A NECESSARY CONDITION FOR THE QUASICONVEXITY OF
POLYNOMIALS OF DEGREE FOUR
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Abstract. Using ideas from Compensated Compactness, we derive a necessary condition for
any fourth degree polynomial on IRP to be sequentially lower semicontinuous with respect to weakly
convergent fields defined on IRY. We use that result to derive a necessary condition for the quasi-
convexity of fourth degree polynomials of m x N gradient matrices of vector fields defined on IRN.
This condition is violated by the example given by Sverak for m > 3 and N > 2, of a fourth degree
polynomial which is rank-one convex, but it is not quasiconvex. These classes of functions are used
in the approach to Nonlinear Elasticity based on the Calculus of Variations.

Key words. Compensated Compactness, Lower Semicontinuity, Quasiconvexity, Rank-one Con-
vexity.

1. Introduction. The method of Compensated Compactness was developed by
Murat and Tartar in the seventies, see [12], as a way to generalize the Div-Curl Lemma
which was one of the keystones of the general Theory of Homogenization based on
H-convergence that they developed, see for example [9], or the other papers due to
them on the same volume. The purpose of Compensated Compactness is to charac-
terize the nonlinear functions that are sequentially weakly continuous, or even just
lower semicontinuous, when attention is restricted to sequences that take their values
on some fixed set and satisfy some linear partial differential equations with constant
coeflicients.

Particularly important is the case when the sequences are formed by gradients of
vector fields. Throughout the paper NV, m and p are positive integers greater than or
equal to two and M,, x v denotes the space of the m x N real matrices. If we have a
sequence of vector fields with m components, which are defined on a subset of RY, it
is customary to speak of their gradients as a sequence of m x N-matrix valued fields.
A function F' : M,,xn — IR is said rank-one convex if for any matrix U in M, xnN
and any pair n € R™, ¢ € RY, the function

¢(t) = F(U +tn®¢)

is convex when ¢t € (0,1). A function F' that is sequentially weakly lower semicon-
tinuous (for short s.w.l.s.c.) with respect to weakly convergent sequences of gradient
matrices is necessarily rank-one convex. This has been known at least since Morrey
[6] and can be proved very easily using Compensated Compactness. However the re-
ciprocal question: whether all rank-one convex functions will necessarily be s.w.l.s.c.
for sequences of gradient matrices, has not been answered for m = 2. For N =m =2
some of the previous works are [1], [7] and [10]. For m > 3 it was answered negatively
by Sverdk in [11] in the early nineties through a counterexample of a fourth degree
polynomial.

The same problem, the comparison between rank-one convexity and s.w.l.s.c, also
arises when the existence of solutions to the Nonlinear Elasticity system is studied in
the context of the Calculus of Variations, approach followed by J.M. Ball in [2]. Let

*Centre de Mathématiques Appliquées (UMR 7641), Ecole Polytechnique, 91128 Palaiseau, France
(sergio@cmap.polytechnique.fr).



2 S. Gutiérrez

Q C RN be a bounded, regular open set. The system of Nonlinear Elasticity reads
as:

—div o(z,Vu) = f x €,

where: u : Q — IRY represents the displacement fields, which should also satisfy
some boundary conditions, f : Q — IR" are the external forces and o : Q X Myxn —
My« n gives the internal stresses. Then assuming that

ow

m(%vu)a

oij(z,Vu) =

where W is termed the strain-energy density of the body, one can use the framework
of the Direct Method of the Calculus of Variations and try to minimize the total strain
energy

T(u) = /Q Wz, Vu(z)) da.

In this approach one needs two ingredients: first, one has to generate a minimizing se-
quence that belongs to a sequentially compact set for weak convergence and secondly,
J should be s.w.l.s.c. In that form the weak limit of the sequence will be a minimizer
of the problem and then, under smoothness assumptions, a solution to the nonlinear
elasticity system. The assumptions needed over W to make J s.w.l.s.c., led to the
notion of quasiconvexity, namely W is quasiconvex if for any matrix U in Myxny and
To € Q, any w C Q and any ¢ € C®(w, RY),

/ W (zo,U + Dy(zx))dx > |w|W (x0,U),

where Dy is the gradient of ¢. Quasiconvexity is equivalent to s.w.l.s.c. for the
Wb weak x topology, see [6]. The problem however, is that to check either of those
conditions is extremely difficult, therefore the search for necessary and/or sufficient
conditions for quasiconvexity becomes very interesting. There is an important neg-
ative result, namely that in the class of infinitely differentiable functions there is no
local characterization of quasiconvexity if m > 3 and N > 2. This result is due to
Kristensen, see [5].

