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Abstract

In this paper, we first recall the general assumptions and results arising in mortar
methods applied to elastostatics [Woh01]. By extension to the curved interfaces case
of the ideas from Gopalakrishnan and Brenner [Gop99, Bre03, Bre04], and from the in-
troduction a generalized Scott and Zhang interpolation operator [SZ90], we prove the
independence of the coercivity constant of the broken elasticity bilinear form with re-
spect to the number and the size of the subdomains. Moreover, we extend the proof of
optimal convergence to the elastodynamic framework. The present results are applied
in Part IT (discontinuous Lagrange multipliers), in which a stabilized discontinuous
formulation is proposed, analyzed and tested.

1 Introduction

In this paper (Part I: abstract framework) and the following (Part II: discontinuous
Lagrange multipliers), we introduce, analyze and test a non-conforming formulation
using stabilized discontinuous mortar elements to find the vector solution w of lin-
earized elasticity problems such as:

—div(E:e(u))=f, QcCR(d=2,3)
u = O7 FD, (1)
(E:e(w)-n=g, I,

where the linearized strain tensor is classically given by:

e(u) = = (Vu+ Viu),

N =
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and the fourth order elasticity tensor E is assumed to be elliptic over the set of
symmetric matrices:

Ja>0,Ve e R =¢, (B:f):é>af:¢

The analysis is also extended to the elastodynamics problem:

p@ —div(E:e(u)=f, [0,T]xQ
ot? ' ’ ’ ’
u=0, [0,7]xTp,
(E:e(u)-n=g, [0,T]xTIy, (2)
u=1up, {0}xQ,
% =g, {0} xQ,

and we consider this analysis as a theoretical background for using discontinuous
mortar elements in nonlinear elastodynamics.

Mortar methods have been introduced for the first time in [BMP93, BMP94]| as
a weak coupling between subdomains with nonconforming meshes, or between sub-
problems solved with different approximation methods. The main purpose was to
overcome the very sub-optimal “v/h” error estimate obtained with pointwise match-
ing. The analysis of this method as a mixed formulation was first made in [Bel99).

Nevertheless, in spite of the optimal error convergence obtained with the original
mortar elements, some numerical difficulties appear. First, the original space of La-
grange multipliers ensuring the weak coupling is rather difficult to build in 3D on the
boundary of the interfaces when more than two subdomains have a common intersec-
tion (see [BM97, BD98]). Moreover, the original constrained space has a non-local
basis on the non-conforming artificial interfaces, which may lead to small spurious
oscillations of the approximate solution.

To overcome the first difficulty, one idea is given in [Ses98] when displacements
are at least approximated by second order polynomials. The introduced Lagrange
multipliers have a lower order, still enabling optimal error estimates, and no special
treatment is needed on the boundary of the interfaces. To overcome the second diffi-
culty, dual mortar spaces are proposed in [Woh00, Woh01], enabling the localization
of the mortar kinematical constraint. In order to benefit from the advantages of these
two approaches, we propose to introduce stabilized low order discontinuous mortar
elements. This idea has already been introduced for a first order three-field mortar
formulation in [BMO00], and we exploit it herein in the two-field framework for first and
second order elements when dealing with elastostatics and elastodynamics problems.

Mortar formulations also provide a natural framework for domain decomposition,
as observed by [Tal93, AKP95, AMW99, AAKP99, Ste99] and the references therein.
A large number of subdomains and their small size is therefore a basic difficulty to
overcome. To get an optimal use of such domain decomposition methods, it is then
crucial that the constants arising in the analysis of the mortar formulation remain
independent (or at least weakly dependent) on the number and the size of the subdo-
mains. One can readily check that the only potential dependence on such parameters
is hidden in the coercivity constant of the broken bilinear form associated to the



linearized elastostatics problem. In the framework of elliptic scalar problems, both
[Gop99, Bre03] and [BM00] have shown the independence of the coercivity constant
with respect to the number and the size of the subdomains, respectively when con-
sidering two and three-field mortar formulations with plane interfaces. An extension
to the vector elasticity case has been proposed by [Bre04]. By definition of a gener-
alized Scott and Zhang [SZ90] interpolation operator, we simplify and extend herein
the result to potentially curved interfaces.

In section 2, the fundamental assumptions and results arising in mortar element

methods to approximate the solution of the elastostatics problem (1) are recalled.
Well-posedness results are recalled in section 3, and we prove the independence of
the coercivity constant with respect to the number and the size of the subdomains
in section 4. In section 5, we recall the optimal convergence of the method by mesh
refinement, and generalize the analysis to the elastodynamics problem (2) in section
6.
The second paper (Part II: discontinuous Lagrange multipliers) proposes the analysis
of stabilized discontinuous mortar elements, proving the satisfaction of the fundamen-
tal assumptions. Some practical issues are pointed out: the choice of an appropriate
penalization term, and the exact integration of the constraint. Numerical tests are
also presented to confirm the analysis.

2 Nonconforming setting

2.1 Position of the problem

Let Q C R? (d = 2,3), be an open set partitioned into K subsets (Q)1<k<r. We
denote by i = Qr N the interface between Q; and €, and the skeleton of the
internal interfaces is denoted by S = |J k1 Ykl On the part I'p of the boundary 992,
an homogeneous Dirichlet boundary condition is imposed. Concerning the coefficients
of the fourth order elasticity tensor E, we assume that the stress tensor is symmetric
whatever the deformation is in the material, namely for almost all x € :

Ve e R gt = ¢ B(z) : £ is a symmetric matrix.

Moreover, in the theoretical analysis, we will suppose that for all k¥ > 1, there exists
two constants ¢x and C}, such that for almost all x € Qy:

VEERLE =€ a6 (B(a): <O ®3)

If the material of the subdomain € has a Young modulus Fj, both ¢, and Cj are
proportional to Ej.
We introduce the following spaces:

Hi(Q) = {U S Hl(Q)da U|FD = O}v
H () = {ve H' (%), vlrpnoe, =0},

K
X ={vel?(" wu=ulo, € H{(Q),Vk} =[] H} (%),
k=0
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Figure 1: A decomposition of §2 into subdomains.

X being endowed with the H' broken norm:
1
2

K
lvllx = (Z ”v”%Il(Qk)d)
k=0

Here, in order to be scale independent when dealing with a large number of subdo-
mains, we use a scale invariant definition of the H! norm:

1
[0l (2 = WHU”%?(Qk)d + Vol 22, yaxas

Ly, being a characteristic length of €, for instance its diameter.
We are interested in finding u € H!(Q) such that:

a(u,v) = 1(v), Yve H{(Q), (4)
where the continuous coercive bilinear form a is defined by:

a(u,v) = /Q (E:e(u):e(v), VYu,ve HXQ),

and the continuous linear form ! by:

Z(U):/Qf-v—&—/r g-v, Yve HN(Q).

This problem is classically well-posed by Lax-Milgram lemma, the Korn’s inequality
(see [DLT72]) ensuring the coercivity of the bilinear form a over H(Q) x H}(Q).



2.2 Discretization

We introduce here a non-conforming discretization of the problem (4) using mortar
elements to be further defined later on. The discrete problem is proved to be well-posed
and error estimates are derived in the mesh-dependent norms already introduced and
used in [AT95, Woh99).

2.2.1 The mesh

For each 1 < k < K, we consider a family of shape regular affine meshes (T.n,, ), >0
on the suAbdomain Q. This means that each element T is the image of a reference
element 7" by an affine mapping Jp. For each T' € T, , we will denote its diameter:

hT) = diam(T),

and the local mesh size by:

hiy = sup h(T).
TeTk;hk

Then, a nonconforming family of domain based meshes (7)o over ) is obtained by:

K
Tn=J Teme, h= max hy.
P 1<k<K

The skeleton S = | ka>1 Ykl 1S partitioned into M interfaces (I'y,)1<m<ar, and can then
be decomposed as S = Uy <m<as I'm. Moreover, we assume that for each 1 <m < M,
there exists at least one domain € with £ > 1 such that I',, C 9, and denote
k(m) := k the name of one of these subdomains, taken once for all for each interface.
This side will said to be the non-mortar (or slave) side.

For each 1 < m < M, T, inherits a family of meshes (Fy,.s,,)s,, >0, obtained as
the trace of the volumic mesh (7 (m);n, (m))hk(nz)>0 of the slave subdomain over I',.
We have denoted by:

Om = sup h(F).
FeFm:sm

We also denote by O the size of the mesh on the mortar side:

O = sup diam(T' NTy,).
TeTy;n, l#k(m)

Then, a family of interface meshes (F5)s~o can be defined over S by:

M
Fs=J Fmon, 0= max 4.
L 1<m<M
Bt

For each F' € Fps,, we denote by T'(F) € Ty(m)n,,, the unique element T' €
Tie(m)shy(my Such that TNS = F.
Moreover, the following assumption is made:
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Figure 2: A situation where the mesh Fi.5, of the interface g1 is inherited from the mesh
To:h, of Qp. The assumption 1 would be violated if at the opposite, £2; were the slave side.

Assumption 1. F € Fj is always an entire face of T(F) € Ty,.

In other words, the construction of the interfaces (I';;,)1<m<nr respects the mesh of
the slave sides. An example of situation obeying to assumption 1 is given on figure 2.

Remark 1. For simplicity, the mesh is assumed to be affine but the following re-
sults are still valid for regular quasi-uniform quadrangular meshes, at least in 2D (see
[GR86]). In fact, the only assumptions to satisfy are the following standard inequali-
ties:

1@ g (i) < C diam(K)mmeas(K)’%|w|Hm(K),

|wlgm (1) < C diam(K) ™™ meas(K) 2|y 1)
between the semi-norms of the function w defined on a mesh-element K and its trans-
formation W defined on the corresponding reference element K.

Remark 2. In the following sections, C will stand for various constants independent
of the discretization.

2.2.2 Interface mesh-dependent spaces

We define here some mesh-dependent trace spaces, endowed with useful mesh-dependent
norms already introduced and used in [AT95, Woh99]. For each 1 < m < M, they are
defined by:

1
H/2(T,) = {¢ € L2(T'm)*, ||¢||§,%7m = Y m”(ﬁ“iz(w < 400},
FeFm:sm

Hy (0) = {0 € L2OC) NG 1= D hF)IAZ2pya < +00},
FeFmsm,

endowed respectively with the norms || - |51 ,, and [[ - [[5 _1 ,,- The product spaces
Ws = Hszl Hé/z(I‘m) and M = Hszl H(;_l/Q(I‘m), are then respectively endowed



with the norms:

M 1/2
(Z |¢||§7;,m) ,

lells,2 =
m=1
M 1/2
Alls—g = (Z |A||§,_;,m> .
m=1

They can be viewed as dual spaces by means of the the L? inner product:

/S 6 X< M5y 16llsys V(6 A) € Wi x M. (5)

The advantage of such spaces is that the corresponding norms are easily computable,
enabling a posteriori estimates [Woh99] and efficient penalization strategies as shown
in the second part of this paper.

