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Absen
e of solitons with su�
ient algebrai
 lo
alization for theNovikov-Veselov equation at nonzero energyA.V. Kazeykina 1Abstra
t. We show that the Novikov�Veselov equation (an analog of KdV in dimension 2+1)at positive and negative energies does not have solitons with the spa
e lo
alization stronger than
O(|x|−3) as |x| → ∞.1 Introdu
tionIn this paper we are 
on
erned with the Novikov-Veselov equation

∂tv = 4Re(4∂3zv + ∂z(vw) − E∂zw), (1.1a)
∂z̄w = −3∂zv, v = v̄, E ∈ R, (1.1b)
v = v(x, t), w = w(x, t), x = (x1, x2) ∈ R

2, t ∈ R, (1.1
)where the following notations are used
∂t =

∂

∂t
, ∂z =

1

2

(

∂

∂x1
− i

∂

∂x2

)

, ∂z̄ =
1

2

(

∂

∂x1
+ i

∂

∂x2

)

. (1.2)Equation (1.1) is mathemati
ally the most natural (2 + 1)-dimensional analog of the 
las-si
 Korteweg-de Vries equation. When v = v(x1, t), w = w(x1, t), equation (1.1) redu
es toKdV. Besides, equation (1.1) is integrable via the s
attering transform for the 2�dimensionalS
hrödinger equation
Lψ = Eψ, E = Efixed,

L = −∆+ v(x, t), ∆ = 4∂z∂z̄, x ∈ R
2.

(1.3)Note also that tending E → ±∞ in (1.1) yields another renowned (2 + 1)-dimensional analog ofKdV, Kadomtsev-Petviashvili equation (KP-I and KP-II, respe
tively).Equation (1.1) is 
ontained impli
itly in [M℄ as an equation possessing the following repre-sentation
∂(L− E)

∂t
= [L− E,A] +B(L− E), (1.4)where L is the operator of the 
orresponding s
attering problem, A, B are some appropriate dif-ferential operators and [·, ·] denotes the 
ommutator. For the parti
ular 
ase of the 2-dimensionalS
hrödinger operator as in (1.3) the following expli
it form of A and B

A = −8∂3z − 2w∂z − 8∂3z̄ − 2w̄∂z̄,
B = 2∂z̄w + 2∂z̄w̄,

where w is de�ned via (1.1b) , (1.5)and the 
orresponding evolution equation (1.1) were given in [NV1℄, [NV2℄, where equation (1.1)was also studied in the periodi
 setting.Solitons and the large time asymptoti
 behavior of su�
iently lo
alized in spa
e solutionsfor the Novikov-Veselov equation were studied in the series of works [GN1, G1, Nov2, K1, KN1,KN2, KN3℄. In [KN1, K1℄ it was shown that in the regular 
ase, i.e. when the s
attering data arenonsingular at �xed nonzero energy (and for the re�e
tionless 
ase at positive energy), then thesesolutions do not 
ontain isolated solitons in the large time asymptoti
s. In the general 
ase it1Centre des Mathématiques Appliquées, E
ole Polyte
hnique, Palaiseau, 91128, Fran
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was shown in [Nov2℄, [KN3℄ that the Novikov-Veselov equation at nonzero energy does not admitexponentially lo
alized solitons. A family of algebrai
ally lo
alized solitons for the Novikov-Veselov equation at positive energy was 
onstru
ted in [G1℄ (see also dis
ussion in [KN2℄). Thesesolitons are rational fun
tions de
aying as O (|x|−2
) when |x| → ∞.Note that KP-I equation possesses soliton solutions and these solutions de
ay as O (|x|−2

)when |x| → ∞. By 
ontrast, KP-II does not possess lo
alized soliton solutions. For the resultson existen
e and nonexisten
e of lo
alized soliton solutions of KP-I, KP-II and their generalizedversions see [BS1℄; the symmetry properties and the de
ay rates of these solutions were derivedin [BS2℄. For more results on integrable (2 + 1)-dimensional systems admitting lo
alized solitonsolutions, see [AC℄, [BLMP2℄, [FA℄, [FS℄ and referen
es therein.In this paper we are 
on
erned with regular, su�
iently lo
alized solutions of (1.1) satisfyingthe following 
onditions
• v,w ∈ C(R2 × R), v(·, t) ∈ C3(R2) ∀t ∈ R; (1.6)
• |∂jxv(x, t)| 6

q(t)

(1 + |x|)3+ε
, j = (j1, j2) ∈ (N ∪ 0)2, j1 + j2 6 3, for some q(t) > 0, ε > 0;(1.7)

• |w(x, t)| → 0, when |x| → ∞, t ∈ R. (1.8)We say that a solution of (1.1) is a soliton if v(x, t) = V (x− ct) for some c = (c1, c2) ∈ R
2. Themain result of this paper 
onsists in the following theorem.Theorem 1.1. Let (v,w) be a soliton solution of (1.1) with E 6= 0 satisfying properties (1.6)-(1.8). Then v ≡ 0, w ≡ 0.To prove this result we 
onsider, in parti
ular, spe
ial eigenfun
tions of the 2-dimensionalS
hrödinger operator going ba
k to [F1℄, [BLMP1℄ and we base our reasoning on the ideasproposed in [Nov2℄.Note that Theorem 1.1 for the 
ase of zero energy was proved in [K2℄ for the potentials of
ondu
tivity type.In Se
tion 2 we re
all, in parti
ular, some known notions and results from the dire
t andinverse s
attering theory for the two-dimensional S
hrödinger equation at nonzero energy (see[Nov1℄, [G2℄ and referen
es therein). In addition, we introdu
e nonzero energy analogs of some�s
attering data� going ba
k to [BLMP1℄. The main result (namely, Theorem 1.1) is proved inSe
tion 3. Se
tion 4 
ontains the proofs of some preliminary lemmas.This work was ful�lled in the framework of resear
h 
arried out under the supervision of R.G.Novikov.2 S
attering data and inverse s
attering equationsConsider the S
hrödinger equation on the plane

