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SHARP ASYMPTOTICS OF METASTABLE TRANSITION TIMES FOR
ONE DIMENSIONAL SPDES

FLORENT BARRET

ABSTRACT. We consider a class of parabolic semi-linear stochastic partial differential
equations driven by space-time white noise on a compact space interval. Our aim is to
obtain precise asymptotics of the transition times between metastable states. A version
of the so-called Eyring-Kramers Formula is proven in an infinite dimensional setting.
The proof is based on a spatial finite difference discretization of the stochastic partial
differential equation. The expected transition time is computed for the finite dimensional
approximation and controlled uniformly in the dimension.

1. INTRODUCTION

Metastability is a phenomenon which concerns systems with several stable states. Due
to perturbations (either deterministic or stochastic) the system undergoes a shift of regime
and reaches a new stable state (see e.g. [15] by Cassandro, Galves, Olivieri and Vares, the
book [36] by Olivieri and Vares and the lecture notes [6] by Bovier). Typical examples of
metastable behavior can be found in chemistry, physics (for models of phase transition)
and ecology.

In this article, our aim is to understand metastability for a class of stochastic partial
differential equations. We consider the Allen-Cahn (or Ginzburg-Landau) model which
represents the behavior of an elastic string in a viscous stochastic environment submitted
to a potential (see e.g. Funaki [27]). This model has other interpretations in quantum field
theory (see |21} 6] and the references therein) and in statistical mechanics as a reaction
diffusion equation modeling phase transitions and evolution of interfaces (see Brassesco
and Butta [12] 13]).

More precisely, we deal with the following equation, for (x,¢) € [0,1] x Rt

Opu(x, t) = yOppu(x,t) — V' (u(z, t)) + V2eW (1.1)

where v > 0. W is a space-time white noise on [0, 1] x R in the sense of Walsh [40] and
€ > 0 is the intensity of the noise. V' is a smooth real valued function on R called a local
potential. We consider two boundary conditions: Dirichlet boundary conditions (for all
t € RT, u(0,t) = u(l,t) = 0) and Neumann boundary conditions (0,u(0,t) = d,u(1,t) =
0). The initial condition is given by a continuous function wy which satisfies the given
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boundary conditions. Existence and uniqueness of an Hdélder-continuous solution in the
mild sense have been proved by Gyongy and Pardoux in [29].

Faris and Jona-Lasinio in [2I] are among the first ones to analyze Equation (L)) for a
double well potential

xt 2?

In this case, V has only two minima which are +1 and —1. One expects that the model (ITI)
has several stable states and that a metastable behavior occurs. The authors introduced
a functional potential S and interpreted (LI]) as the stochastic perturbation of an infinite

dimensional gradient system:

dyu = —% +V2eW (1.3)

where for ¢ a differentiable function,

56) = [ FI0@F +Viol)is (1.4

S represents the free energy. ‘;% is the Fréchet derivative of S i.e. the infinite dimensional
gradient of S.

For more general functions V' (real valued C? functions), we can define a similar potential
S as in () which determines a potential landscape. Under the stochastic perturbation,
this potential landscape is explored by the process u defined in (II)). While the system
without noise (i.e. € = 0) has several stable fixpoints (which are the minima of ), for
€ > ( transitions between these fixpoints will occur at a suitable timescale. The transition
paths go through the lowest saddle points. Thus, minima and saddle points of S have a
key role to understand metastability but it is often a hard task, given a potential V' (and
thus S), to completely compute and comprehend the geometrical structure of the energy
landscape. However, some elegant method exists (see e.g. [22, [41]).

The model (L3) is an infinite dimensional generalization of the finite dimensional systems
investigated by Freidlin and Wentzell [25] and by Bovier, Eckhoff, Gayrard and Klein
in |9, 10]. Moreover, we will see that (I is rigorously the limit of a gradient finite
dimensional system (via a spatial finite difference approximation).

Our aim is to derive precise asymptotics of the expected transition time i.e. the time
needed, starting from a minimum ¢ of S, to hit a set of lower minima. We define the
hitting time 7.(B) by 7.(B) = inf {t > 0,u(t) € B} where B is a disjoint union of small ball
around some minima of S lower than ¢y. We prove that the expected time, Ey, [7-(B)], has
a very distinctive form known as the Arrhenius equation (Theorem [Z6]). This expectation
reads

Ey[7=(B)] = Ae”/*(1+ O(Ve|In(e)[*?)) (¢ = 0) (1.5)
where FE is the activation energy and A is the prefactor. E has been computed by Faris and
Jona-Lasinio for the double well potential (L2]) using a large deviation approach (Theorem
1.1 [21]). E is exactly the minimum height of potential that a pathway has to overcome
to reach B starting from ¢q. The prefactor A is a constant (for our set of hypotheses)
and depends only on the local geometry of the potential S near the minimum ¢y and near
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the passes (or saddle points) from ¢ to the set B. The order O(y/2 |In(e)|*?) of the error
term comes directly from the local approximation of the potential S by its quadratic part.

For the double well potential (.2 with Neumann boundary conditions, Faris and Jona-
Lasinio proved that S has only two global minima, denoted m and —m (correspond-
ing roughly to the constant functions 1 and —1 resp.). For some =, this model has a
unique saddle point ¢ = 0 (the constant function 0). We deduce from Theorem that
E_,.[7-(B™)], for a small ball BT in the suitable norm around m, takes the form (3] with
E = S(c) — S(—m) and

(1.6)

where (Ag(¢))r>1 are the eigenvalues of the second Fréchet derivative of the potential
at a point ¢ and A\ (o) is the unique negative eigenvalue at the saddle point o. Using
asymptotic expansion of the eigenvalues, we prove that the infinite product converges. It
is exactly the equivalent for an operator of the classical determinant of a matrix. We also
mention the fact that this infinite product has a nice expression in terms of solutions of
linear differential equations (see e.g. Levit and Smilansky [32]).

Eyring in [20] and particularly Kramers in [31] investigate the case of a one dimensional
diffusion as a model for chemical reaction rates and express rates instead of expectations.
Their formula is known as the Eyring-Kramers Formula. It takes the form (LI) with the
prefactor given by a formula similar to (LG) but with a single factor in the product (there
is only one eigenvalue).

Similar Eyring-Kramers Formulas exist through a wide range of reversible Markovian
models from Markov chains, stochastic differential equations. For finite dimensional dif-
fusions, Freidlin and Wentzell in [25], proving that these systems obey a large deviation
principle, obtained the activation energy in terms of the rate function. In recent years, the
potential theory approach initiated by Bovier, Eckhoff, Gayrard and Klein in [9] [I0] has
allowed to give very precise results and led to a proof of the Eyring-Kramers Formula for
gradient drift diffusions in finite dimension. Moreover, the potential approach originate
from Markov chains (see [7, 8, 6]) and have been refined to obtain metastable transition
times for specific models (see e.g. [5) [IT]).

Formula (LG is then the extension of the Eyring-Kramers Formula to a class of one-
dimensional SPDEs (L]). Maier and Stein in [33] obtained heuristically this formula and
Vanden-Eijnden and Westdickenberg in [39] used it to compute nucleation probability.

Specifically, the system (L)) and its metastable behavior have been studied for at least
thirty years using mainly large deviation principle and comparison estimates between the
deterministic process (([LI) with ¢ = 0) and the stochastic process defined by ([ZI)). Cas-
sandro, Olivieri, Picco [16] obtained similar asymptotics as Faris and Jona-Lasinio [21]
when the size of the space interval is not fixed and goes to infinity as € goes to 0 suffi-
ciently slowly. These results first prove the existence of a suitable exponential timescale in
which the process undergoes a transition.
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In the same case as ([L2), Martinelli, Olivieri and Scoppola [34] obtain the asymptotic
exponentiality of the transition times (Theorem 4.1 [34]). Also, Brassesco [12] proves that
the trajectories of this system exhibit characteristics of a metastable behavior: the escape
from the basin of attraction of the minimum —m occurs through the lowest saddle points
(Theorem 2.1 [12]) and the process starting from —m spends most of its time before the
transition near —m (Theorem 2.2 [12]).

In this paper, we consider a local potential V' (satisfying Assumptions 2] and [24]) and
we rigorously prove an infinite dimensional version of the Eyring-Kramers Formula. Our
method relies on a spatial finite difference approximation of Equation (II]) introduced by
Berglund, Fernandez and Gentz in [3] [4] as a model of coupled particles submitted to a
potential. The computation of the expected transition time for the approximated system
gives us the prefactor, the activation energy and some error terms. We need to control
the behavior of these error terms as the step of discretization goes to 0 (or equivalently as
the dimension N of the approximated system goes to +00). To this aim, we adapt results
from [2] by Bovier, Méléard and the author.

As proved by Funaki [27] and Gyongy [28], the solution of the approximated system
converges to the solution of the SPDE. By combining different results from SPDE theory,
large deviation theory (from Chenal and Millet [I7]) and Sturm-Liouville theory we are
able to take the limit of the finite dimensional model in order to retrieve the SPDE (IL]).
We also need to adapt estimates on the loss of the memory of the initial condition (from
Martinelli, Scoppola and Sbano [34], 35]) uniformly in the dimension.

The use of spatial finite difference approximation is quite natural since we consider
our SPDEs in the sense of Walsh [40], limited to the case of space-time white noise.
Other approximations could be possible, notably the Galerkin approximation should lead
to similar results for a different class of SPDEs in the framework of Da Prato and Zabczyk
(see the book [19]).

The article is organized as follows. In Section [2, we present the equation, the assump-
tions, the main theorem (Theorem Z@) and a sketch of its proof. Then in Section B we
adapt the convergence of the approximations and prove convergence of the approximated
transition times. In Section [l we state large deviations estimates by Chenal and Millet
[I7], contraction results by Martinelli, Olivieri, Scoppola and Sbano [34, [35] and prove
a uniform control in the initial condition uniformly in the dimension. In Section [ we
recall results about eigenvalues and eigenvectors of Sturm-Liouville problems and prove
the convergence of the prefactor. In the last section, we compute the expected transition
times uniformly in the dimension.

We will use the following notations henceforth. For a functional space C, equipped with
a norm ||-||,, we denote by Cy. the closed subspace in the C topology of the functions in C
satisfying the suitable boundary conditions (Dirichlet or Neumann). For f € L*([0, 1] x
[0,71]) we set the norm of this space |||, or simply || f||,, when T"= +o0.

