ECOLE POLYTECHNIQUE

CENTRE DE MATHEMATIQUES APPLIQUEES
UMR CNRS 7641

91128 PALAISEAU CEDEX (FRANCE). Tél: 01 69 33 41 50. Fax: 01 69 33 30 11
http://www.cmap.polytechnique.fr/

Pricing Parisian Options
Céline LABART, Jérome LELONG

R.I. 589 December 2005



PRICING PARISIAN OPTIONS

C. LABART! AND J. LELONG?

ABSTRACT. In this work, we propose to price Parisian options using Laplace transforms. Not only, do we
compute the Laplace transforms of all the different Parisian options, but we also explain how to invert them
numerically. We discuss the accuracy of the numerical inversion and present the evolution of the Greeks through
a few graphs.

1. INTRODUCTION

With the development of stock exchanges around the world, more and more people have become interested in
derivatives and especially in options. Standard options provide its owner with the right to buy or sell a number
of stocks for a fixed amount of money at a given time, called the maturity time. There are more complex
options, known under the name of exotic or also path-dependent options. These options are valuable only if the
stock price has satisfied certain conditions before the maturity time, this is precisely this kind of options we are
going to study. More precisely, we will deal with options that give their owners the right to buy (call options)
or sell (put options) a number of stocks for a fixed amount of money (the strike) if the stock price has stayed
below (or above) a certain level (the barrier) for a certain time (the option window) before the maturity time.
This option is called a Parisian down-and-in option (or alternatively a Parisian up-and-in option). This is only
one example of all the different Parisian options. Basically, we will only consider European style options, which
means that one can only exercise his option at the maturity time. Parisian options are, to some extent, a kind
of barrier options. One could influence the value of a barrier option by buying a lot of stocks or on the contrary
by selling a lot of them. For instance, let us imagine that we own a lot of up-and-in barrier options which haven
not been knocked in yet. If the maturity time is close, then we could be tempted to buy a lot of stocks to have
the option knocked in. If we consider a Parisian up-and-in option, this is no longer possible since the asset price
has to remain above the level for a much longer period (several days). Therefore, Parisian options can be seen
as a guarantee against easy arbitrage.

As one will discover later on, there exist a lot of different Parisian options. There are two different ways of
measuring the time spent above or below the barrier. Either, one only counts the time spent in a row and starts
counting from 0 each time the stock price crosses the barrier, this type is referred to as the continuous Parisian
options, or one adds the time spent below or above the barrier without resuming the counting from 0 each time
the stock price crosses the barrier, these options are called cumulative Parisian options. In practice, these two
kinds of Parisian options raise different questions about the paths of Brownian motion. Therefore, we will only
stick to the continuous style options.

There already exist several studies on the Parisian Options. Basically, two techniques can be used to price
Parisian options either Laplace transforms or partial differential equations. The Laplace transform technique
was first introduced by Chesney et al. [3]. Schréder [9] and Hartley [6] have also tackled these options using
Laplace transforms. The PDE method was developed by Haber et al. [5] and Wilmott [10].

In this article, we present a way of computing the prices of Parisian Options. The real issue in pricing options is
to be able to hedge them. This can only be done if we are able to compute the prices at any time ¢ smaller than
the maturity time. The computation of the prices at time 0 requires to study a little of the excursion theory
of Brownian motion. The most complex proofs will only be given in the Appendix. The pricing technique,
we expose here, is based on Laplace transforms. In this work, we compute the Laplace transforms of all the
different Parisian options and we also discuss in detail the accuracy of the numerical technique used to invert
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the Laplace transform. The numerical inversion is based on Abate et al. [1].

The article is divided as follows. First of all in Section 2 we give some definitions concerning Brownian Motions
and hitting time. We also explain how to write the price of such options in terms of hitting times. In Section
3, we explain how to compute the Laplace transform of the price of a Parisian Down Call at time 0. Section 4
is devoted to the computation of the Laplace transform of the prices of Parisian Up Calls still at time 0. Some
parity relationships are given in Section 5 to deduce the prices of Parisian Puts. At that stage we are able to
price any Parisian Options at time 0. In Section 6, we show how to compute the prices at some time ¢ relying
on the prices at time 0.

Then, in Section 6 we will expose an algorithm to invert numerically a Laplace transform and we will also discuss
its accuracy and efficiency. This method is extremely accurate and fast compared with the PDE method.

To conclude this article we present a few graphs to try to better understand these options. We also give a few
hedging simulations.

We have implemented in C the technique presented here. All the prices were computed using this program.
The different graphs concerning the hedging of such options were generated using the C code we wrote.

A part of this work was done during an internship at TUDelft University in the Netherlands in 2003.

In tis article, we will use the following notations:

the process representing the asset price,

the strike,

the maturity of the option,

the barrier level for process S,

the option window,

the initial value of process S,

the interest rate,

the dividend rate,

the volatility,

1/oln(K/x),

1/oIn(L/x) (i.e. the barrier level for the Brownian motion),

the Laplace variable,
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2. DEFINITIONS

S o e el s

First, we will give a few definitions and notations used in the rest of the article. Then, we will present the
features of such options. We only focus on the down-and-in and down-and-out calls in this section since the
features of the other Parisian options can easily be deduceed from these two.

2.1. Some notations. Let us describe an excursion at (or away from) level L for an It6 process S. We define
git =sup{u<t|S, =L}, dg’t =inf{u>t| S, =L}
The trajectory of S between g7 , and df , is the excursion at level L, straddling time ¢.
Let S = {S;, t > 0} denote the price of the underlying asset. We suppose that under the risk neutral measure
Q, the dynamics of S is given by
dSt = St((T — 5)dt + O'th), S() =X
where W = {W;,¢ > 0} is a Q Brownian motion and = > 0. It follows that

o2
S; = Texp <(7“ —§— 7)t+aWt>.

Let us introduce the following notations

2
m:l(r—é—a—),b:lln<£)
o o T
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FIGURE 1. Dynamic of an asset

where L is the excursion level. Under Q, the dynamics of the asset is given by S; = x exp (o(mt + Wy)). From
now on, we will consider that every option has a maturity time T. Relying on the Cameron-Martin-Girsanov
theorem, we can introduce a new probability P, which makes Z = {Z; = W; + mt,0 < t < T} a P-Brownian

. dP _m? .
motion and — = ™?7~ % T Thus, S rewrites S; = z e7%*.

dQV:T

2.2. The Parisian down-and-out call. A down-and-out Parisian option becomes worthless if S reaches L
and remains constantly below level L for a time interval longer than D before maturity time 7", which is exactly
the same as saying that Brownian motion Z makes an excursion below b older than D.
Let us introduce

T, = inf{t>0]Z =b},
gf = sup{u<t]|Z, =0},
T, = inf{t>0]|(t—g})l{z<p >D}

One should notice that referring to the previous notations g? = gf,t .
The price of a down-and-out option at time 0 with payoff ¢(Sr), in an arbitrage free model, is given by

m? o m
e " Eqg <¢(ST)1{Tb_>T}) AR (l{Tb_>T}¢(xe “e ZT) : (1)
Let us denote by PDOC (z,T; K, L;r,d) the value of a Parisian down-and-out call. From (1), we have
2
PDOC(x,T; K, Lir,8) = e~ "2 T Ep (11 gy (w777 — K)Fem?7),

In many formulae involving a function IT of maturity 7', as in (1), the discount factor
exp [—(r + %mz)T] appears. In order to give more concise formulae, we introduce the following notation:

« [[(T) = e(r+%m2)TH(T). (2)

Hence, we will compute the Laplace transform of xII rather than the one of II. Any way the following obvious
relation between their Laplace transforms hold

i(\) = (A + (r + 5m?). (3)

Since the functions IT we will consider will stand for option prices, they are bounded. This remark will enable
us to state the accuracy of the numerical inversion in Section 7.
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FIGURE 2. Excursion of Brownian Motion

Using notation (2), we obtain
*PDOC(z,T; K, L;r,6) = Ep(1 {Tb—>T}(xe"ZT — K)Tem?r),

2.3. The Parisian down-and-in call. The owner of a down-and-in option receives the pay-off if S makes an
excursion below level L older than D before maturity time 7', which is exactly the same as saying that Brownian
motion Z makes an excursion below b older than D. The price of a down-and-in option at time 0 with payoff

@(St) is given by
7712 o m
e "Eq (¢(ST)1{T;<T}) = e TR (1{T;<T}¢($e e ZT) : (4)
Let us denote by PDIC(x,T; K, L;r,0) the value of a Parisian down-and-in call. From (4), we have
—(r41m? o m
PDIC(z,T; K, L;r,0) = e ("F3 TEp (g cpy(2e”?T — K)Tem?r). (5)
Using notation (2), we obtain

*PDIC(x, T; K, Ly1,8) = Ep(L (g _py (26777 — K)Te™?T). (6)

The following scheme explains how to deduce the prices of the different kinds of Parisian options one from the
others.
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PDIC with b < 0 PUOC with b > 0

in and out parity in and out parity

PDOC with b < 0 PUIC with b> 0

reduction to the case b =10 reduction to the case b =0

PDOC with b > 0 PUIC with b < 0

in and out parity in and out parity

PDIC with b > 0 PUOC with b < 0

the inverse Laplace transform

the prices of the calls at time 0

some parity relationships

| the prices of the puts at time 0 |

| the prices at some time ¢ for any puts or calls |

F1GURE 3. Organigram of how to deduce the prices one from the others
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3. THE PARISIAN DOwN CALLS

As shown in the previous scheme, all the different prices are deduced from their Laplace transforms. Now,
we will explain how to compute these Laplace transforms. In this section, we will only deal with down version
of the calls. We will follow exactly the previous scheme to deduce step by step all the needed Laplace transforms.

