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ON THE SCALING LIMITS OF GALTON WATSON PROCESSES
IN VARYING ENVIRONMENT

VINCENT BANSAYE! AND FLORIAN SIMATOS?

ABsTrACT. Renormalized sequences of Galton Watson processes converge to
Continuous State Branching Processes (CSBP), characterized by a Lévy triplet
of two numbers and a measure. This paper investigates the case of Galton
Watson processes in varying environment and provides an explicit sufficient
condition for finite-dimensional convergence in terms of convergence of a char-
acteristic triplet of measures. We recover then classical results on the conver-
gence of Galton Watson processes and we can add exceptional environments
provoking positive or negative jumps at fixed times. We also apply this re-
sult to derive new results on the Feller diffusion in varying environment and
branching processes in random environment. Qur approach relies on the back-
ward differential equation satisfied by the Laplace exponent and provides re-
sults about explosion, absorption and extinction. Thus, this paper exhibits
a general class of CSBP in varying environment which is characterized by a
triplet of measures. This provides a first step towards characterizing time-
inhomogeneous, continuous-time and continuous state space processes which
satisfy the branching property.
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1. INTRODUCTION

Since the pioneering work of Lamperti [27], it is known that continuous-state
branching processes (CSBP) are the only possible scaling limits of Galton-Watson
(GW) branching processes and that every CSBP can be realized in this way (see the
following section for definitions). Another characterization of CSBP’s was stated in
Lamperti [26] who claimed that they are in one-to-one correspondence with spec-
trally positive Lévy processes killed upon reaching 0 via a random time-change
called the Lamperti transformation, see Caballero et al. [11] for a discussion of var-
ious proofs of this fundamental result. Grimvall [19] established general necessary
and sufficient conditions for a sequence of renormalized GW processes to converge.
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2 V. BANSAYE AND F. SIMATOS

These conditions involve the asymptotic behavior of triangular arrays for which
explicit necessary and sufficient conditions have been known for a long time, see for
instance Gnedenko and Kolmogorov [16]. Finally, Ethier and Kurtz [14, Chapter 9]
gave another proof of these results via time-change arguments. Hence to a large
extent, the asymptotic behavior and the structure of the limiting processes of GW
processes are well understood.

The present paper aims at extending this understanding to the case of GW
processes in varying (and random) environment. Recently, there has been a con-
siderable interest for GW processes in random environment, in particular about
problems related to the survival behavior in the critical and subcritical regime
(see, e.g., [1, 7, 15, 20]) or large deviations (see, e.g., [3, 9]). Similarly, branching
diffusions in varying environment have attracted attention, in part for biological
motivations, see among others [6, 8, 17] and references therein. Nonetheless, little
seems to be known about the asymptotic behavior of GW processes in random
or varying environment, except for the important special case of finite variance,
see [8, 10, 24, 25].

The main result of the present paper establishes a sufficient condition for a
sequence of GW processes in varying environment to converge in the sense of finite-
dimensional distributions. The assumptions are stated in terms of the convergence
of a characteristic triplet and exhibit an interesting class of processes in continuous
time: CSBP in varying (and then random) environment which could be character-
ized by a triplet of measures. The drift term, equivalently described by a real-valued
function, is here assumed to have local variations to get general convergence with
tractable assumptions. Qur result is thus applied to various examples, in particular
to GW processes, Feller branching processes in varying environment and branch-
ing processes in random environment. Also, our approach, which relies on the
convergence of Laplace transforms, provides qualitative properties on the limiting
processes.

Scaling limits of GW processes. GW processes are classical Markov chains for
population dynamics where individuals reproduce independently of each other and
with the same reproduction law, see for instance Athreya and Ney [2]. Thus if Z;
denotes the size of the population at time ¢ > 0, the process (Z;,i > 0) obeys the
following recursion:

Zig1 = Nij1+ -+ N; 7,

where (N; .4,k > 0) are i.i.d. with common distribution the reproduction law. An-
other equivalent characterization of GW processes is through the branching prop-
erty. Namely, GW processes are the only discrete-time, N-valued Markov chains
(Z7,5 > 0), with Z7 the law of the Markov chain started at Z} = j, such that Zi+*
for j, k > 0 is equal in distribution to Z7 + Z* with Z* a copy of Z* independent
of Z7.

Scaling limits of GW processes have been studied since Lamperti [27]. In general
there may be centering terms, but we will only be interested here in scaling limits
obtained by starting a process from a large initial state, speeding up time and scaling
in space. Typically, we consider a sequence (Z™ n > 1) of GW processes, where
Z™ has reproduction law s, and starts with Zé") = n individuals, a sequence
(9, n > 1) of positive real numbers going to infinity, which will be called the speed
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of the GW process, and we consider the sequence (X,,,n > 1) of rescaled processes
defined by

1,
Xn(t) = 52&2”7

The asymptotic behavior of (X,,) yields relevant approximations for phenomena
such as evolution of species, with both large initial populations and long time
scales. The most interesting case is when the sequence (Z("), n > 1) is near-critical,
meaning that the mean of u,, is closer and closer to one. Indeed, in the strictly
super- and subcritical cases, the processes evolve rapidly (one does not need to
speed up time) and, for our purposes, essentially deterministically. Grimvall [19]
has proved that the finite-dimensional convergence of (X,,) is equivalent to the
convergence in distribution of the sequence

t>0.

[nY, ]
nt Z (Nin—1),n>1],
i=1

where for each n > 1, (N; n,7 > 1) are 1.i.d. with common distribution p,. Nec-
essary and sufficient conditions for this convergence to hold are well-known, see
the book by Gnedenko and Kolmogorov [16] on the convergence of infinitesimal
triangular arrays. The infinitesimal assumption for triangular arrays corresponds
precisely to the near-critical assumption for branching processes.

CSBP’s are the continuous counterparts of GW processes, they are defined via a
generalization of the branching property. Indeed, CSBP’s are the only continuous-
time, [0, co]-valued Markov processes (X%, z > 0), with X7 the law of the Markov
process started at X%(0) = z, such that X*™¥ for 2,y > 0 is equal in distribution
to X% + XY with XV a copy of XY independent of X*. As mentioned earlier,
Lamperti [27] proved that if the above sequence (X,) converges then the limit
must be a CSBP, and that any CSBP can be approximated in this way.

Silverstein [28] gives a useful characterization of CSBP in terms of their Laplace
transform. The branching property ensures that if X is a CSBP, then it satisfies

E (exp(~AX (1)) | X (0) = 2) = exp(—zu(t, \))

for some function wu(t, A) called the Laplace exponent. Silverstein [28] has proved
that for each A > 0, the function u( -, A) is characterized by the following differential
equation:

u(t,\) = A+ /t (u(z, ) dz, t >0,
0

where
AT

14 g2

P(A) = aX— BN + /OOO (1 —e M ) v(dzx)

for some a € R, 8 > 0 and v a measure on (0, 00) such that [~ 2?/(1+2?)v(dz) is
finite. The function v is called the branching mechanism of the CSBP, and we see in
particular that a CSBP is characterized by a triplet (a, 8,v). This fact can also be
seen from the Lamperti transformation which makes a one-to-one correspondence
between CSBP’s and spectrally positive Lévy process killed upon reaching 0, see
Lamperti [26] and Caballero et al. [11].
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Renormalization of GW processes in varying environment. In this paper,
we want to extend some of the above results to the case of GW processes in varying
environment. In the case of random environment this corresponds to adopting a
quenched approach. In terms of evolution or population dynamics, it can be mo-
tivated both by slowly fluctuating conditions for the population and major catas-
trophes. The last one will correspond to non-critical environments. So now, for
each n > 1 the process Z(™ is a GW process in varying environment (Hin,i > 1)
with p;,, the reproduction law in the ith generation. Hence for ¢ > 0 we have the
recursion

Zz@l = Nfﬁ) +o Tt Ninz)i(n)
where the random variables (Ni(f,z),i, k > 0) are independent and Ni(_r,z) has distri-

bution y; . By analogy with the renormalization of GW processes, a natural way

to renormalize the sequence (Z(”)7 n > 1) is by considering Zé") = n, an onto and

increasing function ~,, : [0,00) — N and by defining the process X,

(e
Xo(t) = ﬁzin)(t), t>0.

In the GW case we had ~,(t) = |¥,t] for some sequence (¢,), but in general
we need to consider more general functions ~,. Indeed, in varying environment
consider the case where for each n > 1 the environments are first all equal to
some reproduction law pl and then take the constant value pu2. If (ui,n > 1) for
each i = 1,2 corresponds to a sequence of GW processes with speed (9%), then it
is natural to take the function -, equal to the integer part of a piecewise linear
function, which first takes slope 9. and then 9¥2. Then (X,,) would converge to a
process X which can informally be described as a “piecewise CSBP”| i.e., X would
be a CSBP with some branching mechanism ' for some time after which it would
behave like a CSBP with some other branching mechanism 2.

Related results. The asymptotic behavior of GW processes in varying environ-
ment has been thoroughly studied in the finite variance case, see for instance Keid-
ing [24], Kurtz [25] or Borovkov [10]. One of the simplification in the finite variance
case is that the speeds of finite variance GW processes are all the same, and equal
to n (to be more precise, the time and space scales need to be the same, and equal
to 1/(1— p,,) with p,, the mean of the offspring distribution). In particular, there is
a natural way to speed up those GW processes, namely by considering the natural
choice 7, (t) = |nt], which turns out to be a good candidate.

In the finite variance case, X,, converges to a branching diffusion (also called
Feller diffusion) in varying environment, which may have positive or negative jumps
at a fixed time. Getting a general extinction criterion in this case is a challenging
problem. In contrast with the case of constant environment, the average behavior
of the process, given by the drift part, does not lead to the good criterion because
of possible important variations. We refer to Section 3.2 for the explicit criterion
in the Feller case.

Moreover, in random environment, we can observe different speeds of extinction
in the subcritical case. This phenomenon is well-known in the discrete case, see,
e.g., [15, 20]. We refer to [8] for first results in the continuous framework, more
precisely for branching Feller diffusion in random environment.
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Besides time-inhomogeneous branching diffusions, more general time-inhomogeneous

branching processes appear in the related literature on superprocesses. Dynkin [12]
has built superprocesses whose mass X, which satisfies the branching property,
obeys through their Laplace exponent u(s,t,A) = —logE(e=*¥®) | X (s) = 1) to
the equation

u(s, t,\) = )\—|—/ (z,u(z, t, \)) K (dx),

where K is some o-finite measure and (¢, \) is a time-varying branching mech-
anism, i.e., for each t > 0 the function (¢, -) is a branching mechanism with
characteristics (o, Ot,v¢). These processes do not allow for explosion, but this
was allowed by El-Karoui and Roelly [13] via martingale method when K (dt) =
dt. We can say that these processes are characterized by a triplet of measures
(e K (dt), B K (dt), v K (dt)) which are in some sense all absolutely continuous with
respect to one another, since they are all absolutely continuous with respect to
K. The processes that we consider are slightly more general, since we will indeed
characterize our limiting objects by a triplet of measures, but that need not be
absolutely continuous with respect to one another.

In the time-homogeneous setting, K is Lebesgue measure. The absolutely contin-
uous component part of K represents the infinitesimal evolutions while its singular
part represents times of catastrophes, corresponding to non-critical environment:
the mass makes a sudden jump. Jumps at a fixed time may occur when the mea-
sure K has an atom. Note that Dynkin [12] builds superprocesses starting from
continuous-time, discrete state-space branching systems. Starting from continuous-
time processes allows to get rid of many technical difficulties that we have to deal
with. But our focus is different, since we want to understand the asymptotic be-
havior of GW processes in varying environment.

Organization of the paper. In Section 2 we set up the framework and notation
and state the main results. Theorem 2.1 gives a sufficient condition for convergence
in the sense of finite-dimensional distributions, while Corollaries 2.4 and 2.5 give
criteria for almost sure absorption or explosion. Before proving these results, we
examine in Section 3 their relevance. We first compare the criterion obtained to
known optimal conditions obtained by Grimvall [19] in the time-homogeneous case.
We then specify the convergence of GW in varying environment with bounded
variance. We finally look at the case of branching processes in random environment.
In Section 4.1 we give an outline of the proof of Theorem 2.1 and an intuitive
explanation of the dynamics satisfied by our limiting processes. The rest of Section 4
is then devoted to the proof of Theorem 2.1, while Corollaries 2.4 and 2.5 are proved
in Section 5.

2. NOTATION AND MAIN RESULTS

2.1. General notation. For each n > 1, we consider a Galton-Watson process
in varying environment (Zi(n),i > 0). We fix the space scale equal to n while the
time scale is allowed to vary over time. For n > 1, we consider a non-decreasing,
cadlag and onto function 7, : [0,00) — N (here and elsewhere, N = {0,1,...}
denotes the set of non-negative integers). We then define the renormalized process
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(X, (t),t > 0) via the following formula:

X, (t) = —Z(”) t>0.