Lψ = Eψ, E = Efixed ∈ R\0,
L = −∆+ v, ∆ = 4∂z∂z̄, v = v(x), x ∈ R

2
(2.1)with a potential v satisfying the following 
onditions

v(x) = v(x), v(x) ∈ L∞(R2),

|∂j1x1
∂j2x2

v(x)| < q(1 + |x|)−3−ε for some q > 0, ε > 0, where j1, j2 ∈ N ∪ 0, j1 + j2 6 3.
(2.2)2



For equation (2.1) with E > 0 we 
onsider its 
lassi
al s
attering eigenfun
tions ψ+(x, k),de�ned for k ∈ R
2, k2 = E and spe
i�ed by

ψ+(x, k) = eikx − iπ
√
2πe−

iπ
4 f

(

k, |k| x|x|

)

ei|k||x|
√

|k||x|
+ o

(

1
√

|x|

)

, |x| → ∞, (2.3)with some a priori unknown fun
tion f . The fun
tion f is 
alled the s
attering amplitude of thepotential v. If f(k, l) ≡ 0 for k, l ∈ R
2, k2 = l2 = E, then the 
orresponding potential is 
alledtransparent (or re�e
tionless) at �xed energy E > 0. In this paper we will only be 
on
ernedwith transparent potentials sin
e it was shown in [Nov2℄ that the solitons of the Novikov-Veselovequation at positive energy are transparent potentials (see also Lemma 3.3).In addition, for equation (2.1) with E ∈ R\0 we 
onsider its Faddeev eigenfun
tions ψ(x, k),de�ned for k ∈ ΣE , where

ΣE = {k ∈ C
2 : k2 = E, Imk 6= 0}, if E > 0,

ΣE = {k ∈ C
2 : k2 = E}, if E < 0,and spe
i�ed by

ψ(x, k) = eikx(1 + o(1)), |x| → ∞ (2.4)(see[F1℄, [Nov1℄, [G2℄).Finally, for equation (2.1) with E ∈ R\0 we will also 
onsider its eigenfun
tions ϕ(x, k),de�ned for k ∈ ΣE and spe
i�ed by
ϕ(x, k) = eikx(k1x2 − k2x1 + o(1)), |x| → ∞. (2.5)These fun
tions are the analogs of solutions introdu
ed in [BLMP1℄ for the 
ase of zero energy.Further it will be 
onvenient to assume without loss of generality that E = ±1 (the general
ase is redu
ed to this one by a s
aling transform) and to introdu
e the following new variables:

z = x1 + ix2, λ =
k1 + ik2√

E
.Note that k1 = √

E
2

(

λ+ 1
λ

), k2 = i
√
E
2

(

1
λ − λ

).In the new variables z ∈ C, λ ∈ C\0 fun
tions ψ and ϕ are solutions of (2.1) with thefollowing asymptoti
 behavior
ψ(z, λ) = e

i
√

E
2

(λz̄+z/λ)µ(z, λ), µ(z, λ) = 1 + o(1), as |z| → ∞, (2.6)
ϕ(z, λ) = e

i
√

E
2

(λz̄+z/λ)ν(z, λ), ν(z, λ) =
i
√
E

2

(

λz̄ − 1

λ
z

)

+ o(1), as |z| → ∞. (2.7)Fun
tions µ(z, λ) and ν(z, λ) arising in the above formulas 
an also be de�ned as solutions ofthe following integral equations
µ(z, λ) = 1 +

∫∫

C

g(z − ζ, λ)v(ζ)µ(ζ, λ)dReζdImζ, (2.8)
ν(z, λ) =

i
√
E

2

(

λz̄ − 1

λ
z

)

+

∫∫

C

g(z − ζ, λ)v(ζ)ν(ζ, λ)dReζdImζ, where (2.9)
g(z, λ) = −

(

1

2π

)2 ∫∫

C

e
i
2
(pz̄+p̄z)

pp̄+
√
E(λp̄+ p/λ)

dRepdImp, (2.10)3



where z ∈ C, λ ∈ C\0 and, if E > 0, then |λ| 6= 1.In terms of m(z, λ) = (1+ |z|)−(2+ε/2)µ(z, λ) and n(z, λ) = (1 + |z|)−(2+ε/2)ν(z, k) equations(2.8) and (2.9), respe
tively, take the forms
m(z, λ) = (1 + |z|)−(2+ε/2)+

+

∫∫

C

(1 + |z|)−(2+ε/2)g(z − ζ, λ)
v(ζ)

(1 + |ζ|)−(2+ε/2)
m(ζ, λ)dReζdImζ, (2.11)

n(z, λ) =
i
√
E

2

(

λz̄ − 1

λ
z

)

(1 + |z|)−(2+ε/2)+

+

∫∫

C

(1 + |z|)−(2+ε/2)g(z − ζ, λ)
v(ζ)

(1 + |ζ|)−(2+ε/2)
n(ζ, λ)dReζdImζ. (2.12)The integral operator A(λ) of the integral equations (2.11), (2.12) is a Hilbert-S
hmidt operator:more pre
isely, A(·, ·, λ) ∈ L2(C × C), where A(z, ζ, λ) is the S
hwartz kernel of the integraloperator A(λ), and |TrA2(λ)| < ∞. Thus, the modi�ed Fredholm determinant ∆(λ) for (2.11)and (2.12) 
an be de�ned by means of the formula:

ln∆(λ) = Tr(ln(I −A(λ)) +A(λ)). (2.13)For the pre
ise sense of this de�nition see [GK℄. Considerations of ∆ go ba
k to [F2℄.We will also de�ne
E = {λ ∈ Σ: ∆(λ) = 0},where

Σ = C\(0 ∪ T ) if E > 0 and Σ = C\0 if E < 0, T = {λ ∈ C : |λ| = 1}.In this notation E represents the set of λ for whi
h either the existen
e or the uniqueness ofthe solution of (2.1) with asymptoti
s (2.6) (or, similarly, of the solution of (2.1) with asymptoti
s(2.7)) fails.For λ ∈ C\(E ∪ 0) we de�ne the following �s
attering data� for the potential v:
a(λ) =

∫∫

C

v(ζ)µ(ζ, λ)dReζdImζ, (2.14)
b(λ) =

∫∫

C

exp

(

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

((sgnE)ζλ̄+ λζ̄)

)

v(ζ)µ(ζ, λ)dReζdImζ, (2.15)
α(λ) =

∫∫

C

v(ζ)ν(ζ, λ)dReζdImζ, (2.16)
β(λ) =

∫∫

C

exp

(

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

((sgnE)ζλ̄+ λζ̄)