Acknowledgments. I am very grateful to Anton Bovier and Sylvie Méléard for the great
insights and advices they gave me and for introducing me to this very interesting topic.
They supported me in the writing of this paper and helped me to clarify this work. I am



SHARP METASTABLE ASYMPTOTICS FOR ONE DIMENSIONAL SPDES 5

indebted to the Hausdorff Center for Mathematics for the multiple visits I made in Bonn
and the ANR MANEGE program for financial support. Part of the work in this paper has
been realized at the Technion in Haifa at the invitation of Dima loffe whom I thank for
his kind hospitality.

2. RESuLTS

2.1. The Equation. The assumptions are of two kinds: some on the local potential V|
others on the functional potential S. We first start with the hypotheses on V.

Assumptions 2.1. We suppose that:

e Vis C?on R.
e V' is convex at infinity: there exist R,c > 0 such that for |u| > R

V"(u) > ¢ > 0. (2.1)
e V grows at infinity at most polynomially: there exist p, C' > 0 such that
Vi(u) < C(1+ |[ul?). (2.2)

These hypotheses are made to avoid complications for the definition of the solution u of
(II) and to allow the computations of the derivatives of S.

Let (2,.%#,P) be a probability space on which we define a space-time white noise W as
defined in [40] equipped with a filtration (F;);>o with the usual properties. The integrable
processes for the white noise are the predictable measurable processes in L*(Q xR, x [0, 1]).
We denote by ¢;(x,y) the density of the semi-group generated by v0,, on [0, 1] with the
suitable boundary conditions.

Let us recall that a random field u is a mild solution of (1) if

(1) w is almost surely continuous on [0, 1] x R™ and predictable
(2) for all (z,t) € [0,1] x RT

U(M)Z/Olgt(fc,y)u()(y)dy—/Ot/olgt_s(fv,y)v’(U(y, s))dyds
Ve | t / gl )Wy, ds). (2.3

We state from [29] the following result on the existence, uniqueness and regularity of
the solution.

Proposition 2.2 ([29]). For every initial condition uy € Cy.([0,1]), the stochastic partial
differential equation (1)) has a unique mild solution. Moreover for all T >0 and p > 1,

E
[0,7]x[0,1]

sup \u(x,t)|p] < C(T,p). (2.4)

The random field u is essentially %—Hé'lder n space and i—HO’lder n time.
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The only complication comes from the fact that V"’ is not globally Lipschitz but prevents
the process to go to infinity. From Assumptions 2.1l we have

—zV'(z) < C. (2.5)
The proof of Proposition 22 is standard and uses mainly estimates on the density g,(z,y).

Remark 1. The definition of the stochastic convolution (the last expression of the right-
hand side of ([23))) requires the density of the semi-group to be in L*([0, 1] x [0,T]) for
every T' > 0. Unfortunately, that is only true in dimension one. For higher dimensions, the
stochastic convolution does not define a classical function but a distribution in a Sobolev
space of negative index [40].

2.2. Stationary Points. As for the finite dimensional case, the minima and saddle points
of S play a crucial role. To this end, we first specify what is the "gradient" (or the Fréchet
derivative) of the functional S. Let us recall that S is defined, for ¢ € HL, by

1
56)= [ J@P+Vola)ds (2.6
0
For ¢, h in CZ([0,1]) we have a Taylor expansion of S at the second order in h
1
S(é+h) = S(9) + DyS(h) + 5 DS (h, h) + O([Ih]l¢2) (2.7)

where || h|| 2 = ||h]| o+ 7|+ |2 - By integration by parts we compute the differentials
DyS and D;S . The first order differential is a linear functional which takes the form

D,S(h) = / ¢ (2) + V! (6(x)) h()d. (2.8)

The Fréchet derivative is ‘;% = —¢"(x) + V'(¢(x)). The second order derivative (the
Hessian operator) takes the form

D3S(h, h) = /0 h(x)[—yh" (x) + V"(p(x))h(z)]d. (2.9)
We denote by H,S the Hessian operator at ¢:
HoSh(x) = —yh"(x) + V" (d(x))h(x). (2.10)

The Hessian operator is a Sturm-Liouville operator.
We say that ¢ is a stationary point of S if ¢ is solution of the non-linear differential
equation

55 " ! o
6 =1 HVI@) =0 (2.11)

Let us now fix two points ¢, 1 € Cy.([0, 1]) and define some quantities.
[(¢ =) ={f, f(0) = ¢, f(1) = ¢, f € C([0,1], Coe([0, 1])) } (2.12)
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is the set of continuous paths from ¢ to ¢. For f € I'(¢p — 1), ]?denotes the set of maxima
of the path f,

te[0,1]

F= { f(to), to € argmax S( f(t))} . (2.13)

The saddle points are passes from a valley to another one. The definition uses this idea.

Definition 2.3 (Saddles). For any ¢,¢ € C.([0,1]), we define §((b, 1), the minimum
height needed to go from ¢ to ¢

S(6,0) = S(w,0) = inf {S(6), 6 € [.f €T(6— v) }. (2.14)

For ¢, such that §(¢, 1) < 0o, we denote . (¢, 1) the set of admissible saddles: the
points which realize the maximum along a minimal pathway

(6,9) = {7 € Cul([0,1)), S(0) = S(6.). 3 € T(¢ =+ ), 0 € F} .

The set of admissible saddle points is very important to compute the prefactor of the

mean transition times. Near these points the process spends the most crucial time as it
passes from a basin of attraction to another one.

(2.15)

We now present the assumptions on S.

Assumptions 2.4. We suppose that:

e S has a finite number of minima and saddle points.
e All the minima and saddle points of S are non-degenerate (i.e. hyperbolic): at each
point, the Hessian operator has non-zero eigenvalues.

Assumptions 2.4 are structural. The finite number of stationary points provides a sim-
ple generalization of the case where there is only one saddle point. The non-degeneracy
condition is necessary in order to approximate locally at the minima and saddle points
the potential by its quadratic part. If this is not the case the prefactor in (L3 is not a
constant but should have a dependence in e.

Connections between Assumptions 1] and 2.4] are not straightforward. Proving that a
given potential S satisfies Assumption 4] is not easy, a precise analysis is often needed.
Moreover if we want to investigate the dependence of the potential S on the parameter ~,
bifurcations can occur and the landscape do not satisfy Assumption 2.4] for some critical
values of . See Berglund, Fernandez and Gentz [3],[4] for the finite and infinite dimensional
cases for the double well potential. However, results exist (see [I] and references therein)
on the generality of Assumption 2.4

In addition, under Assumptions 2.4l and 1] the deterministic dynamical system (i.e.
() without the white noise) satisfies a Morse-Smale structure (see [14, 22] and the
references therein). This means that the attractor of the dynamical system consists of
equilibria and heteroclinic orbits connecting these equilibria. Methods has been developed
by Fiedler and Rocha in [22], by Wolfrum in [41] to compute the global attractor of the
deterministic system.
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Remark 2. H' is the convenient functional space for the process since S(¢) < +oo if and
only if ¢ is in H'([0,1]). In fact from the upper bound (Z2) and lower bound ) on V
we get

Ci(llollzn — 1) < S(9) < CL(l|o3m + o] + 1) (2.16)

Each function in H'([0, 1]) is continuous and even a-Holder continuous (for 0 < a < 1).

For each ¢ € C([0,1]), we define the quantity Det(#,S):
e for Dirichlet boundary conditions, let f be the solution on [0, 1] of
HySf =0 F0) =1 F(0)=0 (2.17)
then Det(H4S) = f(1)
e for Neumann boundary conditions, let f be the solution on [0, 1] of
HsSf=0 f(0)=0 f(0)=1 (2.18)
then Det(H4S) = f/(1).
Let us recall that, as a regular Sturm-Liouville operator, H,S has a countable number

of eigenvalues, all of them real. We denote by (Ax(¢))k>1 the sequence of these eigenvalues
in the increasing order. The definition of Det(H4S) is justified by the following lemma.

Lemma 2.5 ([32]). For any ¢ and ¢ with non-degenerate Hessian operator, the infinite

product [],2 (@) o convergent and we have

k=1 A (¥)
ST A(0)  Det(HyS)
g Ar(W) Det(’HzS)‘ (2.19)

This lemma relates the infinite product of the ratio of eigenvalues to a ratio of terminal
values of solutions. We find an elementary proof in [32] by Levit and Smilansky which relies
on two different expressions of the Green function associated to the problem HSf = 0
satisfying the boundary conditions. In fact, the Green function could either be expressed
using the spectral decomposition of H,S or expressed as a linear combination of two well-
chosen fundamental solutions (of the second order linear differential equation).

2.3. Main results. Before stating the main result, we describe the set of minima and
saddle points. In fact, the prefactor depends greatly on the geometry of a graph connecting
the minima to each other through the saddle points (so-called the 1-skeleton connection
graph by Fiedler and Rocha in [23]). We define this graph and express the prefactor partly
as an equivalent conductance on this graph.

We denote by M the set of minima of S. Since by Assumption 2.4 there is a finite
number of stationary points, we order the minima by increasing energy. We denote by
1, Py oy Oy m = | M|, the different minima indexed by increasing energy

(1) < S(62) < - < S(6m)- (2.20)

We denote by M;, the subset of minima M; = {¢1, ¢o,..., ¢} for 1 <1 < m.
We consider the transitions from a minimum ¢;, to M, for I < ly. These are the only
visible metastable transitions. We will see from large deviations estimates, that to go from
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a minimum ¢ to another 1), it requires a time of order exp <§((b, ) — S((b)/5>. The time

required to make the reverse transition is also of order exp <§ (W, 0) —S)/ 5). Therefore
it S(¢) > S(¢), we get

S(¢,0) — S(¢) > S(¥, ) — S(¥) (2.21)

and the time required to go from ¢ to v is much larger than for the reverse transition. So
we cannot see the reverse transitions since there are absorbed by the direct ones. If some
minima have the same potential, we can suitably order them to consider a transition from
one minimum to another one at a same height. R

Let us now construct the weighted graph of paths from ¢;, to M;. We denote S =
§(¢10,Ml) the common potential of the saddles. The minima M are the vertices of the
graph, the saddle points in Y((blo, ;) are the edges. We connect an edge o between two
vertices ¢, 1) € M if the saddle 0 is a pass between the valleys of ¢ and v: there exists
f € I'(¢ — @) such that f has a unique element and f = 0. Existence of this graph is
ensured by Assumptions 27 (see [23] and references therein).

