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Absence of sufficiently localized traveling wave solutions for the
Novikov-Veselov equation at zero energy

A.V. Kazeykina '

Abstract. We demonstrate that the Novikov—Veselov equation (a (2+1)-dimensional analog
of KdV) at zero energy does not possess solitons with the space localization stronger than
O(Jx|=*) as |x| — oo.

1 Introduction

In this article we consider the Novikov-Veselov equation

v = 4Re(403v 4 0. (vw) — Ed.w), (1.1a)
0w = —30,v, v =0, l.e. vis a real-valued function, FE € R, (1.1b)
v=uo(z,t), w=w(rt), z=(r1,r2)cR?} tcR, (1.1¢c)
where 0 1(0 0 1(0 .0
— = 0= —i— s (— i . 1.2
h=gp %73 (83:1 Za@)’ %: =3 (83:1 “a@) (1.2)

From the mathematical point of view equation (1.1) is the most natural (2 + 1)-dimensional
analog of the classic Korteweg-de Vries equation. When v = v(z1,t), w = w(z1,t), equation
(1.1) reduces to KdV. Besides, equation (1.1) is integrable via the scattering transform for the
Schréodinger equation on the plane

Ly =FEy, L=-A+v(z,t),
0%  0? (1.3)
:CGRQ, A:a—x%-f-a—x%, E:Efixed-
Note also that when E — +oo, equation (1.1) transforms into another renowned (2 + 1)-
dimensional analog of KdV, Kadomtsev-Petviashvili equation (KP-I and KP-II, respectively;
see, for example, [G2| and references therein). In addition, a dispersionless analog of (1.1) at
E =0 was derived in [KM] in the framework of a geometrical optics model.

Equation (1.1) is contained implicitly in [M] as an equation possessing the following repre-
sentation

oL—-F

%:[L—E,A]+B(L—E) (14)
(Manakov L — A — B triple), where L is the operator of the corresponding scattering problem,
A, B are some appropriate differential operators and [-,-] denotes the commutator. For the

particular case of the 2-dimensional Schrodinger operator as in (1.3) the explicit form of a
third-order differential operator A and a zero-order differential operator B

A= —802 — 2wd, — 892 — 2w0;

B = 20-w + 20-w where w is defined via (1.1b), (1.5)

as well as the corresponding evolution equation (1.1) and its higher-order analogs were given in
[NV1], [NV2].

!Centre des Mathématiques Appliquées, Ecole Polytechnique, Palaiseau, 91128, France;
email: kazeykina@cmap.polytechnique.fr



In this article we are concerned with equation (1.1) at zero energy E = 0. We consider its
regular, sufficiently localized solutions satisfying the following conditions

ev,w € C(R? xR), v(-,t) € C3(R?) VteR; (1.6)
; t
o |0lv(x,t)| < #, § = (j1,72) € (NUO0)?, ji + jo < 3, for some ¢(t) > 0,¢ > 0;
(1.7)
o |lw(x,t)| — 0, when |z| - 00, teR. (1.8)

Our main concern will be the question of existence and absence of solitons for the Novikov-
Veselov equation at zero energy. We say that a solution of (1.1) is a soliton if v(x,t) = V(z —ct)
for some ¢ = (cy, c2) € R2.

Solitons and the large time asymptotic behavior of sufficiently localized in space solutions
for the Novikov-Veselov equation (1.1) were studied in the series of works [GN1, G1, N2, K1,
KN1, KN2, KN3J. In [KN1, K1] it was shown that in the regular case, i.e. when the scattering
data are nonsingular at fixed nonzero energy (and for the reflectionless case at positive energy),
related solutions of (1.1) do not contain isolated solitons in the large time asymptotics. In the
general case it was shown in [N2, KN3| that the Novikov-Veselov equation (1.1) at nonzero
energy does not admit exponentially localized solitons. This result was improved in [K3| where
it was shown that the Novikov-Veselov equation (1.1) at nonzero energy does not possess solitons
decaying as O (|x|_3_5), e > 0, for || — oo. A family of algebraically localized solitons for
the Novikov-Veselov equation at positive energy was constructed in [G1] (see also discussion in
[KN2]). These solitons are rational functions decaying as O (|z|~?) when |z| — co. For the
Novikov-Veselov equation at zero energy the absence of solitons of conductivity type was proved
in [K2].

The main result of the present article consists in the following theorem.

Theorem 1. Let (v,w) be a soliton solution of (1.1) with E' = 0 satisfying properties (1.6)-(1.8).
Then v =0, w=0.

The proof is based on the ideas proposed in [N2, K2] and exploits the regularization of
Faddeev solutions and some special scattering data introduced in [BLMP1].

Note that KP-I equation possesses soliton solutions and these solutions decay as O (|x|_2)
when |z| — oo. By contrast, KP-II does not possess sufficiently localized soliton solutions. For
the results on existence and nonexistence of localized soliton solutions of KP-I, KP-II and their
generalized versions see [BS1|; the symmetry properties and the decay rates of these solutions
were derived in [BS2].

For more results on integrable (2 + 1)-dimensional systems admitting localized soliton solu-
tions, see [AC, BLMP2, FA | FS| and references therein. In particular, for more results on the
behavior of solutions for the Novikov-Veselov equation at zero energy see [LMS, TT, Ch, P].

The present paper is organized as follows. In Section 2 we recall, in particular, some
known notions and results from the direct and inverse scattering theory for the two-dimensional
Schridinger equation at zero energy (see [GN2, N1, BLMP1]| for more details). Our main result
(namely, Theorem 1) is proved in Section 3. Section 4 contains the proofs of some preliminary
lemmas formulated in Section 3. A detailed derivation of some of the formulas used in the paper
and proofs of some auxiliary statements can be found in the Appendix.

This work was fulfilled in the framework of research carried out under the supervision of
R.G. Novikov.



