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Abstract

We consider continuous state branching processes (CSBP’s for short) with ad-

ditional multiplicative jumps, which we call catastrophes. Informally speaking, the
dynamics of the CSBP is perturbed by independent random catastrophes which cause
negative (or positive) jumps to the original process. These jumps are described by
a Lévy process with paths of bounded variation. Conditionally on these jumps, the
process still enjoys the branching property.
We construct this class of processes as the unique solution of a SDE and characterize
their Laplace exponent as the solution of a backward ODE. We can then study their
asymptotic behavior and establish whether the process becomes extinct. For a class of
processes for which extinction and absorption coincide (including the a-stable CSBP
plus a drift), we determine the speed of extinction of the process. Then, three subcrit-
ical regimes appear, as in the case for branching processes in random environments.
To prove this, we study the asymptotic behavior of a certain divergent exponential
functional of Lévy processes. Finally, we apply these results to a cell infection model,
which was a motivation for considering such CSBP’s with catastrophes.

Key words. Continuous State Branching Processes, Lévy processes, Poisson Point Pro-
cesses, Stochastic Differential Equation, random environment
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1 Introduction

Continuous state branching processes (or CSBP’s for simplicity) are the analogues of
Bienaymeé-Galton-Watson processes in continuous time and continuous state space. Such
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classes of processes have been introduced by Jirina [Jir58]| and studied by many authors
included Bingham [Bin76|, Grey [Gre74|, Grimvall [Gri74|, Lamperti [Lam67a, Lam67b],
to name but a few. A continuous state branching process Z = (Z;,t > 0) is a strong
Markov process taking values in [0, 00], where 0 and oo are two absorbing states and
(Pz, z > 0) is the law of the process starting from x. Moreover, Z satisfies the branching
property; that is to say, for any z,y > 0, P,y is equal in law to the convolution of P,
and P,. Since the pioneering work of Lamperti [Lam67b], it is known that continuous-
state branching processes are the only possible scaling limits of Bienaymé-Galton-Watson
branching processes and that every CSBP can be realized in this way. Thus CSBP may
be model for the evolution of (renormalized) large populations which evolve during a large
time window (see for instance [BT11] for parasite infection).
The branching property implies that the Laplace transform of Z; is of the form

E, {exp(—/\Zt)} = exp{—zui(\)}, for A > 0, (1)

for some non negative function u;. According to Silverstein [Sil68], this function is deter-
mined by the integral equation

A 1
/M Py =t @

where 1 satisfies the celebrated Lévy-Khintchine formula

P(A) = aX+0%A\ + / (€7 =1+ Aalfzary)u(da),
(0.00)

where a € R, 0 > 0 and p is a o-finite measure on (0, 00) such that f(O,oo) (1A 2?)p(d)
is finite. The function v is known as the branching mechanism of Z.

It is important to note that the first moment of Z; can be obtained by differentiating
(1) with respect to A. More precisely, note that O\ut(\)|a=o = eV (0t and E.(Z) =
ze~ V' (Ot Hence, in respective order, a CSBP is called supercritical, critical or subcritical
depending on ¢'(07) < 0, ¢/(0%) = 0 or ¢/(0") > 0. Adding that

P, <1im 7 = 0) — e,
t—o0

where 7 is the largest root of the branching mechanism 1), the sign of 1'(0+) yields the
criterion for a.s. extinction. Finally, we know that a CSBP Z with branching mechanism
1 is absorbed at 0 in a finite time with positive probability if and only if

* du
— < Q.

W(u)

In this case, P, (3t > 0: Z; = 0) = P, (lim¢—oo Z; = 0) = exp(—nz).
In this paper, we focus on the case when Z has finite expectation, which is equivalent
to

g:=—'(0+) = / zp(dr) —a < oo,
1
or equivalent to [ (x A 2?)u(dz) < co. Then we can write
B(N) = —gA + o2\’ +/ (e*M 1+ /\x) u(dz),
0
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and the CSBP is characterized by the triplet (g,o, ). Moreover a CSBP can also be
defined as the unique non-negative strong solution of a SDE, which will be useful here.
More precisely, from [FL10],

t t t [e’e) s _
Zy = Zy +/ gZsds +/ \V2027Z,dB, + / / / zNo(ds,dz, du), (3)
0 0 o Jo Jo

where B = (B, t > 0) is a standard Brownian motion, No(ds,dz, du) is a Poisson random
measure with intensity dsu(dz)du independent of B and Ny is the compensated measure
of No.

The stable case is of special interest and will be studied in more detail in Section 3. It
is motivated by applications (see Section 4) and provide us the key step to more general
cases. It corresponds to the (only possible) scaling limit of Galton Watson processes (GW)

when the reproduction law is fixed. Then (X)) = gA+cA* and two natural classes appear:

o If « = 2 (Feller diffusion), we necessarily have u = 0. Thus we get the continuous

diffusion . .
Zy = Zy + / gZgds +/ \/2027Z,dB,.
0 0

e If @ € (1,2), we have that 0 = 0 and u(dz) = car=*"'dz/T'(2 — a). Then the
process has (only) positive jumps with infinite intensity [Lam07]. Moreover, we
have

t ¢
Zy = Zo + / gZsds + / ZMax,,
0 0
where X is an a-stable spectrally positive Lévy process.

In the stable case, we can solve equation (2). In particular, we know precisely the speed
of absorption, i.e. the asymptotic behavior of P(Z; > 0).

In this work, we want to take into account catastrophes which occur randomly and
kill each individual with some probability (depending on the catastrophe). In the scal-
ing limit of large population (the continuous state setting), it amounts to let the process
make a negative jump and multiply Z by a random fraction. The process we obtain is
still Markovian if the catastrophes happen without memory and the fractions are i.i.d.,
in other words catastrophes are described by a Poisson Point Process. Conditionally on
the times and the effects of the catastrophes, the process Z also satisfies the branching
property, as detailed below. It yields then a particular class of CSBP’s in random envi-
ronment, which can also be obtained as scaling limit of GW in random environment (see
[BS47]).

More precisely, we consider here CSBP’s with catastrophes described by an independent
Poisson Point Process. Such processes are motivated in particular by cell division mod-
els. For example, in [BT11], the case of Feller diffusion with catastrophes describes the
evolution of parasites in a cell line. The parasites grow following a Feller diffusion and
the division of the cell causes a negative jump of this quantity by splitting the parasites
into two parts.

More generally, we can also take into account positive jumps due to favorable environ-
ments. They can represent immigration events proportional to the size of the population.
One possible application comes from the aggregation behavior of some species. Indeed,
many species form aggregates, what may allow them to reduce predation, make the food
search easier, or improve the mate choice (see respectively chapters 12.1, 12.2.2) 12.2.3



and 12.3.4 in [DGCO08]). For convenience, we still call the processes obtained CSBP with
catastrophes.

The remainder of the paper is structured as follows. In the next section, we study
the CSBP with catastrophes, in particular we verify that these kinds of processes are well
defined by a SDE. We also characterize their Laplace exponent via an ODE which allows
us to describe their long time behavior. In particular, we determine when (Y;, ¢ > 0), a
CSBP with catastrophes becomes extinct. That is, we specify when P(limy_,o ¥; = 0) =1
and the asymptotic behavior when the process survives, under some moment assumption.

Section 3 is devoted to the speed of extinction. We take special attention to the
stable case (Section 3.1), where the extinction event coincides with the absorption event.
In particular, we obtain an explicit expression for the Laplace exponent in terms of an
exponential functional of a Lévy process whose jump structure is given by the catastrophes.
This expression allows us to determine the speed of absorption of the process when it is
subcritical or critical (see Section b).

From this result in the stable case, we can deduce the speed of extinction for a large
class of CSBP’s with catastrophes, when extinction and absorption coincide. In the sub-
critical case, three regimes appear (see Theorem 5 and Corollary 6). It means that the
law of the catastrophes (and not only their mean effect) can change the exponential de-
crease of the survival probability. This result is closely related to the discrete framework
via asymptotic behavior of functionals of random walks. More precisely, we use in our
arguments local limit theorems for semi direct product [LPP97, GL01| and some analyt-
ical results on random walks [Koz76, Hir98| (see Section 5). In the same vein, we refer
to [BH12| for different subcritical regimes for Feller diffusions which evolve “in Brownian
environment".

This result can be related to discussions in ecology about the role of environmental
and demographical stochasticity. Such topics are fundamental in ecology and conservation
biology, as discussed for instance in Chapter 1 in [LES03]. In our model, the survival may
be either due to the randomness of the individual reproduction, which is given by the
parameters o and p of the CSBP, or to the randomness (rate, size) of the catastrophes
which is linked to the environment. For a study of relative effects of environmental and
demographical stochasticity, one can read |Lan93| and references therein.

In Section 4, we apply our results to Feller diffusion with catastrophes and derive the
different regimes for the speed of propagation of an infection in the cell division model
[BT11].

Section 5 is devoted to the asymptotic behavior of exponential functionals of Lévy pro-
cesses with paths of bounded variation. More precisely, we are interested in the asymptotic

behavior at oo of ,
E {F </ eﬂsts>] ,
0

where 3 > 0, F belongs to a given class of functions (see (26)) and K is a Lévy process with
paths of bounded variation that does not drift to co and has some exponential positive
moments. We find four different regimes for its behavior that depend on the shape of the
Laplace exponent of the process K. Up to our knowledge, this situation has been studied
only by Carmona et al. [CPY97], Lemma 4.7, where they provide only one precise regime.
The case when the process K drifts to oo has been deeply studied by many authors, see
for instance Bertoin and Yor [BY05] and references therein.

