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ABSTRACT. We study the homogenization of a Schrédinger equation in a locally
periodic medium. For the time and space scaling of semi-classical analysis we
consider well-prepared initial data that are concentrated near a stationary point
(with respect to both space and phase) of the energy, i.e. the Bloch cell eigenvalue.
We show that there exists a localized solution which is asymptotically given as
the product of a Bloch wave and of the solution of an homogenized Schrédinger
equation with quadratic potential.
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1. INTRODUCTION

We study the homogenization of the following Schrédinger equation

(1.1) éaau; —div (A <x, g) Vu€> + 5_120 (x, g) u. =0 in RY x R+

u.(0,z) = ud(x) in RY

where the unknown w.(t,z) is a complex-valued function. The coefficients A(x,y) and
c(z,y) are real and sufficiently smooth bounded functions defined for x € RY (the macro-
scopic variable) and y € TV (the microscopic variable in the unit torus). The period ¢
is a small positive parameter which is intended to go to zero. Furthermore the matrix
A is symmetric, uniformly positive definite. Of course the usual Schrédinger equation is
recovered when A = Id but, since there is no additional difficulty, we keep the general
form of equation (1.1) in the sequel (which can be interpreted as introducing a non flat
locally periodic metric).

The scaling of (1.1) is that of semi-classical analysis (see e.g. [5], [8], [10], [11], [12],

[13], [14], [18], [19]): if the period is rescaled to 1, it amounts to look at large, time and
1
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space, variables of order e~!. At least in the case when A = Id and c(z,y) = co(z) +c1(y),
there is a well-known theory for the asymptotic limit of (1.1) when € goes to zero. By
using WKB asymptotic expansion or the notion of semi-classical measures (or Wigner
transforms) the homogenized problem is in some sense the Liouville transport equation
for a classical particle which is the limit of the wave function u.. In other words, for an
initial data living in the n-th Bloch band and under some technical assumptions on the
Bloch spectral cell problem (1.4), the semi-classical limit of (1.1) is given by the dynamic
of the following Hamiltonian system in the phase space (z,0) € RY x TV

{¢ZWM@m

(1.2) 0 = —Vo (2, 0)

where the Hamiltonian \,(z,0) is precisely the n-th Bloch eigenvalue of (1.4) (see [8],
[10], [11], [12], [13], [14], [18], [19] for more details).

Our approach to (1.1) is different since we consider special initial data that are monochro-
matic, have zero group velocity and zero applied force. Namely the initial data is concen-
trating at a point (z™, 6™) of the phase space where VoA, (z",0") = VA, (2", 0") = 0. In
such a case, the previous Hamiltonian system (1.2) degenerates (its solution is constant)
and is unable to describe the precise dynamic of the wave function u.. We exhibit another
limit problem which is again a Schrédinger equation with quadratic potential. In other
words we build a sequence of approximate solutions of (1.1) which are the product of a
Bloch wave and of the solution of an homogenized Schrodinger equation. Furthermore,
if the full Hessian tensor of the Bloch eigenvalue \,(z,0) is positive definite at (z",0"),
we prove that all the eigenfunctions of an homogenized Schrodinger equation are expo-
nentially decreasing at infinity. In other words, we exhibit a localization phenomenon for
(1.1) since we build a sequence of approximate solutions that decay exponentially fast
away from z". The root of this localization phenomenon is the macroscopic modula-
tion (i.e. with respect to x) of the periodic coefficients which is similar in spirit to the
randomness that causes Anderson’s localization (see [9] and references therein).

