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Abstract

We propose a mathematical model for m-dimensional nonlinear hypere-
lastic bodies moving in R™ for all m < n, which enables frictionless contacts
or self-contacts but not (self-)intersection. To this end, we define a set of
admissible deformations, and prove the existence of at least one minimizer
of the energy, under suitable assumptions on the stored energy. Moreover,
we give a partial equivalence result between the minimization problem and
the Euler-Lagrange equations.

1. Introduction

Although contacts and self-contacts arise in many practical situations
in nonlinear problems involving deformable bodies, surprisingly they have
not been extensively studied, at least from a theoretical point of view. Cia-
rlet and Necas [4] proposed a model for n-dimensional hyperelastic bodies
moving in R™ (see also Tang Qi [12], Giaguinta & al [5][6]). Their modeling
allows frictionless contacts or self-contacts and ensures almost everywhere
injectivity of the deformations. We address the case of m-dimensional de-
formable bodies moving in R™ for all m < n.

For brevity and clarity, we will only consider the case of hyperelastic
bodies. Nevertheless, most of our work could be applied to other types
of materials. One way of describing a system of elastics bodies is to use
a variational approach. Minimizers of the energy over the set of admissi-
ble deformations are stable equilibrium states. The challenge is to define a
good set of admissible deformations which allows for (self-)contacts while
forbidding (self-)intersection. First of all, this set must be chosen in such
a way that problems that are well-posed without the non self-intersection
constraint remain well posed with the constraint added. Secondly, we must
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be able (maybe under reasonable assumptions on the equilibrium state) to
show that solutions of the minimization problem fulfill the expected Euler-
Lagrange equations. The importance of the first condition is obvious. The
second one is no less important: It ensures that we actually solve the right
problem.

Let M be a submanifold of R™. The reference injection of M into R™
is denoted j,,. We define the set of admissible deformations simply as the
closure of the embeddings isotopic to the reference injection j,, for an ap-
propriate topology. With such a definition, it is straightforward to prove
the existence of minimizers of the energy (under suitable assumptions on
the stored energy). Nevertheless, the implicit definition of the admissible
set of deformation has at least one drawback: it is not obvious to recover
the Euler-Lagrange equations. In order to achieve such a goal, it is usual to
perform small variations around the minimizer in the admissible set. Then,
the differentiability of the energy functional leads to the Euler-Lagrange
equations. Unfortunately, the definition of the admissible set does not give
us an explicit description of the neighborhood of a minimizer, hence of the
allowed variations. To overcome this problem, we prove that admissible de-
formations fulfill an explicit topological constraint. More precisely, we show
that the self-intersections of a deformation ¢ are, at least partially, described
by a topological invariant ¢(¢). A deformation such that ¢(p) is equal to
¢(7,,) is called ¢-admissible. We prove that any admissible deformation is
¢-admissible. Conversely, in the cases dim(M) = n or dim(M) = 1 and
n = 2, every immersion which is ¢-admissible belongs to the admissible set.
This allows us to prove that any immersion which is a minimizer of the
energy fulfills the expected Euler-Lagrange equations.

The plan of the paper is as follows. We first recall some basic definitions
of differential geometry. Then, we give a description of the self-intersections
of a deformation and define the ¢-admissible set. The main properties of the
¢-admissible set are studied in 3.3. In section 4, we set up the minimization
problem for nonlinear hyperelastic bodies and prove the existence of at least
one solution. Section 5 is devoted to the study of the equivalence between
the minimization problem and the Fuler-Lagrange equations. We consider
the case of n-dimensional bodies moving in R™ and compare our model with
the one introduced by Ciarlet and Necas [4]. Then, we examine the case of
one-dimensional structures moving in a two-dimensional Euclidean space
(proofs for this part have been postponed to the end of the article). Finally,
the case of shells, i.e, surfaces moving in R3 is discussed.

Let us specify the various notations that we shall us:

j¥ . injection of A into B.

AN(A) ={(z,y) e Ax A : x=y}: diagonal of A x A.
A¢: complement of the set A.

A\ B=AnBe.

B™(x,r) : open ball centered in x € R™ and of radius r.
S"=1(x,7) : sphere centered in x € R™ and of radius 7.
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¢ = derivative of ¢ (If ¢ is a regular one variable function).

D,y : differential of ¢ at x (If p is a multi-variable function).

TM : tangent bundle of the manifold M.

T,.M : fiber at x of the tangent bundle T'M.

QF(M) : set of differential forms of degree k on the manifold M.

H¥(M) : real cohomology group of M of degree k. f*(a) : pull back by f
of the differential form «.

2. Preliminaries

We recall in this section basic definitions and notions of differential ge-
ometry and topology. For a comprehensive treatment of the topic, we refere,
for instance, to C. Godbillon [7] , V. Arnold [1] , R. Bott and L. Tu [3].

2.1. Differential geometry

Let M and N be differentiable manifolds of dimension m and n respec-
tively. Let f be a regular map from M into N. The map f is an immersion
if and only if D, f is of rank m for every z. An injective immersion is an
embedding. Two embeddings f and g are said isotopic if there exists a reg-
ular map F from M x [0, 1] into N such that F(0) = f, F(1) = g, and F(t)
is an embedding for every ¢ in [0, 1] (F(¢) is the map from M into N defined
by F(t)(z) = F(x,t)).

2.2. Differential forms

Let us recall the definition of differential forms for open subsets of R™.
Let AF be the set of k-linear antisymmetric forms on R™. The exterior
product between a k form « and a [ form w is the k + [ form a A w defined
by

aAw(X1, o X)) = Y (D)X, X 0Ky Xy

[ea

where the sum is taken over the permutations ¢ of {1,...,k + [}. Let
(e1,...,en) be the canonical basis of R® and (dz1,...,dz,) the canoni-
cal basis of (R™)*, that is dxy(e;) = d; k. Let I = (iy,...,0), with 1 <43 <
... <ip <n, we denote dxy the k-linear alternate form defined by

dSC[ = dl‘il A... /\dek

Let U be an open subset of R™. A differential form of degree k on U is a
C>®-mapping from U to A*. The set of k-differential from on U is denoted
QFU).
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Let f:V — U be a C* mapping from an open subset V of R? into an
open subset U of R". Let o € 2%(U) be a differential form. We define the
pullback f*a of o by f as the k-differential form on V defined by

fr@)(@)(Xy,..., Xi) = a(f(2))(Da f(X1), - - D f (Xi))-

The operator of differentiation d defined for any R valued function g by
dg
dg = —dx
g zk: 6$k L,
can be extended to an operator d : 2%(V) — QF+1(V) defined by

da = del Ndzxy,
i

where a = ), frdxy, and dfy is the differential of the real valued function
fr- By the Schwarz equality, we have d o d = 0. The cohomology group
H*(V) of degree k of V is the quotient space of the kernel of d (as a mapping
from 2F(V) into 2¥T1(V) by the image of d (as a mapping from 2¢~1(V)
into 2F(V)). If f is a C> mapping from V — U, the mapping f* from
Q8(U) — 2%(V) induced a mapping from H*(U) — H*(V'). Moreover, if
two mappings f and g are homotopic, then f* = ¢g* as maps from H*(U)
into H*(V)).
All those notions can be extended to differentiable manifolds.

3. Description of the self-intersections of a deformation

Let M be a m-dimensional submanifold (with or without boundary)
of R™ and j,, be the injection of M in R™. We say that a deformation
¥ : M — R" is admissible if it belongs to the C%-closure of the embeddings
isotopic to the reference injection j,,. The set of admissible deformations
is denoted A(j,,). In this section we address the problem of describing the
self-intersection of a deformation. This leads us to associate to any defor-
mation ¢ a topological invariant ¢(p) which describe, at least partially,
the self-intersections of the deformation ¢. The set A4(j,,) of deformations
which have the same topological invariant than the reference injection j,, is
called the ¢-admissible set. Every admissible deformation is ¢-admissible. It
follows, for instance, that no deformation with transversal self-intersection
belongs to the set A(j,,). Before broaching the general case, we focus our
attention on the case of thin structure moving in R2.

3.1. Case of thin structures in R>

The aim of this section is to give a pedestrian description of the self-
intersections of a continuous deformation. The approach in this section is
heuristic and is not meant to give complete proofs of the statements made.
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Fig. 1. Non-transverse intersections

We begin with the simplest case, that is the study of the intersection between
two deformations from one-dimensional manifolds M; and M, into R2. If
the intersection is tramsversal (see below), the intersection is completely
describe by a set of oriented points in M; x Ms,. The definition of this
oriented set could be extend to the non transversal case. Nevertheless, this
generalization failed to detect some self-intersections of deformations of the
circle S* into R2. A later definition is introduced in order to solve this
problem.

3.1.1. The transversal case

Let us consider two one-dimensional bodies M; and M, moving in R?
(M and M; are assumed to be diffeomorphic either to [0, 1] or S*). For two
given deformations ¢ and v of My and M, respectively, i.e, mappings from
M, or M, into R?, we want to define the intersection between ¢ and 1. We
define the set of common points between ¢ and v as

K(p, ) :=={(x,y) € My x My : o(x) =(y)}. (1)

The intersection is said transverse, if for every (z,y) € K(p,), the family
(¢(x),¥(y)) is free. In this case, the set K (¢, 1) is a finite set of points and
is stable under small C!-perturbations of ¢ and 1. Furthermore, each of
them could be endowed with a sign s, 4 (z,y), depending on the orientation

of the basis (¢(x), ¥ (y)).
sp.(@,y) = sign(det(p(z), ¥(y)))-

As transversal intersections are stable under small perturbation, a deforma-
tion without self-intersection could only have non transversal intersections.

3.1.2. The non transversal case

It remains to consider the non-transverse case. Figure 1 represents two
cases of non-transverse intersections. The image of M; under ¢ and of
M5 under ¢ are represented with a dashed line and a continuous line re-
spectively. In the first configuration the beams are intersecting themselves
whereas they are just in contact in the second one. Let us first notice, that
it is clear, from this example, that only a global criterion will enable us to
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s(U)y=+1—-1+1=1 s(U)y=41-141—-1=0

Fig. 2. Perturbations of non-transverse configurations

distinguish deformations with intersection from deformations without inter-
section. Moreover, the set K (p,) is the same in both cases, and thus does
not fully describe the intersection between ¢ and .

Let V be a small neighborhood of K(p,). There exists two deforma-
tions, ¢ and 12, close to ¢ and % respectively, such that K(¢, 1;) CV,and
such that the intersection between @ and {/? is transverse. To each connected
component U of V, one can associate an integer s, (U), equal to the sum

of the sign of the points (z,y) € K(&,¢)NU.

Sp.p(U) == Z sg’ql(xvy)'

(z.y) €K (§,4)NU

This integer does not depend on the choice of ¢ and 1; made, as soon as @
and ¢ are close enough from ¢ and . If ¢ and 9 belongs to the admissible
set, one can choose @ and v such that K(@,) = (), thus,

Sp.(U) = 0 for every connected component U of V'
and for any neighborhood V of K(¢,v). (2)

Let us compute s, (U) in the two configurations represented in the figure
1. We obtain s, (U) = +1 in the first case. Thus, this configuration is not
admissible. In the second case, s, (U) = 0 (see figure 2).

3.1.3. The case of self-intersections

We investigate now the case of self-intersections. If ¢ belongs to the
admissible set A(j,,), the condition (2) is satisfied with My = M; and ¢ =
. Nevertheless, the converse is not true. Assume that M; is homeomorphic
to St. For any integer k, the deformation ¢, defined by

VK - St — R?
0 — (cos(k@),sin(k0))

~~
w
-

where the circle S! is parametrized by the angle @ fulfills the criterion (2).
Indeed, let @ = (1+¢)pk, where € is a small positive real, then K (g, ¢r) =

) and
Sp,p(U) = Z S@en (@, y) = 0.

(z,9)EK(Pr 1)
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Even so the deformations ¢ are not always intersection-free: There is no
embedding close to ¢y, as soon as k # £1. Thus, the mapping s, , does
not give us a complete description of the self-intersections of .

In order to solve this particular problem, let us go back to the study
of the intersections between two deformations. As before, ¢ and ¥ denote
deformations from one-dimensional manifolds M; and Ms into R%. We define
the mapping d., , from M; x M \ K(p,1)) into R? by

dpp(7,y) = p(z) — P(y).

Let ¢r2 be the closed 1-form defined on R? by

1 T Y
= — dy — dx ) .
PRz o <w2+y2 Y 22 + 2 l)
We denoted ¢(p,1) the pullback of ¢r2 by dy 4

o) = dg, (Pr2).