3.1. The valuation of a Parisian down-and-in call with b < 0. We want to compute
xPDIC(z,T; K, L;7,§). Let us denote by F; = o(Zs,s < t) the natural filtration of Brownian motion Z =
{Z:;t > 0}. One notices that T, is an Fi-stopping time. We have

* PDIC (2, T;K,L;r,0) = Ep(1 {Tb—<T}(xe”ZT — K)tem?r),
= ]EP(l{T;<T}EP[($€UZT - K)+emZT|fT;])

and we can write

o(Zr=Z—+Z,-) m(Zr=Zy—+Z,-)

«PDIC(z,T; K,L;r,8) = Ep(l{Tb_<T}IEp[xe v —K)Te b |'7:Tb_])'
Ep (a:ea(ZTiszf ) K)+em(ZTZTb+ZTb)|fTb] N
o(Zr—Z, 4=z m(Zr—Z, .- +=z
Ep [(x (Br=2y-+2) K)"e (B =2yt )|]-"be . (N
|z:ZT,

b

Let W; denote Z, I ZTb_' Relying on the strong Markov property, W; is independent of F, - and WT—T; =
Zr — ZTb_' Let Y; denote (ze?Wr-1+2) — K)+tem(Wr—:+2) 'V, is independent of F, . Then, a well-known result

on conditional expectations, states that IE(YT; |.7-'T;) = IE(Yt)‘t:be. So, we obtain

Ep [(meg(ZTZTb +ZT{) - K)*em(ZTZTb+ZTb)|-7:Tb] =
E o(Wr—-+z) _ K + m(Wr_r+z) . 8
P |(we Jre Lz—sz,r—T; (8)
Ep |:(xeo'(WT—T+Z) _ K)+em(WT—T+Z)} = ; (/oo e (et — K)+ exp (_ (u— Z)z ) du) .
2n(T —7) \J-o 2(T —7)
So, we get
*PDIC(:Q T; K, L, 5) = EP(]'{Tb_<T},PT7Tb_ (f$)(ZTb— ))7
with
fw(z) _ emz(eaz _ ‘K')Jr7
and

Pifz)(2) =

L e (05

As recalled in Appendiz D, the random variables Z - and T, are independent. By denoting the law of ZTb_ by
v(dz), we obtain

* PDIC(x,T;K,L;r,§) = / EP(I{T;<T}PT7T;(fw)(z))y(dz)v
= [ hm@yay, )
where
(z=y)*
e} exp T o(r_—y
hy(t,y) = / Ep 1{Tb_<t}M v(dz). (10)

2n(t -1, )
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Since we consider the case b < 0, we can use the following expression for the law of Z,-,as it is proved in
b

Appendiz D
dz (x —b)?
]P’(ZT; €dx) = 5(1) — ) exp <— 5D )1{$<b}. (11)

3.1.1. The Laplace transform of *PDIC(x,T; K, L;r,0). We can calculate «xPDIC(x,T; K, L;r,§) by using a
Laplace transform. Let xPDIC(z, \; K, L; 1, §) denote the Laplace transform of «xPDIC(x,T; K, L;r, §) for any

A with Re()) large enough such as all the integrals discussed below are convergent. This condition implies that
m+ o — V2 < 0. We have

+PDIC(x,\ K, L1, §) = / e M / fo(y)ho(t, y)dydt,
0 — 00

— [ W[ Mg (12)
—o0 0
The Laplace transform of hy(7T',y). We would like to compute
(hg) = [ e Nt (13)
0
We know that :
(z=y)*
b )2 exp | — =
b—z (z—10) ( 2(t—T, ))
Bt ) = / exp <— )Ep TP N U VA PR (14)
—o0 D 2D ! 2n(t =T, )
We can write . )
b—=z (z —b)
_ _ _ 1
mit) = [ 5 e (B )t - e, (15)
where
2
P (_ 2(th*>)
v(t,z) =Ep 1{Tb_<t}—b , (16)
2n(t -1, )
and we have
b 2 oo
r _ b—=z (z—b) —\t
hy(Ay) = [m 5 exXP < 5D > /0 e My(t, z —y)dt dz. (17)
So, we need to compute the Laplace transform of (¢, )
2
oo [e'e) exp —%
/ e My(t,z)dt = Ep / e*)‘twdt . (18)
0 b 27T(t — Tb_)
The change of variables u =t — T, gives
2
- e )
A\t — T, —Au
e t,x)dt = Ep(e e / e —m———du. 19
| e attaa = o) — (19)

Using results from Appendiz A and B, we get

Y _ exp[=(|z[ - b)0]
/0 e My(t,z)dt = 606vD)

Thanks to (17), we can rewrite

(A, y) < /b (b—2z)e < (2 —b)° E |9>dz

YY) = —————— - xXp | — — |z — .

MY D0uvD) ) ) Y

By changing variables x = b — z, we have
N ebe e8] x?
A\ y) = — exp (— e — |b—z —y|0)da. 20
00) = s [ wesn (g = b= =6 )ds (20
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2

+oo
Let Ky p(b—1v) denote/ x exp (—x——|b—x—y9>d;v.
: ) 2D

1 K
valuation of K p(b— y). Relying on the definition of f;(y), we know that y is always bigger than — In <—)
o x

» Let us consider the case K > L. In this case we have y — b > iln(%), then y — b > 0. So we get

00 332
K, b—yz/ a:exp(——+ b—x—yﬂ)dm
AD(b—y) ; 55 T ( )

because z > 0 and y — b > 0.

e} 2
Kyplb—-y) = e(b_y)Q/ x exp (_x_ - x@) dx,
= Del™9%(—0V/D).
From (20) we obtain

¥(=0v/D) exp|(2b — y)6]

hy(\y) = (21)
»(0v/D) ¢
If we fill in (12) with the expression of hAb()\, y), we get
— _ 266
*PDIC(z,\; K, L;r,0) = m/ e Yem™ (e — K)dy. (22)
0v(0vVD)  J1mex)

Let k£ denote l In <5)
o T

We come up with the following formula for *P/D\IC(CL'7 A K, Lr,0).

(~6v/D)e??

Ke(m G)k( 1 _ 1 )
0y (6 D) m—60 m+oa—0)’
for K > L and « > L.

*ﬁC(x,A; K,L;r,0)

» Let us consider the case K < L. In this case we have k < b. We also have

2b6

“+o0
¢ ) / e™(ze? — K)K p(b—y)dy
k

«PDIC ANK Lyir,d) = ———
(@ "0 = L buvD

where N )
K)\’D(b_y):/o zexp(—ﬁ—|b—z—y|9) dz.

For y € [b,+oo[ we have b —y < 0. K p(b—y) has already been computed in this case. For y € [k, b], we have
b—1y > 0. We have to compute K p in such a case. Let a denote b —y, a > 0.

[e'S) 2
Kyp(a) = / zZexp <—ﬁ—|a—z|0)dz,
/Oaze p< e (a z)9> dz—l—/+ooze p< e + (a 2)9) dz
= xp | —=—= — (a — xp | —=—= - .
. 2D . 2D

A B

> The valuation of B

/+ooze(%+(az)9)dz _
) 512) *Ze)dz

D|: 52 9):|+oo B aeeD/Jroo ﬁ_ze)d ..
_ aODe 45—ab _ aeeD/+O° (\/5_,_9\/_) +ADdZ’

o0 2
= De‘ﬁ —eaeﬁDekD/ e_%(\/%w\/ﬁ) dz.

B0) g,
o(5e

MU|

él
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By changing variables u = Z + 9\/5, we get

v D
a2 oo 1,2
B = De 20 —e®9DerP /D e 2% du,
S5 +0vVD
02 CL
= De 20 —e9DePV2rD(1 - N (— + WD) :
( v D
We finally obtain :
a2 a
B =D |e 20 —e*0y2rDerP (1—N<—+9\/D)>] 23
| /D >

> The valuation of A

a 2 a
/0 zexp (—;—D —(a— z)0> dz e‘“9/ ze~ 3D +Z9dz

= _“9/ D(—= —|—9 9)6_%+Z9d27

a
_a0D|: e 2D+z9:| +D9€_a0/ 6_%4_20612’,
0

= —De*% +D€7GO+D9€)‘D€7GO/ e —3(J5 70\/_)2d
0
2

7_9\/*
— _—De 3D +De—a9+D96)\D —ae\/—/ =% du.

By changing variables u = we get

=
VD’

A=D (ea9 — ¢ #5 4 V2rDheND e (J\/ (% - 9\/5) - N(—eﬁ))> .

Finally, in the case a = b —y > 0 we get
Kxp(a)=D { —af ’\DG\/F( —ab { <% - 9\/5) —N(—G\/B)}
_eaf {1 —N (\% + WB)D} (24)

So, we find
*P/’D\IO(.T, MK, Lir,d) =

ﬁljﬁ) l/kb e (ze”Y — K) |:e(by)9 1 0V2r DD (e(by)" [/\/' (b—TDy B 9\/5) —N(_a\/l_))]

—elb-v)e {1 — N(b% + 9\/1_7)] ﬂ dy + /b - emY(zeY — K)e@y)%(e\/ﬁ)dy} .

After doing long but not difficult computations we get, for K < L < x,

«PDIC(z, \; K,L) = et ( 2K [1/;( VDm) + V21 DeF mN (—d — \/_m)}
9 b b 1/](0\/5)
Ke(m+0)k 1 1
T v (ovD) <m+0 T mto+ 0) [#(~6vD) +6¢*?V2rDN (d - 0vD)|
eAPv2r K o200 o(m—0)k g 1 _ 1
¢(0\/_) N(—d 0\/5)(m+0_0 m—a)’ (25)

_ b=k
where d = NIk
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3.2. The valuation of a Parisian down-and-out call with b < 0. To find the valuation of a Parisian
down-and-out call we can use the relation between
«xPDIC(z,T; K, L;r,6), *PDOC(x,T; K, L;r,0) and the Black-Scholes price of an European call

«xPDOC(x,T;K,L;r,6) =«BSC(z,T; K;r,§) —*PDIC(z,T; K, L;1,6),
where
*BSC(z,T; K;r,8) = Ep(e™?T (ze7?T — K)T).
Therefore, we obtain
*ID/D@C’(JU,)\;K,L;T, 0) = >f@S\C’(sr:,)\;K;r, 0) — *ﬁC’(z, N K, L;r,d).

Now, we need to find the valuation of >§S\C(ac, XN K, L;r, d)

*BSCO(x,T; K;r,0) = Ep(em?T(ze’?r — K)¥),
Feo 1 ;2
= em*(xe’? — K)T e 2T dz.
/_oo ( ) \V2rT

+oo +oo e—)\t L2
e™*(ze’* — K)* / e~ 2 dt dz.
0

2t

ﬂ@S\C(I,)\;K;r,(S):/

Thanks to Appendiz B we have

Then, we can write

— +o0 e—lz1v2X
«xBSC(z,\; K;r,0) = / e"*(ze’* — K)*sz,
oo o—lz16
= / e"*(re’” — K) dz.
L1n(%) 0

3.2.1. case K > z. In this case, we can easily compute »@S\C’(x, A; K). Using the previous notations we have

—|z|0
eIl
dz

*BSC(x,\; K;r,0) = / " (re’” — K)
k

1 K
and in this case — In (—) >0, so we get

o x
. +oo esz
*BSC(x,\; K;r,0) = / em*(xe?? — K) 7 dz,

k

1[* K [+
_/ e(m+0—9)zd2_ _/ xe(m—G)de7
A 7/,

K (m—0)k K (m—0)k
- = ¢ + — ¢ . (26)
Om+o—-60 0 m-—490
Then, we get the formula for the Laplace transform of the Black-Scholes call in the case K > x:

— K 1 1
*BSC(x,\; K;r,6) = ze(m_g)k ( 9 mT 0) , for K > .
m — m+ o —

To obtain *]3/1-)50(33, \; K, L;r,§) we only need to subtract *ﬁC’(z, N K, L;r,d).