Finally, Section 6 contains some technical results which are used in the proofs. We
establish such results at the end of the paper for the convenience of the reader.



2 CSBP with catastrophes

We consider a CSBP Z = (Z;,t > 0) defined by (3) characterized by the triplet
(g,0, 1), where we recall that u satisfies

/OOO(:U Az p(dz) < oo. (4)

The catastrophes are independent of the process Z and are given by a Poisson Point
Process (e, t;)ier on [0,00) x [0,00) with intensity dtv(dz) such that

/ (1A e — 1|)r(dz) < oo. (5)
(0,00)

The associated Poisson random measure Ny = )
and the jump process

Ay = /0 /(0700) log(x)N1(ds,dz) = Zlog(es)a

s<t

il 5%7“ is independent of B and Ny,

is a Lévy process with paths of bounded variation.
The CSBP (g, 0, 1) with catastrophes v is then given by the following SDE

t t t Yoo
Y, =Y, + / gYsds + / \V20?Y,dBy + / / / 2No(ds,dz, du)
0 0 0 J[0,00) Jo

+ /(]t/[()oo) <z— 1)}@_N1(ds,dz), (6)

where Yy > 0 a.s. In other words, when a catastrophe occurs at time s, the population
size is multiplied by es which is distributed according to the measure v.

Theorem 1. The SDE (6) has a unique non-negative strong solution for g € R,o >0, p
and v satisfying the conditions (4) and (5), respectively.

Then, the process Y = (Y, t > 0) defined by the SDE (6) is a cadlag Markov process
satisfying the branching property conditionally on A = (A¢,t > 0) and with generator
given by

Af@) = gof (@) + o' @) + [ (fa2) - 1) r(d2) .
00 7
n /0 (£ +2) = 1) = =f'(2) ) onld2).

Moreover, for every t > 0,

E, [exp{ — )\exp{ — gt — At}Yt}

A] = exp{ — gy (0, A, A)} a.s.,

where for every (X, 06), ve 1 s — vi(s, A, 0) is the unique solution of the following backward
differential equation :

gvt(s,k,é) = I (e (s, 0, 8)), 0<s<t  w(tAG) =X (8)
S

where

Yo(\) = P(\) — A\ (0) = 02X\ + / oo(e*M — 14 Az)u(dx). (9)
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Proof. We first study the SDE given by

Ys— o _
Y, = Y0+/ngs+/\/WdB + // / 2Ny (ds,dz, du)
[0,00)

// z—l)Ys_Nl(ds,dz). (10)
0 J(0,2)

The above SDE satisfies the conditions of Theorems 3.2 and 5.1 of [FL10]. In particular,
to verify condition (5.b) we can simply let V;, = [1/n,00) x (0,00), for n > 1. Hence
from Theorems 3.2 and 5.1 in [FL10|, we have pathwise uniqueness and the existence of
a unique non-negative strong solution for (10).

Now, note from (5) that v([2,00)) < co. Thus, Proposition 2.2 in [FL10] implies pathwise
uniqueness and the existence of a unique non-negative strong solution for the SDE (6).
By Itoé’s formula (see for instance [[W89] Th.5.1) one sees that the solution (Y, ¢ > 0)
solves the following martingale problem: for every f € CZ(Ry),

F00) = £0%) + Toe. mart. +g [ F(vYids

vo [ (Y Yads + / t [ (s 2 = ) - ) utasgas

v t | 16y - vy)wiazas,

where the local martingale is given by

loc. mart. = /Ut F1(Y:)\/202Y,dB, +/0t /OOO (f(szr) - f(Yr))]Vl(ds,dz) (11)

+/0t/0<>o /OYS (f(YS_+Z)_f(}/s_)>ﬁo(d87dz’dU)7

and N is the compensated measure of Ni. From pathwise uniqueness, we deduce that
the solution of (6) is a strong Markov process whose generator is given by (7).

The branching property of Y, conditionally on the jumps, is inherited from the branch-
ing property of the CSBP and the fact that the additionnal jumps are multiplicative.

In order to prove the second part of the theorem, let us now work conditionally on A.
By applying It6’s formula to the process Zy = Ye~ g , Lemma 15 in Section 6 ensures
that for every F' € C’; ’2, F(t, Z) is also a local martlngale if and only if for every ¢ > 0,

/82 F(s,Zs)0* Zse 9%~ Asds+/FsZ
x
/ / F(s, Zg+ ze 957 5) — F(s, Z,)|e95H2 — ;F(s,zs)z),u(dz)ds =0.
x

In the vein of [TW89, BT11|, we choose F(s,z) := exp{—xvi(s, A, A)}, where v;(s, A\, A)
is differentiable with respect to the variable s, non negative and such that v (¢, A\, A) = A,
for A > 0. We observe that F is bounded. Therefore, from the above computations
(exp{—Zsv¢(s,\,A)},0 < 5 < t) will be a martingale if and only if

gvt(s, ANA) = egS+A51/)() (eiQS*Asvt(& A, A)) , 0<s<t,
s



where 1) is defined in (9). Proposition 16 in Section 6 ensures that a.s. the solution of this
backward ODE exists and is unique, which essentially comes from local Lipschitz property
of g and paths of bounded variation of A. Thus the process (exp{—Zsvi(s, X\, A)},0 <
s < 't) is a martingale conditionally on A. We get

E, [exp{ — Zyo(t, A, A)}‘ A] ~E, [exp { — Zows (0, A, A)}‘A] :

which implies
E, {exp{ — )\Zt} A] = exp{ — gy (0, A, A)}, (12)

and ends up the proof. O

Now we derive from Theorem 1 an extinction criterion for CSBP’s with catastro-
phes. First, we recall that a Lévy process L = (Lt > 0) has only three types of
asymptotic behaviors: either it drifts to oo, —oo, or oscillates a.s. The latter means that
limsup;_, Ly = —liminf; .o Ly = co. We refer to Theorem 7.2 in [Kyp06]| for a criterion
for such types of behaviors.

Corollary 2. We have the three following regimes.
i) If (A¢ + gt)e>0 drifts to —oo, then Y — 0 a.s.
ii) If (At + gt)e>o0 oscillates, then liminf; . Y: =0 a.s.

i4i) If (At + gt)e>o drifts to +o0o and there exists € > 0, such that

/ zlog(1+ ) eu(de) < oo, (13)
0
then P(lim inf; o0 Y; > O) > 0 and there exists a non negative finite r.v. W such that

e IAY, — W as., {W =0} = { lim Y; = O}.
t—o0 t—o0

It is important to note, according to Theorem 7.2 in [Kyp06], that whenever A; has a
finite first moment, then the sign of E(A;) + g yields the regimes above. Hence, whenever
its Laplace exponent, ¢(\) = log Elexp(AA1)], is well defined for some positive A, then
cases (i), (#4) and (i4i) will be equivalent to g + ¢/(0) < 0, g+ ¢'(0) = 0 and g+ ¢'(0) > 0
respectively. This will be the case in the rest of the paper.

Moreover, let us note that in the regime (i), we can have liminf;, . Y¥; = 0 a.s. but
Y; a.s. does not tend to zero. For example, if =0 and o0 =0, Y; = exp(gt + A;), hence
lim sup;_,, Y3 = o0.

Assumption (ii7) of the corollary does not imply that {lim; . Y; = 0} = {3t : Y; = 0}.
For example if p(dx) = 27?1 yyde, it is not difficult to show that ¢ (u) ~ ulogu as
u — 00, and according to Remark 2.2 in [Lam08| we necessarily have P(3¢ : ¥; = 0) =
0 < P(limy—o ¥z = 0) < 1.

Proof. We know from (12) with F(s,z) = xz, that exp{—gt — A;}Y; is a non negative
local martingale, thus it is a non negative supermartingale and it converges a.s. to a non
negative finite random variable W. This leads to the result for the first two cases.



In the case when (A + gt)¢>0 drifts to +o0, we should now prove that P(W > 0| A) >0
a.s. According to Lemma 18 in Section 6, there exists a non negative increasing function
h on RT such that for all A > 0,

Yo(\) < AR(N) and  c(A) = /Ooh<e(9t+At))dt<oo a.s.
0

We can now show that conditionnally on A there exists a positive lower bound for
v:(0,1, A), for t > 0. For every (¢, \) € (R%)?, the solutions of (8) are non decreasing on
[0,¢], thus for all s € [0,¢], vi(s,1,A) <1, and

(e 9 By (s,1, A)) < eI By (s, 1, A)h(e 9 Aoy (s, 1, A))
< eTITBY, (5,1, A)h(e7ITAY),
Then

aasvt(sa 17 A) < ’Ut(S, 17 A)h(e_gs_As)'

This clearly implies,
t
—In(v:(0,1,A)) < / h(e 9789 ds < ¢(A) < 0o,  as.
0

Hence, for every ¢t > 0, v;(0,1,A) > e=“4) > 0. Then from (12),
E,(exp(=AW) |A) = exp ( - ytlim v(0, 1, A)) <1

and P(W >0 | A) > 0.
Moreover, since Y satisfies the branching property conditionally on A, we can show
(see Lemma 19 in Section 6) that

(W=0)= {tlim Y, = o} as.,
which completes the proof. O

We now derive a central limit theorem in the supercritical regime that only requires a
second moment assumption.