Let U be an oriented open set of M7 x Mo, such that OU C My x Mo\ K (p, ).
We assert that (see Proposition 5)

/ 69, 6) = s.5(U). (4)
oU

Hence, the mapping s, is completely described by the integration of the
1-form ¢(p, ) on loops in M x M\ K (p, ). It remains to apply this analysis
to the study of self-intersections.

Let ¢ be a deformation, we define ¢(p) as the 1-form on M x M\ K (¢, ¢)

o(p) = b, ).

If © belongs to the set of admissible deformations, and if U is an open set
such that

|dy, o (U)] >0 >0,

then the restriction of dy , to U is homotopic to d;, ; . Thus, there exists
a mapping u : U — R such that

¢U(90) - ¢U(j1\/1) = du, (5)

where ¢y (p) and ¢y (j,,) are the restriction of ¢(¢) and ¢(j,,) to the open
set U. In other words, ¢y () and ¢y (j,,) are equal up to an exact form. The
set of ¢-admissible deformations will be defined in 3.2 as the deformations
which fulfill this criteria. The condition (5) implies that the integration of
the 1-form ¢(p) and ¢(j,,) on any loop of M x M\ K (¢, ¢) are equal. Thus,
by (4), this condition is at least as strong as the condition (2). Actually, the
1-form ¢(p) contains more informations about the intersection than s, .,
and the condition (5) is strictly stronger than (2). Indeed, let v be the loop
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Fig. 3. The test loop 7 in the tore S* x S*, with ¢ = 3

in S' x S! defined by
v: 8 — 8t xSt
6 (0,0+h),

where h is a small positive real. A simple computation shows that

L¢(@k>d$ =k,

The integer k is called the turning number of the deformation. The Figure
3.1.3 represents the loop v in the tore S! x S! (a square which opposite
edges are identified) for ¢ = 3. The set K(p3,ps) is drawn with dashed
lines.

If j_, is the canonical injection of S' into R? (that is j , = ¢1), we have

L O(jsr)ds = 1.

/7 B(x)ds # / 6js1)ds,

é(or) — #(j,1) is not an exact form and the condition (5) is not fulfilled.
Hence, the deformation ¢y is not an admissible deformation as soon as

k1.

Remark 1. Using the de Rahm duality Theorem, one can prove that the
condition (5) is equivalent to

(Z((p),w> = <I(jM)7w> (6)

As soon as k # 1,



The modeling of deformable bodies with frictionless (self-)contacts 9

for any closed form w on M x M with compact support included in the set
(K(p, ) UB(M x M))°, where

(T(p),w) == /M R

3.2. Definition of the ¢-admissible deformations

Let n be an integer and M be a submanifold of R™. Let j,, be the
injection of M into R™.
For all mappings ¢ from M into R", we denote by d, the mapping

do: M x M — R"
(z,y) = »(z) — 9(y)

and by K(p) the non injective set, that is

K(p) = {(z,y) e M x M : ¢(x) = ¢(y)}-

For any open subset U of M x M such that there exists a positive real § for
which
|dy(U)] > 6> 0, (7

we denote ¢y (¢) the element of H"~!(U) defined as the pullback of ¢r» by
d,,u, the restriction of d, to the open U,

6u(9) i= % (dme) € H'(U).
where ¢gr» is the canonical n — 1 non exact closed form on R} defined by
Oro () (X1, ..o, Xpo1) = det(z/|2], X1, ..., Xno1)/|S" !
and |S™~!| is the n — 1 Hausdorff measure of the unit sphere S"~! of R™.

Remark 2. We recall that H"~}(U) is the quotient space of n — 1-closed
forms by the n — 1 exact forms on U.

The mapping which maps any open subset U of M x M for which (7)
holds to ¢y () is denoted ¢(p).

We say that a deformation is ¢-admissible if and only if for any open
subset U

QSU(@) = d)U(j]\l)’ (8)

as element of H"~}(U), that is, if ¢y () — ¢u(4,,) is an exact form on U.
We denote by Ag(7,,) the set of ¢-admissible deformations, that is

Ao(iy) = {w €COMLR™Y : duly) = duliy) in H™ (),

for any open set U such that |d,(U)| > 6 > 0}. (9)
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Remark 3. The element ¢y (@) of H*~1(U) is well defined, even if ¢ is only
continuous. Indeed, if @ is a regular approximation of ¢, then ¢y (@) €
H"~1(U) is independent of ¢ as soon as || — @||co is small enough.

Remark 4. One can define ¢(¢) as an element of the inverse limit of the
groups H'(U), where U is any open subset of M x M which fulfills the
condition (7). Then ¢(y) is a mapping, which maps every open subset U
which fulfills (7) to an element ¢y () of H'(U). Moreover, if U C V, then

dulp) = jy " (ov(©)),

where j is the injection of U in V.

3.3. Elementary properties of the ¢-admissible set

3.8.1. CY-Closure

The set of ¢g-admissible deformations is closed for the C° topology. Fur-
thermore, the set of admissible deformations is included in the set of ¢-
admissible deformations.

Proposition 1. A4(j,,) is closed for the C° topology.

Proof. Let ¢, be a sequence of ¢-admissible deformations and ¢ be q defor-
mation of M such that ¢, converges toward ¢ for the C°(M;R") topology.
Let U be an open subset of M x M and § be a positive real such that

|d,(U)| > d > 0.

Let ¢ be a C* regularization of ¢ such that

I = @lleo < /3.

Let ¢, be C* regularization of ¢,, such that

len — @nllco < 6/3.
There exists N such that ||o —@n|lco < /3, so that if ¢ = tp+ (1 —t)onN,
then for all (z,y) € U,

[Pe(z) — @u(y)] > 0.
Thus, the restriction dg, y of dg, to U defines a homotopy from dgy :

U— R} todgyv : U — R} As oy belongs to the set of ¢-admissible
deformations,

9u(p) = 9u(@) = d5y(9rp) = disy 1 (9m:)
= ou(en) = dulen) = duliy)-
Hence, we have proved that ¢y (¢) = ¢ (j,,) for every open subset U of M x

M, such that (7) holds. In other words that ¢ belongs to the ¢-admissible
set Ay (7,,)-
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Remark 5. The proof of the Proposition 1 shows that the element ¢y (¢)
is, as stated in the previous section, correctly defined for any continuous
deformation and any open subset U for which (7) holds.

Proposition 2. The admissible set A(j,,) is included in the ¢-admissible
set A (Ja)-

Remark 6. Under some conditions on the dimension of M and the dimension
n of the space, we proved that A(j,,)cap Imm(M; R™) = Ay(4,,)cap Imm(M; R™)
(see sections 5.1, 5.2 and 5.3).

Proof. Let ¢ be an embedding isotopic to j,,. There exists an isotopy ¢
such that @9 = ¢ and ;1 = j,,. Let U be an open subset of A(M)“. Then
dy, v : [0,1] x U — R is a regular homotopy from d, ¢y : U — R} to
d; uv:U—RI and

jj\/[s

d:;,U(¢RZI) =d; U(CbJRl‘)a

Ins

as element of H(U). Hence, ¢ belongs to the set of ¢-admissible deforma-
tions. The conclusion follows from the previous proposition.

Remark 7. As soon as n > 3 and dim(M) > 2, there exists deformations
¢ : M — R™ which belong to the ¢-admissible but not to A(j,,) (see
section 5.3). Moreover, we do not know whether or not A,(j,,) = A(j,,)
when n = 2.

3.3.2. Right and left invariance

Proposition 3. Let g : M — M be a homeomorphism isotopic to the iden-
tity, then
(90 € A¢(jM)) = (90 °g e A¢(JM))

Proof. Let U be an open set of M x M such that
|de(U)| > 6 >0,

for a real §. Let V = (g,9) 1 (U). There exists regularization g and @ of g
and ¢ such that

pu(p) = d5(drr)
dv(pog) = d&g,v(‘lﬁﬂ%?)
Moreover, g can be chosen such that it is diffeomorphic to the identity. In

the following, (g,g) will be understood as its restriction to v with values in

U.
dzv©(9,9) = dzog,v

Fog,v (Pr2) = (9,9)" 0 di v (Pmr) = (9,9)" 0 dj | v(¢rr)
=dj ogv(orr) =dj v(drs).

I
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Proposition 4. Let g be a diffeomorphism from R™ into itself which pre-
serves the orientation, then

(v € Ay(inr)) = (900 € A(d))-

Proof. As g is a diffeomorphism which preserves the orientation, (g,g)
defines a diffeomorphism from R™ x R™ \ A(R™) into itself and (g, ¢)* from
H" 1 (R™ x R™\ A(R™)) into itself is nothing else but the identity. Let U
be a subset of M x M such that

|do(U)| >0 >0
for a real §. There exists a positive real ¢’ such that
|dgo,(U)] > 8" > 0.
Let p be the mapping

p:R" x R"\ A(R") — R"
(z,y) =2 —y.

Up to replace ¢ by as C* regularization, on can assume that ¢ is regular
and that

du(p) = di, y(¢re) and ¢y (g o @) = dyey, 1 (Prr)-
We have dyop,v =po(g,9) o (¢, ) and

gop,U(Prz) = (Po(9,9) o (0, 0) 1) (¢rr) = (0, 0) [y © (9,9)" 0P (drr)
= (¢, P)jy o (Pry) = dy y(Pry) = dj  v(Pry).

3.8.8. Transversal self-intersections

In this section, we prove that any deformation with transverse self-
intersection does not belong to the set of ¢-admissible deformations A4(j,,)
and thus to the admissible set A(j,,). More precisely,

Proposition 5. Let ¢ : M — R™ be a continuous mapping. Assume that ¢
has a transverse self-intersection at one couple of points (x,y) € M x M
such that © # vy, that is

— (@) = ¢(y)
— The mapping ¢ is of class C' in neighborhoods of x and y
— Dop(T:: M) + Dy‘P(TyM) =R".

Then ¢ does not belong to the set of ¢p-admissible deformations As(j,,)-
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Proof. We will construct two functions v, and v, from $"~! into S~
Their degree will depend respectively on ¢(¢) and ¢(j,,). Moreover, we will
show that deg(v,) = 1 as deg(y;,,) = 0. It will imply that ¢(¢) # ¢(j,,)-
In other words, we obtain that ¢ does not belong to the set Ag(j,,) of
¢-admissible deformations.
As Dyo(ToM) + Dyp(T, M) = R", the mapping
dy: M x M — R"
(a,b) = ¢(a) — ¢(b)

is a submersion at (x,y). From the Implicit Function Theorem, we deduce
that there exists a neighborhood V' of 0 in R?™ a neighborhood W of (z, )

in M x M and a local diffeomorphism ¢ : V' — W such that ¢(0) = (z,y)
and

d@ Og(Il,...,IQm) = (le’_._7xn).

Furthermore, one can choose g such that the unit disk D™ is included in V,
and such that W N A(M) = () where

A(M) = {(a,b) € M x M : a = b}.
Let 6 = 1/2 and
Vs ={(z,y) eER*"xR*"" NV : |z| >4}

Let h: Vs —» U = g(V5) C W\ {(z,y)} be the restriction of g to V5. There
exists a real ¢’ such that

|d,(U)| > 8 > 0.
We set

p=0odoyohojli,

Vs
’YJ _eodjl\/[,Uohoan717

where 6(z) = 2/|z|. The degree of the mapping ~, and v; depends only on
du(p) and ¢y (4,,). Indeed, denoting by ¢gn—1 the generator of H"~1(S"~1),
that is the n — 1 differential form defined by

bgn-1(2)(X1,...,Xn) =det(n, X1,...,X,)/|S" 7Y,

we have

\

deg(v,) = dgn-1)

Sn—1

Il
\

ey o (8 (950-))

| medtiy o ds pone).



14 Olivier PANTZ

Thus, the degree of v, is

deg(r,) = / (ho %) (bu(9)), (10)

Sn—l

whereas the degree of v; = is

dea(,) = [ (ot (Gulin) ()
As 7, : St — §™71 is nothing else but the identity,

deg(y,) = 1.
On the other hand,

(h o j;/ifl)*((bU(jAl))

n—1

(h o jg'L)*(¢W(]AI))

n—1

(h o jg” )*(¢W(]w1))
Dn

d((hojpn) (dw(in))) = 0.

n

deg(v;,,) =

I 1
S~ —

As claimed, deg(v;,,) # deg(7,) and from (10) and (11), we deduce that
ou(v) # ou(d,,) and that ¢ does not belong to the set of ¢-admissible
deformations.