Each saddle point in .7 (¢;,, M;) has a unique negative eigenvalue from the Morse-Smale
property and the hyperbolicity of the stationary points. The weight associated to an edge
o is defined as

A~ (@)

) = T

where A7 () is the unique negative eigenvalue of HzS.

o™ and 0~ denote the two minima connected by a given edge &. Let us recall that we
have m minima in M. For a real valued vector a € R™ indexed by the minima in M, we
consider the following quadratic form

Q)= Y  w@)(a(@") —a@)) (2.23)

e (dry,My)

(2.22)

We define C*(¢y,, M) the equivalent conductance of the graph between ¢;, and M, as
C* (¢, M) = inf {Q(a),a € R™ a(¢py,) = 1,a(¢p) =0,¢ € M,}. (2.24)

This conductance is an approximation of the capacity between a neighborhood of ¢;, and
M. In some sense, we replace the continuous landscape defined by S by a graph containing
the relevant geometric structure of the landscape.

Let us denote by B,(¢), for ¢ € HL[0,1], the ball of center ¢ and radius p in Hj,

By(¢) = {0 € Hy., llo = ¢ll,2 < p, lloll g < Ar} (2.25)

where A; is a sufficiently large constant. We also define B,(M;) = Ugem,By(¢). We
choose this kind of neighborhood because in the following we need to control the norm in
the uniform norm and in the a~-Hélder norm (for a < 3).

We now state our main result describing the dependence in ¢ of the mean of the hitting
time of a union of balls around the points of M, starting from ¢,.
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Theorem 2.6. Under the assumptions[2.1], for any minimum ¢;,, and a set of minima
M with ly > 1, there exists py such that for any po > p >0

27Te§(¢l0 7Ml)/€

(¢l0’ Ml) A /DetH@o S

where the error term satisfies W(e) = O(/e \ln(5)|3/2).

B, [re(Bp(M))] = (14 ¥(e)) (2.26)

For the simple case where we have only three stationary points, two minima and one
saddle (e.g. the case of the double well potential ([2) with Neumann boundary conditions,
for v > 1/7?), we have the following corollary.

Corollary 2.7. Let ¢+ and ¢~ be the two minima with S(¢~) = S(¢1) and & the unique
saddle point. There exists py such that for any py > p > 0

2 DetHsS| (oo s
Bor nB,6)) = sy g v (2a)

where the error term is W(e) = O(y/2 |1n(6)|3/2)-

2.4. Sketch of proof of Theorem 2.6l We first introduce the discretization we consider.
The finite dimensional approximation of the SPDE is constructed as in the work of Funaki
[27] and the work of Gyongy[28]. The approximation is defined via a spatial finite difference
approximation of Equation (ITJ).

We denote by Sy the discretized potential, for y € RV*2

N
8
Sn(y) =hn Y o2 Wi — vi)® + V(i) (2.28)
i=0 7N
where hy > 0 is the step of discretization. We set X = ug(z;) where ug € Cy.([0,1]) is the
initial condition and the x; are the discretization points on [0, 1]. Let us denote by x;_1 /5
the middle point of [z;_1, x;]. We construct a N-dimensional Brownian motion B from the
white noise W. Doing so we will be able to prove the convergence of u” to u in L? and

almost surely. Thus we define, for 1 <i: < N
4 1
Bz = \/T_NW ([[Ei_l/g,xi_i_l/g} X [O,t]) . (229)

The properties of the white noise imply that (B?) are independent Brownian motions.
The N-dimensional process (X;); is the solution of

. 1 , 2 ,
AX] =~ VS (X0)'dt + /idBf for i = 1..N. (2.30)
X% and XV*! are defined by the boundary conditions

e for Dirichlet boundary conditions:

X =XxNt =0 Vvt>0 (2.31)
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e for Neumann boundary conditions:
X) =X} and XNt =XN vt>o. (2.32)

The discretized system u” is the linear interpolation between the points (z;, X*). To

simplify, it is easier to adapt the parameters to the boundary conditions.
e For Dirichlet boundary conditions, we choose

1 1

hy = —— = Y0<i<N4+L 9.33
NTN+T TTNTI PSAT (2.33)

e For Neumann boundary conditions, we choose

1 1 1

_ o <i< . .
hy N T N T ON VO<i<N+1 (2.34)
We set 7V (B) the hitting time of a set B for the discretized system

M(B) = inf {t > 0,u(N"'t) € B}. (2.35)

We decompose the proof of Theorem in several steps:

(1) for a given ¢ and a sequence of initial conditions ¢}, each being a minimum
of SV, converging to ¢, (see Proposition [5.6), we prove that the expectation of
N (B,(M,)) converges to the expectation of the hitting time for the SPDE:

T By [7 (B,(M0)] = By, [1-(B,(M0))]. (2:36)

To this aim, we use the convergence of u” to the solution u. This is done in Section
(2) For a fixed N, we compute the asymptotics of the transition time uniformly on the
dimension. We get a prefactor ay(e) such that

1
Bl B M) = 1| = (e, N) < U(E) = O(EMEP) - (237)
where the error term W(e) does not depend on N. This step is the main estimate
and is detailed below.
(3) The limit N — oo of ax(e) gives us the correct asymptotics for the transition time
in the infinite dimensional case:
a(e) = lim ay(e). (2.38)

N—oo

This is done in Section [G
The estimate ([237) is proved in two steps.

(i) First we start from a probability measure (the equilibrium probability: v") on the
boundary of a chosen neighborhood of the minimum QS{OV , which allows us to do the
computation of ax(e):

1
CLN(é)
This is done in Section [6l

E,x [ (B,(Mo)] — 1| = thi(e, N) < ¥y(e) = O(vz [In(e)[?). (2.39)
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(ii) Then we have to control the error made by starting on the boundary of the minimum
and not precisely at the minimum:

1
CLN(ﬁ)

with Ws(e) = O(y/Z [In(e)[*?). This result comes from the loss of memory of the
initial condition adapted from Martinelli in [34]. This is exposed in Section [

B, v [7 (B, (Mo))] = Egx [7 (By(Mo))]| = ta(e, N) < Wa(e) (2.40)

3. DISCRETIZATION

In this section, we present the convergence of the discretization u” to the solution of
the SPDE and prove the convergence of the hitting times.

N

3.1. Finite Dimensional Model. We write the discretized system »" in a mild form.

We define a function xy, with |z the integer part of z,

[(N+1)z+ 1|

kn(z) = N1 , for Dirichlet boundary conditions, (3.1)
N 1 1
kn(x) = % ~ 5N for Neumann boundary conditions. (3.2)

We define ¢ the semi-group associated with the discretized Laplacian. The discretized
Laplacian is a N dimensional matrix, denoted by A} for Dirichlet boundary conditions
and by AY for Neumann boundary conditions:

2 1 0 ... 0 11 0 ... 0
o2 : 2 :

A =7r] 0 0 Av=710 0 (3.3)
" 1 M 1
0 0 1 -2 0 0 1 -1

We consider the matrix p" (t) = hy'e"®". Therefore p"(t); ; is the solution of

d

4 Ny NN ()Y, .
ey (t)ij = (YAYPY())iy 5.4)
N 1 '
pr(0)i; = h_éij'

N

The semi-group ¢ is the linear interpolation of p™¥(¢) on [0, 1] x [0, 1] along the discretiza-
tion points.
Let us now prove the convergence of the solution of (B:8) to the solution of Equation

@D).

Theorem 3.1. For all initial condition ug € C3.([0,1]), T > 0, and p > 1, we get the
convergence

u ———u on [0,1] x 0,7 (3.5)

N—o00
in the following senses:



SHARP METASTABLE ASYMPTOTICS FOR ONE DIMENSIONAL SPDES 13

o in LP(Q,C([0,1] x [0,T))), i.e. E [HuN - UHZQT} L0

N—o0
e almost surely in C([0,1] x [0,T]), i.e. for everyn €]0,3[, there exists = a random
variable almost surely finite such that

(3.6)

™ =
[e.e]

< —.
T\Nn

Remark 3. Let us denote

fulr = s [ [ ate o T p—— 7
te[0,T] t€[0,T]

We have ||ull, - < ||lul|, ;- As a consequence we get convergence in Theorem B.IJin the L¢
norm instead of the uniform norm.

The convergence of the finite discretization is proved in [28] if V” is globally Lipschitz. We
proved that the result holds in the case that V' satisfies (Z1]) via a localization argument.
The idea, notably used by Funaki in [27], is to rewrite the finite dimensional system u¥
in a "mild form" and prove the convergence of this finite dimensional mild form to the
infinite dimensional mild form (23)).

Lemma 3.2. For every ug € Cy.([0,1]) and N > 0, the function u” defined on [0,1] x RT
satisfies the equation

o :/ ol / / ge (@, mn () V' (™ (kx(y), 5))dyds
+\/_/ / 91 (@, hin ()W (dy, ds). (3.8)

Forallp>1 and T > 0, we have

supE[ sup }uN(x,t)}p] < C(T,p). (3.9)
N Lio,m)x[o,]

Proof. This lemma is just a reformulation of the system of stochastic differential equations.
We use the variation of the constant to integrate the linear part and then interpolate
linearly the system to obtain a mild formulation of the function u? (see |27, 28§]).
obtain the uniform moment bound, we proceed classically using a truncation procedure.
We define u}y and up solutions of equations (3.8) and (Z3) in which we have replaced the
function V' by bg defined, for R > 0 by

bR(U) = V,(U)]l[_RJ{} + V’(R) ]l]R,-i-oo[ + V/(—R) ]l]—oo,—R[' (310)

bgr is continuous, bounded and globally Lipschitz. Firstly, using the uniform estimates of
the semi-group and the boundedness of bg, we prove that for all T, all p > 1, there exists
C(p,T, R) independent, of N such that

sup  E [|u(z,1)]"] <C(p, T, R) < +o0. (3.11)
[0,1]x[0,T]
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Secondly, there exists C(p, T, R) independent of N, such that

supE[ sup ‘ug(as,t)‘p] < C(p,T,R) < +o0. (3.12)
N [0,1]x [0,

We use regularity of the solution (Kolmogorov’s theorem) to prove (BI12]). Thirdly, we use
a comparison theorem to obtain uniform bounds on u" from bounds on uj where Ry is
fixed and sufficiently large. 0

We use the convergence of uf to ugr proved in [28].

