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Faddeev eigenfunctions for multipoint potentials *

P.G. Grinevich T R.G. Novikovt

Abstract

We present explicit formulas for the Faddeev eigenfunctions and related gen-
eralized scattering data for multipoint potentials in two and three dimensions.
For single point potentials in 3D such formulas were obtained in an old unpub-
lished work of L.D. Faddeev. For single point potentials in 2D such formulas
were given recently in [10].

1 Introduction
Consider the Schrodinger equation
— A o(x) =Ey, xeRY d=23, (1.1)

where v(z) is a real-valued sufficiently regular function on R? with sufficient decay at
infinity.
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Let us recall that the classical scattering eigenfunctions ¢ for (1.1) are specified
by the following asymptotics as |z| — oo:

| 2\ eilkllal 1
Yt =e* — i\ 2me T f (k}, |k|—) +o : d=2, (1.2)
21/ /1Kl [2] V7l

| ilkllo !
bt = e _ox?y (k,\k|%) ¢ —|—0( ) d=3,  (1.3)

] ||

r € R ke RY k2 = E > 0, where a priori unknown function f(k,1), k,I € R,
k* = > = E, arising in (1.2), (1.3), is the classical scattering amplitude for (1.1). In
addition, we consider the Faddeev eigenfunctions 1 for (1.1) specified by

Y =e* (14 0(1)) as |z| — oo, (1.4)

reRY ke Cl Imk #0, k> =k +...+k3 = Fj; see [5], [13], [8]. The generalized
scattering data arise in more precise version of the expansion (1.4) (see also formulas
(2.3)-(2.8)). The Faddeev eigenfunctions have very rich analytical properties and are
quite important for inverse scattering (see, for example, [6], [12], [8]).

In the present article we consider equation (1.1), where v(z) is a finite sum of point
potentials in two or three dimensions (see [4], [1] and references therein). We will write
these potentials as:

v(z) = Zgjm — 2j), (1.5)

but the precise sense of these potentials will be specified below (see Section 3) and,
strictly speaking, d(z) is not the standard Dirac delta-function (in the physical litera-
ture the term renormalized J-function is used).

It is known that for these multipoint potentials the classical scattering eigenfunc-
tions 9™ and the related scattering amplitude f can be naturally defined and can be
given by explicit formulas (see [1] and references therein). In addition, for single point
potentials explicit formulas for the Faddeev eigenfunctions 1) and related generalized
scattering amplitude h were obtained in an old unpublished work by L.D. Faddeev for
d =3 and in [10] for d = 2.

In the present article we give explicit formulas for the Faddeev functions ¢ and h for
multipoint potentials in the general case for real energies in two and three dimensions
(see Theorem 3.1 from the Section 3). Let us point out that our formulas for ¢ and h



involve the values of the Faddeev Green function G for the Helmholtz equation, where

1 ikx eifac
G(.’L‘, ]{7) = _(27T)d (& K /md{, (16)
R4
(A+E)G(z, k) =6(z), xcR? keC’ Imk#D0. (1.7)

In the present article we consider G(z, k) as some known special function.

In addition, basic formulas and equations of monochromatic inverse scattering, de-
rived for sufficiently regular potentials v, remain valid for the Faddeev functions ¢
and h of Theorem 3.1. Thus, basic formulas and equations of monochromatic inverse
scattering are illustrated by explicit examples related to multipoint potentials. We
think that the results of the present work can be used, in particular, for testing differ-
ent monochromatic inverse scattering algorithms based on properties of the Faddeev
functions ¢ and h (see [2] as a work in this direction).

It it interesting to note also that explicit formulas for ¢» and h for multipoint poten-
tials show new qualitative effects in comparison with the one-point case. In particular,
the Faddeev eigenfunctions for 2-point potentials in 3D may have singularities for real
momenta k, in contrast with the one-point potentials in 3D (see Statement 3.1).

Besides, functions ¢ and h of Theorem 3.1 for d = 2 illustrate a very rich family
of 2D potentials with spectral singularities in the complex domain. Let us recall that
monochromatic 2D inverse scattering is well-developed only under the assumption that
such singularities are absent at fixed energy (see [11]and [10] for additional discussion
in this connection). We hope that the aforementioned examples and quite different
examples from [7], [16] will help to find correct analytic formulation of monochromatic
inverse scattering in two dimensions in the presence of spectral singularities.

