n))). The
rare event is then more due to demographical stochasticity.

These two regimes seem to be analoguous to the two regimes in the subcritical case, which deal with
the asymtpotic behavior Z,, > 0, see e.g. [14, 31, 23]. Thus, the processes may be called respectively
weakly supercritical and strongly supercritical. Such regimes for supercritical branching processes
have already been obeserved in [28] in the continuous framework (which essentially represents

linear fractional offspring-distributions).

3 Lower large deviations

We now introduce the following new rate function defined for , x > 0 and any nonnegative function
H

x(0,z,H) = tei%(l),fn{m—i_(1_t)H(9/(1_t))}'

To state the large deviation principle, we recall the definition of ¢ and A from the previous section

and we need the following moment assumption:

Assumption 3. For every A > 0,

(7)1 <=
subexp

We also denote k, — oo when k, — oo but k,/exp(fn) — 0 for every § > 0, as n — co.

Theorem 3.1. Under Assumption 3 and E[Z;log™ (Z;)] < oo, the following assertions hold for
every 6 € (0,E[X]].
(i) If P1(Z1, = 0) > 0, then for every i € Cl(T)

lim %logIP’i(l < Z, < e’ =—x(0,0,M)

b .
Moreover, k, "5 0o ensures that lim,,_ o %log P;(1<Z, <k, =—o.

(ii) If P1(Z1 = 0) = 0, then for everyi > 1,
lim +logP;(1 < Z, < e’) = —x(0, —ilog E[Q(1)], A)

n—oo 7

Moreover, k, ubeTP o ensures that lim,, 00 % logP;(1 < Z, <k,) =ilogE[Q(1)].

First, we note that (ii) generalizes Theorem 1 in [10], which required that both the mean and
the variance of the reproduction laws were bounded (uniformly with respect to the environment).
Moreover, (i) provides an expression of the rate function in the more challenging case which allows
extinction (P1(Z; =0) > 0).

We now try to extend this result and get rid of Assumption 3, before discussing its interpretation
and applying it to the linear fractional case. So we now work with a different assumption, which

ensures that the tail of the reproduction laws have finite variance.



Assumption 4. There exists a constant 0 < d < oo such that,
Mg <d-[mg+(mg)?*] as.,

where My = Zkzo k2q(k) is the second order moment of the probability measure q. This condition
is equivalent to the fact that f"(1)/(f'(1) + f/(1)?) is bounded a.s.

This assumption does not require that E[f/(1)*] < oo for every A > 0, contrarily to Assumption 3.
But this assumption implies that the second moment of the offspring distributions is a.s. finite. It
is e.g. fulfilled for geometric offspring distributions (see [13]). We focus on the case when subcritical

environments may occur with positive probability, i.e. P1(Z; = 0) > 0.

Theorem 3.2. We assume that P(X < 0) > 0 and consider a sequence k, P o Then, for
every i € Cl(T),
lim %bgPi(l < Z, <k, =—o

n—oo

Under the additional Assumption 4 and E[Z1log" (Z1)] < oo, for every 6 € (0, E[X]],
limsup *logP;(1 < Z, < ) = —x(8, 0,A)
n—oo

The proof of the upperbound of this result is very different from that of the previous Theorem.

Let us now comment the large deviations results obtained by the two previous Theorems.

log(Z)

Figure 1: Most probable path for the event {1 < Z,, < e} with 0 < 6 < 6*.

We note that A (and thus x) is a convex function which is continuous from below and thus has
at most one discontinuity. If o < A(0), there is a phase transition of second order (i.e. there is a
discontinuity of the second derivative of x). In particular, it occurs if A(0) > —logE[Q(1)] since
we know from the previous section that ¢ < —logE[Q(1)]. In contrast to the upper deviations
[13, 11], there is no general description of this phase transition. It seems to heavily depend on the

fine structure of the offspring distributions. In the linear fractional case, we will be able to describe



A(0)

= =

0 t]

Figure 2: x and A in the case 6* > 0.

the phase transition more in detail.

We can also explain the rate function x and describe the large deviation event {1 < Z,, < "} for
some 0 < 6 < E[X] and n large. We observe then a population being much smaller than expected,
but still alive. A possible path that led to this event looks as follows (see Figure 1).

During a first period, until generation [¢tn| (0 < ¢ < 1), the population stays small but alive, despite
the fact that the process is supercritical. The probability of such an event is exponentially small
and of order exp(—p|nt| + o(n)). Later, the population grows in a supercritical environment but
less favorable than the typical one, i.e. {S,, —S|n¢) < 6n}. This atypical environment sequence has
also exponentially small probability, of order exp(—A(6/(1 —1t))|n(1—1t)] +0(n)). The probability

of the large deviation event then results from maximizing the product of these two probabilities.

We also have the following representation of the rate function, whose proof follows exactly Lemma
4 in [11] and is left to the reader. We let 0 < 0* < E[X] be such that

0-A@) 0 A@)
o* 0<O<E[X] 0

Then,

p(1— o) + 3= A7) 0<0"

X000 = { A(0) 0> 0"

We recall that g is known in the LF case from Theorem 2.3, and we derive the following result,

which is proved in Section 8.

Corollary 3.3. Assume that f is a.s. linear fractional and either Assumption 3 or Assumption 4
is fulfilled. Then for all 0 € (0,E(X)] and j > 1

lim LlogP;(1< Z, < ™) = x(0, 0,A) = min { — 6 — logE[e_X],A(Q)}.



More ezplicitly, 6* = E[X exp(—X)]| /E[exp(—X)]. If 0 < 6*, then x(0,0,A) = —6 — logE[e™*],
otherwise x (6, 0, A) = A(6).

Note that if the offspring-distributions are geometric, Assumption 4 is automatically fulfilled (see
[13]). Moreover, except for the degenrated case P(Z; = 0) = 1, we have P(Z; = 1) > 0 in the

linear fractional case.

4 The Geiger construction for a branching process in varying
environment (BPVE)

In this section, we work in a quenched environment, which means that we fix the environment
e := (q1,q2,...). We consider a branching process in varying environment e and denote by P(-)

(resp. E) the associated probability (resp. expectation), i.e.
P(Zy =k, , Zn=kn) =P(Z1 =k1, -, Zpn=kn|E=¢) .
Thus (f1, fa2,...) is fixed and and the probability generating function of Z is given by
E[sz”7 Zoy = k] = fo,n(s)k (0<s<1).

We use a construction of Z conditioned on survival, which is due to [21][Proposition 2.1] and extends
the spine construction of Galton Watson processes [34]. In each generation, the individuals are
labeled by the integers ¢ = 1,2,--- in a breadth-first manner ("from the left to the right’). We
follow then the ‘ancestral line’ of the leftmost individual having a descendant in generation n. This
line is denoted by L. It means that in generation k, the descendance of the individual labeled Ly
survives until time n, whereas all the individuals whose label is less than L become extinct before
time n. The Geiger construction ensures that to the left of L, independent subtrees conditioned
on extinction in generation n are growing. To the right of L, independent unconditioned trees are
evolving. Moreover the joint distribution of Ly and the number of offsprings in generation k is

known (see e.g. [1]) and for every k > 1,

P(Zy >0 |Zy =1)P(Z, =02, = 1)I-}
P(Zp >0 |Zp_1=1)

P(Zk = Z,Lk = l|Zk_1 = 1,Z" > 0) = qk.(z) (41)

Note that in [1], L is defined as the number of trees to the left of L, and thus L =L — 1.
Let us now explain this construction in detail. We assume that the process starts with Zy; = 2z and
denote P, () := P(:|Zy = z). We define for 0 < k < n,

Pk,n ‘= P(Zn >0 | Zk = 1) =1~ fk,n(o)a Pnn ‘= 1.

Let us specify the distribution of the number Y} of unconditioned trees founded by the ancestral

line in generation k. In generation 0, for 0 <i < z — 1,

P(Z,>01Zy=1)P(Z, =0Zy =1)>""!
P(Zn > O |ZO - Z)

fon(0)7771. (4.2)

_ 1- .fO,n(O)
- P.(Z,>0)



Figure 3: Geiger construction with 7(°) trees conditioned on extinction and 7 unconditioned

trees.