— _ 260
«PDOC(z, \; K, L;1,5) = %em—e)k( 1 1 )_w( 0v/D)e

m—0 m+o—0 6+ (6v/D)

1 1
Ke(m—0)k _
€ m—0 m+oc—0)’

_ 1 . 1 Ee(m—G)k . €2b97/)(—9\/5)
N (m—9 m+a—9> 0 ll »(0VD) ' @7

Furthermore,
Y(—0V'D) = (0vV'D) — vV 2r De P . (28)

So, the following formula holds
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— 0 2b6 /2 D AD K
«*xPDOC (x,\; K, L;7,8) = ll — 20 1 ¢ me ] 2 e(m—6)k

(0 D) 0

1 1
( - )forKZwZL. (29)
m— 6 m-+o—0

3.2.2. case K < z. In this case the integral has to be split.

>§S’\C’(x, X Kr,0)

+o00 67\2\9
/ e"*(ze’* — K) dz,
1

0 6

0 +o0o
/ $€<m+0+0)z _ Ke(m+0)zdz + / xe(m+o—0)z _ Ke(m—G)de) ’
k 0

0 e?0 +o0 e
= / em*(xe?? — K)—dz + / e (xe’” — K) dz,
k 0

. K Ke(m—‘rG)k Ke(m+0)k x K
- mto+6 m+6 mto+6  m+o _m+a—0+m+9)’
_ 2 . xz 2+ e _ (30)
m2—0 (m+0o)2-0 0 m+6 m+to+0
So, we get
_ 2K 2 Ke(mtok
*BSC(SC,)\;K§T76):m2_02_(m+o')2—02+ 0
1 1
< _ ),forKS:E. (31)
m+ 6 m+o+60

Finally, we come up with the following formula for the valuation of a Parisian down-and-out call with b < 0
» Case K > L.

*P/DBC’(:B,/\; K, L;r,9)

2K 2z N Ke(m+o)k ( 1 1 )
- m2 — 02 (m+o.)2_02 (2] m+0 m+0’+9
—6vVD 2b6 1 1
_W(=0VD)e™ L moyn < — ) ,forz > K > L. (32)
64(0v/D) m=—0 m+to—0

» Case K < L.

+*PDOC(z, \; K,L) =
e(m+0)b

2K -
=g | gy (PVDm) + VarDe E m(—d - \/ﬁm))]
2 Le(m+o)b -
_(m+0'2)—02 N ¥ (6v/D) (dj( vV D(m + 7)) + V27 De
(m + )N (=d — vD(m + a))>]
Ke(m+ok 1 | N
o (m“’_m“’”)[l ¢(9\/_)(¢( 6vD) + 6e*°V2r DN (d - 9f>)]
)‘D‘/— £20 o (m—0)k 1 1
for K S L<zx

3.3. The valuation of a Parisian down-and-out call with b > 0.
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3.3.1. reduction to the case b= 0. If b is positive and T," > T > D, then T}, < D.
Therefore, the discounted value of a down-and-out call in the case L > z is
*PDOC (z,T; K, L;r,0) = Ep(1 {Tb_ZT}l{TbSD}[xe”ZT — K]tem?T),
We can also write :
«PDOC(z,T; K, L;7,6) = Ep (]Ep[1 (1 >y L{m < pylwe”FTTITAD) — K]Eem I an 40 | ]-"Tb]) :
We have Fp, = {A € AVt >0, AN{T, < t} € Fi}, then {T}, < D} € Fr,, because
{T, <D} (UTp <t} ={T, <D At}

and
{Tb < D/\t} € Finp C Fy.

Therefore 1;7,<py is Fr,-measurable.
So we get

*PDOC(2, T; K, L;r,0) = Ep (l{TbSD}EP[l{Tb_7T52T7Tb}[erZTiszer — K]temtZr=2m, 1) | fTb]) .

law

Relying on the strong Markov property we can write that T,” — T, = T} .
Hence

«*PDOC(z,T; K, L;r,0) = Ep (1{%@}1@@[1 {TJZT_Tb}[me“ZT—ZTﬁb) — K]tem(Zr=2n,4b) | ]-'Tb]) .
Let W; denote Z7,4++ — Z1,, relying on the strong Markov property W; is independent of Fr, .
Let Y; denote 1{T(;>T_t}[me”(WT—t+b) — K| temWr-i40),

e Y; is independent of Fr,,
e T}, is Fr,-measurable so we can write E[Yr, |Fr,] = E[Y:] =, -
Hence we have
*PDOC('IaTv K7L;T7 6) = E[%{;{T;,SD}]E[E]H:TJ?

— 00

where pp,(du) is the law of T}, recalled in Appendiz A. We get
D
>|<P‘DOC'(1'7CZ—'7 K, L;r, 5) = / Ep (1{T0_ ST} [er(WT—qub) _ K]Jrem(WT—qub)) Mb(du)
0 >
So, we have
D
*PDOC(z,T; K, L;r,0) = emb/ Ep (1{T0_ ST—u) [zebeoWT—u K]+emWT‘“) wp(du).
0 >

Asb=21In(%), we get

D
«PDOC(x,T; K, L;r,§) = Le™ /0 Ep (1 (T5 >T—u) [e?WT—u K/L]*emWT*“) 1o (du).

The price of a Parisian down-and-out call in the case b > 0 is given by

D
«*PDOC (x,T; K, L;r,8) = Lemb/ *PDOC®(T — u; K/L;r,8)pup(du)
0

where

«PDOCY(T; K;r,8) = Ep (1 P K]+emZT) .
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3.3.2. The Laplace transform of xPDOC (x,T; K, L; r,0). If we consider the Laplace transform of «x PDOC(z, T; K, L; r, )
with respect to T', we get

o +oo D
*PDOC (x,\; K, L; 7, 6) / e M Le™ / «PDOC(t — u; K/L; 7, 0) puy(du) 14—y >0y dt,
0 0

D “+00
= Lemb/ ey (du) / e M % PDOC(t — u; K/L;7,6) dt
0 u
we change variables (v,u) = (t — u, u)
D +oo
= Lemb/ ub(du)e_)‘"/ e~ %« PDOC®(v; K/L;7,6) dv,
0 0
D —— 0
= Lem / pp(du)e " «PDOC (\; K/ L; 7, §).
0
D

If we compute / wp(du)e™", we find e\ (9\/_ ) + eebN( VD6 — —) as proved in Appendiz A,

where N denotes the standard normal cumulative distribution. Finally, we come up with the following formula

5T b
*PDOC (x,\; K, L;7r,8) = L l:e(m_e)b.)\/' (\/59 _ ﬁ) +

b _—
e(m+0)b Ar <_\/ﬁg - ﬁ)] *PDOCO()\; K/L;r,6), for L > x. (35)

—— 0
» Case K > L. *xPDOC (X; K/L) has already been computed in (29), and we had found

—— 0 \/27rDe>‘DK 1 1
PD N K/L;r, 5 e(m=0)k — for K > L.
PDOC (5L, 8) = ST Jen 0t () o >

Then, we now have an explicit formula for the Laplace transform of *xPDOC(z,T; K, L;r,0) when K > L.

«PDOC (z,\; K, L; v, 8) = [e<m—9>’w (9\/5 - \/—bﬁ) + e(mtOb N/ (—0\/5 — %)}

27 De*P 1 1
VETZC  gem—0)k ( — ) for K>L>z (36)
1 (60v/ D) m—0 m-+o—20

» Case K < L. In this case, we have

«PDOC" (A K/L) =
K
2K [1— L ( (—VDm) + V27 De 5~ mJ\/( n(y) @m))]

L(m? —6?) ¥ (0VD)
2

C(m+o?)— 62 [l‘ ¢(9\/5>(

Y(=VD(m + o))

D(m+o)

27 De 7(m+J)N(1nE/L—KD) —\/E(m—&—o)))]

+Kem7+91n(%) 1 1
Lo m+60 m+0+o

[1— o ( (— 9\/—)+96AD\/27T—DN(

_EPVID K o) s ((E) 1
(9\/—) N(O’\/_ 9\/—> (m—9+0 m—9)'
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Hence,

«*PDOC(z, \; K,L;r,0) = L (e(m LY (\/_9 — _) + e(m+0)bAS (_\/ﬁg _ %))

ln(%)
(5 )|

1 2rDe D(m+e)? (m+o_)N(ln(L) \/_(m+a'))>1

27rDe E2

(o |~ v (
L(m?—6%) | $(6vD)
2

1
_(m—l—0'2)—02 1_,‘#(0\/—3) <¢(—\/ﬁ(m—|—a))

m-+460

Ke™s () 1 1
+ Lo (m+0_m+0—|—a)

[1- 555 (¥(-6vD) + 662 VarDN (2 — 6VD))|
APV2TDK e eln(K)N(ln\(/_) 0\/5)< 1 1 )}

1/;(0\/_) ¢ m—-04+0c m-—20

for K < L and « < L.

3.4. The valuation of a Parisian down-and-in call with b > 0. So far, we have managed to find explicit
formulae for the Laplace transforms of the down-and-out call prices with b > 0. Now, we will use the relationships
existing between down-and-out options and down-and-in options to compute the price of a down-and-in call in
the case b > 0. In fact, the following formula holds

«PDIC(z, \; K, L;7,8) = #+BSC(2,\, K, r,5) — *PDOC (2, \; K, L; 1, 6)

where *P/D@C(L A; K, L;r,0) has already been computed above in the Section 3.3.2 for b > 0 and >§S\C(x7 A K 6)
has been calculated in (31) and (27). We simply recall the formula

- %em—e)k ( 1 i 19 it K >z,
*BSC(z,\, K,r,0) = 2K m_2 " —;(J 1 1
_ ‘” 4 Ze(mto)k - if K <.
—02 (m+o)2—62" 0 m+0 m+i+o -

If we put all the terms together we find the following formula
» Case K > L.

*P/D\IC’(w,)\; K,L;ré) =
Ee(m—ﬂ)k: < 1 _ 1 )
0 m— 6 m—60+o
b b
— [ elm=9bNr (0\/5 - —) + e(mTOb N (—9\/5 - —)>
e e
( vD vD

%KG‘W"”( e R—

m— 0 m-+o—0
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» Case K < L.
- K ) )
*PDIC (x,\; K, L;r,8) = 2 e(m—0)k B
° m—0 m-0+g

—L (=N (VD6 — L) + emtON (—vDo — L))

2K 1 D;nzm 11’1( ) m
{L(m2 -0 [1_ (0v/D) <¢ VP zmbe N(a\/_ vD )ﬂ

NCEET
—71 — m o by eD( (%) m g
POVD) Y(—vD(m + o)) + V27D +)N<\/— vVD( +)>>]
Ke s () 1 1
+ Lo (m+0_m+0—|—0'>

_ﬁGp( 0vD) + 0 P27 N(Uf/_)—ox/_>>
_ V2 DK om0y In(7) 1 1
) — or x .
(0\/_) ° ” N(a\/ﬁ 0\/5> (m—0+0' m—H)}’f SK<L
*PDIC(z, X K, L;m, 6) = 21_(02 B (m+c2rg)cz gz T %e‘mmk (mi—@ - m-|—19-|—0)

—L (etm=9N (VDO — —) +emTOoN (—vDo — )

e
D;nz ln(%)
<1/J(—\/Dm) + V2w De mN <0_\/5 - \/Dm>>]

{L [1 I
L(m? — 62) 1/;(9\/_)
2

~ e e | wwf) («p( VD(m + 7))
+V2nDe” )J\/(l \(/_) \/_(m-l-a)))]
Ke™ ™ () 1 1
Lo (m+0_m+0+0'> .
_71 — e*PvV2r —ln(E)_
[1 S(OvD) <¢( 0V D) + 6e P2 DN(U\/E 0@))]
AD\/27TDK m= 1 (X) In(Z )_ 1 o1 . v
~5(@vVD) T N(—\/_ 0\/_> (m_0+a m_g)},fo K<z<L.

