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Abstract

This study is an attempt to generalize in dimension higher than two the
mathematical results in [8] (Computing the equilibrium configuration of epi-
tazially strained crystalline films, SIAM J. Appl. Math. 62 (2002), no. 4,
1093-1121) by E. Bonnetier and the first author. It is the study of a physical
system whose equilibrium is the result of a competition between an elastic
energy inside a domain and a surface tension, proportional to the perimeter
of the domain. The domain is constrained to remain a subgraph. It is shown
in [8] that several phenomenon appear at various scales as a result of this
competition. In this paper, we focus on establishing a sound mathematical
framework for this problem in higher dimension. We also provide an approx-

imation, based on a phase-field representation of the domain.

1 Introduction

In this paper, we seek to extend to higher dimension the results of the first author
and Eric Bonnetier in [8]. There, the authors modelize the physical system which
consists in a thin film of atoms deposited on a substrate, made of a different crystal.
Such systems are common in the engineering of devices such as electronic chips,
which are obtained by growing epitaxial films on flat surfaces.

In such a situation, the misfit between the crystalline lattices of the substrate and
the film induces strains in the film. To release the elastic energy due to these strains,
the atoms of the free surface of the film may diffuse and a reorganization occurs in
the film. The result of this mechanism is a competition between the surface energy
of the crystal, and the bulk elastic energy. The former is roughly proportional to the
free surface of the crystal, and therefore favors flat configurations. The bulk energy,
on the contrary, is best released if oscillatory patterns develop. We refer to [§]
and the former study [9] for a more complete explanation of the phenomenon, and
for references on “stress driven rearrangement instabilities” (SDRI) and epitaxial

growth.
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Here, we restrict our study to the mathematical model which is proposed in [§]
in dimension two. We extend to higher dimension the relaxation result (implic-
itly contained in Lemma 2.1 and Theorem 2.2 in [8]), and show the correctness
of the phase-field approximation, extending [8, Thm 3.1]. Observe however that
in that paper, the bulk energy is a linearized elasticity energy that involves the
symmetrized gradient of the displacement. It seems that up to now, the theory
of “special bounded deformation” functions [5, 7] is not well-enough developped to
make possible the generalization of our results to that case, so that we only work
with W1P_coercive bulk energies. Alternatively, we could have decided to impose
an additional (artificial) L°° constraint to the displacements, in which case the
extension to linearized elasticity energies would have been relatively easy (see for
instance [13]).

Numerical experiments conducted by Francois Jouve and Eric Bonnetier (at
CMAP, Ecole Polytechnique, France, and LMC/Imag, Grenoble, France) show that
the phase-field energy introduced in Section 5, in dimension 3, yield results similar
to the 2D plots in [8]. See Figure 1 which shows how an island is formed, as a result
of the competition between the surface energy and the strains in the material.
Here the stretch (the lattice misfit) along the z-direction in stronger than in the
y-direction, explaining the shape of the island. (In this example, the bulk energy is

a linearized elasticity energy.)

Figure 1: Example of an “island”.

To be precise, we consider in this paper a displacement in a material domain
which is the subgraph of an unknown nonnegative function h. Assuming h is defined
on an open Lipschitz set w C R"~!, the displacement u will be defined on the

subgraph Q, := {z = (¢/,2n) € w X (0,4+00) : xx < h(z')} of h. We will consider



energies of the form:
F(u,h) = W(Vu) da:—|—/ V 1+ |Vh|2d!
Qh w
where u sastisfies a prescribed boundary condition on the boundary w x {0}. In
this paper, w will be the (N — 1)-dimensional torus and the boundary condition of
u on “Ow” will be of periodic type, as in [8] (however, adaption to other situations
will not be difficult as long as dw is Lipschitz).

The goal of our paper is to show that the relaxed functional of F' can be written

F(u,h) = i W (Vau)de + HY71(0.,) + 2HY (%),

h
where ¥, the “internal” discontinuity set of u, “inside” the subgraph €, of h (which
is now a BV function), will be a “vertical” rectifiable set, so that Q; U X can be
viewed as a generalized subgraph.

In an article written almost simultaneously by Andrea Braides and the authors
of the present paper [10], a similar problem is studied, without the constraint that
the domain is the subgraph of a function. Although this may seem more gen-
eral, showing that “recovery” sequences can be built, so that F is not only a lower
bound, but also an upper bound for the lower semicontinuous envelope of F', is
considerably more difficult in our setting, since the sequence which is found must
satisfy the constraint, and therefore has to be built in a constructive way (and
not using some general existence result). This construction follows the discretiza-
tion /reinterpolation technique introduced in [12, 13]. On the other hand, the lower
bound in this work is almost a straightforward consequence of [10].

Eventually, the last section in this paper deals with the phase-field approxima-

tion of F, using the same approach as in [8].

2 Setting of the problem and statement of the result

2.1 Functions of bounded variation

We start by recalling some definition and results, useful in this paper, concerning
spaces of function of bounded variation; for this topic, we refer essentially to [6].

Let Q be an open subset of RY. Given u € L!(Q), its total variation is defined
as

sup{/ﬂudivq/;dz : 1/)€CSO(Q;RN)’ ()] §1V:1:€Q},

One may check that it is finite if and only if the distributional derivative Du of u
is a bounded Radon measure in €. In this case, the total variation of u is equal to
the total variation of the measure Du, and is classically denoted by |Dul|().

At each z € 2, one can define upper and lower values of u as follows: the upper

value is

us(§) = inf {t € [—00,400] : liI;ljélp Hy e ug/p)(;fH N By(x) = 0}
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where B, (x) is the ball of radius p, centered at . The lower value is simply —(—u).
Defining the “jump set” of u as S, := {x € Q : u_(z) < uy(x)}, one can show that
if u € BV(Q), S, is a (HN~!, N — 1)-rectifiable set (in the sense of Federer [16]),

so that it admits a normal v, (z) at HV!-a.e. x € S, and Du decomposes as
Du = Vu(z)dr + (uy(z) —u_(z))vy(z) dHN 1L S, (z) + Du

where D°u, the “Cantor part”, is singular with respect to the Lebesgue measure and
vanishes on any set with finite (N — 1)-dimensional Hausdorff measure. The Radon-
Nikodym derivative of Du with respect to the Lebesgue measure dz, denoted by
Vu(z), is a.e. the “approximate gradient” of u at x, see [6]. Of course, if u € W1(Q),
it coincides with the weak gradient.

Up to now, we have considered real-valued functions. If u: Q — R? is vector-
valued, S, will be the union of the jumps sets of the d components of u. One
shows, then, that when two of these jumps sets intersect, the corresponding normals
coincide HV ~!-everywhere in the intersection up to a change of sign. The jump part
of the derivative Du is given by (u; —u_)®v, dHVN~1_S,, where now, u* and u~
are not the “upper” and “lower” values (since there is no natural order in R%) but
the orientation depends on the choice of the direction of the normal v, (the triple
(u—,uq,v) being equivalent to (uy,u_, —vy)).

The space SBV () is defined as the subset of BV () of functions u such that
D¢y = 0, that is, Du is absolutely continuous with respect to dz + HN"1L_S,,.
Then, for p > 1, we say that a function u: @ — R belongs to the space SBV, (1) if
u € SBV(Q), Vu € LP(Q;RY) and HN~1(S,) < +oc.

We say that a function v € L'(Q) is a generalized function of bounded varia-
tion (u € GBV(Q)) if uT := (=T) V u A T belongs to BV (Q) for every T > 0.
If u € GBV (), setting S, = (JpvoSur , a truncation argument allows to define
the traces u_(z) and wuy(x) for a.e. = € S,. Defining, for v € GBV(Q), the
Cantor part of the derivative as | Du| = supp~ o |Du’|, we say that a function u in
GBV () belongs to GSBV (Q) if |Du| = 0, and moreover u in GSBV (Q2) belongs
to GSBV,(Q), for p > 1, if Vu € LP(;RY) and HV~1(S,,) < +oo.