2.3 Approximate problem

2.3.1 Nonconforming formulation

Let us define the discrete subspaces of degree ¢ inside each subdomain :
Xin, = {p € HN Q) NC2(%)Y,  plr € Py(T),VT € Tion, } ® Broy

with P, = [P,]¢ or [Q,]¢. We have denoted by P, (resp. Q,) the space of polynomials
of total (resp. partial) degree ¢, and have introduced the possibility of adding a space
Bi;p,, of interface bubble stabilization. Examples of such spaces will be introduced in
Part II. The corresponding product space is denoted by:

K

X, = HXk;hk c X.
k=0

We introduce the following trace spaces on the non-mortar side:
Winis,m = {p|FM’p € Xk(m);hk(m)}7 W??"L;ém = W5, N H& (Fm)da

and the corresponding product space W[? = HM wo endowed with the mesh-

m=1""m;dm
dependent norm || - |[5 1.
In order to formulate the weak continuity constraint, the following spaces of dis-
continuous Lagrange multipliers are defined:

My, = {p € L*(T)?,  plr € Pyoi(F),YF € Fns, }s (6)

as well as the product space Ms = Hi\f:l M5, , endowed with the mesh-dependent

norm || - [|5 _1 and M = H%:l L3(T,,)?%. The following continuous bilinear form is
then introduced to impose interface weak continuity:

b: X xM —R

M
(v, \) — b(v,A) = Vm * Ams
)

7



with [v];, = Vg(m) — v denoting the jump on 7j(my C I'y. Then, the constrained
space of discrete unknowns can be defined as:

Vi = {uh € Xh,b(uh,)\h) =0, V€ Mg}.

In order to formulate the non-conforming approximate problem, it is standard to
consider the broken elliptic form:

a: XxX —R

K
(u,v) — au,v) = Zak(uk, VE),
k=1

with:

ap(uk, vg) = /Q (E : e(ug)) : e(vg).

We are then interested in finding (up, Ap) € X X My, such that:

{&(uh, ’Uh) + b(vh, )\h) = Z(Uh), Yo € Xy, (7)

b(un, pin) =0, Vpn € Ms.

In other words, we solve our variational problem on the product space X} under the
weak kinematic continuity constraint b(-,-) = 0.

Remark 3. The theory proposed in Part I also applies to situations involving contin-
uous Lagrange multipliers defined on spaces like:

Mm;5m - {p S CO(Fm)a p|F S Pq(F)7VF S fm;ém}-

2.3.2 Fundamental assumptions

In order to ensure the well-posedness of the problem (7), some fundamental assump-
tions have to be made. Concerning the compatibility of X and Ms, we assume:

Assumption 2. For each interface 1 < m < M, there exists an operator:

T H};/Q(I‘m) — W2

mM;0m?

such that for all v € H§/2(I‘m):
/ (Tmv) - = / v, VY€ My,
| . L

||7vam||6,%,m < Cm”””&,%,m-

with:

This assumption means that the projection perpendicular to the multiplier space onto
the trace space Wﬂol; 5,, With zero extension is continuous. This assumption will have



to be checked for each choice of discretization. Its major consequence lies in the fact
that the weak-continuity constraint is onto, as shown in the next section.

Concerning the coercivity of a over V' x V', where V is a constrained subspace of X
to be defined in that section, we have to consider Lagrange multipliers spaces which
are sufficiently rich on the interfaces to kill local rigid motions, defined on w C Q as
the elements of:

Rw)={z€R¥—t+axz tacR}

For that purpose, we introduce the following assumption over the Lagrange multipliers

spaces:

Assumption 3. For all 1 < m < M, we assume that there exists two integers 1 <
k,l < K such that Ty, = v and a minimal Lagrange multiplier space My such that
My C My, independently of the discretization. Moreover, we assume that for all
v € X which is locally a rigid motion both over the subdomains Qy, and €, that is
v|a, € R(Qk) and v|g, € R(Y), we have:

/ W] p=0 VpeMy  — [lu=0, (8)
Tkl
where the jump of v over vy s denoted by [v]x;.

Under assumption 3, the constrained subspace V' of X on which the coercivity of the
broken bilinear form a holds, is defined as:

V={veX, [v] ' w=0, VYue My, 1<kI<K}.
Vil

3 Well-posedness

3.1 Inf-sup condition

The main consequence of assumption 2 is the inf-sup condition satisfied by the bilinear
form b expressing the mortar condition, as proved in [Woh01]:

Proposition 1. Under assumption 2, there exists a constant 3 > 0 such that:

. b(un, An)
inf sup @ 0—
M €Ms\{0} uy ex,\ {0} [[Anlls,— 1 llunllx

> f, (9)

where B is of the form:
f=C mi

1<m

1
n A N9
<M (Cp)?
where the constant Cy, is the stability constant of m,, defined in assumption 2, for
all1 < m < M, and C is independent of the discretization and of the number of

subdomains.

Remark 4. In the absence of any triple point on the interface, that is if any function
defined on T',,, has zero trace on all other interfaces 'y, | £ m, the previous proposition
remains true even if one replaces Wﬂou m by W5, n assumption 2.



3.2 Minimal Lagrange multipliers spaces

For instance, the implication (8) of assumption 3 is true when the traces of first
order polynomial displacements over the interfaces belong to the Lagrange multipliers
spaces. This result made precise in the following lemma, is detailed in [Hau04]:

Lemma 1. By chosing My, as the restriction to vg; of first order polynomial displace-
ments, i.e:

My = My(yw) =Pr()4] . = {v|y,,, veP(Q)Y}, 1<k 1<K,

Ykt
where P1(Q)) is the space of first order polynomials over Q, the implication (8) of
assumption 8 holds.

Remark 5. When considering second order approzimations for the displacements,
first order polynomials must belong to the space of Lagrange multipliers in order to
achieve an optimal rate of convergence, as shown in the proof of proposition 5, page 27.
The choice of My, given by lemma 1 is then natural. Nevertheless, when considering
first order approximations of the displacements, and when more than two subdomains
share a common edge, it is impossible for stability reason to conserve all the affine
functions in the spaces of Lagrange multipliers. In particular, the order of Lagrange
multipliers should be reduced on the interface elements having a non-empty intersec-
tion with the boundary of the interface, as pointed out in [BMP93, BMP94] for the
scalar case.

It is possible to weaken the assumption of lemma 1, for instance by using piece-
wise constant Lagrange multipliers, at least over interfaces having a tensor product
structure, as detailed in [Hau04]:

Lemma 2. We assume that for all 1 < k,l < K such that Qi and Q; have a non-
empty intersection, the interface vy = 0Q N OY between the subdomains is planar.
Denoting by Gy, its center of gravity defined by:

1
Gy=—""-— dx,
M meas(Tgp) /sz rar
we can characterize vy by:
T ={z€R 2-Gu=84fi+&f, (&4,&)€[-1,1]°},

where f1, fo € R3 are linearly independent. We introduce the following partition over
Vit -

Yt ={ah+&f; & 0] and & € [0;1]},
T ={&fi+ &S & €051] and & € [-1;0]},
Y =16f1+&fs & €[-1;0] and & € [-1;0]},
Y ={&fi+&f & €[-1;0] and & € [0;1]},

and assume that My is made of piecewise constant functions over the sets 7,;'34', ’y,jl_,
Y~ and vy T, Then, the assertion (8) of assumption 8 holds.

10
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Remark 6. In the proof of lemma 2, the space of Lagrange multipliers we have used
to check the implication (8) of assumption 3, is in fact a subspace of dimension 8 of
the proposed space Mjy,;.

3.3 Standard result of coercivity

We are now ready to recall the standard coercivity result for the bilinear form:
K
d(u,v) == de(u,v), Yu,v € V
k=1

with:
di(u,v) == / e(u) : e(v), Yu,veV.
Qg

The now standard proof, done by contradiction as in [BMP93] for example in the
scalar case, does not guarantee the independence on the number and the size of the
subdomains. We recall it nevertheless for completeness.

Proposition 2. Let Q be a bounded C'connected open set. The assumption 3 is
supposed to be satisfied. Then, there exists a constant C > 0 possibly depending on
the number and sizes of subdomains such that for all v € V, the following inequality
holds:

K K . 2 |
;/ﬂkf(v)f(v)zc<;m‘/§;kv + ka’U.vv>,

4 Uniform coercivity

We improve herein the previous coercivity result by showing the independence of
the coercivity constant with respect to the number, the size and the shape of the
subdomains. Such a result is known for scalar elliptic problems, when interfaces are
plane, as proved in [Gop99, Bre03]. A proof for the vector case is also proposed

11



in a recent publication [Bre04]. The originality of our approach is that it uses a
generalization of the Scott and Zhang interpolation [SZ90], and is valid for curved
interfaces.

4.1 Fundamental assumptions

Let us introduce the assumptions used in the present section. First, we assume that
each subdomain is a “compact deformation” of a reference domain, the reference
domains being in finite number. More precisely:

Assumption 4. [t is assumed that:

1. there exists a finite collection of reference domains (Qj)lgjgj of unit diameter,
of compact sets (K;)1<j<s and of maps ¢; : Q; x K; — R 1 < j < J such that
forall1 <j<J:

diam (gpj (Qj,p)) =1, Vpek,,
and the following application:
Kj — WLOO(Qj)dﬂ
p — @j(ap)a
18 continuous;
2. for all1 < j < J, there exists a constant C; > 0 such that:

D,

det
oz

(#,p) > Cj, Vp e K, for almost all & € Q;;

in other words, for all p € IC;, ¢;(-,p) is a uniform homeomorphism;

3. for all (U)1<k<i there exists a j with 1 < j < J and an element p € K; such
that within a scaling factor:

1 ~
—— Q=0 (Q5,p).
diam(Qk) k Wj( jap)
Moreover, we consider that:
4. there exists a finite collection of reference interfaces (Yj)i1<j<r, with 4; C 8Qj,
1 <5 < J, and that the application:
K5 - WG
p = Wj('ap%
18 continuous,
5. for all1 < j < J, there ewists a constant C'; > 0 such that:

e

det 2%

(&,p) > Cj, VpeK;, for almost all T € 4,

and when 7y is a part of the boundary of Qi = ¢;(§2;,p), we assume that:

12



1
6. —— v =i(3. D).
diam(y) |~ % (%5, )

7. there exists three constants k,k’, k" > 0 such that for all 1 < k < K:

p(Q) > K diam (),

diam(yx) > &' diam(Qx), 1<I<K, (10)

vkt > K" diam(Q)% 1,
where p(Q) denotes the diameter of the largest ball contained in Q . The
constants k,x' and k" must remain independent of the number and the size of
the subdomains. As a consequence of (10), the number of subdomains sharing a

common intersection remains bounded by a fized integer P, independently of the
chosen regular decomposition.

The assumptions 1 to 6 are used to show a technical result of shape-independence of
the constant in Korn-like inequalities within a proper scaling, as detailed in [Hau04],
page 205. Assumption 7 will be used to show our interpolation estimates.