(1)’

Since Z(™ is a branching process, for each A > 0 and z,4,5 > 0 with i < j, one
can write

E [exp (—)\Zj(n)) | Zl-(n) = z} = exp(—zvn (i, 4, A))
for some function v,,. Then one can check that for any A\, z,s,t > 0 with s <,
E[exp (—AX, (1)) | Xn(s) = z] = exp(—zu,(s,t,\))
where u,(s,t,A) := nv, (v (s), Yn(t), A\/n). The Markov property implies the fol-
lowing composition rule: for any 0 < t; <o <t3 and A > 0,
(]—) un(t17t37>\) :u’n(tlvt27un(t27t37>\))'

For ¢ > 0 and n > 1 we note ¢ = inf{t > 0 : v,(t) = i}, so that v,(t}’) = ¢ by
right-continuity of v, p;, the offspring distribution of generation ¢ in Z (n), Vin
the measure on R with support included in [—1/n,o0) defined by

Vinla,b] :==np; nna+1,nb+1], —1/n<a<b,

and «; p, B the two following (finite) real numbers:

1‘2

x
Qi 1= Vin(dz) and G;, ::/ ———V; n(dx)
/[ 1/n,00) 1+‘T2 [—1/n,00) 2(1+I2)
which can be rewritten in terms of the (u;,) as follows:

oo

> k 1 Z‘” k2
al,n = 1 + (k/n)z ,ul,n{k + } a’nd ﬁz,n QTL = 1 + (k/n)z ,uz,n{k + }

From now on let B denote the Borel subsets of R. For n > 1, let «,, and 3,, be
the measures on R with support included in (0, c0) defined by

an Z]]-{t"GA}O% 1,n and ﬂn Z]]-{t"GA}ﬁz 1,n, A€ B,

i>1 i>1

and let v, be the measure on R? with support included in [~1/n,00) x (0, 00)
defined by
n(Ax B) =Y lyrepVi-1n(A), A, B €B.
i>1

Then the integral v, (f) of a positive function f : R? — [0, o0) is given by

-y / @ i1 n(de).

i>1
From now on we identify any signed measure « with its corresponding cadlag
function of locally finite variation, see for instance Chapter 3 in Kallenberg [23], so
we note indifferently a((s,t]), a(s,t] or a(t) — a(s) for 0 < s < t. In particular,
since a, {0} = $,{0} = 0 and ¢ < i < v,(t) one can rewrite
In(t)—1 Tn(t)—1

an(t) = an(0,t] = > ain and Bu(t) = B,(0,1] = Z Bim, t >0,
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where from now on we adopt the convention ZZ = 0if b < a. We write |a| for
the total variation of o, and in particular it holds that | [ fda| < [|f|d|a| for any
measurable function f. Note that one has [a,|(A) = > ;51 Ligmeay|ai—1,al.

2.2. Main result. The main result of the paper, Theorem 2.1 below, relates the
asymptotic behavior of the sequence (X,,) in the sense of finite-dimensional distri-
butions to the asymptotic behavior of the triplet (a,, B, vyn). Typically, we aim at
controlling Laplace transforms of the kind

E (exp (—M Xp(t1) — - — M Xn(t)) | Xn(0) = 1)

with \;,¢; > 0. Because of the Markov and branching properties, this boils down
to study the convergence of E(e *»(®) | X, (s) = x) with s < t (see the proof of
Corollary 2.3). This latter is equivalent to the convergence of the Laplace exponent
Up,.

So we need to study the process X,, between time s and ¢. In general, we may
run into complications if in this time-interval there is a bottleneck which sends
the process to 0. Indeed, remember that we are considering GW processes in
varying environment, and so even if most offspring distributions are well-behaved
(near-critical) nothing prevents a catastrophic environment to occur from time to
time. This is in sharp contrast with standard GW processes, where all offspring
distributions are near-critical.

Such a bottleneck can potentially create a problem of indetermination. Because
CSBP’s may not be conservative, i.e., they may explode in finite time. Then an
indetermination of the kind co x 0 can arise if our time-inhomogeneous process first
explodes and then goes through a bottleneck. This indetermination is especially
difficult to interpret since the pre-limit GW processes cannot explode in finite time.
In Theorem 2.1, we first focus on the case where between time s and ¢ the process
does not go through any such bottleneck. The remaining cases are analyzed in
Corollaries 2.4 and 2.5.

To formalize the above idea, we introduce for ¢ > 0 the following time p(¢):

(2)  p(t):=sup {s <t: hn(l)liminf ir[lf ]]P’ (Xn(t) > | Xn(v)=1) = O}
e—0 n—oo wve[s,t

with the convention sup @ = 0. Intuitively, p(t) is the time of the last bottleneck

before time ¢. Hence by definition, for s € (p(t), ¢] there is no bottleneck between

time s and ¢t. It prevents the process from being absorbed a.s. and enables us to

study the asymptotic behavior of w,(s,t, ).

Theorem 2.1 (Behavior on [p(t),t]). Let « be a cadlag function of locally finite
variation, B be an increasing cadlig function and v be a measure on R? with support
included on (0,00) x (0,00) such that v((0,00) x (0,t]) < +oo for every t > 0.
Assume that

(AL an(t) = a(t), [anl(t) = |al(t), Ba(t) — B(2)
and vy ([z,00) % (0,t]) — v([z,00) x (0,t])

as n goes to infinity, for every t > 0 and every x > 0 such that v({z} x (0,t]) = 0.
Assume moreover that

(A2) O"yn(t),n - a{t}v 67n,(t),n - ﬂ{t} and V’yn(t),n[mv OO) - I/([l’, OO) X {t})
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as n goes to infinity, for every t such that either a{t} # 0, {t} # 0 or v((0,00) X
{t}) # 0 and x such that v({z} x {t}) =0.
Then for every t,\ > 0 and s € [p(t),t], there exists u(s,t,\) such that

Hm  wu,(s,t,\) = u(s,t,A).

n—-+o0o
Moreover, for any t > 0, o{t} > —1, f(o 00) X (0.1] (1A 2?) v(dzdy) is finite and
B{t} = 0 where

2
~ x
Bt:ﬂt—/ ————v(dz dy).
(¥ (¥ (0,00)x (0,4] 2(1 + %) ( )
Finally, for all fixed t,\ > 0, the function s € [p(t),t] — u(s,t,\) is the unique
cadlag solution of the backwards differential equation

(3) u(s,t,)\):)\-l—/

(s,t]

u(y,t, Na(dy) — / (uly, 1, 3))*B(dy)

(s.]

+ / 1 — e~ 7u(yt,A) _ M v(dx dy)
(0,00) % (s,1] 1+ a2

such that inf,c[, g u(v,s,\) > 0 for every p(t) < s <t.

Remark 2.2. The assumption (A2) can be relaxed by replacing v, (¢) by an integer
in(t) such that ty 4y < tandt? ) —t. Then only the proof of Lemma 4.8 needs
minor modifications.

The assumption (A1) on the finiteness and convergence of |a,| is used several
times in the proof, in particular to make the solution of the backward differential
equation converge via Lipschitz properties. Another approach [8, 25] allows to deal
with infinite variations for «, but as far as we know, it is restricted to the finite
variance framework and drift functions with infinite variation. Theorem 2.1 can be
extended to get the convergence of the finite-dimensional distributions.

Corollary 2.3. Let x,t >0, s € [p(t),t], [ >1,s<t; <--- <ty <tand \; >0

fori =1,...,1. Then under the notation and assumptions of Theorem 2.1, we
have
REIEOOE (exp (=M Xn(t1) — - = A Xn(tr)) | Xu(s) =2)

= exp(—zu(s, t1, A1 + u(ty, to, Ao +u(- -+ ,u(ti—1,tr, A1) -+))))-

2.3. Behavior on [0, p(¢)]. Theorem 2.1 describes the asymptotic behavior of X,
on [p(t),t]. As discussed before this theorem, if s < p(¢) then between time s and
t the process goes through at least one bottleneck that potentially sends it to 0,
which may cause an indetermination of the kind oo x 0. To avoid this problem, we
treat two special cases of interest.

Non-absorbing case: there is no bottleneck, so that p(t) = 0 and Theo-
rem 2.1 provides a picture on [0, ¢].
Non-explosive case: the process cannot explode, so that it is absorbed at
0 if it goes through a bottleneck and u(s,t,A\) = 0if s < p(t).
Corollary 2.4 provides a sufficient condition to be in the non-absorbing case,
intuitively it should be enough that the average of each offspring distribution is
bounded away from 0. On the other hand, Corollary 2.5 provides two sufficient
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conditions to be in the non-explosive case, one comes easily in terms of tightness of
a suitable family of random variables and one, more demanding but more explicit,
in terms of boundedness of first moments.

We emphasize that the following result holds with significantly weaker conditions
than the conditions (A1) and (A2) needed for Theorem 2.1.

Corollary 2.4 (Non-absorbing case). Lett > 0. If
(4) lim inf  P(X,(t) >e| Xn(s)=1) >0,

e—0 n>1,s€[0,t]
then p(t) = 0. Moreover, for (4) to hold it is enough that the two following condi-
tions hold:
'Yn(t)
sup | | [(t) + Bu(t) + n=? Z 1in{0} | < oo
n21 i=0
and for every a > 0,

an
lim inf inf kup; {k} | > 0.
n—-oo <0§i§%(t> kz_;) Hind }>
Roughly speaking, the second assumption ensures that u; , is not too close to
do. It avoids the almost sure absorption in one generation. Note that the condition
on the sequence (n=2 3272 ;. {0}) is satisfied as soon as (n~2y,(t)) is bounded.
This is always the case in the constant environment case, where the fastest speed
v (t) = |nt] is given by the finite variance case. This property seems to hold more

generally, and it holds in the examples we study in Section 3.

We turn now to the problem of explosion. We know from the GW case that
explosion may occur at a random time and we refer to Grey [18] for necessary
and sufficient conditions. We specify a sufficient condition that guarantees that
explosion almost surely does not occur; it is related to a first moment condition,
which is also common in the GW case. Then Theorem 2.1 can be extended to the
time interval [0, ¢].

Corollary 2.5 (Non-explosive case). Fiz A\,t > 0 and assume that the assump-
tions (A1) and (A2) of Theorem 2.1 hold. If

(5) lim sup P(X,(v) > A| X,(s)=1)=0,

A—o0 n>1,v€[s,t]
for all s < t, then liminf,, o un(s,t,\) = 0 for every s < p(t). Moreover for (5)
to hold, it is enough that

sup / || (dz dy) | < +oo.
n>1 [=1/n,00)x(0,t]

2.4. Assumptions (A1) and (A2), triangular arrays and processes with
independent increments. The assumptions (A1) and (A2) are reminiscent of
conditions for the convergence of non-infinitesimal triangular arrays, see for instance
Theorem VII.4.4 in Jacod and Shiryaev [22]. Relationships between the convergence
of GW processes, triangular arrays and Lévy processes are well-known.

Grimvall [19] established general necessary and sufficient conditions for the con-
vergence of GW processes in terms of some triangular arrays of rowwise i.i.d. ran-
dom variables, see the introduction. Moreover, Jacod and Shiryaev [22] investigated
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the relationship between convergence of triangular arrays and the convergence of
processes with independent increments. To a large extent, the two are are equiv-
alent. Thus combining these results in the time-homogeneous case, we see that
the convergence of a sequence of rescaled GW processes is equivalent to the con-
vergence of corresponding Lévy processes. But this result can actually be directly
obtained via time-change arguments, see, e.g., Helland [21] or Ethier and Kurtz [14,
Chapter 9].

Our conditions (A1) and (A2) suggest that triangular arrays could play a role
for the convergence of GW processes in varying environment; in view of Jacod and
Shiryaev [22] this suggests in turn that processes with independent increments could
also be interesting objects to consider. If this intuition turns out to be true, the
time-homogeneous case suggests that the most efficient way to link GW processes
in varying environment to processes with independent increments would be via
time-change arguments. Nonetheless, it does not seem straightforward to extend
the Lamperti transformation to the time-inhomogeneous case.

3. EXAMPLES AND APPLICATIONS

The goal of this section is to play around with the assumptions of Theorem 2.1.
We apply this result to several motivating situations, namely GW processes (Sec-
tion 3.1), GW processes in varying environment with bounded variance, leading to
Feller diffusions in varying environment and with possible jumps (Section 3.2), and
finally GW processes with random, i.i.d. environment (Section 3.3).

Some of our limits will be CSBP. To identify CSBP within the framework of
Theorem 2.1 we will use the following lemma. For a € R, b > 0 and 6 a measure on
(0,00), we call Z the branching mechanism with characteristics (a, b, ) the function

satisfying
Az
1422

Z(N) = a\ — b2 +/ (1 —e M@

We say that a CSBP has characteristic triplet (a, b, 8) if Z is its branching mech-
anism.

) 0(dx), A > 0.

Lemma 3.1. Fiza € R, b >0 and 0 a measure on (0,00). Let Z be the branching
mechanism with characteristics (a,b,0), i.e.,

Z(\) = aX — bA% + / <1 —e

For A > 0 let uy be the unique function satisfying uy(t) = )\—|—fg E(ux(y)) dy for
allt > 0. Then for each t,\ > 0, the function u; x(s) = ux(t — s) satisfies (3) for
all 0 < s <t with the following choice for o, § and v: «(t) = at, B(t) = bt and
v(A x (0,t]) =t0(A).

AT

_ 1+2> 0(dz), A > 0.
x

Proof. We prove that u, » satisfies (11): we have

/(s,t] u A (y)a(dy) — /(S,t] (ue(y))?B(dy) +/ h(z,uex(y))v(de dy)

(0,00) X (s,t]

= [Cust =iy [ttty [ [ b - oy
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which is equal to fgis E(ur(y))dy = ux(t —s) — A = ug a(s) — A. This proves the
result. (]

3.1. Convergence of GW processes. In this subsection we consider standard
GW processes, so that for fixed n > 1 the offspring distributions (p; ., > 0) are
all equal. In particular we have a,(t) = v (t)ao.mn, |an|(t) = ()| aonl, Bu(t) =
Yn(t)Bon and v, (A x (0,t]) = yn(t)vo,n(A). Note that |ay,|(t) = |a,(t)| and so we
can focus on a,,, B, and v,.

Intuitively, in the homogeneous case it is natural to consider ~,(¢) linear in ¢
because the dynamics stays constant over time (this could be rigorously justified).
So we write y,(t) = [Unt] for some real-valued sequence (¥,,n > 1) going to
infinity.

In this case, the assumption (Al) is equivalent to assuming that the functions
a, B and v([z,00) x (0, -]) are linear in ¢ and that

(AT) Ypapn — a(l), 9,00, — B(1) and Vv, ([z, 00)) — v([z,c0) x (0,1])

as n goes to infinity. In particular, the assumption (A2) is automatically satisfied.
We can summarize this as follows.