Let us describe more precisely the type of well-prepared initial data that we consider.
For a given point (z",6") € RY x TV and a given function v° € H'(R"Y) we take

(1.3) ul(z) = 1y, <x", g, «9") e2z‘7r“’"s~wvo<x \—/;")

where 1, (2, y, ) is a so-called Bloch eigenfunction, solution of the following Bloch spectral
cell equation

(1.4) —(div, + 2im0)(A(z, y)(V, + 2im0),) + c(z,y) = An(z,0),, in TV,



3

corresponding to the n-th eigenvalue or energy level A\,. The Bloch wave ¢/, is periodic

with respect to y but v" is not periodic, so v%%) means that the initial data is

concentrated around z" with a support of asymptotic size y/z. The Bloch frequency
6" € TY, the localization point 2" € RY and the energy level n are chosen such that
An(2™,0") is simple and V, A\, (2", 0") = VoA, (2™, 0") = 0.
Our main result (Theorem 3.2) shows that the solution of (1.1) is approximately given
by
N n T\ jAnGE"OME o 0" x—x"
(1.5) us(t, r) ~ ?/Jn<$ ,E,H )e = e e U<t, NG ) :

where v is the unique solution of the homogenized Schrodinger equation

)
16) z’a—: — div (A*Vv) + div(vB*2) + c'v +vD*z- 2 =0 in RN x R*

v(0,2) = v°(2) in RY
where ¢* is a constant coefficient and A*, B*, D* are constant matrices defined by
A = #ngg)\n(x”,é’”), B* = %VQVI)W(;E”,Q"), D* = %VIVI)\TL(%”,HTL).
In Proposition 3.4 we show that the homogenized problem (1.6) is well-posed since the
underlying operator is self-adjoint. Furthermore, under the additional assumption that
the Hessian tensor VV A, (z", ™) (with respect to both variables x and ) is positive
definite, we prove that (1.6) admits a countable number of eigenvalues and eigenfunctions
which all decay exponentially at infinity (see Proposition 3.5). In such a case, formula
(1.5) defines a family of approximate (exponentially) localized solutions of (1.1).

Let us indicate that the case of the first eigenvalue (ground state) n = 1 with 6! = 0
was already studied in [3| (for the spectral problem rather than the evolution equation).
The case of purely periodic coefficients (i.e. that depend only on y and not on ) is com-
pletely different and was studied in [4]. Indeed, in this latter case there is no localization
effect and one proves that, for a longer time scale (of order e~! with respect to (1.1)),
the homogenized limit is again a Schrédinger equation without the drift and quadratic
potential in (1.6).

2. PRELIMINARIES

In the present section we give our main assumptions, set some notation and a few pre-
liminary results needed in the proof of the main results in Section 3.

We first assume that the coeflicients A;;(z, y) and ¢(x, y) are real, bounded, and Carathéodory
functions (measurable with respect to y and continuous in ), which are periodic with
respect to y. In other words, they belong to () (RN ; L°(TV )) Furthermore, the tensor
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A(z,y) is symmetric uniformly coercive. Under these assumptions, it is well-known that,
for any values of the parameters § € TV and x € RY, the cell problem (1.4) defines a
compact self-adjoint operator on L?(TY) which admits a countable sequence of real in-
creasing eigenvalues {\,(z,0)},>1 (repeated with their multiplicity) with corresponding
eigenfunctions {¢,,(z,0,y)},>1 normalized by

|[thn (2, 0, ')HL2(’]I‘N) =1.

Our main assumptions are:
Hypothesis H1. There exist 2" € RY and 6" € T such that

(2.1) (1) An(z™,6™) is a simple eigenvalue,
' (i1) (z™, ") is a critical point of \,(z,0),i.e. Vo (2", 0") = VoA, (2", 0") = 0.

Hypothesis H2. The coefficients A(z,y) and c(x,y) are of class C? with respect to the
variable z in a neighborhood of z = z".

Then we set:
oA PA
Al,h(y) = a—xh(x 7y> ) AQ,lh(y) = 5xlaxh (*T 79) )

Similar notation is used to denote the derivatives of the function ¢ with respect to the

for Lh=1,...,N.

z-variable. With an abuse of notation we further set

A(y) = A" y), A= Aa(@™,0"), Unly) = Yala”,y,0"),

and analogous notation holds for all derivatives of ¥, and \,, with respect to the z-variable
and the #-variable evaluated at = 2" and 6 = 6. Without loss of generality we will
assume in the sequel that 2" = 0.

Notation. For any function p(y) defined on TV we set

p(2) = p(z/Ve)

where z := /ey = z/y/e. In the sequel the symbols div, and V, will stand for the
divergence and gradient operators which act with respect to the y-variable while div
and V will indicate the divergence and gradient operators which act with respect to the
z-variable. Finally throughout this paper the Einstein summation convention is used.

