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Abstract

We explain in this note how to adapt the proofs in our previous work [5] “An
approximation result for special functions with bounded deformation” (to appear in
J. Math. Pures Appl., 2004), to dimension higher than two.
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1 Introduction

In a previous work, we have shown the following theorem, only in dimension N = 2
(cf [5],Theorem 3 and Remark 5.3):

Theorem 1 Let Q C RN a bounded open subset, and assume it satisfies the regqularity
assumption (H) below. Let u € SBD(2) N L2(Q;RY), such that

/|e(u)|2da:+HN_1(Ju) < 4o00.
Q

Then, there exists a sequence (un)n>1 of displacements in SBD(Q) N L2(;RY), with
|un — ull L2(ryy — 0, such that each J,, is closed in €2, contained in a finite union J,

of closed connected pieces of C1 hypersurfaces, u, € H*(2\ J; R?), and
(i) e(un) — e(u) strongly in L?($; SVXN),

(i) lim HN71(J,)) = lim HYN"Y(T,,) = lim HY71(J,) = HY 7).

n—oo n—oo n—oo

Moreover, if ||u||Le < 400, one can ensure that ||uy|| L~ < ||u||L~ for all n.
Here, SV*N is the (N (N + 1)/2)-dimensional space of symmetric N x N matrices, and
assumption (H) states that  has a boundary which is locally a subgraph:

At every boundary point x € 0f), there exist coordinates
(H) < (&,-..,&n) and a continuous function f : RV~! — R such that
near z, {2 coincides with the subgraph {{x < f(&1,...,&n-1)}-
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The scope of this note is to show how the proofs in [5] can be adapted to the N—
dimensional case, with N > 3. We refer to the original paper for more details on the space
SBD (introduced in [2, 3]), and the main motivations for Theorem 1. In particular, the
consequence of Theorem 1 pointed out in [5, Sec. 6], that is, Theorem 4 of I'-convergence,
is valid in any dimension.

The proof of this result is based on a discretization argument which is adapted from [6],
and has been used in a similar setting in [4] (in the scalar case) and [1] (in the vectorial
case). Then, a re-interpolation technique allows to rebuild an approximating function with
almost the desired property. Due to the anisotropy inherent to the discretization step, it
is impossible with this technique to approximate correctly the surface of the jump set of
the displacement. A further localization method based on the rectifiability of this jump
set (that is, the fact that up to a small set, it is almost a finite union of C'' hypersurfaces)
can handle this problem.

The fact that the original paper [5] is written only in dimension 2 is due to the mis-
leading belief that the discretization—interpolation trick on which the result is based (Sec-
tion 4), and the subsequent localization step (Section 5) would work only with totally
isotropic bulk energies. However, if the same orthonormal basis (e1,...,ex) of RY is used
during the whole process (and in all subdomains where the operation is performed) one
realizes that it is not true. If one drops this requirement, one realizes that it is not too
difficult to find an anisotropic positive-definite quadratic form on the space of N x N sym-
metric matrices Wy : S¥*¥ — R, for which the constructions in Sections 4 and 5 of [5]
can be performed, and an equivalent of Lemma A.1 [5, Appendix A] can be shown. In
what follow, we will merely stress on the adaptions that have to be done to the statements
and proofs in [5] to deduce Theorem 1. Let us observe that Section 3 in [5] is valid in

arbitrary dimension, and consider the adaption of Section 4.

2 The N—-dimensional construction

In dimension 2, the following bulk energy is introduced in [5, Eq. (3)]:
1
Wa(A) = Tr(AAT) + (T (4))%, (1)
A€ S8%%2 For A= (am)lgi,jSN S SNXN and 1 <i<j3< N, we will denote by A% the

2 x 2 symmetric matrix
AT — Qi Qg5 (2)
Qi Ajj

We then introduce the following quadratic form

Wa(A) = > Wy(A™), (3)
1<i<j<N
A e SN*N_ One has
1
Wn(A) = Z a?’i + a?’j + Qaij + §(a221 + a?’j) + a; a5 5,
1<i<j<N



and since for any (z1,...,2zn),

N
Z i + x5 = (N—I)ZJL‘“ (4)
1<i<j<N =1
we find that
3(N —2) &
Wy(A) = 5 > a4+ Tr(AAT) + ~(Tr(A))?
=1

In particular, we see that it is a positive definite quadratic form on SM*¥, which is
anisotropic, in the sense that it is not invariant with respect to an orthonormal change of
coordinates.