Corollary 3. Assume that (A + gt)i>o drifts to +oo and (13) is satisfied. Then, under
the additional assumption

/ (log(x))?v(dz) < oo, (14)
(0,e~1Ule,00)

conditionally on {W > 0},
log(Y;) —mt 4

p\/{f t—o0

d . . . .
where — means convergence in distribution,

N(0,1),

mimg+ / log(a)v(dz) < oo,  p* = / (log(#))?v(dz) < oo,
{|log(z)|>1} 0

and N(0,1) denotes a centered gaussian random variable with variance equals 1.



Proof. We first establish a central limit theorem for the Lévy process (gt + As,t > 0)
under the assumption (14) which relies on Theorem 3.5 in Doney and Maller [DM02] (the
details can be found in Section 6.5). We get

gt+ Ay —mt 4
pﬁ t—o0

From Corollary 2 part iii), on the event {WW > 0}, we then have

N(0,1). (15)

log(¥) — (gt + Ar) ——— log(W) € (00, 0),

and we conclude by using (15).

3 Speed of extinction of CSBP with catastrophes

In this section, we first consider the stable CSBP with a deterministic growth g € R,
before deriving the result for some general class of CSBP.

3.1 The stable case
We assume in this section that
(A = gA+ e AT (16)

for some 3 € (0,1], ¢4 > 0 and ¢ in R. In this particular case, the backward differential
equation (8) can be solved and we get

Proposition 4. For all zo >0 and t > 0:

t -1/
Py (Ys >0)=1—-E [exp {—xo <c+/ e_/@(ASJrgs)ds) }] . (17)
0

Moreover,
P, (there erists t > 0; Y, = 0) =1,

if and only if the process (At + gt,t > 0) does not drift to +occ.

Proof. We solve equation (8) with ©(A\) = g\ + cx AT As ¢g(A) = e ML a direct
integration yields

)

t -1/8
ve(u, t,\) = [c+/ e ABsH9) gs /\6}

t -1/
exp {xo (C+/ e ABsHgs) g5 4 )\_5> }] . (18)
0

The expression for the absorption probability is a direct application of (18). Indeed letting

A goes to 0o, we get
t -1/
exp R —Io <c+/ eﬁ(Aﬁgs)ds) .
0

9

so that

Exo [e_AZt} = Emo

Pxo (Kﬁ = 0) = IE960




Ag+gs)

The mapping ¢ +— fot e A ds is a.s. increasing. Thus,

/ e ABH9)qs e Ry U {0},
0

is well defined. Hence, the process (Zt, t > 0) converges in distribution as ¢ — oo towards
the r.v. W (already defined in the case i) of the Corollary 2) whose distribution is
specified by

= -1/8
]Ewo |:€_>‘W:| = ]Ez() [eXp {_i'o (C+/O e_ﬂ(AS+gS)dS + )\_ﬁ> }] .

Letting A — o0, we get by monotone convergence

1SS -1/
P, (W =0) = E,, [exp {—:co (C+/ e_ﬁ(A“LgS)ds) }] . (19)
0

Finally, according to Theorem 1 in [BY05] we have [ e PBst95)ds = oo, as. if and
only if the process (A; + gt,t > 0) does not drift to +oo. Adding that P, (3t > 0;Y; =
0) = 1tlim P, (Y: = 0) and using (17) and (19), we get that

—00

1 =P, (W =0) =P, (3t > 0,Y; = 0)
if and only if the process (A¢ + gt,t > 0) does not drift to +oo. O

In what follows, we assume that the Laplace exponent of the Lévy process A is well-
defined for some positive real number, i.e.

p(\) = log E[e*P1] for X € [0, Omaz),

where 0,0, = sup{A > 0, ¢(\) < co}. In other words, f[e 00) 2v(dz) < 00 if A € [0, Opmas)-
We get then the main result of this paper, where we recall that ¢’ is non decreasing.

Theorem 5. We assume that 1 satisfies (16).

a/ If ¢'(0) + g < 0 (subcritical case) and Oy,q, > 1, then we have the following three
asymptotic regimes

(i) If ¢'(1) + g < O (strongly subcritical regime), then there ewists ¢ =
dy (3, Z/)C_T_l/ﬂ > 0 such that for every xg > 0,

Puy (Y: > 0) ~ cpzoet@+9), as t— oo.

(i) If ¢'(1) + g = 0 (intermediate subcritical regime), then there exists cy :=
da (3, V)cjrl/ﬁ > 0 such that for every xg > 0,

Py (Y: > 0) ~ Cont_l/Qet(¢(1)+g), as t— oo.

(ii1) If '(1) + g > 0 (weakly subcritical regime) and Opar > B+ 1, then for every
xo > 0, there exists c3 := c3(xo,¥,v) > 0 such that

Py (Y: > 0) ~ 03t73/2et(¢(7)+97), as t— oo,

where T is the root of ¢’ + g on 10, 1].

10



b/ If ¢'(0) + g = 0! (critical case) and Opar > B, then for every xo > 0, there exists
cq = cq4(x0,,v) > 0 such that

Puy (Y: > 0) ~ cqt ™12, as t— oo.

Proof. From the Proposition 4 we know that

t —-1/8
exp{—xo <C+/ e—ﬁ(As+98)d8) }
0

t
=FE {F </ e_ﬁKSds>] ,
0
where F(z) = 1 — exp{—zo(c;2)"/8} and K, = A, + gs.
Since F satisfies (26), the result is a consequence of Proposition 8 whose statement and
proof are deferred to Section 5. O

Py(Y: >0)=1—-FE

In the case of the CSBP without any catastrophes, the subcritical regime is reduced
to (i). The critical case differs from b/, since then the asymptotic behavior is given by
1/t.

This result can be compared to the regimes which appear in the literature of
discrete (time and space) branching processes in random environment (see e.g.
[GLO1, GKV03, AGKVO05]), even if the proofs do not use directly the corresponding
results.

Besides, in the continuous framework, such asymptotic regimes for the survival prob-
ability of Feller diffusion whose drift varies following a Brownian motion appear in [BH12|.

In the strongly and intermediate subcritical cases (i) and (ii), E(Y;) gives the good
exponential rate for the decrease of the survival probability, ¢(1) + g. Moreover the
probability of non-extinction is proportional to the initial state x¢ of the population, and
to cjrl/ P This observation follows from the following equivalence

E[F ( / teXp(—ﬁ(AergS))ﬂ ~E |0 (C+ / teXp(—ﬂ(AergS)))w], as oo,

and we refer to the proof of Lemma 11 and Section 5.4 for details.
In the weakly subcritical case (iii), the exponential rate of decrease of the survival
probability is ¢(7) + g7. The latter is strictly smaller than ¢(1) + g, indeed

¢(r) + g7 = min {$(s) +gs} < (1) +g.

In fact, as it appears in the proof of this theorem (see Section 5), the quantity which
determines the scale of the asymptotic behavior in all cases is linked to E[e!t], where
I .= infse[O,t](As + gS).

Let us note also that c¢3 and ¢4 may not depend linearly on zg. We refer to [Ban09| for a
result in this vein for discrete branching processes in random environment.

We exclude the degenerated case v =0, g = 0.
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3.2 Beyond the stable case.

In this section, we want a similar result as in Theorem 5 for CSBP’s with catastrophes
when the branching mechanism %)y is not stable. In order to do so, we may compare
1o with a stable branching mechanism. For some technical reasons, we assume that the
Brownian coefficient is positive and the associated Lévy measure p satisfies a second
moment condition. It allows us to obtain the following result from the Feller diffusion
case in Theorem 5, i.e § = 1.

Corollary 6. Assume that f(o o) 22 u(dr) < co and o2 > 0.

a/ In the subcritical case, i.e. ¢'(0)+ g <0, if Omaz > 1, we have the following three
asymptotic regimes

(1) If ¢’ (1) + g <0, there exist 0 < ¢1 < ¢} < 0o such that for every xo,
Clxoet(¢(1)+g) <Py (Vi > 0) < cflxoet(qb(l)w) (t >0).
(it) If ¢'(1) + g = 0, there exist 0 < ca < b, < 00 such that for every xo,

021:075_1/2et(¢(1)+9) < Py (Vi > 0) < 0’21;075—1/2615(@5(1)4'9) (t >0).

(ii1) If ¢'(1) +g > 0 and Opax > B+ 1, for every xg, there exist 0 < c3(xp) <
c5(xg) < oo such that

cs(zo)t 32t @M H7) < Py, (Y: > 0) < Cg(xo)t—3/2et(¢(7)+97) (t>0),
where T is the root of ¢’ + g on 10, 1].

b/ In the critical case, i.e. ¢'(0)+ g = 02, if Oax > B3, then for every o, there exist
0 < eq(z0) < ca(m) < 00 such that

ca(zo)t ™2 < Puy (Y > 0) < (o)t~ 2 (£ >0).

We observe that in the proof, the assumption ¢? > 0 is required only for the upper
bounds in the previous inequalities.

Proof. We recall that the branching mechanism associated with the CSBP Z satisfies, for
every A >0

P(N\) = —gA + ?\% + /000 (e_)‘m -1+ )\x) p(dx).

So
" (\) = 202 —|—/ z2e ™M pu(de),

(0,00)

and for every A > 0

202 < "()\) < 20° +/ 22e M p(da).
(0,00)

*We exclude the degenerated case v =0, g = 0.
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Since ¢ := [ #*u(dz) < oo, then ¢ is continuous over [0, 00). By Taylor Lagrange
theorem, we get for every A > 0, ¥_(A) < ¢(A) < ¢ (N), where

Y_(N) = M (0) 4+ 02X2 and ¢y (\) = M\ (0) + (0% 4 ¢/2)N\2.