4., The minimization problem

In this section, we consider nonlinear hyperelastic bodies. With suit-
able assumptions on the stored energy W of the material, we show that
there exists at least one minimizer to the energy over the set of admissible
deformation. Moreover, this existence results remains true if one consider
¢-admissible deformations instead.

4.1. Setting of the problem

Let M be a differentiable submanifold of R™ (with or without border), m
the dimension of M and j,; the injection of M into R™. The manifold M is
implicitly endowed with the differential structure and the Riemann metric
induces by jas. Furthermore, the m—dimensional Hausdorfl measure in R™
induced a measure on M noted dz. We define F(M; R™) as the vector bundle
of base M whose fiber at « € M is the set of linear mappings from (T M)™
into R™. Let m be the projection of this vector bundle on its base. The
stored energy W is a mapping from F(M;R") into R . We assume that W
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is a Carathéodory function: The restriction of W to a fiber 7~1(z) is C° for
almost every x € M, and the restriction of W to any section is measurable
(for any regular mapping G : M — F(M;R") such that 7 o G = Idyy, the
mapping W o g is mesurable). We assume W to be quasi-convex, that is for
every F € F(M;R"),

/UW(F)de/UW(F—i—Dgp)dx,

where U is the unit square of Tz M, ¢ € C5°(U;R). Moreover, we as-
sume that there exists p > m such that the following growth and coercivity
conditions are fulfilled

VF € F(M;R"), [W(F)[ < C(1+[F?)

VEF € F(M;R™), W(F) > o|F|P + .

where C, «, § are constants and « > 0. We consider the case where M is
submitted to dead body forces f € L?(M;R") and clamped on a subset
N of M such that every connected component of M intersects N. Let I :
WLP(M;R") — R be the energy functional

1) = [ WDz — [ fa)b(@)de. (12)
M M
The set of admissible deformations of finite energy is
AP(jy) = {9 € WHP(MR™) NA(j,,) + @(x) =y, (@) for all z € N},

(13)
whereas the set of ¢-admissible deformations with finite energy is

AZ&(]M) = {99 € WLP(M;RH) N A¢(jw1) : ‘p(x) = jl\/[(x) for all z € N} .

(14)
We consider the two following minimization problems
Find p € AP(j h that I(¢) = inf [
ind ¢ € A?(jy) such that I(p) = inf I(v) (P)
and d AP h th f
Fi € ) such that I(p)= i 1(v).
mad ¢ ¢(]AI) u (410) we-’ig(jM) (1:0) (’P¢)

Remark 8. We would like to emphasize that our formulation is not limited
to the study of a single body. If one considers two bodies whose reference
configurations are the submanifolds A and B respectively, we set M = AUB.
Note that we assume for simplicity that all the connected components of M
have the same dimension m. This assumption could be removed at no extra
cost.

Remark 9. The reference configuration used in our formulation is a differ-
entiable manifold M. Usually, an open subset of R™ is used instead. Our
choice allows us to treat more kinds of topology.
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Remark 10. As we will see in the section 5, not only the minimization prob-
lem (P) has a physical meaning but also the minimization problem (P),
at least if n =2 or dim(M) = n. Indeed, in such cases, those minimization
problems are partially equivalent to the Euler-Lagrange equations, describ-
ing an elastic body with frictionless contacts.

4.2. Existence

Proposition 6. Both minimization problems (P) and (Py) have at least
one solution.

Proof. The quasi-convexity of W, coercivity and growing conditions imply
that the functional I is sequentially lower semi-continuous (see Morrey [9],
[10] and Ball [2]) for the weak topology of W1P(M;R™). Let ¢,, be a mini-
mization sequence of I over AP(j,,). The clamping conditions combined with
the coercivity ensure us that the sequence ,, in bounded in WP (M;R"™).
One can extract a subsequence ¢, weakly converging toward an element
o € WhP(M;R"). As I is sequentially lower semi-continuous, we have
le) < inf 1)

Since p > m, the injection of WHP(M;R") into C°(M;R") is compact.
Hence, ¢, converges in C°(M;R") and as AP(j,,) is closed for the C°
topology, ¢ belongs to AP(j,,). Thus, the minimization problem (P) has at
least one solution. The existence of a solution to the problem (Py) ensues
from the closure of the set Aﬁ (4,,) for the C° topology given by Proposition
1.

Remark 11. Existence results could also be obtained if IV does not intersect
every connected components of M. Yet, the loads f have to fulfill compati-
bility conditions to ensure the existence of a minimizer. For instance, if M
has only one connected component and if [ 2 J(x)dr = 0, then there exists
at least one solution to the minimization problem.

Remark 12. The existence could also be obtained under other assumptions
on the stored energy W. In particular, it remains true under the hypothesis
made by Ball [2], which allows for the case W(F) — 400, if det(F) — 0 in
the case m = n. Furthermore, the definition of the admissible set given here
only holds for continuous functions and thus requires p > m. This condition
could probably be weakened using methods similar to the one used by Tang
[12] and Sverak [11].

5. On the equivalence with the Euler-Lagrange equations

In this section, we examine whether or not solutions of the minimization
problems (P) or (P,) are solutions of the Euler-Lagrange equations describ-
ing the behavior of elastic bodies with frictionless contacts. All results and
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proofs are expressed with respect to the problem (P,). They can easily be
adapted to the study of the problem (P). To this end, it suffices to use
that the admissible set A(j,,) is included in the ¢-admissible set A4(j,,)
(Proposition 2).

5.1. The case of n-dimensional bodies in R™

As recalled in the introduction, the case of n-dimensional bodies moving
in R™ has been studied by Ciarlet and Necas in [4]. Our modeling differs
from theirs in the definition of the admissible set of deformations. Further-
more, their assumptions on the stored energy W are stronger than ours.
They choose W in a way that forces local injectivity almost everywhere for
deformations with finite elastic energy. To this end, they assume that W

. . =+ .
takes its values in R and verifies

W(F) =400 if det(F) <0 (15)
W(F) — +o00 as det(F) — 0.
Their admissible deformations are defined as those that satisfy
det(Vp)dz < Vol(Im(y)). (16)

M

It is easy to show that if a deformation fulfills this constraint and has a
finite energy, it is almost everywhere injective not only locally but globally.
This follows from the equation (16) and the identity

/ Card(p™ (y))dy = / det(Vip () de
e (M)

M

fulfilled by every WP function such that det(V) > 0 almost everywhere.
Using the notation introduced in the section 4.1, Ciarlet and Necas define
their set of admissible deformations as

A%N(jM) = {90 € Wl}p(]u';]Rn) : @(‘L) :jﬂl(x) for all z € N,

Card(p~(y))dy = /

det(Dyp) > 0 a.e., /
M

det(Vgp(z))dm}.
o(M)

Under other assumptions on the stored energy W, Ciarlet and Necas prove
that there exists a minimizer of the energy on their set of admissible defor-
mations whenever the infimum is finite.

The condition ¢(¢) = ¢(j,,) is at least as strong as the condition (16)
introduce by Ciarlet and Necas (see Proposition 8). In particular, every el-
ement ¢ € Ay(j,,) is injective almost everywhere. Consequently, our model
inherits all the properties of theirs. This feature enables us to apply their
result of partial equivalence between the minimization problem and the



18 Olivier PANTZ

)

Fig. 4. Admissible deformation according to the Ciarlet and Necas model with
transversal self-intersection

Euler-Lagrange equations (see Proposition 7 and its proof). In our case,
the proof can be run word by word as they do. Actually, our criterion is
stronger: some deformations which belong to the set AY,y (j,,) do not be-
long to Ay (j,,). For instance, the deformation represented in Figure 4 fulfills
criterion (16) but does not belong to Ay (j,,) as it has a transversal self-
intersection. The existence of such deformations prevent us from hoping
that an asymptotic analysis, performed on the Ciarlet and Necas model,
could lead to a reasonable model of thin structure with frictionless self-
contacts, without self-intersection. Another unpleasant consequence of this
feature is that it will probably be difficult to implement a robust numerical
scheme using their modeling: the thinner the structure is, the more trouble
is expected.

Finally, let us remark that every deformation ¢ belonging to Af;(j o)
preserves the orientation, without any assumption on the stored energy
W (see Proposition 9). This is another important difference between our
model and the Ciarlet and Necas formulation. Nevertheless, a deformation
¢ € Al (4,,) only satisfies

det(Vp) > 0,
and not

det(Vy) > 0 almost everywhere.
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In the next proposition, we will assume that N C dM, that is the body is
only clamped on its boundary.

Proposition 7. Let M be a n-dimensional submanifold of R"™ such that OM
is smooth. Let ¢ be a smooth enough solution of the minimization problem

P, I = inf T
SDEA¢(JAI)7 (50) T/)E-/}‘ri(jM) (1/))7 (P¢)

where the set A% (j,,) and the functional I are defined as in (12) and (13).
Assume that det(Vp(x)) > 0 for every x € M, then the minimizer ¢ is a
solution of the following boundary-value problem:

—divDW (V) = f in M\ OM, (17)

© =4, on N, (18)
DW (V(x)).n'(x) = Mx)n(z) with X(z) <0, for allx € OM \ N; (19)
the last equations correspond to one of the following situations (for all x €

OM\ N):
o Y (p(x)) = {x} whence \(x) =0, (20)

o N o(x)) = {z,y}, withy € OM \ N whence
n(z) + n(y) =0 and A(z)da(x) = A\(y)da(y), (21)

where n’(z) and n(z) denote the unit outer normal vectors along OM and
©(OM) at the point z and @(z), respectively, and da(z) denotes the differ-
ential area along OM at the point z.

Proof. Let ¢ be a smooth ¢-admissible deformation such that det(Vy) >
0. By Proposition &8, ¢ belongs to the Ciarlet and Necase admissible set
A% N (Gy)- In [4], Ciarlet and Necas prove there is engough variations F :
[0,1] x M — R3 such that, F(0,2) = ¢(z) and F(¢t,.) is an embedding
for every t > 0 to recover the given Euler-Lagrange equations, using the
differentiability of the energy I(.).

Proposition 8. Let M be an n-dimensional differentiable submanifold of
R™ (with border). Every deformation p € Ay(j,,) N WEP(M;R") is such
that

/ | det(Vig)|dx = Vol(Tm(g)),
M

and @ 1is injective almost everywhere.

Proof. Let ¢ € Ay(j,, )NW1P(M;R™). Let z and y be two distinct elements
of the interior of M such that
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We consider a chart g : B"(0,2) — M such that y ¢ Im g (We recall that
B"(0,2) is the open ball of radius 2 centered at the origin). For all » > 1,
we set

S;L_l = g(Sn_1(07 7)),
and
K, ={z} x S"tu{y} x sr—t.
Assume that
pog(Sr~h) Ne(x) =0, (22)
then, K. is a compact subset of dvfl(Rfj) and as ¢ belongs to the set of
admissible deformations A4(j,,), we have

d*(mn):/ & () =1,
/{w}x.«ssfl) o {ahxg(sp—ty M

0" (¢ms) = / & (f) =0,
/{y}Xg<s:—1> v {yhxg(sp—) M

On the other hand, as ¢(x) = ¢(y), we have

/ 07 (é) = / 05 (6 ).
{z}xg(Sr™) {y}xg(sr—)

which can not hold together with the previous equations. Hence, our as-
sumption (22) is false. For all positive real r < 1, we have

pog(St™h) Ny(x) # 0.
We just have shown that for all z € M \ OM,
Card(p~(z)) > 1 = Card(p ! (z)) = +00 (23)

and

(Here and in the following of the proof, ¢ is understood as a mapping from
M\ OM into R™). Let P be the set of non injective points, that is

P={zeR": Card(p '(2)) > 1}.

For all z € P, from (23) , we deduce that Card(¢~!(z)) = +o00. Moreover,
a theorem from Marcus & Mizel [8] shows that as ¢ € W1P(2,R") with
p>n,

/ | det(Vep)|da = / Card(p=1(2))dz.
M w(M)

It brings up

/M | det(V)|da = /PCard(go_l(z))dz + L(NI)\P Card(¢p~'(2))dz
= +o00|P| + Vol(Im(y)) — |P|.

It implies that the measure |P| of the set of non injective points is zero and
that

/ | det(Vp)|dz = Vol(Im(y)).
M
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Proposition 9. Let M be a n-dimensional differentiable submanifold of R™
(with boundary). Every deformation ¢ € Ay(j,,)NWHP(M;R") is such that
det(Vy) > 0.

