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Abstract

A global existence theorem is proved for the Landau-Lifshitz-Gilbert equations with
biquadratic exchange coupling energy. The main difficulty relies in the cubic nonlinear
Neumann boundary condition satisfied by the magnetisation at the interfaces. We use
several regularization procedures to obtain global weak solutions with finite energy to
the problem.
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1 Biquadratic exchange coupling energy

We are dealing with a three layers of material constitued by two ferromagnets separeted
by a nonmagnetic spacer. The adjacent interfaces of the ferromagnets are coupled via
the so called biquadratic exchange coupling energy see [5], [6], [7] for example. The
case of bilinear exchange coupling energy was considered in [4] and [13].

In the following, the domain occupied by the ferromagnetic material is denoted
by Q = QY UQ™ where QF = Q x (h,1), @~ = Q x (=, —h) with 0 < h < I and
the nonmagnetic spacer occupies the domain Q° = O x (—h,h). We denote by T't =
Q x {z = £h} the adjacent interfaces of the ferromagnetic material. The generic point
of 2 will be denoted by = = (7, z).

Let M(t,x) € S? be the magnetization of Q at the time ¢ > 0 in the position z
where S? denotes the unit sphere of R?. The biquadratic interlayer exchange coupling
energy acting between the interfaces I'" and I'™ takes the form
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(M) = Kig [ (1= (M - M P)7 1)

where M*(t,2) = M(t,z,+h) and Kpq > 0 is a physical constant . Since, by using the
saturation condition |[M*|? = 1, we have 1 —(M*-M~)? = LM+ —M~-]P|M++ M~
Hence (M) =0 if and only if t MT =M~ or M* = —M".

Let us precise the model we shall discuss. In the ferromagnetic domain €2 the
magnetization M (t,z) € S? satisfies the Landau-Lifshitz-Gilbert (LLG) equations in
R x Q

{ OM — aM x ;M = —(1 4 a®)M x H(M) @

M(0,x) = My(z), |Mo(x)]?> =1 a.e.
The effective magnetic field H(M) is given by

H(M) = AAM — V(M) 4+ Ve (3)

where A > 0 is a fixed constant called the anisotropy exchange constant, V¢ is the
demagnetizing field given by the stray equation (or magnetostatic equation)

V- (Vo+x(QM)=0 in RT xR3? (4)

X(€) being the characteristic function of Q and V¢ (M) is the volume anisotropy field
associated with a regular function ¢ € C?(R3) satisfying v(X) > 0 and |D?*y(X)| < C
for all vector X € R3. The magnetization M (¢, ) satisfies the saturation condition

|M(t,z)]> =1 aein R x Q. (5)
The boundary condition satisfied by M on RT x (9Q \ (I'" UT 7)) is given by

oM
MxA——=0 6
o (6)
while on Rt x I'* the biquadratic exchange coupling energy gives (by using the second
form of the local biquadratic energy) the boundary condition

M* x (;A(%—Aj)i + Ky (|MEP2M* + |MFPME —2(MT - M7 )MT) =0. (7

In this paper we shall discuss the global existence of weak solutions with finite
energy of problem (2)-(4)-(5)-(6)-(7).

We use the following notations. L?(Q) is the vectorial Lebesgue space (L?(Q))?
with norm and scalar product denoted respectively by |- | and (- ; -). The Hilbert
space H'(Q) is the usual Sobolev space (H'(Q))? where Q is an open and regular set
of R". If @ is a bounded domain of R", |Q| will denote its Lebegue measure. At the
end let us announce that in the sequel C will reprent various positive constants which
are independent upon the different parameters.



2 The approximated models

Without loss of generality we set a = 1 and A = 1. The saturation condition |[M|? =1
allows to write ;M = —M x (M x 0, M ). Substituting into the Landau-Lifshitz-Gilbert
equation we obtain

M x (

- +]‘|4M’ X oM — %8,5M FAM = V(M) +Veo+pM) =0 (8)
where p is an arbitrarly scalar function depending eventually of |M|.

