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RLSUTWVYX@Z�O7S\[^]_RY]<QJ`�Sa[bZ�V	[�OcV�deZ�OcRYZb`fQJg\R�hZfSUijQJgakb[�T�RLgUgmlL[�SUT�]7gaQnRYo_p�Qrq(srSaQJotZ�[�OcRY]<QuVL]vZfSUT�SawIRYZ�SaVLo�`�VjxvhZfSUo7QE[1sJRYo^y_QPdu`fSzZ�Z�QJobxc[�SUo7{@Z�O7Q|X}`fQJQ�~co7SUZ�QPQJgaQJT�QJotZ�[�VLX�Z!d|RL`�Q���7���L�7�:�<���_� MPO7S\[PSa[uSagagUxc[�Z�`�R�ZfQIp
y�k�Z�O7Q�SaT�]7gaQJT�QJotZfRYZ�SaVLo�VYXZ!d|V	sJgaRj[�[�S\sJRYgPT�QrZfO7Vvp7[I��Z�O7Q�y<VLx7o_p7RY`fk�i�RY`fSaRYZ�SaVLo�T�QJZ�O7VvpRLocp*ZfO7QuO7VjT�Vj{LQIo7SUwER�ZfSUVjo*VLo7Q ��� iLQIo^ZfO7VLxc{LObZ�O7QE[�Qu`fVLxvZfSUocQI[RL`�Q�[�SaT�]7gaQ�QJo7Vjx7{LO	[�V&Z�O_R�Z�Z�O7QISU`�SaT�]7gaQJT�QJotZfRYZ�SaVLo�sJRLo/y<QRj[�[�SU{jo7QIp��5]cRY`�Z�S\RYgagak
Vj`@ZfVYZfRLgUgak7�nRj[nO7VjT�QId�Vj`��'Z�V
{L`�RLpvxcRYZ�Q[�Z�xcp7QJotZf[IlLZfO7QJk�k�SaQJg\p(`fQI[�x7gUZf[�RjsJsJx7`fRYZ�Q�QJo7Vjx7{LO�ZfVby<Q�x_[�QJX}x7gZfVtVjga[|X}Vj`uQJo7{jSUocQJQJ`�[|VL`u`fQI[�QIRL`fs�O7QI`f[ �
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¡ Z¢Sa[�d�Vj`�ZfO7gaQI[f[uZ�V'QJT�]7OcRj[�SawJQ^Z�OcRYZ¢R(sJVLx7`�[�Q^VLo�[�Z�`fxcs£Zfx7`�RYgVj]vZ�SaT�SUwER�Z�SaVLo�T^xc[�Z�y<Q^SagUgaxc[�Z�`�R�ZfQIp,y�k,[�QIiLQI`fRLgQr¤7RLT�]cgUQE[nVYXZfO7Q/T�QJZ�O7Vvp7[&SaojZf`�Vvpvx_srQIp �P¥ QJZ�Z�QI`�Sa['Z�V¦gUQJZ�Z�O7Q§[!ZfxcpvQIojZ�[xc[�Q�[�Z�`fxcsrZ�x7`�RYg<VL]vZfSUT�SawIRYZ�SaVLo'[�VYX�Z!dPRY`fQI[�Vj`¢�5QJijQJo(y<QrZ�Z�QJ`£�>Z�VgaQrZPZ�OcQJT¨du`fSUZ�Q�Z�O7QISU`uV�duo �7© QJijQJ`�Z�O7QIgUQE[�[Il�SzZuS\[Po7VYZu`fQIRYgaS\[!ZfSasZfVªRL[��«RN[!ZfxcpvQIojZ
Z�VªSUT�]7gaQJT�QJotZ�RYgag@]cRL`�Z�[(VYX^[�xcs�O¬RLgU{jVYh`fSzZfO7T�[�Rj[�T�QI[�O({LQIo7QJ`�R�ZfSUVjo�VL`>ZfO7Qn~_o7SzZfQ@QIgUQIT�QIotZf[>T�QJZ�O7Vvp�}X}VL`,x7oc[�Z�`fxcsrZ�x7`fQIp�T�QI[�O_� �� o®ZfO7Q�VYZfO7QJ`,O_RYocp¯l@xc[�Sao7{�Rd|QJgagzh°QI[�ZfRLy7gaSa[�O7QIp±~co7SUZ�Q�QJgaQJT�QIojZ*[�VYX�Z!dPRY`fQLl_Z�O7Q�pvSUq(srx7gUZ!k±S\[xc[�xcRLgUgakNT�V�iLQEp�Z�V	ZfO7Q,VL]vZfSUT�SawIRYZ�SaVLo¦gUV�VL]²�}SaocsJgUxcp7SUo7{§ZfO7QRjp:³!VLSaotZ
RYocRLgUkv[�Sa[�� � MPO7Q�{jVjRLg@VYX�ZfO7S\[']cRL]_QI`'S\[(ZfVNQr¤vO7Say7SUZ�3R�Z�gaQIRj[!Z£�PVLocQ*{LV�Vvp,srVjT�]c`�VjT�S\[�Q�y_QJZ!d�QIQJo±QERL[�k
Vj]vZ�SaT�SUwER�hZfSUVjo/RYo_p,QIRj[�k&~co7SUZ�Q�QJgaQJT�QIojZ�RYo_RYgak�[�S\[Jl_duO7Sas�O/T�RY�LQE[n]<Vj[�h[�SUycgUQ'X}VL`^{j`fRjpvxcRYZ�Q([�Z�xcpvQIotZf[^Z�V�pvQIiLQIgUVj]§Z�O7QISU`�V�duoN[!Zf`�x_s£hZfx7`fRLg�VL]vZfSUT�SawIR�ZfSUVjo¬]7`fVL{j`fRLT�[ � ¡ ocpvQJQEp¯lnRL[&[�O7V�duo¬Sao¬ZfO7QX}VjgUgaV�duSUoc{cl¯`fQJg\R�Z�SaiLQIgUk	[�T�RLgUg@�3RYy<VLxvZ^´jµLµ�gaSUocQI[���RYocp�[�SUT�]7gaQ[�Z�`fxcs£Zfx7`�RYg*Vj]vZ�SaT�SUwER�Z�SaVLo�`fVLx7Z�Sao7QI[±sIRYo�y<QNdu`fSzZ�Z�QJo�x_[�Sao7{���7���L�7�:�<��� lHR	X}`�QIQ±RYocpªxc[�QJ`�X}`fSaQJocpvgak¦¶�h°p�~co7SUZ�Q�QJgaQJT�QJotZ[�VYX�Z!dPRY`fQ*�5·@QIs�OtZnQrZ@RLg � ¶LµLµj¸�� �t¹ QJ]<QJo_pvSUoc{bVjo�Z�O7Q¢R:i:RLSUg\RYycgUQZfSUT�QLljSzZ>S\[�]<Vj[f[�Say7gaQPZ�V�{LSaiLQPZfO7Qn[�Z�xcpvQIotZf[�T�Vj[�Z>VYX<Z�OcQn[�sJ`�Sa]vZRLocp�ZfV�gaQrZ1Z�OcQJTºsJVLT�]7gaQrZ�QP[�VLT�Q�T�S\[�[�SUoc{�]cRL`�Z�[Jl�Rj[»ZfO7QPi:RL`�SUhRYZ�SaVLocRLg»X}VL`fT^xcgaRYZ�SaVLoc[nRj[�[�VvsrS\R�ZfQIp&Z�V'Z�O7Q�[!Z�R�ZfQbRYo_p,RLp:³!VjSUotZ
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QEéjx_R�Z�SaVLo_[ �7 x7`|Qr¤v]_QI`�SaQJo_srQ¢Sa[|ycRj[�QEp�VLo&R*{L`�RLp7xcR�ZfQ�srVjx7`�[�QZ�RYx7{jOjZnRYZ � srVLgaQ�ê1VLgaktZ�QIs�Oco7Saétx7Q��3ëngagaRLSU`fQ*¶YµLµt¸�� �ì Q&O_R:iLQ'SaT�]7gaQJT�QJotZ�QEp�Z!d|V/sJgaRj[�[�SasIRYgP[!Zf`�x_s£Z�xc`fRLg�Vj]vZ�SUhT�SawIR�ZfSUVjo�T�QJZ�O7Vvp7[I�I·�RLp7RLT�RY`�p@T�QrZfO7Vvp¢X}VL`»{jQJVjT�QJZ�`fSasHVj]vZ�SUhT�SawIR�ZfSUVjo��}ê>Sa`�Vjo7o7QERYx	íIîLïLðL�£lt�3ñ�Vj�LV�ò}V�dn[��tSCRYo_p�ó<VjgUQE[�SaV�íIîjîj¶��RLocp,ZfO7QbOcVLT�VL{jQJo7SawIRYZ�SaVLo,T�QrZfO7Vvp,X}VL`¢ZfVL]<VLgaVL{Lk&VL]7Z�SaT�SawIRYhZfSUVjoô�5ëngag\RYSa`�Q^¶LµLµ7íJ�rl�� ¥ QJocp7[�V�Q�RYocp�ñ�Sa{LT^xcocp,¶YµLµj´Y� � MPO7Q]cRL]_QI`S\[pvSai�Sap7QIp�Sao�Z!d�V@SUocp7QJ]<QJocpvQIotZõ]cRL`�Z�[JlIQIRLs�O�Vjo7Q>y<QJSao7{pvQIiLVLZ�QIp^Z�V�Vjo7QuT�QrZfO7Vvp �jö VL`>QERLs�O�]cRY`�ZIlLRYX�Z�QI`>`�QEsJRLgUgaSUoc{@ZfO7Q]7`fSaocsrSa]7gaQI[�VYX�Z�O7Q�T�QJZ�O7Vvp«�}d|Q�`�QJX}QJ`�ZfV
ZfO7Q(RYy<V�iLQ�étx7VYZfQIpZfQr¤�Z�y<V�VL�v[»X}Vj`õR@T�Vj`�Q|srVjT�]cgUQJZ�Q�]c`�QE[�QIojZ�R�ZfSUVjo_�£lId�Q|pvQI[fsr`fSUy<Qy7`fSaQr÷ck±SUZf[*SUT�]7gaQJT�QJotZ�R�Z�SaVLo§Sao �t�7���j�7�E�<���<� MPOcQbX}`fQJQ([�VYX�Z�hdPRY`fQ �t�7���j�7�E�<��� `fQIétx7Sa`�QE[,RL[,Sao7]7xvZ§R�[fsr`fSU]vZ±duOcSas�O�pvQJh[fsr`fSUy<QI[�Z�OcQ�{jQJVLT�QJZ�`fk�VLX¯Z�O7Q¢T�QI[�O»ltZ�O7Q¢i�RY`fSaRYZ�SaVLocRLgcX}Vj`�Tbxvhg\R�ZfSUVjo�VYX�Z�O7Q�]7`fVLy7gaQJTøRLocp,ZfO7QbVj]vZ�SaT�SUwER�ZfSUVjo�gaVtVj] � MPO7QI[�QSao7{L`fQIp7SUQIojZ�[�OcR:iLQ�ZfV�y_Q�]7`�V�i�S\pvQIp¦y�kNZfO7Q±xc[�QJ`El�RLgUgnVLZ�O7QI`Rj[�]<QIsrZf[¢VYX�~co7SUZ�Q�QJgaQJT�QIojZ�[¢y_QISUo7{,RLxvZ�VjT�RYZ�S\sJRLgUgak,T�RYocRL{LQIpy�k �t�7���j�7�E�<��� l�SaocsrgaxcpvSao7{�T�QE[�O²{LQIo7QJ`�R�ZfSUVjo»lnRLpcRY]vZ�R�Z�SaVLoRLocp�pvQrX}Vj`�T�RYZ�SaVLo»l�Rj[�[�QJTby7gaSUo7{§ZfO7Q±`fSU{jSap7SzZ!kªT�RYZ�`fSz¤¯l|[�VjgUithSao7{ªZ�O7Q§gaSUo7QERY`,[�k�[�Z�QIT�lPp7Sa[�]7g\R:ktSao7{ªZ�O7Q§`fQI[�x7gUZIlPQrZ�s � MPO7S\[S\[^pvSUùCQJ`fQJotZ*SUoN[�]7Sa`�SUZ^VLXPVLZ�O7QI`^[�VYX�Z!dPRY`fQI[�gaSU�jQ(ú±R�ZfgaRLy��5[�QJQ�mñ�SU{jT^x7o_p�¶LµLµcíJ�_X}VL`RLo�RL]7]7gaSasIR�ZfSUVjo¢Sao�[!Zf`�x_s£Z�xc`fRLgYVL]vZfSUT�SawIRYhZfSUVjo_� �H xc`�`�VjxvZ�Sao7QI[��5S � Q ��t�7���j�7�E�<��� [�sJ`�Sa]vZf[IlCZ�QE[!ZfQIp	duSUZ�OZfO7Q�í � ð�û*iLQI`f[�SUVjo_��RY`fQ�X}`fQJQIgUk
R:i:RLSUg\RYycgUQ¢VLo
Z�O7Q�d|QJy�]cRL{LQüvý�ýtþ|ÿ������������	�J��
Lþ��°þ������ý7��Eü��������7�����L������Lþ�ý���þ�[�VnZfOcR�Z>RYo�k�y<V�p7k*sJRYob`�QI]7`fV�p7xcsrQ�VLx7`HSUgagaxc[!Zf`fRYZ�SaiLQ|o�x7T�QJ`fSasIRYgQJ¤vRLT�]7gUQE[��5RLocp'{jQrZuZfO7Q�SUo_[�]7Sa`�R�Z�SaVLo'Z�V(sJ`�QER�Z�Q¢o7QId®Vjo7QI[�� �
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MPO7Q/{L`�RLpvSaQJotZ'T�QJZ�O7Vvp�S\[']c`�VjycRYy7gakªZ�O7Q	[�SaT�]7gUQE[!Z
Z�V�VLg¢VYXVj]vZ�SaT�SUwER�Z�SaVLo,ycxvZ�SUZ�T�R:k&y_QEsrVLT�Q�Zf`�S\s���k
duOcQJo±RY]c]7gUSaQIp,Z�V[�OcRY]<QI[Il1[�V/d�Q&SUo_pvx7ga{LQ'Vjx7`�[�QIgUijQI[*Sao�{jSUi�Sao7{/[�VLT�Q&pvQrZ�RYSaga[ �
0 QrZ