Proof. Let z € R™ \ p(0M), the degree deg(p, M, z) is defined as

deg(p, M, z) = d(p,z,0M)* (¢gr)
OM

where
d(p,z,0M) : OM — R?
x— p(x) — 2.

The following formula holds (see [11], Corollary 1)

/ det(Vo)dz = deg(p, M, z)dz. (24)
0 R

Furthermore, if z € Im(y), there exists y € M such that ¢(y) = z, and

deg(@vaM7 Z) = d(<p7zaaM)*(¢R§')
oM

- / (Py 0 dy)* (Yx2)
OM

where p,, : OM — M x M is defined by p, (t) = (¢,y) and U is a neighborhood
of OM x {y}. Thus,

dog(ip, OM, 2) = / &%y o 07 (dms)

As ¢ belongs to Ay (7,,), we have

Ins

= / d(jMajM(y)7aM)*(¢Rf)
oM

= deg(jM, an.jM (y))
=1.

deg(% aM? Z) = / d; U OpZ(¢RZ})
oM

Moreover, if z ¢ Im(y), deg(p,OM, z) = 0. From (24), it follows that

/ det(Vp)dz = / 1dz = Vol(Im(y)),
M w(M)
and from Proposition 8, we deduce that

/det(Vg@)dx:/ | det(Vp)|dx.
M M

Hence, det(Vy) > 0 almost everywhere.
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5.2. Case of thin structures in R>

In this section, we state a partial equivalence result between the mini-
mization problem and the Euler for thin structures moving in R2. To avoid
unnecessary technicalities, we will only consider the case of one not clamped
circle (M = S! and N = (). The results given could be extended to other
cases, that is M = [—1,1] or N # 0 or even to a problem involving several
bodies. Let us first set the main result of this section

Proposition 10. Let M = S* and N = (. Let ¢ : S' — R? be an immer-
ston, solution of the minimization problem:

cA2GG.), I(p)= inf I(1), P
P I9)= it 1) (Py)

where the functional I and the set A}(j,,) are defined as in (12) and (13).

Then, for all z € Tm(yp), there exists a family (xo,...,xN) of elements of
St given by Proposition 14, and a family (A_1, ..., \n) of nonnegative reals
such that

o 12) ={z0,..., 2N},
A1=Ay=0
and for all k € {0,...,N},

_dDW ()

e (wx) = fzr) + Ak—1 — Me)@(ar)In,

where n is a unitary normal to Im(yp) independent of k.

This result relies on Proposition 14, which will be stated later. This propo-
sition just gives an effective (and unique) way to order ¢~ !(z).

The proof of Proposition 10 is rather long and technical, even if it is not
difficult. The main idea is to give a geometrical definition of the ¢-admissible
set of deformations. Next, we prove that this definition is equivalent with
the algebraic one (used before to prove the existence) for the immersion.
Then, using the geometric definition, we prove that the set of regular em-
beddings isotopic to j,, are dense in the set of ¢-admissible immersions
for the C! topology. This allows us to build enough “variations” around the
minimizer in the set of ¢-admissible deformations Ag(j,.) to obtain the
Euler-Lagrange equations. Moreover, we prove that (see Corollary 1), that
the ¢-admissible immersions are the admissible immersions, that is

'A(b(jM) N Imm(sl; RQ) = A(-]AI) N Imm(Sl; RQ)'
The complete proof is postponed to the next section.

Remark 13. Actually, we conjecture that A,;(j,,) = A(j,,) in the case n = 2.
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5.3. The case of shells

In the case of shells, that is n = 3 and dim(M) = 2, an equivalence re-
sult between the minimization problem (P4) and the Euler-Lagrange equa-
tions associated to elastic shells, for which frictionless contacts are allowed
is not expected. Indeed, even if a solution of the minimization problem
(P,) has no transversal self-intersection, it might have non-transversal self-
intersections. In such a case, not enough test functions can be build to
recover the Euler-Lagrange equations. Let us give an example of a deforma-
tion which belongs to the set of admissible deformations A4 (j,,), but which
has self-intersections and does not belong to the admissible set A(j,,). Let
M = S* x [0,1]. We define the reference deformation of M as the mapping

e M — R?
(0, h) — (cos(0),sin(8), h).

Let k be an integer and ¢y, the deformation of M defined by
wr(0,h) = (cos(kb),sin(k0), h).

One can easily show that for every k, the deformation ¢, belongs to Ay (7,,)-
Nevertheless, if [k| > 1, it does not belong to the C°-closure of the embed-
dings. This counterexample is very similar to the one that we have met (and
solved) in the study of self-contacts of a body homeomorphic to S!, moving
in R? (see section 3.1).

6. Proof of Proposition 10
6.1. A geometric criterion of non self-intersection
In all this section ¢ is an immersion from S! into R2.
6.1.1. Contact set
We define the contact set of ¢ as
K*(p) = {(z,y) € S' x S : p(z) = ¢(y) and x # y} .

We denote £(p) the set of connected components of K*(¢). Let A, be the
function which maps every element of K*(¢) to the connected component
it belongs.
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6.1.2. Tubular neighborhood

One can define a tubular neighborhood g, : S*x] — T, T[— R? of ¢ with
the same regularity by setting

9o(x,1) = (p1(2) = pa(x +1) + @2(2), p2(2) + p1(z +1) — @i (x)). (25)

In this definition, we have implicitly identified S* to R/27Z to give a mean-
ing to the addition between an element x of S' and an element ¢ of R. For
T small enough, g, is a local diffeomorphism at any point and

D(x,O)gga = |(P($)|<Tm7na:)> (26)

where 7, is the tangent unitary vector ¢(z)/|p(x)| and n, is the normal
vector to 7, such that (7,,7n,) is a direct base of R%. As S! is compact,
there exists d,, 9, and 7o nonnegative reals such that for every x € S, if

V(@) =lz = 6z, @ + 65[x] = O, bnl,

then g,y () is a diffeomorphism on its image such that the ball B(p(x),r0)
of radius ro centered at ¢(x) is included in g,(V(yp)). For simplicity, we
have dropped the dependence of §,, d; and g on @. In the following, this
dependence will often be understood.

For all 2 € S', we define the mappings

Ho(9) ¢ Blo(a),m0) — | = T3 T
s Pro(ge,) 1 (2)

and
II.(¢) : B(p(x),m0) — S

z — Pg1 0 (gw‘vx)_l(z). (27)

where Pg: and Py are the projections of S' x R on S* and R respectively.
We define a neighborhood of K*(y)

Vic (o) = {(2,9) € §* x Shi]o(@) — ()] < 7o} (28)

Finally, we set
htP . VK*(W) - ] - T;T[
(x,y) — Ha(e(y))

For all element (x,y) of Vi«(y), hy(z,y) is the ordinate of the point ¢(y)
in the local coordinate system induced by the tubular neighborhood g, at
the point z.

Remark 14. Whenever z and 2’ are close enough, IT,(¢) = II/(p) and
H,(¢) = Hy/(p) on their common set of definition. In particular, h,(z,y) =
he(z',y). In the following, we will make an extensive use of this simple
remark.
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Fig. 5. Deformation with transversal self-intersection

6.1.3. The geometric definition of smooth admissible deformations

Let P1(p) and P2(¢) be the following propositions:
Pi(p): For all A € £(p) connected component of K*(yp), there
exists (z,y) € A such that for every neighborhood V' C
VK*(‘P) of (:L’,y), h‘P|V 7é 0.
Pa(p): For all A € E(p) connected component of K*(p), there
exists a neighborhood V,,(A4) of A such that
either hy(z,y) > 0 for all (x,y) € V,(A4),
or hy(z,y) <0 for all (z,y) € V,,(A).
If Po(p) is true, then the ordinate h,(z,y) of the point ¢(y) in the local
coordinate system induced by g, has a constant sign in the neighborhood
of A. Proposition P; make sure that h, can not be equal to zero on a
neighborhood of A. In other words, if two parts of S* are in contact under
©, they must separate somewhere. We define the set of immersions without
self-intersection as

Ag = {p € Imm(S*;R?); P () and Py(y) are true }.

6.1.4. Examples

It is not completely obvious that both P; () and Pa(¢) have to be true in
order for the immersion ¢ to be without self-intersection. If the deformation
 has a transversal self-intersection, proposition Ps(¢p) is obviously false. On
the other hand, even if proposition Ps(¢) is true, the deformation ¢ could
have a degenerate self-intersection. Typically, the deformation

p: 8 = R?
0 — (cos(26),sin(26))

has a self-intersection whereas Pa(y) is true. However, in this case, P (¢)
is false, hence ¢ does not belong to Ag.

6.1.5. Description of the contacts

Let o be the mapping from S' x S! into itself which maps every couple
(z,y) to (y,z). For every immersion ¢ € Ag, we define two mappings P,
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and O, from &(y) into {—1;+1} by

{PW(A) = sign(hy(z,y)) where (z,y) € Vi, (A) and hy(z,y) #0
O, (A) = ng.ny where (z,y) € A.

The existence of a couple (z,y) € V,,(A) such that hy(x,y) # 0 is ensured
by proposition P;(¢). The proposition Pa(p) makes sure us that the sign of
hy(z,y) does not depend on the choice of the couple (z,y) made to define
P,(A). Moreover, for all couples (z,y) € A, ng.n, = £1 (see Lemma 1).
As A is a connected and n,.n, is continuous, the scalar product n,.n, is
constant on A. Hence, the mapping O, is also well defined.

Lemma 1. Let ¢ € Ag, for all (z,y) € K*(¢),
Ng.Ty = 0.

Proof. The canonical projection of R? on the second coordinate is noted ps.
Let ¢ be an element of Ag. Let (z,y) € S xS be such that (z,y) € K*(p),
that is p(x) = ¢(y) and = # y. We recall that Vi () is a neighborhood of
K* (). Therefore, there exists ¢ > 0 such that {z}x]y — e,y +e[C Vi ().
For all ¢t €] — ¢, ¢[, we have

ho(2,y + 1) = Pr o goryt (9(y + 1)
— Pro goi (9(1)) + Dot (Pr 0 7 )6(0)t + olt)
= Dy(y) (Pr © 9oy ) ()t + o(t)
= p2((Diw0)9¢) ~ @)t + 0(t)
From (26), D(,,0)9 = |¢(2)|(Tz,n¢). Thus,

(Di,0)90) ™" = (@) 7 (72, 1)

i (1) o)

Py Py

ho(z,y+1t) =ng.———t+o(t) = =

’ ()] |6(2)]

As Pa(p) is true, the sign of h is constant on a neighborhood of (z,y), hence
Ng.Ty = 0.

(ng.my)t + o(t).

At this stage, it could be useful to give a little example in order to illustrate
the different objects introduced.

In the case represented in Figure 6, the deformation has a self-contact
and without self-intersecting. The set £(¢) has two elements: the two con-
nected components A and o(A) of the contact set K*(p) (see figure 7). The
value O,(A) indicates whether or not the two subsets of S put in con-
tact under the deformation ¢ are oriented in the same direction. In this
particular case, their orientations are opposite, thus

0,(4) = 0,(c(A)) = 1.
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x1 Zo

Y1 Yo

Fig. 6. A deformation with contact

Yo
Y1
Sl
Z
o(4)
T
o X1 Y1 Yo

Sl

Fig. 7. The contact set K*(p)

Fig. 8. How to remove the contact ?

Proposition 11. For all deformations ¢ € Ag, for all A € E(p),

Oy (4) = Op(a(4)).

27

As for the value of P, (A), it indicates in which direction along the normal
one has to pull away the segment ¢([y1,yo]) from p([zo,x1]) in order to
remove the contact. In the case represented, P,(A) = +1. The segment
©([y1,y0]) has to be pushed in the direction of the normal to the segment
©([xo, z1]) as shown in the figure 8.

It remains now to study some basic properties fulfilled by the functions
O, and P,.
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Proof. Let A € £(p) and (z,y) € 4,
O, (A) = ng.ny =ny.ngy = Oy(o(A)).
Proposition 12. For all deformations p € Ag, for all A € E(p),
Pp(a(A)) = =04 (A) Pyp(A).

Proof. Let ¢ € Ag. From Proposition Py (), there exists a couple (x,y) €
A such that the restriction of h, to any neighborhood of (y, ) is not equal
to zero. There exists a neighborhood W of ¢(z) = ¢(y), U, and U, small
enough neighborhoods of 2 x 0 and y x 0 respectively in S* x R such that
Jelu, and gy, are diffeomorphisms into W.

For all § and = belonging respectively to small enough neighborhoods of

y and ,
sign(h(Z,7)) = P,(A) or sign(h(z,7)) = 0.