Under assumption (2.1)-(i) it is a classical matter to prove that the n-th eigencouple of
(1.4) is smooth with respect to the variable 6 in a neighborhood of § = 6" (see [16]) and
has the same differentiability property as the coefficients with respect to the variable x.
Introducing the unbounded operator A, (x,0) defined on L?(TY) by

An(z,0)9 = —(div, + 2ir0) (A(x, Y)(V, + 2m9)¢) + ez, ) — Az, )0,
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it is easy to differentiate (1.4). Denoting by (ex)i1<p<n the canonical basis of RY, the first
derivatives satisfy

A, (x, ‘9)810 = 2ime Az, y)(Vy + 2im0),
(2.2) 0 o
+(divy + 2i70) (A(z, y)2imer)n) + 50 —"(z,0), ,
k
. Az, 0) %ﬁ’; = (div, + 2in0) ((‘;Al (2,0)(V, + zmew)
' Oc o\,
_a—xl(x7y>¢n al’l (‘T ‘L)W

Similar formulas hold for second order derivatives. By integrating the cell equations for
the second order derivatives against v, we obtain the following formulas that will be
useful in the sequel (their proofs are safely left to the reader).

Lemma 2.1. Assume that assumptions H1 and H2 hold true. Then the following equal-
ities hold:

1 o Oy, n
(2.4) /11‘N 5 [Al n(Vy + 2im )(99k (Vy, — 2im6 ) + c1n

O
th

= [ [evtndi - (9, + 200"+ exiid - (9, + 206 S22 dy
TN

8xh
S L
2um 6xh69k

O
00y,

(V, — zmen)&n] dy

¢]dy

+ / |:A17h6k’l7bn . (Vy — 2271'9”)’17571 + Aek
TN

=0,

(2.5) / [A (V, + 2in0™), - (V, — 2im0™)) +<c _ O )w ﬂ d
- N 2,lh Y n Y n 2,lh or 8x n

ny O n My,
+/11‘N [Alh(v + 2iml )8xl (Vy, — 2inf )¢n+01hal

oy OV T On, ~ B
+ /T ) [Au(vy 20 G (V= 2t Y+ e zpn} dy =0,

zﬂdy
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Oy, - . 0Py , -
(2.6) /11‘N [2i7rekA(y)(Vy + 2im0") 6%1 n — (A(y)Qmekaiel) (V, — 2Z7T9n)¢n:| dy

Oy, — Oy, : —
+ /11‘N [QiﬁelA(y)(Vy + 2imwd") E;gk Y — <A(y)2mela—qgk) (V, — 2Z7T9n)¢n} dy

—/ [47?2%14(?/)61\1%\2 +4W261A(y)ek|¢n‘2} dy
TN

O* N\
00,00y,

We now give the variational formulations of the above cell problems, rescaled at size ¢.

+ (6 =0.

Lemma 2.2. Assume that assumptions H1 and H2 hold true and let p(z) be a smooth
compactly supported function defined from RY into C. Then the following equalities hold:

(2.7) /R ) [Ag(Vy F2mME - (VEV — 2im0M)p(2) + (¢ — Amg@] dz =0,

(2.8) / [AE(Vy + 22’7?9”)awn (VeV = 2im0™)p + (¢ — A2)8¢" cﬁ] dz
RN a@g 892

+ / [ — 2miey - A°(Vy, + 2im0™) 5 p + A% 2miep)s, - (VeV — 2i7r9")g5] dz=0,
RN

b,
ox h

+ / [A;h(vy + 2m0m)E - (VEV — 2im0™) G + ¢S, ng@} dz=0.
RN

(2.9) / ) [AE(Vy 4+ 2im0m) Y L VBV — 2im87)5 + (¢ — X

al’h

@] dz

Proof. Formula (2.7) follows straightforwardly from equation (1.4) while (2.8)-(2.9) are
consequences of (2.2)-(2.3). O

Finally we recall the notion of two-scale convergence introduced in [1], [17] (that will
be used with § = /¢).

