ECOLE POLYTECHNIQUE

CENTRE DE MATHEMATIQUES APPLIQUEES
UMR CNRS 7641

91128 PALAISEAU CEDEX (FRANCE). Tél: 01 69 33 46 00. Fax: 01 69 33 46 46
http://www.cmap.polytechnique.fr/

Ion transport in porous media:
derivation of the macroscopic
equations using up-scaling and
properties of the effective
coeflicients

Grégoire Allaire, Robert Brizzi,
Jean-Francois Dufréche, Andro Mikelié,
Andrey Piatnitski

R.I. 767 January 2013






Ion transport in porous media: derivation of the
macroscopic equations using up-scaling and
properties of the effective coefficients

Grégoire Allaire * Robert Brizzi f Jean-Francois Dufréche *

Andro Mikeli¢ § Andrey Piatnitski ¥

January 21, 2013

Abstract

In this work we undertake a numerical study of the effective co-
efficients arising in the upscaling of a system of partial differential
equations describing transport of a dilute N-component electrolyte in
a Newtonian solvent through a rigid porous medium. The motion is
governed by a small static electric field and a small hydrodynamic force,
around a nonlinear Poisson-Boltzmann equilibrium with given surface
charges of arbitrary size. This approach allows us to calculate the linear
response regime in a way initially proposed by O’Brien. The O’Brien
linearization requires a fast and accurate solution of the underlying
Poisson-Boltzmann equation. We present an analysis of it, with the
discussion of the boundary layer appearing as the Debye-H{ickel param-
eter becomes large. Next we briefly discuss the corresponding two-scale
asymptotic expansion and reduce the obtained two-scale equations to
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a coarse scale model. Our previous rigorous study proves that the
homogenized coefficients satisfy Onsager properties, namely they are
symmetric positive definite tensors. We illustrate with numerical sim-
ulations several characteristic situations and discuss the behavior of
the effective coefficients when the Debye-Hiickel parameter is large.
Simulated qualitative behavior differs significantly from the situation
when the surface potential is given (instead of the surface charges). In
particular we observe the Donnan effect (exclusion of co-ions for small
pores).

Keywords: Poisson-Boltzmann equation, homogenization, electro-osmosis.
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1 Introduction

The quasi-static transport of an electrolyte solution through an electrically
charged porous medium is an important and well-known multiscale problem
in geosciences and porous materials modeling. An N-component electrolyte
solution is a dilute solution of N species of charged particles, or ions, in a fluid
which saturates a rigid porous medium. In such a case, the general solution
is not simple because of the coupling between the electric field (created either
by the internal charges or an external generator), the Stokes flow and the
convection-diffusion transport phenomena [27].

In fact, clays, and more generally numerous porous media are multi-scale
materials. Thus, the description of the dynamics of such systems can be
made at different scales. Hydrated smectite clays, such as montmorillonite,
are lamellar mineral crystals composed of charged layers separated by an
aqueous solution. They exhibit special features towards hydration and ion
fixation [21]. Clay lamellae form thin platelet-shaped particles of diameter
close to several hundreds of Angstroms. But this lamellar geometry is valid
only at small length scales. At larger scales, the structure is more complex
and it leads to multi-porosities. Different modeling strategies are applied,
depending on the size of the porosities. Ab-initio molecular dynamics (see
e.g. |48, 7]) provides information about the electronic degrees of freedom but,
because of its computational cost, it is restricted to the smallest time and
length scales. Classical Monte-Carlo [46] or Molecular Dynamics simulations
[28, 15] are able to describe larger systems. For example, the mechanism of
crystalline swelling at low hydration is well reproduced by these techniques
where the various atoms and ions are considered explicitly. Nevertheless,



very large systems (e.g. for high hydration, or for macroporosities between
different platelets particles) cannot be treated by this technique. The use of
alternative methods based on continuous methods (e.g. Poisson-Boltzmann
[47] descriptions or hydrodynamics [43, 23]) is inescapable. They are espe-
cially relevant for the derivation of the macroscopic law (such as Darcy’s
law) and for the calculation of the various electrokinetic phenomena.

These electrokinetic phenomena, such as the electro-osmotic mechanism
can facilitate or slow down fluid flowing through porous media. They are
due to the electric double layer (EDL) which is formed as a result of the in-
teraction of the ionized solution with static charges on the pore solid-liquid
interface [19]. A part of the solute ions of opposite charge have a complex
attraction with the surface and requires a specific treatment, forming the
Stern layer. Its typical thickness is of one molecular diameter because of the
molecular nature of the interface. After the Stern layer the electrostatic dif-
fuse layer or Debye’s layer is formed, where the ion density varies smoothly,
so that continuous models may be applied. The EDL is the union of Stern
and diffuse layers. The thickness of the EDL is typically given by the Debye
length Ap, defined in the Debye-Hiickel approach as the distance from the
solid charged interface for which the solid charge is screened by the counter-
ions. Ap is typically a nanometric distance. Outside Debye’s layer, in the
remaining bulk fluid, the solvent can be considered as locally electrically
neutral, because of the electrostatic screening. In the case of montmoril-
lonite clays, the comparison with molecular dynamics simulations [30, 13]
indicate that the Stern layer is globally negligible if the pore size is typically
more than 1-2 nm. This is a consequence of the origin of the charge in these
geological materials: clays are charged because of isomorphic substitutions
so that the global charge is inside the volume of the solid phase and not at
the surface. Thus the surface Stern layer is less important.