We first consider the case v(0,00) < oo, so that A has a finite number of jumps on
each compact interval a.s. We introduce the CSBP’s with catastrophes Y_ and Y, which
are both associated with the same catastrophes as Y, A, but respectively with the CSBP
(g,02,0) and (g,02 +¢/2,0). We denote u_ ; and uy ¢ their Laplace exponent, i.e. for all
(\ 1) € B2,

E[exp{-AY,}| =exp{-u_s(N},  E|exp{-A¥;"}| = exp{-ur (V).
Thus conditionally on A, for every time ¢ such that A; = Ay, by Theorem 1,
ul (N =—t(u—y), o (N) = Y (usy),  up(A) = —d(w).
Moreover for every t such that 6; = exp{A; — A;_} > 0, it is clear that

(A w(A) uge(N)
u—g—(A)  ue—(A)  upg—(A)

and u_o(A) = up(A) = u40(A) = A. So for all £, A,

= eta

Uy +(A) <u(t,A) <u_t(N).

Now we generalize this inequality to the case v(0, 00) € [0, oo] by successive approxima-
tions. With this purpose, let A2 = (0,1—¢1)U(14¢2,00), where 0 < 1—g1 < 1 < 1+4e9
and define the Poisson random measure N;'“* as the restriction of Ny to A2 x RT. We
denote by dtv1°2(dz) its intensity measure, where v°1°2(dz) = 1{,c ge1.23¥(d7), and the
corresponding Lévy process A®1:¥2 defined by

t
AVERS :// log(z)N7"%*(ds, dz).
0 J(0,00)

We also consider the CSBP’s Y12 (resp Y2~ and Y1°2") with branching mech-
anism 1 (resp. ©_ and 1y) and catastrophes A2 via (6). Since v1°2(0,00) < 00,
from the first step we have ui'7*(A\) < w%(t,A) < wZ3*()), where as expected
Elexp{—AY"**"}] = exp{—ui;*(\)} for each x € {+,0, -}

Similarly, let A" = (0,1 —e1) U (1, 00) and define the Poisson random measure Ny'
as the restriction of Ny to A x RT whose intensity measure is given by dtv°! (dx), where
ve1(dz) = 1{zeqayv(dr). Let us fix ¢ in RY, and define Y*! the unique strong solution of

t t t
Y =Yy + / gYEids + / V202YEdB, + / /
0 0 0 J]

0,00)

t
+// (== 1) Y2 N (ds, d2).
0 J[0,00)

We already know from Theorem 1 that equation (20) has a unique non negative strong
solution. Moreover, from Theorem 5.5 in [FL10] and the fact that Ni' has the same jumps
as N7"°? plus additional jumps greater than one, we know that

vl
/ zNp(ds,dz, du)
’ (20)

€1,€
}/t 1,82 < }/;61, a.s.
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Using assumption (5), we can apply Gronwall Lemma to the non negative function ¢ —
E[Y! — Y, %2 and obtain

B[|vye - v2 || —o.

g9—0

Adding that Y#1°2 is decreasing with eo, we finally get, Y% 225 V' as g9 — 0.
Using similar arguments as above for Y12 and Y12~ we deduce

W) < U8 0) U,

Thus, when e; goes to 0, we finally obtain u4 () < wu(t,A\) < u_(A). This implies,
taking A — oo, that
P(Y,t > 0) <P(Y; > 0) <P(Y,” > 0).

The result now follows from the asymptotic behavior of P(Y,” > 0) and P(Y," > 0). O

4 Application to a cell division model

When the reproduction law has a finite second moment, the scaling limit of the Galton
Watson process is a Feller diffusion with growth ¢ and diffusion part o2. It yields the
stable case with 8 = 1 and additional drift term g. Such process is also the scaling limit of
birth and death process. It gives a natural model for populations which die and multiply
fast, randomly, without interaction. Such a model is considered in [BT11] for parasites
growing in (dividing) cells. In this model, the cell divides at constant rate r and a random
fraction © in (0, 1) of parasites goes in the first daughter cell, whereas the rest goes in the
second daughter cell. Following the infection in a cell line, the parasites grow as a Feller
diffusion process and undergo a catastrophe (at finite rate) when the cell divides. If there
is one infected cell at time 0, the numbers N; of cells and N; of infected cells at time ¢
satisfy E[Ny] = e and E[N}] = e"'P(Y; > 0), where

t ¢ t ol
Y: =1 +/ gYsds +/ V202Y,dB; +/ / (0 —1)Ys_p(ds,dd). (21)
0 0 0 JO

Here B is a Brownian motion and p(ds,df) a Poisson Point measure with intensity
2rdsP(© € df). Then Theorem 5 and Corollary 2 directly ensure the following result.

Corollary 7. a/ We assume that g < 2rE[log(1/©)]. Then there exist positive con-
stants c1, ca, cg such that

(i) If g < 2rE[©log(1/0)], then
E[N}] ~ c1e%, as t— oc.
(11) If g = 2rE [©log(1/0)], then
E[N}] ~ cot 7269, as  t— .
(111) If g > 2rE[©log(1/0O)], then
E[N}] ~ est™3/2et,  as  t— 0.

where o = minyep 11{gA + 2r(E[0*] — 1/2)} < g.
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b/ We assume now g = 2rE [log(1/0)], then there exists c4 > 0 such that,

E[N/] ~ cst™ 2™, as  t— oo.

¢/ Finally, if g > 2rE [log(1/0)], then there exists 0 < c5 < 1 such that,
E[N}] ~ cse™, as t— oo.

Hence if g > 2rE [log(1/0)] (supercritical case c¢/), the mean number of infected cells
is equivalent to exp(rt), which is the mean number of cells. In the critical case (b/), there
are a bit less infected cells, owing to the additional square root term. In the strongly
subcritical regime (a/ (i)), the mean number of infected cells is of the same order as the
number of parasites. It let us think that parasites do not accumulate in some infected
cells. The asymptotic behavior in the two remaining cases is more complex.

We stress on the fact that fixing the growth rate g of parasites but making the law
of the repartition © vary make change the asymptotic behavior of the number of infected
cells (when E[©1log(1/©)] goes beyond g/2r). For example, let us fix the growth rate
of parasites g and the rate of division r of the cells such that ¢ < rlog2. It yields
g < 2rE[Olog(1/0)] for ©® = 1/2 a.s. We make now increase the entropy of the repartition
of parasites E [© log(1/0)] (the function x — xIn(1/z) is strictly concave on [0, 1] and null
at the boundaries). In the domain g < 2rE [O©log(1/0)], the growth rate of the number
of infected cells is unchanged. A threshold appears when E [©log(1/0)] = ¢g/2r. Then,
this growth rate decreases and the number of infected cells grows slower and slower. Such
phenomena have already been observed in the discrete time, discrete space framework in
[Ban0§|.

The results can also be extend to a growth of parasites which follows a stable CSBP.
Such model appears when renormalizing a discrete model where the reproduction law of
parasites has an heavy tail.

5 Local limit theorem for some functionals of Lévy processes
We consider a Lévy process K = (K¢, t > 0) of the form
Kio=qt+o—o7  t>o0, (22)

where 7 is a real constant, o) and (=) are two independent subordinators without drift.
We denote by II, II(*) and II(-) for the associated Lévy measures of K, o(t) and ().

Our aim, in this section, is to determine the asymptotic behavior of the distribution
of the exponential functional associated to K,

¢
/ exp{—[(K,}ds,
0

where [ belongs to (0, 1].
Let us define the Laplace exponents of K, o(*) and ¢(=) by

b () = log B[], 6, (\) =logE[eM ] and ¢ (1) =logE[e ], (23)
and assume that
Omaz = sup {)\ € R+,/ AT (dx) < oo} > 0. (24)
[1,00)
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From the Lévy-Khintchine formula, we deduce

P (N) =7\ + / | (e“ - 1>H(+)(dx) + /( - (e—M . 1>H(_)(dx).

(0,00

Finally, we assume that E(K?) < oo, which is equivalent to

/ 2*TI(dz) < oo. (25)
(—00,00)

We are interested in the asymptotic behavior at infinity of

or(t) =& [F ([ ep-sras)|.

where I belongs to a particular class of functions on Ry. We will focus on functions which
decrease polynomially at infinity (with exponent —1/3) in order to get a fine estimate
which yields the four asymptotic regimes in Theorem 5.

Proposition 8. Assume that F is a positive non increasing function such that for x > 0
F(z) = Cp(z + 1) Y81+ (1 4 x)—%(x)] : (26)

where ¢ > 1, Cr is a positive constant, and h is a Lipschitz function which is bounded.
Then we have the four following regimes

a/ (Subcritical case) If ¢ (0) < 0

i maz > 1 an < 0, then there exists a positive constant c¢i such tha
) If 6 1 and ¢ (1) < 0, then th st ti tant h that
ap(t) ~ e M 45t — .
i maz > 1 an = 0, then there exists a positive constant ca such tha
i) If 0 1 dlKl 0, then th 5t 11 tant h that
ap(t) ~ cgt 72?0 s 0.

(iii) If Omax > B+ 1 and ¢ (1) > 0, then there exists a positive constant c3 such
that
ap(t) ~ cst 32?0 gt 0,

where T is the root of ¢ on 0, 1].

b/ (Critical case) If Omaz > B and ¢ (0) = 0, then there ezists a positive constant cy
such that

—-1/2
)

ap(t) ~ cat as t— 0.