The following compactness result for SBV is proven in [3, 4] (see also [6, Thm.
4.8]).

Theorem 2.1 (Compactness in SBV) Let (uy), C SBV(S) satisfy
sup{/ [Vu,|P de + HN_l(Su")} < +o0,
n Q

with u, uniformly bounded in L°° (). Then, there exists a subsequence (un, )r and
u € SBV,(Q) such that u,, — u a.e. in Q, Vu, — Vu in LP(Q;RY), and

HYL(S,) < liminf HVNL(S,,).

k—oo

If u,, is bounded only in L!(£2), one shows easily by truncation that the results still
holds, with u € GSBV,(Q).



2.2 Subgraphs of finite perimeter

In this paper, to simplify, w is the torus (R/Z)N~!; however, the extension of our
results to the case of a Lipschitz bounded open subset of RY~1 does not raise
any difficulties. A generic point z € w x R will be denoted by (2/,zy), 2/ =

(z1,...,2N—1) Ew, zy € R. For h : w — R4 measurable, we consider:
Qp={z€wx(—1,+00) : zx < h(z')} and

QFf = {z€ewx(0,+0) : zy <h(@')} = QN (w x (0, +00)).

If h € BV (w;Ry), the set €, has finite perimeter in the sense of Caccioppoli in
w X (=1,400) (i.e., |[Dxq, |(w x (=1,400)) < |w| + |Dh|(w) < +o0, so that xq, €
BV (w x (—1,400))). At each point { € w one can define the upper and lower values
hy(€) and h_ (&) as in the previous section. As before, it is known that hy = h_ a.e.
in w and the set of points where h_ < h,, called the jump set of h, is denoted by S},.
Then, if z = (2/,2n) € w X (—=1,40), zny < h_(2') = x € Q}, (the set of points
where (2, has Lebesgue density 1), 2y > hy(z') = z € Q) (the set of points where
it has density 0), and 9,Q; = w x (=1, +00) \ (29 U Q}), the measure-theoretical
boundary, is a subset of (and H~~!-a.e. equal to) Ugew €t x [h—(8), h+(§)]- It is
known that the measure-theoretical boundary is H~ ~!-a.e. equal to a subset 9*Q,
called the “reduced boundary” of De Giorgi, that contains only points « where the
blow-ups (2, —x)/p converge as p — 0 (in L .(RY)) to a half-space of outer normal
vg, (z) (hence, 2, has density exactly 1/2 at x).

Let us emphasize the fact that the boundaries 092, 0,9, will always, in this
paper, be intended as boundaries inside w x (—1,400), that is, they do not contain
wx {-1}.

2.3 The relaxation result

Let W: M¥>N — [0, +00), with d > 1, be a continuous and quasi-convex function
satisfying a p-growth condition. Let u® € WP(w x (—1,0); R9).
For h € C*(w;[0,400)), and u € WLP(Q; RY), with u = u® in w x {0}, we set:

F(u,h) :/Q+ W(Vu)d:c+/ V14 |Vh|?d';
h w

clearly, the same definition can be done for u € L'(w x (0, 400); R?) such that the
restriction to Q;{ satisfies the previous properties; moreover, we define F'(u,h) =
+00 otherwise in L!(w x (0, +00); RY) x BV (w; [0, +00)).

It is clear that equivalently one can write that u € WP (Q; RY), with u = u
inw x (—1,0).

The main result of this paper is the proof of the following relaxation result for

0

the functional F, here written in the case d = 1 (for the general case, see the 4th

remark in Section 2.4).



Theorem 2.2 The lower-semicontinuous envelope of the functional F with respect
to the L'(w x (0,4+00)) x L(w) topology, is the functional F: L'(w x (0,+00)) x
LY (w) — [0, +00] defined as:
W (V) dz + HY 71 (0., + 2HY 1S, N Q})
Q)
F(u,h) = if h€ BV (w;[0,400)) and uXqf € GSBV (w % (0,+00))

400 otherwise,

where
S, = {(@,ay+1t) : 2 € 8,,t>0}.

Observe that, denoting ¥ = S/, NQ}, ¥ is a “vertical” rectifiable set, and we will
sometimes write I' = 0,0y, U 3, the “generalized” interface.

The proof of Theorem 2.2 will be given by showing a lower and an upper bound,
respectively in Section 3 (Prop. 3.1) and in Section 4 (Prop. 4.1); the thesis of

Theorem 2.2 immediately follows from these results.

2.4 Some remarks

1. In [10], a similar result is shown, with mainly two differences, that both follow
from the constraint that the set where u is defined is a subgraph: in the lim inf
inequality, we have to keep the track of vertical parts of the boundary (S!,) that
might not be in the jump set of u (that is, one might have (S],\ S,,)NQ}, # 0).
In the lim sup inequality, one needs to build a recovery sequence which remains

a subgraph, leading to a much more complex proof than in [10].

2. In [8], one also considers the case where the surface tension for the substrate
(of boundary w x {0}), og, can be different from the surface tension o¢ of
the crystal (of boundary 9, N (w x (0, +00)), if h is smooth). In this case,
two different phenomena occur, depending on the fact og < o¢ or o¢ < og.
In the latter case, it is always energetically convenient to cover (or “wet”) all
the surface of the substrate with an infinitesimal layer of crystal, so that the
global surface tension in the relaxed energy is o¢. In case oy is less than o¢,
then parts of the substrate might remain uncovered by the crystal, and the

surface energy in the relaxed functional will be given by
oc(HN 710, N (w x (0,+00))) + 2HN1(S, N Q)
+ osHY ({2’ € w : h(2') =0}).

We do not prove this result here: we fear it would make the paper harder to

read, mostly because of the notation. See also Remark 4.4.

3. Still in [8], the (2D) functional F' is minimized with an additional volume
constraint ([ hdx = 1). It is easy to show that the relaxed functional F' does

not change under this constraint — see Remark 4.2 below.



4. In the sequel, we will assume that d = 1, u is scalar, hence W is convex.
Adapting the proofs to the vectorial case (and W quasiconvex) is straightfor-

ward (and would just make the notation more tedious).

5. In [8] and the problem mentionned in the introduction, it is not u but u —
x1 which is 1-periodic in the first variable. Here, to simplify, everything is
written with u € GSBV,(w x (—1,400)): that is, u is periodic in the (N —1)
first directions (we recall w is the (N — 1)-dimensional torus). Adapting the
results to extend them to the case where (for instance) v — a(z1,0,...,0) €
GSBV,(w x (—1,+0)), a > 0, would not be difficult.

3 A lower bound for the relaxed envelope of F'

In this section we obtain a lower bound for the relaxed functional F' by proving the

following proposition.