2 Direct scattering for the 2-dimensional Schrédinger equation
at zero energy

Consider the 2-dimensional Schrodinger equation at zero energy

Ly=0, L=-A+v, A=40,0s

, (2.1)
v=uw(z), z=ux1+ixre, x1,x2€R
with a potential v satisfying the following conditions
v(z) =v(z), wv(z)e L>®(C),
(:) =G, () € L7(C) 9

18710220 (2)| < q(1 + |2])*7¢ for some ¢ > 0, & > 0, where j; + jo < 3.

For A € C we consider solutions 11(z, A), ¥2(z,A), ¥3(z,\) of (2.1) having the following
asymptotics

P1(z,A) = ul(z, A),  mi(z,A) =1+0(1), as |z| — oo, (2.3)
Pa(z, ) = € ua(z,N), pa(z,A) =z4+0(1), as |z| = oo, (2.4)
P3(2,\) = e us(z, ), ps(z,A\) =22 +0(1), as |z| = oo.

Solutions of (2.1) with asymptotics (2.3) are known in literature as Faddeev’s exponentially
growing solutions (see [F, BLMP1]). Solutions of (2.1) with asymptotics (2.4) were introduced
in [BLMP1].

Functions p1(z,A), pa(z,A), us(z, A) defined by (2.3)-(2.5) can be also represented as solu-
tions of the following integral equations

a0 = 1+ [ gz = € N)0(€)m (€ NRegdlme, (26)
C
u2(z,\) =z + // z =& N)v(€)p2(€, N)dReédImé, (2.7)
(z,\) =z +// (z — & N)v(&)ps (&, N)dRe&dImE, where (2.8)
5 (pz+pz)
g(z, A) <4ﬂ_> // €p+2 )\dRedemp, (2.9)

where z € C, A € C\0.
The integral in (2.9) can be computed explicitly (see [BLMP1]):

gz \) = 16% exp(—iXz) (Ei(iAz) + Ei(—iAz)) .

Here Ei(z) is the exponential-integral function defined as follows

[e.e]

. z"
Ei(z) —v—In(—2) = Z:l o #€ C\(R4 U0), (2.10)
n=
where v is the Euler-Mascheroni constant
oo
N = —/ez In zdz,

0
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the branch cut for the logarithm function is taken on the negative real axis: In(z) = In |z|+iArgz,
|Argz| < 7, and the series in the right part of (2.10) converges on the whole complex plane.

Statement 2.1. Function Ei(z) defined by (2.10) possesses the following properties:

1. Ei(z) + Ei(2) can be extended uniquely and continuously to z € R via

S
Ei(z) + Ei(z) = 2y +2In[2| + > —

2. Ei(z) = Ei(2);

3. |Ei(z) + Ei(2)| < Csln(|z|*) for 0 < |z| < § (function Ei(z) + Ei(Z) has an integrable
singularity at z=0);
z

4. D:Ei(z) = = for z € C\(R+ UO);

z
5. Ei(z) possesses the following representation Ei(z) = [ S£dr = [ <dr, where T, is any
I, —00
contour on the cut complex plane C\(Ry UO0) connecting points —oo and z;

6. e *(Ei(z) + Ei(2))| < |—(ZJ| for |z| > 0.

Properties 1-5 are well-known in literature (see, for example, [BLMP1| for some of them)
and can be easily derived from (2.10). A detailed proof of property 6 is presented in subsection
A.1 of Appendix.

It is easy to see that function g(z,A) has a logarithmic singularity at A = 0 and thus the
functions p1(z, A), pa(z,A), ps(z, A) are not generally defined for A = 0 even for arbitrarily small
values of v. In [BLMP1] the following regularization of (2.9) at A = 0 was proposed:

g (z,\) = 16% exp(—iAz)(Ei(iA2) + Ei(—iAz)) — 16%(1 + X(2,1)G(N) (2.11)

where
X(z,)\) = exp(—idz —iAz), G(\) = i(exp(—i)\) +exp(iM)) (Ei(i\) + Ei(—iN)) . (2.12)
Statement 2.2. Function g'(z,\) defined by (2.11), (2.10) possesses the following properties:
1. ¢"(2,0) = ﬁln|z|2;

2. g"(z,A) can be uniquely and continuously defined for z € C\0, A € C via

. 1 , 20 (iAz2)™ 4 (—idz)™
g (z,A) = Ton exp(—i\z) {Q'y +21In |Az| + nzl o -

_£(1+X(z,A))(exp(—z‘A)Jrexp(z‘X)){27+21nw+21W} for A0

and via the previous item of the current statement for A = 0;

3. g"(z,\) X (2,\) = g"(2,\);



41972 V)| < 882 (14 ) for 2 € ©\0, A€ C\0;

5. g"(z,0) = —=(1+ X(2,A)G(\) + O (‘—i‘> as |z| = oo for any fized A € C\0;

a1 iz 1 aG
= =—X4+—XG - —(1+X)—=.
TS S T e A TSR )
Properties of function ¢*(z, \) follow directly from definitions (2.11), (2.10) and Statement
2.1.

Now we define functions pj(z, A), ph(z,A), us(z, A) as the solutions of the following integral
equations:

a0 = 1+ [ [ g7 = € et (€. N aRegame, (2.13)
C
(a0 =2+ [ [ 47 = € Vel e, NRegame, (2.14)
C
(e = 2+ [ [ 41z = € Vel (e, N dRegalme, (2.15)
C

We also define the following functions: 1% (2, \) = €} (2, ), 5 (2, \) = e ub (2, \), ¥4 (2, \) =
ek (2, \). Note that functions ¥5 (2, \), ¥5(2, \), ¥5(2,\) are new “scattering” solutions of
the Schrodinger equation (2.1).