Proposition 2.3. Let f5 be a sequence uniformly bounded in L?(RY).

(1) There ezists a subsequence, still denoted by fs, and a limit fo(z,y) € L*(RY x TV)
such that fs two-scale converges weakly to fy in the sense that

i [ @)t ofeydo= [ ooty dedy

—0 Jp RN JTN

for all functions ¢(x,y) € L* (RN; C(TV)).



(2) Assume further that fs two-scale converges weakly to fy and that
lim (| f5|[ 2y = [ foll L2@ser)-

Then fs is said to two-scale converge strongly to its limit fy in the sense that, if
fo is smooth enough, e.g. fy € L? (RN; C(TN)), we have

lim |f5(z) — folz,2/8))* dz = 0.
RN

6—0

(3) Assume that 6V f5 is also uniformly bounded in L*(RN)N. Then there exists a
subsequence, still denoted by fs, and a limit fo(x,y) € L2(RY; HY(TY)) such that
fs two-scale converges to fo(x,y) and OV f5 two-scale converges to V, fo(x,y).

3. MAIN RESULTS

We begin by recalling the usual a priori estimates for the solution of the Schrédinger
equation (1.1) which hold true since the coefficients are real. They are obtained by
due
ot

multiplying the equation successively by u. and and integrating by parts.
Lemma 3.1. There ezists C' > 0 independent of € such that the solution of (1.1) satisfies
|[te]| oo m+;L2@®NY) = HUSHLZ(RN)>

€HVUEHLOO(R+;L2(RN)) < C<||ug||L2(RN) + €HVUS||L2(RN)> .

Theorem 3.2. Assume that assumptions H1 and H2 hold true and that the initial data
u? is of the form (1.3). Then the solution of (1.1) can be written as

Ant o 0"z z—a"
3.1 u(t,x) = e s 2 e vg<t, 7> ,
(3.1) (t2) —

where v.(t, z) two-scale converges strongly to 1, (y)v(t, 2), i.e.
(t2) =t (== ) 0(t,2)
Ve(t,z) — U, | — | v(t, 2
) Ve
uniformly on compact time intervals in R™, and v is the unique solution of the homogenized
Schrodinger equation

2

(3.2) lim dz =0,

e—0 RN

(3.3) 2% —div (A*Vv) +div(vB*2) + cfv +vD*z- 2 =0 in RY x R

v(0,2) = 0%(2) in RY

where
A" = —=Vy VoA, (2",0"), B* = —V,V  \ (2",0"), D* = =V, V A\, (2", 0"),
82 24 2
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and c* is given by

oy, .
ox k

Remark 3.3. Notice that even if the tensor A* might be non-coercive, the homogenized
problem (3.3) is well posed. Indeed the operator A* : L*(RY) — L*(R") defined by

(3.4) Ao = —div (A*Vp) + div(pB*2) + "o + Dz - 2

o — / [A(Vy+2iﬁ9")wn-aw”ek—A(Vy—QiWH”)
TN 3xk

¢n ek—ALk(Vy—QiWH”)@n-wnek] dy .

is self-adjoint (see Proposition 3.4) and therefore by using semi-group theory (see e.g. [6]
or Chapter X in [20]), one can show that there exists a unique solution in C'(R*; L?(RY)),
although it may not belong to L*(R™; H*(RY)).

The next result establishes the conservation of the L?-norm for the solution v of the
homogenized equation (3.3) and the self-adjointness of the operator A*.

Proposition 3.4. Let v € C(R™; L>(RY)) be solution to (3.3). Then
(3.5) lo(t, | 2@yy = [0l 2y YVt € RT.
Moreover the operator A* defined in (3.4) is self-adjoint.

Proof. We multiply the equation (3.3) by v and take the imaginary part to obtain

1
1d |v]*dz = Im / vB*z - Vo — c*v|*dz | .
th RN RN

After integrating by parts one finds that the right hand side of (3.6) equals

1
—<—,trB*+Imc*>/ lv]*dz
21 RN

and therefore (3.5) is proved as soon as we show that

(3.6)

1
(3.7) itr B*+1Imc¢* =0.
i

In order to do this we first rewrite the coefficients c* and B* in a suitable form. Denoting
by (-,-) the Hermitian inner product in L*(T") and using equation (2.2) we write

1 by Oy
(3.8) c (A, 90, D,

- - /T A1y (F, 20" ey

while by equations (2.2)-(2.4) it follows that

1 9\, 1 Y, Oy, 1 Oy, Oy,

2in 900~ 2 a0 B! 2 e, 90,
+ 2iIm A p(Vy, — 200" )y, - Yner dy .