To deal with curved interfaces in the framework of Scott-Zhang like interpolation,
we will need the technical assumption 5, page 15, detailed hereafter in the definition
of the interpolation operator. The present coercivity result will be shown on the
constrained space:

V={velX, [v] - =0, Vueﬂ"l(’ykl)d}
Ykl

In this section, we assume that all these assumptions are satisfied.

4.2 Generalized Korn’s inequality

We will use hereafter the two following generalized Korn’s inequalities reviewed and
detailed in [Hau04], page 205, for domains satisfying the assumptions of section 4.1.

Lemma 3. There exists a constant Cp such that for all Qy and vy satisfying the
conditions defined in section 4.1, the following inequality holds for all v € H'(,)%:

1 L v
2 Ykl
v < Cp - sup + dk v,V )
|| ||H1(Qk)d dlam(Qk) (#GMM ||N||L2(7M)d> ( )

where Cp does not depend on Q. and ;.

Lemma 4. There exists a constant Cn such that for all Qi and vy satisfying the
conditions defined in section 4.1, the following inequality holds for all v € H'(,)%:

2
1 Jo v-r
2 Qp
v <Cny|— sup ——— + di(v,v) |,
|| ||H1(Qk)d dzam(Qk)Q (rER(Qk) ||T||L2(Qk)d> ( )

where Cn does not depend on Q. and ;.

Then, we deduce the following trace lemma;:

13



Lemma 5. There exists a constant Cp such that for all Qy and g satisfying the
conditions defined in section 4.1, the following inequality holds for all v € H'(Q,)%:

2
1 Vil K 1 fQ ver
. sup —r———— S CT —_— sup Tk + dk (Ua U) )
diam () (ueMm |M||L2(W)d> diam(Q)? (reR(Qk) 7] L2 (2,0 )4

where Cr does not depend on Qy and ~yg; .
Proof : By using the Cauchy-Schwarz inequality, the Sobolev trace theorem (with
proper scaling) and the lemma 4, we get:

1 S vm 1 / )
—— | sup —*— < —F v
dzam(Qk) <H€Mkl HNHLQ('yM)d dzam(Qk) Vit

1

< C 7/ v2+/ wﬂ)
<dmm(ﬂk)2 Qs Qk| |
2
1 fQ v-r

< OCn | —5 sup oo |+ di(v,0) |

diam(§))? <reR(Qk) [7(] 2 (0 )¢ o)

hence the proof. -

4.3 A Scott & Zhang like interpolation operator for mortar
methods

The proposed interpolation operator builds a conforming approximation of a non-
conforming function defined in the constrained space V' of functions whose jump is

orthogonal to interface Lagrange multipliers, with the usual stability properties shown
in [SZ90], even when considering curved interfaces between the subdomains.

Construction of a coarse conforming basis - Let us introduce a coarse
conforming triangulation 7y of 2, as shown on figure 3, which satisfies the following
conditions:

1. Each T € 7y is totally included in a subdomain Q.
2. The tetrahedra in 7 possibly have curved faces along the skeleton interface S.

3. The tetrahedra T € Ty in Qy, are such that p(T) > Cdiam(y), with p(T") the
diameter of the largest ball included in T'.

We define on 7y the following conforming approximation space:
Xy ={ve HQ), vlr eP(T), T€Tu},

where P;(T) denotes the space of affine applications over T'. The vertices of the coarse
conforming triangulation 7z are denoted by (M;)1<i<r, and the associated nodal basis
of XH by (¢i)1§i§[ such that:

¢i(Mj) = bij,

using the Kronecker symbol §;; = 1 for ¢ = j and 0 otherwise.

14



Q,

Figure 3: A coarse conforming triangulation 77 of = Q1 U Qs U Q3 satisfying conditions
1 and 2.

Set of interfaces - Let us denote by Zs the set of interfaces v between two
adjacent subdomains, and by Z the set of internal faces of the triangulation 7z, that
is the faces of the triangles T' € Ty, which are not included in the skeleton interface
S. The total set of interfaces is then defined by:

7 =2ZsUZ.

To deal with curved interfaces in the framework of Scott-Zhang like interpolation, we
need the following assumption:

Assumption 5. There exists a constant C > 0 such that for each node M; of the
coarse triangulation Ty, there exists an interface v; € Z with M; € ~; such that for
all matriz B € R¥*? we have:

|%‘|

i

1
/ B (z = Gy, dov > C X(B,y:)* diam(v:)?, (11)
v
where G, is the center of gravity of vy, i.e:
1
G, =— / zdz,
vl Jy
and \(B,~) the mazimal singular value of B on ~:

B (z—G)?
A(B,7)? = sup B = Gl Z)l
ASeT |$—GV|

Remark 7. The assumption 5 means that for all node M; of the coarse triangula-
tion Ty, there exists an interface sharing M; and having a finite “length” along the
principal direction of displacement for all affine fields of displacements. As a counter-
example, let us consider the curved interface depicted in the following picture:
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| s /

Y L

1
and the linear function v(x,y) = ¢ 'y = B -x. It follows that \(B,v)* ~ 7 and

1
— | B (z-Gy)
|Pyl| Yi E

2 Nl ‘ -1 2 NE
dx_L/O (e y) dy_L.

As a consequence, the assertion (11) is not satisfied on v uniformly in €. The reason
is that in this case, 7y is nearly orthogonal to the principal direction of displacement.

Nevertheless, the assertion (11) is satisfied for any plane interface v whatever the
matrix B € R%*?  as shown in the following lemma:

Lemma 6. The assumption 5 is satisfied when choosing as v; any plane interface
sharing the node M;, provided ~y; is shape reqular that is:

p(yi) = Cdiam(y;).

Proof: The present proof is done in three dimensions. Let v be a plane interface, and
Q a square of maximal edge length (= p(7)/v/2) included in the largest ball contained
in 7y (as shown in the following picture).

pO)

We write x — G, = x1e1+x2e2 = J -z, where e; and ey are two orthogonal vectors such
that G + span{ei, ez} = 7. As the matrix J'- B' - B - J is symmetric semi-definite
positive, it can be diagonalized and we still denote by e; and es its eigenvectors,
associated to the eigenvalues y? and p2 with y3 > p2. Finally, we choose among all
the possible squares @), the one whose edges are parallel to the eigenvectors:

Q = {$161 + x0€2; X1 € [Xl —a, X, +a],(E2 S [Xg —a,Xs+ a]}7

where the center of the largest ball in v is G + Xie1 + Xaeo, and 2a = p(fy)/ﬁ

16



Then, we get:

1 / 1 )
~ 1B > —/Bﬁ%GH
vy |”/| !
Xi1+a X2+a
> / (1i(21)® + p3(x2)%) dayda
|’Y| X1—a Xo—a
2a
Z 35 (11 (X1 +a)’ = (X1 —a)®) + 443 (X2 +0)° = (X2 —a)®)).

Moreover, we have:

(X1 +a)® = (X1 —a)? a((X1+a)®+ (X1 +a)(X1 —a) + (X1 — a)?)

a (3X12 + a2)

> 2d°,
leading to:
1 ) 2
il B -G 79 37,2 2
1B et 2 g )
> £2a3u2
o3

From shape regularity, we have |y| < Cdiam(v)? < Cp(y)? = 2Ca?, and therefore:

1
m/w«wﬂm22<w£
Y

> Cdiam(v)*3,

but by definition:
3 = AB,7)?,
which ends the proof. |

The main consequence from assumption 5 is the simple:

Lemma 7. Under assumption 5, there exists a constant C' > 0 such that for all locally
affine functions v € P1(Q)¢, we can find at each node M of the coarse mesh Ty, an
interface v > M for which:

||U||2Loo(7)d < OWHU”QB(w)d

Proof : Let v be locally in P1(Q)¢. For all v € Z, there exists a vector v(G,) € R?
and a matrix B € R4*? such that:

v(z) =v(Gy) +B-(z—G,), Yzxenr,

17



the matrix B being independent of the choice of v € Z. From assumption 5, we can
always find at each node M; of the coarse mesh 7y, an interface v = ~; such that (11)
is satisfied. Then:

[0 Z 5y < 200(G) + 2AM(B, y)diam(7)?,

and from assumption 5, we deduce:

1

G
Al ")

1
ol = oG+ o [ 1B (@GP
vl Jy
C (v(G4)? + MB, ) diam(v)?)
C||”||%oo(7)'

ARV}

O

Conforming approximation - For all functions v € X, we are now ready to
define the conforming approximation Pv € H(Q) by:

Pu=> piv(M;) ¢, (12)

i>1
where:
Piv = Ty, 0,

in which ., is the L?(y)¢ projection over P;(v)? (the restrictions to v of functions in
P1(Q)4), and 7; € Z is among the interfaces sharing M;, the one which maximizes:

1 1

— 1 _ . _ 2

Let us notice that in the expression 7., v, we choose arbitrarily the side of v; on which
the trace of v is taken. When considering v € V' with the constrained space:

V:{v€X7/ [v]- =0, VYupePi(y)"1<kl<K},
Ykl

this choice has no influence because:

/v+'u=/v’-u, Vi € Py ()Y,
Vi Vi

entailing that 7,0 = m,,v".

Remark 8. In this section, we use the Lagrange multipliers spaces My, = Py (yi)?.
Nevertheless, one can adopt any My, such that for all v € L*(yy)?, there ewists a
solution m,,v € P1(vi)¢ of:

/ WVMU-M:/ v, Y€ My,
Ykt Vr

18



satisfying:

v
H’]T U||L2 a4 < C sup %17, (13)
- (1) pedy 110l L2 ()

Such a statement is true when adopting Lagrange multipliers satisfying the assumption
3, but the constant a priori depends on the shape of the interface vy .

K
Proposition 3. The interpolation operator P : H HY ()" — (Xu)? defined by (12)

k=1
satisfies the following local inequality for all 1 < k < K:

1
llv— PU”%p(Q )d <C g di(v,v) / (W[U])z ) (14)
K e dzam(Qk) Si

where N'(Q) denotes the set of indices of the subdomains sharing a vertex with Q,
and dy, is the bilinear form over H*(,)® x H'(Qx)? defined as:

di(u,v) = /Q e(u) :e(v), Vu,v € H (Q)?

Moreover, we have denoted by Sy, the union of the neighboring interfaces of Q:
Ss= U v
IL,meN (Q)

and:
m[v](z) = 7y [v] (), for all x € v, with v € Zs.

Moreover, when the decomposition into subdomains satisfies the conditions defined in
section 4.1, the constant C' is independent of the diameter and the shape of the sub-
domains. The definitions of N'(Q) and Sy are illustrated on figure 4.

Proof : The proof is decomposed into 4 parts. For convenience, we will denote by
Oy, the neighborhood of €2, defined as:

O = U .

LlEN ()

1. Range of P;(O;)?.
Let us consider the affine displacement v € P1(O)?%. For all v € Z N Oy, the
trace of v over « belongs to Py ()¢ by definition, and therefore:

T,V =7V, on-v.
As a consequence, we obtain for all i > 1 satisfying M; € Qy, that p;v = v,

hence:
Po)lo, = D> (Mg = vlay,
i>1,M;€Qy

because v|q, € (Xm)®
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Figure 4: A triangular domain decomposition of Q C R?, with illustration of the subdo-
mains (£);epr(o,) sharing a vertex with Qy, (inside the dark thick line), and of the reunion

Sy of the neighboring interfaces of Qj (in dotted lines).