This result is proved in Section 5.4. It generalizes Lemma 4.7 in Carmona et al.
[CPY97] in the case when the process K has paths of bounded variation. We also note
that the result of Carmona et al. does not have a precise asymptotic behavior when

Pr(1) = 0.
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The behavior of ap(t) is determined by the shape of ¢, which is the Laplace exponent
of K. This function is convex and zero at the origin and four different regimes appear
according to the sign of ¢ on [0, 1].

The assumption on the tail of F' as x — oo is finely used to get the asymptotic behavior
of ap(t). Lemma 21 gives the properties of F' which are required in the proof.

The strongly subcritical case (case (i)) is proven using a continuous time change of
measure. For the other cases, we divide the proof in three steps. The first step consists in
discretizing the integral f(f e PKsds by introducing for every (p,q) € N x N* the random
variable

P p 1—1
Apg = exp{—pEK;} => ] eXP{ — B(K(+1)/0 = Kj/q) } (27)
i=0 i=0 j=0

Secondly, we study the asymptotic behavior of the discretized expectation :

Foqi=E[F(Ay4/a)] (a€N), (28)

when p goes to infinity. This step relies on Theorem 2.1 in [GL01|, which is a limit theorem
for random walks on an affine group and generalizes theorems A and B in [LPP97].
Finally, we prove that the limit of F|4 4, when ¢ — oo, and ap(t) both have the same
asymptotic behavior when ¢ goes to infinity.

Remark 1. Let us mention limit behaviors in the discrete setting, which have comparable
forms as our results. A BPRE (X,,,n € N) is an integer valued branching process, specified
by a sequence of generating functions (fn,n € N). Conditionally on the environment,
individuals reproduce independently of each other and the offsprings of an individual at
generation n has generating function f,,. We present the results of Theorem 1.1 in [GKO00]
and Theorems 1.1, 1.2 and 1.3 in [GKV03] (to lighten the presentation, we do not specify
here the moment conditions).

In the subcritical case, i.e. E[log(f}(1))] < 0, we have the following three asymptotic
regimes when n goes to oo,

P(X,, > 0) ~ can, as  n — oo,

for some positive constant ¢ and

ay = E[fé(l)}n, an = n’l/QE[fé(l)}n and a, =n /2 < min E[(fé(l))ﬂ)n,

0<s<1

if respectively E[f)(1) log(f(1))] is negative, zero or positive.
In the critical case, i.e. E[log(fj(1))] = 0, we have

P(X, > 0) ~ en~ V2, as  n — 0o,
for some positive constant c.

5.1 Discretization of the Lévy process

The following result, which is a direct consequence from the definition of Lévy pro-
cesses, allows us to concentrate our attention on A, 4, which was defined in (27).
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Lemma 9. Lett > 1 and q € N*. There exist two random variables C\| 4| 4 and D|g—14
such that

1 . !
56 BIWI/qDthqu S/o e PEsqs < geﬁlvl/qqm,q,

and for every (p,q) € N x N*,

() (d)

UpyApa  and  Cpg 2 V) Apg,
where the couple of r.v. (Ul/q, Vl/q) is independent of Ay, and has the same distribution

(+) ( )
as (e “1/a e 1/0)

Proof. Let (p,q) be in N x N* and s in [%, p—] Then

D,

Ko < Kpjt lfa+ [0y jg = o) and Ko > Koy = 1l/a =100, )1 = 7, (29)
Now introduce

1 _ (+) (B _(+) (2) (=) (=) =)
Kp/q_Kp/q+[U(p+1)/q Up/q] T1/q and K/q K/q [U(p+1)/q p/q]+01/q

Then, we have for all (p,q) € N x N*

(Ko, K1 gy o Kpp) 2 (KD, K KD

(d) 2 2
o p/q) (Ké ),K( ) K®

1/q > p/q)'

K@ ) is inde-

Moreover, (Kél),K(l) K(l)) is independent of Ug-/i_q) and (KSQ),Kﬁz, K

g plg
pendent of 057). Finally, the inequalities in (29) lead to,

Lgt)
1 -8(n/atat))) Z e*ﬁKf/l; </ ﬁstS< (Ivl/q+a§/;)ze—ﬁK§2’
9 0 ¢ =0
which ends the proof. O

5.2 Asymptotical behavior of the discretized process

We first recall Theorem 2.1 in [GLO1], in the case where test functions do not vanish.
This result is the key to obtain the asymptotical behavior of the discretized process.

Theorem 10 (Giuvarc’h, Liu 01). Let (an,bn)n>0 be a (R%)? valued sequence of iid
random variables such that Ellog(ap)] = 0. Assume that bo/(1 — ap) is not a.s. constant
and define Ag =1, A, = Hz;é ar, and B, = ZZ;OI A;b;, for n > 1. Let n,k,\ be three
positive numbers such that Kk < A, and ¢ and ¢ be two positive continuous functions on
R, such that they do not vanish and for a constant C > 0 and for every a > 0, b > 0,
b >0, we have

~ L - C _ .

$(a) < Ca”, P(b) < At and  [(b) — ()| < Clb = V[,
Moreover, assume that

Elaf] < oo, Elay"] <oo, E[b]] <oo and Elay"b,"] < oc.

Then there exist two positive constants ¢(¢, ) and c¢() such that

lim 73/2E [&(Anw(Bn)} —c(d,d)  and  lim n'/2E W(Bn)] = c(4).

n—oo n—oo
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Recall the definition of A, , and F,, in (26) to (28). The three following Lemmas
study the asymptotic behavior of their expectations in the regimes (ii), (iii) and b/.

Lemma 11. Assume that |¢/(0+)] < 00, Omaz > 1 and ¢ (1) = 0. Then there exists a
positive and finite constant co(q) such that,

Fp,qNCFCQ(q) (p/q>7l/26(p/q)¢K(l)a as D — o0, (30)
and
E |(Apa/a) "] ~ea(q) (p/a) 2@/ 0 D, a5 p— oo, (31)
Proof. Let introduce the exponential change of measure known as the Escheer transform
PO
d = MmOt for X € [0, Omazl, (32)
dP |,

where (F;)i>0 is the natural filtration generated by K which is naturally completed.
The following equality in law

qu =e ﬂKp/q (Z@ Kp/q—Kisq ) _5K p/q (ZQBKZ/LI>

leads to e~ (P/D¢x ()R [A Uﬁ} EM) [fl;é/ﬁ} , where A, , = Y7 ePi/a. Let e > 0 such
that (47) holds and observe that A, , > 1 for every (p,q) in N x N*. Thus,

M| fj=0+8)/B| « () | 1=1/B| « g1) : —Kisq|
B0 [A;(+9/9] <50 [419] <E mwe ]

Since ¢-(1) = 0 and E[K?

i/g] <00, Theorem A in [Koz76] yields

EMD Le[(i){g]’mNe—Ki/q] ~ Cq(p/q)—l/Q, as  p— oo,

where Cy is a positive finite constant. Define for z > 1

Dy(2,p) = (v/a)*ED [ 4,27).

Note that there exists pg € N such that for p > po, Dy(1,p) < 2C,.
Our aim is to prove that Dy(1,p) converges to a finite positive constant da(q). Then,
we introduce an arbitrary x € (0, (Cp/M)Y2q=1/8) and apply Theorem 10 with

Y(z)=F(2), o(z) =270 (n,m, ) = (1,1/(28),1/5)-

Under the probability measure P(}), (@, bp)n>0 = (eﬁ(K(”H)/q_K”/q),J:*ﬂq*l)nzo, is an
iid sequence of random variables such that E()[log(ag)] = 0, as ¢} (1) = 0. A simple

computation gives us
E(l)[aal] e(Pr(1=B)=¢r(1))/q4 ~ .

This implies that the moment conditions of Theorem 10 are satisfied. In this case,
n—1
B, = qilafﬁZeﬁKi/‘Z, n € N*.
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Thus, there exists a positive real number b(q, ) such that

(p/Q)l/ZE(l) [F(x_ﬁflp’q/q)} — b(q,x), as p— 0.

Now, we define liminf, .o Dg(1,n) = D, and limsup,, ., Dy(1,n) = D,. Taking expec-
tation in (47) yields

(p/q)"/*EW [F(ﬂfﬁflp,q/m - Cqul/ﬂDq(l,p)‘ < Mz'*+qU+9/8D (1 + €, p).

Let n; and my be two increasing subsequences in N such that,

D(1,n;) — Dy and D,(1,my) — D,.

k—oo k—o0

As Dy(z,p) is decreasing with respect to z, we have for all £ in N,

(Craq"/? + Mo /) Dy (1,my) = (n1y/0) /*ED |F (277 Ay a/a)]
and

(Craq"/? = Ma'*<qU /) Dy (1,my) < (/) B [F (270 Ay afa) | -

This implies, taking k£ — oo, that

b(g, x) - b(q,z)
<
D = Cqul/ﬁ —i—M:BH'g (1+e)/ﬁ >0, Dq — Cqul/ﬁ _ Mxl—i-sq(l—i-s)/ﬁ < 00,
and (140)/6
— 4MC,xc €
Dy~ D, < Cqzq
Cr

Finally, letting  — 0, we get that Dy(1,p) converges to a finite positive constant da(q),
which gives (31).
Using (47), we get
E’Fpﬂ - Cr (Ap,q/Q)_l/ﬂ ’ <E {(Apﬂ/q)—(l‘*f)/ﬂ 7

o (30) will be proved as soon as

E[A;gl+€)/ﬁ]:0<E[A;é/ﬁb, as  p — oo.