The idea is to obtain the solutions of our problem as a limit of approximated solu-
tions of an intermediary problem which penalizes the saturation condition. The scalar
function p plays the role of the penalization operator.

Let v > 0 and n > 0 be two fixed small parameters. We introduce the vector
function U satisfying in Q = (0,7) x Q with 0 < T' < oo, the intermediary problem
(see [3])
30U — AU = F,(U)+ G(U,,U) in Q
U(O) = Mo, |M0(37)’2 =1 in Q

‘?)Z —0 on (0,T) x (A0 \ (It UT™)) )
\ ;(%—Z)i + Kpy(BE(UT,U)+ R,(UF)) =0 on (0,T) x TF
with the stray equation
V- (Vo+x(QU)=0 in Q*°=(0,T) x R3. (10)
We set 7
G(U, 8tU) = —TM X 8tU (11)
and
Fy(U) = ~Vub(U) + D) ~ - Vu(|U) (12)
where
v(y):%(\f—\/lerQ)Q, yeR (13)

and D is the linear opertor U +— V¢ where ¢ satisfies (10). The boundary operators
BE(UT,U™), R,y(U*) are defined by

By (Ut U™) = Vy«(®,(UT,U7))
®,(UT,U7) = Llog(L+v|UT +UPUT —U?)

14
Rn(Ui):vUign(Ui) (14
0,(U*) = 5,(s(U*) —log(1 + s(U™))), s(UF) = maz(|U* ~1,0)
which is to say
+ 277+ FRUE _o(Ut.U-UF
Bf(U*,U‘):‘U |*U* + |UT|?U (Ut-u)Uu
1+v| Ut 4+ U-PIUT —U|? (15)

1 s(UH)U*

B0 =5 Trsoe)



Notice that ©,(U*) = 0 if and only if |U*| < 1 as well as v(|U|) = 0 if and only if
|U| =1 and if we multiply the equation (10) by ¢ and integrate on R3, we get

/D(U).de = / Ve.Udr = —!Vsofﬁz(Rs) (16)
Q Q
which leads to the estimate

ID(U)|L2rs)y < |UlLe(q)- (17)

Let W be a regular test function. Multiplying the intermediary problem (9) by U x W
and observing that Vi (y(|U])) - U x W = 0 then integrating by parts we get the same
weak formulation as for problem (2)-(4)-(5)-(6)-(7). Hence the intermediary problem
appears as an approximation to our problem.

In order to solve problem (9) we introduce the change of unknown function

U = (VI + M) (18)

for k > 0 fixed which will be choosen later. Hence V) satisfies the intermediary problem

1 k
GOV = AV SV = B (4, V)) + Gu(t, VL0V + Hary i Q
V2(0)=0 in Q

M =0 on (O,T) X (aQ \ (FJF UF7>) (19)

on
Wi + Mo e
:F<T) + Ky B (t, V), V™)

+ Ky Ry (1, V") =0 on (0,T) x I'*

with
((F,(t,V) = e MFE,(e(V + My))

BE(t, VT, V™) = e MBE(F (VT + M), M (V™ + M)

R, (t,VF) = e # R, (P (VE + M) (20)
ekt
G(t,V,0V) = [ty ¥ OV

Hyy = AMy — 50,

Problem (19) looks like a heat equation with a nonlinear Neumann boundary condi-
tion on the interfaces except that the force G depends of 9;,V;. To avoid this difficulty
we introduce the following elliptic regularization of (19) where ¢ > 0 is a fixed small
parameter (see [8], [9] for example)



1 k
—E 0 Vi — AV + 50V + 5 Vi =

PR
Fy(t,VE,) + Gu(t, Vi, 0VE,) + Hagy in Q
Ve (0) =0, &VE,(T) =0in Q

5 =0 on (0,7)x (0Q\(C'TUT™))

(8(‘/;77 + M)
0z

+ K Ry(t, Vi) =0 on (0,T) x T*

+
)+ K BE VT Vi)

\

Let us recall the role of the parameters v, 7, k and €. The parameter ¢ is the elliptic
regularization parameter while k£ allows to obtain the L?-norm of the solution. The
parameter v is used to penalize the saturation condition while 1 allows to show that
the traces of the solutions on the interfaces are in the ball of radius 1. This condition
is essential in passing to the limit in the nonlinear Neumann boundary condition.