Corollary 3.2. In the GW case, if the assumption (A1’) holds then the sequence
(X)) converges in the sense of finite-dimensional distributions to a CSBP with
characteristic triplet (o, 5,v).

The question is whether this is optimal, i.e., if X, converges in the sense of finite-
dimensional distributions, does (A1’) necessarily hold? Grimvall [19, Theorem 3.4]
has proved that (X,,) converges in the sense of finite-dimensional distributions if
and only if some triangular array converges; combining this with Theorem 1 of § 25
in Gnedenko and Kolmogorov [16], we obtain the following result.

Theorem 3.3 (Theorem 3.4 in [19] and Theorem 1 of § 25 in [16]). If (X,(1))
converges in distribution to a random variable X (1) with P(X (1) > 0) > 0, then
there exist 0 > 0 and a measure voo on (0,00) such that

(6) hr_{_l 19711/0@(’[}, OO) = VOO(U? OO)

for every v > 0 with vo{v} =0 and

2
(7)  lim limsup ¢ 9, / v?vg n(dv) —n~t / vy p (dv)
=0 n—qoo [v]<e lv|<e

= lim liminf { 9, / 1221/077,,(0111) —n7t / vV (dv) = o2,
e—=0n—+oo lv|<e |v|<e :

Conditions (6) and (7) are sufficient for (X, (1)) to converge in distribution to
X (1) with X a CSBP, see Theorem 3.1 in Grimvall [19]. So assuming that (X, (1))
converges in distribution, we see that (6) gives the last part of (Al) concerning
the convergence of v, ([x,00) x (0,t]). Hence it remains to see whether (7) implies
Ipaon — a(l) and 9,060, — B(1), i.e., whether (7) implies

. x ) z?
ngr_{_loo (ﬁn/l_’_lefo,n(dx)) =a(l) and nkr_{}m <0H/MVO,7L(d$)> = B3(1).

This holds in the case of Feller diffusion, whereas the general case is left open.
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Lemma 3.4. Let 9, = n. If (X,,) converges in the sense of finite-dimensional
distributions to Feller diffusion, then (A1’) holds.

Proof. When (X,,) converges to Feller diffusion and ¢, = n, then (6) and (7)
become equivalent to

n/vuom/(dv) — a, n/vQyom(dv) — b and n/ V2V (dv) — 0
v>€e

n——+oo n—-+4oo n—-+oo

for some a,b € R and all ¢ > 0, see for instance Chapter 5 in Gnedenko and
Kolmogorov [16] or Theorem 3.2 in Grimvall [19]. Hence to show that (A1’) holds
it is enough to show that

)=

lim (n
n—-+o0o
|U|k+2

'Uk k
/myom(dv) —/v Vo,n (dv)

for k =1 or 2. We have
/71 e Vo,n (dv) — /v Vo,n(dv)

and since vg ,,(—00, —1/n) = 0, we get for any € > 0

<n

n Vo,n(dv)

1402

|,U|k+2 n—k:—2 Uk+2 Uk:+2
n Vo.n(dv Sni—l—n/ ——— 1y np(dv +n/ — 1y (dv
R Y P Tt R A ety

< n k1 + Ekn/v2l/0,n(dv) + TL/ U2V()a"(dv)'
v>€

Hence
ok
I:Lril)il;g (n /muo’n(dv) — /vkyo’n(dv) ) < kb
and letting € — 0 gives the result. O

3.2. Feller diffusion in varying environment. We prove here that GW pro-
cesses in varying environment, converge to Feller diffusion in varying environment
with possible jumps at a fixed time, provided reproduction laws have bounded vari-
ance. This result is closely related to Kurtz [25]. Contrarily to [25], we assume
here that « has finite variations, but we have weaker moment assumptions and
no regularity required for 3. This gives a generalization of convergence of GW to
Feller diffusion to the case of varying environment which is recalled in the section
dedicated to GW case. We note that the limit process may jump at fixed times.
These jumps are multiplicative and may be negative. We refer to [6] for Feller
diffusion with multiplicative jumps coming from biological motivations: the jumps
correspond to cell division event where only a fraction of parasites is inherited by
each daughter cell. The results given here allow to extend the large populations
approximations [6] for the parasite population dynamic.
We denote by
n 1 n
2
M = kzzokul’n{k} and Mi, = o ];O(k 1% o {k}.

We give here conditions to ensure that (X,,) converges in the sense of finite-
dimensional distributions on [p(¢),t] to a process with Laplace transform described
by Theorem 2.1 with v = 0.
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Proposition 3.5. Assume that there exist a cadlag function o with locally bounded
variations and a non-decreasingcadlag function (B such that for every s > 0, a > 0,
as n — oo,

Lnt]
© 3 (i — L min — 1 My, g fan, o0)) — (@(0),lal(0), 5(0),0)
i=0
We assume also that for every t > 0 such that oft} # 0, m,, 1., — 1 "= a{t}.
Then, ( is continuous and for all t > 0, s € [p(t),t] and X\ > 0, u,(s,t,\) —
u(s,t,\) as n — oo, where u is the unique solution of the backward differential
equation (8) associated to the triplet (o, 3,0). More explicitly, we have then

u(s,t,\) = (exp(—a(s,t]))\_l + /( q exp(—a(s,y])ﬁ(dy)) )

where

a(t) =a(t)+ Y [log(l + afs}) — a{s}].

s<t

Under the assumptions of the Proposition above, (X,,) converges in the sense
of finite-dimensional distributions to a process denoted by X, which is a Feller
diffusion in varying environment whose Laplace exponent is u. Letting A go to
zero and ¢t — oo in the explicit expression of u obtained above yields directly the
following asymptotic result.

Corollary 3.6. For every s >0, P(X; >0 | X;=1) — 0 as t — oo if and only if

/( explasuhdsly) = oc

Let us comment these results. The explicit expression of u given above can be
guessed in several ways. It can be seen from the discrete expression u,, and explic-
itly obtained by computing composition of linear fractional probability generating
function, see the proof of Lemma 5.2. Also, considering the Laplace exponent of
Feller diffusion whose coefficients are constant on successive time intervals and going
through the limit gives another intuitive proof of this expression.

Moreover, we note from the proof below that (8) is equivalent to

an(t) = a(t),  lon(@)] = lal®),  Ba(t) = B(t),  vn([a,00) x (0,8]) — 0.

We have seen in Section 3.1 that this is the optimal condition to have convergence
of GW processes towards Feller diffusion. It is satisfied soon as the second moments
of p; , are uniformly bounded.

Proof of Proposition 3.5. First, we use Theorem 2.1 with ~,,(t) = |nt] to prove that
for any s € [p(t),t] we have u,(s,t, ) — u(s,t,A) with v is the unique solution
of the backward differential equation (3) associated to the triplet («,3,0). Since
vn([a, 00)%x(0,t]) = Z}Z? N [an, 0o) we get by assumption v, ([a, 00) % (0,t]) — 0.
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Moreover for a € (0,1), as x/(1+ 22) is bounded by some C for z > —1/n, we have

i <1+(2/n)2 — 1> kpn{k + 1}

k=—1

‘ai,n - (mi,n - ]-)| S

+ Z <1+ W +k/\n>um{k+1}

k=an
< (1= 1/(1+a®))lmin — 1+ (C + Dvn(la, 00) x (0,1]).

Hence the two sequences (., (1)) and (m., ) ,) must have the same limit,
and since m., (), — aft} by assumption we obtain o (), — a{t}. Moreover,

summing over i, using sup,,» ZL"” |min — 1| < oo and letting a — 0, we get

[nt] [nt]
lim max Z(mi’" —1) — an(t)], Z [min — 1] = lan|(@)] | =0

n—-+oo
=0 =0

and so the assumptions yield a,(t) — «a(t) and |ay|(t) — |a|(t). Similarly we use
that 22/(1 + 22) is bounded by C’ for z > —1/n so that for a > 0,

oo n

_1)2
|ﬂi,n ]\/[z n| 21 Z Mﬂz,n{k} - % Z(k - 1)2Ni,n{k}
k=0

<11/ +a),- > (= Uni} + 1+ 1gva(t,fa,00)).
Then, summing over i, we obtain similarly as before 3, (t) — £(t) and v, ([a, c0) x
(0,t]) — v([a,0) x (0,t]) for every t > 0 and a > 0. It remains to prove that g is
continuous to obtain the assumptions (A1) and (A2) of Theorem 2.1 and complete
the proof of the convergence of u,, to the unique solution of the backward differential
equation (3). To see that, we observe that

1 o0 k 2 an ,
Bin = — 2 5 i, nik} < 72|k— i n{k} + C'npy pfan + 1, 00)
2n =1+ (k—1)2%/n =

< 5[1 +min] + C'ng nlan + 1, 00).

Using that m; ,, is bounded for ¢ < 7, (t) and n > 0 and that y; ,[an + 1, 00) goes
to zero uniformly for ¢ < ~,(¢) by assumption, we deduce that 3, , goes uniformly
to zero as n goes to infinity by letting a go to zero.

Let us specify now the value of the limit u(s,t, A) of u,(s,t,A) on [p(t),t]. We
use that a and (3 have locally finite variations, so the same hold for s — a(s, t] and
s— I(s f(s 9 exp(—a(s,y])B(dy). Thus we can simply check by integral compu-
tatlons on functions with finite variations and possible jumps that the function G
defined

s — G(s) = F(a(s,t],1(s)), with  F(x,y) = [exp(—z)/\ +y]*

satisfies

(9) Gls) = A+ /( (Gt + [ G a)
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For that purpose, we distinguish if s is an atom of « or not to get
dI(s) = —exp(—a(s, s])B(ds) + [exp(—a(ds)) — 1]I(s) = —B(ds) + x(ds)I(s)
where x(ds) = exp(—a(ds)) — 1, ie. x(s) = —a(s)+ >, [o{s}+1/(1+afs}) —1].
Similarly, we compute the jumps of G :
Gls} = I{s} + [exp(—afs}) — 1] exp(=a(s, t])/A
[exp(—a(s, t])/A + I(s)][exp(—a{s}) exp(—a(s, t]) /A + I{s} + I(s)]
_ [exp(=a{s}) = 1][I(s) + exp(=a(s, t])/A]
exp(—afs})]lexp(—a(s,t])/A + I(s)]?
= —a{s}G(s)

and get the same jumps as (9). Finally, we note that

3£ _ exp(—x) -2 (9£ o _ -2
o (&Y) =~ [exp(=2)/A + ] a9 (z,y) = —lexp(—z) /A +y] "
and derive dG outside the jumps via
oF  _ oF , _
dG(s) = —5-(als, 1], I1(s))a(ds) + o9 ——-(a(s,t), I(s))dI(s),
to get (9) and conclude the proof. O

3.3. Scaling of GW processes in random environment. The most popular
model for GW processes in random environment is when the environments are i.i.d.
It has been introduced in [29] and extended to stationary ergodic environments
by Athreya and Karlin [3, 4]. We want to study the case where we are mixing J
sequences of GW processes with speeds (97). Our main goal is to gain insight into
the correct speed =, of the obtained time-varying GW process.

We recall that we work here in the case where drift functions have finite variation;
a more general setting has been studied in the case when offspring distributions have
finite variance, see, e.g., Kurtz [25]. In this case, the GW processes which are mixed
all have the same speed. To the best of our knowledge, the following results when
mixing GW processes with different speeds or mixing GW processes with the same
speeds but with infinite variance are new. For safe of simplicity of the statements
and the proofs, we restrict ourselves to a finite number of environments which occur
in an i.i.d. manner, but our approach could be extended to more general cases.

3.3.1. Notation and assumptions. In the rest of this section we fix some integer
J > 2. For each j = 1,...,.J, we consider a sequence (Z("7) n > 1) of GW
processes with correspondmg sequence of offspring distributions (an > 1) and
speed (97 ,n > 1).

We note ag’n, ﬁén and Vg,n the numbers and measure defined similarly as «; ,,
Bin and v;, but with wl instead of i, and similarly with the functions and
measures o, (7, and v}, (with in addition [9),¢] instead of v, (t)). We assume that

n?

there exist o 6 R 37 > 0 and a measure 1/ such that as n — +oo, for any ¢,z > 0,
ol (t) — tad, BI(t) — 37 and vi([x,00) x (0,t]) — t? [z, 00)).

In particular, the assumptions (Al) and (A2) are satisfied for the jth sequence
of GW processes (Z(™7) n > 1) with speed (97,), which converges to a CSBP with
characteristics (a/, 57, 17).
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We now consider the case where we are mixing these J GW processes in the
simplest way. To do so, we assume that for each n > 1, the offspring distributions
(fim,i > 0) defining Z(™ are i.i.d. with y;, = p, with probability p? > 0. Let
ng,n be the number of times the jth environment has been chosen among the k
first generations in the nth branching process, then we have conditionally on the
environment

Yn (t)— J J

_ i Palt)
a” Z Qin = ’yn (1), n®0,n = ZN"/n(t),n |_’l9j tJ O/gn(f)

j=1 j=1
where Nfcn = N,fn/(kpj) Note that the law of large numbers suggests that

Nin(t),n ~ 1, an approximation to which we will come back shortly. We get simi-
larly

J
Z ’ynt) pJ’Yn()IB (t)

| 9ht]
and
L Pl
l/n([fE,OO) X (Oat]) = ;N’yn(t),n I_ﬂzltj Vn([xﬂoo) X (Oat])

To satisfy the assumptions (A1) and (A2), we need the almost sure convergence
of ay, Bn and v, and so we need to build the processes Z(") on the same probability
space. A way to do so is to consider 7% = 0, 7/ = pl + .- +pi for 1 < j < J,
(U;,i > 1) a sequence of i.i.d. random variables uniformly distributed on [0,1] and
to let

er Z]]-{ﬂ'7 1<U;<mi}-

Then NV, ,zn does not depend on n and the strong law of large numbers immediately

implies that for every ¢ > 0, Wi—n(t)’n = Wi"(t) — 1 almost surely, as n goes to
infinity.