’]I‘N

(3.9)



By formulae (3.8)-(3.9) it is readily seen that equality (3.7) holds true.

In order to prove the self-adjointness of the operator A*, one first checks that A* is
symmetric, which easily follows by (3.7) and the fact that B = —B*, and then observes
that up to addition of a multiple of the identity the operator A* is monotone (see e.g. |7/,
Chapter VII). O

In the next proposition we will denote by VV )\, the Hessian matrix of the function
An(z,0) evaluated at the point (", 6™), namely

VoV VoV,

VVA, = ( VoVide VoVih, ) (", 0%).

Proposition 3.5. Assume that the matriz VV )\, is positive definite. Then there exists
an orthonormal basis {p, tn>1 of eigenfunctions of A*; moreover for each n there ezists a
real constant v, > 0 such that

(3.10) e, eV, € LAHRY).

Proof. Up to shifting the spectrum of the operator A*, we may assume that Re(c*) = 0.
In order to prove the existence of an orthonormal basis of eigenfunctions we introduce the
inverse operator of A*, denoted by G*

G* : L*(RY) — L*(RY)
f — ¢ unique solution in H'(R") of
(3.11) A*p=f inRY

and we show that G* is compact. Indeed multiplication of (3.11) by @ yields

(3.12) / [A*V¢ - V@ —iB* Im(pz - V@) + Dz - 2|} dz = / fodz.
RN RN

Upon defining the 2/ N-dimensional vector-valued function ®

we rewrite (3.12) in agreement with this block notation

/RN #VVA,@-@CZZ — | fod:.

RN
By the positivity assumption on the matrix VV )\, it follows that there exists a positive
constant ¢y such that

CO(HVSOH%%RN) + HZSOH%?(RN)) <|[fllz2@m el 2 @yy
which implies by a standard argument

lellZz@n) + 1IVellza@r) + 120l 22@ry < ClIf 2@y,
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from which we deduce the compactness of G* in L?*(RY)-strong. Thus there exists an
infinite countable number of eigenvalues for A*.

We are left to prove the exponential decay of the eigenfunctions (this fact is quite
standard, see e.g. |2]). Let ¢, be an eigenfunction and let o,, be the associated eigenvalue
(3.13) Ay, =0,0n.

Let Ry > 0 and p € C*°(R) be a real function such that 0 < p <1, p(s) =0 for s < Ry
and p(s) = 1 for s > Ry + 1 and for every positive integer k define p, € C*(R") in the
following way

ou(2) = plle] - ).
We now multiply (3.13) by @,p; to get

/ pr (A*V, - V@, —iB Im(p,z - V@) + D*z - 2|, > — oulenl?) dz =
RN

(3.14) / (prlpn®B*z - Vi — 2 $n A"V, - Vi) dz .
RN

Next remark that since the left hand side of (3.14) is real the right hand side must be
also real and therefore it is equal to

(3.15) / —2p Re(@, A"V @y,) - Vpr dz .
RN

Let By denote the ball of radius Ry + k£ and center z = 0 and observe that the support
of Vpy is contained in By \ By. Then putting up together (3.14) and (3.15) and using
again the positive definiteness of the matrix VV )\, we obtain for R, sufficiently large
(v Ry > 0, does the job)

H(an%ﬂ(RN\BkH) < Cl(”@”“?ﬁ(RN\Bk) - H‘an%ﬂ(RN\BkH))

where ¢, is a positive constant independent of k. Thus we deduce that
C1

(3.16) enllinenn < (152
Upon defining a positive constant 79 > 0 by

< “ )kze—Q’Yo(k+Ro)
1+ C1

it is finally seen that (3.16) implies the estimate (3.10) for any exponent 0 < 7, < 7. O

k
) lenlls vz

Proof of Theorem 3.2. We rescale the space variable by introducing
x
z2=—,
NG
and define the sequence v. by