3 Solving the regularized problem (21)

Let us introduce the weak formulation of problem (21). Weset V = {V € H!(Q); V(0) =
0} endowed with the usual norm of H'(Q) and define on V x V the bilinear form

1 k
ack (V,W) = 2(0,V; W) + (VV; VIV) + SOV W)+ S (VW) (22)

where (-;-) denotes the scalar product of the Hilbert space H = L?(Q). We also define

{ b (Vi W) = Kyq [ Bu(t, V) - Wdzdt (23)

(VW) = K [5 Ry(t, V) - Wdidt
where we set Q = (0,7) x ) and

V= (V) B = (B}, B)), Ry(t,V) = (Ry(t, V"), Ry(t,V7)).  (24)
The weak formulation of the problem (21) becomes: for all W € V

(ke + by + 1) (Vi W) = (Fu(t, V)i W) + (G(t, Vi), 0V, s W) + L, (W) (25)

' Yun ' Yum
with
k
2
Hereafter we will precise some useful properties satisfied by the operators interven-
ing in the weak formulation (25), (-;-) will denote the duality product between V and
\%

Ly (W) = =(VMo; VW) — —(Mo; W). (26)

Lemma 1 The linear operator A,y defined from V into V' by setting
(Acr(V); W) = acp(V, W) (27)

is monotone continuous and coecive.



Lemma 2 The mapping X € R3 — R, (X) is lipschitz continuous and monotone.
Therefore the operator R, defined on 'V by

(Ry(U); V) =ry(U, V) (28)
is monotone and satisfies the lipschitz property

Run(U) = Ry(V)| < 207 H(UF = V| o) + U7 =V 125) (29)
for allU,V € V.

Proof. Indeed computing the gradient of R, (t,.), we get easily

VxR (X)) < (30)

3

which lead to (29). Let us verify the monotonwlty For X,Y € R3, we have n(R,(X) —

Ry(Y))- (X — Y)—HS(X)(IXI2 X Y) s Y)(IYI2 X-Y) then n(R,(X)—R,(Y))-
s(X sX s(Y)

(X-Y) > (IX]- \Y!)( s 1X 1= 25351Y)). Writing 20051 x| - 20 rYr (1X]-

1+s 1+s 1+s
\Y\)Hs —HY\( S(Y) ) and using the inequality (\X| 1Y) (= o(¥) ) >
0 which holds for all X,Y € R3, we get

1+s ) 1+s(Y) 1+S(X) T I+s(Y)

N(Ry(X) = Ry(Y)) - (X =Y) =0 (31)
for all X,Y € R3. Thus, the proof is complete.CI

Lemma 3 The nonlinear operator F, defined for all U,V € H by

(FL (V) V) = /Q F (1, V) - Vdedt (32)

satisfies the lipschitz property
\F,(U) = Fo (V)2 < C(L+ v HIU = Vg (33)

for all U,V € H with C > 0 is a a constant whis is independent of the parameter v.

Proof.  Since Vyy(U) and Vy(|U|) are lipschitzian then using property (17) of the
operator D, we get the result.

Summarizing all these results, we obtain

Lemma 4 For alle, v, n >0, the operator L;,, = Az 1 + R, — F, is hemicontinuous,
that is the mapping s € R — L; (U + sV) is continuous for all U,V € V. Moreover
there exists a constant k, wich depends of v such that for k > k, the operator L, is
strictly monotone and satisfies the coercivity property

(£, U);U)

oo, if |Uly — +o0. (34)
[Ulv



Proof. For all U,V € V it holds

{ (Log(U) = Ly (VU = V) 2 10U = OVl ) + VU = Wi o0

+(k — k,)|U — V|ZL2(Q) +3|U(T) = V(T) @)

with a positive constant k,. Indeed according to the monotonicity of R, and the
lipschitz property of F,,, we have

2

{ (L5,,(U) = L5,(V);U-V) > e2|0,U — BtV]%Z(Q) (36)
+(§ =~ CL+v DU = V72 + 3IUT) = V(D)[F20
so choosing k > 2C(1 4+ v~1) + 1, we get the result.0
Let us introduce the operators B, and G defined on V respectively by
<BV(U)7 V> = bu(U’ V) (37)
G V) = — / Gt U, o) - V. (38)
Q

Unfortunately these operators are not lipschitz perturbations of the monotone op-
erator £, . Consequently we will consider an alternative argument involving operators
of type M. Thereby we begin by recalling some general results about such operators
(see [12] for example).