2 Some preliminaries

It is convenient to write '
= e*p, (2.1)
where 1) solves (1.1), (1.4) and p solves
~Ap —2ikVp+v(z)p=0, keC% K =E. (2.2)

In addition, to relate eigenfunctions and scattering data it is convenient to use the
following presentations, used, for example, in [15] for regular potentials:



(z, k) _1_/52 e E(k, ) d¢, ke RN, (2.3)

+ 2(k + i0k)¢
/ e H, (k, —¢) d¢, keRN0O, ve st (2.4)
§2+2k+20 )™ 7 ’ '
e H (k, =€)
pw(z k) =1— de, keC? Imk+#0, (2.5)
Rd

where " = ;T are the eigenfunctions specified by (1.2), (1.3), ¥ = e**y are the
eigenfunctions specified by (1.4), p,(z, k) = p(x, k +1i0v), k € R\0.
The following formulas hold:

fk,1)=F(k,k—1), kJleRY K =1*=F>0, (2.6)
hy(k,0) = H (k,k—1), k,JleR? kK =PF=E>0 ye&S" (2.7)
h(k,l) = H(k,k—1), k,1eC? Imk=Iml#0, kK¥*=017*=E, (2.8)

where f is the classical scattering amplitude of (1.2), (1.3), h,, h are the Faddeev
generalized scattering data of [6].

We recall also that for regular real-valued potentials the following formulas hold (at
least outside of the singularities of the Faddeev functions in spectral parameter k):

gw(:ﬁ - / € H (k, —€)(a k + E)5(€2 + 2K€)de, (2.9)

0 :
i ) = ‘”ﬂ/@ (b, —€)H(k+ &, p+ ©)(E +2kE)dE,  (2.10)

j=1,...,d, k€ C\R?, z,pe R

y(x, k) = ¢ (2, k) + 2mi / ho (K, )0((6 — k)7)d(&” — k*)v™ (x, §)de, (2.11)

R4

mer—ﬂmm+2m/ﬁxhow@—kww@%—#v@Jma (2.12)

Rd



ye ST xkileRY k=10
where 0(t) is the Dirac d-function, 0(t) is the Heaviside step function;

w(z, k) — 1 for |k| = oo, z€R?

1 .
H(k,p) — /U(x)emcm for |k| — oo, peRY,

(2m? J

k| = /| Re k|2 + | Im k|2,

see [6], [3], [12] and references therein.
Let us define the following varieties:

Yp={keC": k*=FE},

- . 9 p=0 for
Qpp=1{ke€Xp: 2kp=p~}, {pE]R3 for

SHEY
I
w N

Qp ={keXg, peR': 2kp=p’}
Op ={k1cC: Imk=Iml, k*=1[1*=FE}.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
(2.18)

Note that in the present article we consider the Faddeev functions v, H, h and 1.,
H,, h., for multipoint potentials for fixed real energies F only, for simplicity. In this

connection we consider

Y on RYx (Xg\ReXg), H on Qz\ReQp, h on Op\ReOp,

Yy (2, k), Hy(k,p), hy(k,I) for

ve ST wkpleR?!, pP=2kp, K¥=IP=E, ky=0.

In addition, we also consider the forms

d d

_ 0 - 0 7
Opth = Z ﬁw(x, k)dk;, OnH = Z ﬁﬂ(k,p)dkj,
j=1

7=1 J j

on the varieties X, Qg ,, respectively, where the 0/ al%j derivatives of u, H are given

by (2.9), (2.10).

In addition, we recall that formulas (2.9)-(2.14) give a basis for monochromatic
inverse scattering for regular potentials in two and three dimensions, see [3], [8], [9],

[11], [12], [13], [14], [15].