F
y<Q
R�T�RY]§X}`fVLTWRYoN·@SUgay_QI`�Z�[�]_RLsrQ

X
SaotZ�V

R
� MPO7Q{j`fRjpvSUQIotZ»T�QJZ�O7Vvp*RLT�VLx7otZf[»Z�Vnycx7SUg\p*Rn[�QIétx7QIocsrQ�VYX7QJgaQJT�QIojZ�[

(xn)n≥0 ∈ X
ytk

xn+1 = xn − hndn,



�

duO7QI`�Q
hn ∈ R

+ Sa[�R	[�T�RLgUgu]<Vj[�SzZfSUijQ&[�Z�QI]�RYocp dn

Sa[�ZfO7QpvQE[�sJQJotZnpvSa`�QEs£Z�SaVLo�pvQJ~co7QIp&y�k
(dn, y)X =< F ′(xn), y >X∗,X

X}VL`nRLotk
y ∈ X.

� [�xcRLgUgakLlHZfO7Q�SapvQIotZ�SU~_sJRYZ�SaVLo¦y_QJZ!d�QIQJo
X
RYocpªSUZf[�pvxcRLg

X∗x7o_pvQJ`¢Z�OcQ�[fsJRLgaRL`@]7`fVvpvxcsrZ
(., .)X

Sa[¢x7o_pvQJ`�[!ZfV�V�p � ¡ X�d�Q�pvV[�Vcl
dn

Sa[@o7VYZfO7Sao7{�T�VL`fQ�y7xvZnZfO7Q*{L`�RLp7SUQIojZnVLX
F
l
F ′(xn)

� ¡ X
F ′(xn)

S\[^ocVYZbQEétxcRYg�Z�V�wIQJ`fVclZ�O7QIo�X}VL`
hn

[�T�RYgag�QIo7VLx7{jO»l
F (xn+1) < F (xn)

� MPO7Q^RLgU{jVL`fSzZfO7TôS\[uSUocSzZfSaRLgUSawJQEp�duSzZfO±RYo�kQIgUQIT�QIotZ
x0 ∈ X

lrRLocp�SzX
F
Sa[[!Zf`�Vjo7{Lgak@srVjo�iLQr¤¯l

xn

srVLo�ijQJ`f{LQI[ZfV�d|RL`fp(Z�O7Q�Vj]vZ�SaT�RYg»[�VLgaxvZ�SaVLo
x∗

VLXõZfO7Q�]7`fVLy7gaQJT
F (x∗) = min

x∈X
F (x).

¡ o([�Z�`fxcs£Zfx7`�RYgvVL]7Z�SaT�SawIRYZ�SaVLo»lLZ�O7Q�[�QERY`�s�O�[�QrZ
X
S\[�o7V�T�VL`fQnR·@SUgay_QI`�Z|[�]cRjsrQuy7x7Z�R*[�x7yc[�QrZ>VYXCZfO7QnVL]<QJo�[�QrZ�[>VYX
R

N
�5duO7QJ`fQxc[�xcRLgUgakLl

N = 2
VL`

3
��RLocp�OcRL[�o7QJSUZ�OcQJ`�[�Z�`�RYSa{LOtZ�X}VL`fd|RL`fp�pvSUX�hX}QI`�QIojZfSaRLy7gaQbo7Vj`�·nSagUy<QJ`�Z*[!Zf`�xcsrZ�x7`fQ �¯© QJiLQI`�ZfO7QJgaQI[f[Il_ZfO7Q�{L`�R�hpvSaQJotZ�T�QJZ�O7VvpªsJRYoN[�xcsIsrQI[f[�X}x7gUgak§y_Q�RY]c]7gUSaQIp � MõV,Z�OcSa[�QJo_p¯ld|Q@o7QIQIp(Z�Vbp7Qr~co7Q¢i�RY`fSaRYZ�SaVLoc[�VYX»Vj]_QIo
[�QrZf[Il�RYocp'QJocpvV�d«ZfO7Q[�QrZ'VLX�i:RL`�S\R�ZfSUVjoc[�duSUZ�O¬RLo�·nSagUy<QJ`�Z/�5VL`
RYZ'gaQIRL[�Z ¥ RYo_RLs�O_�[�Z�`fxcs£Zfx7`fQ �
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0 QrZ
J(Ω̃)
y<Q*R�`�QERYgCi�RYgax7QIp'X}x7ocsrZ�SaVLo�pvQr~_o7QIp
X}VL`nRLo�k�VL]<QJo[�QrZ

Ω̃
VYX

R
N � 0 QJZ Ω y<QbR�`fQJ{jx7g\RY`uVL]<QJo±[�QrZ�VYX RN ��� SUijQJoR�T�RY]

θ
X}`�VjT

Ω
SaojZfV

R
N
lcd�Q�[�QrZ

Ω(θ) = (Id +θ)(Ω) ≡ {x + θ(x)
[ � Z �

x ∈ Ω}.

ö VL`>[�T�RLgUgvijQIsrZ�VL`1~_QJg\p
θ
l�Z�O7QuVj]_QIo�[�QJZ

Ω(θ)
RY`fQ|Vjo7QrhmZ�VLhmVjo7Q]<QJ`�Z�x7`fycRYZ�SaVLoc[�VYX>ZfO7Q�SUo7SUZ�S\RYg�[�QrZ

Ω
� ¡ X�Z�O7Q�T�RY]

FΩ : θ 7→
J(Ω(θ))

Sa[@pvSzùCQJ`fQJotZfSaRLy7gUQjlvd�Q�pvQJ~co7Q�ZfO7Q*[�O_RY]<Q�p7QJ`fSUi�R�ZfSUijQ
< J ′(Ω), θ >=< F ′

Ω , θ > .

¥ k�·@Rjp7RYT�RY`�pN[�Z�`fxcs£Zfx7`fQ(Z�OcQJVL`fQJT�lHSzZ�S\[^��o7V�duoNZ�OcRYZ�ZfO7Q[�OcRY]<Q�pvQJ`fSUi�RYZ�SaiLQ^S\[�sJRL`�`fSUQEp,VLocgUk,Vjo±Z�OcQby<VLx7o_p7RY`fk�VYX�ZfO7Q[�OcRY]<QLlvS � Q �
< J ′(Ω), θ >=

∫

∂Ω

j(Ω) θ · n ds.
�!íE�

�+*��
,.- %	�
�_�_�v�

�
�
 "! �
�!�
�
�r� �_�

��
 $
���!� �

- &

¡ o*Vj`fp7QJ`»ZfV�RL]7]7gak�ZfO7Q|{L`�RLpvSaQJotZT�QrZfO7Vvp�Z�V�[�OcRY]<Q�Vj]vZ�SaT�SUwER�hZfSUVjo»l_SUZ�`fQJT�RLSUoc[nZ�V&RL[f[�VvsrS\R�ZfQ�Z�V&R�{LSaiLQIo±[�OcRL]_Q�pvQJ`fSai:RYZ�SaiLQ
J ′(Ω)

R±pvSa`fQIs£ZfSUVjo�VYXn[�gUVj]_Q
d
� MV,ZfO7S\[^QIocp¯lHSzZ�[�xvq(sJQI[�ZfVQIocpvV�deZ�OcQ&[�]cRLsJQ'VLX@iLQEs£Z�Vj`*~cQIgapc[^X}`fVLT

Ω
SaojZfV

R
N
duSUZ�ORLo�·@SUgay<QJ`�Z@[!Zf`�xcsrZ�x7`fQLl7X}VL`uSaoc[!Z�RYocsJQ

H1(Ω)N � ¡ o&Z�O7S\[@sIRL[�QLlZfO7Q�pvQI[fsrQIojZupvSa`�QEs£ZfSUVjo'S\[�ZfO7Q�x7o7S\étx7Q�QJgaQJT�QJotZ
d ∈ H1(Ω)N[�xcs�O
Z�OcRYZuX}VL`uQJijQJ`fk

θ ∈ H1(Ω)N
l

∫

Ω

(∇d · ∇θ + d · θ) dx =< J ′(Ω), θ > .
�3¶j�

� VjT�]cxvZ�Sao7{
d
Rj[�Z�O7Q±[�VLgaxvZfSUVjo¦VLX±�3¶L��sIRYo�RYg\[�V	y<Q,SaojZfQJ`�h]7`fQrZfQIp&RL[uR�`fQJ{LxcgaRL`�SawIRYZ�SaVLo(VLXõZfO7Q�{L`�RLpvSaQJotZ �

������������ MPO7Q(s�OcVLS\srQ�VYX
H1(Ω)N

RL[�[�]cRjsrQ�VYX|i:RL`�S\R�ZfSUVjoc[S\[�T�VL`fQupvSasrZfRYZ�QIp�y�k�ZfQIs�O7o7S\sJRLgcsrVjoc[�SapvQI`fRYZ�SaVLoc[P�5SzZ>S\[�QIRj[�k*Z�V[�VLgaiLQ'�m¶L�nduSzZfO ���7�t�j�7�:�<�t� ��`�R�Z�OcQJ`nZfOcRYo±Z�O7QIVL`fQrZ�S\sJRLgVjo7QI[ �ú±RLo�k^s�O7VLS\srQE[�srVjx7gapby<QuT�RjpvQnRYo_pbSUZ>S\[1o7VYZ>Vjyti�SaVLxc[HZfV¢~cocpZfO7Q'Vjo7Q'duO7S\s�ON]7`fV�i�Sap7QI[�ZfO7Q'y<QrZ�Z�QI`�`�R�ZfQ(VYX@sJVLo�iLQI`�{jQJocsJQ �ú,Vj`�QIV�iLQI`Il>SUZ,Sa[&]<Vj[f[�Say7gaQ�ZfVªx_[�Q§R�T�Vj`�Q	{LQIo7QJ`�RYg�X}`fRLT�Qrhd|VL`f�&RLocp,ZfV
pvQJ~co7QbZ�O7Q�pvSa`�QEs£ZfSUVjo
d
RL[@Z�O7Q�T�SUocSUT�SawJQJ`��}Sao[�VLT�Q ¥ RYo_RLs�O�[�]_RLsrQ:�¯VLXvRnX}x7ocsrZ�SaVLocRLgLVYXvZfO7Q>X}Vj`�T 1

2I(d)− <
J ′(Ω), θ >

l�duO7QJ`fQ
I
S\[PR^]<Vj[�SUZ�SaiLQ�X}x7ocs£ZfSUVjocRYg � MPO7Q¢]7`�QE[�QIotZsIRL[�Q¢sJVL`f`�QE[�]<VLocpc[�ZfV�Z�O7Q�s�O7VjSasJQ

I(d) = ‖d‖2
H1(Ω)

�
������������ ·�RLp7RLT�RL`fp'[!Zf`�xcsrZ�x7`fQnZfO7QJVj`�QITeZ�QIgUg\[|xc[�Z�OcRYZ�ZfO7QpvSa`fQIs£ZfSUVjocRYgHpvQJ`fSai:RYZ�SaiLQ*VLX

J
pvQJ]<QJocpc[@Vjo7gUk&VLo±Z�O7Qbi:RLgUxcQ^VYXZfO7Q�o7Vj`�T�RLg@srVjT�]<VLocQJotZ

θ · n
Vjo

∂Ω
�5[�QJQ�X}VL`fT^x7g\R��!í:��� �MPO�xc[IlrVLocQ>sJRYo�`fQJ]7g\RLsJQHZ�O7Q�[�]cRjsrQ

H1(Ω)N
Sao��3¶j�Cy�k

H1(∂Ω)NduSUZ�O�ZfO7Q�sJVL`f`�QE[�]<VLocp7SUo7{�s�OcRLo7{LQuVLX»[�sIRYg\RY`�]7`fVvpvxcs£Z|RYocp�ZfO7Qo7QId®pvQE[�sJQJotZ@pvSa`�QEs£ZfSUVjo
S\[|Z�O7Q*[�VLgaxvZfSUVjo
VLX
∫

∂Ω

d′·θ′+d·θds =< J ′(Ω), θ >,
X}VL`uQIiLQI`�k

θ ∈ H1(∂Ω)N ,

duO7QI`�Q
′
pvQJocVYZ�QE[�Z�O7Q�[�xc`�X5RjsrQ^{j`fRjpvSaQJotZ �C© QIiLQJ`�Z�OcQJgaQI[f[Jl<SzZ�S\[T�VL`fQnsrVjo�iLQJocSUQIojZ�Z�V*xc[�Q^�m¶L��y<QIsIRYxc[�QnSUZ�S\[�[�SUT�]7gaQJ`�Z�Vb[�VjgUijQLlRLocp*SUZHk�SaQJg\p7[1RnocRYZ�x7`�RYgtQr¤�ZfQJoc[�SUVjo^VLXvZ�O7QPT�QI[�ObpvQJX}VL`fT�R�Z�SaVLoVjo'ZfO7Q�duO7VLgaQ�pvVLT�RLSUo

Ω
�

MPO7Q,`fQI[�x7gUZ�Sao7{�RYga{LVL`fSUZ�O7T sIRYo¦y_Q±[�x7T�T�RY`fSUwIQIp�Rj[�X}VLgUhgaV�dn[J�
í � � O7V�Vj[�Q�RYo&SUocSzZfSaRLg[�O_RY]<Q

Ω0
�¶ � ¡ Z�QI`fRYZ�SaVLo&x7otZ�SagsrVjo�iLQJ`f{LQIocsrQ@X}VL`

n ≥ 0
l�3Rj� � VLT�]7x7Z�Q

dn

[�VjgUx7Z�SaVLo^VLXcZfO7QP]7`�Vjy7gaQJTô�3¶j�õduSzZfO
Ω =

Ωn
��5y_�,ñ�QJZ
Ωn+1 = (Id−hndn)(Ωn)

lcduO7QI`�Q
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¡ ZuS\[Pd�QIgUg¯��o7V�duo'Z�OcRYZnotxcT�QI`�S\sJRLg¯[�OcRL]_Q�Vj]vZ�SaT�SUwER�Z�SaVLo
T�R:kk�SaQJg\p®Vj]vZ�SaT�RYg�pvQI[�SU{joc[,duSUZ�O�Vt[�sJSUgagaRYZ�Sao7{�y<VLx7ocpcRY`fSUQE[��}S � Q �OcR:i�Sao7{	]_QERY�v[(RYo_p�d|QJgaga[�VLX¢gaQJoc{YZ�O�[fsJRLgUQ�VYX�Z�O7Q,Vj`fp7QJ`�VYXZfO7Q,T�QI[�O�[�SawJQ:� � MõVNR:iLVjSapNZ�O7S\[(]7`fVLycgUQIT&l�VLo7Q,sJRLo�RLp7p«R]<QJ`fSUT�QJZ�QJ`�]<QJocRLgUSawIRYZ�SaVLoªZ�V/Z�O7Q,sJVj[�Z�X}xcocs£ZfSUVjo
J
l�y7xvZ�ZfO7Q`fQI[�x7gUZ�Sao7{±[�VjgUx7Z�SaVLo�duSagUg|pvQJ]<QJocpNVLo	Z�O7Q
d�QISU{jOtZ*VYXPZ�O7Q
]_QJhocRLgUSawIRYZ�SaVLo � ì Q
]7`�QJX}QJ`�ZfV±xc[�Q'R,`fQJ{jx7gaRL`�SawIRYZ�SaVLo	]7`fV�sJQIpvxc`�QduO7S\s�O^QJ¤v]7gUS\srSUZ�gak^[�T�VtVLZ�O7QE[õZ�O7Qu[�OcRY]<Q|RYZHQERLs�ObSzZfQJ`�R�Z�SaVLo � MõVZfO7Sa[1QIocp¯l:d|Q�SaotZ�`fV�p7xcsrQ�Z!d�V�pvSUù<QI`�QIotZHT�QI[�O7QE[1VYX

Ω
� ë|Z�QIRLs�O
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SUZ�QI`fRYZ�SaVLo»l�R�~cocQ�T�QI[�O
Sh

S\[|xc[�QEp�ZfV^]<QJ`�X}VL`fTeZ�O7Q�~co7SUZ�Q¢QJgUhQIT�QIotZ|RYo_RYgak�[�S\[�RYo_p'srVjT�]7xvZ�Q@Z�O7Q�pvQE[�sJQJotZ|pvSa`fQIs£ZfSUVjo
d
� ì QQJ¤tZf`fRjs£Z�R�srVjRL`f[�QJ`¢T�QI[�O

Th

X}`�VjT
Sh

lCZfO7Q�o7VvpvQE[�VYX�duOcSas�ORL`�Q�T�V�iLQEp&SUo�ZfO7Q^pvSa`�QEs£ZfSUVjo
−d
pvQr~cocQIp�y�k/�m¶L� �<ö SUocRLgUgakLl<Ro7QId ~co7Q(T�QI[�O

Sh

S\[^pvQEpvxcsJQIp	X}`fVLTøZfO7Q'pvS\[�]7gaRjsrQEp
Th

y�kT�QI[�O,RLp7RL]vZfRYZ�SaVLo �
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MPO7Q§pvS\[�]cgaRjsrQJT�QIojZ&xc[�xcRYgagUk«]7`fQI[�QJotZ�[
[�SUoc{Lx7g\RY`fSzZfSUQE[
RYZ
ZfO7QsJVL`fo7QJ`�[|VYXZfO7Q*[�OcRY]<Q�VL`nR�ZPZfO7Q*s�OcRYoc{LQI[|VLXHy<VLx7o_p7RY`fk'srVjovhpvSUZ�SaVLo_[�Z!k�]_Q � ¡ o([�xcs�O(sJRj[�QE[JlYZ�O7QuX}Vj`�Tbx7g\R��3¸L��Sa[�o7VYZ�sJVL`f`�QEs£ZRLotk�T�VL`fQLl�RL[�ZfO7Q�`�Sa{LOtZPT�QJT^y<QJ`uVLX»Z�OcQ�X}VL`fT^x7g\R^S\[|o7VYZud|QJgagpvQJ~co7QEp �_ö `�VjTôZ�OcQ^o�x7T�QJ`fSasIRYg¯]<VLSaotZ@VYX�i�SUQId�l7ZfO7Sa[@gUQERLp7[uZ�V[�Z�`fVLo7{�Vt[�sJSUgagaRYZ�SaVLoc[PVLXõZfO7Q^[�OcRY]<Q�o7QERY`nSUZf[nsJVL`fo7QJ`�[uRYo_p&sIRYo]7`fVvpvxcsJQux7o7`fQI[�VLgaiLQIp�T�QI[�O7Sao7{*QI`�`fVL`�[ � MõV*y�k�]cRL[f[1Z�OcSa[�]7`�VjyvhgaQJT�lHd�Q'RL`�ycSzZf`fRL`�SagUk	[�QJZ^ZfO7Q
[�OcRY]<Q({j`fRjpvSUQIotZ*Z�V±wIQJ`fV±o7QERY`ZfO7Q*srVj`�o7QI`f[|VLXZ�OcQ*[�OcRL]_Q �
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ú±RLo�k*[!Zf`�xcsrZ�x7`�RYgvVj]vZ�SaT�SUwER�ZfSUVjob]7`fVLycgUQIT�[õX}QER�Z�xc`�QuR¢iLVjgUx7T�QsJVLoc[�Z�`�RYSaotZ�Vjo§Z�O7Q
RLpvT�S\[�[�SUycgUQ�Vj]_QIo§[�QrZ�[ � MPO7S\[*srVjoc[!Zf`fRLSUotZS\[�SaT�]_Vt[�QEp�y�k�SUotZ�`fVvpvxcsJSUo7{�R 0 RL{L`�RYo7{jQuT^x7gUZ�Sa]7gaSUQI`
`
Sao(ZfO7QX}Vj`�Tbx7gaRYZ�SaVLo � ú,VL`fQn]7`fQIsJSa[�QJgakLlLZ�O7Q¢pvQI[fsrQIojZ|pvSU`fQIsrZ�SaVLo�S\[�ocV�dsJVLT�]7xvZfQIp§X}`fVLT Z�O7Q&[�O_RY]<Q
pvQI`�Sai�R�Z�SaiLQ'VYXPZ�O7Q 0 RL{L`�RYo7{jSaRLo