More generally, for all 1 < k <mn and ¢ > 0, (4.1) yields
P(Yk = Z|Zn > O) = P(Zk — L= Z‘Zn >0,Z1 = 1)

= > PZi=jLp=j—ilZy>0,Z_1 =1)
j=i+1
=  Phnfren(0)7 771
= > q() T ©
j=it1 Pr—1,n

PR S () fren (0 (4.3)

Pr—1,n =it

Finally, we note that f, ,(0) =0, so for k = n, we have P(Y,, =i|Z, > 0) = %.

Here, we do not require the full description of the conditioned tree since we are only interested in
the number of individuals at time n. Thus we do not have to consider the trees conditioned on
extinction, which grow to the left of .. Hence, we can construct the population alive in generation
n using the i.i.d random variables YO,Y’l,YQ, .. .,ffn whose distribution is specified by (4.2) and
(4.3) :

P(Yy) = P(Yy =i|Zy > 0)

Let (Z J(k)) j>0 be independent branching processes in varying environment which are distributed
as Z for j > k and satisfy

Z;k) =0for j<k, Z,gk) =Y.

10



More precisely, for all 0 < k < n and 29, - ,2, > 0,
PZP =0, 20 = 0,20 = 2, 2 = 2 y1,- o 20 = 2,)
= P(Yk = Zk)P(ZkJrl = Zk+41, " 7Zn =2z | Zk _ Zk)-

The sizes of the independent, subtrees generated by the ancestral line in generation k, which may

survive until generation n, are given by (ZAJ(-]C))OSJ‘S”, 0 <k <n-—1. In particular,

L(Zp|Zn >0)=L(ZO + ...+ 2D 4y, +1). (4.4)

Lemma 4.1. The probability that all subtrees emerging before generation n become extinct before

generation n is given for z > 1 by

n—1
PAZO 4.+ 20D =0) = [[ (2 = H o i)

where we use the following convenient notation fo(s) := 8%, p_1.n 1= Pf -

Proof. First, we compute the probability that the subtree generated by the ancestral line in gen-
eration k does not survive until generation n, i.e. {ZAflk) =0}. By (4.3), for k > 1,

P.(Z(P =0) = S P.(VilZ, > 0)P(Z, =012 = i)
=0

PR SN S a0 fin(0)

Pk— lni 0 j=i+1

= pkn Z Z qk fkn

Pk—1,n ;= o] i+l

= Phn ZJC]k ) frn (0~

Pr— ln,

= PEr g (0)).

Pk—1,n
Similarly, we get from (4.2) that

z—1

P.(Z20 =0) = ZPZ(YO = i|Zy, > 0)P(Z, = 0|Zy = 1)
i=0
= — fo.n(0) z—i—1 i
= P 250 2 Il g0y fou00)
pk n Pk n
= = 2fen (07 = =" fi(frn(0)).
Pr—1,n Pr—1,n

with the convention fy(s) := s*. Adding that the subtrees given by (Z§k))j20 are independent
yields the claim. O

For the next lemma, we introduce the last generation before n when the environment allows

extinction :
Kn =sup{l <k <n : g (0) > 0}, (sup@ = 0).
Lemma 4.2. Let zg € Z be the smallest element in Z. Then,

Kn—1

Kn 2 _PFR,En
PZO(Zn:ZO):qi(O)X H P —=— fi (S, (O H g; (1),

Prrn—1,k, k=0 Pk—1,5n Jj=kKn+1

where we recall the following convenient notation fo(s) = s%, p_1,n = DG

11



Proof. Recall that by definition of Z, ¢(0) > 0 implies ¢(k) = 0 for every 1 < k < z5. We first deal
with the case k,, > 0. Then

qﬁn(o) >0, QH"(k) =0if1<k< 20 ; inn+1(0) == Qn(o) =0.

In particular the number of individuals in generation k,, is at least 2y times the number of individ-
uals in generation k, — 1 who leave at least one offspring in generation k,,. Moreover, as extinction
is not possible after generation x,, it holds that Z,,K < Z,, 11 <--- < Z,.
Let us consider the event Z,, = zp > 0. Then Z, _; > 0 and Z,, > 29. Moreover Z,, = Z,,, +1 =
- = Z, = zo and ounly a single individual in generation x,, — 1 leaves one offspring (or more) in
generation k,. This individual lives on the ancestral line. Thus all the subtrees to the right of
the ancestral line which are born before generation k, have become extinct before generation .,
ie. Z,({?L) =...= Z,({'Z"_l) = 0. In generation k, — 1, the individual on the ancestral line has zg
offsprings. After generation k,,, all individuals leave exactly one offspring which is the only way to
keep the population constant until generation n, since ¢, 1+1(0) = --- = ¢, (0) = 0. Moreover (4.3)

simplifies to P(Yy, = 20 — 1) = g, (20)/Pr,, 1., Using the previous lemma, it can be written as

Figure 4: Tllustration of the proof of Lemma 4.2.

follows
on (Zn = ZO)
=P, (20 = ... = 2D = 0)P(Yy, = 20 — )P (Z0) + ...+ 2V 1Y, + 1 = 2)
=P, (20 = ... =z = O)F)q’”’"ﬂPZO(ZgW b 2D 1Y, 1 = 2)
kn—1,Kkn

Kp—1

Kn 2 n 5 I 4 n—

= a(20) VT P ()] Py (205 4+ 4 20D 4 Y 41 = 2)
Prn—1,6n k=0 Pr—1,n

Kp—1
_ G (20) lH PEL i (o (0 ] M w0

Prn—1,kn k=0 Pk—1,n J=kn+1

Recall that after generation x,,, each individual has at least one offspring and thus p;, = pj,., for

any j < ky. This ends up the proof in the case x,, > 0. The case when x,, = 0 is easier. Indeed,

PolZn=20)=P.(Z1 =" =7, =2) = H QJ'(l)zo
=1
since ¢y, +1(0) = -+ = ¢,(0) = 0 and Z is nondecreasing until generation n. O
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5 Proof of Theorem 2.1 : the probability of staying positive
but bounded

In this section, we prove Theorem 2.1 with the help of two lemmas. The first lemma establishes

the existence of a proper ’common’ limit.

Lemma 5.1. Assume that z > 1 satisfies P(Q(0) > 0,Q(z) > 0) > 0. Then for all k,j € Ci({z}),

the following limits exist in [0,00) and coincide
lim 1logPy(Z, =j)= lim LlogP.(Z, = z).
Moreover, for every sequence k, = o(n),

lim %log]P’Z(Zn =2z)= lim %log]P’z(l < Z, <ky).

n—oo n—oo

Proof. Note that for every k > 1, Pr(Z; = z) > 0 since
P(Z1=2]Q1) > Qu(0)"'Qu(2),  P(Q(0) >0,Q(2) > 0) > 0.
We know that by Markov property, for all m,n > 1,
P.(Zpym =2) 2P (Z, = 2)P.(Z, = 2). (5.1)

Adding that P,(Z; = z) > 0, we obtain that the sequence (a,)nen defined by a,, := —logP.(Z, =
z) is finite and subadditive. Then Fekete’s lemma ensures that lim,,_,, a,/n exists and belongs to
[0,00). Next, if 5,k € Cl({z}), there exist I,m > 0 such that P,(Z; = j) > 0 and P,(Z,, = k) > 0.
We get

Pk(Zn+l+1 = ]) > HDk'(Zl = Z)]PZ(Zn = Z)PZ(ZZ = J)

and
P.(Zmint1 = 2) > P.(Zy = k)Piu(Z,, = §)P;(Z1 = 2).

Adding that P;(Z; = z) > 0 for j € Cl({z}), we obtain

liminf%long(Zn =j) > lim %logPZ(Zn =2z)> limsup%long(Zn =7),

n—00 n— 00 n—00
which yields the first result.