3 Main results

By analogy with [4] we understand the multipoint potentials v(z) from (1.5) as a limit
for N — +o0o of non-local potentials

Z &5 (N (z)u; v (2'), (3.1)
where .
Vo u)(e) = 3 ei(N) [ wla)us(aule')da', 32)
() = L s 61'{:5 i _ e_igzj |§| < N»
ULN( ) - (27T)d / LN(g) dg, ],N(g) {O ‘€| > N, (3'3)

Rd

z,2',zj € R 2, # z; for m # j, €;(N) are normalizing constant specified by (3.15)
for d = 3 and (3.16) for d = 2. It is clear that

1 gl <N,

ujn(x) =uon(x — 25), where Uyn(§) = {0 €] > N

For v = Vy equation (2.2) has the following explicit Faddeev solutions:

1 w$cr

(o) =14 o R/ (€, K)eiSedg, (3.4)
E oo

fin(§, k) = €2 1ok (3.5)

reRY R ke ClImk # 0, where ey (k) = (cyn(k), ..., con(k)) is the solution
of the following linear equation:

An(K)en (k) = b, (3.6)

where Ay (k) is the n X n matrix and by is the n-component vector with the following
elements:

1 [y (—E)ay
Am,J,N(k)zamﬁgm(zv)(%)d / i Ng(2 f?,??(g)d@ (3.7)

Rd



b N = Em(N). (3.8)
In addition, equation (2.2) has the following classical scattering solutions:
ph(z, k) = pn(z, k+i0k), »€RY ke RNO, (3.9)

arising from

% (& k) = fin(§ k+i0k), £ €R?, ke RN (3.10)

Let us consider the following Green functions for the operator A + 2ikV:

1 e
k) = — d R? keC? Imk 11
g(x, k) (27r)d/§2+2k:§ £, z€ e C% Imk #0, (3.11)
Rd

ei{x

1
- ——d¢, veR?T Eke RN, ye St (3.12)
2 d/ 2 2 Y Y )
er? | e ione

g’Y(x> k) =

ezﬁx

1
~(2n) / €2+ 2(k + i0k)¢
Rd

g (z, k) = d¢, v eRY ke RNO. (3.13)

One can see that G(x, k) = e**g(x, k), where G(x, k) was defined by (1.6). Note also
that for d = 3 the Green function g*(z, k) can be calculated explicitly:

1 e—ikmei\kHaﬂ

(o k) = —— 3.14
Theorem 3.1 Let d=2, 3,
a; N\
gj(]\]):aj(l—2]ﬂ_2> ., oy €R, j=1,...,n, for d=3, (3.15)
. —1
&i(N) = a; (1—;—jln(N)> L a;€R, j=1,....n, for d=2,  (3.16)
T

Then:

1. The limiting eigenfunctions

Y(x, k) =™ lim py(x,k), 2 €R? ke CN\R? K*=EcR, (3.17)

N—+400

are well-defined (at least outside the spectral singularities).

9



2. The following formulas hold:

U(z, k) = e* |14 ch(k)g(x —z,k)|, keC\RY K =FecR, (3.18)

where c(k) = (c1(k), ..., cn(k)) is the solution of the following linear equation:

A(k)e(k) = b(k), (3.19)

where A(k) is the n x n matriz, b(k) is the n-component vector with the following
elements for d = 3:

) ! J
Am,j(kj) - { — Oy, ( — a_m| Im k}|)_1 g(Zm - Zj, k), m 7é j, (320)
b (k) = (1 - —|1 k;|> : (3.21)

and with the following elements for d = 2:

i B 1, m=7

Am (k) = { — (1 — S (In(| Re k| + |Imk|))71 9(zm — 25, k), m # j,
(3.22)

(k) = (1= 2 (1n(| Re k| + \Imk|))_1. (3.23)

In addition, for limiting values of v the following formulas hold:

U (z, k) = P(x, k +i07) = e* 1—}—207] -z, k)|, (3.24)

z € R, keRd\O, ve S ky=0,

where cy(k) = (cy1(k), ..., cyn(k)) is the solution of the following linear equation:
Ay (K)es () = b, (k). (3.25)

where . . 3 3
A (k) = A(k+1i0v), by(k) =b(k+i0y). (3.26)

10



3. The Faddeev generalized scattering data for the limiting potential v = lim Vi,

N—+o0
associated with the limiting eigenfunctions 1, 1, are given by:
)et =Dz 3.27
k,leC? Imk—Iml;«éO k2—12 E c R,
where c;(k) are the same as in (3.18), (3.19);
I :
_ ) i(k—1)z;
h“/(k7 l) _ (271')51 ]Zl Cy,j (k>6 ’ (328)

k1 eRNO, K*=0PF=FE, yeS¥' ky=0,
where ¢, j(k) are the same as in (3.24), (3.25).

Note that if ||b(k)|| = co then we understand (3.18)-(3.26) as (4.9), (4.11)-(4.13),
(4.23), (4.25)-(4.27).