In terms of m} (2, ) = (14+]2])~GT/2 4t (2, X), mb (2, A) = (14+]2])~CF/2 b (2, ), my (2, \) =
(14 |2])~G+/2) 5 (2, \) equations (2.13), (2.14), (2.15) respectively take the forms

r — € — € I (5) r
mi(z,\) = (14 |z])~ /2 4 //(1 +|2]) "B gr(x — ¢, )\)(1 m |§|)7(3+€/2) mj (&, \)dRe&dIm¢,
C

(2.16)
bl ) = 20+ )05 4 [l 05— 3 NS (e AdReaime,
C

T+ 1e)-FP
(2.17)

(20 0) = (0 1) P [0 2O g — 6 ) o € R,
C

(2.18)

The integral operator H*(\) of the integral equations (2.16), (2.17), (2.18) is a Hilbert-Schmidt
operator: more precisely, H*(-,-,\) € L?(C x C), where H*(z,&, ) is the Schwartz kernel of the
integral operator H*()\), and |Tr(H")?(\)| < oo. Thus, the modified Fredholm determinant for
(2.16), (2.17), (2.18) can be defined by means of the formula:

In A"(\) = Tr(In(I — H* (X)) + H(N)). (2.19)

For the precise sense of this definition see [GK].
We will also define

£ ={\eC: A*()) = 0}.

In this notation &' represents the set of A € C for which either existence or uniqueness of
solutions of (2.16), (or, similarly, of (2.17) or of (2.18)) fails.



For A € C\&" we define the following “scattering data” S*™(A) for the potential v:

S'(A) = {a1(X), 01(N), 1 (A), di (V) a5 (N), 5 (), a3 (M)}, (220)
ai(\) = //v(z),uﬁ(z, A)dRezdlmz, (2.21)

C

bi(\) = // e”‘”ij‘gv(z)uli(z, A)dRezdImz, (2.22)
C
// 2)pi(z, A)dRezdlmz, (2.23)
C

/ / 26Ny (2) 1} (2, ) dRezdImz, (2.24)

C

// 2)ps(z, A)dRezdlmz, (2.25)
C

// 2)py(z, A)dRezdlmz, (2.26)
C

/ (2, \)dRezdImz. (2.27)
C

Functions af, b} are regularized analogs of the standard Faddeev generalized scattering data
for the 2-dimensional Schrodinger equation at zero energy. The scattering data dj, a} for the
case of the Schrodinger equation at zero energy were introduced in [BLMP1].

The following properties of function A'(A) will play a substantial role in the proof of the
main result.

Statement 2.3. Let v satisfy conditions (2.2). Then function A'(X) satisfies the following
properties:

1. AT € C(C);
2. A"(\) = 1 as |\ = oo;
3. A" is real-valued;

4. AY(N) satisfies the following 0-equation

%:{16%(—@@%(0)) o ST — ) + 2000+

where O( ff z)dRezdlmz, A € C\(E*UO0).

Analogs of these properties of A" for the nonregularized determinant in the case of nonzero
energy can be found in [HN, N2, KN3|. The properties of A" at zero energy can be proved
similarly. In particular, property 1 is a consequence of continuous dependency of H"(\) on A



(in particular, see Statement A.l of Appendix for the proof of continuity of H*(\) at A = 0).
Property 2 follows from items 2, 4 of Statement 2.2 (see Statement A.2 of Appendix for details).
Property 3 is a consequence of item 3 of Statement 2.2. The derivation of equation (2.28) is
based on the ideas proposed in [HN] and is presented in subsection A.3 of Appendix.

Statement 2.4. Let v satisfy conditions (2.2). Then
1. 1y (2, N) is a continuous function of A on C\E';
2. 1t (\) satisfies the following O-equation.:

oy 1 1 0g ) —
4 oy - Exp igxd b —

I\ 167T{)\ L7 9x G 1}“1

for A e C\(OUE&");

10,
167 OX 1A

] —
+ 16 9 X0y, (2:29)

3.1y =1, as A = oo;
4. the scattering data S*(X\) of (220) are continuous on C\E;
5. 9(0) = /\lim ay(X), where o( ff z)dRezdImz.

— 00

Items 1, 4, are a consequence of continuous dependency of H"(A) on A (in particular, see
Statement A.1 of Appendix for the proof of continuity of H*(A) at A = 0). Items 2, 3 were
proved in [BLMP1|. Item 5 follows from items 3, 4.

3 Proof of Theorem 1
We will start this section by formulating some preliminary lemmas. The proofs of these lemmas
are given in Section 4.

Lemma 3.1. Let v(z) be a potential satisfying (2.2) with the modified Fredholm determinant
AY(X) defined by (2.19) in the framework of equation (2.1) and the scattering data

S'(A) = {a1(X), b1 (A), c1(N), di (N), az(A), 3 (A), a3 (M)}, A € C\EY, (3.1)

defined by (2.21)-(2.27) in the framework of equation (2.1). Then the modified Fredholm deter-
minant A¢(A) and the scattering data SF()),

Sé()‘) = {aﬁ,g()\), Ii,C()‘)’CIi,C()‘)’ Ii,C()‘)’aa,C()‘)a CE,C()‘)’ a’g,g()‘)}a
for the potential v¢(2) = v(z — () have the following properties:
1. AF(A) = AT(N);
2. scattering data S{(\) are defined for A € C\E" and are related to S*(\) by the following

formulas
a5 ((N) = af(N), (3.2)
B (A) = PTG (), (3.3)
& (N =) + Cal (), (3.4)
d ((N) = e (X) + CB (), (3.5)
ah ¢ (N) = ab(\) + Caf (M), (3.6)
& c(A) = () + C(ah(N) + (V) + (a5 (N), (3.7)
a ((N) = a§(\) +2Cab(N) + <2a5<> (3.8)