S Ant . "

(3.17) ve(t,2) = e e (t 1)
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By the a priori estimates of Lemma 3.1 it follows that v.(t, z) satisfies

||UaHLo<>(R+;L2(RN)) + \/EHVUEHLOO(W;L?(RN)) <C,

and applying the compactness of two-scale convergence (see Proposition 2.3), up to a
subsequence, there exists a limit v*(¢,z,y) € L? (RT x RY; H'(T")) such that v. and
VeV, two-scale converge to v* and V,v*, respectively. Similarly, by definition of the
initial data, v.(0, 2) two-scale converges to v, (y)v°(2).

Although v. is the unknown which will pass to the limit in the sequel, it is simpler to
write an equation for another function, namely

n t

(3.18) we(t, z) == e2iw0ﬁzvg(t, 2) = e 78 ue(t, ) .

By (3.18) it follows that

(3.19) Vuw, = 2 <V + 2i7r%>ve ,

and it can be checked that the new unknown w,. solves the following equation
(3.20)

O div[A (Vaz,2/VE) Yl + Zle(vVEz 2/VE) ~ Awe =0 in BY x B
w:(0, 2) = ul(y/e2) in RN

where the differential operators div and V act with respect to the new variable z.

?

First step. We multiply the equation (3.20) by the complex conjugate of

z L
5¢<t, Z, %)ezzﬂ Ve

where ¢(s, z, ) is a smooth test function defined on R™ x RY x TV with compact support

in R* x RY. Since this test function has compact support (fixed with respect to ¢), the
effect of the non-periodic variable in the coefficients is negligible for sufficiently small
e. Therefore we can replace the value of each coefficient at (y/ez,z//¢) by its Taylor
expansion of order two about the point (0, z/1/¢). Integrating by parts and using (3.18)
and (3.19) yields

oo D¢* - z
— i€ vg—dtdz—is/ v:(0,2)p( 0,2z, — ) dz
/0 /RN ot o O )5 ( ﬁ)
+oo
+ / / [A° 4+ AT ) Vezn 4+ 545 ezzn + 0(€)](VEV + 2im0™)v.- (\/eV — 2im0™)¢f dz dt
0 JRN

400 B
+ / / [ + G Ve + 56, e22n + 0(e) — ] 0207 dzdt = 0.
0 JRN
Passing to the two-scale limit we get the variational formulation of

—(div, + 2im0") <A(y)(Vy + 2i7r9”)v*) + eyt = A in TV,
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The simplicity of A, implies that there exists a scalar function v(t,2) € L? (R+ x RN )
such that

(3.21) vi(t, z,y) = v(t, 2)¥n(y).

Second step. We multiply (3.20) by the complex conjugate of

R N1 oyE o e
We(t,2) = 7 [U0(02) + VEY (5= gt e 10) + g to(t, ) .
k=1

where ¢(t, 2) is a smooth test function with compact support in R* x RY. We first look
at those terms of the equation involving time derivatives:

Foo ow, -
.22 ——U.dtdz =
(3.22) / /RNZ(% z
N

/+OO/ v, |32 22 +WZ< Lo P awfaqs)] dt dz
RN

2w 00}, Otz 8xk ot
—i/ v:(0,2) [¥20(0, 2) + \/EZ( L 05 09 —(0,2) + = (M’iq’s(o z)) dz
RN nrA — 2im 00y, Oz MmN )

Passing to the two-scale limit in (3.22) and recalling the normalization [y [¢n|*dy = 1
we find

[Tf 09 ‘ -
(3.23) —Z/ / v—dzdt — z/ v°9(0, 2) dz .
0 RN 515 RN

We further decompose ¥, as follows

(“)

N
U, =0l 4022 with 2= """V Z
k=1

Getting rid of all terms multiplied by o(e) and taking into account (3.18) and (3.19) we
next pass to the limit in the remaining terms of (3.20) multiplied by ¥.. The computation
is similar to [4] but it involves new terms since v, and its derivatives also depend on z.
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We first look at those terms which are of zero order with respect to z, namely

