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Abstract
We prove new global Hélder-logarithmic stability estimates for the
near-field inverse scattering problem in dimension d > 3. Our estimates
are given in uniform norm for coefficient difference and related stability
efficiently increases with increasing energy and/or coefficient regularity. In
addition, a global logarithmic stability estimate for this inverse problem
in dimension d = 2 is also given.

1 Introduction

We consider the Schrédinger equation
Ly =Ep, L=-A+uv(z), zcR? d>2 (1.1)

where

v is real-valued, v € L*® (IRd)7 12)
v(z) = O(|lz|~*¢), |z| — oo, for some e > 0. '

We consider the resolvent R(E) of the Schrédinger operator L in L2(R9):
R(E)=(L-E)", FEeC\o(L), (1.3)
where o (L) is the spectrum of L in L?(R?). We assume that R(z,y, E) denotes
the Schwartz kernel of R(E) as of an integral operator. We consider also
R*(x,y,E) = R(z,y, E+1i0), z,ycR? FEecR,. (1.4)

We recall that in the framework of equation (1.1) the function R™ (x,y, E) de-
scribes scattering of the spherical waves

d—2
i VE R
Ri(z,y,B) = —— [ ——— 7Y, (VE|x — 1.5
generated by a source at y (where H ,Sl) is the Hankel function of the first kind
of order u). We recall also that R (z,y, E) is the Green function for L — E,
E € R, with the Sommerfeld radiation condition at infinity.

In addition, the function

St(z,y,E) = R*(z,y,E) — R{ (z,y, E),

(1.6)
z,y € 0B,, E€R,, re Ry,

is considered as near-field scattering data for equation (1.1), where B, is the
open ball of radius r centered at 0.

We consider, in particular, the following near-field inverse scattering problem
for equation (1.1):



Problem 1.1. Given ST on 9B, x B, for some fixed r, E € R, find v on B,.

This problem can be considered under the assumption that v is a priori
known on R?\ B,. Actually, in the present paper we consider Problem 1.1
under the assumption that v = 0 on R?\ B, for some fixed r € R;. Below in
this paper we always assume that this additional condition is fulfilled.

It is well-known that the near-field scattering data of Problem 1.1 uniquely
and efficiently determine the scattering amplitude f for equation (1.1) at fixed
energy FE, see [4]. Therefore, approaches of [2], [6], [7], [9], [13], [14], [23], [24],
[26], [27], [36] can be applied to Problem 1.1 via this reduction.

In addition, it is also known that the near-field data of Problem 1.1 uniquely
determine the Dirichlet-to-Neumann map in the case when F is not a Dirichlet
eigenvalue for operator L in B, see [22], [23]. Therefore, approaches of [1], [6],
[16], [18], [21], [23], [28]- [33], [37] can be also applied to Problem 1.1 via this
reduction.

However, in some case it is much more optimal to deal with Problem 1.1
directly, see, for example, logarithmic stability results of [12] for Problem 1.1
in dimension d = 3. A principal improvement of estimates of [12] was given
recently in [17]: stability of [17] efficiently increases with increasing regularity
of v.

Problem 1.1 can be also considered as an example of ill-posed problem:
see [20], [5] for an introduction to this theory.

In the present paper we continue studies of [12], [17]. We give new global
Holder-logarithmic stability estimates for Problem 1.1 in dimension d > 3, see
Theorem 2.1. Our estimates are given in uniform norm for coefficient difference
and related stability efficiently increases with increasing energy and/or coeffi-
cient regularity. Results of such a type for the Gel’fand inverse problem were
obtained recently in [16] for d > 3 and in [35] for d = 2.

In addition, we give also global logarithmic stability estimates for Problem
1.1 in dimension d = 2, see Theorem 2.2.

2 Stability estimates
We recall that if v satisfies (1.2) and suppv C B,, for some 1 > 0, then
S*(E) is bounded in L?(0B, x 0B, for any r > ry, (2.1)

where ST (E) is the near-field scattering data of v for equation (1.1) with E > 0,
for more details see, for example, Section 2 of [12].