Definition 1 (/12]) Let A be an operator defined on a reflexive Banach space F into
F'. We will say that A is of type M (respectively My) if it is continuous on finite
dimensional subset F' C F and if U; is some filter on a compact set K C F such that
Uy — U inF, AU;) =V inF weak-*, limsup(A(U;);U;) < (V;U) (respectively
(AU;); U;) — (V;U)) then we have A(U) =V.

In particular we get

Lemma 5 ([12]) Let A, B:F — F'. We have
e If A is monotone hemicontinuous then it is of type M
o If Ais of type M then A is of type My
o If A is of type My then so is —A

e If B is continuous from F weak into ' strong and if A is of type My then A+ B
1s of type M.

o If A is of type M and B is bounded (mapping bounded sets into bounded sets)
weakly continuous (that is from F weak into F' weak-x) and the mapping U +—

(B(U);U) is weakly lower semi-continuous (that is if we have U; — U then
limsup(B(U;); U;) > (B(U);U)), then A+ B is of type M.

Lemma 6 (/12]) If A is of type My and coercive then A is surjective.



We will employ these results to solve the problem (21). First we notice that the
operator Lj,, defined in lemma 4 is of type M. Moreover it holds that

Lemma 7 The nonlinear operator B, is bounded and weakly continuous on V. More-
over the mapping V +— (B,(V),V) is weakly continuous on V.

Proof. For all V € V, we have

LV VIRVE V) RV VIRV V)
B:t + —
VRV =5 Ty [VF £ VRV — VP (39)
SO
By (V5 V) < (o) 2V + V) (40)

and hence B, maps bounded sets into bounded sets. Let (Vn)n be a sequence of V
such that Vi, = V weakly in V then VE — V* weakly in HY/ 2(Q) and then strongly in
L2(Q). Using the Lebesgue dominated convergence theorem, we get that for all W € V

’vn+:FVn_|(Vn+j:Vn_) W:I: N |V+:FV_’(V+:tV_)

. W
L4+ |V + Vi RVt = Vi 2 L+ y|[VE+ VRV -V

strongly in L2(Q). Therefore (BE(V;F, V7 ); W) — (BE(VT,V=);W*) forall W € V.
Similarly we get

(BEV,E V)W) — (BF (VT V) WE), VW eV

so B, is weakly continuous from V to V'. For V € V, if we set U = e*(V + Mp) and
U= (U",U"), we can write

(B,(V);V) = (e "B, (U);U) — (e ™ B, (U); Mo) (41)

* — — ’L L |2|L L |2
2kt 2kt
BV i/ ,‘) = .
(6 ( ) ) € ]_+]/“7+ l}*’2|li+ U*|2

Therefore if V;, = V weakly in V, the weak continuity of 5, leads to the convergence
of (e B, (Uy); My) towards (e % B, (U); My) and in view of (42) and the Lebesgue
dominated convergence theorem we obtain (e =2 B, (U,): U,) — (e 2¥B,(U): U). So
the proof of the lemma is complete.o

(42)

Lemma 8 The operator G satisfies the same properties as B,,.