Remark 3.1 Let the assumptions of Theorem 3.1 be fulfilled. Then:

1. For the classical scattering eigenfunctions ¥™* the following formulas hold:

O (k) =™ 14 ) e (R)g" (x = 2, k)| (3.29)

j=1
where ¢t (k) = (¢f (k),...,c (k) is the solution of the following linear equation:
AT (E)et (k) = bT(k), (3.30)

where AT (k) is the n x n matriz, and b* (k) is the n-component vector with the
following elements for d = 3:

1 m=j

AT (k) = 4 _ 3.31
mi(F) {—am (Ut B fb]) " ¥ (o — 20K, m A d, (3:31)

b (k) = (1 + ZO‘—m|1<;|) 1; (3.32)

11



and with the following elements for d = 2:

. 1 m=j
At (k) = - .
m,j( ) { —Qm (1+Z—7;<7TZ—21HU€D) lg+(zm_zj7k>7 m#]? (3 33)
T L) — Qo o
bm(k)—<hn<1+—4ﬂ(wz thkp) : (3.34)
2. For the classical scattering amplitude f the following formula holds:
R D\
fk1) = g 2L (R0, (3.35)
j=1

kEleRY kK=1?=FE€eR,

where c;’(k) are the same as in (3.29), (3.30). In a slightly different form for-
mulas (3.29) - (3.35) are contained in Section 11.1.5 and Chapter I1.4 of [1]. In
addition, the classical scattering functions ¥+ and f for d = 3 are expressed in
terms of elementary functions via (3.29)- (3.35).

Proposition 3.1 Formulas (2.9),(2.10) in terms of Oy, OxH, on Xg, Qp,, formulas
(2.11), (2.12) with kv = 0 and formula (2.13) for |Im k| — oo are fulfilled for functions
Y =e*p, b, T, h, h, of Theorem 5.1, at least for v # z;, j=1,...,n.

Statement 3.1 Letd =3, n =2, E = Eg, > 0. Then for appropriate oy, oo € R\0,
21,20 € R3 there are real spectral singularities k = k' + 109" with ~' € S?, k' € R3,
(K')?> = Ep, K'v' =0, of the Faddeev functions 1, h of Theorem 3.1.

Remark 3.2 In connection with Statement 3.1, note that for the case d =3, n =1,
studied in the old unpublished work of Faddeev, there are no real spectral singularities
of the Faddeev functions 1, h. In addition, in [10] it was shown that for the case d = 2,
n =1, a € R\0 the Faddeev functions always have some real spectral singularities (see
Statement 3.1 of [10] for details).

Let us recall that dim¢c X = 1, dimg X = 2 for d = 2. In addition, it is known
that for a fixed real energy F = Ej, the spectral singularities of ¢ and H on ¥\ Re Xp
are zeroes of a real-valued determinant function (for real potentials). Thus, one can
expect that these spectral singularities on X, for generic real potentials are either
empty or form a family of curves I';, 7 = £1,£2,... £ J . The problem of studying
the geometry of these spectral singularities on X, was formulated already in [11].

12



In addition, it was expected in [11] that the most natural configuration of curves is a
“nest”
T ,cl ;,C...cT,cStcIyc...cTy], (3.36)

see [11] for details.

Figures Fig. 1-Fig. 4 show these spectral singularities for 2-point potentials for
some interesting cases. These figures show that the geometry of the singular curves I';
may be different from the “nest”.

(G AT
NUANAARR W

Fig. 1 Fig. 2
E=4, z—2=(05,0, E=6, z—z=(05,0),
0(1:5, 042:6 Oé1:5, &2:6

ol N

0 ofﬁo
o o
N N\Iin nlN
V) VI U V)
0 :Jo 0 0

/foc
\¥

Fig. 3 Fig. 4
E:5, 22—21:(10,0), E:5, 22—21:(10,0),
a1:6, a2:6 051:6, 042:6.8

In Figures 1-4 the surface Xg is shown as C\0 with the coordinate A, where the
parametrization of ¥y is given by the formulas:

ke = (; + )\) \/TE ky = G - )\) “QE A € C\0. (3.37)

13



The coordinate axes ImA = 0, ReA = 0 and the unit circle |[A\| = 1 in C are shown
in bold. This unit circle corresponds to Xz N R?, ie. to real (physical) momenta
k = (ki,k2). The other black sets inside the rectangles in Figures 1-4 show singular
curves I';.