From the Escheer transform (32), with A = 1 + ¢, and the independent increments of
K, we have

E[A;gl+a)/ﬁ] - e(p/q)¢K(1>E(1)'(ie—mm) W@:eﬁ( e m,) 1/6]
- i=0

< @k WOED[ it o Kisa  inf e Kpjam j/q>]
Lo<i<[p/3] 12p/3]<j<p

— wekMEO [ iuf eaKi/q}Em[ inf e—Kj/q}_
Lo<i<|p/3] 0<j<|p/3]
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Using (25), we observe that E(l)(Kl/q) = 0 and E(l)(K%/q) < 0o. We can then apply
Theorem A in [Koz76] to the random walks (—Kj/4)i>1 and (K;/q)i>1. Therefore, there
exists ¢ > 0 such that

IE[A (1+€)/ﬁ] (c/p)e p/Q)¢K(1):O< [ pé/ﬁD’ as  p— oo.

Taking ¢o(q) = da(q)q"/? leads to the result. O

Remark 2. In the particular case when G = 1, it is enough to apply Theorem 1.2 in
[GKV03| to a geometric BPRE (X,,,n > 0) whose p.g.f’s satisty

anq 1 _ qns

with 1/p, = 1+ exp {ﬁ( (n+1)/q — n/q)} Gn = 1 — pp. Using E(Alp ) =P(X, > 0)
and log fj(1) = K4, allows to get the asymptotic behavior of E(4,,) from the speed
of extinction of BPRE in the case of geometric reproduction law (but we need the extra
assumption ¢ (2) < 00).

Recall that 7 is the root of ¢ on ]0, 1], i.e. ¢k (7) = ming<sc1Px (s).

Lemma 12. Assume that ¢ (0+) < 0, ¢ (1) > 0 and B+ 1 < bpqaz. Then there exist
two positive and finite constants d(q) and c3(q) such that

Foq ~ Cg(q)(p/q>_3/2€(p/Q)¢K(T)’ as  p— 0o (33)
and
E (Ap,q/q)_l/ﬁ ~ d(q)(p/q) 3 2e®/DK(T) s p 0. (34)
Proof. To prove these asymptotic behaviors, we apply Theorem 10 with,
() =F(2), $(z)=2"" 220, (g8 =(1,7/8,1/8).

Under the probability measure IP’(T), (@n, bn)n>0 = (e_B(K(nH)/q—Kn/q)7 q_l)nZ()u is an
iid sequence of random variables such that E(™[log(ag)] = 0, as ¢4 (7) = 0. The moment
conditions

£ [ag/ﬁ] —e D/l c oo and  EM[ag!] = @G0k < oo,

enable us to apply Theorem 10. In this case,

n—1
B, = q_lze_ﬁm/q, n € N*
i=0

Then there exists c3(g) > 0 such that
E[F(Apg/q)] e~ P00 = BO [F(Apg/q)e™ 0]~ esla)p/a) ™, as p— oo

This gives (33).
In order to prove

E [(40/0)™7) ~ dl@)(p/a) 265, as p o
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for d(q) > 0, we follow the same arguments as those used in the proof of Lemma 11. In
other words, we define for z > 1,

Dy(2,p) = (p/q)¥2e~P/Dox(E [ A};;/ﬁ} :

which is decreasing with respect to z. We obtain the same type of inequalities as in the
Lemma 11, for the random variable A instead of A.

Again we take € > 0 such that (47) holds. Then from Lemma 7 in [Hir98|, we know
that there exists C; > 0 such that for p large enough,

(e ~1 i -K; —3/2 T
E [Ap,g + )/ﬁ} <E [Ap’q/ﬁ} <E LE[é%ﬁﬂNe /q] ~ Cyp /2(P/ D)k ( )’

then we use Theorem 10 to get 0 < liminf, .o Dy(1,n) = limsup,,_,,, Dy(1,n) < oo,
which ends the proof. O

Lemma 13. Assume that ¢ (04+) = 0 and 5 < Opaz. Then there exist two positive and
finite constants b(q) and c4(q) such that

Epg~ca(@)(p/a)™% as p— oo, (35)

and

E|(4pa/a) ] ~ b(@)p/0)2 as p— oo (36)

Proof. The proof is almost the same as for the Lemma 12. We first apply Theorem
10 to the same function ¢ and sequence (ap,by)n>0 defined in Lemma 12 but with the
probability P instead of P("). Then, we get

E[F(Ap,q/q)] ~ci(q)(p/q)?, as p— oo

We then define for z > 1,

Dy(2,0) = (p/a)/*E 4557
and from Theorem A in [Koz76] and Theorem 10 , we obtain that Dg(1,p) has a positive
finite limit when p goes to infinity. O
5.3 From the discretized process to the continuous process

Up to now, the asymptotic behaviors of the processes depend on the step size 1/q. By
letting g tend to infinity, we obtain our results in continuous time. Recalling the notations
(30) to (36), we prove the following limits :

Lemma 14. There exist five positive finite constants b, d, ca, c3 and c4 such that

(b(Q)v d(Q)? €2 (Q)v C3 (Q)v 04((])) - (b7 d, ¢z, c3, 64)7 as g — 0. (37)

Proof. Let us first prove the convergence of d(q). From Lemma 9, we know that for every
n € N*

elo-M=hD/aR [(Anq,q/Q> _l/ﬂ} E [( fO” e*ﬂ&du) _l/ﬂ}
n—3/2endx () < n—3/2en¢K (1)

o(6+()+1D/ag K Ayt /q) -1/ 5}
S22 n—3/2en¢K (1) )




A direct application of the Lemma 22 with
a(q) = d(q), ¢ (¢) =e»=W=I/a and ct(q) = e+MHhD/a,

yields that d(q) converges as ¢ — oc.

Similar arguments lead to the convergence of b(q) and we now prove the convergence
of c2(q), c3(q) and c4(q). Again the proofs of the three cases are very similar, so we only
prove the second one. From Lemmas 9 and 12, we know that for every (n,q) € (N*)2,

E[F (A1) Angy/a)] < ar(n) <E[F(ePV0D, Ay 14/)].

Using (50) and dividing by n~3/2 exp(n¢x (7)), we obtain

Frgq + ME [e—h‘/qvl;; _ 1} - [(ﬁlq)_ﬂ:|

ap(n)
n—3/2endK (1) — n=3/2en¢K(T)

Fog-14+ ME [e”‘/qu/}z —~ 1} E {(Anqq—lq)ﬂ

- n—3/2endK (7) ’
Lemmas 12, 22 and equation (50), where a(q) = c3(q),
Md(q)(e(ﬁ(l)*h\)/q —-1)
c3(q)
yield the result. O

Md(q)(e(m(l)ﬂv\)/q —-1)

@) =1+ @

c (qg)=1- and ¢

5.4 Proof of Proposition 8

Proof of Proposition 8 a/ (i). Recall from Lemma II.2 in [BLGO00] that the process (K¢ —
Ki_9-,0<s< t) has the same law as (K;,0 < s <t). Then

t t t @ t
/ e s s :/ e Pu-9ds = e_ﬁKt/ KB -0 g = e_’BKf/ s ds.
0 0 0 0

We first note that for every ¢ € N* and ¢ > 2/¢q, Lemma 9 leads to

t -1/B 2/q
(/ e_ﬁKSds> < E / e PKsds
0 0

< ql/ﬁehl/qE(U;/q/ﬁA;;/ﬁ>

+
— MBexp <¢K(1) + |Z’ + ¢K(1)) < o0,

-1/B
E

where ¢}, was defined in (23). Hence using the change of measure (32), with A = 1, we

have
t -1/p t -1/8 ¢ —1/8
</ e_ﬂKSdS) ] _E [eKt </ 65K5d8> ] — tex (D) </ 66K5d8> ] )
0 0 0
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The above identity implies that the decreasing function ¢ — E(1) [(f(f ePKsds)=1/9] is finite
for all £ > 0. So it converges to a non negative and finite limit ¢;, as ¢ increases. This

limit is positive, since under the probability P, K is still a Lévy process with negative
mean EM (K;) = ¢4(1) and according to Theorem 1 in [BY05], we have

/ P ds < 00, P _a.s.
0

It remains to prove that

ap(t) ~ CFE[(/teﬁsts>_l/B], as t— o0.
0

Recall that €pe, > 1 and ¢ (1) < 0. So we can chose ¢ > 0 such that (47) holds,
1+€ < Omaz, ¢x(1+¢) < px (1) and ¢ (1 +¢) < 0. Then

t t -1/8 ¢ —(1+e)/B
F </ e_ﬁKSds> - </ 6_5K5d8> <M </ 6_5K5d8> .
0 0 0

Thus, we just need to show that

t —(1+¢)/B
</ e_ﬁKSds> ] =o(exM)) as  t — oo,
0

It is achieved by a new change of measure (32), with A =1+ ¢,

t —(1+e)/8 t —(1+¢)/8
(/ eﬁKf’ds> = E |tk </ eﬁKSds>
0 0
t —(1+e)/8
_ ox(e)p(te) [(/ eﬁsts) ] .
0

Again using Lemma 9, we obtain for ¢ > ¢/2,

E

E

14¢

. ( /te_mds) ﬂ] . q<1+5>/gexp(¢f<<1+s>+|v|<1+s>+¢;<1+e>)<oo
0

q

which ensures that the decreasing function ¢ — EQ+)[( [T ¢fKsds)=(1+2)/] is finite for all
t > 0 and gives the result. O

Remark 3. In the particular case when § = 1, it is enough to apply Theorem 1.1 in
[GKVO03]| to the geometric BPRE (X,,,n > 0) defined in Remark 2 to obtain the result.

Proof of Proposition 8 a/ (ii), (iii), and b/. Proofs are similar for the different regimes,
so we only focus in the proof of the regime in a/(iii).