Our purpose here is to explore further necessary conditions for quasiconvexity.
First in Section 2 we get a simple characterization of rank-one convexity which will
be used in the following sections, this because, as we said already, it is known that
rank-one convexity is a necessary condition for quasiconvexity. In Section 3 we recall
a result from [13] giving a first additional necessary condition for s.w.l.s.c., namely
Proposition 3.1 below, and which is valid not only for sequences of gradients. Then
we prove that if N = m = 2 and we restrict the result to sequences of gradients,
this condition is also necessary for rank-one convexity, see Proposition 3.2, making
it then not fine enough to distinguish between the two classes if N = m = 2. Still
in Section 3 we prove Proposition 3.3 saying that for N,m > 2 any rank-one convex
fourth degree polynomial also has to satisfy the same necessary condition, meaning
now that Proposition 3.1 does not explain why Sverak’s counterexample works. In
the case maxz{N,m} > 3 it might still be possible to use Proposition 3.1 to find a
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rank-one convex function that is not quasiconvex, which then cannot be a fourth de-
gree polynomial.

We try then to go further and get in Section 4 another necessary condition for
s.w.l.s.c., but only for fourth degree polynomials, this will be Proposition 4.1, which
when specialized to sequences of gradients will finally give a necessary condition for
the quasiconvexity of a fourth degree polynomial, this will be in Corollary 4.2. If
N = 2 and m = 3 the example created by Sversk violates this condition, which is
checked in Section 5. We also explain there why his construction can not be replicated
if N =m = 2. For this case we tried, and failed, to create a rank-one convex fourth
degree polynomial that violates the necessary condition from Corollary 4.2, giving us
then the impression that the condition we found might also be necessary for rank-one
convexity. Finally in Section 6 we present some closing remarks.

2. A Characterization of Rank-one Convexity. If F' € C?(M,,xn, IR) then
a condition equivalent to rank-one convexity is the Legendre-Hadamard condition,
namely that for any U € M, xn

m N
82 FU
E: 5,7( ) ni&imé& >0 Vn e R™, ¢ c RN
., : 6U,-j 0 Uy
i,k=1 j,l=1

From now on we identify M,,«n with IRN™ by putting the first row of the matrix as
the first IV entries of the vector, the second row as the following N entries and so on.
We can then write the Hessian matrix of F' as

Ajr(d) ... Ain(d)
(2.1) F'(d) = : : :

7

AT (@) o Amm(d)

where each matrix A;;(d) is an N x N block comprised of the second derivatives of
F with respect to Ay, and A\; for k=N(i—-1)+1,...NiandI=N(j—-1)+1,..,Nj
and 7,7 =1,...,m.

Then the Legendre-Hadamard condition for F' becomes that for any d € IRV™
F"(d) must be a positive semidefinite matrix over the following cone in IRN™

mé
A=< e R¥™: thereexist n € R™, £ € RY such that A =

Nm §
namely we need to have that for any n € R™, ¢ € RN and d € RN™
F”(d)()‘a /\) = 77% €TA11 (d) f + ..+ 2771 TIm gTAlm(d) f + ...+ len gTAmm(d)g Z 0.

Which is simply that for any & € IRY, the following matrix be positive semidefinite
on IR™

ETA (e ... ETAm(d)E
ETAT (d)E . ETApm(d)E

In particular if m = 2 this is equivalent to ask for the following two conditions to
hold:

(2.2)

?
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a) A11(d) and Ass(d) are positive semidefinite Vd € IR?N
b) £TA11(d) € €T Aa(d) € > (€T A1a(d) €)* VE € RN, d e R?N.

If we restrict F' to be a fourth-degree polynomial, then the Hessian matrix of F
at any point td, with ¢t € IR and d € RN™, is given by

1
F'(td)(-,) = F"(0)(-,-) +t F®(0)(d,-,-) + 3t FM(0)(d,d,-,),
then F is rank-one convex if and only if for all A € A, d € RN™, t € IR one has that
1
F'(0)(\,A) +tFO(0)(d, A, 2) + 5 £ FO(0)(d,d, A, X) >0,

which in turn is equivalent to ask for the following three conditions to hold
c) F"(0)(-,-) is positive semidefinite over A,
d) FM(0)(d,d, M\, A) >0 VYde RN™, XA€A,
e) FG(0)(d,\,\)?2 —2F"(0)(\,\) FP(0)(d,d,\,\) <0 Vde RY™ \eA.