)

v(ζ)ν(ζ, λ)dReζdImζ. (2.17)Fun
tions a, b are the Faddeev generalized s
attering data for the 2-dimensional S
hrödingerequation. They also arise in a more pre
ise version of expansion (2.4). The �s
attering data� α,
β for the 
ase of the S
hrödinger equation at zero energy were introdu
ed in [BLMP1℄.Now we formulate some properties of the introdu
ed fun
tions that will play a substantialrole in the proof of the main result. 4



Statement 2.1 (see [HN, Nov1, KN3℄). Let v satisfy 
onditions (2.2). Then fun
tion ∆(λ)satis�es the following properties:1. ∆ ∈ C(D̄+), ∆ ∈ C(D̄−), where D̄+ = D+ ∪ ∂D+, D+ = {λ ∈ C : |λ| < 1}, D̄− =
D− ∪ ∂D−, D− = {λ ∈ C : |λ| > 1};2. ∆(λ) → 1 as |λ| → ∞, |λ| → 0;3. ∆ is real-valued;4. ∆(λ) satis�es the following ∂̄-equation

∂∆

∂λ̄
= −sgn(λλ̄− 1)

4πλ̄

(

a

(

−(sgnE)
1

λ̄

)

− v̂(0)

)

∆, (2.18)where v̂(0) = ∫∫
C

v(ζ)dReζdImζ, λ ∈ C\(T ∪ E ∪ 0), T = {λ ∈ C : |λ| = 1};5. ∆(λ) = ∆
(

−(sgnE) 1
λ̄

), λ ∈ C\0.Note that ∆ 6∈ C(C) for E > 0, in general. In this 
ase ∆ on D̄± is 
onsidered as an extensionfrom D±.If v satis�es assumptions (2.2), then fun
tions a(λ), b(λ), α(λ), β(λ) are 
ontinuous on
C\(E ∪ 0). Note also (see [HN℄) that

a(λ) → v̂(0) as λ→ 0, λ→ ∞. (2.19)If v satis�es assumptions (2.2) and, in the 
ase of positive energy, v is transparent, i.e. f ≡ 0at �xed energy, then the fun
tion µ(z, λ), de�ned by (2.8), satis�es the following properties (see[GN2℄, [Nov2℄, [G2℄ and referen
es therein):
µ(z, λ) is a 
ontinuous fun
tion of λ on C\(0 ∪ E); (2.20)

∂µ(z, λ)

∂λ̄
= r(z, λ)µ(z, λ), (2.21a)

r(z, λ) = r(λ) exp

(

− i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄z + λz̄
)

)

, (2.21b)
r(λ) =

sgn(λλ̄− 1)

4πλ̄
b(λ) (2.21
)for λ ∈ C\(0 ∪ E ∪ T ), where T = {λ ∈ C : |λ| = 1};
µ→ 1, as λ→ ∞, λ→ 0. (2.22)Inverse s
attering equations (2.21) together with 
onditions (2.20) and (2.22) determineuniquely fun
tion µ from nonsingular s
attering data b, i.e. when E = ∅. Potential v (transparentfor the 
ase of positive energy) 
an then be found from the following formula
v(z) = 2i

√
E
∂µ−1(z)

∂z
, (2.23)where µ−1(z) is de�ned via the following expansion

µ(z, λ) = 1 +
µ−1(z)

λ
+ o

(

1

|λ|

)

, as λ→ ∞. (2.24)5



3 Proof of Theorem 1.1We will start this se
tion by formulating some preliminary lemmas. The proofs of these lemmasare given in Se
tion 4.Let us denote by
S(λ) = {a(λ), b(λ), α(λ), β(λ)}, λ ∈ C\(E ∪ 0), (3.1)the s
attering data for a potential v, de�ned by (2.14)-(2.17) in the framework of equation (2.1).Lemma 3.1. Let v(z) be a potential satisfying (2.2) with the s
attering data S(λ), λ ∈ C\(E∪0).Then the s
attering data Sη(λ) for the potential vη(z) = v(z − η) are de�ned for λ ∈ C\(E ∪ 0)and are related to S(λ) by the following formulas

aη(λ) = a(λ), (3.2)
bη(λ) = exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄η + λη̄
)

}

b(λ), (3.3)
αη(λ) = α(λ) +

i
√
E

2

(

λη̄ − 1

λ
η

)

a(λ), (3.4)
βη(λ) = exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄η + λη̄
)

}(

β(λ) +
i
√
E

2

(

λη̄ − 1

λ
η

)

b(λ)

)

.(3.5)Lemma 3.2. Let (v,w) satisfy equation (1.1) and 
onditions (1.6)-(1.8). Let S(λ, t) be thes
attering data for v de�ned by (3.1) for a 
ertain λ ∈ C\(E ∪ 0) and all t ∈ R. Then theevolution of these s
attering data is des
ribed as follows:
a(λ, t) = a(λ, 0), (3.6)
b(λ, t) = exp

{

i(
√
E)3

(

λ3 +
1

λ3
+ (sgnE)

(

λ̄3 +
1

λ̄3

))

t

}

b(λ, 0), (3.7)
α(λ, t) = α(λ, 0) + 3i(

√
E)3

(

λ3 − 1

λ3

)

a(λ, 0)t, (3.8)
β(λ, t) = exp

{

i(
√
E)3

(

λ3 +
1

λ3
+ (sgnE)

(

λ̄3 +
1

λ̄3

))

t

}(

β(λ, 0) + 3i(
√
E)3

(

λ3 − 1

λ3

)

b(λ, 0)t

)

.(3.9)Lemma 3.3 (see [Nov2℄). Let (v,w) satisfy equation (1.1) for some E > 0 and 
onditions (1.6)-(1.8). In addition, let v be a soliton, i.e. v(x, t) = V (x − ct) for some c = (c1, c2) ∈ R
2. Then

f(k, l) ≡ 0, k, l ∈ R
2, k2 = l2 = E > 0, where f is the s
attering amplitude for the potential v inthe framework of the S
hrödinger equation (1.3).The 
on
luding part of the proof of Theorem 1.1 
onsists in the following. First of all, if