For the second part of the lemma, we simply observe that P.(Z, = z) < P,(1 < Z, < k,) for n

large enough. To prove the converse inequality, define for € > 0 the set
Ae = {q € Alg(0) > ¢, q(2) > €} .

According to the definition of Z and the assumption, P(Q € A.) > 0 if ¢ is chosen small enough.
Thus we get that

P.(Z,=2)>2P.(1<Z,_1<k,) 1<min P;(Z1 = 2)
<<

<kn

> Po(1< Znoy < kn)P(Q € Ac) min E[P,(Z; = 2)P1(Z, = 0|Q) 1|Q € A.]
JSkn

>P. (1< Zy 1 <k,)P(Qe A) el

13



Taking the logarithm yields

lim inf £ log P (Z, = 2) > limsup (£ logP.(1 < Z, 1 < ky) + log(e)£2) .

n—oo n—oo

Adding that k,, = o(n) by assumption gives the claim. O

Next, we will prove a representation of the limit p in terms of generating functions. First we treat
the case P(Q(0) > 0) > 0 and then P(Q(0) =0) = 1.

Lemma 5.2. Assume that P1(Zy =0) > 0. Then for alli,j € CI(T),

n—1
lim XlogP;(Z, = j) = TELH;O%bg]E[Qn(zo)fo,n(o)zD_l 11 f{(fi,n(o))}7

n—oo
i=1
where zg is the smallest element in 1.

Note that P1(Z; = 0) > 0 is equivalent to P(Q(0) > 0) > 0 and in view of Lemma 5.1, we only
have to prove the result for £ = j = 2y, where zg is the smallest element in Z. Differentiation of
the probability generating function of 7, yields the result for zg = 1. The generalization of the
result for zy # 1 via higher order derivatives of generating functions appears to be complicated.

Instead, we use probabilistic arguments, involving the Geiger construction of the previous section.

Proof. First, the result is obvious when zy = 1 € Z since

n—1

B2, = 1€) = 5 ()] o = Fa0) - T £1(7in(O))

i=1

For the case zg > 1, we start by proving the lowerbound. Using Lemma 4.1 and (4.2) with a

telescope argument and recalling that P, (Z, > 0|€) = p_1 5, we have

P, (Zy = 20) = ]E{IPZO(Z,, = 20| Zn > 0,E)P. (Z,, > 0|5)}
—E [PZO(Z,@ ot 2D LY 1 = 2|E)P,, (2 > 0|5)}
> ]E[on (ZA7(),0) +ot ZAq(Lnil) =0, Yn =20 — HE)P (Zn > 0|5)}
Qn(z e Pi,n
= B[P, (2, > 0f) L TT Pin_pip ()
Pn—1,n i=0 Pi—1,n
- ]E[Qn(zo)Hf{(fiyn(O))} . (5.2)

Recalling also that f}(s) = z9s* 1, we get

lim LlogP.,(Z, = z) > limsup & logE[Qn(zo) (ff)n_l(O) H fi (fln(O))}

n—oo n— oo 1
i=

Let us now prove the converse inequality. Following the previous section, zq is the smallest element

in 7 and £, is the (now random) last moment when there is a generation with Q(0) > 0. We

14



decompose the event {Z, = zy} according to x, and use Lemma 4.2 :

Py (Zn = 20) = E[Poy (Zn = 20[E, Zn > O)P, (Zn > 0[€))]

IE[IP’ZO(Zn = 20|€, Zn > O)P., (Zy > 0|E): i = k}

M- I 1M I1-

E[P., (2 > 0)2 H k) T Qi s = ]

Pk 1,k lek

i=0 j=k+1
k—1 n
<> E[Quto) [T #n))] TT ElQi()*]
i=0 j=k+1
k—1
= > E|Quto) [T £ fir )] E[Q()*]" " + E[Q)*]" .
k=1 =0

Let (an)nen be a sequence in RY and b > 0. Then, by standard results on the exponential rate of

sums, it holds that

lim sup% log Z apb" % = max { lim sup % log a,,, log b} .

n—oo k? n—oo
Adding that f§(fo.n(0)) = 20£55, ' (0), we get

nl:rr;o % log P, (Zn, = 20)

§max{hmbup log E[Qn(20) fo,n(0)* 1l_If (fin(O logE[Q(l)ZO]}

n—oo

We now prove that the first term always realizes the maximum:

n—1 n—1

[mwmnmlﬂf}:ﬂmwm%;ww*ﬂ@ﬁ

> E[Qu(z0) (Qu0) [ @)™
=1
> B[Qu(20)Qn(0)* E[Q(1)]"

where by definition of z, E[Qn(20)Qn(0)**1] > 0.
Finally, let us prove the existence of lim,, .. %IOgE[Qn(ZO)fOJL(O)ZO—l -, fi’(fi}n(o))}. We
follow (5.2) to see that

P 1= 20E [Qn(Zo)fo,n(O)Z”_1 II ff(fzyn(o))} =P (20 + ...+ 20 = 0,2, = 2).

i=1
Starting from Zy = zg, it is, up to the factor zg, the probability of having zg-many individuals in
generation n, where all individuals in generation n have a common ancestor in generation n — 1.

By Markov property, for k=1,...,n

Poo(Z) + ...+ 207D = 0,2, = )
> ]PZO(Z,QO) b+ 25D = 0,2 = 2P (20 4+ 20D = 0,2, = 20).

The same subadditivity arguments as in the proof of Lemma 5.1 applied to ¢, yield existence of
the limit of %logE[Qn(zo)fo’n(O)zf’_l I, (fm(O))} This ends up the proof. O
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6 Upperbound for p : proof of Proposition 2.2

Here, we prove Proposition 2.2, which ensures that ¢ < A(0). It means that small but positive
values can always be realized by a suitable exceptional environment, which is “critical”. We focus
on the nontrivial case when A(0) < oco. The proof of Proposition 2.2 can be splitted into two

subcases, which correspond to the the two following Propositions.
Proposition 6.1. Under Assumptions 1 and 2, p < A(0).
Proposition 6.2. Assume that P(X >0) =1 and P(X =0) > 0. Then
p < —logP(X =0)=A(0). (6.1)

Proof of Proposition 6.1. Let T be defined as in the introduction. For the proof, we use a standard
nX; > x} for
x < 0. Then, P(X > x) > 0 since we are in the supercritcal regime and for every s > 0 it holds
that E[|X]e™*X|X > z] < co. As P(X < 0) >0, E[|X|e™*¥|X > 2] < oo tends to infinity as

s — oo0. By the preceding arguments, E[e~*X|X > x| is differentiable with respect to s for s > 0

approximation argument (see e.g. [13]|) and consider the event E, , := {min;—;

.

and the expectation and the differentiation may be interchanged by the dominated convergence
theorem. Let us call s = v, a point where the minimum is reached, such that infs>q Ele™X|X >
2] = Ele™X|X > —z] and LE[e~*¥|X > z]| =E[Xe "X |X > 2] = 0. Now, we follow the
arguments of the previous proofs. In view of the second part of Lemma 5.1, for every sequence
kn = o(n),

S=Vg

—p = lim %long(Zn =2z)= lim %1ogPZ(1 < Z, <ky).