The ion distribution in the EDL is characterized using the electrostatic
potential W. Its boundary value at the edge of Stern’s layer characterizes
the magnitude of the surface charge of the system. When measured by elec-
trokinetic methods, for which the hydrodynamic no slip surface is identified
to the solid/fluid interface, it is known as the zeta potential ¢. This pa-
rameters is the one commonly used for the definition of the EDL. Yet it is
an effective parameter, which depends on numerous parameters, such as the
pH, the nature and the concentration of the electrolyte, and it is not defined
rigorously for complex systems as clays for which the electric potential is not
constant at the interface. In many situations it is rather the surface charge
density X, proportional to the normal derivative of W, instead of {, which is
relevant, because it corresponds to the chemistry of the system. In the case



of montmorillonite clays, which is the case practically studied in this article,
isomorphic substitutions give a bulk charge in the solid part, which can be
modelled by a surface charge X [31] close to 1.61/2 e.nm™2.

Under the presence of an external electric field E, the charged fluid may
acquire a plug flow velocity which is proportional to EC and given by the so-
called Smoluchowski’s formula. A more detailed, mathematically oriented,
presentation of the fundamental concepts of electroosmotic flow in nanochan-
nels can be found in the book [22] by Karniadakis et al., pages 447-470, from
which we borrow the notations and definitions in this introduction.

In the case of porous media with large pores, the electro-osmotic effects
are modeled by introducing an effective slip velocity at the solid-liquid in-
terfaces, which comes from the Smoluchowski formula. In this setting, the
effective behavior of the charge transport through spatially periodic porous
media was studied by Edwards in [14], using the volume averaging method.

On the other hand, in the case of clays, the characteristic pore size is also
of the order of a few hundreds of nanometers or even less. Therefore Debye’s
layer fills largely the pores and its effect cannot anymore be modeled by an
effective slip boundary condition at the liquid-solid interface. Furthermore,
it was confirmed experimentally (see e.g. [9]) that the bulk Navier-Stokes
equations still hold for pores larger than 1 nanometer. Therefore, in the
present paper we consider continuum equations at the microscopic level and,
more precisely, we couple the incompressible Stokes equations for the fluid
with the electrokinetic model made of a global electrostatic equation and
one convection-diffusion equation for each type of ions.

The microscopic electro-chemical interactions in an N-component elec-
trolyte in a dilute Newtonian solvent are now well understood and in SI
units we have in the stationary state the following mass conservation laws

div (ji+un,-):o in Q, i=1,...N, (1)

where , is the pore space of the porous medium . ¢ denotes the solute
species, u is the hydrodynamic velocity of solution and n; is the ¢th species
concentration. Thus un; is the convective flux for the species i while j° is
the migration-diffusion flux.

The hydrodynamic velocity is given by the Stokes equations, including



the incompressibility condition,

N

nAu=f+Vp+ed zmV¥ in  Q, (2)
j=1

divu=0 in  Qp, (3)

u=0 on 00\ 0, (4)

where 7 is the shear viscosity, f is the external body force, p is the pressure,
e is the elementary charge, z; is the charge number of the species ¢ and ¥
is the electrostatic potential. The pore boundary 9, can be decomposed as
the union of the fluid/solid boundaries 9, \ 0, where we assume a no-slip
boundary condition (4) and of the outer boundary 0 of the porous medium
In the case of clays [30, 13|, this approach is valid even for nanometric
porosities, because of the relatively low charge of the system. In fact, a slip
boundary condition (with a slip length equal to a few Angstréms) should be
taken into account, but this microscopic slip will be neglected here (although
it causes no special difficulties).
The migration-diffusion fluxes j° are given by the following linear rela-
tionship

N
7=1

where p1; is the chemical potential of the species j given by
pj=pd +kgTlng, j=1,...,N, (6)

where kp is the Boltzmann constant, ,u? is the standard chemical potential
expressed at infinite dilution and T is the absolute temperature. In (5) L;;
are the linear Onsager coefficients between the species j and ¢ given, in this

ideal model, by
DY
Lij = =433, 7
J kBT J ( )

with ¢;; the Kronecker symbol. Furthermore, on the fluid/solid interfaces
j'ov=0 on 099,\0, i=1,...,N. (8)

Our model is valid at infinite dilution, when the solution can be considered
ideal, and D? is the diffusion coefficient of species i at infinite dilution. At



finite concentration [12] these expressions, which correspond to the Poisson-
Nernst-Planck equations, are not valid any more. Here we suppose that we
are in the ideal case. Non-ideal effects modify the ion transport and they
will be studied in a forthcoming publication [2].

The electrostatic potential is calculated from the Poisson equation

N
EAV = —ez 2N, in  Q, 9)
j=1

where £ = &)&, is the dielectric constant of the solvent. The corresponding
boundary conditions is of Neumann type

EVU .v=-% on 0\ 0, (10)

where ¥ is a given surface charge and v is the unit exterior normal to 2,

We recall that equation (9) links the electrokinetic potential ¥ with the
N

electric charge density p. = e Z z;jnj. In the momentum equation (2), the
j=1

electrokinetic force per unit volume fgpx = p.VV is taken into account.

The boundary condition (8) means that the normal component of the ith

species ionic flux, given by (5), vanishes at the pore boundaries. The various

parameters appearing in (1)-(10) are defined in Table 1.

QUANTITY VALUES
e electron charge 1.6e—19 C (Coulomb)
D? | diffusivity of the ith species | DY € (1.79,9.31)e—09m?/s
ks | Boltzmann constant 1.38e—23 J/K
n; | ith concentration number of particles/m>
T | temperature 293°K (Kelvin)
3 dielectric constant 6.93e—10C/(mV)
n dynamic viscosity le—3kg/(ms)
14 pore size 5e—9 m
Ap | Debye’s length VEkpT/(e2n.) € (3,300) nm
z; | j-th electrolyte valence given integer
b surface charge density 0.129C/m? (clays)
f given applied force N/m?
U, | electrokinetic potential 0.02527 V (Volt)

Table 1: Data description

For simplicity we assume that = (0, L)¢ (d = 2,3 is the space dimension)
with L > 0. It remains to define the boundary conditions at the outer



boundary 9. Introducing an applied exterior potential ¢%!(z), we impose
periodic boundary conditions, in the sense that

U+ \I,eact(x) y g, U and P are (07 L)d - peI'iOdiC. (11)

Due to the complexity of the geometry and of the equations, it is necessary
for engineering applications to upscale the system (1)-(11) and to replace
the flow equations with a Darcy type law, including electro-osmotic effects.