Thence,
9 (U, 18" x {0}) N gy (Us N S* x RZT+D) =g, (29)

where g, is the tubular neighborhood defined at (25). One can choose U,

such that g, (U, NS* x R;P“’(A)) is connected. It follows from (29) that one
of those two situations occurs:

9,(U, N ST x RY)
9,(Uz NS x R:P“’(A)) C or
9,(U, NSt x RY).
A straightforward computation leads to
(9eiv,) ™" 0 gp(, 1) = (3,0) + (0, tp(@)[|2(y)| " e ()-ny () + (1)
Thus, for t small enough, such that sign(t) = —P,(A), we have
(Goiv,) " 0 gpla,t) € U, N S x Ry Mo Pl
In other words,
Jo (Um NSt x R*_P”’(A)> C g, (Uy NSt x R*_("”'"y)P“"(A)) :
As g,u, and g, |y, are diffeomorphisms, we deduce that
9o (Ul. NSt x R—PHA)) C g, (U, N 8" x R-(em)Ped)y (30
There exists (7, ) in the neighborhood of (y,z) such that
hsa(?; T) = h¢(y,§) # 0.
We have
() € g, (U, N S' x {0}) C g, (U, NS x R (),
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Finally, (30) implies that
o(T) € g, (U, N S x R~ (=) Pe(A)y
and

P@(G(A)) = hﬂp(ga 55) = hsﬂ(yvi‘/%

= —(ng.ny)Py(A) = =0y, (A) P, (A).

Let us introduce another notation. For every ¢ € Ag, for every couple
(z,y) € K*(p), we will denote A, (x,y) the connected component of K*(¢)
to which (z,y) belongs. We now state a technical proposition

Proposition 13. For all deformations ¢ € Ag, for all elements x, x_ and
xy of St such that

Py(Ap(z,2-)) = —=Py(Ay(z, 7)),

we have
Po(Ay(a,4)) = Po(Ay(a_,a).

Proof. Up to swapping z_ and x4, one can assume that P,(A,(z,z4)) =
+1. Furthermore, by Lemma 2 below, we can also assume that for all neigh-
borhoods of (z_, x4 ), hy, # 0. Following the same procedure as in the proof
of proposition 12, one can find V,,, V,_, V.., neighborhoods of (z,0), (z_,0)
and (z,,0) in S! x R respectively such that

9oV, N ST x {0}) C gp(Ve N ST x RT) (31)

and
9o (Ve N ST x RY) C g, (Ve N ST x RPe(elz—2))), (32)

There exists (Z_, T4 ), in a small neighborhood of (z_, ) such that
he(Z-,z1) # 0.
From (31) and (32),
o(T1) € gp(Ve. NS x RP«»(M(L,z)))

thus,
Pw(Atp(x—v z))
sign(h(o_, 7)) = or
0

Moreover, hy(x—,T4) = hy(T—,T4) # 0. Hence,
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Lemma 2. For all deformations ¢ € Ag, for all elements x, x_ and x4 of
St such that p(x) = p(z_) = p(xy), and

Pp(Ap(2,2-)) = —Pp(Ap(z,24))

there exists T, T, and _ in S* such that

p(r) = p(r-) = o(T4),
Ap(Z,7-) = Ap(w,0_); Ap(T,74) = Ap(z,24)
Atp(%—vi-‘r) = A¢(I_,I+),

and for all neighborhood of (T, ), hy # 0.

Proof. Let ¢, z, x_ and x4 such be as in Lemma. Without loss of gener-
ality, one can assume that

Py(Ay(z,z_)) = =1 and P,(Ay(z,24)) = +1.
We set

A= {(x_,x+) € Ay(w_,zy): 3z € S' such that (7,7_) € Ay(z,z_),
(z,24) € Ap(x, ), and hy, = 0 on a neighborhood of (:c7x+)}.

Assume that the lemma is false, then A is a closed non-empty subset of
Ag(xz—, x4 ). Furthermore, we will show that A is also an open subset of
Ap(z—,zy). As Ay(x—, x4 ) is connected, this would imply that

A=Ay (z_,z4)
and that for all (Z_,Z4) € Ay(x_,z4),
hy, = 0 on a neighborhood of (Z_, %4 ).

As P1(yp) is true, this cannot hold.

It remains to prove that A is actually an open subset of A, (z_, ). Let
(Zz_,74+) € A. Let W be a small enough connected neighborhood of (z_,7 )
in Ap(z—,21). Let (z_,24) € W. We set

T = Iz(p)(p(T1)) = () ((74))

(see (27) for the definition of IT,(y)). First of all, as (Z_,Z;) belongs to
Ag(x_,x4), we have p(T4) = ¢(T_) and

ho(F,74) = hol(F, 7). (33)

As (7,74) belongs to a small neighborhood of (Z,7+) € A,(z,z4+) and as
P,(Ay(z,z4)) = +1, we have

ho(%,%,) > 0. (34)
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On the other hand, we get
hy(z,2-) <0. (35)
From (33), (34) and (35), we deduce that
ho(z,z4) = hy(z,z-) = 0.
As 7 = IIz(9)(p(24)) = Hz () (p(7-)), we get
o(T) = p(Z-) = (T 4).
Let m; and 73 be the projections of S* x S! onto S,

m1(a,b) = a,

—~

ma(a,b) = b.
We have just shown that

(Iz(p) 0 o x m)(W) C K*(¢)
and (ITz(p) o ¢ x ma)(W) C K* ().

Furthermore, as W is connected, both (ITz () o ¢ x m1)(W) and (IIz(p) o
© X mq)(W) are connected. Thus,

(Hi(sﬁ)ochWl)(W)C/l ( ( )O¢Xﬂ1(x_7x+)) Aw(‘f7j—)-
We have as well,
(IIz(p) 0 p X o) (W) C Ap(Z, Z4).

It follows from these latter relations that every element of W belongs to A.
Hence, A is an open subset of A, (z_,z) and the proof is complete.

We are now in a position to state and prove the proposition called in the
main result of this section (Proposition 10).

Proposition 14. For all p € Ag, for all z € Im(z), and for all unitary vec-
tor n orthogonal to Im(y) al z, there exists a family (x;);—o,... N of elements
of S* such that

.....

o N(2) = {z0,...,zN};
then for alll, k € {0,..., N} such that ] > k, we have
P,(Ap(zk, 1)) = nong, (¢).

Proof. Let ¢ € Ag, 2 € R? and n a unitary vector orthogonal to Im(z) at
z. The relation

2y e ((z=y)or (z#yand Py(Ay(z,y)) = n.na(p)))

is a total ordering of the set ¢ ~1(2). Indeed,
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Let o, y € ¢ !(z) be such that we do not have z < y. Then, z # y.
Thus,

Po(Ap(2,y)) = —nna(p).

From Proposition 12, we get

Pw(Atp(yax)) = _Osa(/lsa Yy, z))(—n.ng)

= (ng.ny)(n.ng) = n.ny,

and y = x. We have shown that

zrXyory x|

Let 7,y € ¢~ 1(2) be such that * < y and x # y. Proceeding as above,
we show that P,(A,(y,x)) = n.n, implies that P,(A,(x,y)) = —n.ny.
Therefore, we do not have y < z. We have show that

’(ijandij)i(x=y)‘-

Let _, z and ;. € ¢~ !(z) be such that x_ <z, x < x,, 2_ # x and
x # x4+. We have

P, (Ay(z,24)) = nng = (ng.ng_)(nng_)
= O, (Ap(x,2_))Pp(Ap(z—,2)));

Proposition 12 and 13, brings up

Po(Ap(w,2:)) = —Pp(Ay(z,2_)).

and
Po(Ap(a—24)) = Po(dp(a—,2) = nn,_,

that is z_ <X ;. We have shown that

’(x_jxand:cjx+):>(x_jx+)‘.

It remains to sort ¢~ 1(z) with this ordering relationship to obtain the family
expected.

6.1.6. Inclusion in the closure of the embeddings

We are now in a position to prove the following Proposition

Proposition 15. The set Ag is included in the C'-closure of the embed-
dings.
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We split the proof of this proposition in several steps. For a given defor-
mation ¢ € Ag(p), we will construct explicitly an embedding arbitrarily
close to ¢ for the C! topology. To this end, we define a set Bg (@) which is
more or less the set of admissible deformations which have at most as many
contact points as ¢. Then we construct a finite sequence v, of deformations
belonging to Bg(p), close to ¢, removing at each step another contact zone.
Finally, we prove that the last deformation obtained has no contact point.
In other words, it is an embedding.
For all deformations ¢ € Ag, we define the set

Ba(p) = {1/} - St — R?; +) immersion ; K* (1) C K*(¢);

For all (z,y) € K™ (1), ny(¢).ny(¢) = Op(Ay(2,y))
and sign(hy) # —Py(Ay(x,y))

on a neighborhood Wy, (A, (z,y)) of Ay(x,y) N K*(z/))}. (36)

Let o € C*(R;[0,1]) with support included in ] — 1/2,1/2[ such that
a([-1/4,1/4]) = 1. For all ¢ € C'(S';]0,1]) such that ||¢||co|lc]lc: < 1 and
for all £ > 0, we define the functions 7. (¢) and T (¢) from the normal
bundle v(S?) = S! x R of S! into itself by

T (9)(,t) = (z,t £ %d()a(t/e)).

The mappings T:F(¢) are diffeomorphisms.

Let ¢ € Bg(yp) and ¢ € C1(S*;[0,1]) be such that ¢ is injective on the
support K of ¢. The function g, is injective on a neighborhood of K x {0}.
Thus, there exists a neighborhood U of K in S' and a real r > 0 such
that the restriction of gy, to Ux] — r,r[ defines a diffeomorphism onto its
image. We set V = g, (Ux]| — r,r]). For all € < r, we define F (¢,) and
F=(6,1) : R? — R? by

F2(6,0)(z) = {gw 0 T () 0 Gujihyy_rp 17 € gu(Ux] = r.0]) =V

T otherwise.

For ¢ small enough, F(¢,1) and F (¢, ) are diffeomorphisms of R? such
that

FX (@, 0)(V) = V.
Moreover, FsﬂE does not depend on r. The figure 9, illustrates the action of

F*(¢,v) and F7 (¢,1) respectively. The tubular neighborhood defines a
coordinate system on V. We set

HU V-U
I PSI ° g7/’|_Ul><]fr;r[
and
HU V-U

-1
z— Pro g"/)\UX]—r;r['
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Ft i@% \F;(wm

F. .

Fig. 9. Action of F¥(¢,v) on R2

We now define three different subsets A;, Ay and Az of S' such that S' =
Ay UAU A3 by

Al = UU'I/J_I(VC); AQ = Alcﬁ(HU O’(/})_l(R*); A3 = Alcﬂ(HU O’(/})_l(O).

Moreover, the intersection between two of these subsets is empty. Finally,
we define two deformations SF (¢, ) and S (¢,v) from S* into R? by

— For all z € A4,
SE(¢) = v(@);
— For all z € A,
If Hy(¢(z)) > 0, we set

SH(¢, ) () = FF (6, 9) 0 ¥(2),

S-(0,9)(2) = P(x).
If Hy(¥(z)) <0, we set
53¢, 9)(x) = (),
52 (9, 9)(x) = F(9,4) 0 4().

— For all z € Az, we have (IIy o ¥(z),xz) € K*(v) C K*(p). We set
A=A,y o)(z), ).
If P,(A) =+1, we set

SH(¢, ) (w) = FF (6, 9) 0 ¥(2),

Sc (9, 9)(x) = (x).
If P,(A) = —1, we set
SH(¢,)(x) = (),
S (0. 9) (@) = F (6, 9) 0 9p().
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The deformation S*(¢,) is obtained from the deformation + by pushing
away from ¢ (K) the element x of S'\ K such that ¢(z) is just “located on
the top” of ¥(K). The deformation S~(¢,) is obtained in the same way,
but acts on the point x of S\ K “located on the bottom” of ¥ (K). Hence,
the deformation St (¢, S™(¢,1)) is such that (K) has no double points.
Performing this transformation for a partition of the unity ¢, of S!, will
enable us to construct an embedding close to . It remains to carry out this
reasoning rigorously.

Lemma 3. For all ¢ € Ag, for all ¢ € Bg(y), for all ¢ € C1(S;[0,1])
such that the restriction of 1 to the support of ¢ is injective, FElL converges
to the identity in R? for the C' topology.