Next we will change to the measure P, defined by
e VP(X € dy|Eyn)

P(X edy) = . (6.2)
where 1 := E[e =% |X > z]. Under P, E[X] =0 and S is a recurrent random walk.
Let ¢ > 0 be so large such that P(L, > 0,5, < ¢) > 0 for every n. Then
P,(1 < Zn < kn|Eyn) = u"E[P.(1 < Z, < kn|5)ew5n}
> JPE[Pa(1 < Zy < kal€); Ln 20,5, < c| . (6.3)
Note that
P.(1<Z, <kyl&) =P, (Z, > 0|E) —P.(Z,, > kn|E) a.s.
and by Markov inequality,
P.(Z, > k|€) < Ze:" a.s.
Using this, we get that
P.(1< Z, <knl€) >P.(Z, >0|E) —ze” k1 as.
Plugging this into (6.3) and setting b,, := P(L,, > 0,5, < ¢), we get
P.(1<Z, <kn)>2P.(1<Zy, <kp; Erp)
> u"E, [ﬂ{zn>0} —ze°/kp; L, > 0,5, < c} P(E; )
= b, (P(Zn > 0|Lp > 0,5, <c)— zec/kn)]P’(X > )" . (6.4)
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Assumption 1 together with our construction of E implies Var(X) < E[e %+X|'E[X%2e™"+¥] < cc.
Then from [2, Proposition 2.3], we have b, = O(n~3/?), and thus lim,, ., Llogb, = 0. Next let
kn, = n~'/2. As Assumption 2 holds under P (and then also under P), we can apply the forthcoming
Lemma 6.3 to get that

liminf L logP,(1 < Z, < k,) > logu +logP(X > x)

n—oo "
=logE[e "% |X > 2] + logP(X > x)

= —sup{ —logE[e**; X > z]} .
s<0

By monotone convergence, we let + — —oo and

liminfilogPZ(l < Zp,<kp) > —sup{ - logE[eiSX]} = —A(0).

n— o0 s<0
As k,, = o(n), we apply Lemma 5.1 to end up the proof. O
For the proof above, we need the following lemma..

Lemma 6.3. Assume that E[X] =0, Var(X) < oo, that for everyn >0, P(L, > 0,5, <c¢) >0
for some ¢ > 0 and that Assumption 2 holds. Then

liminf P(Z,, > 0|L, > 0,5, <c¢)>0.

n—00

1
Proof. Let us briefly explain why Assumption 2 implies E[(log™ £g(a))2 "] < oo which is required

in [2]. By definition of E,
E[(log* €0(a))#T|X > —a] = puE[e"* (log* ¢o(a))# ]
> pE[e* (log" q(a) *+°] |
as X > —x P-as.

The proof now follows essentially [2]. Here, we just present the main steps. From Propositions 2.1

and 2.3 in [2], for all 6, ¢ > 0 large enough, there exists an d > 0 such that
E[e %" L, > 0] ~d P(L, > 0,5, <c¢) (6.5)

as n — co. Next, we recall the well-known estimate (see e.g. [5][Lemma 2])
1
e=Sn + 3100 MipreS

P(Zn >0 | 5) > a.s.,

where 7; 1= Z;o:l yly — l)Qz(y)/m% Moreover, we rewrite the expectation above:

1
E[ n—1 iLn 20,8, <c

e—Sn 4 Zi:o Nigre” %
[ 1

ZE [n/2] S n—1 = 3 ;LTLZO,SnSC
"L 30T MipreT St 4 el Zi:[n/2j+1 Nig1€5in/21=5i
_ 3 A1

Z E (C Sn) AN Ln - O

1+ Z}Zé% Niv1€™5 + Z;L:_Lln/zjﬂ Migpe5tn/a =5 a

=E -w(Unvf/nvsn);Ln > 0}

> e‘C/QE[e‘S“/QsO(Un, Vi, Sn); L > 0] :
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where U, := Z}Z()% Niy1e” %, Vy o= Z?;Lln/QJH Nip1e”7/21 7% and @(u,v,2) = (1 +u+v)"(c—
2)* A'1. Due to monotonicity and Lemma 3.1 in [2], the limits of Uy, = lim, . U, and V,, =
lim, oo Vi, = Z}Zé% n;e”i exist and are finite respectively under the probabilities P*-a.s. and
P~-a.s. defined in [2]. Thus all conditions of Proposition 2.5 in [2] are met. Applying this

proposition with § = 1/2 and using (6.5), we get that for some measure v/, on R that

e~ ¢/2R |:€73"/290(Un, ‘7717 Sn); Lp > 0}
liminf P(Z, > 0L, > 0,5, <c)>d" lim
i n—0o E[e=5/2; L, > 0]

= / o(u, v, —2)Pt (Uss € du)P~ (Vo € dv)rya(dz) >0 .
&
Note that in the function ¢, z is changed to —z for duality reasons (for details see [2]). As the
limits of U, and V,, are a.s. finite with respect to the corresponding measures, this yields the

claim. 0

Remark. The results in [2] are only stated for non-lattice random walks. We expect that similar
results are true for the lattice case. The proofs in our paper work for the lattice case, if (6.5) and

[2][Proposition 2.5] also hold in the lattice case.

Proof of Proposition 6.2. As P(X > 0) = 1, we have P(S,, = 0) = P(X = 0)" and A(0) =
—logP(X = 0).

If P(Q(1) = 1|X = 0) = 1, the proof is trivial. So let us assume that P(X = 0) > 0 and
P(Q(1) = 1|X = 0) < 1 and thus, for some suitable ¢ > 0, P(Q(0) > ¢|X = 0) > 0. By

conditioning on the environment, we get that for z € 7 that
P.(Z,=2)>P(X=0)"-P,(Z,=2|X;=0,..., X, =0).
For simplicity, we define a new measure P on the space of all probability measures on Ny with

expectation 1 for every measurable A C A:

_ CPQeAmo=1) P(Qe Amg=1)
P(Q € A) = ]P’(mQ — 1) = ]P(X _ 0) .

Note that P(X = 0) = 1 and by definition, for every z € T we have P(Q(z) > 0,Q(0) > 0) > 0. It
follows that there is a z € Z such that P(Q(z) > 0,Q(0) > 0) > 0. Applying Lemma 5.1, without
loss of generality, we may restrict us to such a z. With respect to P, (Z,, : n € Np) is still a
branching process in random environment and applying Lemma 5.2, there exists a p € [0, c0) such
that

—p = lim %logIP’Z(Zn =2z/X1=0,...,X,=0)

n—1
_ nan;o%logE[Qn(z) OB | f;{(fm(o))’)(1 —0,...,X,=0].
=1

In the following, we will use convexity arguments. First, for all ¢ < k and s € [0,1], fir(s) >
1 — fi(1)(1 = s). As with respect to P, fir(1) =1 as., we get that

fik(s)>s P —as. (6.6)
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By (6.6), we get that for every a € N fixed and n > a
lim inf 1 logE[Qn Hf Fim ))’Xlzo,...,xnzo}

> liminf £ log B[E[Qu(2)f: O TG TT FH(in(0)|Qu -+ Quoa] | -
i=1

1=n—a-+1
Next, for e > 0 fixed, we choose k = k. € N large enough such that P(Q([1,%]) > ¢|X =0) > 1—e.
Then, conditionally on {Q([1,k]) > €}, f'(s) > Zle Q(k)s* > es* a.s. for s € [0,1]. Using both
this inequality and (6.6), we have we get that

[Qnmnan()?ﬁf;(fn*a,n(o» O Ao @]
i=1 i=n—a+1

> B|Qu(2)Qn(0) 1Hf faan

n—1

< T F1(@u©)QuLk) > £, Quoal[L KD > 2[ @1, Qua

1=n—a-+1

> E[Qu(:)0,(0)°! ﬁ 5 (oo (0))

n—1

< J1 2Qu@%QuLK) > 2o, Qual[1LK]) > €|Q1, - Qual

1=n—a-+1
Z E{ 1_[1 fi,(fn—a,n—l(o)); Ql([l, ]45]) >E,.., Qn_a([l, k‘D > E‘Ql, cey Qn—a]

E |:Ea_2Qn(Z>Qn(O)Z_lQn(O)(a_Q)kJrl ,

where the second expectation is strictly positive as P(Q(z) > 0,Q(0) > 0) > 0. By a straight-
forward computation using that generating functions, as well as all their derivatives are convex,
nonnegative and nondrecreasing functions, we see that the product of two generating functions

(and thus the product of finitely many) is again convex:

(f9)" =f"g+24'f + fg" >0.