It is a common practice to assume that the porous medium is statisti-
cally homogeneous. A representative case is that of a periodic microstructure.
Under such hypotheses, formal two-scale asymptotic expansion of the solu-
tions of system (1)-(11) has been undertaken in many papers. Most of these
works rely on a preliminary linearization of the problem which is first due to
O’Brien et al. [37]. The earliest reference known to us, considering only one
ionic species, is [5]. Detailed formal two-scale asymptotic expansion of the
system (1)-(11), linearized in O’Brien’s sense is due to Looker and Carnie
in [26]. They obtained Onsager tensor but proved only its symmetry. The
rigorous homogenization result is due to the authors in [4]|, where the posi-
tive definiteness of the Onsager tensor was proved too. Other contributions
are due to Adler and his co-workers: [10] with a numerical study of the
effective coefficients corresponding to the linearized equilibrium state, [29]
with detailed calculations for the planar and circular Poiseuille pore flows,
[1] with formulas for the effective coefficients in the random setting, [17] with
a study of the behavior of the model in clay with small pores, [18] with the
calculations of the effective coefficients for dense ball packing and [42] where
one find application to 1D clay sample.

Homogenization has also been studied for the fully nonlinear problem.
Moyne and Murad considered the case of electro-osmosis in deformable pe-
riodic porous media without linearization in the series of articles [32], [33],
[34], [35] and [36]. We mention in the same direction the work of Dormieux
et al [11]. More recent works on this topic are [40], [41] and [45].

The goal of the present paper is to briefly recall the effective equations
obtained in [4] (identical to those in [26]) by rigorous homogenization of a
linearized version of (9)-(11) in a rigid periodic porous medium and to illus-
trate them by numerical computations of the resulting effective tensors. In
particular we study their dependence on various parameters such as porosity
and concentration.

In Section 2 we present the adimensionalization of the equations, followed
by their partial linearization, in the spirit of the seminal work of O’Brien et
al. [37]. This allows us to write the microscopic e-problem in a periodic



geometry. We further describe some qualitative properties of the non-linear
Poisson-Boltzmann equation at the equilibrium state when the pore size is
small or large compared to the Debye length. In Section 3, we present the
results of the two-scale asymptotic expansion method, allowing to homog-
enize or upscale the microscopic e-problem. We discuss the linear relation
linking the ionic current, filtration velocity and ionic fluxes with gradients of
the electrical potential, pressure and ionic concentrations. More precisely, in
Proposition 5 we recall that the so-called Onsager relations [16] are satisfied,
namely the full homogenized tensor is symmetric positive definite. Finally in
Section 4 we present a numerical study of the obtained homogenized coeffi-
cients (including their sensitivities to various physical parameters), together
with a comparison with previous results in the literature.

2 Non-dimensional form and linearization

2.1 The non-dimensional form

Before any asymptotic analysis, we need a dimensionless form of the equa-
tions (1), (2)-(3), (5), (6), (9) - (10). We first note that the known data are
the characteristic pore size ¢, the surface charge density ¥(z) (having the
characteristic value X.), the static electrical potential ¥** and the applied

L
fluid force f. The small parameter is ¢ = — << 1, the ratio between the

pore size and the dimension of the porous medium.

We proceed differently than in [22] and [26]. We are interested in charac-
teristic concentrations n, taking values in the range (1072, 1) Mole per liter,
ie., (6.022e24, 6.022¢26) m~3. Using the definition of Debye’s length from

Table 1
EkgT
)\D = QB ;
V' e2n,.

we find out that Ap € (0.042,0.42) nm.

Next, following the non-dimensionalization from [22]|, we introduce the
characteristic potential ( = kpT'/e and the parameter 3 related to the Debye-
Hiickel parameter k = 1/\p, as follows

Ry
f=(-)" (12)
D
The parameter § is the fundamental physical characteristics which drives
the transport properties of an electrolyte solution in a porous media. For

large (B the electrical potential is concentrated in a diffuse layer next to the



liquid/solid interface. Co-ions, for which the charge is the same as the one
of the solid phase are able to go everywhere in the porosities because the
repelling electrostatic force of the solid phase is screened by the counteri-
ons. The electrostatic phenomena are mainly surfacic, and the interfaces are
globally independent. For small 3, co-ions do not have access to the very
small porosities (Donnan effect). The local electroneutrality condition is not
valid anymore and the electric fields of the solid interfaces are coupled.

Next we rescale the space variable by setting Q° = ,/L and 2’ = 7
(we shall drop the primes for simplicity in the sequel). We introduce other
characteristic quantities

kgTn.L
pe = nckpT, uc= 52&7
n
adimensionalized forcing terms
\I,ext,* — e\pext f* = f£ F E N. = €ZC€
kT’ Pe’ . 7 EkpT’

and adimensionalized unknowns
e p € u 2 eV e_ Ny
P pc7 " uc, k‘B’T7 K Nc
Remark that N, = ¢/Lg where L is the Gouy length. With our numerical
values we find out that N, ~ 36.83. The assumption N, = O(1) is classical
in the literature [26] and [32]. Concerning the transport term, we easily find
out that the global Peclet number for the j-th species Pe; is

ucl PkgTn,
-~ o 0
Dj nDj

Pe; € (0.01085, 1.085).

We are now in a situation to write the dimensionless equations for hydrody-
namic and electrostatic parts:

N
2Au’ — Vp© = f* + Z zjnj(x)v\lfe in Q°, (13)
j=1
u*=0 on 90Q°\ 9, divu*=0 in Q°, (14)
N
—e2ATE = ﬁsznj(z) in QF; (15)
j=1
eV .y = —N,* on 90\ 9, (16)
div (n?Vln(nEewzj) —Pejnfu’) =0 in O, (17)
ns, (U° + weh*) u® and p° are 1 — periodic in , (18)



For simplicity, in the sequel we denote by E* the imposed electric field cor-
responding to the exterior potential U¢t* ie., E*(z) = VUh* ().