2.1 Estimates for d > 3

In this subsection we assume for simplicity that

v € W™HRY) for some m > d,
v is real-valued, (2.2)

suppv C B,, for some r; > 0,



where

WL (RY) = {v: 87v e LY(RY), |J| <m}, m e NUO, (2.3)

where .,

o lu(z)
JeNU)Y, |7 =Y J, 0v(z) = —————2—. 2.4
( )% 1] ; (z) el O (2.4)
Let

ml= a7 . 2.5
]| 1 lfﬁgﬁ” U||JL1(JRd) (2.5)

Note that (2.2) = (1.2).

Theorem 2.1. Let E > 0 and r > r1 be given constants. Let dimension
d > 3 and potentials vy, vy satisfy (2.2). Let ||vj||m1 < N, j = 1,2, for some
N > 0. Let S{(E) and Sf (E) denote the near-field scattering data for v, and
v, respectively. Then for T € (0,1) and any s € [0,s*] the following estimate
holds:

vz = v1||poe(py < C1(1+ E)367 + Co(1+ E) 2 (In(3+07Y)) ", (2.6)

where s* = =4 § = ||ST(E) — S5 (E)||L2(aB, x08,), and constants C1,Ca > 0
depend only on N, m, d, r, T.

Proof of Theorem 2.1 is given in Section 5. This proof is based on results
presented in Sections 3, 4.
2.2 Estimates for d = 2

In this subsection we assume for simplicity that

v is real-valued, v € C*(B,,), @7
suppv C B,, for some 1 > 0. '

Note also that (2.7) = (1.2).
Theorem 2.2. Let E > 0 and r > r1 be given constants. Let dimension d = 2
and potentials vi, vy satisfy (2.7). Let ||vj|lc2(p,) < N, j = 1,2, for some

N > 0. Let S{(E) and Sf (E) denote the near-field scattering data for vy and
vg, respectively. Then

|[v1 = val[ oo () < C3 (In (3 + 5_1))73/4 (In (3In (34 5_1)))2 : (2.8)
where § = ||S{ (E) — S5 (E)||12(08, xoB,) and constant C3 > 0 depends only on
N, m,r.

Proof of Theorem 2.2 is given in Section 7. This proof is based on results

presented in Sections 3, 6.
2.8 Concluding remarks
Remark 2.1. The logarithmic stability estimates for Problem 1.1 of [12] and

[17] follow from estimate (2.6) for d = 3 and s = s*. Apparently, using the
methods of [29], [30] it is possible to improve estimate (2.6) for s* =m —d.



Remark 2.2. In the same way as in [12] and [17] for dimesnsion d = 3, using
estimates (2.6) and (2.8), one can obtain logarithmic stability estimates for the
reconstruction of a potential v from the inverse scattering amplitude f for any
d>2.

Remark 2.3. Actually, in the proof of Theorem 2.1 we obtain the following
estimate (see formula (5.20)):

o1 = vallLe(s,) < Call+ B2VE + p2 #0054 C5(B + p%) 750, (2.9)

where constants Cy, C5 > 0 depend only on N, m, d, r and the parameter p > 0
is such that E + p? is sufficiently large: E + p? > Cg(N,r,m). Estimate of
Theorem 2.1 follows from estimate (2.9).

3 Alessandrini-type identity for near-field scat-
tering
In this section we always assume that assumptions of Theorems 2.1 and 2.2 are

fulfilled (in the cases of dimension d > 3 and d = 2, respectively).
Consider the operators f{j, 7 = 1,2, defined as follows

®o)w) = [ R @y By, ve0B, j=12 (1)
OB,
Note that
IRy — Rallizom,) < I1ST(E) — S5 (E)|l208,)x1208,)- (3.2)

We recall that (see [12]) for any functions ¢1, o € C(R), sufficiently regular in
R?\ OB, and satisfying

—A¢ +v(x)p=FEp, in R\ IB,,

-1 [0 3.3
lim  |z| ( —z'\/Ecﬁ) =0, 3.3)
with v = v; and v = vs, respectively, the following identity holds:
/(Uz —v1)¢1padr =
o (3.4)

_ 0p1 09y 5 A Opa O
- / (au+ B ay_> {(Rl _R2> (ay+ a ay_)] 4,
OB,

where where v, and v_ are the outward and inward normals to 0B, respec-
tively.



Remark 3.1. The identity (3.4) is similar to the Alessandrini identity (see
Lemma 1 of [1]), where the Dirichlet-to-Neumann maps are considered instead

of operators R;.