3. A first additional necessary condition for quasiconvexity. We work in
the framework of Compensated Compactness, which in its classical formulation, see
[12], gives that for a function to be quasiconvex, it has to be convex in all directions
belonging to the cone A just defined, giving then the necessity for a quasiconvex func-
tion to be rank-one convex. Going further the following result due to Luc Tartar,
proposition VIL.21 in [13], gives a first additional necessary condition for s.w.l.s.c.
under more general differential constraints.

PROPOSITION 3.1. Let Q C RN be a regular open set and F be a C® function
F : R? — IR, such that for any sequence U™ € L*(Q, IRP) for which the following
hold:
i) U" =~ U in L™ weak *
i) F(U™) = V> in L*® weak
i) Y, Aijk gt = 0 for i =1,..,q,

one necessarily has that V> > F(U™) almost everywhere in Q. Then calling
V= {()\,f) € IR?P x (]RN \ {0}) : ZAijk)\jEk =0 fori= 1,..,q} ,
j’k

we have that if (\,&%) € V for i = 1,2,3 with rank{¢',£?,£3} < 3 and ao € IRP are
such that F"(ag)(A},\?) =0 for i = 1,2,3, then one must have

F® (ag)(AL, X2, 2%) = 0.

In particular if the U™s are gradients of IR™-valued fields, then p = Nm and the
set V becomes

1€
%:{(A,g)eRme(RN\{O}):,\: ( n: ) me]Rfori:l,...,m}.
Umf



A Necessary Condition for Quasiconvexity 5
So when we project Vy onto IRN™ we get the set A mentioned in Section 2.

One way to prove that rank-one convexity does not imply quasiconvexity would
then be to construct a rank-one convex function F' for which one can choose ag €
RM™ and pairs (A, £1), (A2, £2), (A%, €%) € Vp with rank{¢',€2,6%} < 3, such that
F"(ag)(N, X) = 0 for i = 1,2,3, but F®)(ag)(A', A2, X3) # 0, so that it can not be
quasiconvex. However in the particular case when N = m = 2, this idea does not
help since the following holds.

PROPOSITION 3.2. Let F : RN™ — IR be a rank-one convex function of class
C3. Let also (%, &%) € Vo fori =1,2,3 be such that F"(0)(\f, \') =0 fori=1,2,3.
Then if either two of the & are parallel or N = m = 2, we necessarily have that
FG0)(AL, A2, \%) = 0.

Proof. Let us say that &' and ¢2? are parallel, then we get that M £ \2 €
A, but this implies that F"(0)(A! &£ A2,A! £ A%) > 0 and, since F"(0)(Al,\!) =
F"(0)(A2,\?) = 0, we get that F"'(0)(A},A\%) = 0. Now, since F"'(sv)(A!,A!) is non
negative for all s € IR and any v € IRV™, and takes the value 0 at s = 0, we need to
have that F®)(0)(A1,A\',v) = 0 and analogously F(®) (A2, X2 v) = 0. Now similarly
F"(sX3)(A! 4+ A2, A1 + A\2) > 0, which gives that F®) (0)(A! + X2, A1 + A2, \3) = 0,
from where we conclude that F(3)(0)(A', A2, A3) = 0.

Now we assume N = m = 2 and that no two of the £ are parallel, from F" (0)(\?, \¥) =
0, we get from Section 2 that if we call A = Aj;, B = Ajg and C = Ass, then

(3.1) PE) = (€7A¢) (€7C¢) — (¢"Bg)”

should have at least three different nonzero roots, the £¥’s, and from condition b) for
rank-one convexity in the previous section, P is non-negative, hence those three roots
have to be double roots. If there is no root with & = 0, we divide through by (&)*
and call z = & /&, to write P as a polynomial of degree four in z, which will then
need to have three different double roots, which is impossible.

Now if we have that (£},0) is a zero of P, with & # 0, then

P(€) = (arrenn — b3,)(&1)%,

and then ajici; — b?; = 0. For the other roots we have that & # 0, then we divide
through by (&)* in the definition of P, to write now P as a polynomial of degree
three in z, but the positivity of P, will force the coefficient of 2® to be zero, so P will
be quadratic and positive, and then it will have at most one more double root, giving
then also a contradiction. O

The following result shows for m, N > 2 that the necessary condition of Propo-
sition 3.1 is also satisfied by all rank-one convex fourth degree polynomials, showing
then that one needs a finer condition to explain why it is enough to look into the class
of the fourth degree polynomials to encounter Sverak’s famous counterexample.