2.2 Linearization

The applied source terms in system (13)-(18) are the static electric potential
vert* (1), the surface charge density N,Y*(z) on the pore walls and the ap-
plied fluid force £*(z). The fields £* and U¢%* are assumed to be sufficiently
small to allow the partial linearization of the ionic transport (electrokinetic)
equations. No smallness condition is imposed on N,3* and the Poisson-
Boltzmann equation remains non-linear.

Following the calculations by O’Brien et al. from the seminal paper [37],
we write the electrokinetic unknowns as

nf(2) = n{ (@) + ni(x), W(2) = U (x) + 6 (2),
u®(z) = u(x) + ous(z), pf(x) = p»(x) + 5p°(x),
where n?”g,\lfo’a,uo’a7 p¥€ are the equilibrium quantities, corresponding to
f* = 0 and Ue"* = (0. The § prefix indicates a perturbation.
In the case f* = 0 and U®%* = 0, one can find a special solution of
(13)-(18) by assuming that the fluid is at rest and the flux in equation (17)
is zero everywhere. It is given by

u’ =0, (19)
N

pe = Z ng exp{—2;¥"¢Y}, (20)
j=1

n2®(x) = nS exp{—2z; 9" (z)}, (21)

where W0 is a solution of the Poisson-Boltzmann equation

N
—2AP0F = ﬁz zjnﬁe_zj\llo’s in Q°,
j=1 (22)
VU .y = —_N,%* on S. =90\ 9,
U0¢ is 1 — periodic.

The constants nj > 0 are called the infinite dilution concentrations. We note
that problem (22) is equivalent to the following minimization problem:

inf JE(QO), (23)
peV:

10



with Vo = {¢ € H'(9), ¢ is 1 — periodic} and

2 N
Je(p) = Z/|V<p|2 da:+ﬁZ/n;e—zﬂ¢ de +eNo | S dS.
€ ]:1 £ <

The functional J. is strictly convex, which gives the uniqueness of the mini-
mizer. Nevertheless, for arbitrary non-negative 3,nj and Ny, J- may be not
coercive on V if all z;’s have the same sign (take ¢ to be constant, of the
same sign as the z;’s and going to infinity). Therefore, we must put a con-
dition on the z;’s so that the minimization problem (23) admits a solution.
Following the literature, we impose the bulk electroneutrality condition

N
Z zjnj =0, (24)
j=1

which guarantees that for ¥* = 0, the unique solution is W%¢ = 0. Under
(24) it is easy to see that J. is coercive on V..

Remark 1. The bulk electroneutrality condition (24) is not a restriction.
Actually all our results hold under the much weaker assumption that all va-
lences z; do not have the same sign. Indeed, if (24) is not satisfied, we can
make a change of variables in the Poisson-Boltzmann equation (22), defining
a new potential U0F = U0 + UC where UC is a constant reference potential.
Since the function

N
C
A E zinSe =Y
77
J=1

is continuous, increasing and admits the limits £oo as W€ goes to +oo,
there ezists a unique root WC of this function. This change of variables for
the potential leaves (22) invariant if we change the constants nj in new con-

pC
z; ¥

stants nj = nje” . These new constants satisfy the bulk electroneutrality

condition (24).

Lemma 2 ([25]). Assume that the electroneutrality condition (24) holds true
and ¥* be a smooth bounded function. Then problem (23) has a unique
solution WO¢ € V_.

Motivated by the form of the Boltzmann equilibrium distribution and
the calculation of n?’g, we follow the lead of |37] and introduce the so-called
ionic potential ®5 which is defined in terms of n; by

0 = nf exp{—z(WF + BF + W], (25)

11



After linearization (25) leads to
ons(x) = —zim} < (x) (§0° () + BF () + V" (). (26)

Introducing (26) into (13)—(17) and linearizing yields the following equations
for 0W¢, du®, Jp° and P

N
—2A(69°) + 3 < Z z?ng’a( )) 0UE =
j=1
N
-5 X A5 vt ) i @
j=1
eVoU® - v =0 on 90°\ 0, (28)
SUE(x) + U*(z) is 1 — periodic, (29)

N
e2Adu’ — V(ép6 + Z zjn(;’s(éllfs + <I>§ + \Iiext’*)> =

j=1
N
£ — > 2 (2)(VES + E) in O, (30)
j=1
divéu® =0 in Q°, Jdu® =0 on 90Q°\ 0, (31)
ou® and &p° are 1 — periodic. (32)

Note that the perturbed velocity is actually equal to the overall velocity and
that it is convenient to introduce a global pressure P*

suf =u°, P* =6 +Zz] (00° + @5 + wert) . (33)
j=1

Straightforward algebra yields

€ « Pej :
div (n?’ (z)(VO; + E* + Zej]us)> =0 in Q°, (34)
(VS +E*)-v=0 on 90\ 9, (35)
@ is 1 — periodic. (36)

It is important to remark that §U¢ does not enter equations (30)-(32), (34)-
(36) and thus is decoupled from the main unknowns u®, P° and ®5. The
system (21), (22), (30)-(33), (34)-(36) is the same microscopic linearized
system for the ionic transport as in the papers by Adler et al. [1], [10], [17],
[29] and [42] and in the work of Looker and Carnie [26].