4 Sketch of proofs

To prove Theorem 3.1 we proceed from formulas (3.3)-(3.8). We rewrite (3.6) as

(I + A3 (k) Bx (k) ex (k) = Ay (k) by, (4.1)

where Ay (k) and By(k) are the diagonal and off-diagonal parts of Ay (k), respectively.
One can see that

- Em (V)
(AN (k) b )m = gl S Tmarer e (4.2)
1+ em(N) 27r)d Ja = N52+)2£ 28 g
e (N) U, N (=) U5, N (€) d¢
(AN (k) Ba(E))my = (1= Gy) W Jus ™ et (4.3)

1 + gm(N (271-)d f]Rd N§2+2kf - dg

In addition, for N — +o0:

1 / am,N<_£)aj7N(£> df N —g(Z - zj, ) 7& m, for d = 2 3 (44)
R4

2n)i €2+ 2k¢
1 Uy, N (—&) U, v (€) U _
5m(N) (27T)d / 52 + Qké“ df - 1— a4—;r”| Im k’| for d = 5 (45)
1 ﬂm,N<_§)am,N(§) Qm =
en(N) Gy / hoke © 7 T s Re k] - A O 4% (40

ke C\R? k= F eR.

One can see that (4.4) follows from (3.11) and the definition of 4,y in (3.3). In
turn, formulas (4.5), (4.6) follow from (3.15), (3.16), the definition of @,y and the
following asymptotic formulas for N — 4-o00:

1517
dé = 4xN — 27| Imk| + O(N™Y) for d =3, 4.7
| e [T k] +O(N) (4.7

EERE, [€|<N

14



zﬁ:v
/ o Qkfdg 2rIln N — 27 In(|Re k| + |Imk|) + O(N™1) for d =2, (4.8)
cera [g|<N
where k € C'\R?, k> = E € R.

Formulas (3.17)-(3.23) follow from (3.3)-(3.5), (4.1)-(4.6).

Formulas (3.24)-(3.26) follow from (3.18)-(3.23).

Formulas (3.27)-(3.28) follow from the relations ¢ = e**p, 1, = ¢**y., and for-
mulas (2.4), (2.5), (2.7), (2.8), (3.11),(3.12), (3.18), (3.24).

This completes the sketch of proof of Theorem 3.1.

To prove Proposition 3.1 we rewrite (3.18)-(3.23), (3.27) in the following form:

W(z, k) —elk’”+ZC — 2, k), (4.9)
Hikp) = — 5S¢, (ke ¢vo (4.10)
)= Gy 226 ’ '
AC =B, (4.11)
A (k) = ;! — (4n) " Im k|, d=3,
A (k) = a,' — (27r) ' In(|Re k| + | Im &), d=2, (4.12)
AmJ(k) = _G(Zm_zjak)v m#]?
By (k) = e, (4.13)
where k € C'\R?, k? = E € R, p € R?, p* = 2kp, G is defined by (1.6).

Here
Ci(k) = e™ic;(k).

We recall the formulas (see [12])

0 1 .

9 _ L itkee s e -

812jG(I’k) 2 /fje (& +2k)dE, j=1,...,d. (4.14)
Rd

Gz, k+&) = G(x,k), for £ €R?Y €2 +2kE =0, (4.15)
where k € CH\R?.

15



We will use also the following formula:
A m (k) = / (Z &;dk; ) (€2 +2k€)dé on Yp\ReXp, E cR. (4.16)
Rd

The proof of the d-equation (2.9) for dyty(x, k) on L\ Re X can be sketched as
formulas (4.17)-(4.22) on Xg\ Re X g as follows.
We have

o (z, k) Zc —zj,k)) + i(akcj(k))(;(x — 2, k). (4.17)

Using (4.10), (4.14) one can see that:

ZCj(k)(ékG(x—z], = —2r / (ngdk> —&)eFHOT5(€2 4 ok€)de. (4.18)

R s=1

Taking into account (4.9), (4.10), (4.17), (4.18) one can see that to prove equation (2.9)
it is sufficient to verify the following 0 equation:

d n
OhCrm (k) = —(27r)d1/ <Z fsdks> [Z C;(k)e B+ 0 (k +€)| 0(€2 + 2Kk€)de.
ha \s=1 j=1
(4.19)
In turn, (4.19) follows form the following formulas:
(OLC) A+ C (OpA) = 0, (4.20)

OpAm (k) = 2m)T / <Z§Sdk) ik +&)zm o =ik +0)z 5(£2 1 9k€)dE, (4.21)

(A7 3 A) () = / (Z X ) ( + €)e 0+ 5(¢2 + oke)de. (4.22)

The d-equation (2.10) for Oy H on Y\ ReXp follows from formula (2.5) and the
D-equation (2.9) for Oy on Y\ Re ¥p.