Proposition 3.3. [[28]/ For all R > 0, T > 0 and 0 < n < 5 and u in C}[0,1], there
exists a random variable g almost surely finite such that

o —unll _p < 2 (3.13)
Proof of Theorem[31l Let R > 0, we define the stopping times
Tr = inf{t, |Jur(t)||, > R} = inf{t, 3z € [0,1], |ur(z,t)| > R} (3.14)
= inf{t, ||ux (t)|| . > R} = inf{t, 3z € 0,1], |uj (z,t)| > R}. (3.15)
Let us choose 0 < d < 1. For R > 1, we define
Qp ={mr—s > T and liNHLioréf T > T} (3.16)

First we show that P[Qg] — 1. Let M > 0. Forw € {{g < M} N{rp_s = T}, by
— 00
Proposition B3] for NV sufficiently large,

[uf || o (W) < ugllor (@) +6 < R (3.17)

which means that liminfy o, 75 (w) = T. Then by taking the complement relatively to
{&r < M} we get
P[lim inf T <T;ép < M] < Plrr_s < T;&r < M] < Plrr_s < T]. (3.18)
—00
By definition of the time 755, we have by the Markov inequality for p > 1 and from
Equation (2.4)
o E [lful, o]
Finally we get
P[Q) = Plrr-s < T or liminf ™ < T]
—00
< Plrr-s < T] + P[lim inf T < T;ér < M] +P[¢g > M|
—00
2[E[||wl|?
- ull5r)
(R—0)

Since &g is finite almost surely, we take first the limit M — 400 then R — +o0.

+Plér > M]. (3.20)
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Let us define Qp = Qp N {ér < oa}. Since 7 and 75 are increasing in R € N, the sets
Qg are also increasing in R. Then we have

IP)[UORO>1§R] = PlUpenQr] = }%E)I;o P[Qg] = 1. (3.21)

Let w € Qg. By definition of 75, there exists No(w) such that for all N > Noy(w),
7 (w) > T and 7r_s(w) > T. By using the proposition B3] for all N > Ny(w),

|u — uHOO’T (W) = [Juy — URHOO,T (W) < Er(w)NT. (3.22)
We define g (w) by
p(w)= sup N7 Hug — URHOO,T (W) + &r(w). (3.23)
N<No(w)

¢ (w) is finite on Qp and is such that |u — uHooT < RN, Let us define the random
variable = by

[1]

(W) = &r(w) on Qg \ Qp_y for R > 2
E(w) = & (w) on Q. (3.24)
Then on UR>1(NZR, set, of probability 1, = is almost surely finite and HuN — uHOO s SENTT

which finishes the proof of the almost sure convergence.

To conclude, we show that E [HuN — uHZO T} converges to 0. Since Hu has uniform

N
Hoo,T
moments in N (Lemma [3.2]), we define

QRJ\TO = mN;NO{TR—cS > T and 7'}]2\[ > T} (325)
We have Qg = Uy, g N, For all N > Ny, we get by definition
o =l 1 = T g B ¥ =l (320

Thus using Cauchy-Schwarz inequality and the bound ([B.3), we get

E [ =l ;]| <E |l = unll?, ;| + Pl n ) C2p, 7). (3.27)
Using the convergence of uf to u* (Proposition B.3)), we obtain
lim sup E |:HUN — uHZO T} < C(2p, TP, No]%' (3.28)
N—o0 ’ '

Let us fix n > 0. Since P[Qg] tends to 1 and Qp is increasing, we choose R such that
P[Q%] < n. Similarly, Qg y, is increasing in Ny, thus P[Qg] = limy, o P[QF x,] < 7
Let us choose Ny such that P[Q% y ] < 27. Inserting this bound in (B28), we obtain the
result. O
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3.2. Convergence of the Transition Times. We conclude this section by proving the
convergence of the transition times.

Let us denote by wg the initial condition of the solution of Equation (ILI) and ¢ a
continuous function. We define the hitting times: for p > 0

Te(p) = inf {t > 0, [Ju(t) — ||, < p} (3.29)
N (p) = inf {t > 0,||u™(t) — ™| _ < p} (3.30)

€

where ¢ is the linear approximation of ¢.

Proposition 3.4. Suppose that quN — quOO converges to O and that there exists py such
that for every py > p > 0,

Eu[m(p)] < 0. (3.31)
Then for almost every p > 0,
N(p) o) as and Egyplr ()] —— Eulr(o)] (3.32)
—00 N—o00

Proof. For the sake of simplicity we omit ¢ in the proof. First we prove that for all 6 > 0,
T > 0, we have

T(p+0)ANT < lij\rfn inf 7V (p) AT <limsup ™™ () AT < 7(p—6) AT aus. (3.33)
—00

N—o00
From Theorem B.1] ||u® — uHOO o converges to 0 almost surely. Therefore with proba-
bility 1, there exists Ny(w) such that for all N > Ny(w)
) 4]
sup [[u™ (t) — u(t)]|  (w) < o) and o™ — o] < 3 (3.34)
te[0,7)
Then for t < 7(p+0) AT and N > Ny(w), using the triangle inequality we get
p+ 0 < lu(t) = ¢l < Jult) =™ @)]|  + [V (@) = &"[| o, + [Juf =4l
<O+ [[u™(t) — o™ (3.35)
which means that ¢t < 7% (p) A T. Thus, we obtain 7(p + 0) AT < liminfy [TV (p) A T
almost surely. By the same arguments for t < 7% (p) AT and N > Ny(w), we get
p < lu (@) = ™| L <O+ fult) = ol (3.36)

Therefore limsup . [TV (p) AT] < 7(p — §) AT which proves the inequality ([329).

From the definitions of 7(p) and 7V (p), the functions p — 7(p) and p — 7V (p) are left
continuous and have right limits. Then using the fact that 7(p) is finite almost surely, we
get

7(p") <liminf 7V (p) < limsup 77 (p) < 7(p) < +00 a.s. (3.37)

N—o00 N—o00
where 7(pT) = limg_,o+ 7(p + 0).
At a point of continuity of p — 7(p), we obtain 7(p) = limy_,. 7V (p). Let us fix p; > 0.
There exists .4 C 2 a null set such that for w ¢ A, p — 7(p)(w) is bounded, decreasing,
left continuous on [p;, +0o[. We define the set of discontinuities, Z:

P = {(w,p) € N x [p1, +o0l, T(p") (W) # T(P)(w)} C Ax R. (3.38)
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Then we consider the projection II¥ from 2 x R on R along {w} x R. For w € A4¢ we
define

D(w) =5(#) = {p € [p1, +oo[, 7(p")(w) # T(p)(w) } C R. (3.39)

D(w) is at most countable since p — 7(p)(w) is a bounded decreasing function.
We define N (p) = I17(#) with II}} the projection from © xR on Q along Q x {p}. N(p)
is the set of Q2 for which 7(p) is not continuous at p. Therefore, we have

P = Usea (w0} x D) = UpsuN(p) x {0} (3.40)

Then, using Fubini-Tonelli Theorem

+oo +oo +oo
/ dp—// (w, p)dpdP(w // (p)dpdP(w) =0. (3.41)
p1 P1 P1

We get a null set E(p1) on [p1, +oo[ such that PN = 0 for all p € E(py) i.e. the
convergence is almost sure. To conclude, we con51der a sequence (Pn)n=0 converging to 0,
then & = U,>0€(pn) is a null set of R on which the convergence is almost sure.

By using dominated convergence, we obtain the convergence of the expectations. 0

4. INITIAL CONDITION

4.1. Large Deviation Control. For 0 < o < 1, we set C*([0,1]) the set of a-Holder
continuous functions on [0, 1] equipped with the norm ||-|| .

‘f(x)_f(gy” (41)
|z =y
We also define D*([0, 1]) the separable subset of this Holder space which is the closure of
C>in C°.
Let 0 < a < 3 and p > 0, we consider the neighborhood B¢ (¢) of ¢ € Dj.([0, 1])

By(9) = {¢ € Dy.([0,1]), l¢ = ¢llca < p}- (4.2)

We also have BS(M;) = Ugerr, B5 ().

With this large deviation principle, Chenal and Millet [I7] derive exponential asymptotic
estimates for the exit time of domains with a unique stable stationary point. Using their
evaluations and the procedure developed by Freidlin-Wentzell [25] in the finite dimensional
case, we have the following result.

[Fllge = If1lo + sup
.,y

Lemma 4.1 ([I7]). For 0 < o < 3, there exists py such that for all p < po, we have for
all ¢ € By(¢éi,) andn >0

lim Py [exp ( 1S + 7])) > 7.(By(M;)) > exp <5_1(§ - n))] =1, (4.3)

e—0

where S = S(¢y,, M,). Let 7. = 7.(By(M,)). Then

Te <z
E¢ [7’6] e—0

(4.4)
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where £ 1s an exponential variable of parameter 1. Moreover for all ¢ € Bg‘(@o)
. _a . 21 o0
ll_I)I(l)eElOg Ey[r.] =95 and ll_r}(l)&“ logE, [72] = 285. (4.5)
These estimates are the infinite dimensional version of the Freidlin-Wentzell theory.

4.2. Exponential Contractivity. For a given ¢ = (¢y,--- ,¢y) € RY, we consider
equivalently the point in RY and the function in C([0,1]) obtained by the linear inter-
polation between the points (x;,1;). Reciprocally, for ¥ € Cy.([0,1]), we let {D\N be the
linear interpolation of ¢ along the discretization. QZJ\N is the linear interpolation between
the points (z;, ¥(x;)).