(v,w) is a soliton solution of equation (1.1) for some E > 0, then v is transparent due to Lemma3.3.Further, sin
e (v,w) is a soliton, from Lemma 3.1 it follows that the set E of values of λ ∈ Cfor whi
h the s
attering data a(λ), b(λ), α(λ), β(λ) are not well-de�ned does not depend on t.Sin
e (v,w) is a soliton, the time dynami
s of its s
attering data b is des
ribed by the formula
b(λ, t) = exp

{

i
√
E

2

((

λ+ (sgnE)
1

λ̄

)

c̄t+

(

(sgnE)λ̄+
1

λ

)

ct

)

}

b(λ, 0),6



where notation c = c1 + ic2 is used (see formula (3.3) of Lemma 3.1). Combining this with (3.7)from Lemma 3.2 gives
exp

{

i(
√
E)3

(

λ3 +
1

λ3
+ (sgnE)

(

λ̄3 +
1

λ̄3

))

t

}

b(λ, 0) =

= exp

{

i
√
E

2

((

λ+ (sgnE)
1

λ̄

)

c̄t+

(

(sgnE)λ̄+
1

λ

)

ct

)

}

b(λ, 0).Sin
e fun
tions λ, λ̄, λ3, λ̄3, 1
λ , 1

λ̄
, 1

λ3 , 1
λ̄3
, 1 are linearly independent in any open nonemptyneighborhood of any point in C\0 and b(λ, 0) is 
ontinuous on C\(E∪0), we obtain that b(λ, 0) ≡ 0on C\(E ∪ 0).Similarly, from (3.4), (3.8) we get that

α(λ, 0) +
i
√
E

2

(

λc̄− 1

λ
c

)

ta(λ, 0) = α(λ, 0) + 3i(
√
E)3

(

λ3 − 1

λ3

)

ta(λ, 0).The linear independen
e of λ, λ3, 1
λ , 1

λ3 , in any open nonempty neighborhood of any point in C\0then implies that a ≡ 0 for λ ∈ C\(E ∪ 0). From formula (2.19) and item 2 of Statement 2.1 itfollows that v̂(0) = 0. Then equation (2.18) implies that ∆ is holomorphi
 on C\(E∪T∪0), where
T = {λ ∈ C : |λ| = 1}. From properties 1, 2 of Statement 2.1 it follows that ∆ is holomorphi
on C\(E ∪ T ).Suppose now that E 6= ∅. Sin
e E is a 
losed set, then there exists λ∗ ∈ E su
h that
|λ∗| = min

λ∈E
|λ|. Note that property 2 of Statement 2.1 implies that |λ∗| > 0.If |λ∗| > 1, then ∆(λ) is holomorphi
 on D+ = {λ ∈ C : |λ| < 1} and properties 2, 3 ofStatement 2.1 imply that ∆ ≡ 1 on D+. If |λ∗| < 1, then ∆(λ) is holomorphi
 on the set

Dh
+ = {λ ∈ C : |λ| < λ∗} and properties 2, 3 imply that ∆ ≡ 1 on Dh

+. On the other hand,
∆(λ∗) = 0, whi
h 
ontradi
ts property 1 from Statement 2.1. Thus we have proved that∆(λ) ≡ 1on D+. Property 5 of Statement 2.1 implies that ∆(λ) ≡ 1 on D− = {λ ∈ C : |λ| > 1}. Finally,from 1 of Statement 2.1 it follows that ∆ ≡ 1 on C.The fun
tion µ is holomorphi
 on C as follows from (2.21), (2.22) and the established fa
tsthat E = ∅, b ≡ 0. The fun
tion µ is also bounded due to the property (2.22). From Liouville'stheorem it follows that µ ≡ 1. Then, �nally, from (2.23), (2.24) we obtain that v ≡ 0.4 Proofs of Lemmas 3.1, 3.2Proof of Lemma 3.1. Formulas (3.2), (3.3) were derived in [KN2℄ for the 
ase of negative energy.Here we present their full derivation for both 
ases of positive and negative energies.We note that ψ(z − η, λ) satis�es (2.1) with vη(z) and has the asymptoti
s

ψ(z − η, λ) = e
i
√

E
2

(λ(z̄−η̄)+(z−η)/λ)(1 + o(1)),as |z| → ∞. Thus for Faddeev eigenfun
tion ψη(z, λ) 
orresponding to potential vη(z) we obtainthe following representation: ψη(z, λ) = e
i
√

E
2

(λη̄+η/λ)ψ(z − η, λ). Consequently, for fun
tion
µη(z, λ) 
orresponding to fun
tion ψη(z, λ) and de�ned via (2.6) we have µη(z, λ) = µ(z − η, λ).For the s
attering data we have

aη(λ) =

∫∫

C

vη(ζ)µη(ζ, λ)dReζdImζ =

∫∫

C

v(ζ − η)µ(ζ − η, λ)dReζdImζ = a(λ)7



and
bη(λ) =

∫∫

C

exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄ζ + λζ̄
)

}

vη(ζ)µη(ζ, λ)dReζdImζ =

=

∫∫

C

exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄ζ + λζ̄
)

}

v(ζ − η)µ(ζ − η, λ)dReζdImζ =

= exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄η + λη̄
)

}

b(λ). (4.1)Similarly, to derive formulas (3.4), (3.5), we note that ϕ(z − η, λ) satis�es (2.1) with vη(z)and has the asymptoti
s
ϕ(z − η, λ) = e

i
√

E
2

(λ(z̄−η̄)+(z−η)/λ)

(

i
√
E

2

(

λ(z̄ − η̄)− 1

λ
(z − η)

)

+ o(1)

)

,as |z| → ∞. Thus for eigenfun
tion ϕη(z, λ) of equation (2.1) with potential vη(z) satisfyingasymptoti
s (2.7) we obtain the following representation: ϕη(z, λ) = e
i
√

E
2

(λη̄+η/λ)(ϕ(z − η, λ) +
i
√
E
2

(

λη̄ − 1
λη
)

ψ(z−η, λ)). Consequently, for fun
tion νη(z, λ) 
orresponding to fun
tion ϕη(z, λ)and de�ned via (2.7) we have νη(z, λ) = ν(z − η, λ) + i
√
E
2