To apply identity (3.4) to our considerations, we use also the following
lemma:

Lemma 3.1. Let E,r > 0 and d > 2. Then, there is a positive constant Cy
(depending only on r and d) such that for any ¢ € C(R?\ B,.) satisfying

—~Ap=FE¢, inR\B,,
lim  |z| ( zfgﬁ) (3.5)
lon, € H'(9B,),
the following inequality holds:

< C7(1
L2(8B)

where H'(0B,.) denotes the standart Sobolev space on OB,..

The proof of Lemma 3.1 is given in Section 8.

4 Faddeev functions
In dimension d > 3, we consider the Faddeev functions h, ¢, G (see [10], [11],
[13], [23]):

Bk, 1) = (27)~ / =1y (), k) d, (4.1)

R4

where k,1 € C?, k?> =12, Imk = Iml # 0,

(o, k) = e + / G — . kyo(y)(y, k)dy. (4.2)
ikx szd§
Gz, k) = e*g(x, k), glz, k) =—(2n)" /52 ke (4.3)

where z € R?, k€ C%, Imk # 0, d > 3,
One can consider (4.1), (4.2) assuming that

v is a sufficiently regular function on R?

with suffucient decay at infinity.



For example, in connection with Theorem 2.1, we consider (4.1), (4.2) assuming
that
velL>®(B;), v=0onR\B,. (4.5)

We recall that (see [10], [11], [13], [23]):
(A +EHG(z,k) = 6(z), z€R?Y ke C\RY (4.6)
formula (4.2) at fixed k is considered as an equation for
b = e pla, k), (4.7)

where y is sought in L>°(R%); as a corollary of (4.2), (4.3), (4.6), 1 satisfies (1.1)
for E = k?; h of (4.1) is a generalized "‘scattering"” amplitude.

In addition, h, ¥, G in their zero energy restriction, that is for £ = 0, were
considered for the first time in [3]. The Faddeev functions h, 1, G were, actually,
rediscovered in [3].

Let
Sp={keC": k> =ki+...+kj=E},
@E:{kEEE, ZGEE:IIH]C:IHIZ}, (48)
[kl = ([Re k[* + [Im k[?) /2.
Let
v satisfy (2.2), ||v]|lm,1 < N, (4.9)
o(p) = (27r)7d/eipmv(z)dx, p € RY (4.10)
R4
then we have that:
wlx, k) —1 as |k — o0 (4.11)
and, for any o > 1,
(k)| + Vae, k) <o for [ = M(N,m,dro),  (4.12)
where z € R% k € Lp;
b(p) = li h(k,1)  fi e RY, 4.13
o(p) Gpedm (k,1)  for any p (4.13)
Imk| = |Im!l| — oo
c1(m,d,r)N?

0 = Wl )| < =

Imk| = [Imi| =p, E+p*>> (N, m,d,r),
p? <4(E+p?).

Results of the type (4.11), (4.12) go back to [3]. For more information
concerning (4.12) see estimate (4.11) of [15]. Results of the type (4.13), (4.14)

for (k,l) € O, p=k—1,
(4.14)



(with less precise right-hand side in (4.14)) go back to [13]. Estimate (4.14)
follows, for example, from formulas (4.2), (4.1) and the estimate
IA™*g(k)A™* |2 ey 2 ey = O(Ik]™1)

4.15
as |k| — oo, ke C?\R?, (4.15)

for s > 1/2, where g(k) denotes the integral operator with the Schwartz kernel
g(z—y, k) and A denotes the multiplication operator by the function (14-|z|?)'/2.
Estimate (4.15) was formulated, first, in [19] for d > 3. Concerning proof of
(4.15), see [39].

In addition, we have that:

m%m—nmhw=@ﬂﬁ/¢da—Mw@wwumwxamm

R (4.16)
for (k,1) € O, |Imk| = [Iml| # 0,

and vy, vy satisfying (4.4),
and, under assumtions of Theorem 2.1,

A ) ca(m, d, r)N|[v1 — va|[L=(s,)
[01(p) = 02(p) — ha(k, 1) + ha(k, )] < (E+ )72

for (k,1) € O, p=k—1, Imk|=|Iml| = p,
E+p* 2 X3(N,m,d,r), p* <4(E+p?),

(4.17)

where h;, 1; denote h and ¢ of (4.1) and (4.2) for v =v;, j =1,2.
Formula (4.16) was given in [25]. Estimate (4.17) was given e.g. in [16].