4. THE PARISIAN UpP CALLS

This section will go exactly through the same points as the previous one but considering the Up calls instead
of the Down ones this time. Once again the organisation of this section is based on the presentation scheme.

4.1. The valuation of a Parisian Up-and-in call with b > 0. The owner of an up-and-in option receives
the pay-off if S makes an excursion above the level L older than D before the maturity time 7', which is exactly
the same as saying Brownian motion Z makes an excursion above b older than D. Using the previous notations
we can write :

*PUIC(x,T; K, L;7,6) = Ep(1 {Tb+<T}(:ve”ZT — K)tem4T), (37)

where

T,f = inf {t > 0|11z, (t — g;) > D}. (38)
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The computation of «xPUIC(x,T; K, L;r,d) for b > 0 is exactly the same as the computation of
*PDIC(z,T; K, L;7,6) for b < 0. We just have to find the law of T,". We have

+oo
*PUIC((E,T, Kv L; T, 5) = / EP(]'{T;<T},PT7T;' (fw)(z))y(dz)v (39)

where
o fu(2) =em*(ze’* — K)T,
P =_1 +oo _(u—2)?® d
o t(fz)(z) \/ﬁf_m fr(u)exp 2t U,
e v(dz) is the law of ZTb+.

We have
+oo
PUIC( TS K. Lird) = [ fulwho(T.p)d, (40)
where
_(z=y)?
> xp ( 2<t—TJ>)
hy(t,y) = Ep 1{Tb+<t}— v(dz). (41)
—oo 2n(t — T,F)
Since we consider the case b > 0, we can use the following expression for the law of ZT;,as it is proved in
Appendiz D
dx (r —b)?
IE”(ZT;r €dz) = B(x —b)exp (— 5D 1io>0)- (42)
4.1.1. The Laplace transform of «PUIC(x,T; K, L;r,0). We still have
*?U\IC(I, N K, Lir,0) = / fz(y)/ e Mhy(t,y)dtdy. (43)
—00 0
We would like to compute
hy(\y) = / e M hy(t, y)dt. (44)
0
We know that
(z=y)*
too , _p AP exp(— 7+)
hy(t,y) = / ZD exp (— (ZZD) >E7> 1{Tb+<t}¢ dz. (45)
b 2r(t — T,F)

We can write

hy(t,y) = /:oo % exp <— (Z;Db)2>7(t7z —y)dz,

where .
oo D) (i)
2m(t — T+)
and we have
o= [ 5" o) [ et - ara (16)
So, we need to compute the Laplace transform of y(t, x)

2
[e'S) [eS) exp (—%)
/ el a)dt = Ep / M 2TD)
0 T 27T(t . Tb+)

By changing variables v =t — T,, we get

2
- ~ o (5)
/ e My (t,x)dt = ]Ep(e*ATbJr)/ e N 2 gy
0 0
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Using results from Appendiz D and B, we come up with

* exp [—(|z[ + b)6)]
e Myt o)dt = —— =, 47
/0 (t.2) 04(0v/D) 7)
Thanks to (46) we can rewrite
N o= b0 oo x2
hy (X, :7/ Tex ( — b4z — 9) ) 48
+o0o 2
Let K1) p(y —b) denote/ T exp (———|b+x—y0>
’ O 2D

4.1.2. The valuation of K1 p(y —b). Let ¢ denote y — b.

+oo 2
We have K1) D(c):/ Z exp (—x——|x—c|9)dx.
: ) 2D

» Case K > L. In such a case we have, for y € [k, +oo[, y — b > 0.
We can use the formula (24) to compute K1y p(c). Then for hy(\,y) we get :

N —bo
hb(A7y) = °

e (y=b)o 2D D [ o= (y=b)o y—b /7 55}
9007 D) { +0v2arD ( NV( 7D vV D) — N(—6vD)]
y— y—»b )
ey—0b)e (1 N( 7D +40 D)))} . (49)

By plugging this result in(43) and by doing long but easy calculations we get:

*FU\IC(QI’)‘; K,L;r,0) = e(m_e)b’l/i(;:;z) {mfl_(vozemnzm/\/(d—k \/Bm)
‘# P (m 4 )N (d + VD (m+a))}
e KemtORAD 3 DA (d — 6VD) r 1
¢(0\/_) © m (m+a+0 m—|—9>
(m )k
+ 9¢(0@)K (ml_ 5~ m—l—ir — 9> (¥(~6VD) + 6v2rDe*PN (d — 6VD)), (50)

forxe <L<K.
» Case K < L.If K <L wehavey—b>0 for y € [b,+o0[ and y — b < 0 for y € [k,b]. So we get

— o—b0 b foo .2
*PUIC(z,\; K,L;71,0) = ———— / e™ (e — K / zex (——— z4+b— 9) dzd
( ) D(w(ex/ﬁ)<k ( )0 p{—5p y) y
+oo +oo 22
+/ e"Y(ze’Y — K)/ Z exp <—— —|z4+b- y|9) dzdy) .
b 0 2D
After doing computations we get
— e(m—0)b 2K 2L
xPUIC (z,\; K, L;7,8) = vDm)— ——  _(vVD(m+o }
( )= o DM o (VD (m 4 0))

e~ %4 (—6v/D)
04 (6v'D)

1
m—|—0_m—|—9—|—0'

Ke(m—|—0)k< ),forKgLandmgL. (51)
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4.2. The valuation of a Parisian Up-and-out call with b > 0. Thanks to the formula of *?UTC(L XK, Lir, )
we can find *P/IJBC(.T7 A K, L;r,0). By using the relations between «PUIC and +PUOC and the Laplace trans-
form of a Call when x < K ( which has been computed in 3.2.1 ).

So, for x < L < K, we obtain

«PUOC (2, X K, Ly 7, 8) = o e(m=0)k ( 1 )
V2rD 0 m—6 m+o—0
2w D 2K D2
_p(m—=0)b Dm?
‘ 4(6+/D) [mﬂ —gz¢ | mN(d+VDm)
2L Dimto)?
_ me 2 (m+o)N(d+ \/B(m—ka))]
e—2b0 Kem+0kAD /3o DA (d 0\/5)( 1 1 )
% Ke . — B B
¢((0\/?)2e m+o+60 m+0
e : ! AD
_9"/’(9\/5)K <m -0 m+to-— 0) (¢(_0\/ﬁ) + 6v2rDe N(d — g\/ﬁ)) ,

and for K < & < L, we have

*P/UEC(:(:, MK, Lyr, 6) =

2K 2x K 1 1
- + —e(m+o)k ( — )
m2 — 62 (m+ o0)2 — 02 0 m+0 m+0+o

o(m=0b [ of 2L

T 9(6vD) Lm? = 921/’(\/57”) - m’/’(\/ﬁ(m + U))}
e2%94(—0+/D) 1 1

~ 907D Ke(m + 0)k (m+9 - m+0+a>. (52)

Finally, for the case * < K < L we get

*P/UEC(:I:, MK, Lyr, d) =
Ee(m—e)k' ( 1 1 >

0 m—0 N m+o—60
e(m—0)b 2K o

y(6vD) {mz — 62 $(vDm) — mf/’(\/ﬁ(m + a))} (53)
6_2170’1/)(—9\/5) 1 1

4w (0vD) Ke(m + 0)k (m+0 - m+0+a>. (54)

4.3. The valuation of a Parisian Up-and-out call with b < 0. We proceed exactly the same way as for
the case b > 0.

We have
D

*PUOC(x,T; K, L;7,6) = Lemb/ *PUOC’(1,T — u; K/L, 1;7,8) s (du),
0

and for its Laplace transform we get
—_— b = 0
«PUOC (z,T; K, L;r,0) = Lemb/ oy (du)e=* «xPUOC (1, \; K/L,1;7,6).
0
To compute fOD pp(du)e= ", we can refer to Appendiz A, but by plugging —b instead of b. So we find

p —Au __ _6b i —0b _ L
/0 po(duje™ = N (OVD + =)+ e PN (-0VD + ).

Therefore, for L < x we get
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_— b
*PUOC (z,T; K,L;r,6) = L <e(m+0)bN(0vD + D
(m—8)b b —— 0 K
+e N(—HVD-I—E) x* PUOC (1,A;f,1;r,6).

Depending on the relative position of K and L, one of the following formula for *P/IJEC(‘W, T; K, L;r,J) holds.
» Case K > L.

_— 0 K K m—0 K 1 1
P 1 1 = In(z) -
* PUOC (LA i 9) = 75e (m—9 m+o—9>
\/27TD |: 2K Dm?2 <
- ( e 2 mN

(VD) | L(m? — %) oV (g ”fm)
—mew(mww( —=n(} )+\/_(m+a))}
_ Wi/ﬁ)% mA0 10 () AD SR DA (-%m(f) —9\/5> (m—l—i—&—& _ miw)
S (- ) (v BB (Lt - 0vB))

_— b b
*PUOC (z,T; K,L;r,6) = L <e(m+9)b./\/ <0\/5 + ﬁ) + em=Ar(—9v/D + D )

K m-os In(X) < 1 1 ) vV2rnD [ 2K Dm?2
—e o L —_ —_ e 2 m
Lo m—60 m-+o—6 ¥ (0vD) L L(m?2 — 62%)

1 K 2 D(m+a’)
N <_o\/ﬁ ln(f) + \/Bm) — —(m o) 62

_ 1 HE m-+ o _#Ee#ln(%)eAD =
N( D M) TVDm ))} (VD) L vamh

N( ax/_ln(_)_w_> <m+tr+0 - miro) B Zz/;i@l\r;(ﬁ%))%
( L ! 9) <¢(—9x/5)+0\/ﬁewj\/<ml/ﬁ 1n(%) —9\/1_)>)}

m— 6 m+ o —

(m + o)

for L < K and L < z.

» Case K < L.

_———_ 0 K
«PUOC (1, \; T 1;7,0) =

2K 2 K Mln(ﬁ)( 1 1 >
— +_e o L —
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*P/U\OC(:B, T;K,L;r,0) =

b b
(m+6)b (m—0)bar(_ -
L <e N(6VD + )+ e N(—6VD + >

2K 2 K mio ), x 1 1
{L(m2—02) - (m+0)% — 62 +Ee - () (m—I—O - m—l—O—I—a)
1 2K 2
(VD) (L(m2 —gn(YPm) - mw(‘/ﬁ(er”)))]

1[’( 9\/_)K m+el( ) 1 B 1 r )
91/1(0\/_)L (m+0 m+0_+0> Jfor K < L < .

