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Abstract. We prove approximate Lipschitz stability for non-overdetermined inverse
scattering at fixed energy with incomplete data in dimension d > 2. Our estimates are
given in uniform norm for coefficient difference and related stability precision efficiently
increases with increasing energy and coefficient difference regularity. In addition, our
estimates are rather optimal even in the Born approximation.

1. Introduction
We consider the Schrédinger equation

—AYp+v(z)p=Ep, xR d>2, E>0, (1.1)
where
v is real — valued, v € LP(R?) for some o > d, (1.2)
where
LERY) ={ue LR : |ul, < 400},
lulle = ess sup (14 [2])7[u()],0 > 0. (13)
:vGRd

For equation (1.1) we consider the scattering amplitude f on Mg,
Mg={keR* IeR?: ¥*=1>=FE}, E>0. (1.4)

For definitions of the scattering amplitude, see formula (1.5) below and, for example,
reviews given in [F2], [FM]. The scattering amplitude f arises, in particular, as a coefficient
with scattered spherical wave e'l¥l|#l /|2|(@=1)/2 in the asymptotics of the wave solutions
Y+ (z, k) describing scattering of incident plan wave e?** for equation (1.1):

ik || 1

€ T
Flks 1K1 T) +O(W)

2| @D/ ( as |z] — oo,  (1.5)

YT (2, k) = €™ + c(d, |K])

where z € RY, k e RY, k? = E, ¢(d, |k|) = —mi(—2mi)(d=1D/2|f|(d=3)/2,
Given v, to determine f one can use, in particular, the Lippmann-Schwinger integral
equation

B (k) = e 1 / GHz — y, K)oy (v, k)dy,

z&mdé-
G+(gg,k):—(%) /52 L
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and the formula

£l 1) = (%)d [ et b (1.7

Rd

where z,k,1 € R, k2 = 2 = E; see, for example, [BS], [F2].
In the present work, in addition to f on Mg, we consider f }FE and f ‘FT , where
E

p p
Tp={k=35+neP)l=—5+1m®): peBb,ygh

. p p (1.8)
Ip={k=35+ne®),l=—5+@): peByygh
B.={peRy: |p|<r}, r>0, (1.9)

where £ > 0, 7 €]0, 1], ng is a piecewise continuous vector-function of p € B,/ such that

2
ne@p =0, T+ (em)’ = B p € By (1.10)

Note that

. . . (1.11)
dimMg =2d -2, dimI', =dimIT'g =d,

where E > 0, 7 €]0,1], d > 2.
We consider the following inverse scattering problems for equation (1.1) under as-
sumptions (1.2):

Problem 1.1. Given f on Mg at fixed E > 0, find v on R? (at least approximately).

Problem 1.2. Given f on I'}, at fixed £ > 0, 7 €]0,1], find v on R? (at least
approximately).

Using (1.11) one can see that Problem 1.1 is overdetermined for d > 3, whereas
Problem 1.2 is non-overdetermined.

There are many important results on Problem 1.1, see [ABR], [B], [BAR], [E], [ER2],
[F1], [G], [HH], [HN], [I], [IN2], [N1]-[N5], [S1], [VW], [W], [WY] and references therein.
On the other hand, to our knowledge, Problem 1.2 was not yet considered explicitly in the
literature. Concerning known results for some other non-overdetermined multi-dimensional
coefficient inverse problems, see [BK], [ER1], [HN], [K], [N6], [S2] and references therein.

Problems 1.1, 1.2 can be also considered as examples of ill-posed problems; see [BK],
[LRS] for an introduction to this theory.

In the present work we obtain approximate Lipschitz stability estimates for
Problem 1.2 (with 7 = 7(E) = ¢ EA~4/C4) for E > 1) in dimension d > 2, see Theorem 2.1
of Section 2. Our estimates are given in uniform norm for coefficient difference and related
stability precision efficiently increases with increasing energy and coefficient difference
regularity. In addition, at the end of Section 2, we show that our estimates of Theorem
2.1 are rather optimal even for the case of the Born approximation (that is in the linear
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approximation near zero potential). Our new estimates are much different but coherent
with respect to results of [N4], [N5] for Problem 1.1.

2. Stability estimates

Let
WLRY = {u: 07u e L*RY), |J| < n},
_ J (2.1)
s = max 07 ull, g
where
ol lu(z)

Je (Nu0)?, |J| = ZJZ,(?J e (NUO0).