(

λη̄ − 1
λη
)

µ(z − η, λ).For the s
attering data we have
αη(λ) =

∫∫

C

vη(ζ)νη(ζ, λ)dReζdImζ =

=

∫∫

C

v(ζ − η)ν(ζ − η, λ)dReζdImζ +
i
√
E

2

(

λη̄ − 1

λ
η

)
∫∫

C

v(ζ − η)µ(ζ − η, λ)dReζdImζ =

= α(λ) +
i
√
E

2

(

λη̄ − 1

λ
η

)

a(λ)and
βη(λ) =

∫∫

C

exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄ζ + λζ̄
)

}

vη(ζ)νη(ζ, λ)dReζdImζ =

=

∫∫

C

exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄ζ + λζ̄
)

}

v(ζ − η)ν(ζ − η, λ)dReζdImζ+

+
i
√
E

2

(

λη̄ − 1

λ
η

)
∫∫

C

exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄ζ + λζ̄
)

}

v(ζ−η)µ(ζ−η, λ)dReζdImζ =

= exp

{

i
√
E

2

(

1 + (sgnE)
1

λλ̄

)

(

(sgnE)λ̄η + λη̄
)

}(

β(λ) +
i
√
E

2

(

λη̄ − 1

λ
η

)

b(λ)

)

. (4.2)In order to prove Lemma 3.2 we introdu
e the following operator
T = ∂t − 8∂3z − 2w∂z − 8∂3z̄ − 2w̄∂z̄, (4.3)8



where w is de�ned via (1.1b), (1.8) for some potential v. Note that T = ∂t +A, where A is theoperator of (1.5).We will need the following auxiliary lemma des
ribing how T a
ts on the spe
tral solutionsof the two-dimensional S
hrödinger equation.Lemma 4.1. Let (v,w) satisfy 
onditions (1.6)-(1.8) and
|∂tv(x, t)| 6

q̃(t)

(1 + |x|)3+ε
, for some q̃(t) > 0.Suppose that for a 
ertain λ ∈ C, |λ| 6= 1, and t belonging to a 
ertain interval t ∈ (t1, t2) thesolution ψ(z, λ, t) of (1.3) with asymptoti
s (2.6) exists and is unique. Similarly, suppose thatthe solution ϕ(z, λ, t) of (1.3) with asymptoti
s (2.7) exists and is unique. Then

Tψ = i(
√
E)3e

i
√

E
2

(λz̄+z/λ)

((

λ3 +
1

λ3

)

+ o(1)

)

, as |z| → ∞, (4.4)
Tϕ = i(

√
E)3e

i
√

E
2

(λz̄+z/λ)

(

i
√
E

2

(

λ3 +
1

λ3

)(

λz̄ − 1

λ
z

)

+ 3

(

λ3 − 1

λ3

)

+ o(1)

)

, as |z| → ∞.(4.5)Proof. First of all, due to assumptions (1.8) we have that w → 0 as |z| → ∞. So in order todemonstrate (4.4), (4.5) it is su�
ient to show that
∂tµ→ 0, ∂jzµ→ 0, ∂jz̄µ→ 0, j = 1, 2, 3, as |z| → ∞, (4.6)
∂tν → 0, ∂zν → − i

√
E

2λ
, ∂z̄ν → i

√
E

2
λ, ∂kz ν → 0, ∂kz̄ ν → 0, k = 2, 3, as |z| → ∞,(4.7)where µ(z, λ, t) = e−

i
√

E
2

(λz̄+z/λ)ψ(z, λ, t), ν(z, λ, t) = e−
i
√

E
2

(λz̄+z/λ)ϕ(z, λ, t). We will only proveproperties (4.6). Properties (4.7) are proved similarly.Fun
tion µ is de�ned as the solution of the integral equation (2.8), where the notation (2.10)is used. Di�erentiating (2.8) with respe
t to t yields the following integral equation for ∂tµ:
∂tµ(z, λ, t) =

∫∫

C

g(z−ζ, λ)∂tv(ζ, t)µ(ζ, λ, t)dReζdImζ+
∫∫

C

g(z−ζ, λ)v(ζ, t)∂tµ(ζ, λ, t)dReζdImζ.(4.8)Di�erentiating (2.8) j times with respe
t to z yields the following integral equation for ∂jzµ:
∂jzµ(z, λ, t) =

∫∫

C

∂jzg(z − ζ, λ)v(ζ, t)µ(ζ, λ, t)dReζdImζ, j = 1, 2, 3.We integrate this equation by parts, taking into a

ount property (1.7) of fun
tion v and thefa
t that ∂jzg(z − ζ, λ) = (−1)j∂jζg(z − ζ, λ). Thus we obtain
∂jzµ(z, λ, t) =

∫∫

C

g(z − ζ, λ)∂jζ (v(ζ, t)µ(ζ, λ, t))dReζdImζ, j = 1, 2, 3. (4.9)Similarly, ∂jz̄µ satis�es the following integral equation
∂jz̄µ(z, λ, t) =

∫∫

C

g(z − ζ, λ)∂j
ζ̄
(v(ζ, t)µ(ζ, λ, t))dReζdImζ, j = 1, 2, 3. (4.10)9



Equation (4.9) is an equation on the unknown fun
tion ∂jzµ, where it is assumed that fun
tions
∂kzµ, k < j, are already de�ned. Similarly equation (4.10) is an equation on the unknown fun
tion
∂jz̄µ, where it is assumed that fun
tions ∂kz̄µ, k < j, are already de�ned. The assumptions oflemma imply that for ea
h of the equations (4.8), (4.9), (4.10) its solution exists, is unique and
an be represented as (1 + |z|)2+ε/2u(z, λ, t) with some 
orresponding u(·, λ, t) ∈ L2(C).It was shown in [Nov1℄ that the fun
tion g de�ned by (2.10) possesses the following property:
|g(z, λ)| 6 const

|z| for ∀λ ∈ C, |λ| 6= 1 and su�
iently large z, and |g(z, λ)| 6 const ln |z| for ∀λ ∈ Cand su�
iently small z. This property implies that
∣

∣

∣

∣

∣

∣

∫∫

C

g(z − ζ, λ)U(ζ)dReζdImζ

∣

∣

∣

∣

∣

∣

→ 0 as |z| → ∞for any U ∈ L1(C) ∩ L2(C).