Let ¢ > 0 and ¢ € N* such that ¢ > 1/¢ and (1 —€)cz < ¢3(q) < (1 + €)cs. Then for
every t > 1,

F\_qt],q +E F(C\_thqem’YV‘]/q) —Fl_thq S aF(t)

< Flg)14 +E F(thtJqueiﬂM/q/Q)] = Flgt)1,0:
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Applying (50), we obtain :
‘E[F(Cthj efliasq) ] Flyta ‘ (1 —esyl=e-(1 )))ME[(Athqu/q)—l/ﬁ},
[E[F(Dyg1j1.06™/0/0)] — Flgeeya| < @090 - 1)ME[ (A1) 1/0) 7).
When t goes to infinity, we can bound both terms by

h(e)t—8/2etex () = [2 Md(es(nHe+ (L) _ e—f(lvl—¢—(1)))e—a¢K(7)] 32601 (38)

where ¢_ and ¢, are defined in (23), and h(e) goes to 0 with €. On the other hand, for
t large enough

(1—2e)est™ 3/20t0K (1) < Flatlg < Flgt) 14 < < (14 2¢)est™ 3/2 tox (T )

which ends the proof of Proposition 8. O

6 Auxiliary results

This section is devoted to the technical results which are necessary for the previous
proofs.

6.1 A local martingale

To prove the expression of the Laplace exponent of Z in Theorem 1, we used a local
martingale, which is determined below via [t&’s formulae.

Lemma 15. For every F € C12(RT,R), conditionally on A,

62

F(t, Z) — F(0, Xq) — o

= _F(s, Zs)o2e 95 R Z ds—/ s, Zs)ds

t o0 . .
—/ / Y F(S,ZS + ze 9578 — F(s, Z,) — 2F(s Z)ze 95 A ) (dz)ds,
0o Jo ox

1s a local martingale.

Proof. First, we apply 1t6’s formula to Z and

7 = Yo+/ e 9525 /252Y,dB, +g/ Yye 95 Rsds

/ / /56 95=8s= 2 No(ds, dz, du) / Y,e 95 s ds
+/ / Ze_gs_AS*_log(z) —e_gs_A5*>YS_N1(ds,dz)
0 J[0,00)
t t 00 Ys— _
:Yo—i—/ e_gs_As\/Mst—i-/ / / €_gs_AS_ZN0(dS,dZ,dU>,
0 0 JO 0

which is a local martingale.
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Now, again from It6’s formula, we have

. t
F(t,Zy) :F(O,YO)+/ aaF(s Z,)e 958\ /252Y,dB,
0

Lo 273A
+ 8x2F(SZ) g st—l—/FsZ

Y, B _ N
+ / / / <F(s, Zy + ze957Rs) — F(s, ZS,))NO(ds, dz,du)
0 JO 0

t proo . .
+/ / Y;(F(s, Zg+ 26”9578 — F(s, Zg) — EF(S Z)ze 957 ) (dz)ds.
o Jo Oz

It yields the expected local martingale, conditionnaly on A, and ends up the proof. O

6.2 Existence and uniqueness of the backward ODE

The Laplace exponent of Z in Theorem 1 is the solution of a backward ODE. The
existence and uniqueness of this latter are stated and proved below.

Proposition 16. Let 6 be a cadlag function on RT of bounded variation. Then the
backward ODE (8) admits a unique solution.

The proof relies on a classical approximation of the solution of (8) and the Cauchy-
Lipschitz theorem. When there is no accumulation of jumps, the latter ensures the exis-
tence and uniqueness of the solution between two successive jump times of §. The problem
remains on the times where accumulation of jumps occurs. Let us define the family of
functions 6™ by deleting the small jumps of ¢,

57 =0 = Y (8 = 8 ) 15,5, <1/m-

s<t

We note that vy is continuous, and s — e951% is piecewise C'(R*) (with a finite
number of discontinuities). From the Cauchy-Lipschitz Theorem, for every n € N* we
can define a solution v}(., A,d) continuous with cadlag first derivative of the backward
differential equation:

9 n gs+a% —gs—0% n n
95t (s,A,8) = e9* 59 (e sui'(s,A,0)), 0<s<t, v (E, A, 0) = A

We want to show that the sequence (vf'(., A, 0))n>1 converges to a function v(., A, d)
solution of (8).

Then the proof of this proposition follows from the next result. Let t be fixed and

S:= sup {egSMS, 679376?}. (39)
s€[0,t],neEN*

Lemma 17. For every A > 0,
(i) we have

I:= 0<s1<r%f1<nv (s,\,9) >0, (40)
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(ii) there exists a positive finite constant C such that for all IS™' <1 < k < \S,
0 < to(r) = to(n) < C(k—n). (41)

Proof. First, we observe that S is finite. Now, using that « — e~ + z is increasing on
R% and the Taylor-Lagrange’s formula to z + ™%, we can check that for all 0 < n <
and x >0

e — e 4+ (k—n)x

(k —mn)z

<14+ 271 (42)

0<

In order to prove (i), we first note that ¥o(A) > 0 for all A > 0. Moreover, if there
exists 0 < sg < t, such that v}’(sg, A, d) = 0, then v}’(s, A, d) equals 0 for every s € [so, t]
since 1(0) = 0. Hence v{(., A, d) is non decreasing and

vy (s, A, 0) € (0, A] for all se0,t] and n > 1. (43)
Moreover 1) is increasing and for all s € [0,¢], and n > 1:
95T 4pg (e 795705 v (5, A, 6)) < Seho(Svp(s, A, 9)),
where S is the constant defined in (39). On the other hand, note that for all 2 > 0,
0<e™®—1+z<aAa? (44)

then for all 0 < v < AS, we get

o(v) < [)\S(/Ol 22p(dx) + 02) + /10O :L‘u(d:n)}v := Bu.

Putting all the pieces together, we deduce that for all 0 < s < ¢,

aasvf(s, A, 0) < SBvj(s, A, 6),

and since vj'(t, A, 0) = A, we have
vl (s, A, 8) > Xe¥BETD - forall s € [0,1].

We get (i) by defining I = Ae™ 95

Finally, we note that for all IS™! <5 < r < AS,
Yo(K) — to(n)
=t =i+ [ (7 = e (e e )

+(k—mn) /01 x(1—e ™)u(dx) + /01 (67(”*’7)93 —14+(k— n)x) e " pu(dx)

<o =)+ (e ) (14 U [ antao

1 1
+ (k- n)n/o 2 p(de) + (k — 77)2/0 2?pu(dx)

G2

1 00
< |2A802 + 2)\5/0 22 p(dz) 4+ (1 + 216)/1 xu(dx)} (K —m),

which proves part (7). O
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We can now prove the result of existence and uniqueness.

Proof of Proposition 16. We now prove that (vf'(s,\,d),s € [0,t])n>0 is a Cauchy se-
quence. For sake of simplicity, in what follows we denote v™(s) = v}’(s, A, d), and for all
v > 0:

P"(s,v) = egs+5?¢0 (e—gs—BQU) and 9™ (s,v) = egs+6,g¢0 (6_95_6SU).
We have for any 0 < s <t and m,n > 1:
[v"(s) — v (s)]
t t
=| [ @yda— [ oo ad

g/:R”(u)du—ir/:Rm(u)du—l—/:

where for any u € [0, ],

05, 0" () = % (0, 0™ (W) |, (45)

R"(u) =

0" (0" () = % (0" ()|

< egs+5? Yo (e—gs—dgvn(u)) — o (e—gs—ésvn(u))’ + egswo (e—gs—&svn(u)) ‘edg _ 665 )

Moreover, from (39), (40), and (41), we obtain

R™(u)

IN

SC’)\‘e_(S? s

+ eTpo(AS) ‘65? s

N

(503 + erunr8)) sup {Je% 7

which implies

n—od

t
sup {/ R™(u)du, s € [O,t]} <ts, — 0.
S
Using similar arguments as above, we get from (41),

o™ (u) — o™ (u)|.

6 07 () = 4 (0" ()| < OS2

From (45), we use Gronwall’s Lemma (see Lemma 3.2 in [Dyn91| or Lemma 4.6 in [BS47|)
with

Ryun(s) = / "R )+ / "R (),

to deduce that for all 0 < s <,
t
[0 () — 0™ (8)] < Rynn(s) + CS2C51=9) / Ry n(s)ds.

Hence for every ng € N*|

sup  [v"(s) —v™(s)| < t[l + CS2€CS2tt:| sup (Sp + Sm)-

m,n>ng,s€[0,t] m,n>ng

Thus (v"(s),s € [0,t])n>0 is a Cauchy sequence under the uniform norm. Then there
exists v a continuous function on [0,¢] such that v — v, as n goes to co. Now we prove
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that v is solution of the equation (8). By continuity, v satisfies (39) and (41). Then for
any s € [0,¢] and n € N*:

‘v(s) - /St P> (s,v(s))ds — )\‘

0, 0(5) — 0" (s, 0(s)) [ds 4 [ [0 (s.0() = 075,07 s

,se[(),t]}.

< [ols)—vnio)] + [

<ts, + (14 CS?) sup{‘v(s) —v"(s)

so that letting n — oo yields

t
‘U(s) —/ woo(s,v(s))ds—)\’ — 0.
S
It proves that v is solution of (8), whereas the uniqueness follows from Gronwall’s lemma.
O
6.3 An upper bound for

The study of the Laplace exponent of Z in Corollary 2 requires a fine control of the
branching mechanism 1)y.