3.3.2. Around ,,. When we observe X, in [0,¢] we see in average p’~, (t) times the
jth environment. For the jth GW process to evolve significantly, we need to observe
it over on the order of at least 97 generations. Hence if 7, (t) < 9, for each j, then
we expect X, to have not evolved at all. On the other hand, if v, (¢) > ¥/, for some
j, then we expect the jth GW process to have already reached its terminal value.
This latter case can be subtle, but this shows that when mixing environments, the
speed that dominates is the speed of the “fastest” GW process, i.e., the GW process
with speed 9} = min; ¢/, (we call it the fastest because this is the GW that needs
to be sped up by the smallest speed). The following simple result captures this
intuition.

Lemma 3.7. If sup,,~; (7.(t)/9;,) < 400, then

lim |, (t Z P =0

J
n——+oo = 19n

for every t > 0, and similarly with ||, 8 and v.
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Proof. The result is obvious for ¢t = 0, so consider ¢ > 0. We have
P o ~ Pt)
= N
MO YT
; R tJ ! ;

i Ot ()
Y (t) W'szﬂ t

-

1 n

J

Py (t)
i

<

-

1

J

t
< sup <%()> X max | —
>1 \ Uk 1<5<J

which goes to 0 as n goes to infinity since the first term of the last upper bound

i Ot ()
N’Yn(t) J
[nt] ¢

is finite by assumption, o/ (t)/t — o’ also by assumption and N’v @t — 1 by
construction. This proves the result.

In particular, the assumption (A1) holds with all limits «, 8 and v being degen-
erate (null) when ~,(t) < 9% for each t > 0. In the following subsection we will
investigate more interesting cases, when the limit is not degenerate, but before that
let us discuss a natural choice for ~,,.

When the environment in the ith generation is equal to p?,, it is natural to want
to locally speed up time by 9 between the times ¢? and ¢7,,; this amounts to
choose %(t) in such a way that ¢7',; — ¢! = 1/9J, if p; , = p,. This leads to define
Vi =99 if p; , = g, and to consider the function

k
10(:( ) mf{ > 1 Z

By definition,

loc (4y_1 loc loc
m,f 1 <t<'vn (t) 1 t<'yn (t) 1 s 1
par R T iz Vin T iz Vin Tee(t),n
and since
e (t) J NJ

Z 1 _ Z ’l;oc/(f) loc Z] Spec(

i=0 " =1

we obtain
. 10(:
lim
n—-+o0o

In other words, we have ~°¢(t) ~ I',,¢ for large n, where

3.3.3. Two extreme cases. We use this result to show convergence of X, in two ex-
treme cases, when all the speeds are equal or when in contrast one speed dominates
the others.
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Proposition 3.8 (Mixing of GW with same speeds). Assume that 93 = 9. for
all j = 1,...,J and let either v, (t) = |9Lt] or v, = 7°¢. Then (X,) converges
in the sense of finite-dimensional distributions to the CSBP with characteristics
(ij]a]7 ijjﬁja Zj pv).

Proof. Under the assumptions of the lemma, we have 97 = 9L =T, s0 v, (t) ~ 9Lt
as n goes to infinity. In particular, sup,,~; (v, (t)/9%) < +00 and Lemma 3.7 gives

J

Py (t) .

. _ . n J ) ]

nhrJrrl an(t)—nhT El T « —télzﬂa .
]: j:

Similar computations hold for |«|, 8 and v and so the assumptions (A1) and (A2)
hold with a(t) = (p'a® +- -+ pia’)t and corresponding linear functions for 3 and
v. Applying Lemma 3.1 gives the result. (]

Proposition 3.9 (Mixing of GW with different speeds). Assume that 9} < 97 for
loc

every 2 < k < J and choose v, (t) = [9Lt]| (resp. yn = 7). Then (X,) converges
in the sense of finite-dimensional distributions to the CSBP with characteristics

(prat,p'Bt,p'vt) (resp. (of, B',01)).

Proof. Under the assumptions of the lemma, we have ¥ = ¥. and 7, (t) ~ 9Lt
(resp. 1 (t) ~ ¥Lt/p!) as n goes to infinity, when 7, (t) = [9Lt] (resp. v, = 1°°).
Thus in both cases we have sup,, (v, (t)/9%) < 0o and so Lemma 3.7 gives

li t)= li :
Lpeonl) = Dm0 =y

when 7, (t) = [9Lt] and a,(t) — ta! when 7, = 4°¢. Similar computations hold
for |ay|, Bn and v, and we conclude as in the proof of the previous lemma. O

Remark 3.10. The above results could be extended to a more general case where
also the probabilities p/ = p/. are allowed to depend on n. If they don’t vanish, i.e.,
pl — p/ €(0,1) for each j = 1,...,J then the above results remain true. If p/, — 0
for some j, then what matters is not the speed 97, but the ratio 97 /pJ. Indeed, in
[0, ] we see in average p/. 7, (t) times the jth environment, which similarly as before
needs to be compared to 7.

3.4. Remarks on CSBP with catastrophes. Theorem 2.1 makes it possible to
study GW processes where only few offspring distributions are not near-critical.
The simplest example is given by taking all the p;,,’s equal to a critical offspring
distribution u,,, in such a way that the corresponding GW processes would converge
to a CSBP. Then one can change i, (+),» and take its mean equal to 1+a{t}. Then
(X,,) would converge to a process X which is a CSBP on [0,¢) and on [t,00) and
such that X(¢) = (1 4+ o{t})X(t—). Another way to create a discontinuity at a
fixed time is to take i, 4)n = (1 —1/n)do + (1/n)d, with §, the Dirac mass at a.
Again, (X,,) would converge to a process X which is a CSBP on [0,¢) and on [t, 00)
and such that X (¢t) = S(X(t—)) with (S(t),t > 0) a Poisson process. Theorem 2.1
allows accumulation of such fixed jumps; note that in both cases these jumps may
be negative, whereas time-homogeneous CSBP only have positive jumps.

Building up on these two simple examples, we expect in general that if X is a
Markov process, possibly time-inhomogeneous, satisfying the branching property
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and with a fixed discontinuity at time ¢ > 0, then there should exist a subordi-
nator Sy such that X (¢) = S¢(X(t—)). Indeed, preliminary results suggest that
the Markov property should imply the existence of such a process Sy, while the
branching property of X would force S; to be a subordinator.

4. PROOF OF THEOREM 2.1 AND COROLLARY 2.3

The following functions g and h will be used repeatedly in the sequel:

(10) gl ) = 1= 2T and ha. ) —g(x7)\)+2((1>\i)xg)

+ 22

Theorem 2.1 and Corollary 2.3 are proved in Sections 4.4 and 4.5. Before that,
we give an overview of the proof in Section 4.1, where we also introduce additional
notation. In Section 4.2 we establish preliminary results, used in Section 4.3 to get
uniform controls on u,: Lemmas 4.3 and 4.5 prove that u, is bounded away from
0 and infinity and Lemma 4.4 gives a control on the variations of w, (-, ¢, A). These
controls are used in Section 4.4 to prove Theorem 2.1 via Gronwall type arguments,
and in Section 4.5 to prove Corollary 2.3.

, € RA>0.

4.1. Overview of the proof and additional notation. Recalling the measures
«, B, f and v defined in the statement of Theorem 2.1 and the function A defined
in (10), one sees that (3) can be rewritten in the following form:

(11)  w(s,t,A) = )\+/

u(y,t, No(dy) — / (uly, £, X))*3(dy)
(s.1]

(s,1]
+ B, uly, £ N)w(da dy).
(0,00) x(s,t]
This expression will turn out to be technically convenient because of the behavior
of h(z,\) as x — 0. Roughly speaking, h(z, ) goes fast enough to zero as x — 0
to make get ride of the indetermination as n — oo and let the third term converge,

see Lemmas 4.8 and A.2. We now derive a similar dynamics for u,,. Define from
now on 1; , the function

1
2w = -atos (1o 1 [ (=) Azo
The functions v; ,, define the dynamics of w,, via the following recursion.

Lemma 4.1. Foranyn >1, A >0 and 0 < s <t, it holds that

'Yn(t)
(13) Un(s, ) = A+ Y Vi (ua(t] M),

i=yn(s)+1

Proof. By definitions of v, ,, and v,, we have v, (i,i + 1,A) = n=1; ,(n\) + A
Using the Markov and branching properties, we get the following composition rule:

v (8, k, A) = v (3, 4,0 (4, K, N)), 1 <j <k

and in particular,

1
Uﬂ(iajv )\)71]“(2‘4’1,]', >‘) = Un(ia L+]—7 vn(i+1aja A))*Un(l+1,j, /\) = ;wln(nvn(z+1v‘]a A))
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Since nvy, (Yo (t), Y (t), A/n) = A, this gives
Un (8,1, A) = nvn(n(s), Yn(t), A/n)

Tn(t)—1
=A+n > [onli, (1), A/n) — vn(i+ 1,0 (t), A/n)]
i=7n(s)
Yn(t)—1
=AM D Wi (i+1,7(8), A/n)),
i=7n(s)

which proves the result, plugging in the relation u,(s,t, \) = nv, (v, (s), v (t), A/n)
and recalling v, (t7") = 1. O

Let us now explain how to go from (13) to (11). Because of the factor 1/n,
under reasonable assumptions the term (1/n) [ (1 — e **)v;,(dz) appearing in
the definition (12) of v, should be small for large n. Then the approximation
—log(1 — z) = x for small  suggests that

Vin(N) ~ / (1—e ™) v n(de) = Aain — NBin +/ h(x, \)v; . (dz)
(0,00)
where the last equality follows from the definitions of o;,, 3;» and h. In combi-
nation with (13), this last approximation suggests that

un(57 ta )\) ~ >\+Z ]1{s<t?§t}un(t?7 ta /\)ai—l,n_z 1{s<t;’ <t} (Un(tzlv t, /\))Qﬂi—l,n

i>1 i>1

T % P / B, (7 £, A)) s 1.0 ()

i>1 (0,00)

which can be rewritten as follows, remembering the definitions of the measures «,,,
Orn and vy:

Un (8,6, A) = A +/

(1, Nt (dy) — / (1 (1 £, 1)) B (dy)
(5,8]

(s,t]

+ B, (g, \) o (d ).
(0,00) X (s,1]

This last approximation, combined with the convergence of the triplet («,, n, Vn)
to («, B, v) in the sense of the assumption (A1), suggests that any limit u(s, ¢, \) of
the sequence (uy,(s,t, \)) should satisfy the dynamics (11). Let us conclude this sec-
tion by commenting on the branching mechanism in the time-inhomogeneous case
and by explaining how to get the finite-dimensional convergence of Corollary 2.3;
this will be the opportunity to introduce additional notation which will be used in
the following sections.

In the time-homogeneous case, u is characterized by the branching mechanism
1 via the equation

u(t,\) = >\+/0 Y(u(z, N)) dz,

see the introduction for more details. In the time-inhomogeneous case, the new
dynamics (3) suggests that the branching mechanism becomes in some sense a
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measure-valued mapping. Indeed, defining for every measurable, positive function
f:]0,00) — (0,00) the measure ¥(f) via

_ _ 2
v = [gde [ pass [ b swiaray, Acs
we see that (3) can be rewritten as

(15) u(s, 6, A) = A+ T(ul-, £, N)((s,t]) = A+ /( . U(u(-,t,N)(dx).

In analogy with ¥, we also define for each n > 1 the measure ¥,,(f) as follows:

(16) \I/n(f)(A) = Z ]l{t:’ EA}qpi—l,n(f(t;L))’ A c 67

i>1
so that (13) becomes equivalent to
(17) Un (8,6, 0) = A+ U (un (-, 8, ) ((s,]).

Note that ¥ and ¥, have been defined for functions f : [0,00) — (0,00). In
the sequel, with an abuse of notation we will also consider ¥(f) and ¥, (f) for
functions f only defined on a subset of [0, c0), typically [p(t),t]. Then we will only
consider ¥(f)(A) or ¥, (f)(A) for Borel sets A which are subset of the domain of
definition of f.

Let us finally comment on the proof of Corollary 2.3. Thanks to the Markov and
branching properties, we have for any A;, A2 > 0 and s <t; <ty <t

B (eI | X (5) = 1) = E[em 0 OVE (200 | X 0) 1K) = 1]
) [e—xlxnm)e—Xn<t1>un(t1,t2,Az> | X (s) = 1}

and so
(18)
E (exp (7A1Xn(t1) — )\QXn(tZ)) | Xn(s) = 1) = exp (—un(s, tl, )\1 + un(tl, tg, )\2))) .

Hence to prove convergence of the finite-dimensional distributions, we need a
stronger result than the convergence u,,(s,t, \) — u(s,t, \) for fixed A, which is the
content of Theorem 2.1. Namely, we need to show that w,(s,t,¢,) — u(s,t,\) if
(£,) is a sequence converging to A. This explains why in Section 4.4 we will derive
such convergence results, which are stronger than what needed for Theorem 2.1.
However, because u,,(s,t, \) is increasing in A these stronger results will come almost
for free from the results for fixed A derived in Sections 4.2 and 4.3.

4.2. Preliminary results. Defining for z € R

e*—1+x —e T+ 1—2+2%/2
Dy (z) = — and ®y(z) = 5 ,
with ®1(0) = 1/2 and ®3(0) = 0, we can rewrite g and h, defined in (10), as
(19)

g(x,\) =

T

72

14 22

2

e (1—e ™ —X2®;(\x)) and h(z,\) =

(1— e+ X2®5(\2)) .
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Since limg_ 1o @1(x) = 0, & is bounded on [—C, +00) for any C > 0 and in
particular, the constant

&(C) = sup {
is finite. We have by definition
/ (1 - e”‘””) Vin(dz) = A + /g(ﬂﬂ7 AV n(dx)

and since |g(z, \)| < ¢} (C)z?/(2(1+2?)) forall z > —1 and 0 < A < C by definition
of ¢}, we get

2lg(x, A)[(1 + 2?)