Proof. First G is bounded from V into V' because we have |G(V)| < |9;V], for all V in

V. Assume V,, = V weakly in V then V,, — V strongly in H and 9;V,, — 0;V weakly

. . ekt(Vn+M0) . ekt(Vn+M0)-W ekt(V+M0)-W
in H. Since \m\ < 1 it follows that e v vy Rl wwe L rm y strongly

in H for all W € H and then G(V,,) = G(V) weakly in H and finally weakly-x in V’.
Moreover since (G(V,,); V) = —(G(Vi,); Mp) thus from what preceed we deduce that

(G(Vn); Mo) — (G(V); M) = —=(G(V); V).0

Now we are able to establish the following existence theorem for problem (21)



Theorem 1 Let My € H?*(Q) be such that |My(z)|> = 1 in Q, 85\20 = 0 on 09,
M(;r = +M, on Q and let g, v, n >0 be fired. Then there exists kg > 0 depending
upon v such that for k > ko, the problem (21) admits a solution Vin €V,

Proof. We apply the result of lemma 6. In view of (41), it holds that (B,(V);V) >
—(4v)~Y2(|V| + |Mo|)| Mo, YV € V. Since G satisfies |(G(V); V)| < fQ |0;V|dx and
[’18477 is coercive for k > kg, then so is [,f,m—kB,ﬁ—g . As B, +@G verifies the fifth condition
quoted in lemma 5 then L7, + B, + G is of type M and since it is coercive for k > ko
then it is surjective from V into V’. Therefore there exists Vi € V solving the equation

1 k
—S Vi = AV + 50V, + 5 Vi = Bt V) + Gu(t Vi

9 'vin T » Yo Vyn’atvrin)"'HMo (43)

in V. Hence V;/,(0) = 0 and solves problem (21) in the weak sense. Moreover since
V¢, satisfies in the sense of distributions —e?d07V,s, — AV, + %me € L?(Q) with the
traces OV, /ON € HY2(0Q \ ({0} x Q)) and V;5,(0) =0 on Q (here N denotes the
outward unit normal to dQ) then using the classical result of the regularity of solutions

of elliptic mixed problems we deduce that
Vi, € H(Q). (44)

Indeed in view of the hypotheses given on My, we can transform our problem into a
problem with zero boundary conditions according to the trace theorem [2]. Then the
geometry of the domain (0,7") x QF leads by the well known reflection argument to
the H2-regularity of the solution.

Remark 1 Notice that the coerciveness property of L3, + B, + G does not lead to
uniform bounds of solutions V7, with respect to €. The regularity H? of the solutions
Vi, will be relevant to establish uniform estimates.

4 Convergence as ¢ — ()

We multiply (43) by e_%t(‘)tV,fm and integrate on Q). To simplify notations, let us
temporarily write V;;, =V, U = MV + M), U = (UT,U), én(ﬁ) =0,U")+
©,(U™). First notice that

(G(t,V,0,V);e 29, V) = 0 (45)

and using integrations by parts, we get successively

1 2 1 T
(—e20?V + 3OV e 2k, V) = %|8tV(0)|2 +5(1 - 2e2k) / e 2oV |2dt  (46)
0

k —2kt k _ar 2 K LA T
§(V—|—M0;e 8tV):Ze |U(T)] —Z|M(]| —i—? e " U|dt. (47)
0

Then since ®, (M, My ) = 0, 0, (M) = 0, we have



(-A(V + M) 20V) = Lo MTITUD)E + Kige T [ (8, 4+ 8,)(0(1))di
Q

2
1 T ~~
—§\VM0|2+1<: / e W VU 2dt + 4k Ky, /A e (D, + ©,)(U)didt
0 Q
—k Ky, / e (B, + R,)(U) - Udidt.
Q
Let us set for U € V
1 s(U%)

7a(U) = 40,(UF) — DT S0 7y(U) = 7(U™) +7(U7) (48)

with s(UF) = maz(|[U*|? — 1,0). Hence 7,(U*) > 0 and we have /Ae_4kt(4én([7) —

9
-~ i~ 1 B s(UT) s(U™) R
R,(U) - U)didt = Akt Uddt—/ Akt didt
) Oy = [ 5 @i — 1 [ e 8 o
o~~~ - o~ 1 ~
/ e (48, (T) = Ry (D) - U)divdt > / e WE ([ dpdt — —— [0, (49)
) 5] 2kn
Furthermore in view of (42), we have
k /A B () - Udidt < (40)~10)] (50)
a
which together with (49) give
T
(—A(V + Mo);e 0, V) > k/ e VU Pdt+
" _ ° 1 1 1A (51)
kaq/e (4, +7,)(O)didt — S| Mof? — (- + 5|0
o v 2n

Since v(|Myp|) = 0, we have

RV oY) = T [ D) + 0 (VDD = [ 600

+4k/ e~ Kt (U + ! fy(yU\))daﬁdtJr; —AT ID( (1)) da

_/ |D(Mo)| dJT—I—Zk‘/ —4kt|D( )\dedt—kk‘( (U);e_4ktU).