Proposition 3.1 For every sequence (u,, h,) € WHP(Qy, ) x C1(w; [0, +00)), with

Up = ug in w X (—1,0), such that
SUp F(ttn, hn) < +00,

there exist h € BV (w;[0,+00)) and u € GSBV (w x (0,+00)) (with w = 0 out of
Qp) such that xq, tn — u in L'(w % (0,+00)), hy — h in L'(w), and

/ |Vu(z)|P de < lim inf/ [V, (z) P dz (1)
o n= Jor

and

HNTH0.0) + 2HN (S, N Q) <hm1nf/ V1+ |Vh,(2')|? d2’ (2)

This Proposition implies immediately the lower bound for the relaxed envelope
of F, that is the first part of the proof of Theorem 2.2. Indeed, we obtain in the
proof that the sequence (u,), converges in fact weakly in the W!1P-topology, and
since the function W is lower semicontinuous and quasi-convex, with growth p, the
functional G(u fQ+ (Vu) dz is weakly lower semicontinuous in WP; then, in

the same hypotheses we get the inequality:

W (Vu(x)) dr + HN1H(0.94) + 2HN1(S, N Q)

+
Qh

< lim inf W(Vuy(z)) de +/ V14 |Vhy(2')|? d2,

Let us consider a sequence (uy, hy,) such that

sup F'(un, hyp) < +00;
n>1



we show that, up to a subsequence, u, — u in L'(w x (0,+00)) and h,, — h in
L' (w), with
F(u,h) < linrr_l}ioréfF(un, hy). (4)
To prove the lower inequality, it is sufficient to consider sequences (uy,, hy,) with
hn € C(w;[0,+00)) and u, € WHP(Q;f ), and u = u® on w x {0}; however, this
compactness property, as well as inequality (4), will still hold if we just assume that
hy, € WHl(w) and u,, € SBV,(w x (=1, +00)) with u, = u® in wx (—1,0), u(z) =0
a.e. in {xx > h(z')}, and S,C0,y,, (where ACB means HY1(A\ B) = 0).
Let us consider first the compactness and lower semicontinuity of the jump
term, and for this we will use a special notion of convergence for jump set of SBV,,

functions.

3.1 Jump set convegence

The following notion of jump set convergence is introduced by Dal Maso, Francfort
and Toader [14, Def. 4.1] and [15, Def. 3.1]. Tt is called “oP-convergence”. A variant,
which is independent on the exponent p > 1, has been introduced more recently by
Giacomini and Ponsiglione, see [18].

In the sequel, we denote respectively equality and inclusion up to a HV~1-

negligible set by the symbols = and C.

Definition 3.2 Let Q be an open set in RN, and p € (1,+00). We say that a se-
quence (T',)nen of subsets of Q oP —converges to T if and only if sup,, oy HY 71(T),) <

400 and:

(i) For any sequence (vy), of functions in SBV,(Q), with S,, CTy, if the subse-
quence vy, goes to v weakly in SBV,(Q) as k — oo then S,CI;

(i) There exzists a function v € SBV,(Q?) and sequence (vy,), of functions in
SBV, () converging to v, such that S, CT',, for each n and S, =T.

The following compactness theorem is proven in [14, Thm. 4.7]

Theorem 3.3 Every sequence I',, C Q, with HN~Y(T,,) uniformly bounded, has a

oP-convergent subsequence.
The proof of this theorem is based on the following lemma (cf [14, Lemma 4.5])

Lemma 3.4 Let (v;)2; be a sequence in SBV,(2) N L>(Q) and let us assume
HN Y (Ui2y Sv;) < +00. Then there exist real numbers ¢; > 0 with Y o, ¢; < 400
such that v:= Y2, c;v; € SBV,(Q) N L>®(Q) and Sy=;2, So,-

Let us mention the following variant of the proof of Theorem 3.3, still based on

Lemma 3.4: given I' C 2, we introduce
X)) = {v € SBV,(Q;[-1,1]) : S,CI', [ |[VoulPdx < 1} .
Q
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Then, if HN~1(T") < 400, by Ambrosio’s compactness theorem 2.1, X (I') is compact

: 1
m Lloc

sup,, HN=1(T,,) < +oo0, then the sets X(T,,) all belong to

() (which is metrizable). If (I',), is a sequence of jumps sets with L =

X, = {v € SBV, (4 [-1,1]) : HN71(S,) < L, / |VolP da < 1} .
Q

which is also compact in L, .(2). Hence, a subsequence (X (I, ))s converges in the
Hausdorff sense (with the Hausdorff distance in L] () induced by a distance in
Li.(Q)) to a compact K C X . We show that K C X(T') for some I'.

Let (v;)$2, be a dense sequence in the compact set K. We first observe that
since K is convex, given any v,v’ in K there exists w (given by 6v + (1 — 6)v’
for an appropriate choice of 0, see for instance [17]) such that S,,=S, U S,, hence
HN-1(S, U S,) < L. In particular, we deduce that HN_l(UleSvi) < L for
any k£ > 1, and passing to the limit, that HN¥~}(T') < L < +o0o, where we have
let T' = J2, Sy,. Using Lemma 3.4, we deduce that there exists v € K with
I'=S,. Hence I satisfies axiom (ii) in Definition 3.2. On the other hand, any
Cr,

and a consequence of Ambrosio’s compactness theorem is that S, CI', so that also

v € K is the limit of an appropriate subsequence v;), & > 1, with S

Vi(k)

axiom (i) in Definition 3.2 is satisfied. Hence T, oP-converges to I'. U

We observe that an obvious consequence of Ambrosio’s theorem is that if T,
oP-converges to T,
HYNYD) < liminf HYY(T,). (5)

n—oo

3.2 Proof of the lower inequality

Let T'), = 0, = {x € w x (=1,4+00) : n = hy(2')} be the graph of the function
hy. Up to a subsequence, we know by Theorem 3.3 that I';, cP—converges to some I'
as n — oo. Since h,, is uniformly bounded in W1 !(w), possibly extracting another
subsequence, h,, — h in L'(w). Equivalently, the sets €2, converge to €, in the
L' (w x (0,+0c0)) topology for the characteristic functions.

Clearly, 0.Q), C T, indeed, if we take in Definition 3.2 the sequence v, = xq, ,
we find that v, — xq, whose jump set is 0,2,.

Let us decompose I' in the three parts 0,Qp, £ =T NN}, and ° = TN QY.
The part X0 is irrelevant in our study, since the functions u, limits of converging
subsequences of (u,,), will all vanish outside of Q.

We show that X is “vertical” that is, for any z = (z/,zn) € X, (¢/,2n + 1) €
S U RN\ Q}) for any ¢t > 0. Indeed, let v € SBV,(w x (—1,+00)) be such that
Sy=T", and let v, be a sequence weakly converging to v in SBV,(w x (—1,+00))
with S, CI',. Consider the functions = — v, (2',zn — t)xq, (z), with ¢t < 1,
extended in an appropriate way in w x (—1, —1 +¢). These functions will converge
to z — v(z’,xn — t)xq, (), showing that (S, + tey) N Q) C I, which shows our

claim. In particular, we deduce that HN'-a.e. in ¥, vs - eny = 0.



By (5), we have HN1(8,Q,) + HY 1) < liminf, .o HN1(T,). We claim
that, in addition,

HY 10,0, + 2HNY(®) < liminf HY~H(T,).

n—oo

This follows from [10] and the definition of oP-convergence. Indeed, it is a conse-
quence of the lim inf-inequality in [10], applied to a sequence (vy,),>1 with S, CT',
weakly converging in SBV,(w x (—1,+00)) to a v such that £CS,,.

Let us now conclude. If F(uy,h,) is uniformly bounded, then by integra-
tion along vertical segments we easily check that (u,) is uniformly bounded in
L{jOC

there exists v € GSBV,(w x (—1,400)) such that u,(z) — u(z) a.e., and Vu,, —
Vu in LP(w x (—1,+00); RY), so that the inequality (1) holds. Clearly, u vanishes

(wx (=1,400)). Then, it is a consequence of Ambrosio’s Theorem 2.1 that

out of . By point (i) in Definition 3.2, which is easily generalized to GSBYV,,
functions (see [14, Prop. 4.6]), we have that S, CX U 9.Qy,. In particular since ¥ is
“vertical”, S, N} C . We deduce (2). Clearly, the inequality (4) follows from (1)
and (2). U

4 An upper bound for the relaxed envelope of F'

We now get the upper bound for the relaxed envelope of the functional F' by proving

the following proposition.