2. Stability of P in L?(0;)%.

Let v € X. It is readily obtained from definition (12), that:

2
IPol2agye < max M) [ [ 3 16
i, M; EQy Qp 1<i<I
2
2
< wax froliegy [ | X 6
o, M; €Qy Qg 1<i<T
Under assumption 5, we obtain from lemma 7 that:
01 e g0 < Oy ol
Vi TlLee (y;)d = Iyl ' L2 (i)
and because 7., is the L2(v;)? projection over Py (v;)?, we get:
2 2
[y, v |L2(w)d < ||U||L2(7i)d 5
resulting in:
2
1 2
Pol2 < max —|jv , / i . 15
Pl < ma i [ | 3 i (15)

As 7; is a part of the boundary of a domain €;(;) corresponding to the side of 7;
on which the trace of v is taken, we get from the Sobolev trace theorem that:

1 2 1 / 2 / 2
— v ya SO —75—3 Gl Vol ) 16
dzam(Ql(i)) | ||L2(m)d (dzam(Qz(i))Q Qi Q) Vel o)
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with C' uniformly bounded due to the shape regularity of €;(;). Moreover, we

have:
2

/Qk S Jd =/Qk di = |, (17)

1<i<TI

because by construction ), ..., |¢i| = 1. We deduce by exploiting the expres-
sions (16) and (17) in (15) that:

Q| . 1
Pol|? < C max | diam(Qy; 7/ v2—|—/ Vol?
H ”Lz(Qk)d i, M; €Q) |%‘| ( i )) (dwm(gl(i))Q Qe Qi | |

%] . 2 1 2 2
C max diem(Qpy)° | —=—— v7 + |V
i M€y |G| W7\ diam ()2 Jo,,, %

because from the shape regularity conditions (10), we get:

N

IN

1vi| diam(Qy ;) > n”diam(Ql(i))dfl diam(Qs))
= K" diam(Q))"
C K" Q-

vV

Therefore, there exists a subdomain €2; sharing a node with 2 such that:

1 2| 1 2 / 2
— Pvl? <OoE -
diam ()2 IPvlz20,e < € || (diam(ﬂl)2 /Qz o o) Vel

after a division of the two sides of the inequality by diam(;).

Let us show now that diam(€;) < Cdiam(§2). From the shape regularity (10)
of the decomposition, we can build a sequence of (less than) P adjacent subdo-
mains (€2, )1<m<p such that €; and €, , share the interface v, ,,,,, with
Q, = Q and Q;, = Qy, as illustrated on the following figure (for triangular
subdomains):

Yi
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From the shape regularity (10) of the decomposition into subdomains, we then
have:

) 1
dzam(le+1) < ;dzam(’ylmlm+1)
1
< Edzam(le), (18)
and by iteration of (18), we get:
1
; Q < ——di Q). 1
diam(Q;) < (H/)szam( k) (19)

Considering that the roles of € and £; can be swapped in the previous in-
equality (19), we deduce that |Qx| < C|€| from the shape regularity (10) of the
decomposition because:

Q] < Odiam(Qk)d
< (n’) dzam(Ql)d
1 1
< (H/)dp — ()"
1
= (K')4P & d|Ql|

As a consequence, we obtain from (18) with a still generic use of the constant
C, that there exists a subdomain €2; sharing a node with 2 such that:

1 1
- ||Pv|%, < _— 2 / 2). 2
diam(§))? Pollz ) ¢ <diam(Ql)2 /Ql v o Vol (20)

. Stability of P in H'(;)%.
Proceeding as previously, we get for all v € X the following bound on the
H'(Q)? semi-norm of the interpolate function Pu:

2
9 2
|PU|H1(Qk)d = fg?gxl [piv (M) U \1<i<1 Vol
diam(Qy)? 1
— Q) | 0?4 Vo2 Vil
, Q diam(S ;) )?
i, M;€Qy, | l(i)| Za'm( l(i)) Q) i) o tsist
(21)

Moreover, by decomposing the last integral over ) into a sum of integrals over
the triangles of the coarse triangulation 7 belonging to €2:

2 2

dved | = > Vil |
I, [Ap>

1<i<I TeTy,TCQ 1<i<I
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and using the fact that for all tetrahedra T' € 7y belonging to €, we have the

standard result:
1 1

1) = diam(@n)

using the assumption 3- made for the coarse triangulation 7z, we conclude that:

Vo < C

2

C
/Qk Z Vil < W|Qk| (22)

1<i<I

Hence from (21) and (22), we get by using the same arguments of shape regularity
of the decomposition as in the previous part of the proof that there exists a
subdomain 2; sharing a node with €, (the same as in (20)) such that:

P Vol
| U|H1(Q) <dzam 0;)2 /QLU +/Ql| U|)

4. Approximation property
For all v € X the interpolation Pv € (Xp)? satisfies from the two previous
points of the proof, the following stability property:

IPol3 e < CllvllF e (23)

For all rigid motion p € R(Oy), which is a fortiori a linear function of Py (Oy)4,
we have from point 1 that Pp = p on ), resulting in the following bounds by
using the triangular inequality and the stability estimate (23):

lv=Pol}ige = lv=p+PE=0)Fn g
< 2||’U_p||?{1(gk)d+2||P(p_v)‘|%11(ﬂk)d
< O (Il =Pl gas + o = Pl aye)
< C Y v =plln

LEN ()

By taking p as the extension over (2 of the rigid motion projection of v over Qy,
we get from lemma 8, page 24 that:

1
Jo =Pl <C [ 32 diw,v) [ wto? ).
LN dzam(Qk) Si
which is exactly (14).

O
In the previous proof, we have used the following lemma which is a generalization to
non-conforming vector functions of the Deny-Lions [DL55] or Bramble-Hilbert [BH70]
lemma involving the broken elasticity semi-norm.
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Lemma 8. There exists a constant C > 0 such that for all v e X:

2 1 2
S Wplin <C| Y dtne)+ g [ ) )

leN () lEN ()

where p € R(Q) is the rigid motion satisfying:

/p-w:/ v-w, YweR(Q).
Qp Qp

Moreover, provided the decomposition into subdomains satisfy the shape regularity con-
dition defined in section 4.1, the constant C is independent of the size and the shape
of the neighbor subdomains.

Proof : We prove herein the announced upper bound for the quantity

Z [[v _pH?ﬁll(Ql)da

LEN(Q4)
in which the rigid motion p € R(2) is defined by:

/p-r:/ v-r, VreR(Q).
Qe Qe

e First, it follows from lemma 4 that:

2
1 Jo, (w—p)-
2 Qk
v—p <Oy | — sup ———— | +di(v—p,v—p)| =Cn di(v,v),
o2l e diam(§)? <reR(Qk) ||7“||L2(Qk)d ) ( ) v

by definition of the local rigid motion projection p.
e If ); shares an interface with €, we obtain from lemmas 3 and 5 that:

lv =Pl 7 (@)

2
1 V—Dp)o, " K
- sup f'ym(—)ll —|—dl(’U,’U)
diam () \ per 11l L2y

<
1 fo =Dy 1) .
—pla, -
< 2Cp | ——~| sup & +dy(v,v +%/ T Tl
" diam($) <H€Mkl [l L2 (y00) ) (v ) diam(€Y) m( e [0])
diam (k) 1 fo, (v ?
1am(Qy 0, (v=p)"
P dzam(ﬂl) T dlam(ﬂk)2 (T;zu(%k) ||T'||L2 ) ) k(U U) l(v U)
+20 / o
P Ql) Vil 7T’Y
diam(Qy) 1 / ,
= 2 ——~Crd d 20p—0"
Cp (dam(Ql) Cr k(U7U)+ l(Uav)) + deiam(ﬂz) ykl(ﬂ—’YkL[U])
1
= O(d’“(”’””dl(”’””m/wkl(%[““?)’ (25)
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because we have diam(Qx) < Cdiam(€;) as in the step 2 of the proof of proposition
3.

e For other I € N(Qy), we proceed by the same technique used in the step 2 of
the proof of proposition 3, by reasonning on a sequence of adjacent subdomains, and
obtain as above:

lv— p”%ﬂ(ﬂlmﬂ)d
2

1 J (v=p)la,,,, ~H
< Cp|l—rn— sup  mlmil A +di,,.,, (v,0)
dzam(le+1) HEMi 1, ||/1‘||L2('ylmlm+1)d
1 J (v =p)la, n
< 20p | 57— sup ot : + di,, i (v, 0)
dzam(le+1) HEMip1,, |‘N||L2(mmlm+1)d
1
+2cp,7/ (Tt [0])?
dzam(le+1) Vi b1 Yimime1
2
diam(,,) 1 Jo, w=p)-7r
< P ==Cr | = sup —r— | +di,, (v—p,v—p
Tram(@h,, )" \ T @ \enn ) Tl ( )
42Cp (diyi (000) 4 g [ o))?
p | di, ) — i,
i diam(u,,,.\) Sy, 0 Tt
diam(82y,,) 9 1 / 2
< 2Cp| ———=Cr ||lv— +dp,, ,(v,0) + ——FF— s v ,
! (dzam(le+1) Tl p”Hl(QLM)d : +1( ) dlam(ﬂlmﬂ) ’nmlm+1( 'Ylmlm+1[ ])

from Cauchy-Schwarz inequality. From the shape regularity (10), it follows that
diam(Q) < Cdiam(Q,,,,) and diam($Yy,,) < Cdiam(€y,,,,) as in the step 2 of
the proof of proposition 3, and we get:

lo =Pl o

1
2 2
< CCp (CT v =Dl (0, 1o T diir (v,0) + m[y (o)) ) .

By induction on m and from (25), it is then obtained from #N(Qg) < P that:

lrnlm+1

1
I = Plione < CCrC0"Ox | 32 o)+ e | (eli)?

dzam
FJEN ()

and therefore:

2 P 1 2
> le=plipay < CCronTox 3| Y dw o+ g | Gl
LEN () leN(Qr) \JEN ()
1
< CP(CrerToN [ S i) /(77[11])2 ,
NG dmm(Qk) Sk
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hence the proof. |

Remark 9 (Satisfaction of a Dirichlet homogeneous boundary condition).
If v € X satisfies a Dirichlet homogeneous boundary condition on the part I'p of the
boundary of the domain §2, its interpolation Pv has the same boundary value on I'p
provided:

e Ty NT'p is a (possibly curved) triangulation of T'p,

e the nodes M; € I'p are associated to faces v; € Z contained in I'p.