J ′(Ω) + `V ′(Ω)
l<duO7QJ`fQ

V (Ω) = |Ω|
pvQJocVYZ�QE[uZfO7Q^ijVLgax7T�QVLX¢ZfO7Q/[�OcRL]_Q

Ω
� MPOcQ±i�RYgax7Q±VYX�ZfO7Q 0 RY{L`�RYoc{LQ�T^x7gUZ�Sa]7gaSUQI`S\[^`fQrX}`fQI[�O7QEpNR�Z�QIRLs�O�SUZ�QI`fRYZ�SaVLo�[�V,ZfO7Q&[�OcRL]_Q&[�RYZ�S\[!~cQE[*ZfO7QijVLgax7T�Q�sJVLoc[�Z�`�RYSaotZ�duO7QJo	Z�OcQ'RYga{LVj`�SUZ�O7TøsJVLo�iLQI`�{jQI[ � ñ�SUo_srQT�V�i�SUoc{�ZfO7Q>T�QI[�O�Sa[`�QIgaRYZ�SaiLQIgUk@sJVj[�Z�gakLl£d|Q>pvVuo7VLZQJovX}Vj`fsJQ1Qr¤�hRjs£Z�gak�Z�O7Q¢iLVjgUxcT�Q�srVLo_[!Zf`fRLSUotZ�y<QrX}Vj`�Q¢srVLo�ijQJ`f{LQJo_srQ � ¡ oc[!ZfQIRjp¯ld|Q
SaocsJ`�QERL[�Q�Z�O7Q 0 RY{L`�RYoc{LQ(Tbx7gzZfSU]cgUSaQJ`�SUXnZ�O7Q,sJx7`�`fQJotZ�iLVLgUhx7T�Q*VLX1Z�O7Q^[�OcRL]_Q*S\[n{j`�QER�ZfQJ`PZ�O_RYo�Z�OcQ*ZfRL`�{jQrZnijVLgax7T�Q*RYocpd|Q@pvQEsr`fQIRL[�QPSzZ�VYZ�OcQJ`fduSa[�Q �t© QJijQJ`�Z�O7QIgUQE[�[Il:Z�OcSa[|srVjx7gap�gaQIRjp�Z�VVt[�sJSUgagaRYZ�SaVLoc[1VLXCZ�O7Q@[�OcRL]_Q�� [�ijVLgax7T�Q � MPO�xc[IlLd|Qu`fQJg\R�¤^SUZ�duSUZ�OZfO7Q�i�RYgax7Q±VLX�Z�O7Q 0 RY{j`fRLo7{LQ�Tbx7gzZfSU]cgUSaQJ`&srVLT�]7x7Z�QIp�ytk«RL[�h[�x7T�SUoc{�Z�OcRYZ>Z�O7QuVj]vZ�SaT�RYgaSzZ!k�srVjocpvSUZ�SaVLo�Sa[�[�RYZ�S\[!~cQEp¯lYocRLT�QJgak

J ′(Ω) + `V ′(Ω) = 0
lvR�ZPgUQERL[�Z�Sao'ZfO7Q�R:iLQJ`�RY{jQn[�QIoc[�Q�Vjo(Z�OcQy<VLx7o_p7RY`fk

∂Ω
l>S � Q �

` = −
∫

∂Ω
j(Ω) ds/

∫

∂Ω
ds
duSUZ�O¦ZfO7Qo7VLZfRYZ�SaVLoc[�VYX���íE� � ú,Vj`�Qn]c`�QEsrS\[�QIgUkjlYZ�OcQ 0 RL{L`�RYo7{jQuT^x7gUZ�Sa]7gaSUQI`S\[Px7]Cp7R�ZfQIp�R�ZnQERLs�O&SzZfQJ`�R�Z�SaVLo&y�k

`n+1 = (`n + `)/2 + ε`(V − V0),

duO7QI`�Q
ε`

Sa[@R�[�T�RYgag¯QJo7Vjx7{LO&]<Vj[�SzZfSUijQ¢`fQIRLg¯o�x7T^y<QJ` �
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MPO7Q&s�O7VLS\srQ
VYXuZfO7Q
pvQE[�sJQJotZ�[�Z�QI]
hn

Sa[bo7VLZ�RYo�QIRL[�k/ZfRL[�� �MõV�V	ycSU{_l�Z�O7Q/RYga{LVL`fSUZ�O7T S\[�x7o_[!Z�RYy7gaQLl�ZfV�V§[�T�RYgaguZ�OcQ±`fRYZ�QVLX^srVLo�ijQJ`f{LQJo_srQ�Sa[
Saoc[�Sa{LocSz~_sIRYotZ � ¡ o�VL`�pvQI`�Z�Vª`�QJX}`�QE[�O
hn

l

d|QbsJVLT�]cRY`fQ^RYZ�QIRjs�O±SUZ�QJ`�R�ZfSUVjo,Z�OcQ�sJx7`�`fQJotZ�p7QI[fsrQJotZ�pvSa`�QEs£hZfSUVjo
dn

duSzZfO�Z�O7Q@]7`�QIi�SUVjxc[�VLocQ
dn−1
� ¡ X<ZfO7Q@[fsJRLgaRL`�]7`�Vvpvx_s£Z

(dn, dn−1)H1(Ω)N

S\[�o7QI{jR�ZfSUijQLl¯d|Q([�x_[�]<QIsrZ�Z�OcRYZ�Z�O7Q(RLgU{jVYh`fSzZfO7T Sa[¢y<QIsJVLT�SUoc{'x7oc[�ZfRLy7gaQ � ¡ o,Z�O7S\[�sJRj[�Qjl_d|Q^`fQIpvx_srQ�ZfO7Q[�Z�QI]«RLocp¦{LV§ycRjs��tdPRY`�p¯�HZ�OcQ,o7Qr¤�Z(SUZ�QJ`�R�ZfSUVjo«Sa[�Sao7SUZ�S\RYgaSUwIQIpduSUZ�O�ZfO7Q	]7`�QIi�SUVjxc['[�OcRY]<Q
Ωn−1
�n o�Z�OcQ/VLZ�O7QI`'OcRLocp¯l|SzX

dn

RYocp
dn−1
RY`fQPiLQJ`fkbsJgUVt[�Qjl�Z�OcQ�[�Z�QJ]

hn

Sa[�SUo_sr`fQIRL[�QIp � MPO7Q[�Z�QI]
hn

S\[RLga[�V@pvQEsr`fQIRj[�QEp�SzX7`fQJijQJ`�[�QEp@Zf`�S\RYoc{LgaQI[»RL`�Q�p7QrZ�QEs£ZfQIpduO7QIo&Z�O7Q�T�QI[�O�Sa[Px7]Cp7RYZ�QIp��3[�QIQ�[�QEs£Z�SaVLo,¶ � �7� ´j� �
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ë Z!k�]7S\sJRYg�sJVLo�iLQI`�{jQJocsJQ/sr`fSUZ�QJ`fSaVLo�X}Vj`±[!ZfVL]7]7Sao7{ªZ�O7Q§Vj]vZ�SUhT�SawIR�ZfSUVjo±gaVtVj]±d|VLx7g\p�y_QbZ�V&s�O7QIs��&ZfOcR�Z�Z�O7Q�[�O_RY]<QbpvQI`�Sai�R�hZfSUijQ
J ′(Ω)

Sa['[�T�RYgaguQJocVLx7{jOªSao�[�VjT�Q,RL]7]7`fVL]7`fSaRYZ�Q
o7VL`fT �·@V�d�QIiLQJ`El:[�SaocsrQud|QPxc[�QPsJVLotZ�Sao�x7VLx_[1{L`�RLpvSaQJotZf[P�3RYocp�o7VLZ�p7Sa[�hsJ`�QJZ�Q�VLo7QE[f�rl<SUZ�Sa[�O7Vj]_QIgUQE[�[@Z�V&Qr¤v]<QIsrZ�ijQJ`fk,[�T�RYgag1{L`�RLpvSaQJotZo7Vj`�TWy<QIsIRYxc[�Q'VLXnotxcT�QI`�S\sJRLg|p7Sa[fsr`fQrZfSUwER�Z�SaVLo�QI`�`fVL`�[ � MPO7QJ`fQS\[�R&T�Vj`�Q�[�QJ`fSUVjxc[¢VLyc[�ZfRjsrgaQ^ZfV&x_[�Sao7{,R�[!Zf`�S\s£Z*srVjo�iLQJ`f{LQIocsrQsJ`�SUZ�QI`�SaVLo&duO7S\s�O
S\[ugaSUo7�jQIp
Z�V�ZfO7Q�SaocRYy7SagaSzZ!k
VYX�s�OcRYo7{jSUoc{^ZfO7QZfVL]<VLgaVL{Lk � ¡ o_pvQJQEp¯l1SzZ�OcRL]7]_QIoc[�étx7SzZfQ&X}`�QEéjxcQJotZ�gak§Z�OcRYZ�Z!d�VpvSUùCQJ`fQJotZ@]cRL`�Z�[uVYX1Z�OcQ^[�O_RY]<Q�y_Vjx7ocp7RL`�k
Z�QIocp&Z�V(T�QI`�{jQ � ¡ o[�xcs�O�RNsIRL[�QLl�ZfO7Q/pvQE[�sJQJotZ
[�Z�QI]�Sa[
pvQIsJ`�QERL[�QIp¦Sao�VL`�pvQJ`(Z�VR:ijVLS\p�`�QIiLQI`f[�QIp�Zf`�S\RYoc{LgaQI[PR�X�ZfQJ`PT�V�itSao7{bZ�O7Q�T�QI[�O§�5[�QJQ*ñ�QIsrhZfSUVjo,¶ � �c� ´t� � ¡ Z¢sJRYo�y<QIsJVLT�Q^RYgaT�Vj[�ZuwJQJ`fV�QJijQJo�SUXHZfO7Q^[�OcRY]<QpvQI`�Sai�R�ZfSUijQ
J ′(Ω)

S\[�gaRL`�{jQ
RLocp�ZfO7Q�VL]vZfSUT�RYgu[�OcRY]<Q&Sa[�o7VLZ`fQIRjs�O7QIp � � VLoc[�QIétx7QIotZ�gakLlHd�Q�pvV	o7VYZ�xc[�Q�RYo�k�srVjo�iLQJ`f{LQIocsrQsJ`�SUZ�QI`�SaVLo'Z�V�[!ZfVL]
Z�O7Q�RLgU{jVL`fSzZfO7T � ì Q�SUo_[!ZfQIRLp'~7¤(ZfO7Q�o�x7T�hy<QJ`�VYX>SUZ�QJ`�R�ZfSUVjoc[nRYZ@Z�OcQ*y_QI{LSao7o7Sao7{'VLX1Z�O7Q�RYga{LVL`fSUZ�O7T � ¡ X>SUZS\[�Z�V�V&[�T�RYgag3l<d|Q�sIRYo/RLgUdPR:kv[n`fQI[�ZfRL`�Z¢SzZ�duSUZ�O±ZfO7Q�]7`fQJi�SUVjxc[~co_RYg»[�OcRY]<Q*RL[|Sao7SzZfSaRLg»{LxcQI[f[ �
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MPO7QuRLy_V�ijQ�RYga{LVj`�SUZ�OcT�OcRL[Hy<QJQJo�[�xcsJsJQI[f[!X}x7gagak�Z�QI[�Z�QEp^Sao
N =