We set

BX(¢) = {1 € Coe((0,1]), I — ¢l < p}- (4.6)

We adapt trajectorial results of contractivity for the localized process from Martinelli and
Scoppola [34]. We denote u(¢), ur(¢) the solutions of Equation (LIl with respectively V”
and b, starting from ¢. Accordingly, we denote u™ (¢™), ul¥ (¢") the solutions of Equation
[B.8) with V' and bg, starting from ¢~ € RV,

Lemma 4.2. Let ¢ be a minimum of S and R > Ry. There exists m,Cr > 0 and
€0, po > 0, such that for all p < py and every ¢ € B;°(¢) we have, for all eq > ¢ >0

P[sup a0 - aF @O <e - ol 0] Z1-e @)

N>No

This result can be proved via an adaptation of the arguments of [35] and [34]. Lemma
describes that the solutions of Equation (L)) and (B8] depend slightly on the initial
condition. Moreover, the solutions starting from two functions are exponentially close
uniformly in the dimension. Martinelli and Scoppola called that the loss of memory of the
initial condition because the specific initial condition is not relevant for the evolution of
the process.

4.3. Uniformity in the initial condition. Let us recall that ¢, is a minimum and M,
is a set of lower minima. We denote

T;V(QSZO) = T,»SN(Bgé(QSlo)) = inf {t> UN(t) € BS[(QSZO)}
V(M) = TEN(B?(MI)) = inf {t, uM(t) € BS‘(M;)} : (4.8)
Similarly, we denote by 7% the hitting time associated with the localized process u}.

Proposition 4.3. For all pg > p > 0, there exists n > 0 such that for a sequence ngfOV of
minima of SV, converging to ¢, in L?,

S—n

]E¢N [Tgv(Ml)] - E¢f§ [TEN(Ml)H < € ¢ . (49)

sup sup
N0 g o[ _<o

For any sequence ¢ € H' of minima of SN converging to ¢; € H' in L?, we also have

sup sup Pyn [N (1) < TN (MY)] = Py [t (1) < 7N (My)] | < e”%. (4.10)

N2 [lof =N || <e
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The proof comes from a comparison between the deterministic process (i.e. € = 0) and
the stochastic process starting from the moment of the hitting time .

Proof. Since the minima are not degenerate, we can assume p small enough to get

08
<@¢7¢_¢i>L2 < _b||¢_¢i||i2' (4.11)

for some b >0, all 1 < i <, and all ¢ € By,(¢;).

First, let us prove similar estimates on the expectations of transition times for the
localized process u. We denote by oV (¢") the hitting time 72"(M;) for the process uyy
starting from ¢~. We set

NZNo [Juo—¢|loo<p

Qp = { sup  sup Huﬁ(uo)(t) — uﬁ((b)(t)Hoo < pe ™Vt > O} : (4.12)

From Proposition 2, we get P(2z) > 1 — e Cr/5,

Let us fix 6; > 0. We define T'(¢) = e and we take £ < go such that e™™7¢) < p. On
the set {o™(¢y,) > T'(€)}, setting ¥ = ul(¢) (™ (¢y,)), we get

[ = ufi (1) (0™ (60,))]| . < €@ < p (4.13)

with probability at least 1 — e~“#/¢. Let us suppose that oV(¢) — o™ (¢;,) = 0 and that

uif (1) (0™ (1)) € By(¢1)-
The deterministic process up" is the solution of (B8) for the drift bg and ¢ = 0. ¢V is

a minimum of SV, so ¢ is an equilibrium point of u}”. Then using Equation @II), we
get for t > 0

2
|ui @0 = o, <e™lv—aili: <M Mo+t <pe™ (414

by the triangle inequality. For ¢ >ty = 7 In(16), we obtain Hug’o(w)(t) — ¢; L

From the large deviation principle, we can compare the deterministic solution with the
perturbed one. We obtain C' > 0 such that

p
< 5

R (e I | TR (115)

00,2to 3

Therefore, with probability at least 1 — e~ ¢/¢ — e=Cr/¢ we get Hu%(@b)(%o) — d)iHLQ < %
which implies
(0™(9) — ™ (¢1,)) 4 < 2to. (4.16)

We proceed similarly if oV (¢) — o™ (¢y,) < 0. In this case, we stop the process at ¥ (¢).
Finally we get [0 (¢) — o™V (¢y,)| < 2to with probability at least 1—e~"/¢, for some C" > 0.
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We obtain
E[|0™(6) = o™ (60)[] <E [|0™(6) = 0™ (60) | L oo oriet]
+E DO’N(¢) — o™ (¢n,)| (L, + ]l{aN(¢zo)>T(s)}c)]
< 2t(1 — e P [Qr N {UN (1) > T(2)}] (4.17)

E[J0¥(6) - ()] @05t +B [{o¥(0) < TE].

By using Proposition B2 we have P[Q%] < e~“#/¢. From Proposition I} we deduce that
for e < g

[NIES

Plo™(¢,) <T(e)] <1—e¢ = <e =. (4.18)

Moreover, we have for all 65 > 0

E[|o¥(6) — 0¥ (0)|'] <™. (4.19)
So we finally get
El|o™ (6) — o™ ()] < 2to(1 — e70n/F — = F) 4 T (@02 4 By <5 (4.20)

By choosing 41, 05 and 7 small enough we prove the proposition for the localized process.

Let us now choose R such that S(B5(0), BX(¢,)) > S + 1, then from Proposition BT
we have

sup Pyl (BF(0)) < exp((S+1—85)/e) = Ty(e)] < e /° (4.21)
PEB (¢1,)
sup  Py[rN (M) = Ty(e)] < e /5. (4.22)
¢EB;>X>(¢I())

We consider the process u starting from ¢ and ¢;,. Before T,(¢), with high probability,
the processes are in By (0) and coincide with up up to this time. Moreover T5(e) is much
larger than the transition time, so the transition already occurs when the processes reach
B (0)¢. Therefore, with very high probability, the transition time for the localized process
is exactly the correct transition time.

For Equation (LI0), we follow a similar method, by using Proposition for the local-
ized process and then comparing the deterministic and stochastic processes in the neigh-
borhood of a minimum. ([

5. APPROXIMATION OF THE POTENTIAL

In this section, we prove (or refer to) results about the convergence of the potential and
its related quantities.
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5. 1 Convergence of the potential. Let us recall from Section 2] that for a point
u? € RY, we denote also by u” the linear interpolation between the points (x;, uY). For
a funct1on u € Cp([0,1]), we denote by @V the linear interpolation between the points
(z;,u(z;)). We say that the sequence u” € RY converges to u € H' if the sequence of
linear interpolations associated to u” (also denoted u’¥) converges to u in the H' norm.

Let us recall that HSY (u") is the Hessian matrix of SV at u” and can be interpreted
as a bilinear form. We prove the following proposition.

Proposition 5.1. For any sequence u™ € RY converging to uw € H', we have
o SN(ulV) = S(u) < o0
—00
e for any sequence h™ converging to h: VSN (u) - hN = D,S(h)
—00

o for any sequences hN, k™ converging to h, k:

HS™N (W) (N, k) —— D2S(h, ).
—00

If u is twice differentiable D,S(h) = 01 ‘;j( u)h and if k is twice differentiable D>S(h, k) =
fo hH,Sk.

Proof. Let u™ € RY be a sequence converging to u € H*', then uv

0, 1] to u, so by dominated convergence,

converges uniformly on

1

NZV o ) V(u(z))dz. (5.1)

The convergence in H' directly ensures us that

N 1 1
1 2/, N Ny\2 _ Ny 2 / 2
N ZZ:;N (ui —u; )" = ; ‘(u ) (m)‘ da Voo ; |u'(2)]” da. (5.2)
Let A" € RY be some sequence Converging to h € H' then we have
N 95N
VS ) Y =30 Zw? M= ) — )+ VY
- 1
—— [ AW+ V' (u)h (5.3)
N—o00 0

by L? convergence of the derivatives and dominated convergence. Lastly, the convergence
of the Hessian is completely similar. O

5.2. Convergence of the eigenvalues. Let us consider a sequence of points u” €
RY converging to u in H'. We need to estimate the convergence of the eigenvalues
(NXn)1<ken of N - HSYN (uN) to the eigenvalues (Ag)1<r of H,S.

The convergence of a single eigenvalue N\; n for k fixed, is obvious from Proposition
Gl The control of the convergence for all the eigenvalues is complex because of the higher
eigenvalues (e.g. Ay ). This problem is closely related to the discrepancy between the
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eigenvalues of LAY and vA, the discrete Laplacian (defined by (B3)) and the Lapla-
cian. We denote )\?M, A? their respective eigenvalues in the increasing order. For Dirichlet
boundary conditions, we have

ern =NAyp — A =7 {4]\72 sin? <§_]7\r[) - 7T2]€2:| . (5.4)

Then ey y = yN?(4 — ) does not converge to 0. The following proposition adapted from
[30] gives us a control of the approximation of the eigenvalues and eigenvectors.

Proposition 5.2. Let us consider a sequence uy € RN converging to w € C? and such
that |lux —ull, = O (5=). We have:
(i) there exist a € [0, 1] and a constant Cy such that for all N and k < aN
Ch
N2
(ii) there exists a constant Cy such that |len x| < Cok?N72,
(iii) for a fized k < N, the normalized (in H') eigenvector ¢p n of HSN (uV) associated
to \g.n converges in H?' to the eigenvector ¢y, of H.S associated to N, and we have,

for all k

‘N)\Nk—)\k—@g]v‘ (55)

[ &r,n ]l
lprnllon ~ VN
Proof. The proposition is an adaptation of the results of [30] in our case since NHS™ (uV)

is the finite difference approximation of the Sturm-Liouville operator #,S. The original
statement in [30] concerns an approximating sequence v’ which is precisely the sequence

(5.6)

uV of linear interpolations of u. If we take a sequence v, then for all y € RY

N |HSN (™) (y) — HSN (V) )— ‘V”(ui — V" (ul)] v < ClJu™ = llyl2.
(5.7)

Since [luy —ul|, = O (xs), we deduce that the difference between the eigenvalues of

NHSN (u™) and NHSY(u") is bounded by O(5) which gives us the result. A similar
control holds for the convergence of the eigenvectors. The last result (5.6]) comes from the
fact that for the eigenvectors of #H,S (|[I8] pp.334-335), we have a constant C' such that
Pkl < Cl¢xll;2- Then, since ¢y n converges in H', it converges in L and L?, then the

result comes from the fact that ||¢x x|, v = > CVN || ¢nnl| - O
Remark 4. The normalized eigenvector ey = ”¢ ” satisfies
||¢NHOON lonllze _ C lowllz

< ¥ (5.8)

lexlloen =

lon 5 x NIICbNHLz NHCbNHLz

Thus, this proves that the coordinates of the normalized eigenvectors in RV for the eu-

. . 1
clidean norm are uniformly bounded by O <\/—ﬁ>
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The following proposition from [30] states uniform estimates in the function ¢ of the
eigenvalues of the Hessian operators HsS and HS™ (¢").
Proposition 5.3. Let ¢V, ¢ be sequences converging in H' to ¢y, ¢o, then for all N,k
Ay Xl <C AL x| <C (5.9)
and \. = m2k* + fol V" (¢i(x))dz + O (1) fori=1,2.