Asin [5], we fix u € SBD(Q) N L?(Q;RY), and given ¢ > 0, we find by [5, Lemma 3.2]
aset Q' DD Qand v’ € SBD(Y) N LA(V;RY) with [lu — u/[|2(0) < € and

()2 dz < / le(w)[2de+¢ and HN~1(Ju) < HN () + <. 5)
Q Q

We then choose a system of coordinates (ey,...,en) such that for all e € {e;,i =
1,...,N,e; +eje;—e;,1 <i<j<N} onehas HN *({z € J : W/ (2)]-e=0})=0
(almost any orthonormal basis of RY will do, ¢f [2, Eq. (4.5)]). We fix a small discretiza-
tion step h > 0. Given y € [0,1)" we denote by u}(£) the discretization of v’ given by
up (&) = u'(hy +€), € € hZN N (Q' — hy). We still denote by J7 the set U, ,

any 7 € RY. Let us observe that a similar construction is found in [1]. The set of direc-

[z, x — 7] for

tions of interactions is now D ={e; : i =1,...,N}U{e; +¢ej,e;, —¢; : 1 <i<j< N}
For e € D we denote, again, I¥, = xne(hy + &) € {0,1} for any £ € hZN N (Q — hy).
For a fixed y, the discrete energy Ej (uj, 1)), with I} = (I{;)eep has a definition slightly
different from [5, Eq. (5)]: we introduce a parameter a(e) which is (N — 1) whenever
e=e,t=1,...,N,and 1/4fore=e,+e;,1 <i<j<N,and let

Yy Y 2 Y
B ) = 1Y Yl UELG N o) 4 5580 (0
e€D ¢

where the sum on the ¢ runs on all the points ¢ € hZ" such that both hy+¢ and hy+£+he
are in ', and the parameter 3 > 0 is fixed later on. For N = 2, one has a(e) = 1/|e|*
and the energy is the same as [5, Eq. (5)]. On the other hand, for N > 3, one checks that
the discrete bulk part of energy (6) is a sum on all pairs (4, 7), ¢ < j, of the 2-dimensional
discrete bulk part of [5, Eq. (5)] with directions e € {e;,e;,e; + €;,€e; — e;}, which makes
it coherent with definition (3) of Wy . Proceeding as in [5], we find (following the slicing
technique of Gobbino [6] also used, in a discrete setting, in [4, 1]) that

[ e dy

< | (Z a<e>[<e<u><x>e>-e]2> i+ f (Z

ecD ecD

Uyt (.’13) . m

€ D dHN " (z). (7)



SN><N

Then, we check that given any matrix A = (ai,j)f?'j:l € , we have (using (4))

1
= (N=-1) af; + 1 > [(Alei+€))) - (ei + )] + [(Aei —€5)) - (ei — €))]?
i—1 1<i<j<N
1
= Y ai+d;+ 7 (@i aj5 +2ai5)* + (as; + 05,5 — 255)%)
1<i<j<N

= ) Wa(AY) = Wy(4).

1<i<j<N

If we let, for any v € SN, h(v) = 3 cp v -el/lel, and B/ = (max), =1 h(v))5, we
deduce from (7) that

/ EVWl, ) dy < [ Wa(e())dz + 8 |  h(ve(z)) dHN " (z)
DY o T

< | Wnle)de + SHN " (Jw). (8)

Q/
We now introduce the function, for z = (x1,...,zy5) € RY,
N
A(z) = JJ=la)*
i=1

(where t* = max(#,0) is the positive part), and let, for y € [0,1)" and any = € €,

ale) = 5 a©A(Tt ).

£ehZN NQY

The function wj} is a continuous interpolation of u} in €, and, the same argument as in [5]

shows that there exists a subsequence (hg)r>1, hi | 0 as k — oo, and y € A, such that

klgl(r)lo [l — wy |z2rvy =0 and

(9)
Jim B (uf 1) < [ W(e(w) da+ BHN (T .
— 00 Ql

We now fix y to this value and drop the corresponding superscript, a well, we denote
simply by (h)n>0 (b — 0) the subsequence (hy)r>1- As in [5], we define a new function
vy, as follows: we let v, = 0 in the hypercube C' = hy + & + [0, k)" whenever J,, crosses
either one edge [hy + & + hn,hy + € + hn + he;], i = 1,...,N, n € {0,1}N,n; = 0,
that is, when the corresponding ¢, »,(§ + hn) = 1, or a diagonal of a 2-dimensional facet:
[hy+&+hn, hy+E+hn+h(ei+e;)], i < j,n € {0, 13N, n; = 1; = 0 (leyqe; 0 (E+hn) = 1) or
[hy+E&+hn+hej, hy+E+hn+he;)], i < j,n € {0,137, n; =n; =0 (le,—e, n(+hn+he;) =
1). In the other case, we let v;, = wy, in C.

The function vy, is in SBD(Q?), and J,,, is contained in a union of ((N —1)-dimensional)
facets of hypercubes. We claim that the total surface of these facets can be bounded

by ¢ x hN Y oech Zg lel‘é‘lgf), for some constant ¢, indeed, if v has been set to 0 in C =




hy + & +10,h)"N, the measure HY~1(0C) is 2Nh¥~1, on the other hand, the contribution
of C' to the term h™N Y > lc"’;l(s/) in the discrete energy, which is

N
A S Sl DR )

=1 nefo, 1}V
7;=0

1 l€i+€j¢h(§ + hn) + leifej,h<§ + h77 + hej)
+ IN-2 Z Z \/§

1<i<G<N pefo,13V
ni=1;=0

(since each edge is common to 2V ~! hypercubes, while a diagonal of a 2-dimensional facet
is common to 2V=2 hypercubes), is at least AN "1 /2N~ (since at least one of the above
le.n’s is equal to 1). Hence, taking ¢ = 2V =2 /N proves the claim.