Lemma 3.2. Let (v,w) satisfy equation (1.1) and conditions (1.6)-(1.8). Let S*(\,t) be the
scattering data for v defined by (2.21)-(2.27) for a certain X € C\(E* U0) and all t € R in the
framework of equation (2.1). Then the evolution of these scattering data is described as follows:

ai(\t) = aj (), 0), (3.9)
BE (A, £) = BTN () ), (3.10)
A\ t) = (N 0) + 24X2%a5 (N, 0)t, (3.11)
A (A, 1) = eSTOTEADE (@ (X, 0) + 242285 (X, 0)¢) (3.12)
ab(\,t) = ab(\,0) + 24X\%a} (), 0)t, (3.13)
(A1) = (N, 0) + 2422 (ah (X, 0) + ¢ (N, 0))t + (24X0*)2a) (N, 0)¢2, (3.14)
ab(\, 1) = a5 (X, 0) + 48X\2ab (X, 0)t — 48ixal (X, 0)t + (2422)%a} (X, 0)12. (3.15)

The remaining part of the proof of Theorem 1 consists in the following. First of all we note
that since (v,w) is a soliton, from Lemma 3.1 it follows that the set &' of values of A € C for
which the scattering data S™(\) are not well-defined does not depend on t.

Since (v,w) is a soliton, the time dynamics of its scattering data b} is described by the
formula

bi(\,t) = exp(i(Ac + Ae)t)bY (A, 0).
(see formula (3.3) of Lemma 3.1). Combining this with (3.10) from Lemma 3.2 gives

exp(8i(A% + X3)1)BE (X, 0) = exp(i(Ac + Xe)t)bE (A, 0).

Since functions A, A\, A3, A3, 1 are linearly independent in any neighborhood of any point in C
and b7 (A, 0) is continuous on C\(E* U 0), we obtain that

bi(A\,t) =0 for A € C\(ETU0). (3.16)
Similarly, combining formulas (3.5) with ¢ = ¢t, (3.12) and property (3.16) we obtain that

di(A\,t) =0 for A € C\(E'U0). (3.17)

From (3.6), (3.13) we get that
as(\, 0) + ctal (X, 0) = ab(\,0) + 24X\3tat (A, 0).

Thus a}(A,0) =0 on C\{€" U0} and formula (3.9) implies that

aj(At) =0 for A € C\(E'U0) (3.18)
and ah(A,t) = ab(A,0), (N t) = (A 0) for A € C\{E" UO0}. From item 5 of Statement 2.4 it

follows also that
9(0) = 0. (3.19)

Combining (3.7) with (3.14) and (3.18) we derive that
as (A t) = —c1(\t) for A € C\(E'U0) (3.20)
and combing (3.8) with (3.15), (3.18), (3.20) yields

ay(A\t) =0, ci(N\t)=0for A e C\(ETU0). (3.21)



Now equation (2.28) together with properties (3.18), (3.19) (3.21) implies that A" is holo-
morphic on C\(E* U0).

Suppose that £F # @. Ttem 2 of Statement 2.3 implies that £ is bounded. Since £ is a
closed set, then there exists A\, € £" such that |\, = max |A|. Function A"(A) is holomorphic in

D ={\ e C: |\ > |\|}. Items 2, 3 of Statement 2.3 together with holomorphicity of A" in D
imply that A"(A\) =1 on A € D. On the other hand, A"(\,) = 0, which contradicts property 1
of Statement 2.3. Thus we obtain that &' = @ and A" =1 on C.

The function pj is holomorphic on C\0 as follows from (2.29), item 1 of Statement 2.4,
(3.16), (3.17), (3.18) and the established fact that £ = &. The function u} is also bounded on
the whole complex plane due to the items 1, 3 of Statement 2.4, which implies, in particular,
the holomorphicity of function pj on the whole complex plane C. From Liouville’s theorem it
follows that g} = 1. Then, finally, from (2.1) with (2, A\) = €*** we obtain that v = 0.

4 Proofs of Lemmas 3.1, 3.2

Proof of Lemma 3.1.

1. Ttem 1 of Lemma 3.1 can be proved by considering the right-hand side of (2.19) as a sum
of convergent series; then it can be checked that every member of this series for AZ()\)
coincides with the corresponding member of the series for AT(\).

2. Function p} (2, A) corresponding to the potential v¢(z) = v(z—() is defined as the solution
of the following equation

o) = 1+ [ [ 6 = € 00l = Ot (6. Regam.
C
The change of variables £ — ( = ¢, z — ( = 7 yields the following equation on Py

M1<(77+C/\—1+// 0 — ¢, No(@)/ (g + . \)dRegdImg,

from which we obtain that pj (2, A) is defined for A € C\E" and is equal to p1,¢(2,A) =
pi(z — ¢, A). Now we substitute this formula for 4] . into the definition of aj .(A):

ay (A // z)p ¢ (2, A)dRezdlmz = // z —Q)py(z — ¢, A)dRezdlmz = aj(A).
Similarly, for b -(A) we obtain

1c(A) = // ei’\zﬂ';\gv(z —Q)pi(z — ¢, A)dRezdlmz =

C
- / / eATEOFATE ()14} (7, \)dRendlmny = €A (N).

Similarly formulas (3.4) and (3.5) can be obtained.



Function p} (2, A) corresponding to the potential v¢(z) = v(2—() is defined as the solution
of the following equation

e N =2+ [ [ (2 = € 0)0l€ = O €. \dReglme
C
The change of variables £ — ( = ¢, z — ( = 7 yields the following equation on ,u§7<:

u2<<n+u—n+<+// 0 — ¢, ()i o (g + ¢, \)dRegdImg,

from which we obtain that 5 (2, A) is defined for A € C\E" and is equal to py (2, A) =
py(z — ¢, A) + Cui(z — ¢, A). Thus for the scattering data corresponding to uj .(z,A) we
have

ag (A // 2)py ¢ (2, A)dRezdlmz =

= //v(z — Qpy(z — ¢, N)dRezdlmz + C//v(z — Q)pi(z — ¢)dRezdlmz =
C C

= ay(A) + Cai(A),

he(N) = // 2ve(2)py ¢ (2, A)dRezdlmz =

C
= // 2v(z — Q)ps(z — ¢, A)dRezdImz + C// 2v(z — Q)pi(z — ¢, A)dRezdlmz =
C C
= ch(A) + Cay (V) + ¢ () + ¢Pai (N).