12



2.3 Poisson-Boltzmann equation in the periodicity cell

It is now time to make precise the geometrical structure of the porous
medium. From now on we assume that Q° is an e-periodic open subset of R,
It is built from (0,1)? by removing a periodic distributions of solid obstacles
which, after rescaling, are all similar to the unit obstacle Yg. More precisely,
we consider a smooth partition of the unit periodicity cell Y = YgUYr where
Ys is the solid part and Yz is the fluid part. The liquid/solid interface is
S = 0Ys \ 0Y. The fluid part is assumed to be a smooth connected open
subset (no assumption is made on the solid part). We define Y7 = e(Yr + ),
SI=¢(S+75),0= U Y¥YWnand S:=00°\o= |J SIn.
jezd jezd

We also assume a periodic distribution of charges ¥* = ¥*(z/¢). Then,
by periodicity of Q¢ and by uniqueness of the solution W%¢ of the Poisson-
Boltzmann equation (22), we have

W0e (z) = xyo(g), 9% (x) = ng(g), (37)
where
13 (y) = nf exp{—2z¥°(y)} (38)

and ¥(y) is the periodic solution for the cell Poisson-Boltzmann equation

N
—AUY = ﬂz zjnjefzj\l/o in Yp,
j=1 (39)
ve. v =—-N,%* on S,
U0 is 1 — periodic.

Solvability of (39) is again a consequence of Lemma 2 and of the electroneu-
trality condition (24).

We now briefly describe the asymptotic behavior of the solution W(y)
of (39) for large and small 3. A rigorous and more complete analysis is done
in our other paper [3]. Similar asymptotic analysis have been performed in
[6], [38]. Note that, in equation (39), the parameter 3 is a multiplier of the
infinite dilution concentrations nj. Therefore, studying large or small values
of § is equivalent to study large or small common values of the nf’s. In view
of its definition (12), a large value of 3 corresponds either to a large pore
size or to a small Debye length.

When [ goes to 400, simple asymptotic analysis argument, using an
outer two-scale expansion, guarantees that W°(y) behaves as a constant
which is the root of the nonlinearity in the Poisson-Boltzmann equation.

13



By the electroneutrality condition (24), this unique root is zero. Hence we
deduce

Wo(y) = O(;) in Yp, away from the boundary . (40)
The behavior of ¥ in the vicinity of the boundary S is given by a boundary
layer which is exponentially decaying away from S as exp{—d(y)/3} where
d(y) is the distance function to S (a precise description is given in [3]).
When (3 goes to 0 (very small pores), the asymptotic analysis is less
trivial and reveals the so-called Donnan effect (co-ions do not have access to
the very small porosities). The variational formulation of (39) is

N
VIO Vody — 5/ S zmbe Y pdy + / N,S*odS =0, (41)
Yi Yr i s

for any smooth 1-periodic test function . If we choose ¢ =1 in (41), then

J

Thus fS ¥* dS # 0, implies that the left hand side of (42) blows up as

3 goes to zero, which means that the function ¥ cannot stay bounded.
1
Nevertheless, it turns out that the function W% — —— U0 dy remains
Yr| Jye

we get

N
S znge sV dy = g7t / N,X*dS. (42)
j=1 s

bounded. We have 3 cases.
Case 1: fs 3* < 0. In this case it is the negative valence with maximum

value, 2~ = max;(—z;) > 0, which matters. We obtain
0 1 1 1/2~
W(y) = = log(3) + uly) + O(8"/*), (43)

and (g is the solution to the boundary value problem

—Ago(y) + 2z nce* #W =0 in Yp,
Veo-v=—N%X*" on S, (44)
o is 1 — periodic,

with nf = nj for j such that 2= = —z;. All other species are negligible,
n << n< for j such that z~ # —z;, and in particular the concentration
of co-ions (of the same valence than the surface charge) is asymptotically
vanishing (Donnan effect). We note that (44) is solvable only for [¢¥* < 0.
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Case 2: fs >* > 0. In this case it is the positive valence with maximum
value, 2 = max; z; > 0, which matters (here again, all other species are
negligible). We obtain

Vs(y) =~ og(5) + o) + O(6""), (15)

where & is the solution to the boundary value problem

~A&(y) — # e W =0 in Y,
V& -v=—-N,X* on S, (46)
& is 1 — periodic.

Again, (46) is solvable only for [¢X* > 0.
Case 3: fs >* = 0. In this case things are much simpler. Let Wpyq be

zjnqe_zj‘l’NO dy =0, of

the unique solution, such that fYF SN ¢

J=1

—A¥no(y) =0 in Yp,
VUng-v=—Ns2* on S, (47)
WUpyo is 1 — periodic.

Then we have
UO(y) = Tyo(y) + O(B). (48)

Note that the solutions of (47) are defined up to an additive constant which
is determined, in the present case, by the additional average condition.
3 Homogenization

After linearization the problem to homogenize is (30)-(33) and (34)-(36) that
we rewrite for the reader’s convenience

N

e?Au® — VP =f* = zn)"(z)(VOS + E*) in OF, (49)
j=1

divu® =0 in Q°, u®*=0 on 9N\, (50)

) . Pej )

div (nge(x) (VoS +E* + ijue)> =0 in Q°, (51)

(VOS5 +E*)-v =0 on 90\ 9, (52)

@5, u® and P° are 1 — periodic. (53)
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where n(;’a(x) are e-periodic coefficients defined by (21) and (37).

The formal two-scale asymptotic expansion method [8], [20], [44] was
applied to system (49)-(53) in [26]. It is also a special case of more general
expansions in [32], [33], [34], [36]. Introducing the fast variable y = x /¢, it
assumes that the solution of (49)-(53) is given by

w(z) =u(z y)+5u1($,y)+---,
P*(x) = p’(x) +ep'(2,9) + ..

Ue(z) = \Ilo(x y)—l—elll( y)+ ...,
5 (x) = Y () + @} (x,y )+

After some calculations [26] we obtain the following two-scale homogenized
problem.