:x>—1,0<)\<0}
T

(20) sup
0<ALC

< C|ai,n| + Cll (C)ﬁim < (C)un(t?7t?+1]

/ (1- e‘”) V; p(dx)
where from now on ¢, (C) = C + ¢4 (C) and p,, = || + Bn, i€,

pin(A) = |an|(A) + Bu(A), A€ B.

In Section 4.1 it is explained that one of the key step to prove Theorem 2.1 lies
in the approximation

Yin(N) = / (1= e ) v n(da).

To justify this approximation, we introduce in the sequel ¢; ,, the function such
that for any A > 0,

¢mn(A)::(1-re@n<A»l/‘@.—e—kw)ban<dxy

When [(1 — e )y, ,(dz) = 0, we set €;,(A) = 0. In the sequel, for n > 1 and
t,C > 0 we define the constant ¢, ,(C) as:

(21) 2 (C) = sup {lein(N)] : 0 < i < yn(t),0 < A < C}.

n,t

Lemma 4.2. Fiz t > 0 and assume that the two sequences (|ay|(t)) and (B,(t))
are bounded. Then for any C > 0, we have T, ,(C) — 0 as n goes to infinity.

€
n,t

Proof. Fix t and C > 0 and note

It c = sup { ‘/(1 — 67)‘“")1/7;7n(dz)

Then (20) entails

:1§n,0§i<’yn(t),OSA§C}.

Iic < c1(C)sup {un(t?, ] n>1,0<i< Wn(t)}

’Yn(t)_l
< c1(C)sup Z pn (85 ] | = c1(C) sup pn(t).
n>1 i—0 n>1

Since pin(t) = |an|(t) + Bn(t) the sequence (u,(t)) is bounded by assumption,
showing that I ¢ is finite. It follows from the definition of v;,, and €;,, that for
any ¢ > 0

_ —lg(1-4 /01

Ei,n()\) = _fikz)yi’n(dx)) — % (1 — ei/\m)yi,n(dx)

J(1 = e )y, (dz)




SCALING LIMITS OF GALTON WATSON PROCESSES IN VARYING ENVIRONMENT 23

and so
“log(1l — ) —
= ()< sup |z
’ |z|<Ir.c/n z
and the result follows by letting n — +o0. O

4.3. Uniform controls on u,. In the sequel for ¢, A > 0 we define the constant
(22) Ciy = sup{un(s,t,\) :n>1,0<s <t}
The following result ensures that u does not explode in finite time.

Lemma 4.3. Fiz t > 0 and assume that the two sequences (|ay|(t)) and (B,(t))
are bounded. Then for any A > 0 the constant ¢, is finite and moreover

sup{Ef:’)\:Ogsgt,)\gl}<oo.

Proof. In the rest of the proof fix ¢t and A > 0, note By = 2sup,,~; tn(t), which is
finite by assumption, and C; , = (A + 2)(1 + B;)ePt. Following Lemma 4.2 choose
ng x> 1 such that €, ,(Cy ») <1 for all n > ny 5. Since Zi(”) is finite for each ¢ > 0
and n > 1, it follows that SUPg<s<¢ Un(S,t,A) is finite for each n > 1 and so to
prove the result, it is enough to prove that

sup {un(s,8,A) :n >ny 5,0 < s <t}=sup {un(t?,tgn(t),)\) >, 0<i < Wn(t)}

is finite. In the rest of the proof fix n > n,  and note a; = wu, (t} ’tv ()’ JA). We
prove by backwards induction that a; < Cy  for all 0 < ¢ < 4, (t), and since the
bound does not depend on n or ¢ this will show the result. We have a,, ;) = A < Cy 5
so the initialization is satisfied. Now consider some 1 < i < ,(t) and assume that
ap < Cyy for all i <k < ,(t): we prove that a;_; < Ci .

Fix some i < k < 7,(t). By definition, we have

Untm(ar) = (1 + eo1n(ar)) (a +f g(m,ak>uk1,n<dx>> |

By induction hypothesis, it holds that ay < C; ». Combined with ¢}, ,(Cyx) <1
(since n > ny ), this gives 0 < 1+ ex_1,n(ar) < 2. Together with the inequality
g(z,y) < 22/(1 + 2?), which holds for all z,y € R because ®; > 0 by convexity,
see (19), we finally get

Yr—1m(ar) < (14 ex—1,n(ar)) (arlok—1n] + 20k—1,n) < 2(ar + 2)pn (th_1, 1]

Hence for any i — 1 < j < 7, (t), this gives together with Lemma 4.1 for the first
equality

Y (t) Y (t)
aj =A+ Z Vk—1,n(ar) <A+ Z (ar + 2)pn(ti_1, i)
k=j+1 k=j+1

This can be rewritten a;« <A+ S ifa, =ap+2, A= +2, di = 2u, (17, t}]
and Sy = dgaj, +-- -+ d%(t)afyn(t). This gives for j =i — 1

a; 1 <A+ Si=A+dia;+ Siy1 <A+ di(A+Sit1) + Sig1 = (1+di)(A+ Sig1).
Then by induction one gets

@iy < (I4di) - (Idy, 19-1)(A+S,, () < exp (di + -+ 4 dy, 1)) (At+dy, 1), (1))
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Since a’% 0 = A= 2andd,, ) < di+--+dy, ) = 2pn(t) < By, this shows that
a;—1 < Ct  which achieves the proof of the induction and shows that ciy < Ci -
This gives the finiteness of ¢}’ \. And since C} , is clearly increasing in both ¢ and
A, for any s <t and A > 1 we obtain ¢, < Cy1 which gives the second part of the
lemma. (Il

In the sequel for ¢, A > 0 we define A}, by

@) = (1m0 (e (eta)}) e
n>1

Note that A? A is finite in view of Lemmas 4.2 and 4.3 when the two sequences
(|on|(t)) and (B,(t)) are bounded.

Lemma 4.4. The inequality
[un (8,8, A) —un(s', 8, N)] < Af pn (s, §']
holds for all 0 < s < s <t and X > 0.

Proof. Let 0 < s <s'" <tand A > 0: Lemma 4.1 and the definition of ¢, ,, give

|un(8at? A) - un(8l7t’ )\)|

'Yn(sl)

< Z (1+|6i71,n(un t 1, /\ ‘/ —wun(t?,t,/\))l/iil’n(dx) .

i=Yn (s)+1

Recall the definitions (21) and (22) of ¢;, ,(C) and ¢, ;. Since 0 < ¢} < ¢ for any
0 < i < y,(t), we have u,(t]',t,A) < ¢y and in particular |e;—1 n(un(t]t,A))| <
¢,.1(Cy) for all v,(s) < i < 7,(s"). Using in addition (20) with C' = ¢}, we obtain

'Yn(sl)

‘un(sﬂtv)‘) - ’LLn(S/,t7>\)| S Z (1 +E;,t(éz/\)) cl(E?’/\),un(t?fl,t?] = Ag.,)\:un(svs/]
i:’)’n(s)"rl

which proves the result. (I
For t,A > 0, s <t and N > 1, define the constants

(24)
ceia(N) =inf {un(y,t,\): s <y <t,n>N} and Ny = inf{N >1:ci\(NV) > 0} .

The following result shows that wu,, is uniformly bounded away from 0 for large
enough n.

Lemma 4.5. Fiz t, A > 0. Then it holds that

p(t) = sup {s <t:liminf inf w,(v,t, ) = 0}

n—oo wveEls,t]

In particular, the function t — p(t) is increasing and Ny x is finite for every
s € (p(t), 1.

In the sequel, for t,A > 0 and p(t) < s < t we note for simplicity c{,, =
gg)td\(Ns,t,)\) which satisfies cin > 0.
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Proof of Lemma 4.5. For t; A > 0 define the two sets
S(t) = {s <t: lin%)liminf ir[lf ]IP’(Xn(t) >e | Xo(v)=1) = 0}
E— n—oo veE|s,t
and
S(t,A) = {S <t:liminf inf w,(v,t,A) = O}

n—oo ve(s,t]
so that p(t) = supS(t) and p(t,\) = supS(t,N). Fix in the rest of the proof
t,A > 0. Let s < t: the following statements are equivalent, which proves that
S(t) = S(t, ) and implies that p(t) = p(t, A) :
(i) liminf,, oo inf, s un(v,t,X) = 0;
(ii) there exist sequences (n(k)) and (vx) such that vy € [s, ] for each & > 1 and

kggloo n(k) = 400 and kllill}oo un(k‘)(vkat7 >‘) = 0;

(iii) there exist sequences (n(k)) and (vg) such that vy € [s,t] for each k¥ > 1 and
i - i —AX (k) (1) - ) =1:
kgrfwn(k) +oo and kETmE(e | Xy (vr) =1 1;
(iv) there exist sequences (n(k)) and (vg) such that vy € [s,t] for each & > 1 and
for any ¢ > 0,

klir+n n(k) = +oo and klirf P (X)) > e| Xy (vp) = 1) =0;

(v) lim. o liminf, o infyeps g ]P’(Xn(t) >e | Xp(v) = 1) =0.
The equivalence between (iii) and (iv) relies on the fact that both conditions are
equivalent to the following one: the sequence of random variables (X, (t), k > 1)

under P(-| X,,4)(vx) = 1) converges in distribution to 0. Let us also explain the
last equivalence. The condition (iv) implies that

liminf inf P(X,(t) >¢| X,(v)=1)=0

n—oo veE[s,t]

for every € > 0, which is stronger than (v). Now, assuming that (v) holds, one can
find sequences (n(k)), (ex) and (vx) such that vy, € [s,¢] and

kEI—iI-loon(k) = +00, kEr-&{loo er =0 and kETwP (Xn(k) (t) > ex |Xn(k) (vg) = 1) =0.

Then the sequences (n(k)) and (vy) satisfy (iv) since for any € > 0,
P (Xn(k) (t) > e | Xn(k)(vk) = 1) <P (Xn(k)(t) > Ep |Xn(k)(vlc) = 1)

for k large enough, since ¢ — 0.

We now prove that p(-) is an increasing function. Let ¢’ > ¢: we will show that
S(t, ¢ ) C S(t', ), which proves that p(t) < p('). So consider s € S(t,¢ ),
ie, s <t with liminf, . inf,cfsqun(s, 6, ) = 0. Then s < t/, and the
composition rule (1) together with the monotonicity of u,, in \ give

Un (8,8, X) = up (s, t,un (8,8, 0)) < Un (8, )
which entails

liminf inf 0 < liminf inf 4T ).
ﬁTi&uéﬁ,tq“"(s )—ﬁﬂ&véﬁt]““’(s )

Since this last quantity is equal to 0 this proves that s € S(¢',\) and gives the
result.
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Finally, the fact that N, » is finite when p(t) < s < t follows readily from the
fact that

lim ¢, \(N) =liminf inf w,(v,t,N).

N—+o0 n—oo vels,t]
The result is proved. O
4.4. Proof of Theorem 2.1. We now use the results of Sections 4.2 and 4.3 to
prove Theorem 2.1. The main idea is to use Gronwall type argument. We will
use Gronwall’s lemma in the backwards form of Lemma 4.6, while Lemma 4.7
establishes a sort of Lipschitz property of ¥ needed to use Gronwall’s lemma. In a

similar vein as the following lemma, we refer to Lemma 3.2 in Dynkin [12] which
states and proves a particular case of this result to construct superprocesses.

Lemma 4.6 (Backwards Gronwall’s lemma). Let u and R be non-negative, cadlag
functions and let ™ be a locally finite measure. If

u(s) < R(s) + / w(z)r(dz)
(s,1]
holds for all 0 < s <'t, then for all 0 < s <t we have
u(s) < R(s) + e™=1 R(z)m(x).

(S,t]
Proof. Tt follows the proof of Dynkin. By induction

u(s) < R(s) +/( .

5)+i//."'/ls<sl<32<~-<si§tR(5i)7T(d51)'"W(dsi)

s, N(gut] s,
*Z o T > (i)
(

7r s, 1]t
)+ Z A(s;) 7(2 0 m(ds;)

(s,t]

R(Sl) + /( . ’LL(SQ)TF(dSQ)‘| 7T(d81)

< R(s) + exp(p(s, 1)) ( t]A(w)ﬂ(dw)Jren(s,tw\)

where €,(s,t) yields the rest of the Taylor expansion of the exponential function :

En(S; t) <C R(x)ﬂ—(dx)w n—oo 0.

(s,t] n:
This completes the proof. O
In the rest of this section, we assume that the two assumptions (A1) and (A2)

of Theorem 2.1 hold and we consider the measures «, § and v given there. Recall
that p, = |an| + B, and define analogously p = |a| + 3, in particular we have

(25) Jm g () = p(t).
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Define also the measure g by

2
~ xT
,00) X

For 0 < n < T define the constants co(n,T) and c3(n,T) as follows:

h(l’, y) B h(l’, y/)
(y —y")z?/(1 4 2?)

(26) co(n,T)= sup and c3(n,T) =1+ T + ca2(n, T).
n<y,y’<T
0<z

Note that these constants are monotone in 1 and 7.