Writing (Vyy(U);e™*™U) = (Vop(U) = Vyp(0);e ™ U) + (Vygp(0);e*MU) and
using the lipschitz property of Vi, we get

(Vow@ye o) <o [ e o 62)
with a constant C' > 0. Hence since |Vyy(|U|)| < C|U| then using (17), we obtain

T
[(F,(U);e )| < c(1 + 1/1)/ e M U2dt + C (53)
0

10



which leads to

(—F,(t,V);e 2k, V) >4k/ e~ (p(U) + v iy(JU))) da;dt—/w (Mp)d
(54)
vok [ e D) Rdadt — / D(Mo)Pdz — / AR [ 2t — kC

QOO

with k, = C(1 + v~!). Combining the results obtained in (45), (46), (47), (51) and
(54), we get

1 T T Lk T
2(1—2k52)/ ertyatvyzdt+k/ e4kt\VU|2dt+k(2—kV)/ e U 2dt
0 0 0
+k Ky, /@ e~ (40, + 7)) (U)didt + 4k /Q e W (p(U) + v iy(|U)))dzdt  (55)

+2k/ e MD(U) Pdzdt < C(k,v,n, My)

where

k 1
C(k,v,n, My) = Z’MOP + §’VM0\2 +/Q¢(Mo)dx
56)
+5 /RS ID(Mo)Pde +kC + (7 + 3 )1

Therefore v and 7 being fixed, for k > 2k, + 1 and € < (4/<:)*1/2, we get in particular

Lemma 9 For every v > 0 and n > 0, there exists kg > 0, €9 > 0 and a constant
C > 0 with is independent of € such that for k > ko,e < g9, the solutions V7, of the
problem (21) satisfy

IVonllv + DV )2y < C. (57)

Now we are able to pass to the limit in problem (21) when ¢ — 0. The bounds
given in lemma 9 imply that there exists a subsequence still denoted V7, and VeV
such that

Vi, =V in HY(Q) weak

Ve, — Vi in L3(Q) strong

OV, = V) inL*(Q) weak

ViiiE = ViPE in HY2(Q) weak.

Since D is linear and V¢ and Vi are lipschitzian, we have

D(Vs,) — D(V)) in L*(Q) strong
Vop(Vi,) — Vup (Vi) in L*(Q) strong (59)
Vur(IViyl) = Voy(IV]) in L?(Q) strong.

For the boundary terms, we get the following

11



Lemma 10 [t holds that
Vlf:;,i —VIE in LQ(@) strong
BE(Veq Vi) = BE(VIT V) in LX(Q) weak (60)
Rn(V,ihi) — Rn(VVn’i) in L2(Q) strong .
Proof.  We get the strong convergence of the traces thanks to the compactness of the
continuous imbedding H/ 2(Q) C L*(Q). Next the lipschitz property of R, leads to

the the strong convergence of R, (V, ’ni) while the weak convergence of B (Vi ,F, Viiy)
is obtained proceeding as in the proof of lemma 7.0

Passing to the limit in problem (21), when ¢ — 0 with v and 7 fixed, we get

Theorem 2 Assume that My satifies the hypotheses of theorem 1 and let v,n > 0 be
fived. Then for any k > ko and T > 0 (19) admits a solution V) € V obtained as the
limit of the sequence (V;,)s when e — 0.