4.4. The valuation of a Parisian Up-and-in call with b < 0. We will also use the relations between
xPUIC (x,\; K, L;r,6) and *PUOC(x, \; K, L;7,§). We have

*P/UTC(HC, XK Lyr,d) = >§S\C(x7)\, K,r,é)— *P/UBC(JC, XN K, L;r,b)

where >kP/UEC(Jc7 A; K, L;r,0) has already been computed above in Section 4.3 for b < 0 and >@S\C’(ac7 A K 6)
has been calculated in Section 3.2.1.

So we derive the three following formulae

*P/IﬁC(w,)\; K,L;r,6) = Ee(m_e)k ( ! _ ! >
0 m—0 m-+o—20
b b
_ (m+06)b 9 - (m—6)b -0 -
L (emom (0D + 5 ) 4 el (-0vD + 5 )
(K m_eln(ﬁ)( 1 1 )
—e o L p—
Lo m—60 m+o—0
vV2rnD 2K Dm2 1 K
- - In(— D
$(6v/D) [L(mz—ez)e mN( ovD “(L)J”ﬁm)
2 D(m+a) 1 K
_m (m—l—a)./\f( oD ln(f)—l—\/ﬁ(m+a))]
I K mownes aporp <_ LB )( r 1 )
¢(0\/_)Le e 2n DN a\/ﬁln(L) 6vV'D mTot0 mio

m—60

() K 1 1
_01/;(9\/1_))f(m—0_m+0'—9)

(w-0vD) + 0vEmDAo

a\/_ln(—)—O\/_>>>,forL§:c§K,
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*P/(ﬁC(:c,)\; K,L;r,6) =

2K 2 +Ee<m+9)k< 1 1 )
m2 — 02 (m+0)% — 62 0 m+0 m+0+o0

) <e<m+0>w<o@ b o)+ N (—0vD + LD))

VD Vb
{ge”;" In(%) (ml_ S +t _ 9)
B «zJ(ez;%) {L(mzfi e (o7 i)+ Vo)
g T oW (o) + VD4 o))

1 K
¥ (0v/D) L

™0 () AD ar DA (- 1n( ) )( r 1 )
e 271'DN( a-\/ﬁln(L) 6v'D mtot0 m1o

e’"Jeln(%)K< 1 1 )
0y(O0vD) L \m—-60 m+o—0

<¢(—0x/5) + ex/ﬁe*DAf( L <5) — 0@)) } Jfor L< K < z,

ov' D L
PUTC (2, M\ K, Lir, 8) = — 25 2
* (iB,, ’ 7r7)_m2_02_(m+0)2_02
K 1 1 b
K (mioy _ _ 1 mrerp b
tee (m+0 m+0+a) L(e N(WBJF\/B)
b 2K 2
(m—6)b _ _
e N( ”‘/Bﬂ/ﬁ)){umz—ez) (mto)2—02
K ""‘H’ln(K)( 1 1 )
_e o L —
Lo m+60 m+60+4+o0
1 2K 2
) L/;(em) (T =g /) = o= ga(VDm + ”))ﬂ
_MEG”‘:"IWZ)( v ! ) for K<L <
0y (0vD) L m+6 m+o+6)[’ -

5. SOME PARITY RELATIONSHIPS
Now we will explain how to find all the other prices by simply using the formulae we have established so far

and some parity relationships.

Let us consider a Parisian Down and Out Put.

m2
PDOP(2,T;K,L,D,r,5) =E (emZT (K — ze?r)t 1{Tb_>T}) o ()T (55)

One notices that the first time the Z Brownian motion makes below b an excursion longer than D is the same
as the first time Brownian motion —Z makes above —b an excursion longer than D. Therefore, introducing the
new Brownian motion W = —Z we can rewrite

2

PDOP(2,T;K,L,D,r,§) = E (e—mWT (K — ze~Wr)+ 1{T_+b>T}) o~ ()7

3

+
Kz E | e (mto)Wr le"WT L 1.+ e_(H_mTQ)T (56)
T K {TT,>T} :
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Let us introduce m' = —(m +0), & = r, v’ = ¢ and ¥’ = —b. With these relations we easily check that
m =1 (r’ -0 — ";) and that r’ + m2/ =r+ & Moreover, we notice that the barrier L’ corresponding to

1 1 1\" C(ppm?
b = —bis I Therefore, E | ¢~ (m+o)Wr (Ee"WT — E) 1{T_+b>T}> e ( 5 )T is in fact the price of a Up
1 1

1P
and Out Ca vocC < K I

, D, 9, r). Finally, we come up with the following relation
11
PDOP(xTKLDr&)-xKPUOC( KLD&T).

The same relation holds if we replace a call by a put and vice-versa and if we consider In options instead of Out
ones.

111
PUOP(z,T;K,L,D,r,§) = K PDOC (E ?,E,DM),
PUIP(z,T;K,L,D,r,8) = xKPDIC’( %,%,DM),
11

PDIP(z,T;K,L,D,r,5)

K PUI ,D .
T UC’( KL 57")

In the previous sections we computed the price of all the Down Calls an Up Calls. From these relationships, we
can deduce the prices of all the Parisian Puts. What we still have to find is how to invert the Laplace transform.

6. PRICES AT ANY TIME t

At this stage we can compute all the prices at time 0, but to be able to hedge such an option we besides need
the prices at some time ¢ < T. So we will consider a Down-and-In option to show how the price at some time
t can be deduced from the prices at time 0 of the Down-and-In options with different parameters. Relying on
this example one can easily prove similar formulae for other options.

6.1. Three different paths for the Brownian motion. The price of a Parisian Down and In Call at time
0 is given by the formula (4). From this formula, we can deduce the price of a Down and In call at any time ¢.

PDIC(S;,t;2,T; K, L, D,r,8) = e "T=YEg ((xe“<WT+mT> — K)* 1y ST}m) . (57)

Now we can change the probability measure as we did at the beginning to make Z = {W; + mt;t > 0} a
Brownian motion under the new probability we called P, ( E will from now on denote the expectation under
the probability P ) . Then, we can write

E (em?r=3m'T (o — K)* 1y gy F2)

mZt7%m2t

)

PDIC(Sy, t;x, T;K,L,D,r,6) = e~ T(T—1)
€

o (emztem<ZT*Zt)*%m2T(xe"ZT —K)* 1 ST}|-7:t)

mZt7%m2t

e
m2
= e~ r+E)(T-OR (em(ZT*Z‘)(xe"ZT - K)* 1{T;§T}|}—t) . (58)
Let us introduce a few notations
1 L
T" = T—tandb ==-In(—= ], 59
an 5 n <St> (59)
Té/ = inf {S > O, Zt+s - Zt = bl} (60)

In the case Z; < b, we introduce D’ the time Z has already spent in the excursion.
TnQ 4
PDIC(S;,t;x,T; K,L,D,r,6) = e*(”T)T E (em<ZT—Zt>(SteC’<ZT—Zt> —K)* 1{Tb7§T}|]-"t) . (61)

The indicator can be split up in several parts depending on which path you are on. On both paths the excursion
has already started. On the red one, the excursion will not last long enough, so the asset still has to do an
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FIGURE 4. Possible evolutions of an asset price

entirely new excursion below L longer than D, whereas on the green path the process only has to remain below
L for a time longer than D — d. All these remarks enable us to rewrite the indicator as follows

Loy <ry = Wzon g - <y + Hzi<y (1{T;,2D—D'}1{D—D/§T/} t L, <p-pylir ST/}) - (62)

PDIC(S;,t;2,T; K, L, D, )
= ()T {B (em@=20(8,e7 %20 — K)* 1z iy gy | F2)
+E (em(zT*Z‘)(Steg(Zsz‘) - K)* 1{Z¢§b}1{Tb’,2D7d}1{D7d§T7t}|}_t) ,
+E (em(ZT—Zt)(Steo(ZT—zt) —K)" 1{Zt§b}1{T;,§D7D/}1{T;,*§T—t}|'7:t)} ,
= e ()7 {I{Zt>b}E (em(ZT*Zt)(Ste"(ZT*Zt) —K)* 1{T;,‘§T’}|}—t) ,
+lz, <0y lip-p<r7-nE (em(ZT_Zt)(SteU(ZT_Zt) - K)* 1{Tg,2D—d}|}-t) ;

m(Zr—Z; o(Zr—2Z¢
+ 1{Zt§b}E (e (Zr )(Ste (Zr ) _ K)+ l{T;,SD*D’}l{T;TST—t}|th)} .

T,, and Tl;,_ are both independent of F;, so we can write
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m2 ’
PDIC(S, t:2, T; K, L,D,r,8) — ¢ (+%)7 {1{Zt>b}E (emZT’(Ste”ZT/ ~ K)* 1{Tb7§T/})
+1liz,<031{p-pr<7 E (emZT/ (Se??r — K)* l{Tbj szD’})

_|_ 1{Zt§b}E (e’m.ZT/ (SteUZT/ — K)+ 1{Tb/SD*D/}1{Tb7§T,})} )
_ 7(T+MTQ)T' ,. )
= e 12,55 PDIC(S:, T'; K, L; 7, 6)

+1z,<y1p-pr<ry B (€™ (Se”? — K)" 1(1,,>p-pry)
(i)

_|_ 1{Zt§b} E (e’m.ZT/ (SteUZT/ — K)+ 1{Tb/SD*D/}1{Tb7§T’})

(@)

6.2. The computation of the different expectations. Let us calculate (i) in the case D — D' <T”

E (™71 (S1e7?1" — K) 141, >p-pr})
= E(e"4 (S — K)Y) B ("4 (S — K)Y Ly, <popry)
= «BSC(Sy,T';K,r,6) —E (e (Se”?1" — K)* 11, <p_p1}) (63)

The last expectation above can be computed by conditioning with respect to Fr,, since D — D' <T" .