Lemma 4.7. For any 0 < n < T, the constants c2(n,T) and c3(n,T) are finite.
Moreover, for any A € B we have

22
(27) /(07OO)XA mu(dm dy) < B(A)

and in particular the measure i is o-finite. Finally, for any measurable, positive
functions f1 and fo and any A € B, we have

B ~ WA < o (inf A foosuw o+ 5w 72 ) [ 1 = fld
A A A

Proof. Let 0 < n < T and n < y,y <T, and fix x > 0: the constant ca(n,T) is
finite because
h(xa y) B h(xa y/)
(y—y")x?/(1+ 2?)
with H(y) = h(z,y)(1 + 22)/2%. One can compute H'(y) = re Y% + y®; (yx) and
0

sup |H'(v)],
n<v<T

1
sup |H'(v)] < = sup(ve™) + T'sup 1 (v)].
n<v<T M v>0 v>0
This upper bound being independent of =, we get the finiteness of ca(n,T), and
hence of c3(n,T). As for (27), we have

/ 2 ded )@/ [z, 00) x A)d
Oooyxa 20+ a2) T o ) (a2 R A

(i) o
~ ooy (T+27)2 lim inf v, ([, 00) x A)dz

(iii)

). a? 2 A
Phimint [ S myvadedy) S i (6,(4)
using Fubini’s theorem for (i) and (iv), the assumption (Al) for (ii) (using also
that the set {z : v({z} x A) > 0} has zero Lebesgue measure), Fatou’s lemma
for (iii) and finally the definition of v, and 8, for (v). Since p = |a| + § this
implies the o-finiteness of p. Consider finally f; and fs two measurable, positive
functions, A € B and let n4 = inf4 fi Ainf4 fo and T4 = supy f1 + supy fo: then
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by definition (14) of ¥ we have
WA = WA < [ 1= fldlal+ [ 172 - a5
A A

+ / Ih(, f1(4)) — b, fo(y))| v(de dy).
(0,00)x A

Using |f2 — f3] = |f1 — f2|(f1 + f2) and plugging in the constant cz, we obtain

W) (A) — B(f)(A)] < /A i — faldla + Ta /A o = faldB
2

ea(asT) / 1) — f()]

X
——v(dxdy) < 03(71A,TA)/ |f1 — faldpn
J(0,00)x A 1422 A

with Ty = supy fi+supy fo and na = inf4 fiAinf 4 fo, which was to be proved. O

Before finally turning to the proof of Theorem 2.1, we state an intermediate
result whose long and tedious proof is postponed to the appendix.

Lemma 4.8. Fiz t,\ > 0 and consider any sequence (¢,) with {,, — A. Forn >1,
let R, be the function

Ru(s) = 1@t (-, £)) (5, 8]) = W(an( -1, 6)) (s, 8])], 0< 5 < ¢
Then R, (s) — 0 for any p(t) < s <t and sup{R,(s) : 0 < s <t,n > 1} is finite.
Theorem 2.1 is now a direct consequence of Lemmas 4.9 and 4.10.

Lemma 4.9. Fiz t,\ > 0 and a sequence ({,,) with ¢, — X\. Then for any s €
[p(t),t], the sequence (u,(s,t,0,),n > 1) converges and the function

u:s € [p(t),t] — hIJIrl Un (8,1, 0n)

is the unique function satisfying the following properties:
(1) u(s) = A+ U(u)((s,t]) for all p(t) < s <t;
(2) u is cadlag;
(3) infisyyu >0 for any p(t) < s < t.

From this lemma, one sees in particular that for any s € [p(t),t], the limit
of the sequence (uy(s,t,£,),n > 1) depends on (¢,) only through its limit, i.e.,
if (¢/,,n > 1) is another sequence with ¢/, — X then lim, o un(s,t,4,) =
limy, 4 oo Un (8,8, 20,).

Proof of Lemma 4.9. In the rest of the proof fix ¢, A > 0 and (¢,) a sequence con-
verging to A. Let ¢ = inf,,>1 ¢, and L = sup,~; ¢, and assume without loss of
generality, since £, — A > 0, that ¢ > 0. To ease the notation, note in the rest
of the proof p = p(t) and u,(s) = un(s,t,4,) for 0 < s < ¢. We decompose the
proof in four steps: first we prove that the sequence (u,(s),n > 1) is Cauchy for
any s € (p,t], then that it is Cauchy for s = g, then that u satisfies the claimed
properties and finally that it is the only such function.

Before beginning, note that everything is trivial if p = ¢, because then u,(s) = ¢,
and U(u)((s,t]) =0 for any s € [p,t]. Hence in the sequel we assume that p < t.
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First step: (un(s)) is Cauchy for s € (p,t]. In the rest of this step fix s € (p,1]
and for s <y <t define R, (y) = |Un(un)((y,t]) — ¥(un)((y,t])|. Then (17) gives
for any s <y <t and any m,n > 1

un(y) = tum(y)] < Rn(y) + Rn(y) + ¥ (un) (v, 2]) = @ (um)((y, t])] -

Lemma 4.7 gives

(v,t] (y:t] (1] (y,t]

[P (un) ((y, t]) — U(um)((y,t])] < cs (inf Uy A Inf u,,, sup u, + supum> / [ty — U | d2.
(y,t]

Since the function u,(s,t,\) is increasing in A, we have for any y € [s,t] and
n > Ny ¢ (recall that N, is defined in (24) and is finite by Lemma 4.5)

Un(y) = Un(yatvfn) > un(y,t,g) > iI[lf un(v,t,f) > QZ,t,Z > 0.

€ls,t

Similar monotonicity arguments lead to u,(y) < ¢y, for any y <t and n > 1,
so that monotonicity properties of cs(n,T) in n and T give for n,m > Ny 4 »

0 1t ) (5 ]) — W (ot ) (0 )] < 5 (V0. 220, /( it

We finally get the bound
[ (9) — ()| < Bu9) + Ronly) + c/( Tt~ ] 4
y,t

with C' = Cs 101 = c3(ci ;4,26 1), which holds for all s <y <t and all n,m >
Ns t¢. Thus Lemma 4.6 implies for those n,m

i (5) — ()] < Rn(5) + Ron(s) + CeCFls1 / (R + Ro) dji
(s5,1]

so that for any ng > Ny ¢,

Sup  [un () — ()] < 2 sup (Ru(s)) + 207 sup / Rodfi ) .
n,m>ngo n>ng n>ng (s,t]

Lemma 4.8 combined with the dominated convergence theorem shows that the
right hand side of the above inequality goes to 0 as ng — +oo which proves that
the sequence (u,(s),n > 1) is Cauchy and completes the proof of this first step.

Second step: (un(p)) is Cauchy. For any p < s’ < t, Lemma 4.4 entails
[un (9) — tum(9)] < [un(p) = un(s")] + [tm (9) = um ()] + [un(s") — wm(s)]
< QA?,Z%M”(@’ 3/] + [un(s") = um(s")|
< 2A11:L,L,un(@v 5/] + |un(3/) - Um(S/)|
using for the last inequality that ¢, < L and that A}, is increasing in y, as can be

seen directly from its definition (23). Hence for any ng > 1,

sup  |un(9) — tm ()| < 2A% L sup pn(p, 8T+ sup  |un(s’) — um(s)].

m,n>ng n>ngo m,n>ng
By (25) and the fact that (u,(s')) is Cauchy by the first step since p < s’ <, the
right hand side of the above inequality goes to 2A¢  u(p, s'] as ng goes to infinity.
Since p(p,s’] — 0 as s’ | p, letting s' | o shows that (u,(p)) is Cauchy.
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Third step: properties of u. Let from now on u denote the function of the statement
and consider s € [p,t]. First note that the second property follows readily from
the first one, so we only have to prove the first and third ones. Assume first that
5 > . We have seen in the first step that for any s <y <tand n > N5,

0 <cgre < unly) ¢ < +oo.

Since u,(y) — u(y) for s <y < ¢ by definition of u, u also satisfies ¢y, , <
u(y) < ¢y, for s <y < t. In particular the third property inf[, ;u > 0 is satisfied.
Let us now show the first property, still in the case s > p. Plugging in (17), we get

u(s) = A = W(u)((s,t])] < fuls) = un(s)] + [Vn(un)((s,t]) = W(un)((s, t])]
+ [0 (un) (s, 1]) — W (u)((s,t])]

Since both u,, and u are bounded uniformly on [s, ] by c¢, , and ¢}, Lemma 4.7
gives with similar arguments as in the first step

) () = W (5, )] = s (e 2282) [ o — i

and finally, we have for n > Ny,
lu(s) = A = W(u)((s, t])] < [u(s) = un(s)| + [Wn(un)((s,t]) = ¥ (un)((s,t])|

+ s (o 260 1) / [up — uldt.

(s,t]

Let now n go to infinity. The first term of the above upper bound goes to 0 by
definition of u(s); the second term goes to 0 by Lemma 4.8. Finally, the last term
also goes to 0 using the dominated convergence theorem. Thus u satisfies the first
property for s > p.

To extend this for s = @, we proceed as in the second step and consider any
p < s <t then |uy(p) — un(s")| < AY ppn(p, s'] and taking the limit n — +o0
gives |u(p) —u(s')| < Af pu(p,s']. Letting s | o shows that u(s’) — u(p). On the
other hand, it is plain that A+ ¥ (u)((¢,t]) = A+ ¥ (u)((p, t]) and so u satisfies the
first property for all s € [p, t]. It remains to show uniqueness in order to complete
the proof.

Fourth step: uniqueness. Now let us prove uniqueness: let u be a function with the
same properties. Then Lemma 4.7 gives

fu(s)=i(s)| = |9 (u) (s, 1)) — (@) (s, 6)] < s ( A g+ sup a) | u-dn
85 s,t (s,t]
and we conclude that u = u using Lemma 4.6 (note that supy, ,  is finite because
u is cadlag). O
Lemma 4.10. For anyt >0, a{t} > —1,
2
st} =

x
————v(dzdy) and 1 A 2?) v(de dy) < +oc.

(0,00)x{t} 2(1 4+ 2?) (0,00) x (0,¢] ( )

Proof. The first assertion is a trivial consequence of Assumption (A2) since o, >

—1 for every i > 0 and n > 1 and the last assertion on f(o 50) % (0.1 (1 A 2?) v(dz dy)

readily follows from (27). Let us now prove the result on 3{t}. First, note that the
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equality must hold by (27) when {¢} = 0, so assume in the sequel that 8{t} > 0.
In particular, the assumption (A2) implies that 8,{t} — G{t}.

For every 2 > 0 such that v({z} x {t}) = 0, v,, ) n[7, 00) converges to v ([, c0) X
{t}) by Assumption (A2). Then for any d > 0 with v({d} x{t}) = 0, we get by weak
convergence of probability measures (since all the measures restricted to [d, co) have
finite mass) and the dominated convergence theorem

x? x?

2 I _ o .
(28) b0 (dooy 2(1+ 22) Vo ()0 (dT) = /(d’oo)x{t} 20 +x2)u(da: dy)

On the other hand, we have

' x? 1 =l
——Vy, (ty.n(dx) < (d+ )/ (1) (dT)
/[l/n,d] 14+ 22 7 ), (C1/nd 1+ 22 Vo (t),m

and from the definition of a, (;),, We see that

=l / z 2/n
n dx) = n dz) + ———— n 1
/[1/nd] 1+ 22 Yy (8), (dx) —1/md] 1+ 22 Y (1), (dx) 1+ (1/n)2 Vv ( { /n}
2n?
S a"/n(t)fn + 1 +n2

using that v, ) ,{—1/n} < v, )n(R) = n for the last inequality. Since the
sequence (0w, (+),,) is bounded (since oy, (#)5| < |an|(t +1) for n large enough and
la|(t + 1) — |e|(t + 1)), say by some constant C, we obtain

n—-+4oo .

2
x
lim su —V n(dx) < Cd.
p/[ \md 1+ 22 yn (1), L( )

Letting d — 0 gives

2

x
lim lim — n(dz) =0
ey :Lﬂigg/[ 1/na 1+ 2 Vo (0 ()

which combined with (28) gives

x? z?

lim PP n(dz) = lim 91 L 12)
n=t00 J[_1/p,00) 2(1 + 22) V(@) (d2) =0 J(d,00)x {1} 2(1 + 2?)

/ (s dy)
= ——v(dx dy).
(0,00)x {t} 2(1 + 22)

Since 26,{t} = [2?/(1 4+ 2®)v,, 4),n(dx) and (B,{t} — B{t} this proves the result.
(I

v(dz dy)

4.5. Proof of Corollary 2.3. We now prove Corollary 2.3, solet t > 0, p(t) < s <
t,I1>1, \;>0fori=1,...,] and s <t; <--- <ty <t. For simplicity we treat
the case I = 2, the general case following similarly but with more computation. We
must show that

nBIme (exp (7A1Xn(t1) — )\2Xn(t2)) | XW(S) = 1) = exp (7?,6(5, tl, )\1 + U(tl, tg, )\2))) .

Since p is an increasing function by Lemma 4.5 and p(t) < s < t; <ty <t we
get

p(s) < p(t) < p(t2) < p(t) <s <ty <tz <t
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In particular, p(t2) < t;1 < t2 so Lemma 4.9 implies that w,(t1,t2,\2) —
u(ty, ta, A2). Also, p(t1) < s < t; so Lemma 4.9 implies that

hm Un(S,tl,)\l —+ Un(tl,tg, Ag)) = U(S,tl,)\l —+ U(tl,tg, )\2))

n—-+o0o

which proves the desired result using (18).

5. PROOF oF COROLLARIES 2.4 AND 2.5

5.1. Proof of Corollary 2.4. We first show that (4) implies that p(t) = 0. Re-
member the definition of the set S(¢) introduced in the proof of Lemma 4.5:

S(t) = {s <t: gigélilnigfvg[lsfﬂp (Xn(t) > | Xn(v)=1) = 0}
so that p(t) = sup S(¢). By monotonicity, either S(¢) is empty or it is an interval
containing 0. The condition (4) implies directly that 0 ¢ S(t), so that S(t) = 0
and by convention p(t) = 0. In the rest of this subsection we show that the two
other conditions of Corollary 2.4 imply (4). Note that under the assumptions of
the following lemma, Lemma 4.3 ensures that ¢}, < +oo and so min(1/¢},,1) > 0.