So the product of the derivatives of generating functions is again convex. For more details on the

product of nonnegative, convex and nondrecreasing functions, we refer to [35]. Applying Jensen’s

/

inequality to the convex function II"}" f/, the independence of the environments ensures that

B[ [ /U anaO)[@ur . @ua] = [T H Bl an10)|@1-- @ua]) = [ £ (Blioa1(0)])

P — a.s. Using this inequality multiplied by the indicator function of the event {Q1([1,%]) >
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erer ey Quoal[L,K]) > e}, we get

n—oo

liminf logE{On ﬁf{ fin( ))‘Xlz(),...,Xn:O}
=1

n—oo

>hm1nf110g< [H FHE[fo,a-1( )]);Ql([l,k])>5,...,Qn,a([1,k])>8}

E {5a72Qn(z)Qn (O)zfl (O>Qn (0)(a72)k+1} )

= liminf Log B[ (B[fo.0—1(0)]); Q((1, k) > ¢] o
= log B[ (B[ fo.01(0)]);Q([1,4]) > ¢].
Finally, Z is a critical branching process in random environment under the probability P, and thus

P(Zy-1 = 0[E) = foa-1(0) — 1 P-a:s. as a — oo (see e.g. [38]). Taking the limit a — oo and

€ — 0 and applying dominated convergence yields as a — oo and € — 0, k. — o0

og B/ (E[fo.u-1(0)]); Q1. k]) > | = 1og E[f'(1)] =0

and thus

n—1

1173102%10@[ OB | f{(fm(()))’Xl —0,...,X, = o} >0.
i=1

This yields the claim. O

Remark. Note that the bound f'(s) < f/(1) for s € [0,1] immediately yields that
limsup,,_, ., %log P.(Z, = z) < logE[X]. In particular, we have proved that for a BPRE with
X =0 a.s. that the probability of staying bounded is not exponentially small.

7 Proof of lower large deviations

First, we focus on the lower bound, which is easier and can be made under general assumptions
(satisfied in both Theorems 3.1 and 3.2). We split then the proof of the upperbounds in two parts,
working with Assumption 3.1 in the first part, and then with P(X > 0) = 0 and Assumption 4.

Finally, we prove the Theorems combining these results.

7.1 Proof of the lower bound for Theorems 3.1 and 3.2

First we note that, if the associated random walk has exceptional values, the same is true for the
branching process Z. The estimation Z,, = E[Z,, |€] = exp(S,,) gives a lowerbound in the following
way. If E[Z; log™(Z1)] < o0, we know from [7] that the limit of the martingale Z,, exp(—S,,) is non

degenerated. Then a direct generalization of [10, Proposition 1], which relies on the same change

of measure : ( ))\
_ m(q)re
P(Q € dg) .= ——~—P(Q € dp),
(Q €dg) E(m(Q1) (Q € dp)
ensures that
liminf L logP;(1 < Z, < €[S, < (@+¢e)n) = 0

n—oo
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for all j > 1 and € > 0. As A is nonincreasing, continuous from below and convex and thus a
right-continuous function, A(f + ) — A(0) as ¢ — 0. Then, for every 0 < 6§ < E[X] such that
A(0) < 00, we have

liminf L logP;(1 < Z,, < eS8, <6n) = 0. (7.1)

n—oo

Now we can prove the following result

Lemma 7.1. Let z > 1. We assume that E[Z;log" (Z1)] < oo and that

0, = — lim %log]P’Z(l <Z,<b)

n—oo

exists and does not depend on b large enough. Then for every 0 € (0,E(X)], we have

lim inf % logP,(1 < Z, <) > —x(0, 0., ).

n—oo

Proof. We decompose the probability following a time ¢ € [0,1) when the process go beyond b.

Using the large deviations principle satisfied by the random walk S, we have

P.(1< Z, <)

>P.(1< Z|4n) <D) 1I<11131<1bpk(1 < Z-tyn) < €758 (1-tyn) <€)

[ 6 6
> Po(1 < Zppny < H)e NI min P (1< 20y < T, <TI0,

1<k<b

Note that the above inequality is trivially fulfilled if A(6) = co. The definition of g, and (7.1) yield
with b large enough

liminfilog]}”z(l <Z,< 69”) > — i[%fl) {tpz +(1- t)A(H/(l — t))} =—x(0, 0., A).
n—oo te|0,

It completes the proof. O

7.2 Proof of the upper bound for Theorem 3.1 (i) and (ii)

The next lemma ensures that a large population (under the assumption above) grows as its ex-
pectation and thus follows the random walk of the environment S. The start of the proof of this
proposition is in the same vein as [10], but the situation is much more complex since Py(Z; = 0)
may be positive, f'(1) may not be bounded a.s. and the variance of the reproduction laws may be

infinite with positive probability.

Lemma 7.2. Under Assumption 3, for every ¢ > 0 and for every a > 0, there exist constants

¢, b > 1 such that for every n € N

supP.(Z, < 57" Z, > b, ..., Z, > b) <ce "
z>b

Proof. Let us introduce the ratio of the successive sizes of the population
R, = Zi/Zi—la ’LE{l,,’n}

Recalling that log f/(1) = X;, we can rewrite
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Then for every A > 0, we can use the classical Markov inequality P(Y > 1) < E[Y?] for any

nonnegative random variable Y and get for every z > b

P.(Z, < 5" 2y > b, ..., Zy > b)

<V E[[[(HQ)/(ER)Y 2y > b, ..., Zyy > 1]

i=1

= b E[ H (e“Ri/fl(1) ™21 > b, ... Zy > B]
Let us introduce the following random variable, only depending on the environment,

My (b, g) —bupE[< Z ) ZN9>O}

k>b

where N/ are i.i.d. random variables with p.g.f. g. Note that sup and E may be interchanged as

the random variables are nonnegative. As a consequence

M(b, f;) = iiIZ]EK o zl+(11)> T i >0 ] s Zi = k] —?gz]E[( f;(l;)_k;zm >0 ] i Zi = k}

Then, by conditioning on the successive sizes of the population, we obtain

Py(Zn < €575 21 2 b,y Zy 2 D)

n—1
gb"\E{H(esRi/fi’(l))‘AE[(eERn/f,’l(l)) MZy 2 b foyZnr]i Z1 2 by, Zna >b]
=1

< b_)\E[ﬁMA(@ fi)]

i=1

= b E[M(b, f)]".

We now want to prove that for every a € (0, 1), there exist A\,b > 0 such that E[M)(b, f)] < «
The idea is that for every g, Zle NY/k — ¢'(1) a.s. as k — oo by the law of large numbers. Then

we will be able to derive that
: k
Sk NI\ N
E £ 1= 7 . Ng 1>
(e kg (1) ) ’Zizl ?>0) —e

as k — oo and My (b, f) — e~?¢ a.s. as b goes to infinity. Under suitable conditions, we are then
able to prove that E[M,(b, f)] — e~ *¢. Finally, considering A > 0 such that e™*¢ < ¢~ and b

large enough gives us the result.
Let us now present the details of the proof. First fix a p.g.f. ¢ with F[N{] = ¢’(1) < co. Then the

law of large numbers ensures that

SE NI e
Y. = d € P - a.s.
o= (¢ kg<>) e e

Moreover Zle NY is stochastically larger than a random variable B(k, g) with binomial distribu-
tion of parameters (k,1 — ¢g(0)). Applying the classical large deviations upperbound for Bernoulli

random variables (see e.g. [15, 16]) yields

k
P(Yk > x; Z N{ > O) < P(kB(k,g) < m_l/kg’(l)e_e) <exp(— kzz/Jg(at_l/”\g'(l)e_E))

i=1
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where the function t,(2) is zero if z > 1 — g(0) and positive for z < 1 — g(0). It is specified by the
Fenchel Legendre transform of a Bernoulli distribution, i.e.

Wy (2) = zlog (1=5;) + (1 — 2)log (35%) -

Moreover % N? > 0 implies Y < k*d with d = (¢/(1)e=%)*. So

k k
E[Ykllykzx;ZNig > 0} < dk:AIP’(Yk > ;Y N> o) < 24k exp (— kb (z7 /2 g/ (1)e7)).
i=1 i=1

Let us choose z large enough such that ¢,(z~'/*¢’(1)e=%) > 0. Then letting k — oo, the right-
hand side of the above equation converges to 0. Moreover we can apply the bounded convergence
theorem to Yily, ., s~ yoso to get
k
1imsupE[Yk; NY > O} <e e
P el

Recalling that M) (b, g) decreases with respect to b, we get, for every g

lim My(b,g) < e .

b—oo

Second, we apply the bounded convergence theorem again and finish the proof by integrating the

previous result with respect to the environment. To check that
E[M)\(lv f)] < 0,

we define for any p.g.f ¢ (note that g(0) < 1 a.s.)