On the other hand, if v, = wy, in the hypercube C, it means all the corresponding

le,n’s are 0, and the contribution of C to the energy (6) is

I_wwyWi 5 wm+m+mgwwmmfm

=1 pe{0,1}V

1:=0
N 221; YOy (((uh(s + hn + h(e; + ej)i}; up (& + hn)) - (e; + €;))?
1<i<G<N pe{o0,1}V
n:=mn;=0
+ ((un(&+ hn + he;) — Uh(i; hn + he;)) - (e; — ej))2>
4

Let us show that this is larger than [, Wy (e(vp)(2)) dx. First of all, using again (4),

we see that I can be written as a sum on all pairs (i,5) 7 < j,! of

_ WY 3 (((Uh(§+hn+h€i)—Uh(§+h77))-€i)2

W gN-2 21?2
ne{0,1}V
P ((unlE b+ Al ) — et B+ hey)) e
2h2
L (€ b+ hej) —un(§ + b)) - ej)?
2h2
n ((un(& 4+ hn + h(e; + ei))h; up(E + hn + he;)) - €;)?
2
+ ((un (€ + hn+ h(e; + ej)ih; up (€ + hn)) - (e; + €;))?
n ((un(§+hn+ hej)) — Uh4(§2+ hn + he;)) - (e; — ej))2> .

By [5, Lemma A.1], it turns out that the term in the sum bounds the integral

h72/ W ([e(vn)]" (hy + & + hn + (24, %)) dxidz;
(wi»zj)e(o’hp

I'Notice that the pairs (4,7), 1 < i < j5 < N and the points n € {0,1}Y, n; = n; = 0, label all the
2N=2N(N — 1)/2 2-dimensional facets of a hypercube.



(with the notation introduced in (2)), so that

L=l s /. W ([e(wn) ) (hy + € + b + (@,,2,))) ddz; . (10)

velo® 525)€(0,h)?2
=n;=0

Now, we check that if x € (0, h)", for any i < j,

elon] 4 €+2) = 3 | [e] by +€ + b+ () T2 - 0 -no)
nefo1}? iy
o (11)

To check that, it is enough to observe that if hy + & +z € C (that is, z € (0,h)"), one has

wnlhy+€+)= Y un(§+h)A (5 —n)
ne(0,1)N
- T B wlem(-5)0-3)
UE{%;ES,’C;ZJ
—I—uh(f—l—hn—i—hel)(h)(l—%)+uh(§—|—hn+he])< %)(%ﬂ)

e hentere) (5) (7))

from which it is clear that taking derivatives with respect only to x; and x; yields the

expression (11). By convexity of Wy, we deduce from (11) and (10) that

[ Weletwno @) de = [ W (le(on)] i hy + €+ ) de
c (CROR

ne{0,1}Y

N
< Z /(Oh)NWQ([e( W) (hy + € + hn + (24, 25)) H ‘f— l—nk)’dx
1:i=1;=0 e

BN -2 N
= () E / Wy ([e(vh)]“ (hy + &+ hn + (x4, x]))) deidz; < I,
2 N (0,h)?
n€{0,1}
n:=n;=0

from which we deduce

> /c Wi (e(vg)(x)) da .

If h is small enough, we see that we get the existence of a function v and a closed set J
made of a finite union of facets of hypercubes such that v € H*(Q\ J;RY), [lv—ul|12(q) <
2¢,

/WN ) dr + HN (T /WN z))dr + coHN7H(J,) + ce

for some constant ¢y depending only on N (and ¢ a constant). This yields in particular
the N-dimensional version of Theorem 1 in [5]. In particular, we have v € SBD()
and J, C J (and an infinitesimal perturbation of v will ensure that J, = JNQ up to a
HN 1 negligible set).



3 Conclusion

Theorem 1 is now easily deduced from the construction in the previous section and [5,
Section 5]. Indeed, the construction in the proof of [5, Thm. 2], based on the rectifiability
of the set J,, for u € SBD(2), although written only in 2D, is valid in any dimension (the
I'; are now (N — 1)-dimensional C' hypersurface, and p has to be replaced with p¥—1
in the density ratios). An important detail is that when the construction of Section 2 is
invoked in the sets B; \ I'; and A;, then the same orthonormal basis (eq,...,en) of RN
must be used in each of these sets, on order to find an energy estimate involving the same
bulk energy Wiy (e(u)) everywhere (this bulk energy is indeed not invariant with respect
to a change of basis).

Using then, as previously, [3, Thm. 1.1] (Lemma 5.1 in [5]) we can deduce Theorem 1.

Notice also that nothing in the proof of Theorem 4 of [5] is strictly bidimensional.
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