(4.11)Let us denote by ξ(z, λ, t) the solution of any of the equations (2.8), (4.8)-(4.10). As notedbefore, ξ(z, λ, t) 
an be represented in the form ξ(z, λ, t) = (1 + |z|)2+ε/2u(z, λ, t) for some
u(·, λ, t) ∈ L2(C). Then from assumptions on v it follows that ∂jzv(·, t)ξ(·, λ, t) ∈ L1(C) ∩ 2(C),
∂jz̄v(·, t)ξ(·, λ, t) ∈ L1(C) ∩ L2(C) for j = 0, . . . , 3 and ∂tv(·, t)ξ(·, λ, t) ∈ L1(C) ∩ L2(C). Thus,from (4.11) with U(·) = ∂tv(·, t)µ(·, λ, t) and U(·) = v(·, t)∂tµ(·, λ, t) it follows that the right partof (4.8) tends to zero as |z| → ∞. Similarly, 
onsidering equations (4.9), (4.10) 
onse
utively weobtain that the right part of ea
h of these equations tends to zero as |z| → ∞. Consequently,
∂tµ→ 0, ∂jzµ→ 0, ∂jz̄µ→ 0, j = 1, 2, 3, as |z| → ∞.Proof of Lemma 3.2. Formulas (3.6), (3.7) have already been known in literature (see for example[G2℄). Sin
e their derivation is similar to the derivation of formulas (3.8), (3.9), we 
on�neourselves to the derivation of the latter. The derivation of analogs of formulas (3.6)-(3.9) for the
ase of zero energy 
an be found in [BLMP1℄.Equation (1.1) represents a 
ondition under whi
h the following is true

[T,L]η = ETη, ∀η : Lη = Eη, (4.12)where L is de�ned in (2.1) and T is de�ned in (4.3) (see [M℄, [BLMP1℄).Let us take η = ϕ, where ϕ is the solution of Lϕ = Eϕ with the asymptoti
s (2.7). Then(4.12) implies
LTϕ = Eϕ.From Lemma 4.1 we have that

Tϕ = i(
√
E)3e

i
√

E
2

(λz̄+z/λ)

(

i
√
E

2

(

λ3 +
1

λ3

)(

λz̄ − 1

λ
z

)

+ 3

(

λ3 − 1

λ3

)

+ o(1)

)

, |z| → ∞.The uniqueness of the solution of (2.1) with the asymptoti
s (2.6) at the 
onsidered value of λimplies that
Tϕ = i(

√
E)3

(

λ3 +
1

λ3

)

ϕ+ 3i(
√
E)3

(

λ3 − 1

λ3

)

ψ.In other words,
∂tϕ = 8∂3zϕ+ 2w∂zϕ+ 8∂3z̄ϕ+ 2w̄∂z̄ϕ+ i(

√
E)3

(

λ3 +
1

λ3

)

ϕ+ 3i(
√
E)3

(

λ3 − 1

λ3

)

ψ. (4.13)10



Now we write α(λ, t) in the form
α(λ, t) =

∫∫

C

e−
i
√

E
2

(λζ̄+ζ/λ)v(ζ, t)ϕ(ζ, λ, t)dReζdImζand 
ompute its derivative with respe
t to time:
∂tα(λ, t) =

∫∫

C

e−
i
√

E
2

(λζ̄+ζ/λ)∂tv(ζ, t)ϕ(ζ, λ, t)dReζdImζ+

∫∫

C

e−
i
√

E
2

(λζ̄+ζ/λ)v(ζ, t)∂tϕ(ζ, λ, t)dReζdImζ.(4.14)Substituting (1.1) and (4.13) into (4.14), integrating the resulting expression by parts and takinginto a

ount that −4∂ζ∂ζ̄ϕ+ vϕ = Eϕ, we obtain
∂tα(λ, t) = 3i(

√
E)3

(

λ3 − 1

λ3

)

a(λ, t) (4.15)(see Appendix for the detailed derivation of this formula). Formulas (3.6), (4.15) yield (3.8).Similarly, we write β(λ, t) in the form
β(λ, t) =

∫∫

C

e
√

−E
2

(λ̄ζ+ζ̄/λ̄)v(ζ, t)ϕ(ζ, λ, t)dReζdImζand 
ompute its derivative with respe
t to time:
∂tβ(λ, t) =

∫∫

C

e
√

−E
2

(λ̄ζ+ζ̄/λ̄)∂tv(ζ, t)ϕ(ζ, λ, t)dReζdImζ+

∫∫

C

e
√

−E
2

(λ̄ζ+ζ̄/λ̄)v(ζ, t)∂tϕ(ζ, λ, t)dReζdImζ.(4.16)Substituting (1.1) and (4.13) into (4.16), integrating the resulting expression by parts and takinginto a

ount that −4∂ζ∂ζ̄ϕ+ vϕ = Eϕ, we obtain
∂tβ(λ, t) = i(

√
E)3

(

λ3 +
1

λ3
+ (sgnE)

(

λ̄3 +
1

λ̄3

))

β(λ, t)+3i(
√
E)3

(

λ3 − 1

λ3

)

b(λ, t) (4.17)(see Appendix for the detailed derivation of this formula). Using formula (3.7), we obtain (3.9).Referen
es[AC℄ Ablowitz M.J., Clarkson P.A.: Solitons, evolution equations and inverse s
attering. Cam-bridge University Press (1991)[BLMP1℄ Boiti M., Leon J.J.-P., Manna M., Pempinelli F.: On a spe
tral transform of a KdV-like equation related to the S
hrödinger operator in the plane. Inverse Problems. 3, 25�36(1987)[BLMP2℄ Boiti M., Leon J.J.-P., Martina L., Pempinelli F.: S
attering of lo
alized solitons inthe plane. Phys. Lett. A. 132, 432-439 (1988)[BS1℄ de Bouard A., Saut J.-C.: Solitary waves of generalized Kadomtsev-Petviashvili equations.Ann. Inst. Henri Poin
aré, Analyse Non Linéaire. 14(2), 211-236 (1997)11