Lemma 4. For all p € Ag, ¥ € Ba(p), ¢ such that the restriction of ¢ to
the support of ¢ is injective, we have, for all x € S*,

St(p, ) = FH(¢,) o), on a neighborhood of x
or SE(¢, ) =1 on a neighborhood of x.

Proposition 16. For all ¢ € Ag, ¥ € Bg and ¢ € C*(S*;[0,1]), such that
the restriction of ¢ to the support of ¢ is injective, ST (¢, 1)) is an immersion
and

SE(¢, 1) =% 4 in CH(SYR?).

Lemma 5. For all ¢ € Ag, ¢ € Ba(p) and ¢ € C1(S;[0,1]), such that the
restriction of ¥ to the support of ¢ is injective, then

K*(SE(¢,1)) C K* ().

Lemma 6. For all p € Ag, ¥ € Ba(p) and ¢ € C1(S1;[0,1]), such that the
restriction of Y to the support of ¢ is injective, we have

10 (ST(9,9))ny (ST (0, 9)) = O (Ag (2, y)),
for all (z,y) € K*(ST(¢,v)).

Lemma 7. For all ¢ € Ag, ¥ € Bg and ¢ € C}(S%;[0,1]), such that the
restriction of ¥ to the support of ¢ is injective, we have for all (x,y) €

K*(5%(¢, %)),
sign(hgz 4 4)) # —Po(Ap(2,y))

on a neighborhood of (x,y).

Proposition 17. For all ¢ € Ag, 1 € Bg and ¢ € C*(S*;[0,1]), such that
the restriction of ¥ to the support of ¢ is injective, we have

SE(¢,) € Ba().
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Proposition 18. For all ¢ € Ag, ¥ € Bg and ¢ € C1(S%;[0,1]), such that
the restriction of ) to the support K of ¢ is injective. Let e > 0 and e~ > 0
small enough for ¢» = S”_ (¢, S;; (¢,%)) to be correctly defined, we have

Y(I) NP(K) = 0.

Proposition 19. For all ¢ € Ag, Bg is included in the Ct-closure of the
embeddings.

Proof (Proposition 15). The Proposition follows from the fact that ¢
belongs to Bg(p) and Proposition 19.

Proof (Proposition 19). Let ¢ € Ag. There exists a partition of the
unity (Uy, ¢x)k=1,...,n such that for all k, ¢, € C*°(S*;]0,1]), Uy is an open
subset of S!, the restriction of the mapping ¢ to Uy, is injective, the support
K}, of ¢y, is included in Uy, and ), ¢ = 1.

Let ¢ € Ba(yp) and € > 0. We define the family (vx)r=0
of Bi(¢) by

n of elements

.....

Yo =1
¢k+1 = S;Er (¢k+la SE_; (¢k)+1a w))a

where ez and ¢, are small enough positive reals. The sequence vy, is, by
Proposition 17, well defined. Moreover, from Proposition 16, we can choose
them such that

H’lﬁkJrl — 1/)k||c1 < E/N (37)

For all k&, from Lemma, 5,

K*(Yr41) € K™ (¥r).

Thus,
N
K*(yn) C [ K™ (¥r)
k=0
and
N
U K () € K*(¥n)" (38)

k=0

As the restriction of ¢ on K} is injective for all k, we have
N
K*(9)° > | Ki x K. (39)
k=1

Moreover, from Proposition 18,

K*(U}k:)c O K x Ki.°. (40)
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From (38), (39) and (40), we deduce that

K (W) 2 U (Uil K7 (0)°) > (Uil K x K ) U (UL, Ko x K0
=8 x st

and K*(¢y) = (0. The immersion ¥y is injective, thus it is an embedding.
Furthermore, from (37), we have ||¢) — ¢n|| < €.

Proof (Proposition 18). We claim that for all elements ¢, 1 and ¢ which
fulfill the assumptions of the Proposition, for all & small enough and for
= =1,

K*(SE (¢, ) NK x K C K*(¥)n{(z,y) € K*(¢) : Pp(Ay(z,y)) = —p}.
(41)
Thus, by applying this relation successively to uy = —1 and p = +1, we get

K*(S_ (6,55 (6, 9))) N K x K°
CK*(SL(0,9) NK x KN {(w,y) € K*(¢) + Pp(dp(,y)) = +1}
CE* () N{(z,y) € K™(¢) = PpAp(x,y)) =
N{(z,y) € K*(p) : Po(Ap(x,y)) = +1} =0,
which is nothing more than the required result.
It remains to prove relation (41). We consider the case pu = 1. The

other case (1 = —1) can be treated in the same way. From Lemma 5 and
Proposition 17,

K (S5 (6,9)) € K™ (v) € K*(¢). (42)
Let (z,y) € K*(S(¢,v)) N K x K¢ Assume that

Py(Ag(z,y)) # -1,

that is P,(A,(z,y)) = 1. As (z,y) € K*(¢), we get from the definition of
S that

S50, 9)(y) = F7 (6, ¥)($(y))
= F (¢, 9) (4 (2)) # ¥(z)

and

SH(¢,¥)(2) =Y (@).

Therefore, S¥ (¢, ¥)(x) # S (¢, ¢)(y) and (z,y) & K*(SF(4,v)). There-
fore, for all (z,y) € K*(SF(¢,1)), Py(Au(x y)) = —1 and with (42), we
obtain the expected relation (41).

Proof (Proposition 17). The proposition follows from Proposition 16
and Lemmas 5 ,6 and 7.
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Proof (Lemma 3). Let us recall that

P = {99 T iy 2 €060 i)

’ if @ ¢ gy (Ux]—r;7])
where
TE(¢)(x,t) = (z,t £ 52¢(:L‘)04(£)),
We have
Do) (TE(9)) = (52(;'3(1.)1@ (L) 1+ €¢((:)E)o'z (Z)) .
Thus,

Do) (T (9)) =

for the C° topology. The conclusion follows from

Dgy 0 D(TF(9)) © Dgyjirs) a8 T € gy (Ux]=r37])
T otherwise. '

D, FZ(6,¢) = {

Proof (Lemma 4). Let p = +1. We can check that S#(¢,v¢) = v on
the open set U U ¢~ (gy(K x [—€/2,¢/2]°), (K is the support of ¢). As
A CUUY Ygy(K x [—€/2,¢/2]°), the Lemma is true for every element
x € A;. Moreover, let us remark that

Ay ={x € Sz ey (V) and Hy((x)) # 0}.

Then, A, is an open set and the Lemma is also true for every x € A, as the
sign of Hy (¢ (x) is constant on each connected component of As.

It remains to study the case x € As. As Hy(¢¥(x)) = 0 and = ¢ U,
(ITy o Y(z),z) € K*(¢) C K*(p). Let A = A, (IIy o ¢(x),x). There exists
a neighborhood U, of z in S! such that

1y O/l;[}(U.I,) x U, C Ww(/l),

where W, (A) is the open set introduce in the definition of Bg (see 36). For
all 7 € U,, we have two different cases:

First case Hy o # 0.

In this case, sign(Hy o ¢¥(T)) = sign(hg (Hy o (%), ¥(Z))) = P,(A). Hence,

Se(0.¥)(E) = { i:xj v oitfhl(:;vi]sjew.(/l), (43)

Second Case Hy o ¢(T) = 0.

In this case, (IIyov(T),T) € K*(()¢). Let A’ = A, (IIyop(T),z). f A = A,
we have (43). Otherwise, without loss of generality, we can assume that
T > x (this has a meaning as « and T belong to U, which is diffeomorphic
to an open interval of R). We set

T =min{z € U,; Hy(¢¥([2,T)) = 0} > =.
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The element (ITy (%), Z) belongs to A’. Moreover, for all neighborhood W C
U, of T, there exists y € W such that Hy o ¢(y) # 0 and (IIy o ¥(y),y) €
Wy (A") N Wy (A). Hence,

Py(A') = sign(hy(ITy 0 Y (y), (y))) = Pp(A).
Finally, we get (43) once again and the proof is complete.

Proof (Propositon 16). It follows obviously from Lemmas 4 and 3.

Proof (Lemma 5). We set V™ = ¢, (Ux]0,7[). From the definition of
S (¢, 1), we deduce that

SH(@,9)(z) VT = 816, 9)(2) =

F ¥(x),
SH(@, ) (@) ¢ VT = 856, 9) (@)

(¢, 9) 0
P().
One can easily check that in all of these cases,

SH e, )(x) = SH (e, ¥)(y) = v(z) = (y).

Performing the same reasoning for S= (¢, ), we obtain that K*(SZ(¢,1)) C
K* ().

Proof (Lemma 6). Let ;1 = +1. We set ¢ = S¥(¢, ¥). Let (z,y) € K*(¢).
From Lemma 4,

1; = Fl'(¢,%) o1, on a neighborhood of x
ory =1 on a neighborhood of z.

et
LE = Fl'(¢,v) o1, on a neighborhood of y
or Y =1 on a neighborhood of y.

It is easy to check that the following cases cover all possible situations

1. {/): = 1) on a neighborhood of z and y.
2. ¢ =1 on a neighborhood of z, ¢ = F* o1 on a neighborhood of y and
U(x) =P(y) € p(U), y ¢ U, Po(Ap(Ily 0 Y(y),y)) = p.
(a) z e U.
(b) 2 ¢ U and P, (A, (Iy o ¢(x),2)) = —p.
3. 4/1 1 on a neighborhood of y, w F* o4 on a neighborhood of x and
b(a) = vly) € D(U), © ¢ U, Po(Ap(ITy 0 (2),2)) = .
(a) y e U.
(b) y ¢ U and Py (A, (11 0 9(y),y)) = —p.
4. ¢ = FF o4 on a neighborhood of x and y, ¢(z) = ( ) € gy(Ux
y ¢ U xz¢Uet Po(Ay(Ily 0p(z),2)) = Pp(Ay ¥(y), y))
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Cases 2 and 3 are equivalent up to swapping x and y.

Case 1 _ _

In this case, n,(¢¥).ny(¢¥) = ngy(¥).ny(¥) and the conclusion follows from
the fact that ¢ € Ba(p).

Case 2 and 3

Let us consider the case 2. We have

0(0) = Dy P2 (6.0)-0(0)
with
Dy FE(6,%) = Dgy 0 D,y (TE()) © D) 9017 —pr -
and (2,t) = (9 |y )_pr) (V). As ¥(y) belongs to 1(U), we have

t=Hy(y(y)) = 0.

Hence, B
U(y) = gu(2,e°ug(2)).

Moreover, ¥(y) = ¥(z) = ¢(z) € U. Then, Hy ((y)) = 0 and ¢(2) = 0. As
¢ is a positive function of class C!, we deduce that ¢(z) = 0. Let us recall
that

1 0
Dt (T20) =  iara (1) 1 £ 20 (1))
Thus, in the present case, we have
D(zt)(TEM(¢)) = —[2~
Finally,
U(y) = P(y),

and ny(zZ) = ny(1). We conclude as in the previous case.
Case 4
We have

D(@) = Do) F* ()00 (x) = |6() [ Dyp(ay FE (6, ) 70,

and

U(y) = Dy(a) FE (6, 1) (y) = [(y)| Dy (o) FL (0, 9) -7y
Now 7, () = Ocp(/lso (xa y))Ty (’(/)), therefore

() [(x) = Op(Ag ()l (@)] (1),

and
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Proof (Lemma 7). Let ;1 = +1. We set 1 = S¥(¢, ¥). Let (z,y) € K*(¢).
We consider the same case than in the proof of Lemma 6.

Case 1

We have hj = hy on a neighborhood of (z,y). The conclusion follows from
the fact that ¢ € Ba ().

Case 2 and 3 _ _

In this case, ¥(z) = ¥(y) = ¢¥(z) = ¥(y) € gy(Ux]—r,r[). Furthermore,
we set z = Iy (¢ (z)) (Note that in the case 2a, z = z and in the case 3a,
z=1y). As {/; is an immersion, and as ¥(z) = QZ(L), we can choose connected

neighborhoods W, of (x,0) and W, of (z,0) in the normal bundle S! x R
such that

95(W2) = g (W2) C g (Ux] = r,7]).

Moreover, W, can be chosen such that W, N S* x R% and W, N S' x R*
are connected. We introduce the integer s = £1 define by

S:{Pgo(/lw<z7y)> ifz#£y
—P,(Ay(z,2)) ifz=1y

On can check that in every case, by the definition of S#(¢, ),

gu(W. N S' < RY) N g5(Wa N S* x {0}) = 0.