Theorem 3. (u’ p° p! {<I>0 ‘IDl}) is the unique solution of the two-scale
homogenized problem

—Ayu’(z,y) + Vyp' (,y) = —Vap°(z) — £ (2)+
N
Zz]n (Vo @) (2) + V@5 (z,y) + E*(z)) in x Yp, (54)

dlvyuo(x,y) =0 in xYp, u'(z,y) =0 0n x5, (55)

div, ( / u’ dy> =0 in, (56)
Yr

—d1Vy< () (V@ (2, y) + VB0 (x )+E*(az)+%uo)> —0 in x Y,

(57)
(Vy@; + V@) +E*) - v(y) =0 on xS, (58)
P .
_divﬁ(/y nd (Vy®; + V,®) + E*(x) + ;;UO) dy) =0in , (59)
F
<I>g , / wdy and p° being 1-periodic in x, (60)
Yr

with periodic boundary conditions on the unit cell Yr for all functions de-
pending on y.

The limit problem introduced in Theorem 3 is called the two-scale and
two-pressure homogenized problem, following the terminology of [20], [24].
It is well posed [4] because the two incompressibility constraints (55) and
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(56) are exactly dual to the two pressures p®(x) and p!(x,y) which are their
corresponding Lagrange multipliers.

Of course, one should extract from (54)-(60) the macroscopic homoge-
nized problem, which requires to separate the fast and slow scale, if possible.
This was undertaken by Looker and Carnie in [26] introducing three different
types of cell problems. In [4] we simplified their analysis by proposing only
two types of cell problems. Our approach was also more systematic because
it allowed us to establish Onsager properties for the effective coefficients. We
repeat the scale separation results in order to be able to establish further
qualitative properties of the effective coefficients and to state the convergence
result.

The main idea is to recognize in the two-scale homogenized problem (54)-
(60) that there are two different macroscopic fluxes, namely (V,p°(z)+£*(z))
and {VgI’?(x) + E*(2)}1<j<n. Therefore we introduce two family of cell
problems, indexed by k € {1,...,d} for each component of these fluxes. We
denote by {€*}1<r<q the canonical basis of RY.

The first cell problem, corresponding to the macroscopic pressure gradi-
ent, is

N
A () + VyrF () = e + ) 2l () V6 (y) inYe (61
=1

div,v®*(y) =0 in Yr, v®%(y)=0 on S, (62)

. Pe; .
—div, (n?(y)(VyH?’k(y) + Zj]vo’k(y))> =0 in Yp (63)
V0" (y) v =0 on S. (64)

The second cell problem, corresponding to the macroscopic diffusive flux, is
for each species i € {1,..., N}

N
—ANVE(y) + VyrE(y) =3 2nd(y) (6" + V055 () in Ve (65)
j=1

div,v"*(y) =0 inYp, v**(y)=0 onS, (66)

—dlvy(n?(y) (5ijek + Vyﬂj’k(y) + Z—‘jv k(y))) =0 in Yp (67)
j

((5ijek + Vyﬁ;’k(y)) cv=0 on S, (68)

where ¢;; is the Kronecker symbol. As usual the cell problems are comple-
mented with periodic boundary conditions.
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Remark 4. For 3 going to +oo, we know from (40) that the potential

UO(y) = 0 and thus, from (38), we deduce that n?(y) = n§ are constant

in the cell Yp. Obviously, it implies that the solution Hg’k(y) of (63)-(64)
is a constant too and the solution (1%, vOF) of (61)-(62) is identical to the
solution of the classic permeability problem [20], [44]. Similarly, upon defin-
ing a new pressure TF — Eé\le zjnﬁeé’k, the solution (%% ,vik) of (65)-(66)
is identical to the solution of the classic permeability pmblem in the limit
B — 400, while the solution O;k(y) of (67)-(68) coincides with the cell solu-
tion for the Neumann problem in a perforated domain [44].

As already explained in Subsection 2.3, as far as the behavior of the
Poisson-Boltzmann equation is concerned, the limit 8 going to 400 is equiv-
alent to the limit of a common value of all infinite dilution concentrations nj
going to +0o. The same is true for the above cell problems upon redefining
the pressure (which may be unbounded as nj grows), except for the wveloc-
ity viF | solution of (65)-(66), which grows linearly with nS and is such that

Vi’k/n;? converges to the usual velocity for a classic permeability problem.

Then, we can decompose the solution of (54)-(60) as

= (0t ()00 St (s 52 o)

k=1
(69
d
Lig ) = _ 0k op° ik (y 0P} -
pe.y) kg( (54 5i) @ +Z ) (B + 5 ) >>
(70
a 90k ap° Y pik . 0%)
0=3 (55 + ) @+ 20w (i G ) @)
™)

We average (69)-(71) in order to get a purely macroscopic homogenized prob-
lem. We introduce the non-dimensional perturbation of the electrochemical

potential
p5 = —zj (@5 4 werH*)

and the ionic flux of the jth species

e Zj % Pej
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We define the homogenized quantities

pi(@) = —z;(®f(x) + W (x)),

. Zj 0 0 * 1 Pej 0
jj(x) = =2 n;(y)(Va®j(2) + B* + Vy @j(z,y) + —u’(z,y))dy
@)= ot J, MO y25(,y) + —Hu’(@.y))
1 0
u(a:) - ‘YF’ Yo u <$,y) dy

From (69)-(71) we deduce the homogenized or upscaled equations for the
above effective fields.

Proposition 5. ([4/) Introducing the flur J(z) = (u,{j;}1<j<n) and the
gradient F(z) = (Vup°, {Vaut1<j<n), the macroscopic equations are

div,J =0 in , (72)
J = —MF — M(£*,{0}) (73)

with a symmetric positive definite M, defined by

k o I
21 ZN
L, % . Dy
M= 21 ZN , (74)
D; Dy
Ly ©2nio NN
21 ZN

and complemented with periodic boundary conditions for p° and {@?}1931\1.
The matrices J;, K, Dj; and IL; are defined by their entries

1 .
Uit = Vil Jy viF(y) - el dy,
F
1
{K}hi = vl Jy v (y) - el dy,
F

0N ik ) B (s ok ik )Y
O =y [ )0+ 52 (300t + 98 w)) -

1 y
Wb =57 | n) () (v () + 52 Vy05" (4) - e dy.
F J
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Remark 6. The tensor K is called permeability tensor, Dj; are the electrod-
iffusion tensors. The symmetry of the tensor M is equivalent to the famous
Onsager’s reciprocal relations. It was already proved in [26]. However, the
positive definiteness of M was proved in [4]. It is essential in order to state
that (72)-(73) is an elliptic system which admits a unique solution.