5 Proof of Theorem 2.1

Let 4 4
Ly RY) ={u e L¥[R) : [lul|, < +oo},
Jull, = ess sup (1 + [p])*[u(p)l, 1> 0. (51
pER
Note that
w € W (RY) = o € L*(RY) N C(RY), 52)
[@]l < es(m, d)|[w]lmy  for p=m, '
where W™ !, I.o° are the spaces of (2.3), (5.1),
w(p) = (27r)*d/eip"’”w(w)dx, p e R (5.3)
Rd
Using the inverse Fourier transform formula
w(x) = /eiimw(p)dp, z € RY, (5.4)

Rd
7



we have that

01 — valLoe(m,) < sup | [ €™ (02(p) — B1(p)) dp| <

zEB, Rd

< Ii(k)+ Iz(k) forany k>0,

where

Ih(s) = / 162(p) — 00.(p)dp,

Ip|<k
Io(x) = / 162(p) — 61 (p)]dp.
lp|>k

Using (5.2), we obtain that
[02(p) — 01(p)| < 2e3(m, d)N(L+ [p|)™™, peR™
Let
cy = / dp.
pERY, [p|=1
Combining (5.6), (5.7), we find that, for any x > 0,

+oo
dt 2cs(m,d)Ney 1
I (k) < 2c3(m,d)Ncy / pros <

K

m—d gm—d’

Due to (4.17), we have that

) ) ca(m, d, r)N|jvy — valL=(s,)
[02(p) — 01(p)| < |ha(k,1) — ha(k, )| + (E + p?)1/2 ’

for (k,1) € ©p, p=k—1, |Imk|=|Iml| =p,
E+p* > X3(N,m,d,r), p> <4E+p).

Let
& =[IS] (B) = S5 (B)lL2 (o5, x08,)-
Combining (3.2), (3.4) and (4.16), we get that

|h2<k,l>—h1<k,l>|s(s‘%—% 00, _00)
vy Ov_ L2(B,) vy Ov_ L2(B,)

(k1) € O, [Imk| = [ImI| £ 0,

Ops O

where ¢;, j = 1,2, denotes the solution of (3.3) with v = v;, satisfying

¢j(x) =j(x, k) for x€ B,.

(5.10)

(5.11)

(5.12)

(5.13)



Using (3.6), (4.12) and the fact that C'(0B,) C H!(9B,), we find that

’ 0¢;  0¢;

8l/+ 81/_

< oes(ra)1+ B) exp ([l + 1)),

L2(B,) (5.14)

keXg, |k > M(N,m,d,r,0), j=1,2.

Here and bellow in this section the constant o is the same that in (4.12).
Combining (5.12) and (5.14), we obtain that

‘hZ(lf, l) — h1(/€, l)‘ < C%O’Q(l + E)262p(7-+1)6’
for (k,1) € O, p=[Imk| = [Iml|, (5.15)
E+p*> )\%(N,m,d’r’o-).

Using (5.10), (5.15), we get that

|02(p) — 01(p)| < c2o?(1+ E)?e* D6+

ca(m,d,7)N|lvr — va|lLe(By)

5.16
CErorca
pERY p? <A(E+p?), E+ p* > max{\? \3}.
Let
1 1/d
_ _ d 5.17
c (202(m7d, T)NC(;) » o / b, (5.17)
pERd,lplgl
and A\y(N, m,d,r,0) > 0 be such that
E+p2 2 A%(N’ m’ d’r7 O’)’
2
E+p? > M(N,m,d,r,0) = { B0 =X(N,m,d,r), (5.18)
2
(c(B+p?)%) <4B+p?),
Using (5.6), (5.16), we get that
df 2 2 2 2p(r+1 ca(m, d,7)N|lv1 — valL~(B,)
I(k) < con (3o (1 + E)2e2 05 4 T )
(5.19)

k>0, K2 < 4(E 4+ p?),
E +p* > M\(N,m,d,r o).

ombining (9.9), (9.9), (9. or Kk =e(L + 2d an .18), we get that
Combining (5.5), (5.9), (5.19) (E + p?)2a and (5.18) h
1 — v2lLee(,) < cr(N,m,d,r,o)(1+ E)2\/E 4 p2e2rr+lsy

m-a 1
+eg(N,m, d)(E + p?)~ 5 + Fllvr = valli=(s,), (5.20)
E+p> > M\(N,m,d,r, o).