4.4 Uniform coercivity result

We improve herein the coercivity result from proposition 2 by showing that the coer-
civity constant is independent of the number and the size of the subdomains:

Proposition 4. There exists a constant C' > 0 independent of any decomposition of
Q into subdomains satisfying the assumptions of section 4.1, such that for all displace-
ments fields v € X :

K
2 71 s v 2
P <0\ Satwos 3 g [ mi?). e

1<k<I<K

Proof : For all v € V, the conforming interpolate function Pv € (Xg)¢ C H(Q)4
satisfies the same Dirichlet boundary condition as v (see remark 9) resulting in the
usual coercivity result, only depending on the shape of :

d(Pv, Pv) = d(Pv,Pv) > C|[Pu|311 ) = C||Pvl%- (27)

Consequently, we get from (27) and proposition 3 that:

ok = llv—Pv+PolX,
K K
< ZZHU_PU”%ﬂ(Qk)d+ZZHPU||?{1(Q,C)L17
k=1 k=1

IN

K 1 )
C’Z Z di(v,v) + dlam(Qk)/ (m[v])? | + Cd(Pv,Pv).

k=1 \leN(Qy)

Moreover, we obtain by the triangular inequality and the use of proposition 3 that:

dPv,Pv) = d(Pv—v+v,Pv—v+0)
< 2d(Pv —v,Pv —v) + 2d(v,v)
K
< 22 |Pv — ”ﬁ{l(ﬂk)d + 2d(v,v)
k=1
- 1
< 2] 424
< oY | S dwe+ dzam(ﬂk)[gk(”[”]) + 2d(0,v),

k=1 \leN(Q)
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which leads to the final estimate:

K
<0 Sdwo+ ¥ e [ )] wex. @s)

=1 1<k<I<K diam (i)

by exploiting the fact that #N (Qy) < P, and diam(Qy) > diam(yx)- O

4.5 Existence result for problem (7)

From assumption 3, we have V;, C V independently of the discretization, and get the
uniform coercivity of the bilinear form a over Vi, x V. Indeed, for all vy, € V}, we get
from (26) that:

K
a(vn,vn) = kZ_l/ﬂ (B :e(vp)) = e(vp)

Y

K
I]ngIIll(Ck) ;/ﬂk e(vp) : e(vp)

. K 1
- )<k_1m/m(”h>2+/ﬂk |Vvh|2>,

because 7[v,] = 0 due to the fact that v, € V. The coercivity of the bilinear form
a over Vi x V4 is then proved, with independence of the coercivity constant & =
C'ming>1(cx) with respect to the number and the size of the subdomains. Let us
remark that when the Young moduli of the subdomains are multiplied by a constant,
a is multiplicated as well.

Since a is uniformly coercive over V3, xV}, and since (9) ensures that the weak-continuity
constraint b over the interfaces is onto, the discrete problem (7) is well posed by using
Babuska and Brezzi’s theory of mixed problems [Bre74, Bab73].

V
Q
=
5
e

5 Error estimates in elastostatics

5.1 Approximation of displacements

We recall now the standard error estimates in elastostatics under the following as-
sumption:

Assumption 6. For all 1 < m < M, the family of interface meshes (fm;(;m)ém >0

over the non-mortar side is quasi-uniform, and Om /0m Temains bounded independently
of the chosen discretization.

Error estimates can then be established under assumptions 1 to 6 (proceeding as in
[Woh01] for example):
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Proposition 5. Ifu € Hle HITY(Q.)? is solution of (4) with (E : e(u)) € Hle Ha(Qy)4>d
and q > 1, and (up, A\n) € Xp X Ms is solution of (7), the following error estimate

holds:
. « 1/2
k 2 2
lu—unllx <C (1 + max_ E) <§ ! |“|q+17E,Qk> ’
sks k=1

with:

1

2

[ulg 1m0, = [l e + 53 1B el yaxa- (29)
Gy

The constant C is independent of the number, the diameter, the Young moduli and the
discretization of the subdomains. The coercivity constant of a over Vi, X Vj, is denoted
by & and the coefficients (Ck)i<k<i characterizing the elasticity tensor E are defined

by (3).

Remark 10. The difference with the original result of Wohlmuth lies in the fact that
the constants appearing in the proof do not depend any more on the number of subdo-
mains.

The result remains true if we replace in (29) q by any integer 1 < r < q because it relies
on interpolation results which hold for any 1 < r < q given our choice of finite element.

Remark 11. It can be noticed by reading precisely this proof, that a better a priori
estimate is obtained when the non-mortar side is taken as the coarsest side (to improve
the approzimation error) and/or the softer one (to improve the consistency error).

5.2 Approximation of fluxes

The convergence of Lagrange multipliers uses the inf-sup condition (9) and is estab-
lished (see [WohO1] for example) by the:

Proposition 6. Ifu € Hle HITY(Q)? is solution of (4) with (B : e(u)) € Hle Ha(Qy)4>d
and g > 1, and (up, A\p) € Xp X My is solution of (7), the following error estimate on
Lagrange multipliers holds:

K 1/2
2 2
A= Aulls—y < C (Z hi! Iuqu,E,m) :

k=1

with A = (E : e(u)) - n, where n is the normal unit vector on S which is outward
to Qumy for all 1 < m < M. In more details, the constant C has the following
dependence:

/ 1 /1g}faﬁxK Cr Ck
C=C" max Cy (1+=-|+C"—— |1+ max — |,
1<k<K 08 I) <

where the various constants denoted by C' do not depend on the number, the diameter,
the Young moduli and the discretization of the subdomains.
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6 Generalization to elastodynamics.

In this section, we analyze the use of mortar elements to solve the linear elastodynamics
problem:

2
% —div(E:e(u) = f, [0,T]x Q,
(E:e(w)-v=g, [0,7]xTy,
w=0, [0,T]xTp, (30)
u=1up, {0}xQ,
du
5 =i, {0} xQ

with obvious notation. Let us only notice that the normal outward unit vector over
a surface is now denoted by v instead of n to avoid any possible confusion with the
forthcoming numbering of the time steps.

First, the notation of the static case is adapted and a standard result of existence
recalled in the elastodynamics framework. In the second subsection, a total approxi-
mation in space and time is introduced for the dynamical solution. It uses a mid-point
finite difference time integration scheme which is interesting for energy conservation
purpose, and a non-conforming finite element space approximation using a mortar
weak-continuity constraint over the interfaces. We finally establish the convergence
of the approximate solution to the continuous one, which is the main contribution of
this section.

Moreover, an important remark has to be done with respect to this analysis. For
first order problems in time, Lagrange multipliers are involved in the convergence
analysis through the estimation of:

inf s e(u(®) v — w54

as shown for example in [BMRO1] for an eddy currents model. In the framework of
second order problems in time, we underline the idea that the Lagrange multipliers
are also involved through the estimation of:

e+

entailing a higher sensitivity with respect to the choice of Lagrange multipliers. A time
discontinuity in interface constraints would lead to a deterioration of convergence.

inf
punEMs

)

-

5—3%

6.1 Position of the problem.

We formulate here the linear elastodynamics problem, using mainly the same notation
as in the static case. The body forces are denoted by f € L2(0,7;L*(2)%), the
density of the material by p € L>°(Q), which is assumed to be greater than a positive
constant, and the initial conditions in displacement by ug € H'(Q)? and in velocity by
i € L?()?. A surfacic force g € C*(0,T; L*(T' 5)¢) which is regular in time is applied
over the part I'y of the boundary 02 and a Dirichlet boundary condition v = 0 is
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imposed on the complementary part I'p = 0Q\T'xy which can be of zero measure. The
elastic properties of the material are the same as in the static case described above.
To give a precise meaning to the system (30), we define a solution as a displacement
function:
u e C’0,T; HA(Q)) NnCH0,T; L3 ()%,

such that in the sense of distributions on |0, T':

82

—2/ pult) - v+ a(u(t), v) = / £(t) v +/ o) -v,  Yee HNQ).  (31)
at? Jq Q I'n
It is now standard that:

Proposition 7. Under the previous assumptions, there exists a unique displacement
field w € C°(0,T; HL(2)) NCY(0, T; L%(Q)?), such that the equation (31) is satisfied in
the sense of distributions on 0, T[. Moreover, the energy:

£t) =1 /Q ) (%m)z + alu(t), u(t),

is conserved, that is for all t € [0,T]:

() =e<o>+/0t/ﬂf<s>-%@)dw/ot/m o(s) - t(s) ds.

We refer to [LM72, RT98] for a proof of the proposition.

6.2 A midpoint nonconforming fully discrete approximation.

We introduce here a space non-conforming fully discrete approximation of the solution
of (30). First, at each time ¢ € [0, 7] the spaces H}(2) and L?(2)? for the displace-
ments and the velocities are replaced by the non-conforming finite element space Vj
introduced in section 2.3.1 for the elastostatics problem. We then look for the dis-
placements u" € C°(0,T; V) N CY(0,T; V4) such that in the sense of distributions on
10, T[:

2
%/ﬂﬂuh(t)-v”d(uh(t),vh)=/Qf(t)~vh+/mg(t)~vh, Vol € Vi, (32)

The initial conditions in displacement and velocity take the form:

u(0) = Plug € Vi,

h 33
%(0):?2@0 €V, (33)

where P} (resp. PY) denotes a projection from H!(Q) (resp. L?(Q)%) to Vj. Now,
let (tn)nen @ sequence of discrete times such that ¢, = nAt for n € N. The use of
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a constant time step At enables the optimal time accuracy order established below.
The formal integration of (32) and of the additional relation:

9 h ho_ dul h h
E/Qu (t)-v" = QW(O v, Yo't € Wy,

over t € [tn, tnt1] by the trapezoidal rule gives the following fully discrete system:

- h - h h h
U — U _ful+u L + L
/ ,077”1 opta (*ﬂ ”Jrl,vh) = n(vn) "H(Uh), Yy, € Vi,
Q

At 2 2
uly —ul _ al
At 2 '

(34)
We have introduced the virtual work of the applied forces at the discrete time t,,:

Ln(vh) = /Qf(tn) - Up +/1‘ g(tn) “vp, Vo € Vi,

and have denoted by u* € Vj, (resp. 4" € V4) the approximation in time of the space

ou
approximation u"(t,) € V4, of the displacement (resp. W(t") € Vj, of the velocity),
that is the fully discrete approximation of the displacement u(t,) € HL () (resp. the

ou
velocity — (t,) € L*(Q)?). This trapezoidal finite difference scheme in time has been
selected for its exact conservation properties with respect to the energy and to the
linear momentum (see [ST92]).
The convergence analysis to come could be extended to other time integrators.
The system has to be completed with the initial conditions:

{ug = P,lluo € W, (35)

uh =Py € Vi,

Knowing u!’, 4/ € V}, and after elimination of 4/, by (34)-2, we can then determine
the fully discrete displacement u!* ,; € V}, at the discrete time ¢,,+1 € [0, 7] by solving:

2 h 1~ h 2 h 2 - h
[ moher ot g lham) = [ o (gl i) o
1
—5& (uﬁ,vh)
LTL L"L
+ (Uh) +2 +1(Uh), Yoy, € Vy,

and the velocity " 11 € V}, is obtained by the simple computation:

2
- h _ h h - h
unJrl - E(unJrl - un) — Up-

The existence of a projection P, from H!(Q) to V4 is detailed in the following
lemma:
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Lemma 9. If I'p has a positive measure, there exists a projection operator:

Ph: Hi(Q) — Vh
U —  Ppu,

such that Prpu is the unique solution uy, € Vj, of:
d(uh, Uh) = d(u,vh), Yoy, € V.
Moreover, for all u € HEH(Q) with r > 1, we have the following estimates:

K

|lu —Prul% < C Zhir|u|%+1,E,Qk’
k=1

K
lu =Py < C ( e hi) D Ml m e
1<k<K el

Observation: the last inequality holds within a regularity condition, namely that the
solution of all elasticity problems over Q2 be in HZ ().