J1 Ja’
8x1 ... 0z

Let C(Mg) denote continuous functions on Mg and C(I'g), C(I'}) denote the re-
strictions of C(Mg) on I'g and I'},. Let

Iflews) = I flows) o
Ifllewsye = sup (L4 [k —1)7|f(k,0)], (2.2)

(k,1)ery

where £ >0,0<7<1,0>0.
Let
n—d n—d

S0 — S1 =
n d

, So=n—d. (2.3)

Theorem 2.1. Let vi,vy € LP(R?Y) for some 0 > d, v1 — vy € W™(RY) for some
n > d, supp(vy —vy) C D, where D is an open bounded domain in RY d > 2. Let

[vjllo < N1, flor = v2lny < N, where || - |5, | - fo
denote the scattering amplitudes for vy, vy, respectively. Then:
|lvg — UQHLoo(D) < Cl\/EHfl — fQHC(F;(E)) + CQ(\/E)*Sl’ (2.4)
lor = val| L (py < Cullfi — Fallo@roy n, + Co(VE)™™,d < ng <mn, (2.5)

where || - [[orp)s || - lowy)m, are defined by (2.2), 7(E) = e(VE)'~9/4, ¢ = ¢(Ny, D, 0),
Cl —Cl(Nl,D,U), Cg CQ(Nl,NQ,D,O',n), Cl Cl(Nl,D,O',no), S1 is defined in (2.3),
E>1.

In Theorem 2.1, ¢, C1, C, Cy denote appropriate positive constants (independent of
E). In addition, in particular, 0 < ¢ < 1.

Theorem 2.1 is proved in Section 4. There is a considerable similarity between this
proof and the proof of recent stability estimates of [IN1].

Note that the old approach to inverse scattering at high energies based on formula
(3.3) of Section 3 yields estimates like (2.4), (2.5) with sp only instead of s; in the error
term. In addition, due to (2.3), we have that

sop <1 even for n — +o00, whereas s; — +oo for n — +oo.
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In Theorem 2.1, we have that 7(F) — 0 as ' — +o00. Therefore, FE(E) is a very small
part of 'y for any fixed 7 €]0, 1] for sufficiently high energy E. Therefore, estimates
(2.4), (2.5) of Theorem 2.1 can be considered as a stability result for Problem 1.2 with
incomplete data.

Let
My ={(k,l)eMp: k—1€B, sz}, E>0, 7€]0,1]. (2.6)
Let
[fllemr) = I llcmr).ox
Ifleagye = sup (L4 [k —1)7| £k, D), (2.7)
(k,l)EMT,

where £ >0,0<7<1,0>0.

To our knowledge, estimates (2.4), (2.5) are completely new even with
Hfl - fQHC'(M;(E))a ”fl - fQHC'(M;(E>),nO in place of ”fl - fQHCv(F;(m)a |f1— f2”c(r‘;(E>)7n0
(respectively).

On the other hand, for the case of Problem 1.1 with complete data, estimates (2.4),
(2.5) with [[f1 = fellomy), 11 = falle(ma ) me in Place of
| f1— fQHC(F;(E)), |l f1— f2HC(F;<E)),nQ (respectively) are less precise than related results of
[N4], [N5] with the error term estimated as O(E~*2/2), E — +o0, where s; is defined in
(2.3).

In addition, for Problem 1.2 with the scattering amplitude f given on FE(E) only,
estimates (2.4), (2.5) are rather optimal even for the case of the Born approximation
(that is in the linear approximation near zero potential). We recall that, in the Born
approximation,

where
1\ [,
i(p) = (2—> /emv(m)d:l:, p e R (2.9)
s 2
Let X A
HUHC(BT) = HUHC(BT),O:
[8llc(s,).0 = sup (L+[p)7[o(p)] > 0, & >0, (210)
pEB;
Born approximation analogs of (2.4), (2.5) can be written as
lor = w2l e (p) < ex(d)eVE o1 — 2llcs, p )T
(2.11)
ca(d, ) Noe™ ("= D(VE) ™1,
[v1 = vallL=(p) < €1(ds no)[01 — U2||C(825(ﬁ)1/d),n0+ (2.12)

ca(d, n)Noe™ "= (VE) ™51,
where s1, n, ng, d, No are the same that in (2.3)-(2.5),0<e <1, E> 1.

6



Approximate Lipschitz stability for non-overdetermined inverse scattering at fixed energy

3. Some results of direct scattering

We recall that, under assumptions (1.2), the Lippmann-Schwinger integral equation
(1.6) is uniquely solvable for (-, k) € L®(R?) for fixed k € R?\{0}; see [BS], [F2] and
references therein.