Remark 5. This proposition shows the convergence of the infinite product of the ratio of
eigenvalues denoted by D(¢, 1))

)\k N )\k —)\k " )\k
2@ 1 {H (d);k(w) <w>] _, H)\EZ)) ~ D) (5.10)

since

(5.11)

Au(9) — Ak(¢)‘ ¢
A(t)) Tk
5.3. Product of eigenvalues. We show the convergence of the product ratio of the eigen-

values of HS™(¢™) and HSY (v) to D(¢, ).

Proposition 5.4. For any ¢V, v converging in H* to ¢, such that HS(¢) and HS(¢)
do not have a zero eigenvalue, and that

C
167 =l v 1" =¥l < F3 (5.12)
we have the convergence
det(HSN (o)) \ T A(9)
asT o) v PO =150y (513)

Proof. The proof of the convergence comes from the fact that for small £ the approximated
eigenvalues are close to the continuous ones (A n ~ A;) whereas this is not the case for k
close to N (Proposition 5.2]). The eigenvalues A\ n(¢), Apn () are close at the first order
in k& uniformly on ¢, ¢ (Proposition [.3]). Therefore we decompose the product in two
parts for small £ (i.e. & < aN from Proposition 5.2) and large k.

Let us denote px n(¢) = NAn (V) — M(6) — exv. From Proposition 5.2 there exists
0 < o < 1 such that, for k& < aN, [un(¢)] < 55. The same holds for the sequence ¢,
Then, we get,

NXen(d)  M(¥) _ 146k n(0) 14 Or,n(0) — O N (1)
Me(@) Nhen() 1+ 0en(0) 1460k n(0)

where 0y, n(¢) = Me(d) " (ex. v + N (@)). Let us remark that for k£ < aN

C [k 1 1
Oen (D] < 15 (W + W) <C <a2 + ﬁ) (5.15)

(5.14)
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thus if we take o small enough and N large enough, we have |6 v(¢))] < 5. Hence we
obtain
N)\k N 200&
1 <2 0 —0 < — 5.16
nH WE N>\kN Z\ ko ( kN ()] N (5.16)
since from Proposition 5.3, \9k7N(¢) — 9k7N(¢)| < %
For k > aN we proceed similarly. Let us write
N A 1+06, 0. n — 0,
EN(0)  A(Y) e g Py — (5.17)
Ae(@)  NXen(¥) 146, 146,

where 6}, v = M\ v (¢) " (Arn(0) — Arn () and alike for 6;. From Proposition 53] we get
for all k and N > No, that |6} | V[0, < +z. Thus we obtain

N N

NX\en(@)  A(2) C ( C) C
1 7 s I+5) < 5.18
' kl_a[N Ae(@) N () zo;N k2 k2 N (5.18)
which finishes the proof. -

In fact, we need a slightly different convergence.

Corollary 5.5. Let be ¢™V, 9" converging to ¢, such that

C
6% = 6]l V[0 =l . < - (5.19)
Then we have det(HS¥(6™)
et(H
(BN () Norme D) (5.20)
Proof. From the previous proposition, we get that
IS, pis.w) (5.21)

det (HSN(PN)) N-toe'
where ¢V (resp. N ) is the linear interpolation of ¢ (resp. v). So we prove

_ det(HSN(¢")) {det(HsN(ng))]‘l _ ﬁ 1+ 6,(9)
det(HSN () [det(HSN(yN)) P10, (1) Moo

where ,(¢) = A (6™) Men (6) — Aoy (¢Y)). From the fact that [N — ||, <5 we
obtain H¢N - (EJ\VHL2 < & Then for all y € RY, we have

> 1 (5.22)

)HsN(¢ )y) — HSN(G)(y ) Z V(6 = V" ()] |yl

%z:: P(x; Hyz| \\/—H¢

HyH4N ~ N3/2 ||yH2N
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Therefore we get that [\, n(¢") — )\k,N((EN) <
Then, we obtain

CN 1 C

1
0:(¥) < =5 X a7 < N <3 (5.23)
for N sufficiently large.
Thus we get
N N N
|0k (0) — 0k(¥)] 1
In[Dy]| < <2 0 + |0 <40 . 5.24
oyl € 3P 2 M@ I 40D s G2
Then let us fix n > 0, we have
AN C
In[Dy]| < C < COpN~Vo 4 = NS, 5.25
| N Z k2\/_ Z /{:2\/_ " 7> ( )
k=nV/N
Therefore we get limsupy_, [In[Dy]| = 0 which proves the proposition. O

5.4. Approximated stationary points. The last property we need to check is that
for each stationary point of S, there exists a unique sequence of stationary points of
SN converging to this stationary point. Moreover, to ensure the limit of the ratio of
eigenvalues, this convergence has to be fast enough (see Corollary B.5]). To this aim, we
have the following proposition.

Proposition 5.6. There exist C, Ny, such that for all N > Ny, there is for each minimum
(resp. saddle point) ¢ of S a minimum (resp. saddle point) ¢~ of SN such that
C
N
lo =™, < 5 (5.26)

where QZJ\V is the linear interpolation of ¢.

Proof. Since by Assumption 2.4] there is a finite number of saddles and stationnary points
then we only need to prove the proposition for a given saddle or minimum. Let ¢ be a
minimum, we prove that there is sequence ¢~ of minima of SV such that

— C
NNl <= 5.27
Jov =¥ , <= (5.27)
The result (5.26) follows from (5.27) since we already have that
= = C
_ N _ N ~
o=, < o= <5 (529

In order to prove (B.27)), we use a fixed point theorem. Let us consider the ball Boyw

of radius % in the [|-[|, y norm where C' is a constant we will fix later. We want to find

e Be,x such that VSN((DN + 2Y%) = 0. In that case we will have ¢ = o + z and

C
el < 55 (5.29)

HszﬁN _&| <
L2
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By a Taylor expansion of the gradient we have
VSN + 2); = VSN (6V): + (HSN(6V)2): + g.(2) (5.30)

where g; is the remainder which can take the form

1 3QN
gi(2) :/0 (1—t)aa‘j3 (pN 4 t2)22dt = — V" (¢ + t2;) 22dt. (5.31)

Then we have for all z,y € B, /x5

2CY
N3/2

C
1gi(2)] < =223 and  |gi(z) — gi(y)| < 0\2 v?| < Iz —yil.  (5.32)

Let us also remark that since ¢ is a stationary point for the potential S, thus we have
—v¢"(z;) + V' (¢(x;)) = 0. Therefore we get

\sz(&V)i

) ‘VSN@?V)Z- - (90 () + V" (8(2))

= L Vi) — 2000) + Ba11)) 16 (w0)| <

et (5.33)

For N sufficiently large HSN(ggJ\V) is not degenerate then 2° is solution of the fixed point
equation

20 = HSV(¢N) " (= VSV (V) — gi(2%)) = F(2). (5.34)

The (2, N)-norm of HSN(QEJ\V)_l is bounded by the inverse of the smallest eigenvalue (in
absolute value). Then HHSN(ngN)_lH oS CyN. For z € B /5, we get
2,

1P ()5 < HHSN (&%)

(Hsz ). +Z|gz ) < C3N? (fj— + G- ||3,N)

1 04 C?
/ 2 /
for C' sufficiently small. Therefore F(BC/\/N) C Bg,yn- We also have for z,y € By,

F(y) = F(z) = HSN(¢N) " (—gi(y) + g:(2)).
Then

Cl
IE(y) = F(2)ll3.x < 02N2Z|—gz + o) < Fly =2l

Thus F'is a contraction for N sufficiently large. By the fixed point Theorem, there exists
2% € By, solution of 2° = F(2°) which proves Proposition O
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6. ESTIMATES

6.1. Description. In this section, we compute uniformly in the dimension the expectation
of the transition times. We proceed as in [2] and use the potential theory developed in [9].
Let us consider the N-dimensional diffusion

dY; = —VSy(Y;)dt + v2edB; (6.1)

which comes from (Z30) with the time change Y} ,; = X;. We denote by p the invariant

measure for the process Y
sN (@)

pN(dr) =e = da. (6.2)
Let us consider the norms for y € RY and p > 1

N
p _ p —
lylly = ; i Y]l = max fyil - (6.3)

Remark 6. As in the previous section, we associate to a point y € RY its linear interpolation
on [0, 1] between the points (z;,y;) (z; is given by (Z33),([234)) that we denote by y. Let
us consider the L? norm of y on [0, 1], we have for all p € [1, +00]

1 ! b 1P 1
AN lyll,n < Yl = {/O ly(z)] dx} S N 1l - (6.4)

This can be done using the Riesz-Thorin Theorem, remarking that

1 1
i lhw < il < 57 llylh and 9l v = llYll o - (6.5)

In order to introduce the other norms, we need the following a priori estimates on the
eigenvalues of the Hessian of S™V. Let us recall the Hessian of SV at a point ¢ € R" is

1
N
with the suitable boundary conditions.

Lemma 6.1 (|30]). For all o € RY such that H¢NHOO < A, the eigenvalues (M. n (™)),
of HSN(¢™) arranged in increasing order satisfy the bound

m(A)k? — 1< N\n(o™) < M(A)K* +1 (6.7)
where m(A) and M(A) do not depend on N and ¢~ (only on A).

Let us fix ¢ € RY. We consider the orthonormal eigenvectors (v;); of H SN (™).

The decomposition of h € R in this orthonormal basis is given by h = Zfil h;v;. For
p € [1,00], we define the norms ||A[|, »

N
==

i=1

(ANR); + iv”(qu(acj))hj, for h € RY (6.6)

HSY (6")(h); N

Rl Tl . (6.8)

hllo 7 = max.