]E (emZT/ (SteUZT/ - K)Jr l{Tb/SD—D/})
= E (E (emZT/ (SteoZT/ _ K)Jr l{TblgD—D’}|fTb/)) 7
= B (l{Tb/ SD—D/}]E (em(ZTlisz/)emb/(stegb/eo(ZT,_ZTlg/) — K)+ |JTT1,/)) ’

If Wy = Zyoqy — Zr,— and Y; denotes e™Wr'—t(Le?Wr'~+ — K)*, then Y; is independent of Fr, and Ty is
Fr,,-measurable

E (emZT/ (SteUZT/ _ K)+ 1{Tb/§D—D’})
= E (1{Tb/SD7D/}E (emwTLTemb/(Stegbleng’” - K)Jr) |r:Tb/) ;

D-D'
= / e B (e Wt —u (LeWr—u — K)F) gy (w)du . (64)
0

P(L,T")

Now, we will consider the Laplace transform of P(L,T’) with respect to T’
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3

=

=
I

+oo D—-D’ ,
/ e M / emb E(e™Wr—u(LeWr—v — K"y (u)du dr,
0

0
D—-D’ +o0o ,
/ / e ATemb E(emw**“ (Le”W**“ — K)")dr py (u)du,
0 0

a change of variables (u,§) = (u,7 — u) gives

D—-D’ +oo ,
- / / e Me MMV R (e (L™ — K) )y (u)du de,
0 0
relying on Appendiz A we can write

/ ’ b/|

= e e WIN(0VD - D — |7)

e e

O

']
vD—D'
Let us now compute (7). We can condition with respect to Fr,, since T;, is bound to be bigger than D — D’
so Ty is almost surely smaller than T’

Y (_9,/71) D — )} « BSC(L, \; K, 1, 6). (65)

E (emZT’ (Spe??r — K)T 1{Tb,§D—D’}1{Tb—,§T/})
= E (E (emZT/ (Sie??r — K)T l{Tb,gD—D/}l{Tbng’}|fTb/)) ;
_ g (1{Tb/§D7D/}E (em(ZT,_zTg,)(Lea(ZT/—ZTb,) —K)* 1{ngT'—Tb/}|fTb’)) : (66)
If W, = Zy 1y — Zr; and ¥; denotes "Wt (LeoWri— — KT Lipe <y Y; is independent of Fr,, and Ty is
Fr, -measurable. So E(Y;|Fr,, ) = E(Y;)|=1, and therefore we can write
E (emZT’ (SpeoZr — K)T 1{Tb,gD—D’}1{Tb—,§T'})

_ emb/E (1{Tb,SD_D’}E (emWT/_u(LeUWT/_u — K)Jr l{TO—STliu}) |u:Tb,) ;

D-D’
/ YR (emWT/_u (Le?Wr'—u — K)* 1{T0_<T/7u}) ey (w)du . (67)
0 <

Q(L,T")
Let us consider the Laplace transform of Q(L,T") with respect to T".

~

Q(L, A)

+oo D—D’ ,
/ efA-r/ YR (emWTfu (LeUWTfu _ K)+ 1{T(;<T—u}) wp (w)du dr,
o <

mb’

0
00 D-D’ K
e M / «*PDIC°(1,7 — u, T 1,D,r,d)dr py (u)du,
0
—D’

+
= Le /
0
’ D — K
Le™? / ub/e_)‘"du*PDIC’O(l,/\,f,l,D,r, J). (68)
0

Finally we obtain

*ﬁC(St, tyx, T;K,L,D,r,d)
= 1{Zt>b}*PDIC(St, T,, K, L, D, T, (5) =+ l{ZtSb}l{D_DISTI}

, [D-D’ _— K
<L€mb / “b,e_)‘ud’u, (*PDICO(]., A, f,laD? T, 6)
0

— K —
—*BSC(L,\, 7, 5)) + *BSC(S:, T', K, r, 5)) . (69)
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If we compute *PUIC’(St, t;x, T, K L,D,r, ) we get exactly the same result by changing

*PDIC’O(I A, IL(, 1,D,r,0) into *PUIC’O(l A, Ig, 1,D,r,6) in the previous formula.

If one wants to value the Put Options, one can rely on the parity relationships given in the previous section and
then use again the price of the Calls at time ¢.

7. THE INVERSE LAPLACE TRANSFORM

This part is devoted to explaining how we compute the inverse Laplace transform of a function f, and how we
can use the Euler summation to get an accurate approximation of f.

7.1. An analytic formula for the inverse. Let us consider a function f integrable over R*, assume that
f(x) =01if x < 0. We will need a few notations

~ +oo
L) = Fo) = /0 F(t)e=*dt for = € C with Re(z) > 0, (70)
+oo
FHE) = % : f(t)e % tdt for € € R. (71)

One straightaway notices that since f(z) =0 if < 0 the following equality holds

L(f)(o+i&) =2nF(f(-)e 7 )(&) for o > 0. (72)

In our case f denotes an option price so it is bounded, therefore f(t)e™7 is square integrable for all positive o.
Since the Fourier Transform is one-to-one on the set of square integrable functions, we have

Feet =5 (gDl +)) 0

So, using the inverse of operator F, we obtain

1 Foo ,
10 = o [ e+ i,
let us change variable u = o + i€ (73)
1 o+ico i
= i) e L(f)(u)du. (74)

1 o+100 P~
t) = ut Fu)d
0 = g | e
eot Foo
= 5 f(o 4 iu)(cos(ut) + i sin(ut))du,
™ — 00
f has real values so only the real part of the integral is worth taking into account
+o0 R R
= 62— Re(f(o + iu) cos(ut)) — Im(f(o + iu) sin(ut)) (75)
™ — 00

Moreover, we notice that
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400 R 400 400
/_ Im(f(o + iu)sin(ut))du = /_ /0 f(2)e% sin(uz) sin(ut)dzdu,
_ /+°° /+°° F(2)e cos(u(z — t)) — cos(u(z +1t)) dxdu,
—0o0 0

2
this function is even with respect to u, so we can write

o0 +o0 iut —iut
= 2/ Re (/ f(z)e“zei“zﬁdz) du,
0 0 2
+oo “+o0 )
= 2/ Re (/ f(z)e‘”ewzcos(ut)dz) du,
0 0

-~

+oo
= 2/ Re (f(a +iu) cos(ut)) du. (76)
0
If we put all the terms together we find the following expression for f

260'15 “+ oo

ft) =

- Re (f(o- + su) cos(ut)) du. (77)

The only remaining problem is to compute numerically this non finite integral. We numerically evaluate the
integral above by means of the trapezoidal rule. If we use a step size h, then this gives : for any h € R

het ~ 2he’t & -~
t) = R inh ht). 78
Fult) = == Flo) + == 3o Re (Flo -+ inh)) cos(ni) (78)
. . s A .
Let us change the variable as following h = % and o0 = % to get a new expression
eAl?2 /A eAl? & ~( A+ 2inTh
_ = _1 77..
70 =57 () + T Xre (P75 ) o (79)

Now, we would like to measure how well f}(t) approximates f(t). To do so we need to establish the so-called
Poisson summation formula.

7.2. The Poisson summation formula. First, one will notice that in any case f(t) is positive, continuous,
bounded by the initial value of the asset and f(¢) = 0 if ¢ < 0. Let us introduce

2 nw
g(z)=f (t + %CC) efb(HQT), where b is a positive constant.
—+o0
Relying on the definition of f, it is straightforward that Z g(n + x) converges uniformly for any real z. So
. n=-—oo
we can define G(z) = Z g(n+ ). Thanks to the uniform convergence, G is continuous with period 1 and

n=—oo

therefore equal to its Fourier series expansion

“+o0
G(J?): Z ane%frnz.

n=—oo
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where

an

1
/ G iC e—2z7‘rnxd$7

1 +oo ,
/ g(k 4 z)e 2™y,
0

k=—o0
because the series converges uniformly we can interchange the summation and the integral

+oo
— Z / k + (E 217rnxd$

k=—o00
let us change variable u =z 4+ k
—+oo

k+1 )
— Z / g(u)efmﬂ'nudu’
k

k=—0o0

+00 )
= / g(u)e™ 2™ dy,

— 00

Then, we come up with the following expression for G

+oo +o00
G((E) _ Z / 72z7rnudu e?wrnz7

n=—oo

= Z 2 F (g)(27n) €277,

let us put = = 0, we get the Poisson summation formula

+oo
Z gln) = 2« Z F(g)(2mn),

plugging in the definition of g, we get

Z f<t+ 2”—") —b(t+32)  — op +Zoo J—'(f (t+ 2%) eb(t+22‘)> (27n).

n=—oo n=—oo

Let us try to compute the Fourier transform

Fre+3)e ) = o /+°° (14 250 el i),

2
Let us change variable u = ¢t + %
+o0 )
= # f(u)e e o (=1 qu,

s e (B
= f(f()e.b)(mr)’
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Now, if we put this expression back into (80) and define h = 7/t and b = A/2t, we get the following formula

—+oo +oo
—(1+9n 1 pin A+ 2imn
I P o ().

fis positive so we get

+oo Yoo 42 e .

f has real values so only the real part of the summation is worth taking into account

+zjf((1+2n)t)e”A - fe:t/z(—l)"m (f(%))

— 00

— 0o

it is easy to check that the real part of f(%) is even with respect to n

+o0 » A2 /A too a2 . A+ 2%
S = () 35 o ((252))

We can deduce the value of f from this expression

0 ="F (2t)++f Carme (7 (w>)—§f((l+2n)t)e‘"“‘- 1)

2t

If we compare with expression (79), we notice that the error made if we approach f by f5 is bounded by

Z (14 2n)t)e ™. As recalled above, f is bounded by the initial value of the stock price So so the error is

—A
bounded by So c — = . So is about 100, and if we take A = 18.4 the error is smaller than 106, One could be

tempted to 1ncrease the value of A, unfortunately it is not so simple as you discover later on in section 7.

The remaining problem is to numerically compute (79), which involves a non-finite summation and then we
would have a rather good approximation of f. We could simply truncate the summation and try to measure
how well it converges. Let us suppose we approach f; by

e A ed2 & ~( A+ 2inwh
— _ —-1)". 2
2tf(2t)+ ¢ ;m(f( of ))( ) (82)
and let us find an upper bound for the error.

A+ 2mﬂ'h>)
S,0 we would like to bound Re _ —1)"™.
3 re(T(H)) e

A+ 2inmh n +°° inth\ _ 4, n
S e (P e = 3 [ e (M) ey
k=n-+1 k=n-+1
A+ 2inth oo inm A
_1\n < —Az/2t
ZR( (7% ))( nr) < Z/ S’o|cos( >|e ,
k n+1 k=n-+1
f is bounded by So
2tS0 1
- A Z 1+ 47r2k2 :

k=n+1

Since we have

n+1 n
1 1 1
dr < < ——dx
n 1+ az? 1+ an? n_1 1+ ax?

o 1
dzx is equivalent to — we get
an

and we know that / ——
n_1 1+ ax?

oL
14+an? aN’

n=
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So, we come up with the following upper bound

A+ 2inmh tSoA 1
ST (—n < -,
3 re (F(AEE) ) < ot

k=n-+1

Therefore, if we want an accuracy up to 1075, we need 1.10” terms in the summation which is rather huge. For
this reason, we will present in the next section a way to accelerate the convergence of the series.

7.3. The Euler summation. Let s,(¢) be an approximation of fp(¢), the infinite series is truncated to n
terms,

cAl2 A2 N
) =57 () + S S ad

2t 2t t
k=1

ax(t) = Re (f(%))

We apply Euler summation to m terms after an initial 7, so that the Euler sum (approximation to (79)) is

where

m

E(m7 n, t) = Z C;cn2_m8n+k (t)7 (83)
k=0
(83) is the binomial average of the terms s, Sn41, ..., Sntm-
We will prove that E(m,n,t) goes to s when n goes to +o0.
In (83), the sum of the weights is equal to 1. So we have :

min _ spyr < E(m,n,t) < max Spir.
k€0, m] kelo, m]

So, when n goes to +00 min s, goes to s, as well as max s,4. Then
ke[0, m] k€0, m]

lim E(m,n,t) =

n— -+o00

Now, we are interested in how fast F goes to s when n goes to co. To estimate the error associated with Euler
summation, we suggest to use the difference of successive terms, i.e., E(m,n + 1,t) — E(m,n,t).