As gy(W, N ST x R?) is connected and included in 95(Wz), we deduce
from the previous relation that g, (W, N S! x R?) is included in one of the
connected components of gJ(Wm NS xR*). In particular, g, (W, NS xRY)
is included in gJ(Wm NSt xR%) or gJ(Wx NSt x R*). We are now going
to find out in which of these sets g, (W, N S' x R?) is included. Using the
differentiability of g, we obtain that

Pao (95,1 0o 09002 0) = me (@) (@) [0(2)| e+ 0f0)

Moreover, as seen in the proof of Lemma 6, we have n,(¢)) = n(1). There-
fore, for ¢ small enough such that sign(t) = s, we obtain that

9u(2:t) € gg(Wa X RE, () ()
As (z,t) € W, NSt x R%, we deduce that
ge(W.NS' xR C 95 (Wa X RS, (4)n. (4))-

Furthermore, 9o |w. and gi@ are diffeomorphisms thus,

gw(WZ NSt x RS) C gl/j(Wx X Rsnm(w)-nz(ll)))' (44)
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It is now easy to compute the sign of hj; on a neighborhood of (z,y). Let

(Z,7) be close to (x,y). By the definition of s and S¥(¢,), ¥ () belongs
to gy (W, N S x Ry). From (44), we deduce that

V(@) € 95(Wa X Ryt (3).my (1))
and that

sign(hy(7.7) = sign(hy (@, 7)) # —s(na(6)n. ().
It remains to show that in every particular case,

and the proof will be complete.
Case 2a
We have z = 2 and s = P,(A,(z,y)), thus

8(nz () nz(¥)) = Pp(Ap(z,9)).

Case 2b and 3b
We have n,(¢).n.(¢) = Op(Ay(x, 2)) and

5= Pyp(Ap(2,y)) = p = —Pp(Ay(z,2)).

The Propositions 12 and 13 imply respectively
$(na(1).nz(¥)) = Pp(Ay(z, 2)),

and
s(ng(¥).n.(v)) = Pw<Aw($7y))-

Case 3a
We have z =y and s = —P,(Ay(z,2)) = —P,(A,(y, x)). Furthermore,

N ()12 () = 1 (1).ny () = Op(Ay(y, ).
Then, using Proposition 12 we get

Case 4
As FFoy(x) = (), there exist W, and W, neighborhoods of (,0) in the
normal bundle S' x R such that F¥ o 9w, and g 3 are diffeomorphisms

on the same image and
Fe o v, = 95w,

on W, N (5 x {0}) = W, N (S x {0}). Moreover, as det(D(F¥ o g,)) =
det(g;;) > 0, thence

F'ogy(We N S' x Ry) = g5(W, N S* x Ry) (45)
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and
Fllogy(Wy NSt xR-) =gz(W, NS xR-). (46)

For all (Z,y) in the neighborhood of (z,y), we have

hw(jvg) 7é _PSO(AVJ(‘I'7 y))7

that is
¥(7) € g6 (Wa N S" X Rp, (4, w))-
From (45) and (46), we deduce that

V() = Foy(y) € Foogy(Wa N S" % Rp, (4, (.0))
— ng(WT NSt x RPLP(Aw(JUay)))'
Thence,
hi(@,5) = hy(@,7) # —Po(Ay(z,)),
and the proof is complete.

6.2. Partial equivalence between the geometrical and algebraic definition of
the admissible set of deformations

Let ¢ be an immersion of S! into R?. The winding number of ¢ is defined
as

fp = deg(7()), (47)

where 7(p) is the mapping from S! into S! which maps every element
x € S! to the unitary vector ¢(x)/|¢(z)|.

Proposition 20. Ay(j,.) N Imm(S; R?) = {p € Ag;fp = +1}.

Proposition 21. The set of the embeddings isotopic to j . is dense for the
Cltopology in Ag(j) NImm(S;R?).

A straightforward corollary is that

Corollary 1. Every immersion of As(j,,) belongs to A(j,,), that is
A (j,) N Imm(SH R?) = A(j,,) N Imm(S"; R?).

The proof is split into two lemmas

Lemma 8. For all immersion ¢ € Ay(jg1), fo = +1.

Lemma 9. For all immersion ¢ € Ay(j,), ¢ € Ag.
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Proof (Proposition 20). From Lemmas 8 and 9, we have
Ay(js) NImm(SY;R?) C {p € Ag : o = +1}.

It remains to prove the converse inclusion. Let ¢ € Ag, such that fp = +1.
From Proposition 15, for all € > 0, there exists an embedding 1. such that

”QD - d’sHCl <e.

As the mapping which maps every ¢ € Imm(S';R?) to its winding number
#¢ is continuous for the C! topology, for € small enough, we have

e = = +1.

Moreover, it is well-known that immersions of S' into R? with the same
winding number are isotopic. As f§j., = +1, 9. is isotopic to j_,. Thus, the
deformation ¢ belongs to the C°—closure of the embeddings isotopic to j ot
and it follows from Proposition 2 that ¢ € Ay (j,1)-

Proof (Proposition 21). From Proposition 15, the set of embeddings
is dense in Ag for the C! topology. It is easy to deduce that the set of
embeddings isotopic to j_, is dense for the C* topology to {p € Ag : fp =
+1}, which is equal (Proposition 20) to Ag(j.:) N Imm(S*;R?).

Proof (Lemma 8). Let ¢ € Ay(j.1) NImm(S*;R?). The winding number
o of ¢ (see definition (47)) could also be defined as the degree of the

mapping

7—(507 h‘) =

for h small enough. In other words,
to= [ ro) @)
As ¢51 = j 1" (¢r2), we have
to = [ rlo ) 0 d"(0x2)
= [ U o) (6.

We set

St — St x ST — K(p)
x— (x4 h,).
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The function d, oy, = ¢(x + h) — ¢(x) is homotopic to j. o 7(p,h).
Therefore,

o = /Sl(dq: oY) (Pr2)
:/ 7o @ (de)
Sl

As ¢ belongs to Ag(j,1) , we obtain that

o= [ i od, (0m) = i = 1.

We split the proof of the Lemma 9 in two parts:

Lemma 10. For all p € Ay(j i) NImm(S*;R?), Proposition Py(yp) is true,
that is: For all A € E(p), there exists (x,y) € A such that for every neigh-
borhood V' of (z,y),

hypv # 0.

Lemma 11. For all p € Ay(j ) NImm(S*;R?), Proposition Pa(y) is true,
that is: For all A € E(p), there exists V,(A), neighborhood of A suh that
heiv,(a) 2 0 or hejv,(4) < 0.

Proof (Lemma 10). Let us assume that the lemma is false, that is that
there exists ¢ € A, N Imm(S';R?) such that P (¢) is false. For the sake
of brevity, we will denote P, instead of P,(p). There exists A € E(yp),
such that for all element (z,y) of A, there exists small enough connected
neighborhoods U, of x and U, of y such that

h|Ux><Uy = O
Hence, we have

K () N Uz x Uy) = {(T,7) € Uz x Uy 5 W(T,7) = 0 and T = Px(p(7))}
={(@y) € Us x Uy ; T= Pe(p(y))} -

Up to choosing U, small enough, we can assume that P,(¢(Uy)) C U,.
Thus,

K* (@) N (Us x Uy) ={(z,7) ; = Pa(e(), ¥ € Uy}
This set is connected and
K* ()N Uy x Uy) = AN (Uy x Uy).
In particular,

AN (Us x Uy) ={(7,7) ; T = Pa(0(y), ¥ € Uy} (48)
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As the deformation ¢ belongs to the ¢-admissible set, it has no transversal
self-intersection. In particular, ¢(x) and $(y) are collinear vectors. Hence,
d(Pyop)/dy = ¢(x).¢(y) # 0. The mapping P, o ¢ is of maximal rank on a
neighborhood of y, and the connected component A is locally diffeomorphic
to ] — 1,1[. It is a compact submanifold of S* x S! without boundary and
of dimension one. It follows that A is nothing else but a circle. We set j,
the injection of A in ST x S\ A(S).

Let U*(0,7) be the open ball of R? of radius =, centered on the origin ,
from which one has removed its center. The manifold St x S\ A(S1) is
diffeomorphic to U*(0, w) by the mapping

O :U*(0,m) — St x ST\ A(SY)
ret? (0 —r,r+0),

where S* is identified to R/27Z. We recall that 6 is the mapping from R?
to St defined by 0(z) = z/|z|.

The mapping ©~! o j, is an embedding of S' into R?. From the Theorem
of Jordan-Brouwer, the winding number of the curve ©~1 o j, around the
origin could be either zero or +1,

[ oeooqnr o ={*]

We denote by m; and 7o the projections of S! x S1\ A(S!) onto its first
and second coordinate. The mappings 5 and # o ©~! are homotopic, thus
we have

vk +1
[ moinos) = { %) (19)
Sl
From (48), o 0 j is an immersion of S! into S, thus,
[ (720 da)*(01) = de(ma o a) =+ Card((m2 0 1a) ' (1)
S1
From (49), we conclude that

Card((ma 0 ja) " (y)) = +1,

and that 7m0 j, is a diffeomorphism. The same conclusion holds for 71 0 j4.
Let xo € S'. We define the sequence (z) by

Tpq1 = (w10 ja) o (m2044)  (ak).

For all integer k, we have ¢(xgy1) = @(xr) = ¢©(xg). As the cardinal of
©1(0) is finite, there exist a minimal integer N > 0 and an integer k such
that 2 = 754 n. Up to applying k times the mapping (m2054) 0 (71 054) 7!
to this last equation, we can assume that k = 0. Once again, we consider S!
as R/27Z. For simplicity, we will not do the distinction between an element
of R an its class in R/27Z. We choose x; € R such that zp41 > x; and



The modeling of deformable bodies with frictionless (self-)contacts 47

|zk11 — x| < 2m. Let us denote by c;, the mappings from [0, 1] into St
defined by

C()(t) = tfﬂ() + (]. — t)(El
Cri1 = ((7r1 0ja) o (m ojA)fl) o (cg)-

As (m10j4)0(me054) 7t is a diffeomorphism from S* into S* which preserves
the orientation, it is clear that the mapping ¢y is homotopic to the mapping
which maps ¢ to tzy + (1 — t)xgy1. Furthermore, ZkN:_Ol ¢k is a cycle, that is

N-1 1
> / eh(df) =0,

for any mapping f : S' — R. Thus, there exists an integer p such that for

every close form «,
N—-1 1
Z/ c,’i(a):p/ Q.
=0 /0 51

and p is nothing but the number of integers k, 0 < k < N such that zg
belongs to [z, Tpi1]-
Let 7 = ¢/|p| : S* — S'. The chain 74(ck) is a cycle. From

to= [ 70e).

we deduce that
N-1 1
o= [ cioros) (50)
k=00
For all integers k, we set

dy, = (2 0 j2) " (ew)-
We have
Tock = (To(me0ja))odg.
As (poma)ja = (pom)a, we get
Tocg = (To(moja))ody,

that is,
TOCL=TOCkt1

From (50), it follows that

pli@:N/Sl(TOCo)*(Qbsl)-

As ¢ is an element of A, N Imm(S?;R?), by Lemma 8, we have fp = 1.
Hence,

p=N [ (Tocy) (ds1).
S1
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Moreover, p is an integer such that 0 < p < N, hence,

/ (Toco) (¢sr) =1
Sl
and p = N. It follows that, for all k, we have xg € [z, x+1[. In particular,

T € [l‘N_l,.l'N[.

As |ey-1 — zy| < 27 and 29 = xy, we have |zny_1 — 2n| = 27 and
rN_1 = xg. We deduce that

(11 05a) ™ (wo) = (m2 0 ja) " (o).
Hence, (9, 20) belongs to A. This could not hold as A € St x ST\ A(S1).

Proof (Lemma 11). Let ¢ € Ag(j.:) N Imm(S';R?). We assume that
Pa(p) is false. For simplicity, we will note P, instead of P,(¢) and h in-
stead of h,. As Pa(p) is false, there exists A € E£(p), such that, if Vy
is the connected component of Vi-(,) (see definition (28)), there exists
(4,y+) € Va, (w—,y—) € V4 with h(z4,y4+) > 0and h(z_,y_) < 0. As Vy
is connected, there exists j = (j1,72) : [0, 1] — V4 such that j(0) = (z_,y_)
and j(1) = (z4,y+). Let € > 0 be a small real. We define the mapping I
from [0,1] x [—¢,¢] by

F(t78) = (le(t)(@ 0j2(t)) + S,jg(t)) .