Remark 12. The constant C in the estimates of proposition 9 is in fact of the form:
C C
Cc=c (1 —l—maka) max Tk,
E>1 & ) k>1 @&

where C' is independent of the discretization in space and time, of the number of
subdomains, and of the coercivity and continuity constants of the broken bilinear form
a. Nevertheless, to simplify the present exposition, we will keep the generic notation C.

Proof : The existence of the projection P, is a straightforward consequence of the
Lax-Milgram lemma. More precisely, for a given function u € H} (), let us define the
continuous linear form [ € X' by:

l(v) =a(u,v), YvelX.
The function v € H}(Q) is the unique solution of:
a(u,v) =1l(v), Yve HXR),
and Ppu is the unique solution wuy, of:
a(up,vp) =U(vy), Yop € V.

The error between up and u in the broken norm || - ||x is given in the proposition
5, resulting in the announced estimate. The estimation in the L?(22)% norm can be
obtained by a Aubin-Nitsche argument (cf. [Aub87] for example) that we detail here.
Let us assume that for all ¢ € L%(Q)9, there exist a solution (s € HE(?) of:

d(v,C¢):/Q¢-v, Yo € HH(Q). (36)

32



Indeed, we have assumed that the solution of all elasticity problems over Q be in
HZ(Q). First, because the application:

T: Hi(QNHLNQ) — HNQ
¢ = TG <T<71)>H1(Q)/,H1(Q) = a(v, (),
is linear, continuous and bijective, the inverse T~! is continuous by the open appli-

cation theorem [Bré99, Yos65]. As a consequence, the solution ¢, € H&(Q) of (36)
satisfies:

@y < C |l 2y (37)

K 1/2
(Z Ch |<¢|§,E7Qk> <C|¢|

k=1
Now, let us prove the announced upper bound on |lu — Ppul|12(q)e, by the Aubin-
Nitsche technique. Namely:

(u—Ppu)- ¢
lu —PrullL2)e = sup 8L
ser2@)nfor  19llL2@
a(u —IP
— sup CL(U hl, <¢)

scr2@ynfor  1DllL2)a

and by definition of Py, a(u — Ppu,vy) = 0 for all vy, € V3, resulting in the following
expression for all v, € V},, and ¢ realizing the supremum in the above inequality:

a(u —Pyu, Gy — vn)
9l L2 ()
a(u — Pru,u — Pru)? a(Cp — vn, Cp — vn)

IN

lu —Prul| 20

1/2

<
191l L2 ()

By taking the infimum of the right hand side over v;, € V},, and by using the approxi-
mation property of P, in X (proposition 5), and the relation (37), we get:

K o 2 1o
I Pl < C (Zk:ﬁb% |u|%+1EQk) (Zkzlh%C,%KMg,Eka)
U — Fpul|lr2(Q)d =
* EIy
K 1/2
< C R27 |2 ( I )
i (z 1 |> .
O

6.3 Convergence analysis

Now, we prove the convergence of the fully discrete approximation given by (34) to
the continuous solution of (31). For that purpose, we introduce the following space:

HE () = {ve H(Q):  [vllgr1m0 < +ool,
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which is endowed with the following norm:

K

1
”UHngLE,Q = ||'U||§_11(Q)d + Z (”UH%{LHJ(Qk)d + C—EHE : E('U)H%_Iq(gk)dxd) .
k=1

We also denote as in proposition 5:
2 2 1 2
|’U|q+l7E,Qk = |U|Hq+1(Qk)d + C_EHE : E(U)”HLI(Qk)dxda

and state the main result of that section:

Proposition 8 (Error estimate). If
K
weCH0,T; HEF(Q) nC?(0,T; [ H T (2k)") N C*(0, T; L*(2)%)
k=1

is solution of (31) and (ul;u"),en is the fully discrete solution of (34), then the
following error estimate holds:

Y 2 h h 2
X Uy, + Uy, ~ Up, + Up,
o e -8Bl
L2(Q)d X
< C (IPatto — 1132 gy + Pario — ufl%)
AN [ o112 o1 T P,
+C| | — & sup |[[tgi(t)[Ix + sup [l\/ptg u(t)HL?(Q)d +— sup |[[\/pty U (t)HL?(Q)d
to te[0,7] te[0,1] to tefo,1]
XK K
+h*— Z Ry | sup |vpto il(t)|g+l7E,Qk + sup |\/ﬁu(t)|g+1,E7Qk +a Z hiq sup |7¢‘(t)|3+17153,9,c
to Pt te[0,T] te[0,T] Pt te[0,T]

K n

C? T . At

+Y_ht =] s u(b)lfme o sup [t i(t)lfim0 ](H—) ,
k=1 @ | tefo,1] to tefo, 1] to

where C' denotes various constants independent of the discretization in space and time,
1
and tyq1/9 = §(tn +tnt1). Moreover, Py, is the projection Py, from HL() to Vi, given

in lemma 9 if 'p has a positive measure, and is defined by (49) if T'p has a null
measure, and r is any integer with 1 < r < q. Finally, to is a reference length of time.

In order to simplify the exposition of the proof, we assume that I'p has a positive
measure so that the bilinear form a is coercive over H}(Q2) x H!(Q). We will enu-
merate in the remark following the proof the necessary modifications when I'p has a
null measure. The proof is inspired by the convergence proof introduced in [TMO00]
for fluid-structure analysis.

Proof : For clarity, the proof is decomposed into six parts. The time derivative of u
will be sometimes denoted by 4 to simplify notation.
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1. The discrete evolution of error.
Let us define the projection on V}, of the error in displacements at time t,, by:
eul = Ppu(t,) —ul

n’

and a new approximation (V,"),>0 of velocities by:

1 1
5 (V,'.{L + V’I’il+1) = E (]P)hu(tn-i-l) - Phu(tn)) ’

with the initial condition Voh = P,1p. The gap between the fully discrete velocity "
and V;! is then defined by:
eV =vh gl

We now establish the equation satisfied by these errors.
To do so, we first show that for all ¢ € [0, T7:

0%u -
| oG ® vt = [ s [ ow-v [ 20w e,

(38)
with A(t) = (E : e(u(t))) - v, where v is the normal unit vector on S which is outward
to the non-mortar subdomain.

Due to the assumptions that for all ¢ € [0,T], (E: e(u(t))) € Hszl H' ()™ and
that the time derivatives of u have a classical sense, we obtain from (31) that for all
t €[0,T] and all v € C(Q)%:

0%u ,
/ P (6) — div (B <(u(t))) — £(1) ) v =0.
Q
By density of C2°(2)? in L?(Q2)? we have then that for all ¢ € [0, T7:

PO 0) — div (B <(u(t))) — f(1) =0, in L*)" 39)

Then, we can obtain some information about the natural boundary conditions. Indeed,
we get a fortiori from (39) that:

2u
/Q <paa?(t) —div (E : e(u(t))) — f(t)) =0, YveHNQ), (40)
and by substracting the original problem (31) to (40), we obtain for all v € H1(€Q):
/FN o) v = /Q(E e(u(t))) : Vo + /Q div (E : e(u(t))) - v
= /F (E:e(u(t))) v)-v.

Obviously, this relation does not depend on v € H!(€2) but only on its trace v|r, €
HééQ (T'x)?, resulting in:

/r 9)-6= | (B:e@®)-»-e Vo € Hop* (). (41)
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Now, we can show the relation (38). By exploiting the divergence formula, and the
results (39) and (41), we get for all ¢t € [0,T], and all v, € V}, :

K
a(u,vp) = ;/ﬂ (E : e(u(t))) : e(vp)
K
- —; dew(E e(u wﬁ—Z/an () - v) - v

[ (r0-0550) o+ [ ot /S ) - on]

resulting in the announced expression (38).
By computing the half sum of the expressions (38) for ¢t = ¢, and ¢ = ¢,41 and
substracting the first line of the system (34), it comes that for all vj, € Vj,:

h h o h h
/ ‘/77,+1 V - / pu’n+1 — Uy, o + d <u(tn) - ’LLZ + u(t77,+1) - un+1 , Uh)
Q Q

At At 2 2
Vn+1 Vh 1 0%y 9%u Atn) + Mtng1)
— [ pm Ty, o T2 (tn) + g (b)) - D] T o),
/Q At 2/Qp gz n) + Gz (bntt) U’”L/S 2 [on]
Vh _ Vh
where we have added the term / p%t” - vy, on the both sides of the equality.

Q
From the lemma 9 and the definitions of eu” and eV,?, we deduce that for all vj, € Vj,:

eVIL+1 e‘/nh ~ eu + eu77,+1
/Q Al vp +a 5 , Uh,

Vi, —Vh 1 d%u d%u AMtn) + Mtni1)
—/QPT Uh—g/ﬂﬂ(ﬁ(tn)‘Fw(th))'vh‘F/S—Q [vn],

that we sum up in the following expression:

evh | —eVh _(eul +eul " .
/Qp“T ‘o + @ (fﬂ,vh) = By ja(on) + By ja(on). - (42)

We have denoted the approximation error in time and space by:
ER1/o(vn) = / VP Tnyi2 vh, Vop € Vy,
Q

with: ) N )
v | ZAC 0°u
Toy1/2=+/p +1At - —\/_ (8262 (tn) + W(thrl)) ;

and the consistency error by:

B0 = 5 [ NG+ Atw) o), Yon € V.
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It will be convenient to have estimations at midtime steps, and this is why we introduce
the midtime quantities:

h h h h
eV, +eViig h ey, + ey g

h
eViyie = 5 ) CUpy1/2 = B) )

whose evolution is given by averaging (42) between two consecutive time steps. We
get for all vy, € Vj,:

er — eVnh_ eufl_ + euz
/p +1/2 1/2 -Uh+d< 1/2 +1/27Uh B (un) + B<(vn), (43)
Q

At 2

where:

1
B (vn) = 3 (EEA/Q(%) + EEJrl/z(Uh)) . Vup € Vi,

[P W

in which O stands for “a” or “¢”. In (43), we choose:

h h h h
CUp 170 — CUp_1/2 eVn—l/Q + 6Vn+1/2
vh = At - 2 ’

by construction of (V,f)nzo, which gives by summation on all time steps between 1
and n the main estimation of this first step of the proof:

i e‘/i}il o T eVi}JLrl 2 euz}'LJrl 2~ 6“?71 2
7]2+1/2 - 77?/2 = AtZEf < / 5 2+ B . Al 2, (44)

i=1

with: . )
h h h =0 h h
Mnt1/2 = B /Q P€Vn+1/2 'eVn+1/2 + §a‘(eun+l/27 €Un+1/2)'

2. An upper bound for 77{1/2.

We establish here an upper bound for n{,. By definition of 7 ,, we get by using the
symmetry of a:

o= 1 p eV + eVl 2 . l& eul +eul eul + eult
1/2 2 Jo 2 2 2 2
1 1 1 1
< 5 [ g [ (Vi + Jateud,cul) + Jatent eul).
1 Jo 14 Jq 4 4

Using (42) with n = 0 and:

euf —eul eV 4 eV

hETTAL T 2
by construction, we obtain:
1 AN S S 1 CIE S S
5 | eV galeut eut) = 5 [ p (V)2 + Galeufeuf)

At .
+7E1/2(6V1h) + Ef)s (euf —euf) .