Proposition 4.1 For any u, h with F(u, h) < +oo, there exist h,, € C*(w; [0, +00))
and u, € WHP(Qp, ) with u, = u® in w x (—1,0), such that h, — h in L'(w),

nXgs — WXy in L' x (0,+20), and:

limsup/ [V, ()P dx :/ [Vu(z)]P dz (6)
n—oo JQF Q}JLF

ha

and

lim sup/ V1 [ Vha(z)2da’ < HN710.0,) + 2HN 1S, N Q}). (7)
We note that the proposition completes the proof of Theorem 2.2. Indeed,
if we find a sequence (u,), satisfying the equation (6), we can deduce the strong

convergence Vunxﬂz — VUXQI in LP; the continuity of W gives the general result

lim sup W(Vuy(z)) de + / L+ [Vhy(a')[? d2’

n—00 +
(®)

< | W(Vu(z))de +HYN10.94) + 2HN (S, N Q}),
af

which is the lim sup inequality for the functional F'.
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Remark 4.2 In case one adds in the definition of functional F' a volume constraint
(that is, F(u,h) = 400 if [ hdx # V where V > 0is a fixed volume), then it is easy
to show that Proposition 4.1 still holds, with the sequence (h,,) satisfying the same
volume constraint as the limit 4. Indeed, given the sequence (h,) provided by the
proposition (without volume constraint), one clearly has rp, = [ h, dz/ [ hdr —1
as n — 00, and an appropriate scaling (of the form x — (2/, zn /ry,)) of the functions
and the domain will provide new sequences (u,, h,) with fw hy,dx = fw hdx, and

still satisfying (6) and (7).

Proof of the proposition. Let us consider, now, u and h such that F(u,h) < +oc.

First step: approximation of (most of) the graph. We show that we can

approximate a “generalized graph” (9,Qp,Y), where ¥ C Q} N (w x (0,+00)) is

“vertical” in the sense that z € ¥ = (2/,zy +¢) € X for any ¢ > 0 as long

as (2/,zy +t) € Q}, with the graph of a smooth function f : w — R,, with

Q C Q,\X up to a small part, and a good approximation of the total surface energy

HN =10, ) + 2HN~H(E) (by the surface of the smooth graph [ /1 + [V f]2dx).
Let us first state the following lemma, which will be useful in the sequel:

Lemma 4.3 Let g € BV (w;Ry) and assume 0., is essentially closed, that is,
HN=LHD.9Q,4 \ 0.Qy) = 0. Then, for any € > 0, there ezists f € C>®(w;R,) such
that 0 < f < g a.e. inw, ||f —gllr1(w) <€ and

/\/1+|Vf|2da: HN10.Q,)| < e.

We do not give the proof of this lemma, which is obtained by regularizing (at a

scale smaller than ¢ € (0,1)) the function g§ = g5 VV 0, where g5 is defined by

{z=(2,zn) Ew x (—1,+0) : zx < gs(2)}
= {z € w x (—1,400) : dist(z, (w x (0,400)) \ Q) > 6} .

The (N — 1)-dimensional measure of the boundary of this set goes to HY~1(9,€,)
as 0 — 0 (along well chosen subsequences) because of the assumption that 9,9, is

closed.

Now, let us first assume that ¥ = (: we claim that for any h € BV (w;Ry) and
€ > 0, there exists f € C*°(w;Ry) such that

If = ko) + HY 7NN Q) < e (9)

and

/\/1+|Vf )2de — HN7H0.)] < e. (10)

We fix € > 0. Let us consider a mollifying kernel p € C°(RY), with support in
the unit ball, and for any n > 0let p,(z) = (1/n)™p(z/n). For n > 1 we consider the

11



function w,, = p1/y * X, : w xR — [0, 1]. It is well known that not only w, — xaq,
strongly in L', but also that fwx( ) |Vwy,(z)| de — |Dxq, |(w x (=1, +00)) =
HN=1(0.0) as n — +oo.

One has, for every x € QF U9*Q, UQY (hence, HY ~l-a.e. 2 € w x (—1,+00)):

—1,400

—_

ifz e Q}l
if x € 9*Q, (11)

lim wy(z) =1 3
0 ifzeQ)

n—oo

The same properties are true for the sequence of (l.s.c.) functions (@, )n>1 de-
fined by

wp(z) if 2 € w x [0, 4+00)

1 ifz ewx(-1,0).

Wy () =
Indeed, using the coarea formula, one sees that
1
Diaf(w x (~L+00) = [ W@, > shds
0

< /OlHN_l(B{wn > s})ds = /w |V, (x)| dz,

% (0,4-00)

since HN=10{w, > s} N (w x (=1,0))) > HVN ({2’ € w : w,(2',0) < s}) =
HN=1(0{w,, > s} N (wx (—1,0))), the second set being the projection onto w x {0}
of the first one. We deduce that limsup,, . | D, |(w x (=1, +00)) < HN~1(0,04),
but since W, — xq,, it yields lim, o |Di,|(w x (=1,+00)) = HN=1(0.Q4).
Clearly, (11) is also true for @, since Qf D w x (—1,0). We drop the tilde in
the sequel and just write w,, instead of w,,.

For a.e. s € (0,1), one also checks that lim,, o [{w, > s}AQ| = 0, and using
Fatou’s lemma and the co-area formula, that for a.e. s € (0,1), {w, > s} is an
open set such that liminf, . HY"1(0{w, > s}) = HY"1(0,Q). Thus, up to
a subsequence (possibly depending on s), we may assume lim,, o, H¥ 1 (0{w, >
s}) = HN=1(0.04). Let us consider s* € (2/3,3/4) and an appropriate subsequence
such that this property is true, and we consider the corresponding sequence of sets
{x € wx (=1,4) : w,(z) > s*}. We have that HN¥~1(9.Q, N {w, > s*}) =
fa*ﬂh X{wn>s+3 (@) dHN "1 (2), and since by (11), X{w,>s}(z) — 0 HN"1-ae. in
0., we find HN=1(9.Q, N {w, > s*}) — 0 as n — oo. We fix n large, such that

{w, > s }AQ| + HY7H0.Qn N {w, > s*}) <

)

| ™

IHN 1 (0fw, > s*}) — HYH0.0)] < g
It is clear that there exists g : w — [0, +00) a BV function such that {w, > s*} =
{zn < g(2’)}. By Lemma 4.3 applied to g, we find a smooth function f < g, f >0,

satisfying both (9) and (10).

Now, assume ¥ # (). First, possibly replacing h by hA (M —1) = min{h, M —1},
M > 1 large, we may assume without loss of generality that h is bounded by M — 1.
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Let us then define ¥’ by X' = | cy5,{2'} U [z, M] and recall that by assumption,
¥ N Q) =¥. We may also assume without loss of generality that HY~1(X' N (w x
[0, M])) < +o0, possibly replacing (in a preliminary step) h with hs = (h — )T,
d > 0 small, and ¥ with X5 = ¥ Ny, indeed, one will have that 35 N {hs(z") <
Ny < hs(2') + 6} € ¥ so that HN 125 N (w x [0, M])) < (M/SYHNL(E) < +o0.
Now, let K C 3 be a compact set such that HY~1(%’\ K) < £/10. Observe that,
if K’ is defined as ¥, also HV~1(X'\ K’) < ¢/10, and K’ is compact.