Asin [2], these are the norms we use to control the approximations of the potential around
our stationary points. Let us note that the norms depend on the point ¢ .
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Remark 7. As in Section 4.1.1 in [2], the Hausdorff-Young Theorem can be adapted to the
norms |||, » and [|-||,, 5. For all 2 < p < 400 and ¢ such that ¢~' +p~' = 1, we obtain

1 1 P
el < (S liel, ) (69

In fact, let 7 : RY — RY be the linear mapping T'(y) = Z]kvz_ol yrvn(2). By definition,
ITyll, = llyll, - The proof of (6J) is an application of the Riesz-Thorin Theorem,
between p = 2 and p = co. On one hand, we have | Ty[|5 v = ||y||> y since the eigenvectors
form a orthonormal basis. On the other hand, we have ||Ty||,, y < \/—CN [yl since the

coordinates of the eigenvectors of the basis are bounded by \/% (see Lemma[.2] Equation

E.4)).

Let us recall the infinite dimensional situation. The process u starts from a minimum
¢, of S and reaches the set of minima M;. We denote by Sy = S(¢y,, M;) the height of
the saddle points defined by (ZI4).

By Assumption 4] for all N sufficiently large, we have a finite set MY = {z7} of
minima of SV. From Proposition and Proposition 5.6] we deduce that a sequence
of minima zj converges to ¢,. Similarly, there is a subset MY of MY such that each
minimum of M} converges to a minimum of M,;.

We construct a graph for the finite dimensional case as the graph for the infinite dimen-
sional case in Section 23l The vertices are the minima M?”. The edges are the saddle

points z; of SV for which ‘§0 — SN(ZZ)‘ < n for some fixed 7 > 0. We connect the edge 2}

between the two minima that the saddle point 2} connects directly. To each saddle point
z;, we associate a weight
sNep

w;;:‘A]_V(Z’:)}e_ — (6.10)

|det HSN(2})]
To each minima z7, we associate a value a; = a(x}) € R. We denote by a;; and a;_ the
two values associated to the minima connected by the saddle point z;.
We associate to this graph a quadratic form Q™ (a), for a a real vector indexed by the
minima MY

QN (a) = z:wl*(omr —a ). (6.11)

The equivalent conductance, C*(N, ¢), between the sets z} and MY is defined by
C*(N,e) = inf {QN(a),a(x;‘O) = l,a(x}) =0,2] € MZN} ) (6.12)

We recall the fundamental formula ([615) proved in [9]. The expression of the expectation
of the hitting time 7.¥(B) (] )) is based on two quantities: the equilibrium potential and
the capacity with respect to the sets B (z} ) and B)(M}"). The equilibrium potential,
h*, is defined by h*(z) = P[rN(B) (x},)) < 7¥(B)Y(M}))]. The Dirichlet form, &%,
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associated with the diffusion process Y on RY is

&) = [ ITh@) 0" (o) (6.13)

The capacity is the evaluation of the Dirichlet form on h*. The capacity also satisfies a
variational principle. We have

cap (B (27,), By (M) = &% (k")
=inf {&Y(h),h € H'(RY),h =1 0n B) (z}),h =0 on BY (M)} . (6.14)
The expectation of the hitting time is expressed by

Jaw P (2)dp™ (2)
cap (BY (x7,), BY (M)

is a probability measure on OB (z}).

E [ (B (M))] = (6.15)

where vV

6.2. Capacity. We prove that the capacity defined in (G.I4) can be estimated by the
equivalent conductance C*(N, ¢) defined in (6.12).

Proposition 6.2. For all ¢ < gy and p, we have
N—2
cap (BY (7,), BY (M) = ev2re "C*(N,e)(1+ ¢1(e, N)) (6.16)
where imsupy_, o |¥1(e, N)| < \/E‘ln(é)‘3/2 for all N > Nj.

The proof of this result is an adaptation to the case of a finite number of saddle points
of Proposition 4.3 in [2]. The estimate of the capacity is made in two steps: an upper
bound and a lower bound.

6.2.1. Upper bound. We have the following proposition.

Proposition 6.3. For all € < €y and p, we have
cap (BY (27,), BY (M) < ev2me | C*(N,€)(1+ (e, N)) (6.17)
where limsupy_, _ [1u(e, N)| < /2 [In(e)|*/2.

Proof. The proof of this upper bound follows the proof of Lemma 4.4 in [2]. To obtain an
upper bound for the capacity, we just estimate the Dirichlet form on a test function A™.
h* is defined on some neighborhood C¥ (z2}) of each saddle point z} for some § > 0 small
enough.

In the local orthonormal basis (given by coordinates y® € RY) of the saddle point z,
the neighborhood C¥(z}) is defined by

7

8]
VIl

3/2
where (r;) is a sequence satifying Y, % < oo and (Ay,); are the eigenvalues in the
increasing order of HSY(z}). Let us denote CY = U;,CY (7).

CN(z) = {y@ eRY: |y <6 0<1<N—1}+z;‘ (6.18)
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Let us consider
Sne = {z, SN (x) = SN(2}) + c6°, Vi} . (6.19)

The set (Sys U CN)¢ contains a finite number of connected components denoted D; since
each of them contains at least a minimum 27 (which are in finite number by Assumption
[24)). For each connected component D;, we define ™ to be the constant a; € [0,1]. For
a saddle z7, we denote D;; and D,;_ the connected components attained from z; when
Yy = (609,0) and y = (=0, 0) respectively.

On Sy,s\ Cf, we take h' of class C' and such that | VA", v < &. Then we define h*
on each CY(2}) in the local coordinates, by h*(y®) = fi(yéi)) where

~ . fy(zao 6_‘)\N‘0|t2/2edt o
i) = (o =) (6.20)
—ba0

Therefore, we have to estimate EN (k%) = >, I1(i) + I with

5N (2)

de, L= 8/ HVth(x)H;Ne_de.
Sn,s\BY ’
(6.21)

(=)

L) :g/ VR @)y e

Taking 6 = K /¢ |Ilne|, the integrals I;(¢) give us the right asymptotics and are estimated
by an adaptation of Lemma 4.4 from [2]. The quadratic approximation of the potential on
the sets O (27) is a consequence of Remark [T and of the choice of the sets C(27). The
integral I, is computed by following the same method as in Lemma 4.6 in [2].

Therefore, we obtain that for all (a;);, for N > Ny(e)

sN

. N N=2(a’™ —a™)* Anole” = R
p (B (@), By (M) ZN_ N )] (1+ AVE[In(e) 7).

Taking the minimum of the right-hand side over a, we get the result (E.17). O

6.2.2. Lower bound. We now prove the corresponding lower bound.

Proposition 6.4. For all ¢ < ¢y and p, we have
cap (BY (%), BY (M) = ev/ame" “C*(N,&)(1 + e, N)) (6.22)
where im supy_, o, [¥i(e, N)| < \/E|ln(5)\3/2.

Proof. The proof is adapted from [2]. For a saddle point z;, we take a narrow corridor from
one (local) minimum to another one and minimize the Dirichlet form on the union of these
corridors. In [2], this corridor was a rectangle because of the particular case considered.
In this article, we have to be more precise about their construction. We use the same
notations as in the proof of the upper bound.

Let us fix ;. We consider the subset of RV~1

T

VIl

Cév’l(zzf“):{ JeRY |y <6 1<1<N—1}. (6.23)
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and we define OF (27) = [0y, d0) x C3""(2F) + zf. We denote by 27 and z}, the two
minima of the basins surrounding z7.

Let (70(s))se[—s_s,) be a regular C? path from z;_ to ;4 with yo(s) = zF + (s,0) for

€ [—d0,00). We also suppose that there is n > 0 for which S™(vyo(s)) < SY — 3n for

| | dp and that [[y5(s)]l,y = 1. Let, for all s, A(s) be an isomorphism from RV~! to

75(s)t € RY of class C! in s and such that for |s| < &y, A(s)y = (0,41, ,yn_1). Then
we construct a family of paths (s, y,) by

7(s,91) = v0(s) + Als)y.. (6.24)

Such a construction of a path vy is always possible in the infinite dimensional setting
(because of Assumption 24). Then taking the finite dimensional projection, it gives us a
path for the finite dimensional case.

We define the corridor from z;_ to z;,, for § > 0 small enough

Cs(z) = {95 =7(s,91),yL € C;;V’L(Zf),VS} : (6.25)
Let h be the equilibrium potential which realizes the minimum of the Dirichlet form and

define a™®(y,) = h(z;+ + A(Es1)y.), the values near the minimum.

To estimate a lower bound, we are going to restrict the Dirichlet form on the union of
the corridors Cy(z)):

e¥m=e [ IV a0 > Ye | VR (@) =< (). (626)
i 5(z]

We define the function f; on Cg( 5), by fi(s,y1) = h(y(s,y1)). The change of variable
on Cs(z}) gives us the Jacobian g;(s,y,) = det(Jv)(s,y.) and we obtain

/BNL /8+ ofi|”

We take y, as a parameter then the second term is bounded below by the minimum over
functions f; of the integral

/.
with the conditions f;(—s_,y1) = h(z;i- + A(—=s_)y.) = a" (y.) and f;(sy,y1) = h(ziy +

A(s)y1) = a"(y,). This gives us a lower bound for the capacity.
A simple computation shows that the function f; realizing this lower bound is

S, % v gi(s,y) N ds

fils,yr) = (@™ (y1) — @i_(yl))fs+ S (5. g ds | a' (y.). (6.29)

SN(V(SvyL))/Egi(s,yJ_)dsdyJ_. (6.27)

af ;
s

_SN(’V(S7yL))/EgZ(S’ yl)ds (628)

Inserting this function in the integral (6.27), we obtain
s -1

. . +
I5(i) > /NL (aF(yL) —a~(y1))? [/ S v g s,y ) s dyy. (6.30)
Cs(=2F) _

5 i S—
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The end of the proof comes from an upper bound of the integral uniformly for y, €
CN*(2r). We write

i

St
/ 5" 6wz g, (5, ) Nds = Io(i) + Ir(i) (6.31)

S—

do
Is(i) = / eSN(S’yl)/ggi(s,yl)_lds and I7(i) = / €SN(8’yJ‘)/Egi(3>yJ_)_ldS. (6.32)
—do |s[>do
As in Lemma 4.8 in [2], we control the quadratic approximation near the saddle z¥ with
the following lemma for which we omit the proof.