To verify (2.11) with kv = 0 we rewrite (3.24)-(3.26), (3.28) and (3.29)-(3.35) in a
similar way with (4.9)-(4.13):

16



U@, k) = e* 13 C, (k)G (x — 25, k),

=1

1 - —ilz;

hy(k,1) = 2n) ZCW-(k)e 7,

J=1
A,C,=B,,

Ay inm (k) = a,', d=3,
A%m,m(k) = a;zl - (277)_1 ln(|k‘|), d=2,
Ay i (k) = —Gy(2m — 2, k), m # 7,

B%m(k) — eikzm’
where v € ST k.1 € RO, ky =0, G, (x, k) = G(z, k + i07);

k) = 3RO — k),

j=1
_ 1 . + —’ile
flk,1) = ) ;cj (k)e =,
AT Ct =B*
A (k) = a,' +i(4m) " k], d=3,
Ag (k) = a,' + (4m) " (mi — 2In(|k])), d=2,
A:’L,j(k> = _G+(Zm_2j7k)7 TTL#],

B;fb(k) = eikzmv

where k,1 € RN0.
We recall the formula (see [6], [12]):

271

(2m)4

G, (. k) = GF(z. k) + / (€2 — K)O((€ — k))de.

£eRd

where v € S471, k € R\0.

17
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(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)



We will use also the following formula:

211

(2m)4

Ay (K) = A () — / 5(€2 — k2)0(En) e, (4.34)

£eRd

where v € S471 k€ RO, ky = 0.
One can see that for ., T of (4.23), (4.28) relation (2.11) with kv = 0 is reduced
to the following two relations:

Zc’m(k) (G’Y(m — %5 k) - G+($ — %5 k)) = (4'35)
= 27i /R ) hy(k, €)™ 5(£% — K?)0(&v)dé,

C.ah) =€)+ 2mi [ (k€5 ~ KB(ENC (O (4:36)

R4
where v € S471 k€ RO, ky = 0.
Relation (4.35) follows from (4.33) and (4.24). Relation (4.36) follows from the
following relations

I+ (A A, —AN)C, =CT, (4.37)
+ _ 27” 1§ (z2m—2z; 2 1.2
(Ay (k) = AT (k) g = _(27]-)(15641 CEnB5(E — K)0(En)dE,  (4.39)
(A7 () (A () = A (s =~y | GO 8(€ = K)o(en)de, (439)

¢eRd

and formula (4.24) for h.,.

This completes the sketch of proof of the relation (2.11).

Relation (2.12) can be obtained using (2.3), (2.4), (2.6), (2.7), (2.11).

Formula (2.13) for | Im k| — oo can be obtained using (3.18)-(3.23).

Sketch of proof of Proposition 3.1 is completed.

To prove Statement 3.1 we point out that spectral singularities of ¥, h on Xg,
E € R, coincide with the zeroes of det A(k), where A(k) is defined by (4.12) (we can
always assume that all o, # 0). For d = 3, n = 2 we have that

det A(k) = li B |Imk|} . [i [T |

oy 47

:| — G(Zl — 29, l{?) . G(ZQ — 21, k‘) (440)

Q9 47
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We recall that G(x, k) is real-valued (see [12]) or, more precisely,

G(z, k) =G(x,k), k€ Xpg\ReXp, FE€R. (4.41)

For k = k' 4+ 07" of Statement 3.1 formulas (4.40), (4.41) take the form:

det A(K' +i07) = — Gy(21 — 22, k) - Gy (20 — 21, k). (4.42)

[0518%)

Gy(%, k/) = G,y/ (.CE, k’) (443)

Therefore, for 2y, 25 such that G,/ (21 — 29, k") - G,/ (22 — 21, k") # 0 one can always
choose aq, as € R such that det A(K" +i04") = 0.
Statement 3.1 is proved.
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