2
[�]cRLsJQ(pvSaT�QIoc[�SUVjoc[�X}VL`bpvSzùCQJ`fQJotZ*��Saocp7[�VLXu[�Z�`fxcsrZ�x7`�RYg�Vj]vhZfSUT�SawIR�ZfSUVjo�]7`fVLy7gaQJT�[Il»SUo�]cRY`�Z�S\srx7g\RY`�Vjo§Z�O7Q&srg\RL[f[�S\sJRLg>sJRLovhZfSUgaQJijQJ`nRYo_p'{j`�Sa]
Vj]vZ�SaT�SUwER�ZfSUVjo �
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0 QrZ
Ω
y<QnZ�OcQ@`fQrX}QJ`fQJo_srQ@sJVLov~c{jx7`�R�Z�SaVLo�VLXR�gUSao7QERY`�S\[�VYZ�`fVL]cSasQIgaRj[!ZfSas�y<Vvpvk � ì Q�RL[f[�x7T�Q1Z�OcRYZ

Ω
Sa[»~7¤vQIp�Vjo

ΓD

lE[�x7y7T�SUZ�ZfQIpZfV([�x7`�X5RLsJQ�X}VL`�srQE[
g
VLo

ΓN

RYocp
X}`fQJQ�VLo
Γopt

lcduO7QI`�Q
∂Ω =

ΓD ∪ ΓN ∪ Γopt
� MPOcQ�p7Sa[�]7g\RLsrQIT�QJotZ|VLX»Z�OcQ�[�Z�`fxcsrZ�x7`fQ

u(Ω)S\[|Z�O7Q*[�VLgaxvZfSUVjo
VLXõZfO7Q�gUSao7QERY`PQJg\RL[�Z�S\srSUZ!k'[�k�[�Z�QIT














div(Ae(u(Ω))) = 0
Sao

Ω,
(Ae(u(Ω))n = g

Vjo
ΓN ,

(Ae(u(Ω))n = 0
Vjo

Γopt,
u(Ω) = 0

Vjo
ΓD,

�3´j�



�

duO7QI`�Q
e(u) = (∇u + ∇uT )/2

S\[uZfO7Qb[�Z�`�RYSao&Z�QJo_[�Vj`Il<RYocp
nS\[�ZfO7Q@VjxvZ!d|RL`fp�o7Vj`�T�RLgvZ�V�ZfO7Q@y<VLxcocp7RY`fkLl

A
S\[�Z�OcQ�·nV�Vj�LQ � [g\R:d¬Vj`|QIgaRj[!ZfSasJSzZ!k(Z�QJo_[�Vj`npvQr~cocQIp&y�k

Aξ = 2µξ + λ(Tr ξ) Id
�5ðt�

duSUZ�O 0 RLT���T�Vvpvx7gaS
λ
RYocp

µ
� MPO7Q�i�RY`fSaRYZ�SaVLocRLgcX}Vj`�Tbx7g\R�Z�SaVLoVLX��3´j�rlduO7S\s�O�OcRL[�Z�V±y<Q(SaT�]cgUQIT�QIotZ�QIp§Sao§Z�OcQ ���7�t�j�7�:�<�t�[�VYX�Z!dPRY`fQ��3[�QIQ�[�QEs£Z�SaVLo,¶ � �7� ¶L�rlvSa[

∫

Ω

(2µe(u(Ω)) · e(q) + λ div u(Ω) div q) dx =

∫

ΓN

g · q ds

X}Vj`QJijQJ`fk
q ∈ H1(Ω)2

[�xcs�O�Z�O_R�Z
q = 0
VLo

ΓD
� ì Q�sJVLoc[�Sap7QJ`ZfO7Q*srVjT�]cgUS\RYocsJQ�T�Sao7SaT�SUwER�Z�SaVLo&]7`fVLy7gaQJT

min
Ω

c(Ω) =

∫

ΓN

g · u(Ω) ds,

V�ijQJ`'RLgUg�VL]<QJo¬[�QrZ�[
Ω
[�x_s�O«Z�OcRYZ

ΓN ∪ ΓD ⊂ ∂Ω
l�duSzZfO]7`fQI[fsr`fSay_QEp±iLVjgUxcT�Q

V0
� MPOcQbX}xcocs£ZfSUVjocRYg

c
RLp7T�SUZf[�R�[�OcRY]<QpvQI`�Sai�R�ZfSUijQ��3[�QIQ�Q � { � �5ë@gUg\RYSa`fQ¢QJZ@RYg � ¶YµjµYðL���

< c′(Ω), θ >= −

∫

Γopt

(2µ|e(u(Ω))|2+λ(div u(Ω))2)(θ·n)ds.
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MõV±SagUgaxc[�Z�`�R�Z�Q'Z�O7Q
]_QI`�X}Vj`�T�RLocsrQ�VLXnVLx7` �t�7���j�7�E�<��� [fsr`fSU]vZEld|Q�sJVLoc[�Sap7QJ`»ZfO7QPsrVLT�]7gaS\RYocsJQ�T�SUocSUT�SawIR�ZfSUVjo^VLXvZ�O7Q�X}VLgagUV�duSao7{sIRYotZ�SagUQIiLQI` �

Ω ΓN

ΓD

ΓD

g

Γopt

Γopt

Γopt

�	��
����� ØtÒ Ù!ÒzÑIÐcç�á�Ñ��vÔ
MPO7Q§RYga{LVj`�SUZ�OcT Sa[&Sao7SzZfSaRLgUSawJQEp¬duSUZ�O®Z�OcQ	[�OcRY]<Q�[�OcV�duo�VLo~c{jx7`fQNí±ZfV�duO7S\s�O¬[�QJiLQI`fRLg@O7VjgUQE[(OcR:ijQ±y<QJQJo�RLp7p7QIp � MPO7Q`fQI[�x7gUZ�Sao7{'Vj]vZ�SaT�RYg1pvQI[�SU{joc[¢RY`fQbpvS\[�]cgaR:kjQIp,Vjo,~c{Lxc`�Q&�3¶:h@ûY� �ë�[PQr¤v]_QEs£ZfQIp¯l�ZfO7Q�srVLT�]7gaS\RYocsJQ¢pvQEsr`fQIRj[�QE[�Rj[�ZfO7Q�o�x7T^y<QJ`PVYXO7VjgUQE[{j`�V�dn[ �:© QJijQJ`�Z�O7QIgUQE[�[IlIZ�O7Q|y_QIo7Qr~cZ1y<QIsJVLT�QI[HijQJ`fk¢d|QIRL�[�ZfRL`�ZfSUo7{�X}`fVLT ZfO7`fQJQ�O7VLgaQI[ �

¡ o7SUZ�S\RYg[�OcRY]<Q © V�O7VLgaQ í�O7VLgaQ
� VjT�]cgUS\RYocsJQ ðtµ � ¸ ¶L´ � ´ íIî � �¶bO7VLgaQI[ ´�O7VLgaQI[ ¸^OcVLgaQI[ � O7VjgUQE[

� VjT�]cgUS\RYocsJQ íEï � ´ í:û � ¸tû í:û � ¸ví í�û � ð�û

�	��
��� Ö��LÙ!Ò��*ÑIÐ��jÔfç�Ò��IØ��>Ò Ù!á�Øtß¢átßEÐËÔ

�	��
��� Ö��LÙ!Ò��*ÑIÐ��jÔfç�Ò��IØ��>Ò Ù!á�ßEØjÔuátßIÐzÔ

�	��
� � Ö��LÙ!Ò��*ÑIÐ��jÔfç�Ò��IØ��>Ò Ù!á�Ù!�Hß�átßIÐËÔ�ç
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ì Q'srVjoc[�SapvQI`*ZfO7Q(VL]7Z�SaT�SawIRYZ�SaVLo�VLXuR±{L`fSU]7]cSUo7{,T�QEs�OcRYo7S\[�TT�RLp7Q�VYXuR�gUSao7QIRL`*QJg\RL[�Z�S\s�T�R�ZfQJ`fSaRLg � ì Q(xc[�Q�Z�O7Q
[�RLT�Q�o7VLh



�

�	��
��� Ö��LÙ!Ò��*ÑIÐ��jÔfç�Ò��IØ �>Ò Ù!ábÙ!ájÓ!ÔfÔuátßEÐËÔ�ç

�	��
��� Ö��LÙ!Ò��*ÑIÐ��jÔfç�Ò��IØ �>Ò Ù!á����EÔPátßIÐzÔfç

�	��
�	� Ö��LÙ!Ò��*ÑIÐ��jÔfç�Ò��IØ �>Ò Ù!á�ç�Ò�
�ájßEÐËÔ�ç
Z�R�Z�SaVLo_[nZfOcRYo�Z�O7Vt[�QbVYX�[�QIsrZ�SaVLo/¶ � ¸ � í �_© QIiLQI`�ZfO7QJgaQI[f[Jl<d|QbRL[�h[�x7T�Q�Z�OcRYZ(Z�OcQ±y_Vjx7ocp7RL`�k

∂Ω
VLX�Z�O7Q±[�Z�`fxcs£Zfx7`fQ±[�]7gaSUZf[(SaoX}Vjx7`�]cRL`�Z�[ � MPO7Q�{L`fSU]�S\[�~7¤vQEp�VLo
ΓD

lt[�x7y7T�SUZ�Z�QEp�ZfVb[�x7`�X5RjsrQgaVjRjp7[�Vjo
ΓN

l�X}`fQJQ¢VLo
Γopt

l7RYocp'SUo&y7SagaRYZ�QI`fRLg<sJVLotZfRjs£ZPVLo
ΓcduO7QI`�Q*Z�O7Qb]7SUQEsrQ�ZfV({L`fSa],gUSaQI[b�5[�QJQ�~c{jx7`fQ^ïj� � MPO7Q�pvSa[�]7g\RLsJQrhT�QJotZ

u(Ω)
VYX¢Z�O7Q,{j`�Sa]¦Sa[�ZfO7Q±[�VLgaxvZ�SaVLo«VYX¢Z�OcQ�X}VLgagUV�duSao7{i�RY`fS\R�Z�SaVLo_RYg<X}VL`fT^x7g\R�ZfSUVjo

ö Saocp
u(Ω) ∈ W (Ω) := {q ∈ H1(Ω)2 : q = 0

Vjo
ΓD ,RYocp

q · n = 0
VLo

Γc},

[�xcs�O
Z�OcRYZuX}VL`uQJijQJ`fk�Z�QE[!ZuX}x7o_s£Z�SaVLo
v ∈ W (Ω)

l
∫

Ω

2µe(u(Ω)) · e(v) + λ div u(Ω) div vdx =

∫

ΓN

g · vds.

�����������@ì Q*RL[f[�xcT�Q�ZfOcR�ZuZfO7Q^sJVLotZfRjs£Zuy_QJZ!d�QIQJo&Z�OcQ�{L`fSU]RLocp±ZfO7Q�y_Vvpvk/Sa[�ycSUg\R�ZfQJ`�RYg � ¡ Z*d|VLxcgap/y_Q�T�VL`fQ�`�QERYgaSa[�Z�S\s^Z�VsJVLoc[�Sap7QJ`PRYo'xco7SUg\R�ZfQJ`�RYg¯srVjotZfRLsrZ|Saoc[�Z�QERLp¯l�y7xvZuSUZud�Vjx7gap'gUQERLpZfV�R�o7Vjo�gUSao7QIRL`Il7RLocp'Z�O�xc[uTbxcs�O
T�Vj`�Q�pvSUq(srx7gUZIl7]c`�Vjy7gUQIT �
ì Q�d|RLotZ|ZfV�T�RY¤vSUT�SawJQ¢Z�O7Q�]c`�QE[�[�x7`fQ

P (Ω)

P (Ω) = −

∫

Γc

(σ(Ω)n) · n ds,

VLX»Z�O7Q¢{L`fSa]'VLo(Z�O7Q�]7SaQIsJQLl�duO7QJ`fQ
σ(Ω)
S\[�Z�O7Q�[!Zf`�QE[�[�ZfQJoc[�VL`El

σ(Ω) = 2µe(u(Ω)) + λ div(u(Ω)) Id .