The closeness of the solution to the homogenized problem, to the solution
of the original problem is given by the following result.

Theorem 7. ([4]) Let (po,{tﬁg}lgjg]v) be defined by (72)-(73). Let u be
given by (69) and {<I>j1-}1§j§N by (71). Then in the limit ¢ — 0 we have

X
J,

4  Numerical study of the effective tensor

o (@)~ u(e, D)+ 1P() ~ @) ) dr — 0 (75)

and

v (#5() - #(x) — cwl(z, D)) )2 di — 0. (76)

We now present some numerical tests in the two-dimensional case obtained
with the FreeFem+—+ package [39]. The linearization of the ionic transport
equations allows us to decouple the computation of the electrostatic potential
from those of the cell problems. First, we compute WY, solution of (39),
from which we infer the concentrations ng)(y) =nj exp{—2;¥°(y)}. Second,
knowing the n?’s which are coefficients for the cell problems (61)-(63) and
(65)-(68), we compute their solutions. Finally, we evaluate the various entries
of the effective tensor (74) according to the formula from Proposition 5.
In all figures we plot the adimensionalized entries of the effective tensors
(74). However, when the concentrations are involved, we plot them in their

physical units, namely we use the dimensional quantity

n%(c0) = nen

j (77)

¢
7
For solving the highly nonlinear Poisson-Boltzmann we use the special fea-
ture of mesh adaptivity available in FreeFem++ for automatic mesh refine-
ment in order to achieve a good numerical precision. Since in most cases the
electrostatic potential is varying as a boundary layer close to the solid bound-
aries, our meshes are much refined close to those boundaries (see e.g. Figure
1). Lagrange P2 finite elements are used to solve the Poisson-Boltzmann
equation with the help of a Newton-Raphson algorithm. The total number
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Figure 1: Mesh for a periodicity cell with ellipsoidal inclusions

of degrees of freedom is around 10000 (depending on the infinite dilution
concentration nf).

All the following computations are conducted for an aqueous solution of
NaCl at 298°K (Kelvin), where species j = 1 is the cation Na® (21 = 1)
with diffusivity DY = 13.33e—10m? /s and species j = 2 the anion Cl~ (23 =
—1) with DY = 20.32e—10m?/s. The infinite dilution concentrations of the
species are considered equal, n{ = n§, and the characteristic concentration
is n. = 0.1mole/l. The dynamic viscosity 7 is equal to 0.89e—3 kg/(m sec).
Instead of using the formula of Table 1 for defining the Debye length, we use
the following definition
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Figure 2: Meshes for three different porosities (0.19, 0.51 and 0.75) of a
periodic cell with rectangular inclusions

which differs by a factor of V2 in the present case of two monovalent ions.
Other physical values are to be found in Table 1. Two model geometries are
considered in this section. The first one features ellipsoid solid inclusions
(see Figure 1) which allows us to perform variations of concentrations from
1073 to 1mole/l and variations of the pore size (3 < £ < 50nm). The second
one is a rectangular model (see Figure 2) which allows us to perform porosity
variation. The goal of this section is to study the variations of the effective
tensor according to these parameters (concentration, pore size and porosity).

4.1 Variation of the concentration

For the geometry with ellipsoidal inclusions, we vary the infinite dilution con-
centrations n§ in the range (1072,10) or, equivalently through (77), the di-
mensional infinite dilution concentrations n?(oo) varies from 1073 to 1mole/I.
The pore size is £ = 50nm. Varying proportionally all values of n{ is equiv-
alent to varying the parameter 3 in the Poisson-Boltzmann equation (39).
Therefore, low values of n§ correspond to the limit problem (44) for the
electrostatic potential U°, while large values of nj correspond to the asymp-
totic limit behavior (40) (for which the concentrations ng-)(y) are constant, at
electroneutral equilibrium, away from the boundary). As can be checked on
Figure 3, varying nj is equivalent to varying the cell-average of the concentra-
tions |Yx|~! fYF n;j(y) dy (at least away from very small concentrations) since
our numerical results show that they depend almost linearly on each other.

However, in full mathematical rigor, the concentration n;(y) does not depend
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linearly on n$. Indeed, formula (38) states that n?(y) = nj exp{—2;9%(y)}
and U0 depends on n§ too, through the Poisson-Boltzmann equation (39).

As explained in Remark 4, when ( is large, or equivalently when the
infinite dilution concentrations n§ are large, the cell problems (61)-(62) and
(65)-(66) become identical to the usual Stokes cell problems which give the
formula for the usual permeability tensor [20], [44]. Therefore, it makes sense
to divide all entries of the permeability tensor K by the corresponding ones
for a pure filtration problem (this renormalization avoids any spurious de-
pendence on the pore size £). The resulting relative permeability coefficients
are plotted on Figure 4: the smaller the infinite dilution concentration, the
smaller the permeability. We clearly see an asymptotic limit of the rela-
tive permeability tensor not only for high concentrations (i.e. Debye length
smaller than the pore size 3 — oo) but also for low concentrations (i.e.
Debye length larger than the pore size § — 0). In the latter regime, the hy-
drodynamic flux is reduced: the electrostatic attraction of the counter-ions
with respects to the surface slows down the fluid motion. This effect is not
negligible because the Debye layer is important.