(-2 N  (he—cd (1
sy (20 L = e )

and note that x > x, implies that z='/*¢’(1)e~* < (1 — g(0))/2. Moreover, Zle N{ > 0 implies
Yk’ < Yg, SO

E[Yk;éNf > 0} - /OygIP’(Yk > x;éNﬁ > O)dx

dk>
<zg+ / exp ( - kz/Jg(x_l/’\g’(l)e_E))dx
Tg

<y + dk* exp ( — kwg(l_%m))).

Now we maximize the right-hand side with respect to k& > 1. Using that for « > 0,2 > 0,
e < (\/a)*e ™ and the definition of d, we get that

My(1,9) < g+ 1+ (e5g (1)) W ey, (F49) ™, (7.2)

Finally, we observe that 14(z) is a nonnegative convex function which reaches 0 in 1 — g(0). Thus

r <y <1-g(0) implies 1, (x) > (z — y)v;(y) and in particular
1—g(0 1—g(0 1—g(0
o () = — = (),

As Yy (2) = log(%) and log(1 — ) < x for > 0, we get that

%(1—3(0)) > _1_2(0) log (1 - 3+§(0)) =
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Combining the inequalities (7.2) and (7.3) yields

y A
Mx(1, f) <14a(e, N <1Ji(fl()0)> a.s.,

where a(e, A) is a finite constant, only depending on £ and A. Thus the Assumption 3.1 ensures

that E[M(1, f)] < co. Applying the bounded convergence theorem, we get that
Jim E[M(b, f)] =E[ lim My(b, )] < e,
Then, choosing b large enough,
E[Mx(b, f)] < 277
Letting A such that 2e~*¢ < e~® ends up the proof. O
Lemma 7.3. Let z > 1 and assume that
0: =~ lim TlogF.(1< 7, <1)
exists and does not depend on b large enough. Then, under Assumption 3, for every 6 € (0,E(X)],
li/rrbnésolip % log P, (1 <z, < exp(nﬂ)) < —x(8,0.,A).
Proof. We define the last moment when the process is below b before time n :

op=inf{i e N: Z, 11 >0b,--- ,Z, > b}, (inf & = c0)

Let 6 > 0. Then summing over i leads to

P.(1< Z, <e’™)

n—1
<D PR < Zyaoy <€ oy = i) + P(1 < Z, < D)

=0
n—1
<Y P(1<Z <b)supPj(1 < Zn i o <€, Zy > b,, Zpiig > b) + P(1 < Z, < D)
i=0 j=b
n—1
SPA<Zy<b)+ > Po(1< Ziy <B)[P(Sni—z < On+ ne)
=0
+supP;(Zp—i—2 < e Sp_iio>0n+mne, Zy > b, .o, Zo_io > b)].

Jj=b
First, by assumption, we have for every t € [0, 1],

1
lim —loglP.(1 < Z|4,) <) = —to..

n—oo N

For the second term, we use the classical large deviation inequality for the random walk S to get
for every ¢ € [0, 1] that

limsup 1 log P(S|1—yyn) < On+ne) = —(1 = )A(FE).
n—oo

with the convention 0.co = 0. For the last term, we apply Lemma 7.2, which prevents a large

population form deviating from the random environment. More precisely, for every € > 0, we can
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choose b large enough such that sup,,, Pi(Zp—i—2 < e Sy _io>0ntne, Zy >b, ... Zy_i_o >b)
decreases faster than exp(—p.(n —i —2)) as n goes to infinity. Thus, for b large enough and every
te0,1],

lim sup *10g bup]P (Zni—t) < €™, Spi—t) > On+ne, Zy 2 b, o, Zy—py > b) < —0.(1 — ),

with the convention 0.z = 0 for any x € [0, c0]. Combining these upperbounds yields,
lim sup — log]P’ (1< Z, <exp(nf)) <— sup {to.+ (1 —t)A(%E=)}
n—oo T te[0,1]

Letting ¢ — 0, the right-hand side goes to x(0) by right-continuity of A. It yields the result since

the supremum can be taken over [0,1) with the convention 0 - co = 0. O

7.3 Proof of the upperbound for Theorem 3.2

We assume here that that subcritical environments occur with a positive probability. First, we
consider the probability of having less than exponentially many individuals in generation n. We
prove that decrease is still given by ¢ and obtain the first part of Theorem 3.2. We derive the

upperbound of the second part of the Theorem using Assumption 3.1 and an additional lemma.
Lemma 7.4. If P(X < 0) > 0, then for every z € CI(Z),

o= lim LlogP.(Z, =2)=lim lim 1logP.(1< Z, <€).

6—0n—oo

Proof. As for every 0 > 0, P,(Z, = z) < P.(1 < Z, < e") for n large enough, we have

lim 1logP.(Z, = z) <liminfliminf L logP,(1 < Z, < emy.

0—0 n—oo
Let us prove the converse inequality. First, we observe that my < 1 — ¢ implies ¢(0) > €. Using

that P(mg < 1) > 0 by assumption and z € Z, we choose € > 0 and j; > 1 so that the sets
A:={qgeA:q0)>¢,q(z)>¢c}, B:={geA:my<1l—¢g, q(j1)>e}
satisfy
P(Q1 € A) >0, P(Q, € B) > 0, Bc{geA:q(0)>e, q(z) > ¢}
By Markov property, for every 6 > 0,

Le@n

P.(Zyi 0] = 2) Z P.(Zn = k)Pk(Z 2, = 2)

on . .
2P(1<Z, <e™) min Pi(Z)s,) =2)

> Pz(l <Z,< egn) min E[Pk(ZLQnJ = Z|5)7Q17 : '7Q|_§7LJ—1 € B’QI_QHJ € A]

- 1<k<efn
>P.(1< 7, <e’)x

1<k<etn
Using again the Markov property and the definition of B and A, we estimate
]Pl(ZLSnJ = Z‘Ql, e 7QL§nJ71 c B’thnj S A)
>Py(Z1 = j1|Q1 € B) - Py, (Z1 = j1|Q1 € B)LEM =2 P, (2, = 2(Q) € A)

> . en(L8n)=2) o = gin(LEn]-1)+1
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Using the classical estimates P1(Z,, > 0|€) < exp(L,,), where

L, := min S, (7.5)
0<k<n

and log(l —z) < —z, x € [0, 1) yields for every k,n € N
Pr(Zjs,; =01Q1 €B,...,Qn e B) > (1 - elen 1°g<1—6>)’f > (1- e—L%an)’f .
Inserting the two last inequalities into (7.4), we get that

Po(Zyy(on) = 2)P2(1< Z, < )71
>  min {(1 — e_ELg”_IJ)ksjl(Lg”J_l)HP(Ql €B,....,Qen_1 €B,Qe, € A)}

T 1<k<efn

> (1 _ e—9n+o(1))69"€j1(\_gnj—1)+1]P>(Q c B)\_gnj—l]P)(Q c A)
Taking the logarithm and using the fact that (1 — 1/2)® is increasing for > 1 and bounded

lim inf 1 logIP’Z(ZannJ =z)

n—oo

> limsup 2 logP.(1 < Z, <€) + % loge + £1og P(Q € B) . (7.6)

n—oo

Thus

n
6—0 n—0oo 6—0 n— oo

lim sup lim inf % logP.(Z tlen] = z) > lim sup lim sup % logP.(1<Z, < een)'
Using Lemma 5.1, we get,

limsup lim %log]P’z(ZnHQnJ =z)= lim llogP.(Z, = z),

§—0 oo

which completes the proof. O

Lemma 7.5. Under Assumption 4, for every b >0, n € N and r € (0,1), it holds that

Py(Zy <7 eS[E) < (1 (1-r)2En) s,

Proof. Note that E[Z,,(Z, —1)|€] = fi,,(1). Let us now check briefly that the result of Proposition
1 in [13] still hold, which means that we can replace Assumption 2 in [13] by our Assumption 4.