MPO7Q�]7`fQI[f[�x7`�Q
P (Ω)
sJRLo
y<Q�`fQJdu`fSzZ�Z�QJo�RL[

P (Ω) = −

∫

Ω

2µe(u(Ω)) · e(uc) + λ div u(Ω) div uc dx,

duO7QI`�Q
uc

S\[PR^ijQIsrZ�VL`�~cQIgap'SUo
H1(R2)

[�xcs�O(ZfOcR�Z
uc = 0

VLo
ΓD

RYocp
uc = n

Vjo
Γc
� MPO7Q|T�R�¤vSaT�SawIRYZ�SaVLobVYX

P (Ω)
xc[�xcRYgagUkgaQIRjp7[¢Z�V±pvS\[fsrVLoco7QIsrZ�QIp§[�Z�`fxcs£Zfx7`fQI[ � ¡ o§VL`�pvQJ`�ZfV±R:iLVLS\p,ZfO7S\[]7`fVLycgUQIT&lvd|Q�SUo_[!ZfQIRLp
T�SUocSUT�SawJQ�Z�OcQ�X}x7ocs£ZfSUVjocRYg

G(Ω) = −P (Ω)/c(Ω) + `|Ω|.

ö VL`(R	{LSaiLQIoª]<Vj[�SzZfSUijQ�]7`�QE[�[�x7`fQ
P (Ω)
VLX@ZfO7Q,{L`fSU]¦VLoªZ�OcQ]7SaQIsJQLl¢SzZ	Sa[	RLp7i:RLotZfRY{jQJVjxc[&Z�V®T�Sao7SaT�SUwIQNZ�OcQªsrVjT�]7gUS\RYo_srQ

c(Ω)
Sao�VL`�pvQJ`HZ�V�T�Sao7SaT�SawJQPZfO7Q|X}x7ocsrZ�SaVLocRLg

G(Ω)
� MPO�xc[Il�d�QO7Vj]_Q|ZfOcR�Z�pvS\[fsrVLoco7QIsrZ�QIp�[�Z�`fxcs£Zfx7`fQI[P��X}Vj`>duO7S\s�O^ZfO7QnsrVjT�]cgUSUhRLocsrQ�S\[uZ!k�]7S\sJRLgUgak'ijQJ`fk(O7Sa{LO_�uRL`�Q�ocVYZ@`fQIRj[�VjocRYy7gaQ¢T�Sao7SaT�SUwJhQI`f[�VYX

G
� ú±VL`fQJV�iLQI`IlLd�Q�RLp7p
R^]<QJo_RYgaSUwER�Z�SaVLo
VYX»ZfO7Q¢iLVLgax7T�QSao±ZfO7QbVjyv³!QIsrZ�SaiLQ�X}xcocs£ZfSUVjo

G
�
`
Sa[¢R']<Vj[�SUZ�SaiLQ^`fQIRLg\� � ·@QJocsJQZfO7Q(T�SUocSUT�SawJQJ`�[�VLX

G
RY`fQ�o7VYZ*QJ¤7srQI[f[�SUijQJgak,X5R�Z � MPO7Q([�OcRY]<QpvQI`�Sai�R�ZfSUijQ*VYX

P
�5RLocp�ZfOtx_[@VLX

G
�@Sa[�QIRj[�k'Z�V&srVLT�]7x7Z�Q
�3[�QIQQ � { � �5ëngag\RYSa`�Q�QrZ@RLg � ¶LµLµLðL���

< P ′(Ω), θ >=

∫

Γopt

(

2µe(p(Ω) − uc) · e(u(Ω))

+ λ div(p(Ω) − uc) div u(Ω)

)

(θ · n)dx,

duO7QI`�Q
θ = 0
VLo

∂Ω \Γopt
� MPO7Q�Qr¤v]7`fQI[f[�SaVLo�VYX

P ′(Ω)
`fQJgaSUQE[Vjo(RYo�RLp:³!VjSUotZ�[�ZfRYZ�Q

p(Ω) ∈ W (Ω)
p7Qr~co7QEp�RL[>Z�O7Q@[�VLgaxvZfSUVjoVLX

∫

Ω

(2µe(p(Ω)) · e(q) + λ div p(Ω) div q) dx =

∫

Ω

(2µe(uc) · e(q) + λ div uc div q) dx

X}Vj`uQJiLQI`�k
q ∈ W (Ω).

�+*�� *��
�

�
&"%
�!� �
��
 %�� � & ( 
 %

�
�
�
- %
�
(
�r�
&
�
) �
�r� �_�'�

� � $
���
(

MõV'SagUgaxc[�Z�`�R�ZfQ�Z�O7Q�]<QJ`�X}VL`fT�RLocsrQ^VYX>VLxc`¢RLgU{jVL`fSzZfO7T�lcd|Q^srVjovh[�Sap7QJ`�Z�OcQ	Vj]vZ�SaT�SUwER�ZfSUVjo�VLX^ZfO7Q�{L`fSU]²[�O7V�duo¬Vjo¬~c{jx7`fQ§ïcl



�

g

g

ΓN

ΓN

Γopt

Γopt

Γc

Γopt
Ω

Γopt

Γopt

ΓD

�	��
��� � ØtÒ Ù!ÒzÑIÐ �IÓ!Ò���� ç>ç�á�Ñ��vÔ

duO7QI`�Q±Z�O7Q/duO7SzZfQ	[fétxcRY`fQ,S\[(ZfO7Q�]7SaQIsJQ±ZfVNy_Q	{L`fSa]7]_QEp«y�kZfO7Q�³�R:dn[|VLX»Z�O7Q�QIgaRj[!ZfSas�[!Zf`�xcsrZ�x7`fQ
Ω
� MPO7Q¢o7QJ¤tZ|~c{jx7`�QE[�p7Sa[�h]7g\R:k	Z�O7Q&VL]7Z�SaT�RLgu[�OcRL]_Q	��~c{jx7`fQ
îj�bRYo_p�Z�OcQ&pvQJX}VL`fT�R�Z�SaVLoVLX�Z�O7Qb{L`fSU],duO7QIo,Z�OcQ^]7SaQIsJQ*y_QJZ!d�QIQJo,ZfO7Qn³�R:dn[@Sa[�`fQJT�V�iLQEp�}~c{Lx7`fQ�íIµt� �
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MPO7Q^y_Vjx7ocp7RL`�k&i�RY`fSaRYZ�SaVLo,RYga{LVj`�SUZ�O7T Sa[@QIRj[�k'Z�V(SaT�]7gUQIT�QJotZSao
N = 2

[�]cRjsrQ�pvSaT�QIoc[�SUVjoc[PduSzZfO �t�7���j�7�E�<���<� ¡ o&Z�OcSa[n[�QIsrhZfSUVjo»l�d�Qu]c`�QE[�QIojZHZ�OcQuT�RLSUo�]cRL`�Z�[1VYX¯R ���7���j�v�:�<��� [fsr`fSU]7ZHX}Vj`ZfO7QusrVLT�]7gaS\RYocsJQ�T�SUocSUT�SawIR�ZfSUVjo^QJ¤vRLT�]7gUQ��5[�QJQP[�QIs£ZfSUVjo�¶ � ¸ � í:� �ö VL`*ZfO7Q'[fRY�jQ�VYXn[�SaT�]7gaSasJSzZ!kjlZfO7Q
pvQJZfRLSUg\[�]7`fQI[�QJotZ�QEp§SUoª[�QEs£hZfSUVjo�¶ � ð�OcR:ijQ�o7VYZ*y<QJQIo	SaocsJgUxcp7QIp � ¡ o§RLo�k�sJRj[�Qjl¯VLx7`^sJVLT�h]7gaQrZfQ �t�7���j�7�E�<��� [fsr`fSa]vZf[�RY`fQ
R:i�RLSUg\RYy7gaQ'Vjo�ZfO7Q�d�QIy�]cRL{LQüvý�ýtþ|ÿ������������	�J��
Lþ��°þ������ý7��Eü��������c� ���L�����Lþ�ý���þ�_� ú,Vj`�QSaovX}VL`fT�R�ZfSUVjoc[¢VLo/Z�O7Q�[fsr`fSU]vZ�[�ktotZ�R�¤±VYX ���7���L�7�:�<��� sJRLo/y<QX}Vjx7ocp&SUo��3·nQIs�OtZuQrZ@RLg � ¶YµLµt¸�� �

�	��
������ Ô��\ßJÓ �*ÑJÙ!ÒËßEØ�ß��CÙ!ájÔPß �LÙ!Ò��*ÑJÐ��JÓ!Ò��
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MPO7QbSUocSzZfSaRLgõ[�OcRY]<Q
Ω0
S\[�Qr¤v]7gaSasJSzZfgUk�y7x7SagUZIlCR�X�Z�QI`@OcR:i�Sao7{'pvQJh~cocQIp�SzZ�[1y_Vjx7ocp7RL`�SaQI[ ��� Rjs�O�y<VLxcocp7RY`fk�S\[1ZfRL{L{LQEp*y�kbR¢g\RYy<QJgmlRjsJsrVj`fp7SUo7{^Z�V�Z�OcQ�Z!kt]<Q�VYX1[�xc]7]_Vj`�ZfQIp
y_Vjx7ocp7RL`�k(sJVLocp7SzZfSUVjoc[RLocp�ZfV¢SUZf[1T�Vjy7SUgaSUZ!k'��~7¤vQEp^Vj`HocVYZ��Hpvxc`�Sao7{�Z�O7QPVL]7Z�SaT�SawIRYZ�SaVLo]7`fVvsrQE[�[ �L� Rjs�O�y_Vjx7ocp7RL`�k�S\[�]_RY`�RYT�QrZf`�SawJQEp�RLocp�Vj`�SaQJotZ�QEp�y�kR�`fQIRLg

t
� ë@[�x_[�xcRLg>duSUZ�O�T�QI[�O§{LQJocQJ`�R�Z�Vj`f[Il<Z�O7Q�x_[�QI`*T^xc[�ZZ�RY�LQ�sJRY`fQ@VLXR*]7`fVL]<QJ`³!x7ocsrZ�SaVLo
RLocp�Vj`�SaQJotZfRYZ�SaVLo�VLX»Z�O7Q¢pvSUX�hX}QI`�QIojZ�]cRL`�Z�[�VYX@ZfO7Q�y_Vjx7ocp7RL`�k � MPO7Q,[�OcRL]_Q�S\[�T�QI[�O7QIpªy�kZf`�S\RYo7{jgUQE[J�jZ�OcQ¢`fQI[�x7gUZ�Sao7{^T�QE[�O&Sa[PpvQIo7VYZfQIp'ytk�� ü Sao(ZfO7Q¢X}VLgUhgaV�duSUoc{�sJV�p7Q�gUSao7QI[ �

�C���:ü � ü��
�����7� ��� ���:ý������ ���¬ýjüc�����������
j��� ��
��c� ���
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Ω
�

�+*\�
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�
�
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�U�7� �r�
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0 QrZ
Ω
y_Q&R&~7¤vQIp§y<VLx7ocp7QIp�d|VL`f��SUo7{,pvVjT�RYSao	Sao