Let 7/ € (0,1),

1—7

ﬁ:mv

p=pBm(3+6"), (5.21)
and 6; = 61(N,m,d,o,r,7") > 0 be such that

E+ (BIn(34+4671))
E+ (BIn(34+4671))

(N7mada T, 0)7

5.22
+E) (BIn(3+671))%, (5:22)

22)\4
0€(0,6) = )
<(1

Then for the case when ¢ € (0,01), due to (5.20), we have that
S0t = allims,) <
IV = VallLe=(B,) <

< er(1+ B)? (E + (BIn (3 + 5*1))2)% (345170 54

_m—d
2d

tos (B+(Bm(3+071)") 7 = (5.23)

— cr(1+ E)? (E+ (810 (3+ 5*1))2)% (1435) 77 657+

_m—d
2d

+cg (E +(BIn(3+ 5—1))2)

Combining (5.22) and (5.23), we obtain that for s € [0,s*], 7 € (0,7) and
0 € (0,67) the following estimate holds:

vz — 01| poe () < co(1+E)20™ + cio(l + B) 2 (In(3+4671)) ", (5.24)
where s* = mT_d and cg, c19 > 0 depend only on N, m, d, r, o, 7/ and 7.

Estimate (5.24) in the general case (with modified ¢g and ¢19) follows from
(5.24) for 6 < §1(N,m,d,o,r,7") and and the property that

||ijIL°°(Br) S cll(m,d)N. (525)

This completes the proof of (2.6)

6 Buckhgeim-type analogs of the Faddeev func-
tions

Let us identify R? with C and use coordinates z = x1 +ixg, Z = o1 — iz2, where
(71,22) € R2. Following [31]- [34], we consider the functions G, 1., ¥, , 0hz,
going back to Buckhgeim’s paper [6] and being analogs of the Faddeev functions:

s (2 2) = 50 4 / Gon (2, € No(O)hay (€, A) dReC dIm,
B

N ) " N (6.1)
Do (2, 2) = ME20) / G (2, 6N 0(C)has (€, A) dReC dIme,
B, 10



67)\("7*20) +A(7—%0) df{en dIm’[] e}\(Z*ZQ)Q*S\(E*Zb)27
(z=n)n-0) (6.2)
z=ux1 +1ix9, 29 € B, A€ C,

where v satisfies (2.7);

Shy (N) = ch,l(z, —A) (v2(2) —v1(2)) V2 2(2, A) dRezdImz, A€ C, (6.3)
B,

where v1, vo satisfy (2.7) and {/;20’1, 1,,2 denote 12207 1, of (6.1) for v = vy
and v = vg, respectively.
We recall that (see [31], [32]):

e The function G, satisfies the equations

32
4o Gay(2,G0) = 82— O),

“ (6.4)
4ﬁGZO (Z7 C, /\) = 6(2 - C)a

where z,z9,( € B, A € C and ¢ is the Dirac delta function;

e Formulas (6.1) at fixed zp and A are considered as equations for v, 7:[;20
in L*>(B,);

e As a corollary of (6.1), (6.2), (6.4), the functions t,,, 1, satisfy (1.1) in
B, for E=0and d = 2;

e The function dh,, is similar to the right side of (4.16).
Let potentials v, vy,v € C?(B,.) and

lWle2@,) < Ns Mvillexm,y < N5 =12

o (6.5)
(Ul - 712)|aBr =0, 5(1}1 - 712)|8Br =0,
then we have that:
Voo (2,0) = AT 0 (20), ay(2,0) = AETRL (2,0), (6.6)
Uz (2, A) = 1, iz (2,A) = 1 as |\ = oo (6.7)
and, for any o > 1,
1z (2, A + [Viz, (2, A)] < o, (6.8a)
fiz (2, )| + [V (2, A)] < o, (6.8b)
where V = (9/0x1,0/0x3), z = x1 + ix2, 29 € By, A € C, [N\ > p1(N,r,0);
2
— = lim —|A|6h., (A
v2(20) —vi(z0) = Hm —|A[ohz(A) (6.9)

for any z9 € B,,
11



2
valen) = va(zo) = Aok, (] < 22

for zg € By, |A| > p2(N, 7).