Lemma 5.1. Fiz t, A > 0 and assume that the two sequences (|a,|(t)) and (8, (t))
are bounded. Fix some 0 < a < min(l/éﬁ/\,l) and forn > 1 and 0 < i < ,(t)

define the two following quantities:
Qip =14 (1 + € (un (tiy 1,1, /\)))/[ ) ]ﬂsz‘,n(dl")
—1/n,a

and

Bi’n = (1 + ei,n(un(tgﬁrl,t,)\)) / 22v; (dx).
[=1/n,a]

Then there exists ng = ng(t, A\, a) such that for all n > ng and all 0 < i < v,(¢),
U (6,1, ) > Qs nun (1,1, N) — Bi,n(un(t?+1vta A)?
and also
Qin > 12 (lain] +a  Bin + pin{0}/n?), Bin < 4min(a(l + ain), Bin)-

Proof. By Lemma 4.2 let n; , > 1 be such that 1+¢;,,(y) € [0,2] for all n > n; 5, y <
1/aand 0 < i < 7,(t). By definition we have 1; ,(y) = (1 + €, (y)) [ (1 — e7¥") v ,,(dz)
and since 1 —e™% >z — 22 for all x > —1 we obtain for every n > n;,, y < 1/a

and 0 <14 < v, (%)

xV; p(dz) — y2/

[0,a]

Gin() = (11 €in(y)) <y /[

—1/n,a]

x2uq;7n(d:c)> .

This yields the first inequality of the lemma using the equality

un(t7, 6, A) = up (t?+17 t,A) + Yin (un(t?+1» t, )
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that stems from Lemma 4.1 and the fact that u, (¢ ,t,A) < ¢, < 1/a for all
n > 1 and i < y,(t). Moreover,

€z T
in(dz) > (L4 1/n? R —— L vin(d
/[—1/”#]:”/, ( x)i( " /n )/[—1/71,0] 1—|—I2y7 ( x)+/[07a] 1—|—aj2ya ( l‘)

T
Z ‘/[ Y | ml/ln(dl') - uz,n{O}/n2

T . x? 5
> vin(dz) —a Vin(dz) — p; n{0}/n
- (

1/n,00) 1+ 22 a,00) 1+ 22
> Qi —a” Bin — pin{0} /0.

This gives the second inequality of the lemma whereas the last one comes from
1+ a2 <2if —1/n <z < a, which gives
2 2|
2V, p(dx) < 2max(a, 1/n)/ V; p(dx)
/[—1/n,a1 [1/na) L+ 27

xT
< 2max(a,1/n) | 1+ ——Vin(d < 2a(l + ain),
< 2max(a /)( /[l/n’a]Hva,(x)) a1 + @)

for n large enough and every i < 7,(t). Together with €;,(u,(t,1,%,A)) € [0,2]
this completes the proof. (I

Lemma 5.2. Let (b;,i > 0) and (¢;,i > 0) be two sequences of respectively positive
and non-negative real numbers such that there exist e, M > 0 such that b7 —c;b;M >
€ for every i > 0. If a non-negative, finite sequence (w;,0 < i < I) satisfies
w; > Wip1b; — w?ci and w; < M for every 0 < i < I, then for every 0 <i <1,

1 I-1 -1
;> [ —rit | )
ne <w1 ! +Z P

k=1
where 6, = ¢y /b3, Fﬁ_l =1 andf§- = HZ:j Vi for j < i, with v, = (1+cxM?/€)/by.

Proof. In the rest of the proof note p = ¢, M?/e and for x < M let
2
2 xr
ri(z) = ¢ 5——.
L( ) ’ b12 — bicix
Since by assumption b? —bijc;M > € we have b? —bjc;x > efor all x < M and
so r; is increasing and positive on (—oo, M]. In particular, we have r;(x) < r;(M)
and since by assumption 7;(M) < ¢?M? /e we obtain r;(z) < p; for all i > 1 and
x < M. Moreover, one can check that r; satisfies

-1
bix — c;x? = bz (1 +7ri(x) + le) .
K3

The left hand side corresponds to a Taylor expansion with rest r;(z). We can
compose it recursively thanks to the stability of homographies. This kind of tech-
niques is used in the study of branching processes in random environment with
linear fractional offspring distribution. Since r;(z) < p; we obtain from the previ-
ous equation for any z < M

—1 —
i 1+ p; i

bix — cix? > bix 1+pi+£x =0b; +p+c—
b; x b;
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In particular, since by assumption w;1 < M and w; > w;+1b; — w?c; we obtain

1 ) N\ T
w; > wiy1b; — w?ci > b; T pi + G
wiy1 by

By backwards induction one immediately sees that w; > vy; for all 0 < i < I,
where v7 ; = wr and

~1

1 . .

'Ul.i:bi< +pz+cz> , 1> 0.
’ vrit1  bs

The definition of vy ; gives rise to the backwards recursion vy ; = v;Ur ;41 + 6; with

= 1/v;, from which one easily deduces that 7;; = vy, IFI 1 —|—Z[ ! Fk 1§,. This
concludes the proof. O

We can now combine the two previous lemmas to obtain the following result
which yields the Corollary.

Lemma 5.3. Fizt, A > 0 and assume that

Tn t)

Cy = ﬁlifl) |05n‘( ) + ﬁn -2 Z i, n{o}

is finite. Assume also that there exists € € (0,1) and ag > 0 such that
an

Z kuz,n{k} > €
k=0

foralln>1, a <ag and 0 <i < ,(t). Then (4) holds.

Proof. Fix in the rest of the proof ¢t and A > 0 and let C; be as in the statement of
the lemma. Let a; > 0 be defined as follows:

. ao 1 1 € Ct
a = min ) 7u 5 Ly —yy ’ .
A 27 ¢, 166, (1+C) 1+

Remember the quantities @, and Eln defined in Lemma 5.1. Since by definition
agy < min(l/E}f,/\, 1), this lemma guarantees the existence of ns » such that for all
n>mngy and 0 < i < ,(t),

Un (ﬂlv t, /\) > a/i,nun(t?-i-lv t, )‘) - ﬁi,n (un (t?-l,-h t, /\))2

and also

Qip>1—-2 (|ai,n| + a{,iﬁi,n + Mi,n{o}/nQ) ) Bi,n < 4min (ar (1 + in), Bin) -

By definition of C} we have «; ,,, 8; , < C; for any i < 7, (t) and so

@)

dmin (ag (1 + i), Bin) <4min(agx(1+ Cp), C) = 4dagz(1 4+ Cy) < =
t, )\

This gives Bi,nz?,)\ < 62/4. On the other hand, we have

ag an+1

/ xV;p(de) = Z Epin{k} — pin[0,aran +1] > € — 1.
[=1/n,a¢,7] k=0
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Consider now any n > 0 such that 1+ (1+7)(e—1) > ¢/2 and using Lemmas 4.2
and 4.3 let ny x, such that €, (u,(t7,1,t,A)) € (=n,n) for all n > ny 5, and all
0 <i < p(t). Then

Qi =1+ (1 + €i,n(un(t?+1vta )‘))) / xVip(dr) > 14+ (1+n)(e—1) > ¢€/2
[~1/n,a]
and so
2w~ A~ N e(e e)_2
. — R A— o A R SR (R .
(al,n) Ct,Aal,nﬁz,n Qi n (az,n Cty)\ﬁz,n) =35\3 1 € /8
Then we can apply Lemma 5.2 to the sequence w; = u(t}',t,\) with M =7¢},,
€=¢%/8,bj=0a;, and ¢; = an We get at i = v,,(s)

-1
"/n(t

1 (0=
(29) wn(s, t,3) > | ST2070 + Z =)0
k=vn(s)
where 0p = ¢/b3, [77' = 1 and '} = Hz:jfyk for j < i, with 4 = (1 +
8ci,M?/€?)/by. Using 1 + x < e® we obtain for j <i

i i
. 8CkM2
I <exp | — E log ay; | exp E 3

8 €
k=j

Since ¢, = Bk,n < 40k, we have ZZ:j ¢ < 4Cy for any i < 7,(t) and so

_ 320, M?
I () S exp Z log Qg | exp (;) s 1< Yn(t).
k=~(s)

Let ¢ > 0 such that log(z) > c.(x — 1) for all ¢/2 < z < 1, so that logzx >
ce(x —1)" forall z > ¢/2, with 2= =z if 2 <0and 2= = 01if z > 0. Since
Qkn > €/2 we obtain

log (k) = ¢ (@kn — 1) = e (=2 (lain] + 6 3B + pin{0}/n))

Hence for any j < i < 7,(¢t) we have Zj;:j log(Qk,n) > —2¢¢(2 + a;i)C’t and so
for any k < ~,(t) we obtain

Fv (s) < exp (2c6(2 +a, A)C}) exp (32C,M? /¢ )-
Plugging this into (29) we obtain

Y (t)—1
un(s,t,A) > exp (—206(2 + a;)l\)Ct — 320tM2/62> —+ Z Ok
k= "/n(s)

Using Q. > €/2 and ZB;”L < 4C; we obtain Z"(Wt ) 0 < 4e=24C, which
finally proves that

n—-+oo \ 0<s<

liminf( inf u”(s t )\)) > 0.

In view of Lemma 4.5 this proves (4), hence the result. O
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5.2. Proof of Corollary 2.5. Assume now that (A1) and (A2) hold. Assume first
that (5) holds, we must prove that liminf, . u,(s,t,A) = 0 for every s < p(t).
Fix until the end of the proof t,\ > 0, and imagine for a moment that we would
know that

(30) lim < sup un(s,v,)\)> =0

A—=0 n>1,v€[s,t]

for every s < t. Then, for every s < p(t), Lemma 4.5 guarantees the existence
of sequences (n(k)) and (vi) such that v, € [s,t] for each k > 1, n(k) — oo and
Up (k) (Vk, t, A) — 0 as k — +o0. Then, the composition rule (1) shows that for every
kE>1,

Un (k) (87 tv )‘) = Un(k) (Sa Uk Un (k) (Uk7 ta A)) < Sup[ | Un (57 U, Un (k) (Uk7 ta )‘)) .
n>1v€E[s,t

Since wy ) (v, t, A) — 0 as k — +oo, (30) implies that u, ) (s,t,A) — 0 which
shows that liminf, . u,(s,¢,A) = 0. We now show (30) using (5). So in addition
to t and A, fix until further notice s < ¢. Then for any n > 1, v € [s,t] and A > 0
we first write

1—e (30N — 1 F (exp(=AX,(v)) | Xn(s) =1) < 1—e MAP(X,(v) > A| Xn(s) = 1)
which gives 1 — e (50 <1 — =M 1 £ (A) with
fsi(A) = sup P(X,(v)>A|X,(s)=1).

n>1,v€[s,t]

In particular, u,(s,v,A) < —log (67)“4 — fsJ,(A)) which entails

sup  up(s,v,\) < —log (e*)‘A - fst(A)) )
n>1,0€(s,t]

This proves (30), letting first A — 0 and then A — 400, since fs:(A) — 0 by
assumption. We now assume that

sup / |2|vn(da dy) | < +oo
n>1 [=1/n,00) % (0,t]

and we prove that this implies (5). Fix s < ¢: by Lemma 4.3 there exists a finite
constant Cy such that u,(s,v,\) < C; for all v € [s,t] and A < 1. Further, by
Lemma 4.2 there exists n; such that |e; »,(y)] < 1 for any n > ny, y < C; and
i < v,(t). Finally, invoking Lemma 4.1 and using 1 — exp(—Az) < A|z| for x € R
and A\ > 0, we get

Tn (t)

Un(5,t ) A2 3wt 0) / @it (da) = A2 / (£, N (dy)
i=ym (5)+1 [—=1/n,00) (s,t]

with v, (dy) = f[_l/n 00) |z|vp (dz dy). Then v, is a o-finite measure and Lemma 4.6
implies that

Un (8,8, A) < X+ Ay (s, t]e (51,
This shows that

sup  up(s,v,A) <A (1 + Un(s,t]e;’b(s’t]) — 0.
n>1,v€(s,t] A—0
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To see that this implies (5), we write for any A > 1
1— efun(s,'u,l/A)

P(X,(0) <A| Xn(s)=1) <P (1 e WA S e | Xo(s) = 1) <17

APPENDIX A. PROOF OF LEMMA 4.8

A.1l. Preliminary lemmas. This appendix is devoted to the proof of Lemma 4.8.
We begin with two preliminary lemmas. Recall that p = |a| + 8.

Lemma A.1. For anye >0 and 0 < s < t, there exists a partition of the interval
(s,t] as

J K
(s:t] = | J(ay,05] | U (U(%ﬁk])
j=1 k=1
such that p(aj,b;] < e for each 1 < j < J, {bj,1 <k < K} = (s,t]Nn{u>0:
p{u} > e} and p(al,, b)) <e/K for each 1 <k < K.

Proof. As p(0,t] is finite, we can define K and the (b)) such that {b},1 < k <
K} = (s,f] n{v > 0 : p{v} > €}. By left-continuity, for each b} one can choose
bi,_y < aj, < by, such that p(ay,b},) < e. The result follows since one can partition
(b ay41] into (m¢) such that pu(my, me1 1] < € since by choice of b), and ay, (b}, aj, ]
does not contain any atom of u,, of size € or larger. (|

Lemma A.2. For anyt >0,

im i |z : 3
lim lim sup/ Vp(dx dy) = lim ———y(dzdy) =0.
=0 n—too J-1/md)x (0] 1 + 22 =0 J0,ax (0.4 1 + 2
Proof. We have
|z[? z?