We denote by ~y the restriction of I to the boundary of [0, 1] x [—¢, €] which is
homeomorphic to 1. The mapping ~ is a contractible loop in St x ST\ A(S?)
with values in U = d_'(R?), and

[ 7 ed, m) =0
Sl S
As ¢ belongs to Ag(j,1), we have
| odzons) = [ a7 od, (6r) =0
S1 S1 S

Let 1 be close to ¢, such that the intersections between ¢ and 1 are trans-

verse. We set
dp.yp St x 81 — R?

(z,y) = o(x) —P(y).
We have
[ oo (0m) = [ (do0n)"(0m2) =0 (51)
Sl Sl

As the intersection between ¢ and ¢ is transverse, d,, » |1 (0) is a finite set
of points endowed with a sign. One can show (as in the proof of Proposition
5) that

[ oo @m) = [ owoory )= X seutan)

(z.y)€dy u| 7" (0)
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where s, (2, y) is the orientation of the element (z,y) of d 4|5 (0). From
(51), it follows that the cardinal of d, ,|-'(0) is even.

Card (dy,s|7'(0)) =0 mod 2. (52)

Moreover, on the one hand

d¢7¢|;1(0) = {(;my) € Stx St = (le(t)((pon(t» +s5,y= jQ(t)7
= Pjy(¥oja(t)), Hj,)(¢ 0 ja(t)) =0, with (¢,s) € [0,1] x [—576]}

For 1 close enough to ¢, we have

Qo 71(0) = {<x7y>e51 X S' g = a(t).a = Pyt 0 dalt)),
Hj )(¥ 0 ja(t)) = 0, with (t,s) € [0,1] x [—5,5}}.

Hence,

Card (dy,| 7' (0)) = Card ({t € [0,1] : Hj (1y(¢ 0 ja(t)) = 0}).

Furthermore,

sign(Hj, (o) (¢ © j2(0)) = sign(Hj, (o) (# © j2(0)) = sign(h(z—, y-)) <0

and on the other hand

sign(Hj, (1)) (¥ 0 ja(1)) > 0.

Thus, the function Hj (1 o j2(t)) has an odd number of roots and the

cardinal of dy ,|'(0) is odd, whereas we have already proved that it is
even (52).

6.3. Proof of the partial equivalence between the minimization problem and
the Euler-Lagrange equations

In order to be able to prove the partial equivalence between the min-
imization problem and the Euler-Lagrange equation stated in Proposition
10, we will first prove the following lemmas:

Lemma 12. If p is a regular immersion, solution of the minimization prob-
lem (Py), then

> <W(y) + f(y)> [@(y)| ™" =0 for all z € Im(p).

yEp~1(z)



50 Olivier PANTZ

Lemma 13. If p is a regular immersion, solution of the minimization prob-
lem (Py), then
dDW (o(x

()
EOR

where 7, =

Proof (lemma 13). Let u € C2(SY;R?). We set v(¢) = ¢(z + cu(x)). As,
from Proposition 3, v(¢) € Ag, for € small enough, we have

I(v(e)) = I().

Furthermore, I o is differentiable and

(Ton) = | DW(p(a)).——
St X

Thus, the former inequality implies that

[ Dw (e M) ) playute)ds =0
and .
/ (dDm;(‘p(”)) @b+ f.<p> u(z)da = 0.
St i

Proof (lemma 12). Let ¢ € C?(S*;R?) be an immersion, solution of the
minimization problem (P,). Let z € Im(y) and

{1'0, e azN} = 9071(2)'
There exists Uy a neighborhood of xq in S* such that

g : Upx]=r,r[ = g,(Upx]—r,7r]) =V
T = go(2)

is a diffeomorphism. Let ¢ : S' — R? be a regular function with support
included in Uy. We set

F(¢) : S' xR — R?
(x,h) = o(x)a(h/r),

where a is a regular function from R to R, whose support is included in
] —1/2,1/2] such that «([-1/4,1/4]) = 1.
The support of F(¢) is included in Uyx] — r,r[ and the mapping

G(¢) : R? — R?

- {<F<¢> og~1)(w) if w € Vg,
0 ifx ¢V
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is regular. For ¢ > 0 small enough, Id +tG(¢) is a orientation-preserving
diffeomorphism of R2. Thus, from proposition 4,

() = (d+tG(d)) o p € Ay(J,)-
It follows that

(7)) = I(p)

and )
(1 07)(0) = 0.

The computation of the derivative of I o~y is easy and we get

o</ DW(p <dG(5) (z )) do= | J@)G6) 0 playda

_ _/ dDW(P)) G(9)op(x)dr — [ f(2).G(¢) o p(x)dx
g1 dz st

There exists a family (Uy)g=1,... .~ of neighborhoods of the points z; such

that for every k,
-1
Ps1 0 (gugx)—r/ar/a)  © @|Us

is a diffeomorphism onto its image.
As St is compact, there exists a neighborhood W of ¢(zg) in R? such

that
N
- U U.
k=0

We can assume that the support of ¢ is included in Up N g, L(W). Then,

0> /S (d(DZ(‘p)) + f) G(¢) o p(x)dx
_ /_1(W) <d(D?;("m + f> G(6) 0 p(x)dz

i::/ ([W())+f) G() 0 p(z)dz.

k=0

Using the expression of G(¢), we get

Z /U ( ) 4 f) $(Pss 09~ (o))l B o g~ () fr)dar < 0.

(53)
For all z € Uy, Pr o g (¢(x)) = 0, and

a(Prog™ (p(2))/r) =1 (54)

Furthermore, for all k£ and y;, € Uy,

o(yr) € g(Uox] —r/4,r/4]),
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and
Prog™'(o(yr)) €] —r/4,r/4].
Thus, we have once again
a(Prog™ (p(yr)) = 1. (55)
From (53), (54) and (55), we deduce that
N

Z/m (d(DWW + f) $(Ps1 0 g~ (p(x))dx < 0.

dx
k=0
On each open set Uy, we perform the change of variables induced by

-1
Skzpsl og O(p‘Uk.

We obtain that
N

Z/Uo (CZ(DVV(@))(S;l(y)) + f(slzl(y))> W) (s () "Ly < 0,

dx
k=0

where Ji(z) = |$x(2)|- As this inequality holds for all ¢ with compact sup-
port in the neighborhood Uy N g;l(W) of xg, we deduce that

N .
5 (A2 ) + ) (e =0

k=0

Furthermore, as Ji(z1) = |¢(z0)| 7 |@(zk)], we have

N .
EZ(“DWwM%m»+fuw)¢uw—ﬂﬂmﬂ=@
P dx
and

N .
3 <CZ(DZVJW(M)) +f(xk)> @)~ =0

as claimed.

We are now in a position to prove our result of partial equivalence between
the minimization problem and the FEuler-Lagrange equations.

Proof (Proposition 10). Let ¢ be a solution of class C! of the minimiza-
tion problem (P,). Let z € Im(p), n a normal vector to the image of ¢ at
z and (xg,...,xn) the family obtained by proposition 14. We recall that

0 1(2) = {z0,..., 2N}
and that for every k <[,

P,(A(zg, x1)) = nng,.
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Let m € {0,...,N —1}. We set u = n.n,, . There exists a neighborhood
U,, of z,, in S and a real 7y > 0 such that

g UnXx] —10,70[ = go(Unx] — 1o, 10[)
T go(T)

is a diffeomorphism. There exists a family of neighborhoods (Uy) of xj in
St (ke {0,...,N}, k #m) such that for all k

-1

Psi 0 (91U, x]=rrl)  © QUL
is a diffeomorphism onto its image and such that for all k and € {0,... N},
U,NU =0. (56)

As S' is a compact set and as ¢ (¢(z)) = {To,..., 2N}, there exists a
neighborhood W of ¢(x,,) in R? such that

N
e (W) c | Uk
k=0

There exists V C NIY_(Ps1 0 g~1 0 ¢)(Uy), neighborhood of z,, and € < r
such that
go(Vx] —exe]) CW.

Let ¢ € C5°(V;RT) such that
Illce < e™Helly',
where « is defined as in the proof of Proposition 15. The mapping
V(t) = SE(t, ¢)

is well defined for all ¢ < 1. By applying the same procedure as the one used
in the proof of Lemma 4, we can prove that

_ JFE(tg, p) 0 () if x € Uy, Uk,
(8)(@) = {go(x) othelrwis]:e.> ’
We define
H Uivzo Up — R
z— Pr (97" (¢(2)))
and

II - U;cv:o U = Un
z — Pg1 (97 (p(2))) .

From the definition of F¥, we have

1(0)r) = { g AENAHEDD) CEE D U
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A straightforward computation leads to

Dy ooy 00, 10T (@)a(H(@)/2) it 2 € Uy U,
0 otherwise.

Y(0)(z) = {
Using the expression of the differential of g, we get

3(0)) = netol(aalia)/e) (LA D) 6

if z belongs to (Jy~,,, Uk, and §(0)(x) = 0 otherwise. From Propositions 17
and 19, v(t) € B and ~(t) belongs to the Cl-closure of the set of embed-
dings. Furthermore, as #y(t) = f = +1, every embedding close ~(t) for the
C! topology is isotopic to the reference embedding j 41, @s its winding num-
ber is equal to +1. Hence, v(t) belongs to the set of embeddings isotopic to
Jg and y(t) € Ay(jg) is an admissible deformation (by Proposition 2). As
 is a minimizer of I on the set of admissible deformations, we have

I(v(t)) = 1(7(0)).

By differentiation, we deduce that

[, (P59 4 ) 0100 <0

Using the expression (57) of 4(0) and the property (56), we get

dDW (¢) —@a(I (yx) + H(yw))
Z/U ( e CAR) (y"’)) ' ( o1 (1) + H(yi) )
O(IT(yi) ) H () /<)y < 0.

On each open set Uy, the mapping IT o ¢ is a diffeomorphism onto its image.
Thus, one can perform the change of variable 2 = IT o ¢(y;) on each open
set Ug. We get

>/ " (P + s)) - (L))

k>m
o(x)(H (yr) /€) (Jmp(yr)) ™ pda <0,

where Jy, 1 (y) = |DyII o ¢| and yi(x) = (I o oy, )~ (2). As the support of
¢ is included in V C Uszo(H o )(Ug), we have

Z /v (d)%fi;(@)(yk) + f(yk)> : (_@?Sjj—]ﬁiﬁg))

k>m
¢(33)0¢(H(Z/k)/5) (Jm,k'(yk'))_l ,de <0.
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As this inequality is true for every test function ¢ € C5°(V;R™) small
enough, one gets that

dDW()) —@a(x + H(yx))
Zm< o W) ' ( (e + Hyr)) )

a(H (yx)/e) (Jmx(yp)) ™ e < 0.

We apply this inequality to x = x,,. We have yi(zn,) = 2k, Jmi(zk) =
[p(xk)|/1(zm)], H(xk) =0, and a(0) = 1. Thus,

dDW () . ~o(a+ H(m)) | olam)|
,;( D () o)) (2 ) Y e, <o

We have proved that for every m € {0,...,N — 1},

2. <W<xk> + f(xk)> lpa)| ™ <0, (58)

dx
k>m

For all —1 <m < N, we set

/\m = - Z (me(xk) + f(ﬂ%)) nl@(l’k”_l > 07

dx
k>m

From Lemma 12,

N .
Ao = Z (dDW((p)) () + f(xk)> n|<p(xk)|_1 =0.

dzr
k=0

By definition, Ay = 0. For all 0 < m < N — 1, we have

et = A = (P2 ) 4 o)) )

or as well

dDW (¢ ,

(2 ) + ) 0 = ()] Ot = A
x
Moreover, we have from Lemma 13,
dDW (¢
(dx(w)(xm) + f(xm)> Txy = 0.

We conclude that

dDWV ()

dx (xm> + f(l’m> = ‘Qb(xm”()\mfl - )\m)n7

which completes the proof.
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7. Conclusion

The modeling presented in this article allows us to consider contacts
between elastic bodies of dimension m moving in R™, for any m < n. Even
if, for shells, there is no equivalence between the minimization problem and
the Euler-Lagrange equations, our modeling could be applied in such cases.
We have already performed numerical simulations, in the case n = 2. The
method will be presented in a forthcoming article. For higher dimension
(n =3 and dim(M) = 2 or 3), similar numerical methods could be applied.
However, it leads to high-dimensional problems of dimension 4. To solve
them, one will have to use some adaptive methods, which could be difficult
to carry out. We are currently working on another modeling, for which
the equivalence between the minimization problem and the Euler-Lagrange
equation could be proved, even for shells. To this end, one must add another
condition to the set of admissible deformations to forbid deformations with
degenerate intersections.
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