5 Convergence for n — 0 and v — 0
Let V,' be the solution of (19) provided by theorem 2. We set
Ul = e"(V) + M) (61)
then U, € H'(Q) and satisfies the intermediary problem (9). It follows that AU, €
L%(0,T;1L2(Q)), dU))Jon € L*(0,T;HY2(9Q)). Hence using the regularity property
satisfied by the solution of a Laplace’s equation we deduce that
U7 e L*0,T;H*(Q)) NHY(Q). (62)
We have the following energy bound

Lemma 11 U/ satisfies for t € (0,T) the energy inequality

ENVLO) + 5 [ 100 Exayds < (M) (63)

where
ENV) = IV oy + IVl + /Q (V) + v (V) de

(64)
+ /A(‘Pu(Vﬂ V) +60,(VT) +6,(V7))dz
Q
E(Mo) = |V Mooy + [VepolZaqes) + /Q $(My)de (65)

and Vo =D(V), Vg = D(M).
Moreover there exists vy > 0 and C > 0 which depends only upon the initial data
My such that for 0 < v < vy and n > 0, we have

U () |2 < C, t€(0,T). (66)

12



Proof.  Recall that v(|Mp|) = 0, ©, (M) = 0 and ®,(My, M) = 0 so if we mul-
tiply the equation (9) by 9,U,) and integrate on (0,t) x Q we get the result stated in
(63). Therefore since the function « satisfies the inequality s < 47(s) + 3, we obtain
|UJ (1) |12 () < 4vE(Mo) + 3 wich leads to (66).0

Now we pass to the limit in (9) for n — 0 and v fixed. There exists a subsequence
also denoted U] and U, € L>(0,T;H}(Q)) N H}(Q) such that when  — 0 we have
U] = U, in L>®(0,T; HY(Q)) weak — *,
U] — U, in L?(Q) strong
oU) — 0,U, in L%(Q) weak
UlE - UE in ]LQ(@) strong

(67)

Moreover we have
D(U)) — D(U,) in L*(Q) strong
Vo (U)) — Vup(U,) in L?(Q) strong (68)
Vuy(IUJ)) — Voy(IU]) in L*(Q) strong

and we get

Lemma 12 When n — 0, it holds the following convergences

BEUDT,UP) — BE(US,U;) in Lz(@) strong (69)
@n(Uﬁ’i) — 0 in L=(0,T; LY(Q)) strong.
Moreover U, is such that
UE(t,2))? <1 ae. (t,2) €Q (70)
and satisfies the energy inequality
v 1 !
£ UN) + /0 10U, (5) 22y ds < E(My) (71)
where
£ (U0) = VU0 (o) + DO ageny + | DT
(72)

e /Q AU (0) ) + [%(Uj(t»@(t))da

Q

Proof. First we get BE(UZ",UZ ™) — BE(U;,U;) in L%(Q) weak as in the previous
section. Following the proof of lemma 7, we obtain

U F UL

1+ v|UPT + U™

(Ut +U7) U U, (U +£U,))
—
AUlt —UPT)2 L+ v|US + U P US - U 2

strongly in L?(0, T;]L4(§AZ)) thanks to the Lebesgue dominated convergence theorem.
According to continuous imbedding H/2(Q) c L*(Q) (see [1]), U* is bounded in
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L>=(0,T;L4(Q)) so we obtain the strong convergence of BE(UJ", UJ™) stated in the
lemma. The strong convergence of the traces leads also to

O, (UIF) = s(UF) ae. in Q (73)

but since |0, (U7*) < 2nE(My), we get

|0z @)
0, (UT*) — 0 strongly in L0, T; L'(Q)).

Combining these results we conclude that s(UZ) = 0 a.e. in Q which leads to (70).
(71) is obtained by taking the limit in (63) when n — 0.0

Let W € D(Q) be a test function. We multiply the equation (9) by U x W and
integrate by parts. Observing that Vyy(|UJ|) - U™ x W* = 0 and Rn(Ug’i) SUPE x
W* =0, we get the weak formulation of (9)