Let us build the sequence of ls.c. functions (w,),>1, and find a level s* €
(2/3,3/4), as previously. By (11), we have that Xy, >s-} converges to 1 in Q;,
while it tends to 0 H¥~!-a.e. outside. In particular, HN =K' N {w, > s*}) —
HN"HK' N Q) as n — oo, and this limit satifies HY (X)) — /10 < HN YK’ N
Q1) < HN~1(X). We can hence choose n such that

)

Hw, > s* 0] + HY 710,94 N {w, > s*}) <

=] m

Y @wn > 57} = HYTH O] < 3,

and
€

[HY N K N {w, > s} — HYNTH(E)| < 3
Observe now that since the set K’ is compact, then its Minkowski content
[{dist(-, K') < s}|/(2s) converges to HN"1(K') as s — 0 (see [16]). Since by

the coarea formula,

[{dist(-, K') < s}| _
2s

1 / HV 1O dist(-, K') > 1)) dt,
2s Jo

we can deduce (for instance with arguments similar as in Section 3.2) that there
exists a sequence (sg)g>1 such that HY =1 9{dist(-, K') > s} — 2HN "1 K’ as
measures. In particular, if k is large enough, and provided we have chosen s* such
that HN YK’ N d{w, > s*}) = 0 (almost any choice suits, since HY (K’ N (w x
{0})) = 0 — otherwise N ~1(¥’) would be infinite), we have
[HN (0 dist (-, K') > s} N {w, > s7}) — 2HV L (Z)] < g

while [{dist(-, K’) < s }| < e/4 and HN 71 (0{w,, > s*} N {dist(-, K') < s3}) < &/8.

For such values of k, the open set {dist(-, K’) > s }N{w, > s*}N(w x (=1, +00))
(with piecewise Lipschitz boundary, if s, was properly chosen) is the subgraph €,
of a nonnegative BV function g with |lg — hl[1 () < /2, HN71(8Q, \ 8.Q4) =0,

HY (0.0, UD)NQ,) <

N ™

and 09, = (0{dist(-, K') > sp} N {w, > s*}) U (0{w, > s*} N {dist(-, K’) > si}),

so that 3
IHN=1(09,) — (HN1(0.95) + 2HN ()| < f

13



Then, invoking again Lemma 4.3, we find a smooth function f < g, f > 0, with

Hf - hHLl(w) <g,
HY (0.0, UD)NQy) < ¢ (12)

and

/\/1+|Vf(a;)|2 de — (HN710.Q,) + 2KV H(2)| < e. (13)

w

Remark 4.4 We have, in addition,

lim HY ({2’ €cw : fo(a') =0}) = HY ({2’ €w : h(a)) =0}),

e—0

(fe denoting the f obtained for a particular ¢ > 0). Indeed, for n > 0, there
exists k > 1 such that HN"'({h < 1/k}) < HN'({h = 0}) +nand K C w
with HN~1(K) < 5 such that f. — h uniformly in w \ K. Then, if ¢ is small
enough, h(z’) > 1/k and 2/ ¢ K will yield f.(z') > 1/(2k), hence {f. = 0} C
K U{h < 1/k} so that HN"1({f. = 0}) < HN=Y({h = 0}) + 2. We de-
duce that limsup, o HY=1({f. = 0}) < HY¥=L({h = 0}). On the other hand,
since HYN=1(9.Q, N Qf.) — 0, we see that HN"1({h = 0} N {f- > 0}) — 0 so
that HY"1({h = 0} N {f. = 0}) — HV"1({h = 0}), hence HN~1({h = 0}) <
liminf. o HN 1 ({f. = 0}).

A consequence is that in case (as in [8]) the “substrate” {5 < 0} has a superficial
tension o, less than the superficial tension o, of the crystal, that is, the surface

energy of (0.Qp, %) is
o HY T ({h = 0}) + oo(HN 10051 (w x (0, +00))) + 2HNH(E)),
then f can fulfill the additional requirement
=0 e [ VIR
>

— (o HN 7 ({h = 0}) 4+ oc(HN 71 (0.2, N (w x (0,400))) + 2HV (X)) ] <e

If on the other hand 0. < o, this is not optimal (in terms of relaxation: approxi-
mating (h,X) with (h + 0,2 + dey), 6 small, will reduce the energy).

Second step: approximation of both the graph and displacement. We
now show that if u € GSBV,(w x (—1,+00)) is given, with S, C 9,Q, UX, u =0
out of Qp,, and v = u® on w x (—1,0) (where v’ € W'P(w x (=1,0))), ¥ C
Q} N (w x (0,+00)) “vertical”, then there exists (un, hn)n>1, with h,, € C®(w;Ry),
Up € WEP(Qy ), uy = u® in w x (—1,0), such that as n — oo, h,, — hin L'(w) and
(extending both u,, and Vu, with zero out of Qp, ), u, — u in L' (w x (=1, 4+00)),
Vu,, — Vu strongly in LP(w x (=1, 4+00); RY),

lim / 14 [Vh,(z)2de = HN710.Q4) + 2HVNH(D).
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Let us fix ¢ > 0. First, by the previous step, there exists f € C*°(w) with
lf = hllzr(w) < e, and such that both (12) and (13) hold. We denote by v the
function that is equal to u in Q, to 0in (w x (0, +00))\Qy, and to u® in wx (—1,0).
Possibly choosing f closer to h, we may assume, also, that ||v—u| 11 x (—1,400)) < €-
Eventually, we also extend v (by symmetry) slightly below w x {—1}, to the set
wx (=1-4,-1),0< 6 < 1.

Let us define, for £ € RV, the anisotropic potential

N

Wy(§) = Z |&il” .

=1

Clearly, v € GSBV,(w x (—1 — §,+00)), and one has, if § is small enough,

Wy(Vo(z))de = / W, (Vo(x)) dx
Q‘} wX (—1—=§8,400)

§/ Wy (Vu(z))de +¢, (14)
wX(—1,400)

where Qfe ={rcewx(-1-40+0) : oy < f(2')}. The jump set of v satisfies
Sy C QU ((0.0, UX)NQy), its surface energy is estimated by (12) and (13).

For n > 1let n = 1/n be a discretization step. Given y € (0,1)", we denote by
P = (v(yn + kn)), (k1,....kn—1) € (Z/nZ)N71, ky > —(1+6)/n — y (so that
only point in w x (—1 — §,400) are considered) a discretization of v.

Let us also define a “discrete jump” of v¥"7. We let, fori =1,..., N, and y, k as
above, ;Y = 0 if (0., UX) N [y + kn,yn + (k + e;)n] = 0, and 1 otherwise. We
have that 1497 = Xsi (yn + kn) where the set S} is given by

Sf? = (0:QrUX) 4+ [—ne;, 0]

where (ey,...,ex) is the canonical basis of RV and as usual the sum of two sets
A BisA+B={a+b:acAbec B}.
The discrete energy of (v/", (I;¥"™")N.,)y, is defined by

N | Yysn y,n

i . i IR Vkte; — Yk
R e Y e P
=1 k

p 4,Y,m
Ly

where the sum is taken on all k£ such that the segment [yn + kn, yn + (k + e;)n] lies
inside open set Q‘} The parameter o > 0 will be fixed later on.
Let us compute the average fye(o 1N Djl. For each i, one has (using the change

of variable (y,k) — =z = (y + k)n

iy _ o yl@ e ne) —o(@)|” - xsy@)
/<o,1)N Pt = /o (1= Xsy)(@) () toa— e

i
n

where the domain of integration is

i —1— . i / . ifi< N —
0, {xewx( 1—0,4+00) a:N<OI%1t1£1f(x +tne,)} ifi <N -1, and

O ={zewx (-1-0,+0) : ay < f(2) —n}
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Now, using the slicing technique of Gobbino [19], used in a similar setting in [12,
13] (see also [2]), we find that this integral is less than

/5
Q5

Since by construction, using (12), HN1(S, N Q) < &, we deduce

ov
oz, (z)

P
dx + a/ e - v ()| dHN "1 ().
S1,ﬂﬂf

/ D;’y < Wy (Vo(z)) dx + oV Ne . (15)
(0,1)N Q‘;
On the other hand, if for any y and n > 0 (small) we define the interpolate of (vy"")y
as
v (z) = Z (HARVAN (a: —(k+ y)) , TEwWXR,
k€(Z/nZ)N=1XZ n
where
N
Al@) = JJa—laD*, (16)
i=1

then it is classical [2, 11] that there exists a sequence (1;);>1 such that v¥" — v in
L' (w x (—1,4+00);R?) as | — oo for a.e. y € (0,1)Y. Then, possibly extracting a
subsequence, we deduce from (15) that there exist y € (0,1)" such that both

llim Dy < / W,(Vv)dz + avNe, (17)
o0 wX (—=1—6,+00)

and [[v¥'"™" —v||r — 0 as | — oo.