Finally, function i3 (2, A) corresponding to the potential v¢(z) = v(z — () is defined as
the solution of the following equation

pacleh) =2+ [ [ (2 = € 2)0(¢ = O (¢, N dRogltms
C
The change of variables £ — ( = ¢, z — { = 7 yields the following equation on ”§,<:
phe(n+¢A) =0 +2n¢ + (% + // 9" (n — a, Mv(@) sz, (¢ + n, A)dReqdImg,

from which we obtain that uj (2, A) is defined for A € C\E" and is equal to p3 (2, A) =
ps(z = ¢ A) +2Cu5 (2 — ¢, A) + ¢2pd (2 — ¢, \). From this representation formula (3.8) can
be easily obtained.

O

In order to prove Lemma 3.2 we will need an auxiliary lemma.
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Lemma 4.1. Let T be an operator defined by
T=0;+A=08 — 89 — 2wd, — 892 — 2w,
where w is defined via (1.1b), (1.8) and it is assumed that v satisfies conditions (1.6)-(1.7) and

q(t)

W, fOT’ some (j(t) > 0.

|Oo(z, )] <

Suppose that for a certain A € C\0, and every t € R solutions pi (z, A\, t), uh(z, A\, t), u5(z, A\, t)
of (2.18), (2.14), (2-15) correspondingly exist and are unique. Then

1 1 -
Ty) = (—8(1'/\)3 oo = Gorat + 8(iN)3Ga r)) WJFK( GOb; — 8(IN)>GhY) et
(4.1)
+0(1) as |z| = oo,
Typ = —8(iA)°ze"" + (—24(M)2 1; (—Gorah + 8(iN)*Ga )> ety (4.2)
+% ( Goby — 8(@'5\)3%5) e~ +0(1), as|z| — oo,
Toh = —8(iX)322e™ — 48(iX)2ze™ + (—48(1’)\) 1(15 (—Goyas + 8(iN) ga3)> eNy (4.3)
=l (g0 — 800 e +(1), s |2] > ov.

Proof of Lemma 4.1. We will only prove formula (4.1). Formulas (4.2), (4.3) are proved similarly.
First of all, we note that

Ouyth = / / 0 (2 — € N (0(€, 1)l (€, \, 1)) dReEdTm.
C

From the assumptions of Lemma 4.1 it follows that the solution 8—1 to this equation exists and

is unique. From item 5 of Statement 2.2 it follows that 8“1 = — 1= (GOa} + GX L) + o(1)
and 9Py 1 r idz 1 ro—i\Z =
% —ﬁg&gale - ﬁgat € +90(1), as |z| = oc. (4.4)
Further,
Oy = (IN)? €™ ph + 3(iN) 2™ 0. + 3iXe™ 02l + €02 (4.5)
From item 5 of Statement 2.2 it follows that
=1 = (@) + X (2 ))GN) +3(1) as [2] = . (4.6)
Function 0,uf is defined by
0.4 = / [ 01 = €. N)0(6. O (€ A\ ydRegdlme,
where
0.9 (z,\) = I?Z:e*i’\z(Ei(i)\z) + Ei(—iAz)) + 16% - (IG—Z:)XQ.
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From item 6 of Statement 2.1 it follows that 0,¢" = 167ng +0 <| |) as |z| — oo and thus

A\
O py = %ngr +9(1) as |z| = . (4.7)
Function 921} is defined by
oy = l/)/éug e (v(€. ) (€, A, 1) dRe€dIm.
Thus,
2 T 2 INEHINE r — (2)‘)2 r o=
o = EXQ e O¢(v(&, )y (€, A, t))dRe&dImE+0(1) = — 16 Xgbi+o(1) as |z| — oo.
C
(4.8)
Similarly it can be obtained that
.A 3
It = (i67)r XGbl +0o(1) as|z| = oc. (4.9)
Thus (4.5)-(4.9) imply that
3,/ (2)‘)3 T\ iAz (7’)‘) T —i\Z r_—i\Z . (_2)‘)2 r_—i\Z
pu— 1 _— _ _— R _
oMUY T6n (16w — Gaj)e T6m —Gble +3(i ) gb 3iA T6m Gbie

(=iN)?
167

(iA)°?
167

gbﬁeﬂ';\g +9o(1) = (16w — gaﬁ)ei’\z +90(1) as |z| = c0. (4.10)

Further,
oR; = o,

Function d3u} can be represented

oy = //@g O2(0(&, )} (€A, 1)) dReEdne.
where 5 5
i Na—idg |l
65 r A = 2 —IAZ—IAZ 2 xqG.
92N =15z 167 Y

Thus -

3 ()‘)3 r_—iAZ | =

oY) = T6m Gbie +90(1) as |z| = oo. (4.11)
Combining (4.4), (4.10), (4.11) and property (1.8) of function w we obtain formula (4.1).

O

Proof of Lemma 3.2. The derivation of formulas (3.9)-(3.10), (3.12)-(3.13) can be found in [BLMP1].
We present here a slightly different approach applicable also to the derivation of formulas (3.11),
(3.14).

Consider the following operator

T = 8y — 892 — 2wd., — 892 — 2w0s,

where w is defined in (1.1b).