R
N � 0 QrZ

Γ0
l
ΓN

RLocp
ΓD

y_Q*R�]cRL`�ZfSzZfSUVjo
VLXõZfO7Q�y_Vjx7ocp7RL`�k'VYX
Ω
� ë�[]7`fQJi�SaVLxc[�gakLl

u(ω)
pvQJocVYZ�QE[¢Z�O7Q
pvSa[�]7g\RLsJQJT�QJotZ�VYX|Z�O7Q
[!Zf`�xcsrhZfx7`�Q

ω ⊂ Ω
duO7S\s�O�Sa[nRj[�[�x7T�QIp
ZfV�y_Q*sJgaRLT�]<QIp�Vjo

ΓD

RYocp[�x7y7T�SUZ�Z�QEp
Z�V([�x7`�X5RjsrQ¢gUVtRLp7[
g
Vjo

ΓN







div σ = 0
Sao

ω,
duSUZ�O

σ = Ae(u),
σn = g

Vjo
ΓN ,
RLocp

σn = 0
Vjo

∂ω \ (ΓN ∪ ΓD)
u = 0

Vjo
ΓD,

duO7QI`�Q
e(u) = (∇u+∇uT )/2

RYocp
A
S\[�p7Qr~co7QEp�y�k&�5ðt� � ì QsJVLoc[�Sap7QJ`>ZfO7QnX}VjgUgaV�duSao7{^srVjT�]7gUS\RYo_srQnT�Sao7SUT�SawIRYZ�SaVLo(]7`fVLycgUQIT

min
ω⊂Ω

∫

ΓN

g · u(ω) dx + `|ω|,
� � �

duO7QI`�Q
` > 0
Sa[|R 0 RL{L`�RYo7{jQuT^x7gUZ�Sa]7gaSUQI`>X}Vj`>Z�OcQ@iLVjgUxcT�Q�srVLo7h[�Z�`�RYSaotZ � ¡ Z1sJRYo�y<Q�]7`fV�iLQEpnZfOcR�ZZ�O7S\[]c`�Vjy7gUQIT¬xc[�xcRLgUgak¢RjpvT�SzZ�[o7V&T�SUocSUT�SawJQJ` � MPO7Q�o�x7Tby_QI`¢VLX�O7VjgUQE[�VYXPR'T�Sao7SUT�SawJSao7{,[�QJhétx7QIocsrQE[�VLX¢� � �>SaocsJ`�QERL[�QI[�ZfVbSaov~cocSzZ!kjl�RLocp�ZfOtx_[Jl�SUZPpvV�QE[�ocVYZsJVLo�iLQI`�{jQZfV@Rnsrg\RL[f[�SasIRYgY[�OcRY]<QLlIy7xvZZfV@RusrVjT�]_Vt[�SUZ�Q>Vjo7Q � MPO7Q]7`fSaocsrSa]7gaQ@VYXZ�O7Q¢O7VLT�Vj{LQJocSUwER�Z�SaVLo�T�QJZ�O7Vvp(S\[�Z�VbQr¤�Z�QIocp�ZfO7QT�Sao7SUT�SawIRYZ�SaVLo�]c`�Vjy7gUQIT Z�V,[�xcs�O�{jQJo7QI`fRLgUSawJQEp,VL`�srVjT�]<Vj[�SUZ�Q[�OcRY]<QI[ �
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MPO7Q�srVjT�]_Vt[�SUZ�Q�[�O_RY]<Q�S\[�pvQI[fsr`fSay_QEp±y�k�Z!d�V&i�RY`fSaRLy7gaQI[IlcZfO7QT�R�ZfQJ`fSaRLgpvQIoc[�SUZ!k
θ(x) : Ω → (0, 1)

RLocp&Z�O7Q^O7VLT�VL{jQJo7SawJQEp·@VtVj�LQ�� [^Z�QIoc[�Vj`
A∗(x)
l�duO7Sas�Oª`�QI]7`fQI[�QJotZf[^Z�O7Q&x7ocp7QJ`fgUk�Sao7{T�S\sr`fVYh�[!Zf`�xcsrZ�x7`fQ±��ZfO7Q
[�OcRL]_Q
VYXPZ�O7Q
O7VLgaQI[�� � MPO7Q&pvSa[�]7g\RLsJQrhT�QJotZnVLXZ�OcQ*srVLT�]<Vj[�SzZfQ�[!Zf`�xcsrZ�x7`fQ�Sa[uZ�O7Q*[�VLgaxvZ�SaVLo&VYX







div σ = 0
Sao

Ω,
duSUZ�O

σ = A∗e(u),
σn = g

Vjo
ΓN ,
RLocp

σn = 0
Vjo

Γ0

u = 0
Vjo

ΓD.

�°ûY�
MPO7Q�O7VjT�VL{LQIo7SawJQIp
]7`fVLy7gaQJT¨Sa[upvQJ~co7QEp&Rj[
min J(θ, A∗) = c(θ, A∗) + `

∫

Ω

θdx,
�5ït�

duO7QI`�Q1ZfO7Q�T�SUocSUT�SawIR�ZfSUVjo�ZfRL�LQI[C]cgaRjsrQ�V�iLQI`¯RYgagjsrVjx7]7gaQI[
(θ, A∗)[�xcs�O&Z�OcRYZ

A∗
Sa[@R�O7VLT�VL{jQJo7SawJQEp�·nV�VL�jQ � [PgaR:d²srVj`�`fQI[�]_Vjocp�hSao7{�Z�V(R�T�R�ZfQJ`fSaRLg»pvQJo_[�SUZ!k

θ
� MPO7Q*srVjT�]cgUS\RYocsJQ�VYXHZ�O7Q*sJVLT�h]<Vj[�SzZfQ�[!Zf`�xcsrZ�x7`fQ�Sa[@pvQr~cocQIp&y�k

c(θ, A∗) =

∫

ΓN

g · u ds =

∫

Ω

A∗−1σ · σ dx.

MPO7Q/T�SUo7SaT^xcT Sa[
`�QERLs�O7QEp¦ytk�[�]_QEsrS\RYg�srVjT�]<Vj[�SUZ�QI[
sJRLgUgaQIp[�QIétx7QIojZfSaRLg»g\RYT�SUo_R�Z�QE[JlcVLyvZ�RYSao7QIp,Rj[n[�x_sJsrQE[�[�SaiLQ�gaR:kjQJ`fSUoc{j[PVYXijVLS\p/RLocp	T�RYZ�QI`�S\RYg�Sao
N
VL`�Z�O7Vj{LVLo_RYg�pvSa`�QEs£Z�SaVLo_[�RYocp	duSUZ�ORjpvQIétxcRYZ�Q�]7`fVL]<VL`�Z�SaVLoc[ � MPO7Q
pvSU`fQIsrZ�SaVLoc[*VYXugaRLT�SUocRYZ�SaVLoNRL`�Q{jSUijQJo�y�k
ZfO7Q*QISU{jQJo�iLQEs£Z�Vj`f[PVLX�Z�O7Q�[!Zf`�QE[�[uZ�QJo_[�Vj`

σ
�<ö VL`�Qr¤�hRLT�]cgUQjljSao
pvSaT�QJoc[�SaVLo

N = 2
lLZfO7Q¢VL]vZfSUT�RYg<g\RYT�SUo_R�Z�SaVLo']7`�VLh]<VL`�Z�SaVLoc[uRL`�Q

m1 =
|σ2|

|σ1| + |σ2|
, m2 =

|σ1|

|σ1| + |σ2|
,

�3îj�
duO7QI`�Q

σ1
RYocp

σ2
RL`�Q¢ZfO7Q�QJSa{LQIoti�RLgUx7QE[|VYX

σ
� MPO7QJol�Z�O7Q�O7VLhT�VL{jQJo7SawJQEp
·@V�VL�LQ�� [|g\R:d¬VLXZ�OcQ�VL]vZfSUT�RYgõsrVLT�]<Vj[�SzZfQ�Sa[

A∗−1 = A−1 +
1 − θ

θ
(m1f

c
A(e1) + m2f

c
A(e2))

−1
,
�!íEµj�

duO7QI`�Q
e1
RYo_p

e2
RY`fQ(ZfO7Q'xco7SzZ�RY`fk§QJSa{LQJo�ijQIs£ZfVL`�[�VYX

σ
RYocp

f c
A(ei)
RL`�Q1X}Vjx7`�ZfOvh°VL`�pvQJ`CZfQJoc[�VL`�[»pvQJ~co7QIp�X}VL`õRLo�k�[�ktT�T�QrZf`�S\sT�R�Zf`�SU¤
ξ
y�k

f c
A(ei)ξ · ξ = Aξ · ξ −µ−1|Aξ|2 +

µ + λ

µ(2µ + λ)
((Aξ)ei · ei)

2.

ö SaocRYgagUkjl�Z�O7Q�Vj]vZ�SaT�RYgp7QJoc[�SzZ!k
θ
S\[

θopt = min

(

1,

√

λ + 2µ

4µ(λ + µ)`
(|σ1| + |σ2|)

)

.
�!íjíE�
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¥ k*xc[�Sao7{¢Z�O7QP]7`fSUo_srSa]7gUQuVLX_T�Sao7SUT�RLg7srVLT�]7gaQJT�QIojZ�RY`fk�QJo7QI`�{jkX}Vj`PZ�O7Q*sJVLT�]7gaSaRLocsrQ
c(θ, A∗) = min

div τ=0 � � Ω
τn=g ��� ΓN

τn=0 ��� Γ0

∫

Ω

A∗−1τ · τ dx,

ZfO7Q�T�Sao7SaT�SawIRYZ�SaVLo*VLXvZ�O7Q|O7VjT�Vj{LQIo7SUwIQIp¢X}Vj`�Tbx7gaRYZ�SaVLo(�3ïj�»sIRYoy<Q�[�QJQIo'RL[�RYo'RLgzZfQJ`focR�ZfQnT�SUo7SaT�SUwER�ZfSUVjo(duSzZfO'`fQI[�]_QEs£Z�Z�VbRjp�hT�S\[�[�SUycgUQ*[�Z�`fQI[f[�QE[
τ
RLocp�pvQI[�SU{jo
]_RY`�RYT�QrZfQJ`�[

(θ, A∗)
� MPO�xc[Ild|Q�xc[�Q�ZfO7Q¢X}VLgagUV�duSao7{ ��VL]vZfSUT�RYgaSUZ!k'sr`fSzZfQJ`fSaR �¢RYga{LVj`�SUZ�OcT

í � ¡ o7SUZ�S\RYgaSUwER�ZfSUVjo&VLXZfO7Q*[�O_RY]<Q
(θ0, A

∗
0)
�¶ � ¡ Z�QI`fRYZ�SaVLo&x7otZ�SagsrVjo�iLQJ`f{LQIocsrQ@X}VL`

n ≥ 0
l�3Rj� � VLT�]7x7Z�Q�Z�OcQ*[!Zf`�QE[�[�Z�QIoc[�VL`

σn

y�k'[�VLgaitSao7{±�°ûY� ��5y_� � VLT�]7x7Z�Q1Z�OcQ>o7QJd�pvQE[�Sa{Lo¢]cRL`fRLT�QJZ�QI`f[
(θn+1, A