E(m7n + 1at) - E(m,n,t) ch 2= n+1+ a +1+k(t)7

0
oo As (n+1)m€ _ kmis
= 2””(—1)”*1/ e~ 2t Re Z | f(s)ds,
0

k=

+oo )
2””(—1)”*1/ e~ % Re (67( s (1-— einw)) f(s)ds.
0

So, we can bound the difference between E(m,n + 1,t) — E(m,n,t),

—+oo

e )Sf(s)dS) ,

| B(m,n+1,t) = B(m,n.1) |< 52 /Jm -4 e <w> s ((n +t2)7rs> n
By changing variables x = %, we obtain
| E(m,n+1,t) — E(m,n,t)| < 5_7:/0 o e (27 zl)m g (2 TW %d%
< %SE /O+°° e " |cos (72(71 4:41)7730)‘ +e % |cos <72(n —’:42)7”0) ‘ dx.

Furthermore, we have
A2
A2 +4m2(n+1)%

1 dr =

—+oo
/ 67‘T
0

cos <27mc(n + 1))




PRICING PARISIAN OPTIONS 31

Then, we get

< 2tSo A? n A?
= A2m \ A2 +4n?(n+1)2 A2 +4m2(n+2)%2)7
AtSo
2my2n2’

Now, we can bound the difference | s — E(m,n,t) |.

| E(m,n+1,t) — E(m,n,t) |

AtSo <X 1
- F t) |I< —— —.
5= Bmn 1) |£ 5220 S =
n=N
Since we have
n+1 1 n 1
/1; pd$<ﬁ</1;_lx2dﬂf,
we get
1 =1 1
< o<
N — = n2 - N-1
Then,
AtSo 1
_E t el
5~ Blm,n.0) 1< 5o

To have an 10~ error, if we choose n = 15, we need m = 23. The number of iterations is really small compared
with the previous result we got for n ( we needed 107 terms). The improvement is tremendously significant.
However one must have noticed that most prices involved the function 1 or at least A/ and we only have an
approximation with a 10~7 precision on the computation of these functions. This means that we are not able
to compute the exact value of the Laplace transforms at a given point but only an approximation. We will now
try to measure the consequences of such an approximation.

7.4. Accuracy of the numerical inversion. A polynomial approximation of the cumulative normal distri-
bution is described in Lamberton and Lapeyre [7].

2
N(@)=1- \/12_7‘_67% (b1t + bot? + bst® + bat* + b5t5), forx >0
where
by = 0.319381530,
by = —0.356563782,
b3 = 1.781477937,
by = —1.821255978,
bs = 1.330274429,
p = 0.2316419,
1
t

1+pz’
The approximation is accurate up to 10~% and pretty fast.
1‘2 .

If one remembers the definition of the function 1 (x) = 1 + zv/2me2 N(x), one straightaway understands that
the accuracy of psi decreases as quickly as = increases. The purpose is then to reduce as well as possible the
absolute value of the argument of the function . As we will show it this implies to decrease the value of A
which is in contradiction with what we have found just above (c.f. 7.2 where we have discussed the error due
to the trapezoidal approximation of the integral).

7.5. The accuracy of .

m2
U(x) = ta(x) 2mae s (N (@) = Na(2)),
[W(2) = Ya(z)] < = V2m|zle= 1077,
We will now measure the error made at the first order on the most often appearing factor in the Laplace
transforms of the prices and creating errors on them

¢ (=0VD)e’ K o(m—0)k ( r 1
9¢(9\/ﬁ) m—60 m+o-—20

B= ),whenBSO.
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_ Yo (—0v/D)e?*? K o(m—0k < 1 1 )
010, (07/D) m—60 m+4o—60)’
—~ 10-7 0/ 21 De2b? 22 e e(m—0k < 1 1 >
6+ (6v/D) m—0 m+o—10

A .
we know that \ € {— + Zk—ﬂ- k€ [|0am|]}

W
!
oy
g
IA

)

2T T
< 10 TKeAVarD | m-on
e D |—— e —1,
- Y(0VD) 2X
\ o200 o
< 107"Ke?V2rD | ———em=0k —_ |
$(0VD) 2
1 o
< 1077Ke2V2rD |——— =0k 7| hecause b < 0.
N »(0V/D) 2\ -
3
If we assume that - < — < =, D < 0.5, and we calculate how the error is transformed by the numerical

x
inversion we use for the Laplace transform we get

|B — B,| <1.5107%, for A =13.8.

The two other errors are bounded by 1076 and e=4 = 1077, we are sure that the prices will be accurate up to
1074

The terms only involving the function v in their denominators are much more accurate since one notices that
considering the values of ), the relative error on ¢ is smaller than 10~7.

8. A FEW GRAPHS

After all these technical computations, we would like to present Parisian options through a few graphs. First,
we can compare Parisian options with normal barrier options. Then, we will try to understand a bit more about
the different Greeks of Parisian options.

8.1. A comparison with standard barrier options. We would like to plot a graph of the evolution of a
down and in Call when D decreases up to 0, with the following parameters:

strike 100

maturity 1 year

barrier 75

volatility 0.2

interest rate 0.05

dividend rate 0

We can see that when D goes to 0, the down and in Call price goes to a down and in barrier price.

8.2. Hedging. Options become interesting for trading companies as soon as they can be hedged, which means
that they are able to find a replicating strategy based on the Black-Scholes’ theory. The underlying hypothesis
of Black-Scholes’ model is a continuous hedging, nevertheless this is not applicable in a real world. This discrete
time hedging creates an error, the burning issue of hedging such options is to reduce the error as close as possible
to zero. How well can replicate such an option? We will try to give some answers to these problems. First we
will present some graphs showing the evolution of the Greeks with respect to the initial value. One will realise
how much they differ from standard European options. Then we will generate a stock price over one year and
hedge it to see how the hedging error evolves and also the number of stocks you should own.

8.2.1. A glimpse of the different Greeks. Let us consider a down-and-in Call with the following parameter
K = 60,1 =280, D = 30 days, 0 = 0.3, r = 0.045 and 6 = 0. The graphs below show the evolution of the
different Greeks with respect to the initial value.

We notice that there are huge variations in the graphs when the initial stock price is close to the barrier. For
instance the delta suddenly drops down whereas the initial stock price tends to the barrier. This sensibility of
the delta around the barrier let us think that it may be difficult to hedge such an option. Now we will simulate
a stock path over one year and hedge an option.
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8.2.2. Hedging simulation. We still consider a down-and-in call with parameters Sy = 82, K = 60, [ = 80,
D = 30 days, 0 = 0.3, r = 0.045, 6 = 0 and a drift 4 = 0.1. Now we are going to simulate the stock path over
the year with three steps per day. The graphs below show the results we obtain with our program within five

seconds.
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FIGURE 7. Delta of a down-and-in call
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It is pretty clear that when the underlying asset crosses the barrier or is about to cross the barrier whereas
the excursion has not been completes yet, the delta varies very sharply. These huge variations tend to increase
the hedging error. As a matter of fact, when the asset is in a excursion and the option has not been knocked
yet, the delta varies very quickly. As soon as the option has been knocked, the Greeks become smoother. This
volatility in the delta graph makes it pretty hard to hedge such options. The more often the stock price crosses
the barrier before being knocked, the bigger is the hedging error.

D
APPENDIX A. THE VALUATION OF fo pp(du)e™* IN THE CASE b > 0

b b2
We already know that u,(du) = 0] e( Zu )du.

/ e (du) / 2 d
e Mup(du) = e2u du
0 \/27Tu

with a change of variable t = \/ia we get,

/D
oo D G
= / by/—e® ez di,
1/vD ™

Foo 2 - 1
= / by/ = exp —o0 +( ét)z dt,
1

/\/5 ™ 2 ( %t)g 0

let’s change variable again u = \/g

t
oo [2b0 —0b (1 9
= s 7@“’(7(@”))“7
V6D

) 2
= 2—[)0 exp < —o (— — u) )e‘ebdu,
v T 2 U

a new change of variable v = % — u gives

eD \/_
= ’/—efeb/ _sb v? (1 - ) dv,
v2 44

one more change of variable u = v/6bv provides the following expression
1 o 9\/5—%
e

e~ /2 <1 - L) du,
V2m oo Vu? + 46b
a last change of variable v = v/u2 + 46b ends the calculation
—+oo

ES

SN (WD - o) e [
VD
e N <9\/— \/E> + N (—9\/5 - \/—bﬁ) .

If we let D go to infinity, we can deduce the Laplace transform of T}, for any real b

E[e ) = eIl

2
o0 exp (_Z)
APPENDIX B. THE VALUATION OF / e M T gy
0

V2Tu
Once again we introduce 6 = V2.

\I\t

A change of variable u = straightforward gives the new expression

oo eXP(—%) oo [l x| 0|z| (1
—\u 2
2 g = S e (- 1) at,
/0 ‘ V21u " 0 ) Xp( 2 <t2 ))
+oo
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1
Once again, we can use the change of variable s = u — —, which maps [0, +oo] into | — 0o, +00[ and we have
u

d
du = 78 (1 + ﬁ) The second of the last term is odd, so its integral over R cancels and we get
S
+o0 0
\/ %679‘1‘ /700 exp (——|2x|s2>ds.

+oo exp (——u) 1
/ e\ 2% gy = ZeOlal, (84)
0 (7]

So finally we obtain

APPENDIX C. THE BROWNIAN MEANDER

In this section, we only recall some useful results on excursion theory and Brownian meander. To find the proofs
of the results announced, one can refer to Revuz and Yor [8] or Chung [4] for instance.

We denote by g; = sup{s < t; Z, = 0} the left extremity of the excursion straddling time t. We define (F,t >))
the slow Brownian filtration as 7,/ = F, \/ o(sgn(Z;)). F,, is the o—algebra generated by the random variables
Xg,, where X is a predictable process for the natural filtration of Brownian motion Z.

We denote by g = g1 = sup{s < 1; Z; = 0} the left extremity of the excursion straddling time 1.