: 1
P aean < (5 +a) | T (drdy)
/[1/n>d)X(0,t] 1+ 2 n [—1/n,d)x(0,t] 1+ 22

1 z?
- (+d>/ ——— v, (dz dy)
n [—1/n,00)x(0,¢] L+

and this last term is equal to 2(1/n + d)3,(t). Since B, (t) — B(t) we get

. |z?
lim sup/ v (dx dy) < 2d5(t)
1/md)x (0. 1+ 22

n—-+oo

and since this last bound goes to 0 as d — 0 this proves the first part of the lemma.
The result for v follows along the same lines, using (27). O

A.2. Proof of Lemma 4.8. In the rest of the proof fix t, A > 0, p(t) < s < t, (£,)
a sequence converging to A and note u,(y) = u,(y,t,£,). With these notation, we
have
Ry(y) = [Wn(un)(y:1]) — U(ua)((y, t))], 0<y <t

Let ¢ = inf,>1 ¢, and L = sup,>; ¢, and assume without loss of generality,
since £, — A > 0, that £ > 0. We first show that R, (s) — 0, the fact that
sup{R,(y) : s <y <t,n > 1} is proved in Section A.2.3. From the definitions (14)
and (16) of ¥ and ¥,, one can write

W () ((5,1]) = U (un) (s, 1])| < By + By + By, + By,
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with
Bff = / undan*/ updo|, Bf = / u%dﬁn*/ uidﬂ ,
(s,t] (s,t] (s,t] (s,t]
-/ e (9)) o dy) — | i un (4) 1 (dr dy)
[—1/n,00) X (s,t] (0,00) X (s,t]
and

'Yn(t)

B Y )| [ (1= ) v o)

i=yn(s)+1

We will show that each sequence (BY), (B2), (BY) and (B¢) goes to 0 as n goes
to infinity. By (20) and by definition of the constants ¢, ;, ¢/, and c;, one can
derive similarly as in the proof of Lemma 4.4

By, <21, )er (@, Jn(t) <, (S ) (€ L) pn(t)

where the last inequality follows from the fact that ¢, < L and that the functions
¢,+(C) and ¢}, are increasing in C' and y, respectively. From now, we will use such
monotonicity properties without further comment. This last upper bound is seen
to go 0, invoking (25) and Lemmas 4.2 and 4.3. Thus the sequence (B¢,) goes to 0
and we have to control the three other sequences (BS), (B?) and (BY). We control
the two first sequences in Section A.2.1 and the last one in Section A.2.2

A.2.1. Control of the sequences (BS) and (BZ). We treat in detail the convergence
of (BY) to 0. For (BY?), one essentially needs to replace a by 3 and u, by u2,
mention along the way what modifications need to be done.

Fix ¢ > 0 and consider the partition ((a;,b;],1 < j < J) and ((a},b,],1 < k <
K) of (s,t] provided by Lemma A.1. Note that the partition depends on s, ¢ and ¢
but not on n. We can write B < Z}]:1 B+ Zszl(B::,f + Bg,‘:’) with

J
/ Updou, —/ Uy dov Und |y | +/ und |
(a;,b;] (a;,b;] ) (a},,by,)

2
) Bif,’k = /
(al b,
and By = un(b)| s, o) — @b}, }|. For By} we have

we

a,l
B, =

k7 k

B [ ) =l @)+ [ () e el

(a;,b5]

+ un(bj) |an(aj, b] — a(ag, by]| -

By Lemma 4.4, u,(y) — un(bj)| < A¥ ppn(aj,b;] for all y € (aj,b;] and so, using
also un(bj) < ¢ p, we get

a,l u —u
By < A ppn(ag, byl (lanl(ag, bs] + |al(az, 05]) + & 1, lam(ag, b] — alag, by]| .
For B? one needs to use

|u”(y)2 - un(bj)2| = |un(y) — “n(bj)| (un(y) + un(bj)) < 2E?,LA}:L,L/J7L(@J'7 bj]

, which leads to a similar upper bound. Since the partition does not depend on n,
we have oy, (aj,b5] — ala;,b;] and pn(aj,b;] — p(aj,b;] by assumption (Al), so
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that summing over j = 1,...,J, letting n go to infinity and using |a|(A4) < u(A)
gives

J
(31) hszrupZBfL‘:; <2AY Z w(aj,bj ’< 2eAY (s, 1],
using also p(a;, bj] < e, which holds by choice of the partition, to derive the second
inequality. To upper bound Bf;,f we write Bzi < @' (lon|(ay,, b)) + |al(ay, b))
which leads, using p(aj,, b’) <¢/K, to

K
(32) lim supz By S 2¢) p, Z:,LL(CL;w by,) < 2¢¢ .
n—-+o0o h—1
For Bﬁk one can use B < (€ 1)? (Bnlay, b)) + B(ay, b)) to obtain a similar

upper bound. )
Finally for Bo‘k one has Bni < ¢ rlay, @) — a({bi})| which goes to 0 by

assumption (A2). One can similarly write Bszk < (@118, b)), — B{b} }| for Bgz
Since K does not depend on 7 this gives S5, B;“,f — 0 and so (31) and (32) give

limsup By < 2e (A} pu(s,t] +7¢)'p) -

n—-+oo

Since ¢ was arbitrary, letting ¢ — 0 gives the result.

A.2.2. Control of the sequence (BY). For T > 0 we define the constant

h(z,y)
33 T) = ——— x> -1,0<y<T
(33 o) =sup {| o o 105y <
which, starting from (19), can be seen to be finite. For d > 0 we write
(34) BY < BY + B + B,
with
By =

n

/ b ual) ol dy) — | (s tn () (e dy) |
[d,00) X (s,t] [d,00) X (s,t]

BY = / (s tun () va(d dy),  BY = / (s un () (e dy)-
[—=1/n,d) X (s,t] (0,d) X (s,t]

Note that é;; depends on d but, similarly as ¢ or A, we do not reflect this in the
notation because d will be fixed once and for all shortly. Bounding the two last
terms thanks to (33), we have

_ 3 |22
B! < By +cy(¢ / ——v(dz dy) —|—/ vp(dz dy) | .
N2 ( (0.d)x (0,4 1 + 2 ( [—1/md)x (s,8) 1+ 22 )

Letting first n — +o0 and then d — 0, we obtain by Lemma A.2

limsup B}, < lim lim sup B”
n—-4oo d—0 n—-—4oo
Hence to prove B — 0 we only have to show that E” — 0 for every d > 0.
So in the rest of this step we fix an arbitrary d > 0 and show that B" — 0. Fix
e > 0 and consider the partition ((aj,b,],1 < j < J) and ((a},}],1 < k < K)
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of (s,t] given by Lemma A.1, which does not depend on n. Then we can write
By < 3 B+ S0 (B + B with

BV ‘/doo X (aj,b;] h(x u”( ))V”(dxdy) /[d 00) X (a;,b;] h(w Un( )) (dxdy)

Bi- | ) ) + | s (9)) (e )
[d,00) X (ay,b7,) [d,00) X (a, k)

and

Bt = ‘ / B, (), 5 () — / B, un (b)) (dz dy)|
[d,00) [d,00) x{b/ }

Further we write EZ; < EZ? + EZ? with

B - | 1 0 (9)) — a1 (0,)) v )
[d;00) % (a;,b;]
[d,00) % (a;,b;]

and

By = ‘ / h(, un (b;))vn (dz dy) — / h(z, un (b;))v(dz dy)| .
[d,00) X (ay;,b;] [d,00) % (aj,bj]

We derive, in order, upper bounds for B” 2 g B” % and finally EZ?

n]7

To control EZ?C we introduce the constant

Az, y)|

c5(T) zsup{ﬁ/(l_’_xz) :

0<y<T,z=> O}
which can be seen to be finite, starting from instance from (19). Thus

B~ | ) )+ [ ) dy)
[d,00) X (af,,b}) [d,00) % (ak,b},)

1’2 1’2
< es5(efy) / (dxdy)+/ ——v(dzdy)
5\Ct,L [d,00)x (), ,b1,) 1+ x2 [d,00) X (ar b)) 14 22
< 2¢5(¢ 1) (Bn(ay, by) + Blag, b))

using (27) for the last inequality. Using (3, (a},b;,) — B(a), b)) < p(ay, b)) < e/K,
this leads to

K
(35) lim sup Z Bn e < decs(Ty ).
k=1

n—-+oo
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To derive an upper bound on EZ:‘;, we use the constant ca(n,T') defined in (26).
Since 0 < c¢¢, , < un(y) <€ p for n > Ny 0 and aj <y < by, we have for such n

/ (@, tn () — B2, wn (b)) v dy)
[d,00) x (aj,bj]

2

< s (e ety / in(y) =t (b5)] ——s v (e ).

[d,00) X (a;,b;] 1+a2”

Since |uy (y) —un(b;)| < AYp pnlaj, bs] for a; <y < b; by Lemma 4.4, we obtain

/ (s 4 (9)) — B 110 (55 v (i )
[d,00) x (aj,bj]

2

< e (0T 1) AL in(az,bj] / vn(dz dy).

e aysby] LT 22

Since

/ = (dzdy) < / T (drdy) = 26,(a;. b
T ay vplaxr ay) = n(aj, 04
ooyt LF T " [—1/n.00)x (ay by] 1+ 22 7

and By (aj,b;] < pn(aj,b;] we finally get
/[d e |h(z,un (y)) — h(2,un (b)) vn(dz dy) < Cs .01, (1n(aj,bj])?
o0) X (aj,b

with Cs 4.1, = 2ca(c? C4 .05 Ct L)AZ;L. The exact same reasoning with v instead of v,
using the inequality (27) instead of the equality

22
Loy Tl ds) = 280005
leads to N

B, < Curer [(n(ag b))% + (ulaz, b;])*]
Hence (25) gives

(36) hmsupE:BZ;1 <2Cs10.L Z w(aj, bj 2 < 26C4 4 0.n(s, 1

n—-+4oo

using p(aj,b;] < € to get the second mequahty.

The arguments to control B» ok 3 and B are very similar: we treat the case BZ?

in detail and mention necessary changes needed for Bn’k. We need the constant cg

h(z,y) — h(z',
(37) eo(r) = sup | M=)
0<y<T r—=
0<z,z’

which is finite because
oh I 22 +ay—1
ax(‘r7y)_ye +y (1+CE2)2
and so for z,2’ > 0and 0 <y < T,

oh v+ To+1
—(x <T+T _ .
eo0)| <7+ T ()
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Let 7, ; be the signed measures defined for A € B by
7,3 (A) = v (A X (aj, b]) = v(A x (aj, bj))-

For EZ:Z one needs to consider the measure 7,  defined similarly but with A x {b}
instead of A x (a;,b;]. With this notation we have

<5
BZj < sup
o o<y<ey,

/ Bz, y)ma s ()]
[d,o0)

Fix Y,n > 0 and consider a subdivision d =11 < --- < 7y < Ty4+1 = o0 with the

following three properties: (1) 741 — 7 <npforall 1 < ¢ < N; (2) 7y =Y; and

(3) v({me} x (a;,bj]) =0forall 1 <¢ < N. For By’k the third condition should be
v({re} x {b,}) =0for all 1 <¢ < N. Then for any y > 0,

N-1

<y / Ih(ayy) — h(re, )l o ] (d2)
=1 Y lresTetn)

/ h(z, gy, (dz)
[d,o0)

N
T /[ ) = Bl ) 43 ) s 7))
Y, 00 =1

By choice of the partition (7,) and by definition (37) of cg, we have for any y < ¢}’

N—-1

N-1
S [ ) - bl < et 3 [ o mlm,ld)
[Te,Te41) =1 JlTesTetn)

{=1
ct,)mn.51([d, 00))-

)

< neg(e
Thus introducing the constant
&y =sup {|h(e.y)| 2> 0,0<y<c,)

which in view of (19) can be seen to be finite, one gets for any y <¢}',

< neg ()|, j11d, 00) + 22 1| 5[, 00)

/ h(a, y)n. (da)
[d,00)

N
+ T Y Tl Tes)]
=1
Since no (7¢) is an atom of the measure [ «(a3.b;] v(dz dy), it follows from Assump-
J27a

tion (A1) that m, ;[7e, 7e+1) — 0 as n goes to infinity for each ¢. Moreover, one
has

T, (A)] < vn(A X (a;,b5]) + v(A x (a;,b;])

and finally, for any 7 > 0 we have, using also the fact that lim sup,,_, . |7y ;|([c, 00)) <
2v([e, 00) x (aj,b,]) for any ¢ > 0,

limsup sup

< 2nce (¢4 1 )v([d, 00) X (aj, bj])
n—-4oo ()SySE;L

/ Mz, y)m,, ;(dz)
[d,00)

+ 42} Lu([Y, 00) x (aj,by]).
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Thus letting 7 — 0 and Y — +oo finally shows that EZ? —0foreach1<j<J
and also EZ:;’C — 0 for each 1 < k < K. Hence combining (35) and (36) finally gives
limsup BY < ¢ les (@) ) +2Cs ¢ ap(s, ]

n—-+4oo
and since ¢ is arbitrary, letting € — 0 achieves to prove that R, (s) — 0.
A.2.3. Boundedness of (R, (y)). We now complete the proof of the lemma by show-
ing that sup{R,(y) : 0 <y < t,n > 1} is finite. We have R,,(y) < |U,,(un)((y,t])|+
| (u,)((y,t])|, so that it is enough to prove that
(38) sup {| U, (un)((y,t])] : 0 <y <t,n >1} < 400
and similarly with ¥ instead of ¥,,. Using (17) for the first equality and Lemma 4.4
for the second inequality, we get for any 0 <y <t

|\Dn(u’ﬂ)((y7ﬂ)| = |un(y) - un(t)‘ < AQLL :un(/yat] < A;L Supﬂn(t)

n>1
so that (38) holds. On the other hand, starting from the definition (14) of U we get
W) (@< [ fedial+ [ @ds s [ b @)lvldedy)
(s,t] (s,t] (0,00) X (s,1]
2

< lal(t) + (@ 1)2B() + cs(ely) / v(dz dy)

(0.00)x (0,1 1 + @2

which ends the proof of the lemma, since this upper bound is finite (invoking (27)
for the finiteness of the integral term).
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