+oc0 B B 1 B
(3.24) / / [Aam (VL 02) + (¢ — An)waxp;} dz dt
RN

+0o0
_ / / [lAs(ﬁvmmen)vg-<vy—2iwe”>wz¢+§<c€—mw2vs¢ dz dt
0 RN

5
~ % |, /RN [%A <\/EV+2Z7T9 )vg~(Vy—217r9 )agka—%
L 00 0
+ 2 = Mgt aZk]d 2 dt

“+oo
+ / / iAE \/EV—I—QZ'WQ")Ua-szLng_S dz di
]RN

+o0

+/ AE \/Ev+2m9”)vg : %gﬁek dzdt .
0 RN axk

— oo
Using equation (2.7) with ¢ = v.¢ and equation (2.8) with ¢ = U€8—¢ we rewrite the first
2k

two integrals in the right hand side of (3.24) as follows

+o0 1 B B
——=A(V, — 2im0" ) - v.Vodzdt
f, Jo s

oo 1 € . n a¢8 8¢ g agz_s . n\,/.e

_ %A%,‘iek - <\/Ev + zmen) (vag—i)] dzdt .

Combining the above terms with the other terms in (3.24) and passing to the two-scale
limit in (3.24) yields

(3.25)
+o0 . An Gzﬁn awn n )
/0 /RN/ [2m’4¢”( ~20) 56, 2m’469k (9, + 208" = Al e
UV8—¢ dy dz dt
Oz

+o0o . azzn B
+ A(Vy+ 2im0" ), - vope, dydzdt.
0 RN JTN 5xk
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By equation (2.6) it can be seen that the first integral of (3.25) equals

+00
(3.26) / / A*VuVodzdt.
0 JrN

We now focus on those terms which are linear in z:

+o0 _ 1 _ _ B
/ / [Angg (VIZ2) + E(CE — w2z + Af ez V. - (VI +12)
0 RN

1
+ —cf kzkwe\lf } dzdt

Vr

_ +o0 . . . ¢a 1 8&5
_/O /RN — A% (VEY + 2" ). e D 5]z

+

+00 1
/ / A‘i & \/_V + 2imd" ) (Vy = 2im0™ )5, oz + —=c] vt & zk] dzdt
0 JRN f
+oo

+ / AE (VEV + 2im0™)0. 0V MGz + AS L (VEV + 2im0" v - 5V zk} dzdt
0 RN

Oy
+o0o
. Ny, O Oy, O
_ AE 2 n . _2 n
0 /RN lh\/*VjL ir0" ). - (V, — 2im6 )aek 9 Zh + €L pv =0, azk ]dzdt

2im
e c _on 1 P, 06 Oy,
+ /0 /]RN [\/EAUL(\/EV + 2im0"™)v. - ( %in 00, Vazk B, gzﬁek) zh] dzdt .

(3.27)

By equation (2.9) with ¢ = v.¢z, it can be seen that the sum of the first two integrals in
the right hand side of (3.27) gives

+o00 €
(3.28) —/ Aa(Vy—Qzﬁr@")%-UEV(qbzk)—i—Aik(Vy—2i7n9")¢2-UEV(¢zk)> dzdt.
0 RN k

Therefore passing to the two-scale limit in (3.27) we find

(3.29)
+o0 - "
— / / / AV, — QiWG")% cvhnd ey + A (V, — 200" ), - v, @ ek} dy dz dt
0 RN JTN L axk
“+00 _
— / / / AV, — QZWH”)aw Vo + Ay i (Vy, — 2im0™)th, - vwnszﬂ dy dz dt
0 RN JTN L axk
+oo 7y
+/ / / A(V + 2im0™ ), - vgw 2.V + Ay (Y, + 270", v@nsza_ﬁ} dy dz dt
0o JryJTN Tk,
1 [t o O, 09
— %/0 - /11‘N [Al,h(vy + 2im0" ), - (V,, — 2im6 )(99k Vg

+ ¢ h¢n8¢ vz, dydzdt.