In the sequel, we fix y to this value and drop the corresponding superscript.
Consider now a cube Cy = (y + k) + (0,7;,)" such that Cy, C Q‘;.

If 0,0, UX does not cross any edge of Cj, then l;’"’ = 0 for any i and k €
k+{0,1}" with ki = k;. The sum

p
m _ U’?l

N
1 ’k ) i
N +e; k
(m) oN—1 Z Z (m)?
=1 l%ekf{o,l}N
ki=k;

can be interpreted as the contribution of the cube Cj to the energy D,,, since
each edge [(y + k)ni, (y + k + e;)my] is shared by 2V~ cubes. By inequality (30) in
Lemma A.1, this sum is larger or equal to [, W,(Vo™(x)) dz.

On the other hand, if 0,82, U X crosses one of the edges of Cj, then the con-
tribution of Cj to the energy D™ is at least a(n;/2)N =1 = aHN~1(0Cy)/(N2N)
(since at least one l%’m is 1). By (17), the total number of cubes Cj such that this
happens is bounded by ¢/(7;)¥ !, hence their total volume by cn; Notice that, in
this case, 9,2, U X must cross an edge of every other cube C' = Ciy/ gy +m, m > 1,
as long as O’ C Q4, or unless v = 0 a.e. in C’ (which may happen if C’ C Q;\ Q}).

We call a “jump cube” a cube Cy C ch such that either C, C Q \ Q}, or
0,82, U X crosses an edge of Cy; the other cubes lying in Q‘Sf are called “regular”

cubes. Let J be the union of all jump cubes, and R be the union of all regular
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cubes (so that C; = R U J is the union of all cubes Cj contained in Q‘}) Then,
x € J implies (¢/,zn +t) € J for any t > 0 as long as (z/,xn +1t) € Cy. The above
discussion shows that HY~1(0J NOR) is controlled by (N2V /a)x the contribution
of the cubes of J to the energy D", while [, W,(Vv™ (x))dx is controlled by the
contributions of the cubes of R to the same energy.

Let now x = 1 4+ /N maxge, |V f(€)], this constant is such that

Cf + KmenN DO Qf

as soon as [ is large enough (so that zy > —1 yields 2y — xkn; > —1 — 6 + 7, which
clearly holds as soon as 7; < /(1 + k)).

We now define, for any [ (large enough), the function f; € BV (w) by fi(z') =
sup{zny < f(2') : (@';zy — km) € R}, and for any z € w x (—1,400), we also
define v;(z) by

vz ey — k) i —1<any < fi(a))
u(z) =
0 otherwise.
By construction, the boundary of Qf (in w x (—1,400)) is a piecewise smooth
compact set made of two parts: one part is contained in the (smooth) graph of f,
0Qy, and the rest, 9Qy, N Qy, is a subset of (0 N OR) + kmen, which is a finite
union of facets of hypercubes. On the other hand, v; € W?(Qy,), with
« _
i W,(Vu(z)) de + WHN Y09, NQy) < D™, (18)
fi
We fix a = N2V, We now make the observation that v; = v" (- —kmen) except on a
set of measure O(7;) (the union of the cubes of J such that 0., UX crosses an edge
of the cube). Therefore, v; — v as | — oo, in L' (w x (—1,4+00)) (and, as well, f; —
f)- We can now fix [ large enough so that || fy — fl|L1(w) + |vi = ]| L1 (wx (=1,400)) < &5

and
W, (Vo (x))de + HN 71 (09y,) < D™ + HN1(99y)
Qp,

< / W,(Vu(z))de + HN71(0.9,) + 2HYN 1) + (3+2VNVN)e
wXx(—1,400)

where we have used (13), (14), (17) and (18). Observe eventually that if [ is large
enough, we also have (since liminf,_, ., HN~1(0Q,) > HN~1(08) and using (13))

HYNL00Q) > HY1(0.Q1) + 2HN (D)) — 2¢.

Using now Lemma 4.3, we can find a smooth f' € C®(w;RY) with f < f;,
close enough to f;, in such a way that if v/ = v; in Q} and 0 in (w x (=1,400))\
one has || f' — fllz1(w) + [[v/ = V[ L1 (wx (=1,400)) < 2¢, hence both || f" — hl|L1(,) < 3¢
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and [|v" — ul| L1 (wx(~1,400)) < 3¢, and

W, (V') dz + HN=1(0Q)
Qg

< / W, (Vu(e)) dr + HY1(0,00) + 2HN1(S) + fe,
(717+OO)

where g =4+ 2NV Ny/N is a constant, and, as well,
HN L) > HNTH0.94) + 2HYTH(E)) — 3e.

Performing this construction for e = 1/n, n > 1, yields the existence of two
sequences (fr)n>1, (Un)n>1, With f, € C®(w), u, € WH?(Qy,), f, — hin L'(w),

Up — uin LY (w x (=1, 400)),

lim sup Wy (Vg (x) dﬂU‘F/ L+ |V fu(2)[? dz

n—oo JQy,

< [ W(Vu@)de + HN @) + 2RI D) (1)
(=1,+00)

and

HYNH0,Q) + 2HNTH(E)) < hmmf/ V1+ |V (x)2de. (20)

The function u,, extended with 0 out of Qy, , is in GSBV (w x (—1,+00)), and
its gradient is Vu, in €y, and 0 outside. Invoking now Ambrosio’s compactness
theorem for GSBV functions, we find that Vu,, — Vu in LP(w x (=1, 400); RY),
so that

/ W,(Vu(z))de < 1iminf/ Wy (Vuy(x)) dz,
wX(—1,400) =00 Jwx(=1,400)

which, combined with (19) and (20), yields that

lim Wy (Vu,(x))de = / s )Wp(Vu(x))dx, (21)

n=0 Jux(—1,400)

JL‘&/ VI V@ Edr = HN 0,00 + 2KV N(E).  (22)

In particular, we deduce from (21) (since 1 < p < +00) that Vu, goes strongly
to Vu in LP(w x (—1,400); RY). We also find that u,, — u° strongly in WP (w x
(—1,0)). Modifying wu,, in order to ensure that u, = u° in w x (—1,0) is now not
difficult. A simple way is as follows: we choose a continuous extension operator from
WP (wx (—1,0)) to WHP(w x (—1,400)), and define, for all n, a function w,, as the
extension of (ty|yx(—1,0) — u®). Clearly, w,, — 0 strongly in WP (w x (=1, +00)).
The sequence u,, is then modified in the following way: we replace u,, with u, —w,
in Qy, , letting it keep the value 0 outside. This new wu,, satisfies the same properties

as before, but, additionally, u, = u° a.e. in w x (—1,1). This shows the thesis. [J
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5 An approximation result

We introduce in this section, as in [8], a phase-field approximation of the functional
F. The idea is to represent the subgraph Q; \ ¥ by a field v that will be an
approximation of the characteristic function of this set, at a scale of order . Then,
numerically, the minimization of our new functional will provide an approximation

of (u, h) minimizing F. Our approximated functional is the following:

Fu(u,v) = / (e + 0*(@))W (Vu(x)) da
wX(0,+00)

+ cv E/ |Vo(x)]? de + 1/ V(v(z))dx | (23)
2 wx(0,+00) € Jwx(0,+0)

if u € WhP(w x (0,4+00)) with u = u® on w x {0}, and v € H'(w x (=1, +00)),
with v = 1 on w x {0} and dyv < 0 a.e. in w x (0,400). Otherwise, for all
other u,v € LY(w x (0,+00)), we let F.(u,v) = +o0o0. Here the potential V is a
two-wells potentials with V(¢) > 0 except if ¢t € {0,1}, V(0) = V(1) = 0, and
et = fol \/2V (t) dt. The parameter 7. is any function of ¢ with n./(e?~!) — 0 as

¢ — 0. The function u°

is assumed to be the trace of a function in WP (wx (—1,0)),
still denoted by u°, and for technical reasons we also have to assume that it is
bounded: u° € L*®(w x (—1,0)). The following results generalizes in arbitrary
dimension Theorem 3.1 in [8]. However, its proof also owes a lot to [10, Sec. 5.2],

where a similar approximation is studied.