12



Equation (1.1) represents a condition under which the following is true
[T,Lln=0, Vn:Ln=0, (4.12)

where L is defined in (2.1) (see [M], [BLMP1|). Note also that T" = 0, + A, where A is the
third order differential operator from the Manakov L — A — B triple for the two-dimensional
Schridinger operator L (see equations (1.3)-(1.5)).

Let us take n = ¢]. Then (4.12) is equivalent to

LTy = 0.
Thus function f; defined by
fi(z, A\ t) = TYi(z, A\, 1), (4.13)
satisfies the Schrodinger equation (2.1).
Formula (4.13) can be rewritten
Ol = 8OUT + 2000 + BOZYY + 200z + fi. (4.14)

Using this representation we can derive formulas for 0,a] and 0;b]. Indeed, we write

Opa) = // efi)‘zatmbidRezdImz + // efi’\zvat@bidRezdImz. (4.15)
C C
and ) )
ob] = // ei)‘zatvwidRezdImz—}— // ei)‘zv&g@b{dRezdImz. (4.16)
C C

Using (1.1), (4.14), integrating expressions in (4.15), (4.16) by parts and using the fact that
vy} = 40,0z¢] we obtain

oray = 8(i)\)3a1i + // e "y fidRezdImz, (4.17)
C
Ob| = —8(1’5\)3 1+ // ei;\gvfldRezdImz (4.18)
C

(see subsection A.4 of Appendix for details).
Inserting (4.17), (4.18) into (4.1) and using (4.13) we obtain that f; is a solution of the
Schrodinger equation (2.1) with the following asymptotics

filent) = | =800 = 16 [ [ e undrogdimg | 4o
C

1 s o
+ —Fg // ey fidRefdImé | e +5(1), as |z] — oo.
T
C

From the assumption of lemma that A ¢ &' it follows that f; = —8(i\)3¢5. Using this fact
formulas (3.11), (3.12) can be obtained similarly to the way formulas (3.9), (3.10) were derived
(see subsection A.4 of Appendix for details).

13



Now let us take n = 14 in (4.12). Then function fy defined by
Falz A1) = T + 8(iA)* ¢}

is a solution of the Schrodinger equation (2.1). Using this representation we can derive the
following formulas for d:ah(A,t) and 9:b5(A,t) (bh is defined by (2.22) with i} replaced by ub):

oral = 8(iX)3ah — 8(i))3 // %y fadRezdImz, (4.19)
Oby = (z)\)3br — §( z)\ 5 + // Z’\vagalRezalImz (4.20)

(see subsection A.4 of Appendix for details). Inserting these representations into (4.2) we obtain
that

1 . .
Fale M) = | =24(N? = 150 [ [ 0 padRegdim | o
Y
C

1 . o
|0 / / ¢y frdRegdImé | e~ +3(1), as || - oo.
Y[
C

Thus fa(z, A\, t) = —24(i))2¢t. Using this result we can easily derive formulas (3.13) and (3.14)
(see subsection A.4 of Appendix for details).
Similarly let us take n = 5 in (4.12) and put

Fa(z, A1) = T + 8(iA) 5 + 48(ih)* 5.

Using this representation we can derive the following formulas for d:a} (A, t) and Oib5(A,t) (b5 is
defined by (2.22) with pj replaced by u}):

Ol = 8(iX)al, — 8(iN)3al — 48(iN)2a) + / / ¢~y fydRezdlmz,
DS = —8(iN)2b5 — 8(iN)3bh — 48(iN)2bh + / / ey fsdRezdlmz

(see subsection A.4 of Appendix for details). Inserting these representations into (4.2) we obtain
that

1 . .
FaleMt) = | =882 = 150 [ [ Mo pudRegdim | o+
Y
C

1 s o
+ —Fg // e”\gvfngedemf e~ N2 +90(1), as |z| — oo.
T
C

Besides, f3 is a solution of the Schrodinger equation (2.1). Thus, f3(z, A,t) = —48(i\)y}. Using
this result the formula (3.15) is easily derived (see subsection A.4 of Appendix for details).
U
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A Appendix

A.1 Proof of item 6 of Statement 2.1
From property 5 we obtain that

m@:3+/%m
T

z

t\z\|"°‘
|('O
o}

— 00

4

< . Consider I} = [ £ dr. Let us take the following

||

e *e*

z

ZZ
1
S T

Evidently,

z

—00
contour of integration I', =T'1 U9,

I={reR_,—oc0 <7< —|2|},

s {1 = |2]e", Argz < ¢ < 7} if Argz > 0,
N {1 =|2|e", —7 < ¢ < Argz} if Argz < 0.

Note that Re(—z + 7) < 0 on I's. Then we can estimate

—z,T 1 1 —ZeT 2
/ < L / e Retegr < 1 and / | < 2T

T ] 2] T ]
Iy —0o0 I'>

z
Similarly, considering Iy = [ < :267 dr we take
—0o0

IN={reR_,—c0 <7< —|2|},
Lo {1 = |2]e", Argz < ¢ < 7} if Argz > 0,
{1 =|z]e", —m < p < Argz} if Argz < 0.

and note that Re(—z + 7) < 0 on I'y which allows us to obtain that |I| < |—(ZJ| for |z| > 0.

A.2 Behavior of H*(\) at A=0 and at A = o0

Consider H"(\) the integral operator of equations (2.16)-(2.18). In Statement A.1 of the present
subsection we prove that H"(\) is continuous at A = 0; in Statement A.2 of the present subsection
we prove that H"(\) vanishes as |A\| — co. We use the fact that since H"()\) is a Hilbert-Schmidt
integral operator on L*(C), its norm is estimated by || H*(-,-,A\) ||lz2(cxc), where H'(-,-, A) is
the Schwartz kernel of the integral operator H*(A).

Statement A.1l.