On Figure 5 we plot the entries of the electrodiffusion tensor Dy; for
the cation. A similar behavior is obtained for the other tensor Doy for the
anion. As expected the flux increases with the infinite dilution concentration
nj. It is not a linear law because even at low concentration there are still
counterions ; they do not appear to be very mobile, though. The cross-
diffusion tensor D19 is displayed on Figure 6: for large concentrations it is
of the same order of magnitude than the species diffusion tensors D1; and
Do, because of the strong electrostatic interactions between the ions. A
mathematical asymptotic analysis (similar to that in Remark 4) shows that
the electrodiffusion tensors Dj; behaves quadratically as a function of nj
when nj becomes very large. This asymptotic behavior is clearly seen on
Figure 7 where the slope of the curve is approximately 2.

The coupling tensors IL; and Ly are plotted on Figure 8. The coupling is,
of course, maximal for large concentrations but the coupling tensor IL; for the
cation does not vanish for very small infinite dilution concentrations since
the cell-average of the cation concentration has a non-zero limit (required to
compensate the negative surface charge) as can be checked on Figure 3.

4.2 Variation of pore size

We now vary the pore size £ for the same geometry with ellipsoidal inclusions.
Varying ¢ is equivalent to vary the parameter (3, defined by (12), in the
Poisson-Boltzmann equation (39). It thus changes the values of the local
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concentrations n?(y) in the definition of the cell problems (61)-(64) and (65)-
(68): this is the only modification which is brought into the cell problems.
On Figure 9 we plot the relative permeability coefficients with respect to
the ones of the Stokes problem. Surprisingly, the variation is not monotone
and there seems to be a minimum for a pore size of 20 nanometers. This
is the signature of a transition from a bulk diffusion regime for small pores
to a surface diffusion regime (caused by the charged boundaries) at large
pores. Globally, the counterions reduce the hydrodynamic flow because of
the attraction with the surface, but this relaxation effect is less important at
very large or very small pore size [. More precisely, if the pore size becomes
very large, the electrostatic screening is important, as already mentioned.
Thus the domain of attraction becomes very small and the lowering of the
hydrodynamic flow is reduced: the permeability is increased. On the other
hand, for very small pores, the counterion profile becomes more and more
uniform. Consequently, there is no screening, but the hydrodynamic flow
does not modify a lot the counterion distribution, since it is globally uniform
and the resulting electrostatic slowdown becomes less important.

4.3 Variation of the porosity

Eventually we investigate the influence of the porosity on the effective ten-
sors. To this end we rely on the rectangular geometry where we vary the
size of the inclusions (see Figure 2). The infinite dilution concentration is
fixed at nj =1, or n?(oo) = 0.1mole/l. The porosity is defined as |Yr|/|Y|
and takes the successive values of 0.19, 0.36, 0.51, 0.64, 0.75 in our compu-
tations. On Figure 10 we check that the permeability tensor is increasing
with porosity, as expected. The same happens for the electrodiffusion tensor
Doy for the anion on Figure 12. More surprising is the behavior of the elec-
trodiffusion tensor Dy for the cation on Figure 11: again there is a minimum
value attained for a 0.35 value of the porosity. This may be explained again
by a transition from a bulk diffusion regime for large porosities to a surface
diffusion regime (caused by the charged boundaries) for small porosities.

5 Conclusion

In this article we presented a homogenization method for upscaling the elec-
trokinetic equations. We obtained the homogenized system (72)-(73) which
can be rewritten in dimension form, for the effective unknowns p¢/f = p.p°
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and @fff:%ég, and for 1 < j < N, as

K2 N 520,
divI{T(preff +f) +Z“UT;”<vzq>jff +E)}=0in, (78)
=1

L 02 N D%, .
divw{jT(Vmpeff +H+> JT”(vxcpiff YE}=0in . (79
=1

We computed the homogenized or effective tensors for several geometric con-
figurations and a large range of physical parameters.

Some conclusions come out naturally from our analytical and numerical
results:

e Relative permeability is maximal for very small pores. It first decreases
and then increases as the pore size is increasing (see Figure 9).

e Permeability is, of course, increasing as a function of porosity (see
Figure 10).

e Permeability is increasing as a function of the infinite dilution concen-
tration (see Figure 4). The qualitative analysis from Subsection 2.3 is
confirmed by our numerical simulations.

e The diagonal entries of the electrodiffusion tensor are monotone in-
creasing with respect to all parameters, except possibly porosity.

Our asymptotic analysis of the Poisson-Boltzmann equation for small/large
concentrations and small/large pores, seems to be new in the case of Neu-
mann conditions (given surface charges). Although previous results were
obtained for Dirichlet conditions (given surface potential) [17], the limits for
Neumann or Dirichlet boundary conditions are not the same. In our case, in
the limit § — 0, only one type of ions matter in the charge density.

The proposed homogenized model contributes to the understanding of
effective electrokinetic flows through Onsager’s relations. We give a system-
atic method of calculating the permeability and the electrodiffusion tensor,
which can be used not only for periodic media but also for random statisti-
cally homogeneous porous media.
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Figure 3: Averaged cell concentration Nj_mean = |Yr|™! fYF n;(y)dy as a
function of the dimensional (mole/l) infinite dilution concentrations n(])(oo)

normal scale (top) and log-log scale (bottom)
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Figure 4: Diagonal entries of the relative permeability tensor, Ki1 and Koo,
as functions of the dimensional (mole/l) infinite dilution concentrations
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Figure 5: Entries of the electrodiffusion tensor D1y for the cation, as func-

tions of the dimensional (mole/l) infinite dilution concentrations n?(oo)
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Figure 6: Diagonal entries of the cross-diffusion tensor D1, as functions of

the dimensional (mole/l) infinite dilution concentrations n?(oo)
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plot)
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Figure 12: Electrodiffusion tensor Day for the anion versus porosity (n?(oo)

0.1mole/l)
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