PROPOSITION 3.3. Letm,N > 2 and F': RN™ — IR be a rank-one convex fourth
degree polynomial. Let also (N, £%) € Vo for i = 1,2,3 be such that F"(0)(A\f, A}) =0
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fori=1,2,3. Then we also have that F®) (0)(A!, X2, \3) = 0.
Proof. From condition e) in Section 2 and because
F"(0)(A', A1) = F"(0)(\%,)0?) =0,
we get that
FOO)AL, AL A2) = FO )AL, AL A% = FO0)(AL, A2, M%) = 0.
Then we write the Taylor expansions:

FO0)(AL, AL A2) = FO0)(AL, A2, 0%) + FW0)(AL, A2, X3, A1 = X?%),

FO0)(A5,A2,02) = FO0)(AL, X2, A%) + FW(0)(AL, A2, X322 — X%,

which when subtracted give that
FOO)AL A2, 030 =A%) =0.

Finally we write the expansion

FEO)YAL, AL A3 = FOO)(AL, A2, 0%) + FW0)(AL, A2, A3, A1 = \2),
which now gives that F®)(0)(A!,A\2,A3) = 0.0

4. Another necessary condition for quasiconvexity. One can then turn to

derive a different necessary condition for quasiconvexity, valid for a more restrictive

class of functions. We obtain first the following result, dealing with sequences which
are not necessarily gradients.

PROPOSITION 4.1. Let Q C IRYN be a bounded regular open set and F be a
fourth degree polynomial in IRP, satisfying F(0) = 0 and such that for any sequence
U™ € L*>®(Q, IRP) for which U™ — 0 and F(U™) = V*° both in L*>° weak *, one has
that V> > 0. Then F'"(0) must be positive semidefinite and for any d*,d?,d* € IRP
it should be true that

4F®(0)(d", d?,d°)*

(4.1)
3 . . 3 . . . . 3 . . . .
<D FO)dd) | Y FOO) ddd) +4 Yy FOQO)d, L d) .
i=1 i=1 4,j=1,i<j

Proof. Let £' and €2 be two linearly independent vectors in IRY, set £% = ¢! + €2,
t € IR and take the following sequence defined over (2

3

U™ (z) = tZdi cos(n &t - ),

i=1
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then U™ — 0 in L* weak % and since F'(0) = 0, if we make a Taylor expansion of F
at zero, we have that F(U™) is equal to

t ZF' )(d") cos(n &t - x —t2 Z F"(0)(d*,d?) cos(n & - x) cos (n& - x)

3,j=1

—t3 Z FO0)(d, d?,d*) cos (n €' - z) cos(n& - z) cos (n&F - z)
4,3,k=1
3

+ ﬁt Z F®0)(d, d?,d*,d") cos (n & - z) cos(n& - z) cos(n&® - z) cos(né - ).
1,5,k 1=1

Now when we take the weak x limit in L* as n goes to infinity, the linear term
vanishes because

cos(né&t-x) — 0.

For the quadratic part, and due to the linear independence of ¢! and ¢2, will only
survive the terms with ¢ = j and

cos? (n&-x) =

l\DI»—\

For the cubic part
cos? (né-x)cos(n& -x) =0 for all 4 and j

and

|

cos (n &' -x)cos (né? - x)cos(né-x) —

For the fourth order term
cos* (n ¢t -x) — 3/8,

cos® (n€-x)cos(né -x) =0 if i #j,
cos? (n €' - ) cos? (n.fj-x)—\i ifi#j
and
cos? (n&'-x)cos(n& -x)cos(né&r-x) =0 ifi#Aj,i#kandj#k.
Therefore

ny _ 2 u i g0 3 1m(3) 1 52 13
V® = lim F(U") tZF )(di, d) 4tF(0)(d,d,d)

n— o0

( ZFW )(di,d', di,di) ZF“ )(di,d, d? dJ))

z<]

= —t2 (16 > F(0)(d, dY) + 16t FE)(0)(d", d?, d°)

+t° ZF(“) )(d,d,did) + 413 ZF(“) )(d,d',d? dJ))

i<j
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In this expression the coefficients of t?> and ¢* must be non negative and we also need
that (4.1) holds. O

This proof is inspired on the one of Proposition 3.1 given in [13].

The following corollary, which provides with a necessary condition for a fourth
degree polynomial to be quasiconvex, is now immediate.