(121 + )
(14 |2])%*=

1 2
A) — Tor In|z — &2 dRezdImzdRe£dImE — 0 as |A| — 0.
7r

Proof. Let us find estimates on the difference g'(z — £, \) — 13=In|z — £|? for A small enough.
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L |z—¢| <1
Using definitions (2.11) and (2.10) we can estimate

1 2
Ty — S - <
97z =60 = |z — €| <

— e AE D | — g2 - 1 In|z —
167 167

i —iX(z—¢€) 2y 4 —iA(z—E&)—iN(Z—E) —i\ ix 2
+‘47Te 27+ [A) - — (1—|—e )(e + M) (2y + In A2 +
i (IA(z = )" + (—iMz = )" Lo
— nn! 167
1 (1 n e—z/\(zfg)fij\(ifé)) (e + ez’?\) i (IA)" + (—iA)" _
64w = nn! =

< const(|A[z — €]|In |2 — €| + const|A[lz — ][ In [AP| + [A|(1 + |2 = €])). (A1)
2. |z =€ >1

(a) A"z — ¢ <1 forsome0 <6 <1
Using estimate (A.1) we obtain in this case

1
197(z = &A) = g~ Infz = €1%] < const(|A| In |2 — &2 + AP In AP + [AI%). (A.2)
0

(b) |A[*?|z — €] > 1 (note that the smaller \ is, the smaller this domain is in the C x C
space of (z,§) variables)

From property 6 of Statement 2.1 we obtain

1 , 1
l9"(z =& A) — —Wln\z—§’\<<¢0n$t(m

< const(|z — €]129 +In|z — &> + |In|z — €] 129]). (A.3)

+mv—sﬁ+uwM%)<

Estimates (A.1), (A.2) and (A.3) with 2 1= < €, where ¢ is the constant from property (1.7),
yield the proof of the statement. O

Statement A.2.

/ / / 9" (2 — &N |”(5()1|2+(1|Z+|)|65_26+€ dRezdImzdReédImé — 0 as || — oc.
c cC

Proof. For definiteness we will assume that |A| > 1.
L Alz=¢21=|A\Y=—=¢*“>1Va>0
From item 4 of Statement 2.2 we obtain that

// // 16" (2 — €, V)2 [P(©P( + €)™ dRezdImzdReédImé <

IA[|2—¢[>1 (b
o const (P + [g)*+
’)\’2 // // ( P 5‘2> SENEIGE dRezdlmzdReédImE <
IA[[2—¢[>1
const [o(©)I* (1 +1€])°**
constw2 5 // // < Ppyze= 2@) (5 2o dRezdImzdRe{dImg — 0 as || — oo
ita<1.
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2. [Nz =¢l <1
From item 2 of Statement 2.2 we obtain that

// // 9" (2 — £, )] PP+ [g)** dRezdImzdRe&dImé <

(14 [z[)0+
IA[l=—¢|<1
1 6+¢
< const In | A2 / / / o€ 1+|J|§2 dRezdImzdRe¢dImé +
€</
1 6+¢
- eomst // // n e — el )1\ +< ﬁ)ﬁi dRedIm zdReé .
[2=€l<1/

The second summand in the last expression is 0(1) as |A\| — oco. For the first summand we

get
1 6+4¢
const In [ \[? / / / o H’T‘ﬂz dRezdImzdRedImE =
Z
|2—€|<1/A|
1
= const ] )\2//// dRezdImzdRewdImw <
e lwl<1/]A (T =l s e

1
2
< const In | A // // 0T o= w1 1 )5 dRezdImzdRewdImw+
lw|<1/|Al, [2]<2

1 In|A
+-const In |\ // // (T )0 dRezdImzdRewdImw < const——— e — 0 as A — oo.
[w|<1/|Al,[2]>2

O
A.3 Derivation of formula (2.28)
Differentiating (2.19) with respect to A yields
Oln AF OH* OH*
— =Tr(—(I - H'(\\) == — ).
o r<( ) 8)\+6)\>
From item 6 of Statement 2.2 we obtain that
OHT 1 1 0G
Tr = — - ——=]9(0). A4
O (471')\ 27 8)\) 8(0) (A4)

Now we note that due to item 3 of Statement 2.2 the following equation holds
mi (2, )X (2,A) = (1+[2]) "2 X (2, )+

//1+\z! AR Hf‘g@g%m (€, A) X (€, \)dRegdImé,

which implies that

(I = H' ) ' X (2, )1+ |2)) 7O/ = mi(2, M) X (2, )
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for A € C\&".
Similarly we obtain that

(1 = B () X (2, N)Z(L+ [2) "3/ = TE (2, ) X (2, A).
Thus we obtain the following formula

OH" 1 ig_ . ig 109 1 9g.
1 _ oy Loy Loy
B > BT e T R Tt R v s S T L )

—Tr ((I — H'(\)™
Finally, combining (A.4) with (A.5) we obtain (2.28).

The above derivation is rigorous for potentials v small enough. If we have an arbitrary
potential v, a similar formula can be derived for a potential § - v, where § € C is a small

parameter. Since both parts of (2.28) are holomorphic with respect to ¢ (see [GK] for the proof
of holomorphic dependence of A on §), then (2.28) holds for arbitrary values of § € C.