[BS2℄ de Bouard A., Saut J.-C.: Symmetries and de
ay of the generalized Kadomtsev-Petviashvili solitary waves. SIAM J. Math. Anal. 28(5), 1064-1085 (1997)[F1℄ Faddeev L.D.: Growing solutions of the S
hrödinger equation. Dokl. Akad. Nauk SSSR.165(3), 514-517 (1965), translation in Sov. Phys. Dokl. 10, 1033-1035 (1966)[F2℄ Faddeev L.D.: The inverse problem in the quantum theory of s
attering. II. Itogi Nauki iTekhniki. Ser. Sovrem. Probl. Mat. 3, 93-180 (1974), translation in J. Math. S
ien
es. 5(3),334-396 (1976)[FA℄ Fokas A.S., Ablowitz M.J.: On the inverse s
attering of the time�dependent S
hrödingerequation and the asso
iated Kadomtsev�Petviashvili (I) equation. Studies in Appl. Math.69, 211-228 (1983)[FS℄ Fokas A.S., Santini P.M.: Coherent stru
tures in multidimensions. Phys. Rev. Lett. 63,1329-1333 (1983)[GK℄ Gohberg I.C., Krein M.G.: Introdu
tion to the theory of linear nonselfadjoint operators.Mos
ow: Nauka (1965), translation by Ameri
an Mathemati
al So
iety (1969)[G1℄ Grinevi
h P.G.: Rational solitons of the Veselov�Novikov equation are re�e
tionless poten-tials at �xed energy. Teoret. Mat. Fiz. 69(2), 307-310 (1986), translation in Theor. Math.Phys. 69, 1170-1172 (1986)[G2℄ Grinevi
h P.G.: S
attering transformation at �xed non-zero energy for the two-dimensionalS
hrodinger operator with potential de
aying at in�nity. Uspekhi Mat. Nauk. 55(6), 3-70(2000), translation in Russ. Math. Surv. 55(6), 1015-1083 (2000)[GN1℄ Grinevi
h P.G., Novikov R.G.: Analogues of multisoliton potentials for the two-dimensional S
hrödinger operator, and a nonlo
al Riemann problem. Dokl. Akad. NaukSSSR. 286(1), 19-22 (1986), translation in Sov. Math. Dokl. 33(1), 9-12 (1986)[GN2℄ Grinevi
h P.G., Novikov S.P.: Two-dimensional �inverse s
attering problem� for negativeenergies and generalized-analyti
 fun
tions. I. Energies below the ground state. Funkts.Anal. Prilozh. 22(1), 23-33 (1988), translation in Fun
t. Anal. Appl. 22(1), 19-27 (1988)[HN℄ Henkin G.M., Novikov R.G.: The ∂̄-equation in the multidimensional inverse s
atteringproblem. Uspekhi Mat. Nauk. 42(3), 93-152 (1987), translation in Russ. Math. Surv. 42(3),109-180 (1987)[K1℄ Kazeykina A.V.: A large time asymptoti
s for the solution of the Cau
hy problemfor the Novikov-Veselov equation at negative energy with non-singular s
attering data.arXiv:1107.1150 (2011)[K2℄ Kazeykina A.V.: Absen
e of traveling wave solutions of 
ondu
tivity type for the Novikov-Veselov equation at zero energy. To appear in Fun
t. Anal. Appl., arXiv:1106.5639 (2011)[KN1℄ Kazeykina A.V., Novikov R.G.: A large time asymptoti
s for transparent potentials forthe Novikov�Veselov equation at positive energy. J. Nonlinear Math. Phys. 18(3), 377-400(2011)[KN2℄ Kazeykina A.V., Novikov R.G.: Large time asymptoti
s for the Grinevi
h�Zakharov po-tentials. Bulletin des S
ien
es Mathématiques. 135, 374-382 (2011)12



[KN3℄ Kazeykina A.V., Novikov R.G.: Absen
e of exponentially lo
alized solitons for theNovikov-Veselov equation at negative energy. Nonlinearity. 24, 1821-1830 (2011)[M℄ Manakov S.V.: The inverse s
attering method and two-dimensional evolution equations.Uspekhi Mat. Nauk. 31(5), 245�246 (1976) (in Russian)[Nov1℄ Novikov, R.G.: The inverse s
attering problem on a �xed energy level for the two�dimensional S
hrödinger operator. Journal of Fun
t. Anal. 103, 409-463 (1992)[Nov2℄ Novikov R.G.: Absen
e of exponentially lo
alized solitons for the Novikov�Veselov equa-tion at positive energy. Physi
s Letters A. 375, 1233�1235 (2011)[NV1℄ Novikov S.P., Veselov A.P.: Finite-zone, two-dimensional, potential S
hrödinger opera-tors. Expli
it formula and evolutions equations. Dokl. Akad. Nauk SSSR. 279, 20�24 (1984),translation in Sov. Math. Dokl. 30, 588-591 (1984)[NV2℄ Novikov S.P., Veselov A.P.: Finite-zone, two-dimensional S
hrödinger operators. Potentialoperators. Dokl. Akad. Nauk SSSR. 279, 784�788 (1984), translation in Sov. Math. Dokl.30, 705�708 (1984)A AppendixHere we present the detailed derivation of formulas (4.15), (4.17) pro
eeding from representations(4.14), (4.16), respe
tively.Derivation of (4.15). Substituting (1.1) and (4.13) into (4.14) yields
∂tα(λ, t) = 8

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂3ζ v ϕdReζ dImζ + 8

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂3ζ̄ v ϕdReζ dImζ+

+ 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζv w ϕdReζ dImζ + 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ∂ζwϕdReζ dImζ+

+ 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζ̄v w̄ ϕ dReζ dImζ + 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ∂ζ̄w̄ ϕ dReζ dImζ−

− 2E

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζwϕdReζ dImζ − 2E

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζ̄w̄ ϕ dReζ dImζ+

+ 8

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ∂3ζϕdReζ dImζ + 8

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ∂3ζ̄ϕdReζ dImζ+

+ 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ
λ
) v w ∂ζϕdReζ dImζ + 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ
λ
) v w̄ ∂ζ̄ϕdReζ dImζ+