1 v

/atUg.ngdedH/ UinxatU;"Uﬁdoxdt

2 Jo o 1+ |0/

+/ VU] - Ul x VW dzdt — / (V! = Vup(U) - U x W dzdt (74)
Q Q

_ /A (BH(UIF,UD7) - U x W 4 By (U, U7 - U x W™ )didt,
Q

Using the strong convergence of U, and the weak convergence of 9;U" in L.2(Q), we can
pass to the limit in each volume integral. Moreover the strong convergence in ]L2(@) of
the traces U™ and BE(UJ™, UJ™) allow to pass to the limit in the boundary terms.
Hence the limit U, satisfies the weak formulation

¢ 1 v
/@U,,-U,,x dedt+/ anth-U,,x Wdxdt
2 Jo o 1+1U,]

+ / VU, - U, x VIWdzdt — / (Voo — Vou(U,)) - U, x Wdazdt (75)
Q Q

= /A(BJ(UJ,U,,) US xWH+ B, (US,U ) - U, x W™)dzdt.
Q

Now we are able to prove our main theorem

Theorem 3 Let My € H%(Q) be such that |My(z)| =1 in Q, aé‘go =0 on 00, My =

My on Q. There exists a solution of the Landau-Lifshitz equation with biquadratic
interlayer exchange coupling satisfying M € L™ (RT;HY(2)), ;M € L? (R*;L3(Q)),

loc

IM(t,2)|? =1 a.e in RT x Q, Vo € L®(R*; L2(R3)) and the energy inequality
1 t
E(M(t)) + 2/ lﬁtM(s)ﬁz(Q)ds < E(My) (76)
0

where

EO1) = (VM) + [Vl + [ w0z + [ @7 MG ()
Q Q
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with @M+, M~)=1—(M*-M~)%, Vo =D(M), po=D(My) and the initial energy
s given by

E(Mo) = [V Mo 22 gy + Vg0 22 ) + /Q $(My)de (78)

Proof.  Let U, the limit of U, when  — 0. Hence U, satisfies the energy inequality
(71) and the trace estimate |US(¢,7)[? < 1 a.e. in R xQ. Clearly the energy inequality
implies the following convergence for a subsequence U,

U, =M in L®(R*; H'(Q)) weak — x,
U, = oM in L? (R*;L%Q)) weak,

loc

U,— M in L} (R*;L?(Q)) strong (79)
U = M* in L®(RT;HY2(Q)) weak —
U — M* in L2 (RT;L%(Q)) strong

loc

for some M € L>®(R*; H(Q2)) N H(Q). Moreover we have
Vi, = Ve in L®(R"; L2(R3)) weak — *
Vo, — Ve in L2 (RY;L2(R3)) strong (80)

loc
Vi (Uy) = V(M) in L, (R; L*(Q)) strong

loc

Since |v(|Uv|)| oo (0,101 ()) < ¥E(Mp), we have
Y(|U,|) — 0 strongly in L>®(R™; L}(Q))

and so a.e. in RT x . Hence combining this result with the strong convergence of
U, we get y(|M]) = 0 a.e. in RT x Q that is |M(¢,z)]*> = 1 a.e. in Rt x Q. Now we
are interested by the convergence of the boundary terms BE (U}, U, ) - UF x W¥ of
the weak formulation (75). Since U is bounded in L (RT x Q) so is BX(U}, U;) so
thanks to the Lebesgue dominated convergence theorem, we get the strong convergence

1 1
BX(US, U — §\M+ ~ M P(MT+ M)+ §\M+ +M72(MT—M7)  (81)

in L2 _(R*;L2(Q)) then

BE(US, U UEXxW* — %(\MtM—12(M++M—)i\M++M—\2(M+—M—))-M><Wi
B (82)
for all W € D(R' x Q). Hence M satisfies the weak formulation
(1 1
/875M-M><dedt+/ M x OM - M x G dxdt
2Jq 2Jq
+ [ VM - M x VG dxdt—/(vcp—va(M)).Mdexdt: (83)
Q
/A(B+(M+,M_) Mt <GP+ B (MT,M™)- M~ xG™) dzdt
Q

where BT (M™*,M~) = —2(M*-M~)M*. This shows that M is a global weak solution
of LLG equations. The energy estimate satisfied by M follows from the one satisfied
by U, by passing to the limit when v — 0. The proof of the theorem is complete. O
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