=
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By equation (2.4) it follows that the last integral in (3.29) is equal to
(3.30)
+oo /)
/ / A1 wner - (Vy — 2im0™ )i, + Appey, - (Vy, — 2im6") 5¢nw }vzh% dy dz dt
RN -ﬂ-N 8xh 8 2k

+o0
— / / / Al pner - (Vy + 2im0™ )i, + A(w (Vy+2i ﬁe")wn]vzh % dy dz dt
0 RN N ’ a a

—+00 1 62 ) a¢
B /o /RN /’]I‘N 2im 0x,00) |¢n] Uzha— dydzdt.

Next notice that the first and the second line of (3.30) cancel out with the second and
the third line of (3.29) respectively and therefore (3.29) reduces to

(3.31)
+oo a@ _ _ _
/ / / — 2im")— o, cvnp e + Ay p(Vy — 2im0" )y, - v d ey | dydzdt
RN JTN
+oo 1 92\, 09
/ /RN 2im Oz, 004 Uﬁ—zk Zn dzdt

Finally we consider all quadratic in z terms:

+oo
— / / A pezz V. - (VUL + 02) + cgylhzlzhwgllfé] dz dt
RN
+oo
/ / AL Ve Vw, - (2VU2) + —=c] jzpwez - U } dzdt
RN \f
+00 1
= —/ AS i Vezzn <\/§V + 21'7n9")v6 . [
2 0 RN ’

NG
1 [t
- = / / A5 VEzzn <\/EV + 2i7ﬂ9”) Ve
2 0 RN ’

1 _ oYe 6¢ 1 6¢5 0o a@:;

2’&71' 69k aZk 6xk
+o00 ¢€ -
+/ A hzh \/_V—|—227ﬂ9 ) v, - [zk(vy—zmen) "G+ ez ”v(p} dz dt
0 RN
1 90c 96

“+oo
Py € dz dt
/ /]R 02 ththU w ¢ \/_QZ’]T 39k azk>

+oo
+/ i hzhvezk qbd dt

0 RN

(V, — 2im0" )5 + zﬁzvgz’s] dz dt

¢>)} dz di

—_

+
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which give on passing to the two-scale limit

3 32
+o0 _ _ _
/ / / A2 n(Vy +2im0™ )iy, - (V,, — 2im6™ )1),, + 027lh¢n¢n:| v z1zp dy dz dt
RN JTN

+o0o o A 7
+ / / / Al w(Vy =+ 2im0" )y, - (V, — 2im6") ¥n + 1 pn—— Hn }vaﬁ zpzk dy dz dt
RN JTN ’ 3xk 0 T

Now using the equation (2.5) we find that (3.32) reduces itself to

+o0 1 62 _
(3.33) / /RN > 90 v zzp dz dt .

Summing up together (3.23), (3.25), (3.26), (3.31) and (3.33) yields the weak formulation
of (3.3). By uniqueness of the solutlon of the homogenized problem (3.3), we deduce that
the entire sequence v. two-scale converges weakly to ¥, (y)v(t, x).

It remains to prove the strong two-scale convergence of v.. By Lemma 3.1 we have

e ()]| L2y = [[ue(®)]2@ay = ull|2@yy = [0l 2@y xrry = [[0°]] 2@y
by the normalization condition of v,,. From the conservation of energy of the homogenized
equation (3.3) we have
o] L2yy = [1V0]] 2y,

and thus we deduce the strong convergence from Proposition 2.3. [

Remark 3.6. As usual in periodic homogenization [1], [5], the choice of the test function
V., in the proof of Theorem 3.2, is dictated by the formal two-scale asymptotic expansion
that can be obtained for the solution w. of (3.20), namely

) 7 v Z)ote 1B S (s gt () g oo ()06

where v is the homogenized solution of (3.3). Actually the homogenized equation that

one gets by the asymptotic expansion method is

(3.34) Z% —div(A*Vv)+ B*Vv-z+cv+vD*z-2=0,

which apparently differs from (3.3) by the following zero-order term
(tr (Vo Vo \,) — 4nlm(c)) v .

By virtue of (3.7) the above term vanishes, so that both formulae (3.34) and (3.3) are
equivalent.
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