From fo, = fon-10© fn, by chain rule for differentiation f;, (1) = f5,,(1)f,(1) and f¢, (1) =
1o (D) + fo,0_y (1) £2(1), we get that

) fon) frn (1)
(fo,,(1))? (o1 (1) fona (DA D))*

Using Assumption 4 yields

fa()
Jon1 (D(f7(1))?

and by a recursion argument

E(Z,(Z, — 1)1]] (1) ~ s
E[Z, ]2 <fao,n<1>>2 < 20) e as
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Finally we get for every n € N,

B[ Zn(Zn — 1)|E] < 2de*5n Ze-sk < 2d (n +2)eSneSnIn,
k=0
Combining this inequality with an inequality due to Paley and Zygmund, which ensures that for
any R+ valued random variable € with 0 < E(§) < oo and 0 < r < 1, we have P(§ > rE(€)) >
(1 —7)%E(£)?/E(£?) (see Lemma 4.1 in [30]), we have

E1[Z,|E)
E,[Z3|€]
e25n (1—7)2 L.

> (1—7)? =

(n _|_ l)esn eSn_Ln _|_ esn n _|_ 2 ¢

Py (Z, > eS"|5) >(1- r)2

Given & and starting with Zy = b, b—many subtrees are developing independently. Each has the
above probability of being larger than reS~. Thus

Py(Z, <7 7€) <P(Z, <71 e |E)°

—(1- T)Q::;)b a.s.,

IN

which is the claim of the lemma. O

Lemma 7.6. If P(X < 0) > 0 and Assumption 4 holds, then for all z € CI(T), 0 € (0,E(X)],
1
limsup — logP.(1 < Z,, < exp(nf)) < —x(6,0,7A).
n—oo N

Let z € CI(Z). For the proof of the upper bound, we will decompose the probability at the first

moment when there are at least n>-many individuals for the rest of time. For this, let
=inf{l<i<n:Z;>n® j=i...,n}, (inf @ :=n).
and
Tp 1= inf{O <i<n:S; <min{Sy, S, .. .,Sn}} .

Let us fix 0 < 6§ < E[X]. Then by Markov property,
I[Dz(l < Zn < 66) - Z}Pz(an = 171 < Zn < e@n)

P.(1<Z;_ 1<n)1£r;a)§IPk(1§Zn_i§eG", Vi<j<n—i: Z; >n%
>n

o

Q
Il
_

P.(1<Zi_y <n® ZmaXPk(1<Zn i<, =4, Vi<j<n—i: Z;>n?
j_

P.(1<Zi1<nd Z]PT] 7j)max]P’k(1<Zn i <€ L, ;>0). (7.7)
7=0

I

Q
Il
_

<

_M3

s
Il
-

We treat now the different probabilities separately. First, by Lemma 7.4 for t,s € (0,1) with
s+t<1,

lim LlogP(1 < Z|(1——s)n)—1 <n?)=—(1—-t—s)p.

n—oo
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As to the second probability, as P(r, = n) < P(S,, <0),
lim L logP(7|5,) = [sn]) < —sA(0).
Next, for every ¢ > 0,

inPL(1< Z, <™ Ly, >0
min k(1< Zjgn) <€ Lin) > 0)

< mi 1< < e€): > > < .
_Igln%E[]Pk( _Z[th <e lg)’S[t”J _(9+5)”aLLmJ _0] "‘P(S[tnj _(9—1—5)71)
Using Lemma 7.5, for n large enough,

< < e™€): > >
I?é%fg]E []Pk(l = Zl_th € ‘5), S|_tn] = (0 + E)n, L\_tnj = O]

< maxE[Py(1 < Z, < e "eStend
k>n3

£); Slin) = (0 +e)n, Liyy) > 0]

—en k

12 1\
< (1_(1_5) Ltnj+2> :
Then, for every t > 0,

lim sup - log max E[Py(1 < Z|pn) < ™|€); Sun) > (0 +€)n, Lisn) > 0]

1 1

< limsupn? log (1 T ATtn]+2

n—oo

) = —oo.
Finally, recall that
lim LlogP(S|im < (0+¢)n) = —tA((0+¢)/t) .

Applying all this in (7.7) and letting ¢ — 0 yields the upper bound, i.e.

li LlogP(1 < Z, <e™) < — inf 1—s—t A tA((0 t
msup L logP(1< Zy <e™) <= inf {(1= 5= Hp-+5A0) + A0 +2)/0)}
=— inf {(1—t)p+tAO/t+)} = x(0,0,\).
t€[0,1]

In the last step, we used that Proposition 3 guarantees A(0) > p, A(0) > A(z) for every x > 0 and
right-continuity of A.
7.4 Proof of Theorems 3.1 and 3.2

Proof of Theorem 3.1 (i). The second part of Lemma 5.1 ensures that for b large enough,

1
o=— lim —logP,(1<Z, <D).

n—oo N,
Then, under Assumption 3, Lemmas 7.1 and 7.3 yield
lim +logP(1< Z, < ") = —x(8, 0, A).
The right continuity of x(8, o, A) proves the last part of the result. O

Proof of Theorem 3.1 (ii). We recall that the monotonicity of Z (see also [10]) ensures that for
every b > z .
lim —logP.(1 < Z, <b) =zlogE(Q(1)).

n—oo n
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Then, under Assumption 3 and E(Z; log™(Z;)) < oo, Lemmas 7.1 and 7.3 yield
lim LlogP.(1< Z, < ") = —x(0, —z1og E(Q(1)), A).
The right continuity of x(8, o, A) proves the last part of the result. O

Proof of Theorem 3.2. The first part is given by Lemma 7.4 .

As we assume P(X < 0) > 0, we can use again Lemma 5.1, which ensures that for b large enough,

1
o=— lim —logP,(1<Z, <V).

n—oo n

Then, under Assumption 4 and E(Z; log™(Z;)) < 0o, we can combine Lemmas 7.1 and 7.6 to get

lim LlogP(1 < Z, <e")=—x(0,0,A).

n—oo

It completes the proof. O

8 The linear fractional case

In this section, we restrict ourselves to the case of offspring distributions with generating function
of linear fractional form, i.e.

1-s
m~t4+bm2(1-s)/2"

fs) = 1-

where m = f/(1) and b = f”(1).

Under this assumption, direct calculations with generating functions are feasible, i.e. we can
explicitly calculate the generating function of Z,,, conditioned on the environment. We define
Nk = 1/2 bym;, ? and recall that f;, = fj+10...0 f,. Then for all n € N and s € [0, 1] (see [32, p.
156])

1

f-m(O):l— ) n -
j e~ Gn=S) 3y e Broa=S))

(8.1)

Moreover

—X;

(™% +m;(1 = 5))?

fis) = (8.2)

and we can now compute the value of p.

Proof of Corollary 2.3. By Proposition 6.1, p < A(0). Then it remains to prove that p = — log E [e*
if E[Xe=*] > 0 and p > A(0) otherwise. For that purpose, we use the representation of p in terms
of generating functions. Combining (8.1) and (8.2) we get

Fi(fin(0)) = e % (e7% + S e )72

PSR ST
e —(Sn—15;5) +Zk‘ —it ke —(Sk—1—55) 2
e~ (5 =5im) oy + DTk we (koS 7)

- X,( e~ (5% +Zk—3+1 e (Sr=175) )2

e~ (Sn—S5-1) _|_Zn 7MRe —(Sk—1—S;j-1)
-X; ]PZ,L>O‘ 1 =1, 5))2
P(Z, >0|Z =1¢)
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Thus, noting that P(Z, > 0|Z, = 1) = 1, we get that

T L P(Z,>01Z_1 =1,)?
E{jl:[lfj(fj,n(o))} ZE[jl:[le X IED(Zn>O|JZj1: 175)2 }

- E[e‘S"P(Zn > 0[&, Zy = 1)2} . (8.3)

First, we consider the case E[Xe~*] > 0. Note that this condition implies E[e~*] < co. Bounding
the probability in (8.3) by 1 immediately yields

[ 114000 < Bl

so p > —logE[e™*]. To get the converse inequality, we change to the measure P, defined by

e *P(X € dx)

P(X € dx) = Ejc—~]

Then by Jensen’s inequality
E[e*SnP(Zn > 0/€, Zo = 1)2} =E[e*]"E[P(Z, > 0|€)?] > Ele X" 'B(Z, > 0)2.