The Brownian meander is defined as process

1

It is known that process m is independent of ]-"; . The law of m; is given by

1,2
P(my € dz) = xze™ 2 1,50 dx. (86)

To find the law of m; we begin to calculate P(m; < )

P(mi <)) = P(7=|Z1] <))
= Bl iz on)
Thanks to formula (116), we can write
“+o0
P(mi < A) / / el <x 1{S<1}¢672(Tj§) dzds.
s { } 2my/s(1 — )3

For A <0, P(m; < \) =0. From now on, we assume A > 0. So, we get

+A/1—s |x| 22
P(my <)\) = / / ——————¢ 20-9) dxds,
5=0 Ju=—avi=s 2my/s(1 — 5)®
+A/1—s x 22
= 2 ———— ¢ 20-9duxds,
/ / 2m4/s(1 — )3
1 1 , A/1—s
= 2/ SN =] ds,
0 2m/s(1 — s) o

1 1 e
= 2/0 27T\/ﬁ(l—e )ds,

l—e_xT /
\/ s 1—3
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1 1

—ds.
s=0 v/s(l —s)

The change of variables s = cos? § gives

Now, we have to evaluate

1 0 < g
/ 1 ds — / 9 51.n0c050 a0,
0 /s(1—5s) _z |sinfcosd|
= —2/ sgn(sin(20))do,

So, we obtain
Pmi <A) =(1—e 7).
For any A € R, we have
P(my € d\) = 1ysohe~ X d. (87)

Using Brownian scaling again, we can derive exactly the same results if we consider the excursion straddling
time ¢ instead of 1. Namely, we define

1
mt) = {mi(f) = M|th+u(tfgt)|; u < 1}7 (88)

which is a Brownian meander independent of the o-field F, ;Z . In particular, the law of m®) does not depend on t.

Moreover, these results still hold if we consider a F-stopping time instead of t. The remark is definitely essential
as far as we are concerned and makes it possible to compute the law of (7}, ZT; ), as we do it in appendix D.

C.1. The Azema martingale. We now introduce the so-called Azema martingale p; = sgn(Z;)\/(t — g¢),
which is a F, ;Z -martingale (see Azéma and Yor [2] for a detailed study on the p martingale ). We have

1 1
E(exp(A\Z: — 5N0)|,f) = Eexp(hmi” e — X0 7))
and, from the independence property we have just recalled, we get
1 1
E(exp(AZ; — 5/\275”-7:;2) = eXP(—i)\th(/\/Jt), (89)

where

¥(2) = E(exp(zmi)) = /O " e (zx _ %m2> do

APPENDIX D. THE LAW OF (T, , Z;-) AND (T}", Z,+)
b b

D.1. Case b= 0. In this case, we denote T~ =T} .
For any t > 0, we have

{17 <t}

{Fu<t; u—gy, > D and sgn(Z,) = —1},
U ({u—g9u = D}y N {sgn(Z.) = -1}). (90)

u<t

Since each term composing the union belongs to F, the random variable 7'~ is an (F:); stopping time.
As recalled in Appendix C, we can use the definition of mq(f ) for t =T~ Hence, process m(T" ) defined by

- - 1
(T7) — T - .
is a Brownian meander independent of F .
Asgr-+D =T, %ZT_ = —mgTi), because Zp- is negative. Thus, Zr- is independent of ‘7:9+T7 and we

can deduce the law of Zp- from equation (87).

2

x x
P(Zr- € dx) = —p &P (_ﬁ> 1p<odx. (91)
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Moreover as T~ is .7-';; _-measurable, it comes out that Zr- and T~ are independent.

Using equation (89), process {¢(—Au+) exp(—%)@t), t >0}, is a ]—'gt martingale for any A > 0. By applying the
optimal stopping time theorem at T'~, we obtain

E((— M- ) exp(— 5 X°T7)) = (0) = 1. (92)
Since pup- = —V/D, we get
1 1
E(exp(—EAzT_)) = Wik (93)
Similarly, %Z;H = mgTi) and the law of Z+ is given by
P(Zr+ € dz) = z exp (—m—2> 1,>odz. (94)
D 2D
With exactly the same method, we find
E(exp(—l)\2T+)) = #. (95)
2 PH(AVD)

D.2. Case b < 0. This case study can be reduced to the previous one, with the help of the stopping time Tj.
We can write T, =T, + T~ (W), with
Ty (W) = inf{t > 0:lw<o(t —g}") = D} ' T,
= {Wi=Zp4t— bt >0},
= sup{u <t;W, =0}.

v =

9
Moreover using the strong Markov property it is clear that T} and T, (W) are independent.

E(exp(~ g X°T;)) = E(exp(— MTi)E(exp(— ATy (W))).

As E(exp(—3A2Tp)) = exp(—[b|), we get

1 _ exp(bA)
E(exp(—=A?T,)) = ————. (96)
27 "7 (WD)
Now, we are trying to find the law of Z .
]P’(ZT; €dx) = IP’(Zbe_Tbo Or, € dx),

E[%ZTb_ 0 01, €da);
= E ]E[l{ZTb_TboeTbedm}|fTb]] )
= E Eb[l{ZT;TbGdI}|FTb]:| )
= E Eb[l{ZTb_Tbedx}]] )

= E|E'[1{z,_ Gdr}]} ,

E [P*[Zr- € da]],
E[P[Zr- +b € da]]
E[P[Zy- € (dx —b)]],
= P[Zp- € (dz —b)).

Finally we obtain

b—=x (x — b)2
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D.3. Case b> 0. If b > 0, we can write 7, = T}, + T,F (W) with

Ty (W) = inf{t > 0;Lw,zo(t — g!") > D} & T,
W = {Wt = ZTb+t - b,t 2 0}7
g’ = sup{u<t;W, =0}.

It follows, from the independence of T} and T’L (W) by using the strong Markov property, that
1
E(exp(~ 5 A7) = Elexp(— 5 X2T0) E(exp(— 5 AT (7).
As E(exp(—3A2Ty)) = exp(—|b|A), we get

exp(—bA)
»(\WD)

The law of ZT; can be computed in the same way as the law of Z .

Bexp(—  NT;)) =

P(Zy € do) = P[Zr+ € (dz —b)]

Finally, we have

P(Zy+ € dz) = z-b @ =0
x) = e - = x.
D Xp 2D {z>b}

APPENDIX E. AROUND BROWNIAN MOTION

(99)

Let us consider a standard Brownian motion W = {W,;t > 0}. First of all, we recall two results on the joint

law of the Brownian motion and its extrema. A proof can be found in Revuz and Yor [3].

E.l1. Law of (W, sup W,).
0<u<t

P( € d 9] € dy)=1 1 ( ) P <—7( )2) dxdy
W x, sup W, = z ex zdy.
‘ " o<u<t e} o V2mtd 2t

E.2. Law of (Wt,()%l;ltfgt Wu.).
P(W; d inf W, d
(W € du, ot € dy) =

2(2y — ) (2y — x)?
= Lyy<oyly<ay ——F—=— ms P (—7% dxdy

We try to compute
P(W, < A, Oé%fgth <)
= P(-W,;> -\, sup —W, > —p),
0<u<t
—W is also a standard Brownian motion, so we can write W; instead of —W;
= P(W,> -\ sup W, > —p),

0<u<t
= P(W;>-\)—P(sup W, < —p)+P(W; < -\, sup W, <—p).

0<u<t 0<u<t

Differentiating with respect to to p and A and using equation (100) give the result announced above.

E.3. Hitting time. The purpose is to find the law of T}, which is defined as following :
= inf{t > 0| W = b}.

(100)

(101)

(102)
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Case b > 0. We want to calculate P(T}, < z) to find the law of Ty.
We have :

PK]% S x)

P (inf{t > 0| W; = b} < z),

P < sup W, > b) . (103)

0<u<z

Since we know the law of sup W,, which is
0<u<z

2 —v?
1{o§y}\/ﬁ€( * )dy- (104)

we obtain

= 2 (3£)
i 1{yzb}1{03y}ﬁ€ dy,

oo

e(iﬁi)dy,

Il
S~

2
\/ STL
T A () (105)

/%\/ﬁ

To find the law of T} we just have to take the derivative with respect to x. Finally we find :

b (;bz)
P(T, € dx) = e\ 2@ Jdx. 106
(b ) VE;Eg ( )
Case b < 0.
P(Ty, <z) = P(nf{t>0]|B;=b} <x),

= ]P’< inf Wu§b>,

0<u<z

= ]P’(sup —Wu>—b).

0<u<z

W and —W follow the same law, —b > 0 so we can use what we have found in the first case, and we get :

-b 52
P(Ty, € dx) = e 2=dx. 107
(T € do) = —— (107)
For any b, we have
| b | _ b2
P(T, € dx) = e z=dx. 108
( )= o= (108)

E.4. Excursion. Let g; denote the last time before ¢ that W hit the level 0.
gt =sup{u <t | W, =0}. (109)

The purpose is to find the law of (g¢, W;). Let P* denote the probability starting at level x. The probability
starting at the level 0 is simply denoted by P.
First we would like to calculate P*(W; € dy,Ty >t), with > 0 and y > 0.

]P)z(Wt S dy,T() > t) = Pr(Wt S dy) — Pz(Wt S dy,T() < t) (110)

Using the reflexion principle, we can stop the Brownian motion at time T and reflect the rest of the trajectory. So
it is the same for the Brownian motion issued from x to cross 0 before time ¢ and to end up in the neighbourhood
of y as to end up in the neighbourhood of —y. Thanks to the almost sure continuity of the Brownian motion
paths we can drop the condition that the Brownian motion has hit 0 before time t. So we come up with the
following equality

P(Wi—ry € —dy, Ty <t)=P"(W; € —dy). (111)
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So, putting all the different terms together and using the law of the Brownian motion at time ¢, we come up
with the following formula :

P*(W, € dy, Ty >t) =

1 _ _ 2 _ 2

— (e (@=9)*/2t _ o= (o+) /%) 1oy0 dy. (112)
Now, we can try to compute the law of (g¢, W;). Let’s calculate P(W; € dy,g: < s). If t < s, then g; is always
smaller than s because g; is bounded by ¢, so the probability does not depend on s anymore. Thus, its partial
differential with respect to s is identically null. Now we assume that s <t¢, y > 0.

PW: € dy,g9: <s,) = E(lw, cdy, gi<s})s
EELw, e dy, wo0 vu € [s,8]} | Fs));

EEL{w,_, 00, € dy, Wao8,£0 Vu € [0,t—s]} | Fs))s
Relying on the Markov property, we may write

= EE"*(Lw,_. € dy, a0 vu € 0.1—s]}))>
we calculated the second expectation above, so we get

Y NS S (efwvsfy)?/z(tfs) _ ef<w3+y>2/2<tfs>) dy ) .
2m(t — s)

2—y)?/2(t—s) _ e—<x+y)2/2<t—s>)dy,

/OO dx ! e—r2/2571 (e_(
0 V2ms \2m(t —s)

= 1/@/00 e—zz/zdze—yz/%. (113)
t gt

t(t—s)

Finally, we only have to differentiate with respect to s to come up with the formula of the density of (g;, W;).

y 2

Y
— J exp-——Z
2m+/s(t — s)3 P ( 2(t —s)
If we assume that y < 0 then, since W and —W follow the same law, we can write

P(W; € dy,g: € ds) = > 1<+ dsdy. (114)

PW, € dy,g: <s)=P(W; € —dy,g: < s), (115)
which enables us to refer to the previous case and the final formula for the law of the couple (g;, W;) is given by

lyl v
P(W; € dy,g+ € ds) = ﬁexp i

—— | 1,«<; ds dy. 116
2m\/s(t — s t—S)) = Y (116)
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