+ i(
√
E)3

(

λ3 +
1

λ3

)
∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ϕdReζ dImζ+

+ 3i(
√
E)3

(

λ3 − 1

λ3

)
∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ψ dReζ dImζ =

14
∑

i=1

Ii. (A.1)
13



Integrating I9 by parts yields
I9 = − i(

√
E)3

λ3

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ϕdReζ dImζ +

6E

λ2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζv ϕdReζ dImζ+

+
12i

√
E

λ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂2ζ v ϕdReζ dImζ − 8

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂3ζ v ϕdReζ dImζ.In this way it 
an be obtained that

I1 + I2 + I9 + I10 + I13 =

=
6E

λ2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζv ϕdReζ dImζ +

12i
√
E

λ

∫∫

C

e
−i

√

E
2

(λζ̄+ ζ

λ
) ∂2ζ v ϕdReζ dImζ+

+ 6Eλ2
∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζ̄v ϕdReζ dImζ + 12i

√
Eλ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂2ζ̄ v ϕdReζ dImζ. (A.2)Integrating I11 by parts and taking into a

ount that −4∂ζ∂ζ̄ϕ+ vϕ = Eϕ we obtain

I11 = −2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζv w ϕdReζ dImζ +

i
√
E

λ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v wϕdReζ dImζ−

− 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ∂ζwϕdReζ dImζ =

= −2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζv wϕdReζ dImζ +

i(
√
E)3

λ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) wϕdReζ dImζ+

+
4i
√
E

λ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ
λ
) w ∂ζ∂ζ̄ϕdReζ dImζ − 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ
λ
) v ∂ζwϕdReζ dImζ =

= −2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζv wϕdReζ dImζ +

i(
√
E)3

λ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) wϕdReζ dImζ−

− i(
√
E)3

λ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) wϕdReζ dImζ − 6E

λ2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζv ϕdReζ dImζ+

+ 2E

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζwϕdReζ dImζ −

12i
√
E

λ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂2ζ v ϕdReζ dImζ−

− 2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) v ∂ζwϕdReζ dImζ.Thus it 
an be obtained that

I3 + I4 + I5 + I6 + I7 + I8 + I11 + I12 =

= −6E

λ2

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζv ϕdReζ dImζ −

12i
√
E

λ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂2ζ v ϕdReζ dImζ−

− 6Eλ2
∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂ζ̄v ϕdReζ dImζ − 12i

√
Eλ

∫∫

C

e−
i
√

E
2

(λζ̄+ ζ

λ
) ∂2ζ̄ v ϕdReζ dImζ. (A.3)14



Finally,
I14 = 3i(

√
E)3

(

λ3 − 1

λ3

)

a(λ, t) (A.4)and thus from (A.1)-(A.4) we obtain formula (4.15).Derivation of (4.17). Similarly, the formula (4.17) 
an be derived. Substituting (1.1) and (4.13)into (4.16) yields
∂tβ(λ, t) = 8

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂3ζ v ϕdReζ dImζ + 8

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂3ζ̄ v ϕdReζ dImζ+

+ 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζv w ϕdReζ dImζ + 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ∂ζwϕdReζ dImζ+

+ 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζ̄v w̄ ϕ dReζ dImζ + 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ∂ζ̄w̄ ϕ dReζ dImζ−

− 2E

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζwϕdReζ dImζ − 2E

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζ̄w̄ ϕ dReζ dImζ+

+ 8

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ∂3ζϕdReζ dImζ + 8

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ∂3ζ̄ϕdReζ dImζ+

+ 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v w ∂ζϕdReζ dImζ + 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v w̄ ∂ζ̄ϕdReζ dImζ+

+ i(
√
E)3

(

λ3 +
1

λ3

)
∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ϕdReζ dImζ+

+ 3i(
√
E)3

(

λ3 − 1

λ3

)
∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ψ dReζ dImζ =

14
∑

i=1

Ji. (A.5)Integrating J9 by parts yields
J9 = −λ̄3(

√
−E)3

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ϕdReζ dImζ + 6λ̄2E

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζv ϕdReζ dImζ−

− 12λ̄
√
−E

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂2ζ v ϕdReζ dImζ − 8

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂3ζ v ϕdReζ dImζ.In this way it 
an be obtained that

J1 + J2 + J9 + J10 + J13 = i(
√
E)3

(

λ3 +
1

λ3
+ (sgnE)

(

λ̄3 +
1

λ̄3

))

β(λ, t)+

+ 6Eλ̄2
∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζv ϕdReζ dImζ − 12

√
−Eλ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂2ζ v ϕdReζ dImζ+

+
6E

λ̄2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζ̄v ϕdReζ dImζ −

12
√
−E
λ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂2ζ̄ v ϕdReζ dImζ. (A.6)15



Integrating J11 by parts and taking into a

ount that −4∂ζ∂ζ̄ϕ+ vϕ = Eϕ we obtain
J11 = −2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζv w ϕdReζ dImζ −

√
−Eλ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v w ϕdReζ dImζ−

− 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ∂ζwϕdReζ dImζ =

= −2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζv w ϕdReζ dImζ + (

√
−E)3λ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) wϕdReζ dImζ−

− 4
√
−Eλ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) w ∂ζ∂ζ̄ϕdReζ dImζ − 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ∂ζwϕdReζ dImζ =

= −2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζv w ϕdReζ dImζ + (

√
−E)3λ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) wϕdReζ dImζ−

− (
√
−E)3λ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) wϕdReζ dImζ − 6Eλ̄2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζv ϕdReζ dImζ+

+ 2E

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζwϕdReζ dImζ + 12

√
−Eλ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂2ζ v ϕdReζ dImζ−

− 2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) v ∂ζwϕdReζ dImζ.Thus it 
an be obtained

J3 + J4 + J5 + J6 + J7 + J8 + J11 + J12 =

= −6Eλ̄2
∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζv ϕdReζ dImζ + 12

√
−Eλ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂2ζ v ϕdReζ dImζ−

− 6E

λ̄2

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂ζ̄v ϕdReζ dImζ +

12
√
−E
λ̄

∫∫

C

e
√

−E
2

(λ̄ζ+ ζ̄

λ̄
) ∂2ζ̄ v ϕdReζ dImζ. (A.7)Finally,

J14 = 3i(
√
E)3

(

λ3 − 1

λ3

)

b(λ, t) (A.8)and thus from (A.5)-(A.8) we obtain formula (4.17).
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