We observe that E[X] = E[Xe %] > 0, thus under P, S, is a random walk with nonnegative
drift. It ensures that the branching process is still critical or supercritical with respect to I@’, SO
P(Z, > 0) > Cn=F for some 3,C > 0 as n — oo (see e.g. [4] for the critical case, whereas

P(Z,, > 0) has a positive limit in the supercritical case). Letting n — oo, we get
n
p=— lim %ng[Hf;(fM(O))} < —logE[e~X] .
j=1

Secondly, we consider E[Xe™*] < 0. There exists a v € (0,1] such that E[Xe™"*] = 0 and we
change to the measure P defined in (6.2). Applying this change of measure and the well-known
estimate P(Z,, > 0|€) < el a.s., we get that

E{e—SnP(Zn > 0‘57 Zo = 1)2} < E[e_VX]"E [e(—1+u)57l+2Ln} .
Note that L, < —S, and v € (0,1] imply that (—1+ v)S, + 2L, <0, so
E{e—SnP(Zn > 0|€, Zo = 1)2} < E[e~"X]"

which yields p > —log E[e~"X] = A(0). The last line comes from A(0) = sup,<o{—log E[e**]} and

the fact that the condition E[Xe~»X] = 0 implies that the supremum is taken in s = —v. O

Then our theorem on lower large deviations immediately yields the lower rate function in the LF
case. If E[Xe™X] <0, x(8) = A(#). Otherwise, for § < E[X],

x(6) = teifé,fn {—tlog (E[e ™))+ (1 —t)A(0/(1 - 1)) }.

Let us now prove the representation of x from Corollary 3.3.

Proof of Corollary 3.3. Recall that s — E[e*X] is the moment generating function of X, which is
a convex function. The result of the corollary is trivial if p = A(0). Thus we only have to consider
the case p = E[e”*] and by Corollary 2.3 and 0 < E[Xe™*] < oo and thus E[e”*] < co. We have
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0= —logE[e=X] < sup,.o{—logE[e*¥]} = A(0). Note that A(0) = oo is possible.

Let us recall some details of Legendre transforms. It is well-known (see e.g. [16]) that
vg(s) == —0s — log E[e *X]

is a convex function. The conditions E[e=%] < oo and 0 < E[Xe~ %] < oo imply by the dominated

convergence theorem that v above is differentiable in s = 1 and
vy(1) == -0 —E[Xe *]/E[e ¥] .

Thus by definition of 6*, the derivative of vj. vanishes for s = 1, i.e. v} takes its minimum in
s = 1. Thus,

A(0*) == —0" —logE[e™¥] < o0
and by the theory of Legendre transforms, the tangent ¢ on the graph of A in 6* is described by
t(0) == —0 —logE[e™*] .

As A is convex and decreasing for § < E[X], we have A(f) > #(0) for § < #*. This proves the

representation in Corollary 3.3. O

9 Examples with two environments : dependence on the ini-

tial and final population.

In this section, we focus on the importance of the initial population.

Example 1 : the limits > logPi(Z, = i) and XlogP;(Z, = j) may be both finite but
different Assume that the environment consists of two states ¢; and ¢o such that
r=PQi=q)=1-PQ=¢)>0 al)=L ¢@0)=p ¢2)=1-p,
with p € (0,1). Then
LlogPy(Z, =1) =logr, LlogPy(Z, = 2) > max {logr;log[(1 —r)2(1 — p)p] }.

where the term log r comes from a population which stays equal to 1 in the environment sequence

(q1,41,q1, ) and the last term comes from a population which stays equal to 2 in the environment

2(1-p)p )

sequence (o, qa, g2, -+ ). Thus if  is chosen small enough (i.e. r < TP

lim LlogPi(Z, =1) < lim LlogPi(Z, =2).

n—oo n—oo

Example 2 : the situation Py(Z, = k) > Py(Z, = k), k > 1 is possible Again, we assume
that the environment consists of just two states ¢; and g2 and now
r=PQi1=q)=1-PQ1=¢) >0,
a(l)=p , qa)=1-p,
©20)=p , @2)=p . @a)=1-2p
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with p € (0,3) and a > 2.
First, we note that liminf,,_ ., logP(Z,, = 2) > —rp, which comes from a population staying

equal to 1 in the environment sequence (q1,¢1,-..)-

Next, let us estimate the extinction probability, given the environment. We first observe that
any BPVE whose environments are either ¢; or ¢, is stochastically larger that the Galton Watson

process with reproduction law (and unique environment) ¢s. As a consequence,
P1(Z,=0[8) <P1(Z, =0|Q1=...,Qn =q) SP(Zu =0|Q1 = ¢2,Q2 = q2,...) =1 8¢ as.
It is well-known that s. is given as the fixpoint < 1 of the generating function fa of g:

Se = fa(se) :p+ps§ + (1 —2p)ss.

Figure 5: Generating function of a distribution with ¢(0) > 0.

Let us now estimate s.. For for s = 2p, we have 2p > fo(2p) = p + 4p> + (1 — 2p)2%p® if p < i
and a is large enough. Then s. < 2p (see also Figure 5). We get for p < i, a large enough and all
1>1,k<n,

P(Zn =0[€, Z, = 1) < 50,y < (2p)"

Using this estimate and the explicit law of P(Zx1 = . | Zr = 2,Qr = q1), we obtain
Py(Zn = 2|E,Qr = q1, Z), = 2)
= p*P(Z, = 2|E, Zpy1 = 2) +2(1 — p)pP(Z, = 2|E, Zp1 = 1 + a)

+ (1= p)°P(Z, = 2|, Zp41 = 20)

a+1

) )P(Zn = 0|8, Zjs1 =14+0a—2)

=P(Z, = 2|E, Zpyr = 2) (p2 +2(1 - p)p(
+(1-p)? <22a> P(Z, = O0|E, Zysr = 2a — 2))
<P(Zy = 2|, Zps1 = 2)(p2 21— pp (“ ;r 1) (2p)" " + (1 —p)? (22a> (QP)QH)

If p is small enough, we get

Po(Zp = 2|E,Qr = q1, Zi = 2) < P(Z,, = 2|E, Zpy1 = 2)3p° .
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Analogously, if the environment go occurs in generation k, we get

Py(Z, = 2|E,Qr = q2, Z1, = 2)
= 2p*P(Z,, = 2|&, Zpi1 = 2) + 0°P(Z, = 2|E, Zy1 = 4) + 2p(1 — 2p)P(Z,, = 2|E, Zps1 = a)
+2p(1 = p)P(Z, = 2|E, Zi1 = a+2) + (1 — 2p)*P(Z,, = 2|E, Zpy1 = 2a)
<P(Z, =2|E, Zri1 = 2)3p* .

Next, note that the population starting from Zp = 2 is either always > 2 or extinct. Thus in
each generation, there are at least two individuals and we may apply the estimates above for the
subtrees emerging in generation k. Finally we get that

lim sup % log Po(Z,, = 2) lim sup % logE[Pg(Zn = 2|5)] < log(3p?).

n—0oo n—oo

If p is now chosen small enough, we get that 3p? < rp and thus

limsup + log P2(Z, = 2) < liminf L logP1(Z, = 2).

n—o0

Note that this example shows that, as in the the case without extinction in [10], the initial popu-

lation may be of importance for the asymptotic of the probability of staying small, but alive.
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