(6.10)

Formulas (6.6) can be considered as definitions of p,,, fi,,. Formulas (6.7), (6.9)
were given in [31], [32] and go back to [6]. Estimates (6.8) were proved in [15].

Estimate (6.10) was obtained in [31], [34].

7 Proof of Theorem 2.2

We suppose that 12;20’1(‘, =), VYzo.2(-s A), Ohy, (A) are defined as in Section 6 but
with v; — E in place of v;, j = 1,2. Note that functions 1., 1(-, =), ¥,,2(, A)
satisfy (1.1) in B, with v = vj, j = 1,2, respectively. We also use the notation

Ng = N + E. Then, using (6.10), we have that

c12(Ng, 1) (ln(3|>\|))2
RRE

for zo € By, |Al 2 p2(Ng, 7).

v2(20) — v1(20) — %lMéhzo M) <

Let
§ =Sy (B) = S5 (B)lle2 (o5, x08,)-
Combining (3.2), (3.4) and (6.3), we get that

0p1 09y Opa  O¢2

- = - _ = ,

ovy Ov_ L2(B,) vy Ov_ L2(B,)
(k,1) € O, [Imk| = [Iml| # 0,

6hay (V)] < a]

where ¢;, j = 1,2, denotes the solution of (3.3) with v = v;, satisfying
(bl(x) :/(Zzo,l(xv_)‘)v d)g(l‘) szg,z(ﬂﬁa)\% for x EE’I"
Using (3.6), (6.8) and the fact that C'(0B,) C H'(0B,), we find that:

‘&m_&m

vy Ov_
Here and bellow in this section the constant o is the same that in (6.8).
Combining (7.3), (7.5), we obtain that

<oci3(r)(1+ E) exp <|)\|(4r2 + 4r)>,
L2(B,)

AE (C, |)\‘ > p1<NE,’I“70‘), j: 1,2.

[0hzy (M| < c14(E,r,0) exp </\|(87“2 + 87‘))5,

)‘EC7 |>‘|ZPI(NE77"70)'

12

(7.1)

(7.2)

(7.5)

(7.6)



Using (7.1) and (7.6), we get that

[va(z0) — v1(20)] < c14(E, 1, 0) exp (|)\|(8r2 + 87’))(5—1—

c12(Ng, 7) (In(3|A])° (7.7)
A3/ ’

20 € B, M€ C, |\ > ps(Ng,r,0)=max{p1,pa}.

We fix some 7 € (0,1) and let

1—71

T

A=pBmln(3+467"), (7.8)

where 0 is so small that |A| > p3(Ng,r, o). Then due to (7.7), we have that

— 8r2+8r
o1 = vallLe s,y < c1a(B,7,0) (346 1)’3( ) sy

_ 2
+ era(Ne, 1) (In(36In(3+46 11)) _
(BIn(3+471))*
=cnu(E,r0) (1438776 +
(In (361 (3+671)))?
(In (3 +6-1))7

(7.9)

+ 012(NE’7')57%

where 7, 5 and ¢ are the same as in (7.8).
Using (7.9), we obtain that

_3

o1 —vs [,y < e15(N, E,ro0) (In(3+4671)) 7% (In (3 (3+4671)))? (7.10)
for § = ||S] (E) — S;_(E)HLQ(BBTxaBT) < §3(Ng,r,0), where 02 is a sufficiently
small positive constant. Estimate (7.10) in the general case (with modified ¢15)

follows from (7.10) for § < 62(Ng,r,0) and the property that [|vj|[Le(p,) < N.
This completes the proof of (2.8).