Theorem 5.1 Let (g;);>1 be a decreasing sequence of positive numbers, going to
0. Then

(i) For any (uj,v;), if limsup;_, o Fe;(uj,v;) < +oo, then up to a subsequence
there exist u,v such that v; — v in L'(w x (0,+00)), uj(x) — u(z) a.e. in
{v =1}, and there exists h € BV (w;R;) such that {v =1} = Qp, and

F(u,h) < liminf F. (u;,v;). (24)
j—o0

(i) For any h € BV (w;Ry) and u € GSBV,(w x (—1,+00)) with u = u° in
w x (=1,0) and u(xz) =0 a.e. in {xy > h(z')}, there exists (u;,v;) such that

u; — u and v; — xq, in L'(w x (0,+00)), and
limsup F;, (u;,v;) < F(u,h). (25)

j—o0 ’

This is almost a I'-convergence result. We deduce in particular that if for all j,
(uj,v;) is a minimizer of I, then, up to a subsequence, v; — xq, and u; — u a.e.

in Q,, where (u, h) minimize the relaxed functional F.

Remark 5.2 The thesis of the theorem is still valid if (as in [8, Thm 3.1]) the
set €, must satisfy a volume constraint || = V' > 0 (which is imposed in the
approximation by a constraint on v;: [ wv;(x)dxz = V). The adaption of the proofs

is easy, see Remark 4.2 above.
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Proof of Theorem 5.1. We first show the first point. Let (u;,v;) be as in (i).
Since F¢,(uj,v;) is finite, v; must be nondecreasing in xy. Now, if we replace v,
by 0j(z) = 0V ((vj(x) — djazn) A1), if 6; is small enough one can ensure that
F., (uj,v;) = F,;(u;,0;) +O(1/j), and ©; is strictly decreasing.

Assume first that v; is smooth, so that 9; is smooth in {0 < ¥; < 1}. For any
s € (0,1), let hj : w — Ry be the function such that 9;(a2’, hj(z)) = s for any
2" € w, then clearly, b is in Cl(w), with
V@ B )]

VRS ()| = Gy (& B ))] <3 L1955, b ()|

for any 2’ € w. Now, we deduce that
V' (a!, b (2"))?
/|Vhs |2d/</| J 2)| dZL'/
|OnD; (", h5 ("))

! V/~ / he N2 1+|v/h;($/)|2 d /
?A‘”@’N”' %5, @ @ |

j
6j Jogs,;>sy 1VU;(2)]

Using the coarea formula, we find that

! 1
/ (/ |V’h§(x’)2dm’) ds < —/ |V'0; ()] dr < 4o0.
0o \Ju 0j Ji1>5,>0)

By approximation, we easily deduce that this remains true when v; is just in
H'(w x (0,400)): we get that for a.e. level s € (0,1), the set {#; > s} can be
represented as the subgraph of a function hj € H (w). We may also assume that
this is true for all j > 1.

Now, we notice that (using a® + b > 2ab and the co-area formula)

£j 1 -
2 wa@Pas = [ Ve
wx (0,4+00) €j % (0,400)

/ \/2V (9, (x))|V;(z)| dz
w>< 0 +oo
/ \V2 (/,/1+|V’hs |2dm> (26)
and in particular, using Fatou’s lemma, we see that
1
/ V2V (s) (liminf/ W1+ |V’h§($’)|2dx’)
0 J=e Ju

i 1
< liminf iﬁ/ Vi;(2)[% do + 7/ V(i;(x)) dx
j—o00 2 wx (0,400) Ej wx (0,+00)
In particular, for a.e. s € (0,1), b5 € H'(w) for all j > 1 and in addition,

liminf; oo (/1 +[V’h3|? is finite.
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By a diagonal argument, we can find a subsequence (still denoted by (g;)) and
a decreasing sequence (s,),>1 of real numbers in (0,1) with lim, .o s, = 0, and

such that for each n,

lm [ /14 |V ()2 da’ = liminf/ L+ |V'hj" (2|2 da’ < +oo.
j—oo J, j—oo J,

We can also assume that for each n, 3" converges in L'(w) to some function A",
and since it is then clear (since V(9;(z)) — 0 a.e. in w x (0,400)) that 9;(z) — 0
for a.e. x with xx > h**(2') and v;(xz) — 1 for a.e. z with xy < h®* ('), this
function is independent on n and will be denoted simply by h.

For any n > 1, let us denote by u} the function given by u;(z) if znx < hj" (')
and by 0 otherwise: let us show that (u[);>1 is compact in GSBV (w x (=1, +00)).
One has u} € W'P({z : =1 <xy < hj"(2')}), hence u} € GSBV (w x (—1,+00))
with Syn € {(2/,h"(2')) : 2’ € w}. In particular,

HNfl(u?) S / /1+|v/hjn(x/)|2dx/

is uniformly bounded (in 7). On the other hand,

F. (u,5) > (e, +52) / W (Va (z)) da
) ’ wX (0,+00)

showing that Vu? is uniformly bounded in LP(w x (=1, +00); RY).
0

n

j
appropriately extended to a function in W' (w x (—1, +00)) that vanishes for 2y >

Now, for any 2’ € w, if we denote by @} the function u} — u® (where u is

1), one sees that for any = with 2 < A" (2'),

1/p

% () g/ Onin (!, 5)| ds < 27 (/ |3Nag(x',s)|pds> ,
0 0

so that for any M > 0 and a.e. 2’ € w,

MAhS™ (') M2-1/p hi™ (") L/p
/O |ﬁ?(l‘/75)|ds S W A |aNﬂ?(z’vS)|pdS .

We get

147 | 21 (x (—1.01)) < C(M)ONG] || Lo (wx (=1, +00))-

Therefore, u} = @% 4 u® is uniformly bounded in Lj, (w x (—=1,400)). By Ambro-
sio’s compactness theorem we deduce that there exists ™ € GSBV,(w x (—1,+00))
such that v (z) — u"(z) a.e. in w x (—1,+00), up to a subsequence.

By a diagonal argument, we can extract a subsequence (still denoted by (&;);>1)
such that as e; — 0, for each n > 0, u?(z) — u"(x) almost everywhere. Now, by
construction we have that if n’ > n, then u?/ (z) = u}(z) ae. in {zy < hj(z')}:
from this we deduce that v (z) = u"(z) a.e. in {zy < h(z')}, and since moreover
one checks easily that both functions vanish a.e. in {zy > h(2’)} one deduces that

u”, which is simply denoted by u in the sequel, is independent on n.
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We have shown the first assertion of point (i) of the Theorem: indeed, if we let
v = Xq,, one sees that 0;(z) — v(x) a.e., and by construction also v;(z) — v(z) a.e.
in w x (0, +00). Moreover, u;(z) — u(z) a.e. in {x € w x (—1,400) : zny < h(z)},
with u = 4% in wx (—1,0). The function u is in GSBV,(w x (—1, +00)) and vanishes
above the graph of h.