A.4 Derivation of formulas for &tar», &gbr», &gcr», 8tdr-

We start by deriving a formula for dya}, j = 1,2,3. Substituting (1.1) and
s = 8O + 2w + 8OZYE + 2w + f

into

ata§- = // e*i)‘zatvw;dRezdImz + // e*i)‘zvathdeezdImz
C C

yields

8tar.()\ t) = 8// g% 831} ¥ dRez dlmz + 8// oA agv ¥ dRez dlmz+
+2 // —iA g v w1 dRez dlmz+2 // “v0,w ) dRez dlmz+2 // 9, 20w 1y dRez dlmz+

+2//e “ v 0zw 1 dRez dImz+8// —iAz v@gw] dRez dImz+8// v@?zpﬁ» dRez dlmz+
C

11
+2 // e M pw 0.v; dRez dlmz+2 // e M ow 0z dRez dImz+// e ™y fdRez dlmz = Z I;.
C C C

i=1
(A.6)

Integrating I by parts yields

—8(—iN)? // e~y ¥ dRez dlmz — 24(—i))? // e~ 0, ¥ dRez dlmz—
C C

— 24(—1iX) // e 9%y ¥j dRez dlmz — 8 // e~ 93 ¥ dRez dlmz.
C C
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In this way it can be obtained that

I+ I + I 4 Iy = —8(—i)A) a — 24(—i))? / / e~ 9,v ¢} dRez dlmz—
C
— 24(—iN) // e 9%y Yj; dRez dlmz. (A7)
C
Integrating Iy by parts and taking into account that —462651@ + vy = 0 we obtain

Ig = -2 // e~ 0,vw s dRez dlmz — 2(—i) // e~ vw 1) dRez dlmz—

C C

-2 // e My 9w w; dRez dlmz = —2 // e 9w ¢§' dRez dImz—
C C
— 8(—iN) // e M 0,0:¢; dRez dlmz — 2 // e~y dw Y dRez dlmz =
C C

= -2 // e 0,v w; dRez dlmz + 24(—i))? // e 9,0 ¥ dRez dlmz—
C

C
+ 24(—i)) // e 9%y ¥ dRez dlmz — 2 // e dw ¥ dRez dlmz.
C C

Thus it can be obtained that

Is+ Iy + 15+ Ig+ Ig + I1g =

=24(—1 e~ 9,0t dRez dlmz + 24(—i e~ 920t dRez dImz. )
24(—i\)? 2 0,015 dRez dI 24(—i\ A 0Zv s dRez dl A8
C C

Finally,
oy (A t) = 8(i)\)3a§-()\,t) + // e My (2, 1) f (2, \, t)dRezdImz.
C

In order to derive a similar formula for atb§», j = 1,2,3, we need to replace i\ by —i\ and
—idz by iAZ everywhere in the derivation of the formula for 8ta§..
Next we derive a formula for dicj, j = 1,2. Substituting (1.1) and

O = 8O + 2w + 8OZYL + 2w + f

into

atc§ = // zefi)‘zatmb;dRezdImz + // zefi)‘zvatqﬁ;dRezdImz
C C
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yields

6tcr.()\ t) = 8// ze A 830 wr- dRez dImz + 8// ze N a;fw w; dRez dImz-+
+92 // —iAz g Lvw; dRez dlmz+2 // 00 w1 dRez dlmz+2 // —iAz g, zv W Y5 dRez dlmz+

+2 // ze” M v 9w ¥; dRez dlmz+38 // ze~ 08§¢§ dRez dlmz+8 // ze” My 8§¢§ dRez dlmz+
C

+2//ze A “vw Y] dRezdImz+2//ze A “vw O] dRezdImz+//ze A vdeezdImz-ZJ
C

=1

(A.9)

Integrating J; by parts yields

(—iN)3 //z “v ) dRez dlmz — 24(—i)) // —iA g v ) dRez dlmz—
— 24(—1iX) // “v1p) dRez dlmz — 24(—i)\) // ze” ™ 9%y ¥ dRez dlmz—
C
— 48(—1iA) // e" ™ 9,0 Y dRez dlmz — 8 // ze” ™ 93y Y dRez dlmz—
C C
—24 // e 9% ¥ dRez dlmz.
C

In this way it can be obtained that

J1+ o+ Jr+Jg = —8(—2’)\)36;- — 24(—i)\)2 // ze ™ 9,0 ¥ dRez dlmz—
— 24(—i\)? // e~ v dRez dlmz — 24(—i)) // ze” ™ 92y ¥ dRez dlmz—
C C

— 48(—1iA) // e" ™ 9,0 Y dRez dlmz — 24 // e 9%y Y dRez dlmz. (A.10)
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Integrating Jg by parts and taking into account that —46265w§ + vy = 0 we obtain
Jg = —2 // ze” ™ 9 v w ¥ dRez dlmz — 2(—i)) // ze Py ¥ dRez dlmz—
C C
-2 // e M yw Y} dRez dlmz — 2 // ze” ™0 o,w Y dRez dlmz =
C C
= -2 // ze ™M 9w ¥ dRez dlmz — 8(—iN) // ze My 0,0:¢; dRez dlmz—
C C
-8 // e M 6%3;1@ dRez dImz — 2 // ze” ™y 9w w; dRez dlmz =
C C
=2 // ze” ™ 9uw Y dRez dlmz + 24(—i))? // ze ™ 9L Y5 dRez dlmz+
C C
+ 48(—i\) // "™ 9,0 ¥ dRez dlmz + 24(—i\) // ze” ™ 92y ¥ dRez dlmz+
C C

+24 // e~ 0%v ¥ dRez dlmz — 2 // ze ™y 9w ¥ dRez dlmz.
C C

Thus it can be obtained that
Js+Js+J5+ Jg+ Jg + Jip =

= 24(—i\)? // ze” M 9 ¥ dRez dlmz + 24(—i)) // ze” ™ 92y ¥ dRez dlmz+
C C

+ 48(—i)) / / e~ 9,v ¢} dRez dlmz + 24 / / e~ 9201} dRez dImz.  (A.11)
C C

Finally,

orci (A1) = 8(i)\)3c§»()\,t) - 24(—2’)\)2615- + // ze~ ™ y(z,t) f(2, A, t)dRezdImz.
C

In order to derive a similar formula for 9;d} we need to replace i\ by —i\, —i\z by 1Az and
z by z (whenever it appears as a multiplier in the integrand) everywhere in the derivation of the

formula for O.cf.
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