COROLLARY 4.2. Let Q C RN be a bounded regular open set and F be a fourth
degree polynomial in RN™, satisfying F(0) = 0 and such that for any sequence U™ €
L>®(Q, RN™) for which the following hold:

i) U" =0 in L*® weak x
i) F(U™) = V> in L*® weak *
iii) there exist functions g* € WhH®(Q) with i = 1,...,m, such that Ul(z) =

2409 in Q, with k= N(i 1) +j, fori=1,..,m and j = 1,...,N,

one has that V> > 0. Then if £ and €2 are linearly independent vectors in RN and
A2 € RN™ are such that (A1, €1), (A\2,£2) € Vi, we have that for any X3 € RN™
such that (\3,€ + €2) € Vi, condition (4.1) necessarily holds with d* = X' for
i=1,2,3.

Proof. We just take the sequence

3
Ut(z) = tZ)\i cos(n & - x),

i=1

then U™ — 0 in L™ weak % and it satisfies condition iii) because (A, &%) € Vj for
i =1,2,3. We then just apply Proposition 4.1. 00

5. Sverik’s Example. One can now check that the example given by Sverdk
in [11] violates condition (4.1). Let us recall his example, one defines L as the linear
subspace of IR® spanned by

A= N = and 2=

SO O OO
OO - OOO
-0 o000

with the directions of oscillation being the following

e-(3) e=(1) w0 e=()

so that (A}, &%) € V for i = 1,2,3. Additionally one has the plus that in L the only
rank-one directions are those along the lines spanned by the A\*’s themselves, fact used
by Sversk to create first a convex function on L and then extend it to the whole IR®
as a rank-one convex function. Let f : L — IR be defined as



A Necessary Condition for Quasiconvexity 9

=-—rst

S+ OO

and call P the orthogonal projection from IRS over L. Define for any pair €,k of
positive real constants, the following fourth degree polynomial on IR®

F(X) = f(PX) +elX[* + el X||* + k| X — P X

Now for any € > 0 it is proved in [11] that one can choose a positive value for k, so
that this function becomes rank-one convex.

Then
F'(0)(A, A1) = F"(0)(A\%, \?) = 2, F'0)(X°, X°) = 4,
FO0)(A1, A2, 0%) = -1,
FOO)ALAL NN = FU0)(A, 0%, 0%, 0%) = 24e,
FO0)(A1, A, X%, 0%) =8,
FWOO)AL, AL A3 0%) = FO0)(A2, 02, 0%, 0%) = 16€
and

FO0)(A%,A%,2%,0%) = 96 e

Condition (4.1) becomes 1 < 608 €2, which is then easily violated.

It is not difficult to show that if m = 2, for any pair of linearly indepen-
dent directions &',¢&2 € IR?, taking again £ = ¢! + €2, and for any three vectors
AL A2 0% € R such that (A4, €8) € Vg for i = 1,2,3, there always exists a nonzero
vector A € span{\!, A2, A3}, with X\ # X for i = 1,2,3, and ¢ € IR?\ {0,&1,€2,63}
with (), £) € Vp.

6. Some Remarks. Condition (4.1) alone is not sufficient for quasiconvexity be-
cause it is not even sufficient for rank-one convexity, since for example for N = m = 2,
F(d) = —dj satisfies (4.1), but it is not rank-one convex.

Proposition 3.1, which gave us the idea for Proposition 4.1, and its proof are
closely inspired on Theorem 18 in [12], which gives a necessary condition for sequential
weak continuity. This condition was later on proved in [8], to be also sufficient under
the extra hypothesis of constant rank, namely that for any ¢ € RN \ {0} if we call

A¢ = {\ € R such that (\,¢) € V},
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the dimension of A¢ is independent of £. This condition is certainly satisfied by the
problem studied here, since the dimension of A¢ is always equal to m. Then one could
try to use the idea from the proof in [8] to prove that condition (4.1) together with
conditions ¢), d) and e) from Section 2, are also sufficient for quasiconvexity.

Corollary 4.2 gives an additional necessary condition for quasiconvexity, besides
rank-one convexity, only for those fourth degree polynomials with nonzero cubic part.
Therefore it does not help when applied to the example of [1], which has only fourth
order terms. The same remark applies for the example of a fourth degree polynomial
which is rank-one convex, but not polyconvex, presented in [4] which is also homoge-
neous.

We posses very strong numerical evidence that there is no rank-one convex fourth
degree polynomial that violates condition (4.1). Since it does not seem to be easy
to get a better necessary condition in the whole class of fourth degree polynomials,
one possible future step could be to go to polynomials of degree six. Alternatively,
thinking in terms of the examples mentioned in the previous paragraph, it would be
useful to have extra necessary conditions for quasiconvexity specialized to the case of
homogeneous fourth degree polynomials.
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