8 Proof of Lemma 3.1

In this section we assume for simplicity that » = 1 and therefore 9B, = S 1.
We fix an orthonormal basis in L2(9B,.):

{fjpijO;lﬁpﬁpj}, (81)
fip is a spherical harmonic of degree j, '

where p; is the dimension of the space of spherical harmonics of order 7,

m= (0 -(007) =

13



where

(n> _ n(n71)..].€!(nfk+1) for n > 0 53)

and
(Z) =0 forn<0. (8.4)

The precise choice of f;, is irrelevant for our purposes. Besides orthonormality,
we only need f;, to be the restriction of a homogeneous harmonic polynomial
of degree j to the sphere B, and so |z|’ f;,(z/|z|) is harmonic pn R%. In the
Sobolev spaces H*(0B,.) the norm is defined by

2

> einkip = (1 +5)*ejpl* (8.5)

7P HS(BBT) 1P
The solution ¢ of the exterior Dirichlet problem
—A¢ = E¢p, inR%\ B,,
- 0
lim |z|*T ( —i\/Eqb) =0, (8.6)
|z|—~+o0 8|1‘|
¢|83r =uc Hl(aBT),

can be expressed in the following form (see, for example, [4], [8]):
0= Cindip: (8.7)
Jp

where ¢;, are expansion coefficients of u in the basis {f;, : 7 >0; 1 <p <p;},

and
¢jp denotes the solution of (8.6) with u = f;p,

Gin(@) = jp(|]) fip(2/]2]),
B (VE2) (8:8)
hypllal) = o] 7 T
H s> (VE)
Jt===
where H, ,31) is the Hankel function of the first kind. Let
o (@) = |72 fip (/o). (8.9)
Note that d)?p is harmonic in R?\ {0} and
. a1 (0 . 0 . d—3
lim |z (8lx| 0 —iVE jp> =0 forj+——>0. (8.10)

|| —+o0

14



Using the Green formula and the radiation condition for ¢y, ¢?p, we get that
/ E¢jp¢?pdx = / (A¢?p¢jp - Aéjl)(b?p) dx =
R4\ B, R4\ B,
o5 o s (8.11)
Jp Jp 10 . —
= s — . f .
/ <8V+ Pjp v, (b]p) dr for j+ 5 > 0
OB,
Due to (8.8) and (8.9), we have that
a¢9p ; 2 ;
bjpdr| = (j+d—2) | fide=j+d-2. (8.12)
51/+ :
r OB

Using also the following property of the Hankel function of the first kind (see,
for example, [38]):

\Hlal)(x)\ is a decreasing function of x for x € Ry, € R, (8.13)
we get that
—+o0
/ Gpd)pdz| = / t=Im A2 (Ot dt| =
4\ B, 1
0o 1 0o
e H;Jg%(\/ﬁt) e ) (8.14)
= | [t < [t Rl = <2
Hﬂdz;z(\/E) / j+s—1

for j + -3 > 0.
2
Combining (8.8), (8.9), (8.11), (8.12) and (8.14), we obtain that

50
P _
/ . @jpdx

B,

d—3

R (1)
<j+d—2+42E forj+S=>0. (8.15)

jp(

hjp(r)

Let consider the cases when j + % <0.
Case 1. j =0, d = 2. Using the property dHél)(t)/dt = fol)(t), we get that

hp(r) _ @Hfl)(\@). (8.16)

hjp(r) 1Y (VE)

We recall that functions Hél) and H{l) have the following asymptotic forms

15



(see, for example [38]):

.
Hél)(t)w?lln(t/Z) as t— +0,

2 .
Hél)(t) ~ 4/ Eel(t_”/‘g as t— +oo,

HOM) ~ —L(2/t) as t— +0,
™

2 .
HY () ~ \/ Eel(t*‘?’”/‘*) as t — 4oo.

Using (8.13) and (8.17), we get that for some ¢ > 0

(8.17)

Y ()
HV(t)

<c(1+1/t). (8.18)

Combining (8.16) and (8.18), we obtain that for j =0, d =2

h;p(r)
hjp(r)

Case 2. j =0, d = 3. We have that

1 2 i(t—m
H;ﬁ%(t):q/ﬁe(t /2, (8.20)

Using (8.8) and (8.20), we get that for j =0,d =3

<c¢(1+VE). (8.19)

J?’(r) =-1+iVE. (8.21)

Combining (8.5)-(8.8), (8.15), (8.19) and (8.21), we get that for some con-
stant ¢’ = ¢/(d) > 0

¢ Wy (r) | .
H vy => < h].p(r) <IAU+E)?) (144G,  (822)
t10Br|lL20B,)  4p P P

Using (8.5) and (8.22), we obtain (3.6)
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