Let us now show (24). We follow a similar proof in [10]. We have

/w (e, + B2(2)W (Vuy (2)) do > /mo +OO)(2 /:j(m)sds)W(Vuj(x))dx

% (0,400)
1
> / 2s (/ W (Vu;(x)) dm) ds.
0 {9 (2)>s}

This inequality, together with (26), yields
FEj (uja ﬂ]) Z

/1 (23/ W(Vuj(x))dz + CV\/QV(S)/ 1+ |V’h§($’)|2dx’> ds.
0 {9;(x) w

>s}
By Fatou’s lemma, we deduce that

1
/ lim inf <25/ W(Vu;(z))dz + CV\/QV(S)/ 1+ VR ()| dgg’) ds
0 J7o° {0;(x) w

>s}

< liminf F, ) (uj,75) < +oo. (27)

Jj—

Therefore for a.e. s € (0,1),

lim inf 25/ W(Vu;(x))dz + CV\/2V(S)/ L+ |V'hs(2)]2 da’ < +oo.
{9;() w

J—00 >S}

Let us choose such a s, with additionnally h$ € H'(w) for all j > 1, and let us

consider a subsequence (ji)x>1 such that

Jim 25 /{ @) e+ eV / 1+ VB ()2 da!
Gk x S w
= liminf 23/ W(Vu;(z)) de + CV\/QV(S)/ 1+ VRS (22 da’ .
J—00 { w

j(x)>s}

As above, let us introduce the sequence of functions u3, € GSBV,(w x (—1,+00))
such that uj, () = u;, (z) if vy < hj (2') and 0 otherwise. By compactness, we
easily check that uj, (r) — u(z) a.e. in w x (=1, 400), while h¥, — hin L'(w). By

the lower semicontinuity property (P1), we deduce
25 / W (V) + ey v/2V () (HY1(0.05) + 21V 1 (S, N QL))
iy

< klim 23/ W (Vu;, (z))dz + cV\/QV(s)/ /14 VRS (a)[2da’ .
o0 {9j,, (x)>s} w
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Integrating then (27) on (0,1) and recalling that by construction, I, (uj,v;) =
F., (uj,v;) +o(1), we deduce (24).

Let us now show point (ii) of Theorem 5.1. The proof follows the lines in [8],
where the same inequality is shown in the 2D case, and we will only sketch it.

Let h € BV (w;R4) and let u € GSBV,(w x (—1,400)), with v = «° in w x
(=1,0) and u(z) = 0 a.e. in {zy > h(z')}, with F(u,h) < +oc0. By Theorem 2.2,
there exists h, in C'(w;Ry) and u™ € WHP(Qy; R), with v = v® in w x (—1,0),
h™ — hin L}(w) and u™ — v a.e.in w x (0, +00), with

limsup F(u™, h™) = F(u, h) .
By construction (since we have assumed u® € L>°(w x (—1,0))), one also has that
u" € L*(wx (0,+00)). Now, we construct sequences (u}); and (v}); with u} — u”
in L'(w x (0,400)) 07 — Xw,. in L'(w x (0,400)) such that
limsup F¢, (u},v}) < F(u",h"). (28)

j—o0

Let us condider the sequence of functionals

1
H.(v) = %/ Vo (2)|? de + 7/ V(v(z))dx;
wX (0,+00) € Jwx(0,+00)

the I'-convergence result of Modica and Mortola for such functionals (see [1]) allows

n

us to find, for each n, a sequence (v]- ); converging to the characteristic function

X, such that

1
lim sup H., () / VAV () ds HY 1Sy, Nw x (0,+00))
Jj—o0 0
=y HNTHO,).

We recall that the explicit construction of the recovery sequence (U?

obtained in the following way: one considers «; solution of the Euler’s equation of

); can be

the functional with appropriate boundary conditions, namely:

2+ VI (35) = 0

w0 =1, 5( =) =0

This function is extended by 0 beyond 1/,/€;. One then lets:

. dist(z, ;) )
e =y ()

Then, the sequence (uf); is constructed by translating u,, and multiplying by

an appropriate cut-off function, as in [8]. We first choose ¢,, > max{1, [[Vhy| Lo ()}

and let w? (z) := v} (2',zN — ¢n/2¢;). This function is 1 on the support of v, and

vanishes shortly beyond. Then, we let u? () = u™(2', 2nx — 2¢,4/2¢5)w} (2). (As
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in the end of the proof of Proposition 4.1, we have to modify slightly v} in order

to ensure u} = u® in w x (—1,0), however, this is easily done, and one checks that

this modified u} satisfies a uniform (in j) L°° bound.) In order to show that (28)

holds, we just need to check

limsup/ (e, + (W} (2))W (Vu] (z)) dz < W(Vu"(x))dx. (29)
wx (0,4+00)

i +
j—o0 Qf

Since Vul () = w} (z)Vu™ (2', 28 —2¢n/265) +u" (2’ 2N — 2¢n\/265) Vw] (), this

inequality is clear as soon as we have established that

limsup 7., / [u" (2, 28 — 2cn/265) V] ()P dz = 0
% (0,400)

Jj—o0

and since u" is bounded in L°°, we need to show

limsup 7., / |Vw} (z)|P dx = 0.
" Jwx(0,400)

Jj—o00

This integral is bounded by

/ 1P (dist(z, 1 )/e))
- dx
{o<dist (2,9 )</} %
VEi P(s/e
:/ MHN L({dist(-, ) ) = s}) ds
0 J

1/VE7
= [ e st 2 = 255 ds
1> 0

J

Now, one can show that

/1/ ) ;1P (s sYHN 7 ({dist (-, Q+)_5js}) ds — HN-1 89+ / \/7
0

as j — 0o, hence since we have assumed 7./eP~! — 0 as ¢ — 0, we deduce (29)
and (28).

Since (28) holds, a standard diagonal extraction argument allows to find subse-
quences (u}*)g, (vj*) satisfying point (ii) of Theorem 5.1, and this complete the

proof of the theorem.

A A simple inequality
Lemma A.1 Let w € C([0,1)V) satisfy for any = € [0,1]V

w(z) = Y wk)A—k)

ke{0,1}N

where A is defined in (16). Then, for any p > 1,

/(0’1)NWP(W($W” < one 12 S Jwlk+e) —wk)P (30

i=1 ge{o0,1}V
k;=0
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Proof. We show that for each i,

[ @ w s gor 3 e -wtr
(0,1)N 8.Ti - 2N_1 ! ’
’ ke{0,1}V
k;=0

We will show this inequality for ¢ = N. Let us denote, for 2’ = (z1,...,2n-1),

N-1

Aya@) = T =|=)"
i=1

Then, for any z € (0,1)V,

w(z) = Z w(k)A(z — k)

ke{0,1}NV

= Z An_1(2" = K (wero(1 — 2n) + wi 12N)
k' €{0,1}N -1

so that
ow

BxN

() = Z An_1(z' — K (wg 1 —wir o) -

k’E{O,I}N_l
Now, at any x, we have Zk’e{o 1pN-1 An_1(z' — k') = 1, so that this is a convex

combination of (wys1 — wi 0)pefo,13v-1. Hence, by convexity of the function |- |7,

We deduce (30) by simply observing that for any &’ € {0,1}V 1,

1 N-1 .
1

Jw
8xN

P
z)| dx < / > Anoa(@ = E)|wwy — wi ol da.
(Ovl)N k'E{O,l}N_l
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