37



The approximation term in the right hand side can be bounded by using the Cauchy-
Schwarz inequality:

%Etll/2(evlh) S HAtTl/QHLQ Q)4 1\/56‘/1
L2(Q)d
1 2
< %HAtT1/2H2L2(Q)d+g‘/ﬂp(evlh) :
Moreover:
h n At
sty = 5 (V- - St + o))
= V5 (2 (Braltr) ~ Pulto) ~ 2Pui(r0) - 5 o) + o))
= V(o (ut) = ulto) ~ 2ita) — 5 Gile) + 1))
Vi —id) (5 (u(t) = o) ~ 2itt) ). (45)

We then use the lemma 9 and a Taylor’s expansion with integral remainder to bound
the second term in (45) as follows:

2

(2 .
|vae i (5 e —eon 20} |
2
<C hQZhQT g—f( (t1) — u(to)) — 2a(to)
r+1,E,Q
2 K
<C’( ) ZhQT sup |\/_t0u()|r+17E’Qk.
e te[0,At]

The first term in (45) is also bounded by the use of a Taylor’s expansion with integral
remainder, resulting in:

At\?
At?IITl/zllizm)KC((E) NI

te[0,At]

A2 LK
+ (—) h2 Zhir sup |\/ﬁt0ij(t)|i+1 EQ >

to o1 teloAd] R

For the consistency term, we use that euf — eul € Vj,, the Cauchy-Schwarz inequality,
and the two following inequalities (classically obtained when analysing the a priori
error in the elastostatics framework -see [WohO1] or [Hau04] page 144):

||[’Uh]H§,%,m < O||[Uh]”H1/2(rm)d, Yop € Vi, (46)
K

o sy < C Y PIE : e(w)llra(qyyixas (47)
k=1
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to obtain that:

c h h
EY), (euf —euf) < fn%)%/ Ati) - [eul — eul)

< max [ (\(6) =) [ewd — euf], Vs € My
=01 Jg

1
< # max mf ||)\() ,uh||5’7%—|\eu}f—eug||x, V6 €]0, +o0],

1=0,1 pp€
1

< o 2 o hy2
<CH ggﬁﬂsnf . [A(t:) — Mh”(sﬁ% + 262 leut — eug X

K 1 1

2

<CO*Y WICE sup (u(t)ii e, + gzlleutlk + gzl

el te[0,At]

As I'p has not a null measure, the bilinear form a is coercive over Vj, x V3. Then, we
choose #? = 8/& where @ is the coercivity constant of @ over V}, x V}, and obtain the
final estimation:

3 3. 1 5
S [ otevly 4 Sateuteuty < 5 [ gV + Zaleud u)
8 Jo 8 2/, 8

At\*
0 (T) s VRO

te[0,At]

At X - N2
+C (t0> hQth sup |\/ﬁt0u(t)|r+1,Eyﬂk

=1 te[0,At]

K o2
+C R2MZE qup lu(t)|? .
; YA epag TR

hence:

IN

h
n
1/2 to ) tefo,at

N At\*
¢ <|\/ﬁe%h|%2(ﬂ)d + aleug, eug) + (—) sup |[v/pth u@)”%qa)d)

At r
E) h22h2 sup \/—tou()|r+1,E,Qk

te[0,At]

K 02
+ thgq W ()21 5.0, -
=1

3. Time and space approximation error estimate.
We estimate here the space and time approximation error given by:

n eVh + eV,
A:AtZEf < i—1/2 ; 1+1/2> .
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By applying the Cauchy-Schwarz inequality, we obtain:

At & eVl eV

4 < A Tic1y2 +Tiv1y2 i+1/2
- to i=1 2 L2(@) 2 L2(Q)4
< Z H 12 + Tiay2 || N At i eVl +6V+1/2
= 2t0 2 Q(Q)d 2t0 2 LQ(Q)d
At & Ti1/2+Tiv1)2 ?
< SNV |t il H ¢ ‘ .
2to P 0 2 L2(Q)d 2250 Z veel, +1/2 L2(Q)4
Let us remark that:
Vi -Vt (ti—1) +2a(t:) + @(tiv1)
Tiv1/2+Tic12=+/p HAt N 5 as
— /p Vi V-V =V \/—il(ti—l) + 2a(t;) + i(tita)
At P 2
Pru(tit1) — 2Ppu(t;) + Pru(t;—1) W(ti—1) + 24(t;) + @(tivq)
=2vp AL —VP 2
( 1+1) — 2u( ) + u(tifl) i),(tifl) + Qﬁ(ti) + ’[L(tprl)
=2vp" At2 —Vr 2
t; -2 i

Proceeding, as in the estimation of the approximation error of the second step of the
proof, we use the lemma 9 and Taylor’s expansions with integral remainder to obtain:

| Tig1/2 + T¢—1/2||2L2(Q)d

2
< C(At4 sup |[+/p (¢ )||L2(Q)d
t€[0,T]
K 2
o | = ultinn) — 2ults) +u(tiog)
+h22hi \/_ AtQ
k=1 r+1,E,Qy
C At)4 3 (12 9 K 9 s
S o e sup pty u(t +h hi" sup |/ptoil(t)],
16 <<t0 (St VP8 Olliaye 1; ¥ iy VPOl m
Then:
At Tic12 +Tip1/2 ? T , )
BYR yo————F——— < —tgsup ||T; +T;_
2 2 0 B) Loy 8ho 0i<71?|| +1/2 1/2HL2(Q)d

T At
<oo <<_) sup[|v/pt5 i ()] szw sup wou(mﬂm)

t€[0,T) t€[0,T)

4. Consistency error
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We estimate here the consistency error given by:

1+1/2 euf 1/2
B = AtZEC ~ :

Using a reorganization of the terms (equivalent to a discrete integration by parts in
time), we obtain:

B — Ati/ (A(t“) +2Aiti) +A(tm)> . [W?HMA_:U?W]
n—1
- A 2 / (A(ti_l) e 4_A)\t(ti+1) - )\(tHQ)) . [eufﬂ/z}
+/5 (/\(tn—l) +2A£1tn) +/\(tn+1)) . [euﬁﬂ/g}

_/ (A(to)—i—?)\(tl)—i—)\(tz)) . [euh }
s 4 1/2
= AtD+E-F

Concerning the AtD term, we proceed exactly as in the estimation of the consistency
error of the second step of the proof. More precisely, we use that [eufﬂ /2} € Vi,

the Cauchy-Schwarz inequality and the inequality (46), the estimation (classically
obtained when analysing the a priori error in the elastostatics framework -see [Woh01]
or [Hau04] page 143):

< 2q 2
ngf H)\ /f«h”(;f_m 06 ||/\||H‘172(F )d’ (48)
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and a Taylor’s expansion to get:

1) + At:) = Altiva) — Atit2)
AtD = Z/ ( AT + + — ) [eu?+1/2}7 Yun € Ms,
i=1
At oS Atict) + At) — Altig1) — Atizo) 2
< — _
< ! ; fo ANt ol P
At n—1
o5 ZneulH/QHX, V0 €]0, +ool, Yur € Ms,
n—1 K 2
< Atozzzhzq i—1) + A(ti) — AMtit1) — Atige)
- 4At (17l d
i=1 k=1 HY™ 2 (09)
At n—1
02t ZHeuH_l/QHX, V6 €]0, +o00]
At Qn 1 K At
< q
< CROL N (YO = Zueulﬂ/zux, V0 €)0, +oo|
At n—1
< C 092Zh2q0k sup |tou(t )|q+1,E,Qk 02t ZHeUHl/zHXv Vo €]0, +oo],
te[0,T
and by choosing #% = 1/&, we obtain:
At n—1

K
T 2
AtD<C—-) jhiq%
to ot Q tel0,T)

. 2
sup |t0 u(t)|q+l7E,Qk +

2_750 ; 5(6Ui+1/2, 6uz‘+1/2)-

The terms E and F' are easily bounded by using the same technique:

2

C;
E<C h2q~ sup |u(t)|? +
kZl £ s 0

F<C(Y =t

1 te[0,7)

Lo h h
Za’(eunJrl/Q? eun+1/2)7

sup [u(t)]? 1 pq+ &(eu?m, eu}f/2)> .

Moreover, the second term d(eu’f/z, eu’f/z) in the upper bound of F' can be bounded

optimally by the second point of the present proof.

5. Estimate on nn+1/2
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Putting together the estimations from the previous points, we obtain that:

1 At 1.
3 (1 - E) / (6Vn+1/2) + Za(€U2+1/276U2+1/2)

<C </ p(eVi)? + d(eu{},eué))
Q
A\ 2 T
‘c (—) sup (VA8 (1) |2agqye + = sup (/AL (1)
t te[0,7] to tefo,1)

0
T (At
2 = 2r
+C (lg}&chk) h (to +( ) )Zh o VP toi(t)|2 1 g.q,

20 CF T 2
+C Y h'=E < sup |u + sup |tou(t
E kg te[07T]| (D)1 m0 o T]| 00(t)|i41E0

At & h h
Z v e +1/2HL2(Q + 2% Z a(euyy jo, €U /2)-
=1

We deduce by applying the discrete Gronwall’s lemma, and for sufficiently small time
steps (At < to/2) that:

/Q p(eV, +1/2) + &(euﬁﬂ/z, €UZ+1/2) <C (HevohH%?(Q)d + d(eug, eug))

At\? T
4 [C (_> sup H\/ﬁtg u(t)||%2(ﬂ)d + — sup H\/ﬁtg U (t)||%2(9)d
+€[0,T] to tefo,1]

to

K
T r .
+C h2t_§ :hi sup |v/pto U(t)|3+1,E,m
01 te[0,T7]

T At\"
+C’Zh2q { sup |u(t )|q+1EQ+ sup |tou(t )|3+17E)Q}] (1+E) .

t€[0,T] to tefo,1]

6. Conclusion.
We end this proof by establishing the announced error estimates on velocities and

displacements. Concerning the estimate on velocities, let us remark that:

. py + . Vi + Vi
u(tn+1/2) - % = U(tn+1/2) % + €V7:L+1/2'
We have by definition:
, Vh 4 vh , Pru(tns1) — Pru(ts
Wtny1/2) — % = iltpgje) — R ( +1)At R ( )7
. u(ty —u(t, . u(ty —u(t,
i) - o))y () ),
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which entails that:

. Vi + VR |
H\/ﬁ <U(75n+1/2) - %)

L2(Q)d

t€(0,T]

At\* . .
<C <(E> tS[%PT] ||\/5753 w(t )||L2(Q)d + h? Zh2 sup |\/ﬁu( )|r+1,E,Qk> .
€lo,

Therefore, we deduce the final estimate on velocities by the triangular inequality:

2
. Uy + Uy -
v (it - f*) < 0 (IVBeV 220 + alent el

L2 (Q)d

Ar\* T
tle () { sup [VBR (O + s 158 U(t)llizm)d}
0 t€[0,T]

to €[0,1]

K
T - .
+C thth ( SUP |V/ptoii(t )|2+1E9k + S[%I}”\/ﬁu(t)ﬁ“ﬂ,m)
teo,

tel0,T

T . At\"
+CZh2q { sup_[u(t)lgs1me + - sup |’50“(t)|3+1vE19}] (HE) '

te[0,T] te[0,T]
We end by the estimate on displacements. We remark that:

h h
Uy + Uy ]P)hu(tn) + ]P’hu(th)
u(tnyi/2) — % =u(tnt1/2) — 5 + euﬁﬂ/g-

Moreover, we notice that:
Pru(tyn) + Pru(tnt1 w(ty) + u(tn+1
u(tni1/2) — (t) B GZRY) = u(tngiy2) — %

Hid—Py) <u(tn) +2u(tn+1)> |

resulting in:

]P’hu tn + Pru tn ?
u(tn+1/2)_ (in) ) el ) ‘
X
At\? .
<C<(t_> sup |2 ()% + > h? sup Iu()qu,Em)a
0/ telo,T) k=1  t€[0.7]
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and we conclude by the triangular inequality that:

h h 2
un + unJrl

Q u(tn+1/2) - 9

X
< O (IVp eV I3z gy + dleul, euf))

AN ) T
+C[<g> {a swp IO + sup VPG E Oz + 50 sup VP u(ﬂll%z(md}

t€[0,T

K
T T
—|—< max. C’k) h?— th sup |\/_t0u()|r+1EQk—|—othq sup |u(t )|q+1EQk

0= te[0,T h—1 te[0,T]

C? T At\"
"‘Zh%;’“{ sup |u(t )|q+1EQ+_ sup |tou(t )|3+17E)Q}] <1+E) .

— te[0,T] te(0,T

The proof is complete. U

Remark 13. The proof of the convergence has been done in the case where the measure
of U'p was positive. Let us mention the necessary modifications of the proof when it is
not the case. The displacements have to be decomposed in the space of Tigid motions:

R = {oe B, a(v,w) =0, e 1),

and in the complementary:
V={ve H(Q), /v-r:O,VreR},
Q

such that H'(Q)? = R @ V. The solution u of (31) can then be decomposed into
u="1u+u', withw € C°0,T;R)NCH0,T;R) such that in the sense of distributions

over |0,T[:
2
%Aﬂﬂ(t)-Ez/ﬂf(t)-ﬁ—&—/rjvg(t).@ Vo € R,

and v’ € C%(0,T;V)NCH0,T; W) such that in the sense of distributions over 0, T|[:

62

ﬁ/ﬂpul(t) . ’Ul —l—a(u’,v') — /Qf(t) . ’U/ _’_‘/F g(t) A ’U/, VU/ c V,

with W = {v € L*(Q)¢, / v-r=0,Vr € R}. The fully discrete approximation of u
Q

at time t,, is ul =T + o't in displacements and 0! = ﬁz + 4" in velocities. To find

(u; 4!M) 1, one has to replace Vi, by:

n n

V! = {vy, € Vi; /vh-r:O,VreR}
Q
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in (34). The previous proof gives an upper bound for:

U/,Zl +u,/,.fL 1 2
E(thrl/Q) - 5 + v (tps12) — %

)

. . 2
H@u’ u;fl —l—u;fl 1
Hl(! !)d

L2(Q)d

_ . “h
because a is coercive over V, x V;. To find (UZ;En)nzl, one has to replace Vi, by R
in (34). An upper bound on:

__ ~h ~h 2
@(t ) _ U, + un+1
ot n+1/2 9

)

L2 (Q)d

is then obtained by the previous proof, which still applies. Indeed, it is noticeable
that there is mo consistency error because R C Vi, and then, no need of coercivity.
Putting together the estimates concerning the rigid motion part of the solution and the
complementary part, the announced estimate then remains the same when I'p has a
null measure.

In this case, the projection Py, of the proposition 8 can be constructed as follows. For
all w € HY(Q)?, we can build the decomposition u = U +u', with W € R and v’ € V.
The projection Pru of u € H*(Q)? is then defined by:

Pru =T+ u}, (49)
where uy, € V) is such that:

a(up,, vp,) = a(u',vy), Vo' € Vi

7 Conclusion

This abstract framework has now to be completed with concrete choices of Lagrange
multipliers spaces. In the second part of this paper, we introduce a stabilized discon-
tinuous formulation, more local than usual formulations, which will be analyzed and
tested.

References

[AAKP99] G. Abdulaiev, Y. Achdou, Y. Kuznetsov, and C. Prudhomme. On a par-
allel implementation of the mortar element method. M2AN, 33(2), 1999.

[AKP95] Y. Achdou, Y. Kuznetsov, and O. Pironneau. Substructuring precon-
ditioners for the Q1 mortar element method. Numerische Mathematik,
71:419-449, 1995.

[AMW99] Y. Achdou, Y. Maday, and O. Widlund. Substructuring preconditioners
for the mortar method in dimension two. SIAM Journal of Numerical
Analysis, 32(2):551-580, 1999.

46



[ATO5]
[Aub87]
[Bab73]

[BDOS]

[Bel99]

[BH70]

[BM97]
[BMO0]

[BMPY3]

[BMPY4]

[BMRO1]
[Bre74]
[Bré99]
[Bre03]
[Bre04]
[DL55]

[DL72]

[Gop99]

A. Agouzal and J.M. Thomas. Une méthode d’éléments finis hybrides en
décomposition de domaines. RAIRO M2AN, 29:749-764, 1995.

J.-P. Aubin. Analyse fonctionnelle appliquée, volume 1 and 2. Presses
uiversitaires de France, 1987.

I. Babuska. The finite-element method with lagrangian multipliers. Nu-
merische Mathematik, 20:179-182, 1973.

D. Braess and W. Dahmen. Stability estimates of the mortar finite element
method for 3-dimensional problems. Fast-West J. Numer. Math., 6:249—
263, 1998.

F. Ben Belgacem. The mortar finite element method with lagrange multi-
pliers. Numer. Math., 84:173-197, 1999.

J.H. Bramble and S.R. Hilbert. Estimation of linear functionals on sobolev
spaces with application to fourier transforms and spline interpolation.
SIAM J. Numer. Anal., 7(1):112-124, 1970.

F. Ben Belgacem and Y. Maday. The mortar element method for three
dimensional finite element. M2AN, 31:289-303, 1997.

F. Brezzi and D. Marini. Error estimates for the three-field formulation
with bubble stabilization. Math. Comp., 70:911-934, 2000.

C. Bernardi, Y. Maday, and A.T. Patera. Asymptotic and numerical meth-
ods for partial differential equations with critical parameters, chapter Do-
main decomposition by the mortar element method., pages 269-286. 1993.

C. Bernardi, Y. Maday, and A.T. Patera. Nonlinear partial differential
equations and their applications., chapter A new nonconforming approach
to domain decomposition: the mortar element method., pages 13-51. Pit-
man, Paris, 1994.

A. Buffa, Y. Maday, and F. Rapetti. A sliding mesh-mortar method for two
dimensional eddy currents model for electric engines. M2A4N, 35(2):191—
228, 2001.

F. Brezzi. On the existence, uniqueness and approximation of saddle-point
problems arising from lagrangian multipliers. RAIRO Analyse Numérique,
Série Rouge, 8:129-151, 1974.

H. Brézis. Analyse fonctionnelle. Dunod, 1999.

S. Brenner. Poincaré-friedrichs inequalities for piecewise H' functions.
SIAM J. Numer. Anal., 41(1):306-324, 2003.

S. Brenner. Korn’s inequalities for piecewise H' vector fields. Mathematics
of Computation, 73:1067-1087, 2004.

J. Deny and J-.L. Lions. Les espaces du type Beppo-Levi. Annales de
UInstitut Fourier (Grenoble), 5:305-370, 1955.

G. Duvaut and J-L. Lions. Les inéquations en Mécanique et en Physique.
Dunod, 1972.

J. Gopalakrishnan. On the Mortar Finite Element Method. PhD thesis,
Texas A and M University, August 1999.

47



[GRS6]

[Hau04]

[LM72]
[RT98]
[Ses98]

[ST92]

[Ste99]

[S290]

[Tal93]

[TMO0]

[Woh99]

[WohO0]
[Woh01]

[Yos65]

V. Girault and P-A. Raviart. Finite element methods for Navier-Stokes
equations: theory and algorithms. 1986.

P. Hauret. Méthodes numériques pour la dynamique des structures non-
linéaires incompressibles d deux échelles (Numerical methods for the dy-
namic analysis of two-scale incompressible nonlinear structures). PhD
thesis, Ecole Polytechnique, 2004.

J-L. Lions and E. Magenes. Non homogeneous boundary value problems
and applications. Springer-Verlag, 1972.

P-A Raviart and J-M. Thomas. Introduction a l’analyse numérique des
équations aux dérivées partielles. Dunod, 1998.

P. Seshaiyer. Nomn-conforming hp finite element methods. PhD thesis,
University of Maryland, 1998.

J.C. Simo and N. Tarnow. The discrete energy-momentum method. con-
serving algorithms for non linear elastodynamics. Z angew Math Phys,
43:757-792, 1992.

D. Stefanica. Domain decomposition methods for mortar finite elements.
PhD thesis, Courant Institute of Mathematical Sciences, New York Uni-
versity, 1999.

L.R. Scott and S. Zhang. Finite element interpolation of nonsmooth func-
tions satisfying boundary conditions. Math. Comp., 54(190):483-493, april
1990.

P. Le Tallec. Neumann-Neumann domain decomposition algorithm for
solving 2d elliptic problems with nonmatching grids. Fast- West J. Numer.
Math., 1(2):129-146, 1993.

P. Le Tallec and S. Mani. Numeric analysis of a linearized fluid-structure
interaction problem. Numerische Mathematik, 87:317-354, 2000.

B.I. Wohlmuth. Hierarchical a posteriori error estimators for mortar fi-
nite element methods with lagrange multipliers. SIAM J. Numer. Anal.,
36:1636-1658, 1999.

B.I. Wohlmuth. A mortar finite element method using dual spaces for the
lagrange multiplier. SIAM J. Numer. Anal., 38:989-1012, 2000.

B.I. Wohlmuth. Discretization methods and iterative solvers based on do-
main decomposition. Springer, 2001.

Yosida. Functional Analysis. Springer, 1965.

48