We recall that the following estimate holds:

||A_SG+(k)A_SHLQ(Rd)HLQ(Rd) = O(’k|_1)7

(3.1)
as |k| — oo, keR?Y, for s>1/2,

where G (k) denotes the integral operator with the Schwartz kernel Gt (z—y, k) of (1.6), A

denotes the multiplication operator by the function (1 + |z|?)*/?; see [E], [J] and references

therein.
As a corollary of (1.6), (3.1), under assumptions (1.2), we have that

"Afa/2¢+(" k,) _ Aia/2rl7/}(—)|—('7k)||L2(Rd) < al(d, O')HUHUU{:’il (32)

for |k| > p1(d, 0)||v]|s, k € RY, where ¥ (z, k) = e*=.
As a corollary of (1.7), (3.2), under assumptions (1.2), we have that

(k1) — o(k = 1)| < az(d, o)(|[v]|o)*|k] 7 (3.3)

for k,1 € R?, |k| = |I| > p1(d,o)|v||s, where © is defined by (2.9).
We recall also that, under assumptions (1.2) for v = v;, j = 1,2, the following formula
holds:

fZ(kvl) - fl(kvl) =

d
(%) /wi(% ~)(vo(z) — vi ()5 (2, k)dz, k1€ RY, k* =12 >0, (3.4)
Rd

where f;, d}j denote f and ¥t for v =v;, j = 1,2; see [S2].
In addition, in the proof of Theorem 2.1 we use, in particular, the following lemma:
Lemma 3.1. Let v = v; satisty (1.2), ||vj|lc < N, where j =1,2. Let

supp (v — va) C D, where D is an open bounded domain in R®. Then the following

estimate holds:
|(fo(k, 1) = fr(k, 1)) — (D2(k = 1) —o1(k —1))| <

! (3.5)
az(D,o)N |lva — vi| L ()| K|

for k,1 € R, |k| = |I| > p1(d,o)N.
Lemma 3.1 follows from formula (3.4), estimate (3.2) and the property that

inf (1+ |z|?)~7/* > 0.
xCD
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4. Proof of Theorem 2.1
We have that

o2 = vl (o) < sup | / e (3 (p) — o0 (p))dp| <
TE

Re (4.1)
Ii(k) + I2(k) for any >0,
where
Ii(k) = / |92(p) — 1(p)]dp,
Ip|<w (4.2)
L) = [ [oa(p) 0
Ip|>kK
Due to Lemma 3.1, we have that
02(p) — 01(p)| < | f2(ke(p), le(p)) — fi(ke(p), le(p)|+ (4.3)
ag(D, o) N1 [[vy — 01| () (VE) ™
for p € B, /7, VE > pi(d, o) Ny, where
ke(p) = g +neP), lelp) = —g +nE(p), (4.4)
where ng is the function of (1.8), (1.10).
Using (4.2), (4.3), (2.2), we obtain that
az(D,o)N1||lve — vi|| e
LCrVE) < 1BCHVE(Ifz - il + 20T Z ooy =y
VE
S (2rVE)
< i T - = - oo .
L(2rVE) < no—d||f2 fille@r)no + [Bilas(D, )Ny B [va —ville(p) (4.6)

for VE > pi(d,o) Ny, T €]0,1], where |B;| and [S*"!| denote standard Euclidean volumes
of By and S*™! (respectively), ng is the number of (2.5).
The assumptions that v; — vy € W”’l(Rd), v — val[n,1 < Na for some n > d, imply
that
[02(p) — 01(p)| < aa(n, d)Na(1 +[p) ", peR" (4.7)

Using (4.2), (4.7) we obtain that

1S ay(n, d) N, 1
n—d (27 E)n—d’

L(2rVE) < (4.8)

VE >0, 7 €]0,1].
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Let
(E) = e(VE)1-/,

A 1 1/d (4.9)
s (§<2|Bl|a3<D,a>N1) ’1)'

Due to (4.9), we have, in particular, that

|Bilas(D, o) N1 (27(E)WWE)Y(VE) ™! <
7(E)<1, E>1.

1
X (4.10)

Using (4.1), (4.5), (4.6), (4.8), (4.10), we obtain that
VE
[ve = v1l|e (D) < m”ﬁ - leC(F;(E))-i-

4.11
|Sd_1|a4(n,d)N2 1 ( )

(n —d)(2e)"~4 (VVE)n-d)/d’

S
|v2 — v1]| Lo (D) < p— dHfz - fl”C(F;(D),nO"‘

1
vz = villpe=(p) +

4.12
1S ay(n, d) Ny 1 (4.12)

(n—d)(2e)" 1 (VE)n—a)/d

1
§||U2 — V1| (D) +

for vE > max (p1(d,o0) Ny, 1).
Estimates (2.4), (2.5) with

2 28 Mau(n,d)Ny 5 28T

G1= az(D, )Ny’ C2= (n—d)(2e)»=4 " T pg—d’

(4.13)

for /E > max (p1(d, o) Ny, 1), follow from (4.11), (4.12).
Using also that |[vg — v1[[zec(p) < 2Ny we obtain estimates (2.4), (2.5) with

B 2 . 28
o ag(D,O')Nl, 1=

C5 = max (

Cq

ng — d ’
2|Sd_1|a4(n7 d)NQ
(n—d)(2e)n—d ~’

(4.14)

2N, (max (pi (d, o) N1, 1))<"—d>/d)

for £ > 1.
This completes the proof of Theorem 2.1.
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