3/2

Lemma 6.5. For all y = (s,y.) € Cy'(z]), if the sequence (r)); satisfies Y, 757 < 00, we
have for 6y = 0

1

SY (s y1) + =) = SN((0,y10) + ) + 5 o 8*| < Aed (6.33)
1 N-1

SN(a +7(0,90)) =S¥ (&) = 5 D Awabi| < Asd”. (6.34)
k=1

Following the proof of Lemma 4.7 in [2], we can also prove the existence of a constant
Ag such that for all N and y,

sNGr o) | 2 5
L)) < e = | 2 (1 + AG—O) . (6.35)
‘)\N,0| £

In addition, we need to prove an upper bound for the integral I7(7).

Lemma 6.6. There exists a constant Ay such that for all N and y,

§—2n

I:(i) < A;V/Ne = (6.36)
where n > 0 1s given by the definition of the path ~g.

Proof. We have to be careful with the change of variable. Let us write the Jacobian matrix
Jv(s,y.1) in the local base (7{(s),75(s)1), if we denote Py the projection on Span(yj(s)),
we get the Jacobian matrix (written by blocks)

_ (1+ R(A(s)yL) O

since ImA(s) = v,(s)*. Then, as A(s) is an isometry, we obtain that
gi(s,y1) = |det(Jy(s, 1))l = [1+ Fo(A(s)yL)| = 1+ O(9). (6.38)
Thus, for ¢ sufficiently small,

§—277

I:(i) = / SV evD/Eg (s ) ds < (1+ C’(S)eﬁ(&r +s )< 2(sp+s_)e =
|s|>do
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since SN (s,y1) < S — 2n for all |s| > dp, and y, € C’é\u. Then by construction of the path
we have that

s+ <Clloie = wiyllyny SOVN o —mig|| o (6.39)

[

We insert (6.30) and (636) in Equation (630). Then we proceed as in the proof of
Lemma 4.7 from [2] and we obtain
1

‘ \ , - SN0 ))) 5 |
I5(1) = &y |2L0‘/ (@™ (yL) —a" (y.))% Edyy |1+ A2 + Ale |
e i) 3

(6.40)

Using Equation (@I0) from Proposition B3, we obtain for all y., |a?(y,) — a/(0)] < e~ <.
Then using the approximation (6.34) and following the proof of Lemma 4.7 in [2], we
obtain for § = \/Ke|lne| and 6y = K'e |Ine| with K’ > K,
N-2
. . sN 2 A
() > ela’ - atyre T 2Pl
VI det(HSN(2)))]

Equation ([22) follows by minimizing along the (a’);. O

(1 — A5/E|In(e)”?). (6.41)

6.3. Uniform estimate of the mass of the equilibrium potential. We prove esti-
mates of the numerator of (6.I35). Let us denote zj € RY to be the closest minimum to
¢, in L2([0,1]). We will prove an adaptation of Proposition 4.9 of [2].

Proposition 6.7. For all € < €y and p, we have
2V sN (@} )
h*(a:)duN(x) = (2me) e 0 (14 1a(e, N)) (6.42)
RN det HSN (x7))

where |1hs(e, N)| < 2 |In(e)[** for all N > Nj.

Proof. As the previous section, we define around the minimum zj € RY a neighborhood

C3' (7). In the local orthonormal basis of the minimum 7 , the neighborhood CjY(x;) is
defined by

8]

VAN
3/2

where (r;) is a sequence satifying Y-, 77 < oo and (Ayy); are the eigenvalues in the
increasing order of HS™ (7).
We need to estimate

Cév(xz‘o):{yERN: lyr| <6 ,0<l<N—1}+x;“0 (6.43)

/RN b (z)dp™ (z). (6.44)

Let us remark that for z € OCY (2*), then one of the coordinate is precisely 074/+/A\e.n
thus
SN(x) > SN(z*) + 0%rf — 08 > SN (2*) + c6”. (6.45)
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We consider S’ such that the set {¢, S(¢) €]S(¢y,), S’} contains no stationary point. Then
using Proposition G.1], for all n small enough, there exists Ny such that for N > N,
{z,SN(z) € [SN(2*) + Lc0?, 5" — ]} contains no stationary point. We define the set A =
{SN(z) < SN(2*) 4+ ¢6?} \ BY (z*). Note also that for § small enough, C3(z*) C B} (z*).
Hence we decompose ([6.44)) in three parts:

h*(z)dp™ (z) = Is + /

SN (r)}SN(r;‘O)—i-céQ

R*(x)dp (z) + /Ah*(x)duN(x) (6.46)

RN
To estimate the third integral we need a control on the equilibrium potential on the set A.

Lemma 6.8. For all p < py and n > 0 there ezists eo(p) such that for e < eq and § > 0,
let x € A, we have

hiy(x) = Po[r (B} (7)) < Y (B (M[Y))] < o7 =502, (6.47)

Proof. By definition of the set A all the paths from x € A to x* attain a height of S" — n
at least. To prove this fact, let us take a path ferrn x to o, it must attain its maximum S
at some time to. This maximum must satisfies S > S (2*) + 2, since if it is not the case
then from Equation (6.43)), the path must stay in C2¥(z*) which contradicts the fact that
x is in A. Then the minimal path from x to * must attain its maximum at a stationary
point of height greater than S™(x*) + ¢d? thus of height greater than S’ — 7. This gives us
an easy lower bound for the rate function on the set of transition from = € A to x*. Then
using the method from [25] and the uniform large deviation principle, we prove that

W (x) = Po[rN (B (27)) < 7N (BY (M]Y))] e &2 D/e (6.48)
uniformly in V. 0

We get from (6.46])

R*(x)dpN (z) < Iy +/

eV @)/eqy 4+ / (ST -2)fe g,
SN(x)>SN(r;‘O)+052

RN SN (x)<SN (w;*o)+c62

(6.49)

where we have used the fact that A* is bounded by one for the second integral and the
previous lemma for the third integral. The integral I3 gives the main contribution and is
estimated as in the proof of Proposition 4.9 of [2] using the quadratic approximation of
the potential on C’])V(xj‘o). The second integral on the right-hand side is estimated as in
the proof of Lemma 4.6 in [2].

We bound the third integral by the volume of the set {S™(z) < SN (z} ) + ¢6?} which is
bounded uniformly in N. In fact, from the bound on SV and the convergence of S™(x; )
to S(¢y,), we get for § sufficiently small

(8N (z) < SV (af) + 2} C {HvaH;N 2] < N(S(1,) + c>} (6.50)

which is a deformed ball. The computation shows that this quantity is uniformly bounded
in N.
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We obtain the result since the order of magnitude of the two last integrals (O (e_(sl_”)/a))
of ([6:49) is much smaller than Iy = O <e_SN(xl*o)/5>. O

6.4. Finite Dimensional Formula. The finite dimensional Formula is now obtained with
a uniform control in the dimension. From Proposition B8, we take 2* = ¢}Y where ¢ is
the unique minimum of S% such that

C
H¢lo - ¢lngL2 g N

< < (6.51)

Hal]g_@]g OO\ \/N

where QASZJX is the linear interpolation of ¢,.

Proposition 6.9. Let 77 be the transition time from B) (¢))) to B (M), we have uni-
formly in N

sNeft)
2me” <

By (] = (1+¥(e, N)) (6.52)

C*(N,e)\/det HSN(¢)Y)
where C*(N, €) is the equivalent conductance and

limsup | ¥ (e, N)| < Cv/e |[Ine*?. (6.53)

N—+4o00

Proof. Inserting the estimates for the capacity (Proposition[6.2) and the numerator (Propo-
sition [B.7)) in Equation (6.I35]) we conclude that
sN(ff)

2me =

E,~[rN] = (14 U,(e,N)) (6.54)
C*(N,g)/det HSN (¢Y)

where limsupy | ¥y (e, N)| < Cv/2|In(e)[*? and vV is a probability measure on IBY (o).

lo

Now we use Proposition @3] to replace the measure vV by the point ¢f§. For y € BIJOV(QS{X),
we have by definition

2
lon =2 <0’ S () — S™M(y)] < p. (6.55)
Then from Proposition 5.6, we have Ny such that for N > N,
61, = yllz2 < 26° |5 (¢1,) — SN (y)| < 2p. (6.56)

Thus since V is regular, we obtain )H%)H; —[l¥11%:| < Cp.

Let z =y — ¢y,, we have by integration by parts

6t + 2115 = o152 = [2(6 =) + 17052 | = | =2 (0, 2) + 112122

since ¢y, is regular as a classical solution of a differential equation. Then we obtain by the
Cauchy-Schwarz inequality

121172 < Cp+ 2|6 [ 2 12112 < (O + 2|67 [ o) (6.58)

<Cp (6.57)
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Thus we get
1y =0l <Ny =01l <C'lly = 15l = C" |2l < C" /. (6.59)
Using Proposition [3] we get that for all N > N,
§—277
Eon [] = Egov [72]] <07 (6.60)

which gives us (652) since the exponential asymptotics of (6.54) is greater than et O
6.5. Proof of Theorem From Proposition 6.9 applied to the finite diffusion approx-

imation where the minima and saddle points are given by Proposition B.6, we have

N/ . N
sN @)

} B 2rhye <«
C*(N,e)/det HSN(4)Y)

By kA (14 ¥(e,N)) (6.61)

where the factor hy comes from the time change (Equation (230)). Using Proposition
(convergence of the eigenvalues) and Corollary 5.0 (convergence of the ratio of eigenvalues),
the quadratic forms Q¥ converges to Q:

1 Ay ¢*N} det HSN(¢) sV i)
7@V (@) /det HSN () = 3 VG&mHSN¢$UF ey

oY

Lo N DetHe,S _sen
7 Q" (@)y/det HSN(9f)) T Z}A Dot 5] (s — ar-)
— Q(a)e="" /DetH,, S. (6.62)

where ¢*' are the relevant saddle points given by Proposition Then the minimizer
converges. For all e, we get

1. _S(6*)
HC (N,e)\/det HSN (¢ )—>C (¢15, Mi)e™ = /DetHg, S. (6.63)

Therefore, we obtain the result of Theorem from Proposition 3.4
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