Lemma 18. Assume that the process (gs + Ag, s > 0) drifts to +00 a.s. There exists a
non negative increasing function h on R™ such that for every X > 0

Yo(A) S AR(N)  and / h(e’(gHAt))dt < .
0
Proof. Inequality (44) implies that for every A > 0,

Yo(N)

IN

02)\2 + /0 ()\23321{,\x§1} + )\xl{w&l}) ,u(dac)

1 1/A ()
<02 + /0 .732,U,<d.%')) A+ )\21{)\<1}/1 p(dz) + )\/1//\ zp(dx).

IN

Now, using condition (13) we obtain the existence of a positive constant ¢ such that

)\/ apu(dz) < Mog(1 + 1/A)<1+6>/ zlog(1 + z)*pu(dr) < eXlog(1 4 1/X)~(F9),
1/A 1/A

Next, let us introduce the following function f:

1 1 1+
f(z) = M7 for z € [1,00).
T
By differentiation, we check that there exists a positive real number A such that f is

decreasing on [A, c0). Therefore, for every A < 1/A,

1/ 1/
/ Nz p(dr) < )\2/ 22 p(dx)
1 A

_ YA zlog(1 + x)1**
(1+e) €T 10g
< og (1 1/0) 9 p gy [ BT )
1/
< Alog(1+1/A)(1+€)/ zlog(1 + z)'"* u(da)
A
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Adding that for A € [1,1/4], [/ N2a2u(de) < A2 [ a2p(de) < N2A [ zp(dz) and
using again condition (13), we deduce that there exists a positive constant ¢’ such that
for every A > 0,

Yo(A) < ¢ ()\2 + Alog(1 + 1/>\)—(1+e))_

Since A2 is negligible with respect to Alog(1 +1/X)~(1+¢) when X is near 0 or infinity, we
conclude that there exists a positive constant ¢” such that

Yo(A) < ¢’ Alog(1+ 1/A)~(F2),

Defining the function h(z) = ¢’z log(1 + 1/z)~(0+9) for > 0, we get:

0< / h(e’(QHAt))dt < c”/ (gt + Ay) ")z,
0 0

which is finite since the process (gs + Ag, s > 0) goes linearly to +o0o a.s. More precisely,
one can find € > 0 such that (gs+Ag—es : s > 0) has positive expectation for s = 1, which
ensures that it goes to oo a.s. and there exists L > —oo a.s. such that gs + As > L +€s
a.s. This ends the proof. O

6.4 Extinction versus explosion

Let us here check that Y; can be properly renormalized as ¢ — oo on the non-extinction
event.

Lemma 19. Let Y be a non negative Markov process which satisfies the branching prop-
erty.

Assume also that there exists a positive function ay such that for every xg > 0, there
exists a non negative finite random variable W such that

aY; = W a.s, Py, (W >0) > 0, at =%,
—0Q
Then
(W =0} = {Yt — o} P,, a.s.
t—o0
Proof. First, we prove that
Py (limsup Y; = oo | limsup¥; > 0) = 1. (46)

t—o0 t—o0

Let 0 <z < 29 < Abe fixed. Asa; — 0 and P,(W > 0) > 0, there exists tg > 0 such that
a:=P,(Yy, > A) > 0. By the branching property, the process is stochastically monotone
as a function of its initial value. Thus, for every y > z (including y = x¢),

Py (Y, > A) > a > 0.
Let us define the following stopping times
To =0, Tip1 =inf{t > T;+ty: Yy > x} (¢>0)
For any ¢ € N*, by strong Markov property

]P).I()(YTi+tO Z A ‘ (}ft 1t S E)7 E < OO) Z .
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Conditionally on {limsup,_,., Y; > =z}, the stopping times 7; are finite a.s. and for all
0<z<z9 <A,
Pyy(Vi >0: Yy, <A, limsupY; > z) =0.

t—o00

Then, Py, (limsup,_,., ¥; < oo, limsup, ., ¥; > ) = 0. Adding that {limsup,_, Y; >
0} = Uze(0,20) 1 imsup;_, o, ¥ > o} yields (46).

Let us now consider the stopping times T,, = inf{t > 0:Y; > n}. We get by strong
Markov property and branching property,

P, (W = 0; T}, < o) = Ey, (1Tn<OOPYTn (W = 0)) < PulaYs — 0) = Pi(aY; — 0)",

t—o00

which goes to zero as n — oo, since P (a;Y; — 0) = P1(W = 0) < 1. Then,

0=Py,(W=0;¥n:T, < 0) =P, (W =0,limsupY; = o0) = P, (W = 0,limsup ¥; > 0),

t—o0 t—o0

where the last identity comes from (46). It completes the proof. O

6.5 A Central limit theorem

Finally, we need the following central limit theorem of Lévy processes in Corollary 3.
Lemma 20. Under the assumption (1) we have

gt+ A —mt g

p\/{f t—o00

Proof. For simplicity, let n be the image measure of v under the mapping = +— e*. The
assumption (14) is equivalent to f|$‘>1 22n(dz) < oo, or E[A2] < 0.

Next, we define T'(z) = n((—o0, —)) + n((z,00)) and U(z) = 2 [y yT(y)dy, and
assume that T'(z) > 0 for all x > 0. According to Theorem 3.5 in Doney and Maller
[DMO02] there exist two functions a(t),b(t) > 0 such that

N(0,1).

gt+ A —alt) 4 _ U
0 —— N(0,1), if and only if e

If the above condition is satisfied, then b is regularly varying with index 1/2 and it may
be chosen to be strictly increasing to oo as t — oo. Moreover b%(t) = tU(b(t)) and
a(t) = tA(b(t)), where

A(z) =g+/{ o zn(dZ)Jrn((l,<>0))—77((—o<>7—1))+/1 (n((y,OO))—n((—oo, —y)))dy-
z|<
Note that under our assumption 22T(x) — 0, as & — oo. Moreover, note
U(x) = 2°T(z) —|—/ 22n(dx) +/ 22n(dx),
(—z,0) (0,z)
and

A@ =g+ [ @)+ (w00 ~ (o0 ~2)).
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Hence assumption (14) implies that

Ul) —— 22(dz) = g, A@) —— g+ /R 2n(dz) = m,

T— 00 (—O0,00) r—00

Therefore, we deduce U(z)/(2?T(z)) — oo as ¥ — o0, b(t) ~ pv/t and a(t) ~ mt, as
t — o0.
Now assume that 7'(z) = 0, for x large enough. Define

QQJ)——kgE[mp{M<9t+Ar_Mw>}y

b(t)
where the functions a(t) and b(t) are defined as above. Hence, we can write
PN (iN)? A g
U(A,t) :t/ 1—et®" + —x+ x n(d:ﬁ)—i—t/ 1—e*®” n(dx)
{lol<b(t)} ( bt)  20%(t) ) {12500} ( )
t(iN)?

2 .
e /{ e n(da) +z)\t<n(b(t),oo) — p(~o0, —b(t))).

Since T'(z) = 0 for all x large, b(t) — oo and t~'b?(t) — p, as t — oo, therefore
)\2
U\ t) —— —,
t—oo 2

which implies the result thanks to Lévy’s Theorem. O

6.6 Two technical Lemma

We now give two technical lemmas, useful in the proofs of Section 5.

Lemma 21. Assume that F is defined as in (26), then there exist two positive constants
1 and M such that for all (x,y) in Ri and € in [0,7),

‘P(x)-cnmr—lﬂ3 < Mg—(+)/8, (47)
0 < F(z) < M(z+1)"% (48)
[F@) - F(y)| < M-yl (49)
[F@) - Ply)| < Mla/7 =y (50)

Proof. We only prove (50), since the others inequalities follows from straightforward com-
putations. We define the function h : 2 € R + (1 + 2)'"“h(z) and let 0 < = < y.
Then,

0< (F@@) - Fp)/Cr < ((@+ 177 = g+ 1)77%) + (14 )77 k(@) - h(y)|
@) | (1 2) 77— (1)1, (51)
As (€ (0, 1], we have the following inequalities :

(1 n x)_l/ﬁ_l _ (1 + y)—l/ﬂ—l < (1 + y)—l/ﬁ—l ((h—i—z) 1/8 . 1) (m + 1)

(1+yy4“((%)”ﬁ—1)—34721+y

1+y 1+w
92 (xfl/ﬁ _ yfl/ﬁ> )

IN

IN
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Moreover, the Mean Value Theorem applied to the function z € Ry +— (z + 1)_1/5 on
[, y] ensures that

1 _1/8— _ _
W+ Ny —) <@+ )T - T
Now, we denote by k the Lipschitz constant of h. The equation (51) finally gives

0< F@)— F(y) < Cp(l+ 2o +kB) (2717 = y=1/7).

which ends up the proof. O

Lemma 22. Assume that the positive sequences (an.q)n.gjenz, (@ ) (n.genz and (bn)nen
satisfy for every (n,q) € N2:
Qn,q <b, < a;17q7

and that there exist two sequences (¢ (q))qen and (¢t (q)qen such that

lim a,q = ¢ (q)a(q), limay,, = ct(q)a(q), and limc (¢) = limct(q) =1

n—00 n—00 q—00 q—0

Then there exists a positive finite constant a such that

lim a(q) = lim d'(q) = lim b, = a
q—o0 q—00 n—00

Proof. Letting n go to infinity, we have for every ¢ € N
limsupb, < ct(¢)a(q) and ¢ (q)a(q) < liminf b,.
Then letting g go to infinity, we obtain
limsupb, <liminfa(q) and limsupa(q) < liminfb,,
which ends the proof. O
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