∗
n+1)
lxc[�SUoc{bZfO7Q�VL]7Z�SaT�RLgUSUZ!k'sJVLocpvSUZ�SaVLo_[��!íIµYhfíjíE� �

� VjT�]cxvZ�Sao7{
σn

RYT�VLxcojZ�[1Z�V�[�VjgUijQPZ�O7Q�gUSao7QERY`�QIgaRj[!ZfSasJSzZ!k�[�k�[�hZfQJT �mûL�nSao�R'p7Sa[�]7g\RLsrQIT�QJotZnX}VL`fT^xcgaRYZ�SaVLo±RYo_p,QJi�RYgaxcRYZ�Q*ZfO7Q`fQI[�x7gUZ�Sao7{�[�Z�`fQI[f[ � MPO7Q�[!Zf`�QE[�[�Z�QIoc[�VL`PSa[H³!x_[!Zn`fQIétx7Sa`�QEp�ZfV�xc]vhp7RYZ�QPZfO7Q@pvQE[�Sa{Lo�]cRY`�RYT�QJZ�QJ`�[ � ·nV�d|QJiLQI`Il�[�SUo_srQPZ�OcQ@RYy<V�iLQuRYgUh{jVL`fSzZfO7T�S\[�RYo�RYgUZ�QJ`focRYZ�QPT�SUo7SaT�SUwER�ZfSUVjo»l:Z�O7QuVjyv³!QIsrZ�SaiLQ|X}x7ocsrhZfSUVjo&S\[uRYgadPR:k�[PpvQEsr`fQIRj[�Sao7{ �MPO7Q�`fQI[�x7gzZfSUoc{�VL]7Z�SaT�RLgupvQI[�SU{jo�y<QJSao7{§srVLT�]<Vj[�SzZfQLlHSzZ�S\[ZfO7QJo ��]7`�VL³!QIsrZ�QIp ��VLo&Z�OcQ*[�QJZnVYX�srg\RL[f[�S\sJRLgC[�OcRL]_QE[Pytk&RY]7]cgUkthSao7{,RY{tRYSao,Z�O7Q�]c`�QIitSaVLx_[�[fs�O7QJT�Q�duSUZ�O/Z�O7Q�X}VjgUgaV�duSUoc{
[�gUSa{LOtZT�VvpvSU~_sJRYZ�SaVLo»�:ZfO7QnpvQJo_[�SUZ!k*S\[1x7]<pcR�Z�QEp�[�QJZ�Z�Sao7{
θn+1 = θpen

lduO7QI`�Q
θpen =

1 − cos(πθopt)

2
,

Saoc[�Z�QIRjp^VLX
θn+1 = θopt

� MPO7S\[�OcRj[HZ�O7Q|ZfQJocpvQIocsrk^Z�V�]7`fVL{j`�QE[!h[�SUijQJgak@X}Vj`fsJQ>ZfO7Q|p7QJoc[�SzZ!k¢ZfVnZfRL�LQ>Vjo7gak�ZfO7Q|i:RLgUxcQI[HµnVL`�í � MPO7Q[�xcsJsJQI[f[uVYX1ZfO7Sa[@]_QIocRYgaSawIR�ZfSUVjo�]7`�VvsJQI[f[nsJRLo&y<Q^QJ¤v]7gaRLSUocQIp&y�k`fQIsIRYgagUSao7{�Z�O_R�Z�RLo�k/T�Sao7SUT�SawJQI`bVLX|ZfO7Q'OcVLT�VL{jQJo7SawJQEp§]7`�VjyvhgaQJT �5ït�>S\[|R�Z�Z�RYSao7QIp'RL[�Z�O7Q¢gUSaT�SzZPVYXR^T�SUo7SaT�SUwISUoc{b[�QIétx7QJo_srQVLXZ�OcQ�SUo7SUZ�S\RYg]7`�Vjy7gaQJT � � � �
�+*��
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MPO7Q¢pvS\[�]7g\RLsJQJT�QJotZ|VYX¯Z�OcQ¢[�Z�`fxcs£Zfx7`fQnSa[|srVjT�]7xvZ�QEp(xc[�Sao7{
P20 RY{L`�RYoc{LQ&~co7SUZ�Q±QIgUQIT�QJotZf[ � MPO7Q/[!Zf`�QE[�[(Z�QJo_[�Vj`

σ
RYocp¦ZfO7QpvQIoc[�SzZ!k

θ
RY`fQ�pvS\[fsr`fQrZ�SawJQEp«QJSUZ�O7QI`'y�k

P1
0 RY{j`fRLo7{LQ&~cocSzZfQQIgUQIT�QIotZf[uVj`npvSa[fsrVjotZ�SaotxcVLxc[

P1
~co7SUZ�Q^QJgaQJT�QJotZf[ � ú,Vj`�QIV�iLQI`IlZfO7QPT�QE[�O�S\[�RLp7RL]vZ�QEpbRYZ1QERLs�ObSzZfQJ`�R�Z�SaVLo � MPOcQPsJVLT�]<Vj[�SzZfQ|Vj]vhZfSUT�RYg<pvQI[�Sa{Lo�S\[>SaocpvQJ]<QJo_pvQJotZ�VLXCZ�O7Q�T�QE[�OlLVLo�ZfO7Q�sJVLotZ�`�RY`fkVLXtZfO7Q�]<QJo_RYgaSUwIQIp�srg\RL[f[�SasIRYgYVj]vZ�SaT�RYgjp7QI[�SU{jo � MPO7QI`�QJX}VL`fQLlrT�QE[�ORjp7RY]vZ�R�ZfSUVjo,Sa[�sr`fxcsrS\RYgõO7QJ`fQ�Z�V
y_Q�RYy7gaQ�ZfV
sJRL]vZ�xc`�Q�~_o7QbpvQJhZ�RYSaga[�QJijQJo�SUX»Z�O7Q¢Sao7SzZfSaRLg_T�QE[�O(dPRL[�srVtRY`�[�Q �jö SUo_RYgagUkjltRj[

A∗
S\[o7VLZ|sJVtQI`fsJSUijQLl�ZfO7Q�·@V�VL�LQ�� [>gaR:d

A∗
S\[�`fQJ]7g\RLsJQIp�y�k

A∗ + εA
lduSUZ�O

ε = 10−3 lHSao�Vj`fp7QJ`bZ�V	SUo�iLQI`�ZbZ�O7Q�[�Z�SUù<o7QE[�[�T�R�Zf`�SU¤ �ì Q�x_[�Q�Z�O7Q�[fRYT�Q�y_RL[�Sas@VL]<QJ`�R�Z�Vj`f[�VYX �t�7���j�7�E�<��� Rj[�Sao'ZfO7Q

sIRL[�Q�VYXu{LQIVLT�QrZf`�S\s�[�O_RY]<Q�VL]vZfSUT�SawIR�ZfSUVjo»lõ[�V,d|Q'pvV±o7VLZ^SaovhsJgUxcp7Q ���7���j�v�:�<��� [fsr`fSU]7Zf[PO7QI`�Q � MPO7Q�SUotZ�QI`�QE[!ZfQIp
`�QERLpvQI`|sIRYo~co_p'ZfO7Q*pvQJZfRYSagaQIp
`�VjxvZ�Sao7Q�VLo�VLxc`|d|QJy�]cRL{LQ �
�+*��
�
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ì QbRL]7]7gak'ZfO7Q^O7VjT�VL{LQIo7SawIR�ZfSUVjo
T�QJZ�O7Vvp�ZfV(Z�OcQb[fRYT�Q*sJRLovhZfSUgaQJijQJ`¢]7`�Vjy7gaQJT VYX�[�QIsrZ�SaVLo§¶ � ¸ � ¶ � MPO7Q�sJVLT�]<Vj[�SzZfQ^VL]7Z�SaT�RLgpvQE[�Sa{Lo&S\[upvSa[�]7g\R:kLQEp'Vjo'~c{jx7`fQ�íjíL�vSUZf[usJVLT�]7gaSaRLocsrQ�S\[
16.17
�
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��� �5 Ô�Øtç�Ò Ù3àbß9�CÙ!átÔ|ß �jÙ!Ò��*ÑJÐ_Þ�ß � �vßEç�Ò Ù!Ôuç�á�Ñ��vÔ
MPO7Q�]<QJocRLgUSawIRYZ�SaVLo«[!ZfQJ]¦gUQERLp7[bZ�V�R§srg\RL[f[�SasIRYgP[!Zf`�xcsrZ�x7`fQduSUZ�O,srVjT�]7gUS\RYo_srQ�QIétxcRLgCZ�V

17.04
�5[�QJQ¢~c{jx7`�Q�í:¶L� �

�	��
��� � Ö��jÙ!Ò��*ÑIÐ7ç�á�Ñ��vÔPß��LÙ�ÑIÒËØtÔ ��Ñ9�UÙ!ÔfÓ��vÔfØ�ÑIÐËÒËÚ£ÑrÙ!ÒzßIØ
MõVnpvQrZfQJ`fT�Sao7Q�ZfO7Q>RLsIsrx7`�RLsJknVYXtZ�OcQ>O7VLT�Vj{LQJocSUwER�Z�SaVLo¢T�QrZfO7Vvp¯ld|Q±RY]7]cgUk�ZfO7Q±y<VLx7o_p7RY`fkNi�RY`fSaRYZ�SaVLo¦T�QrZ�OcV�p¦ZfVNRYo«Sao7SzZfSaRLg



åEå
[�OcRY]<Q�s�OcVj[�QJo*[�VnZ�OcQ>~cocRLgv[!Zf`�xcsrZ�x7`fQ>OcRj[»ZfO7QP[�RLT�Q>Z�VL]<VLgaVL{jkRLocpbRLgUT�Vt[!Z1Z�OcQn[�RLT�QP{jQJVLT�QJZ�`fkLlEZ�OcRLo�Z�O7QuVjo7QPVLyvZ�RYSao7QIpby�kO7VjT�VL{LQIo7SawIR�ZfSUVjoª�3[�QIQb~_{Lx7`fQ�íI´j� � ë@[�SagUgaxc[�Z�`�R�ZfQIp/ytk�~c{Lxc`�Q

�	��
��� � Ö��jÙ!Ò��*ÑIÐ7ç�á�Ñ��vÔuß��LÙ�ÑIÒËØtÔ � ��à �IÔ�ß ��Ô�Ù�Ó!ÒzÞuß �jÙ!Ò���ÒËÚ£ÑJÙ!ÒËßIØ
íIðcl�y<VYZ�O(sIRYotZ�SagaQJiLQI`f[HT�R�Z�s�O�RLgUT�Vt[!Z>QJ¤vRjs£ZfgUk � ú,VL`fQJV�ijQJ`ElIZfO7Q

�	��
� � � Þ�ß � �tÑJÓ!ÒËç�ßEØ �vÔfÙ �1Ô�Ô�ØNÙ!átÔ'ß �LÙ!Ò��*ÑIÐ �LÔ�ç�Ò��EØ�ß��jÙ�ÑJÒËØtÔ �
�>Ò Ù!á�Ô£ÑIÞ�á ��ÔfÙ!ájß �
sJVLT�]7gaSaRLocsrQE[nRY`fQ*iLQI`�k&srgaVj[�QL�

17.07
X}VL`@Z�O7Q^[�VLgaxvZfSUVjo,VYX�Z�OcQy<VLx7o_p7RY`fk�i�RY`fSaRYZ�SaVLo�T�QJZ�O7Vvp«srVjT�]_RY`fQIp�ZfV

17.04
X}VL`�Z�OcQO7VjT�VL{LQIo7SawIR�ZfSUVjo �·nV�d|QJijQJ`|SzZPS\[�ocVYZnsrVjT�]cgUQJZ�QJgak�X5RYSa`�Z�V�srVLT�]cRL`�Q¢srVjT�]cgUSUhRLocsrQE[uX}VL`�pvSUù<QI`�QIotZ¢[�OcRY]<QI[�VLyvZ�RYSao7QIp±duSzZfO�pvSUù<QI`�QIojZ�T�QrZfOvhVvp7[�y<QIsIRYxc[�Q�VYXuo�x7T�QJ`fSasIRYg�QI`�`fVL`�[�sJRYx_[�QEp�y�k±ZfO7Q�]<Vj[f[�Say7gakpvSUùCQJ`fQJotZ@T�QI[�O7QI[�RYocp±ytk
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