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Abstract

Higher order entropies are kinetic entropy estimators for fluid models. These
quantities are quadratics in the velocity and temperature derivatives and have tem-
perature dependent coefficients. We investigate governing equations for higher order
entropies and related a priori estimates in the natural situation where viscosity and
thermal conductivity depend on temperature. We establish conditionnal entropicity,
that is, positivity of higher order derivatives source terms in these governing equations
provided that ||logT||zaro + ||v/VT ||z~ is small enough. The temperature factors
renormalizing temperature and velocity derivatives then yield majorization of lower
order convective terms only when the temperature dependence of transport coefficients
is taken into account according to the kinetic theory. In this situation, we obtain en-
tropic principles for higher order entropies of arbitrary order. As an application, we
investigate a priori estimates and global existence of solutions when the initial values
log(Ty/T,.) and vg/+/Ty are small enough in appropriate spaces.
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1. Introduction

We investigate higher order entropies of fluid models and related a priori estimates.
Higher order entropies are kinetic entropy estimators for fluid models. Higher order
entropy estimates may also be interpreted as a generalization of Bernstein method for
systems, as a natural rescaling of solution derivatives by temperature weights, or as
kinetic Fisher information estimators. For simple fluid models, these quantities are
quadratic or polynomial with respect to velocity and temperature derivatives and have
temperature dependent coefficients. They are investigated in this paper in the situation
of incompressible flows spanning the whole space with temperature dependent thermal
conductivity and viscosity. The cases of compressible flows or zero Mach number flows
are beyond the scope of the present paper.

As a preliminary study, we consider second order entropies for fluid models with
constant transport coefficients. We derive a governing equation for second order kinetic
entropy correctors and investigate when higher order derivative terms, which appear
as sources, have a sign. Unconditional positivity of these source terms—unconditional
entropicity—is established for a restricted family of second order entropy correctors.
The temperature weights renormalizing solution derivatives, however, do not yield ma-
jorization of the lower order terms arising from convection. As a consequence of the
preliminary analysis, we need to investigate conditional entropicity properties as well
as to modify the renormalizing temperature weights by taking into account the natural
temperature dependence of transport coefficients.

Temperature dependence of viscosity and thermal conductivity is a consequence
of the kinetic theory of gases. Away from small temperatures, these coefficients es-
sentially behave like a power of temperature with a common exponent . In this
situation, we derive a balance equation for kinetic entropy correctors of arbitrary or-
der. These higher order kinetic entropy correctors are quadratic or polynomial in the
velocity and temperature derivatives with temperature dependent coefficients. We ob-
tain conditional entropicity, that is, positivity of higher order derivative source terms
when ||logT||Bao + ||v/VT| 1~ is small enough. The lower order convective terms
are then majorized thanks to the temperature dependence of transport coefficients as
given by the kinetic theory of gases, that is, only when s > 1/2. In order to establish
these estimates, we use the Coifman-Meyer inequalities for multilinear operators and
weighted interpolation inequalities for intermediate derivatives with weights in Muck-
enhoupt classes. We next investigate higher order kinetic entropy estimators obtained
by summing up a zeroth order entropy estimator with kinetic entropy correctors and
we obtain entropic principles. As a typical application, we establish a global existence
theorem provided that log(Ty /T, ) and vo/+/Ty are small enough in appropriate spaces,
which may be interpreted heuristically as an existence theorem for small Mach number
flows.

In Section 2 we discuss the concept of higher order entropy. In Section 3 we
investigate second order entropies for fluid models with constant transport coefficients.
In Section 4, we establish various weighted inequalities and in Section 5 we consider
higher order entropies in the natural situation of variable transport coefficients. Finally,
in Section 6, we concentrate on global solutions for small Mach number flows.



2. Higher order entropies

The notion of entropy has been shown to be of fundamental importance in fluid mod-
eling from both a physical and mathematical point of view [Bol95 [CC7( [FK72] [Kaw84]
[Cer8§ [DL89] [GM9g] [Gio99 [Golog [Vilo1] [DV03]. We discuss heuristically, in this section,
a concept of higher order mathematical entropies for fluid models.

2.1. Entropic interpretation of Bernstein method

For parabolic—or elliptic—scalar equations, a priori gradient estimates can be obtained
by using Bernstein method [Ber3§ [LSu6g. More specifically, consider—as a simple
exemple—the heat equation

Oyu — Au = 0. (2.1)

Defining ¢ = |0,u|?> = d,u-0,u, we then have
8,¢ — AC +2[07ul* =0, (2:2)

and the higher order source term |[07u|* = 93u:07u = 3, ;(0iju)? is generally discarded
so that one obtains inequalities like 0, — A{ < 0 and the maximum principle can then
be used [Ber3g [LSU6F. Similarly, classical techniques which consists in multiplying the
heat equation by either the laplacian Au or the time derivative 0,u lead to the same
type of estimates as (2.2) after integration by parts.

In order to generalize heuristically this technique to systems, we cannot rely on the
dissipative term —A( = 0,,-(9,¢). Indeed, for systems, dissipative fluxes and gradients
are not anymore related by diagonal matrices. However, we may focus on the source
term whose principal part |02u|? has a sign. The structure of (2.2) then appears to be
formally similar to that of an entropy balance, where ( plays the role of a generalized
entropy, even though there also exist zeroth order entropies like u2. In the next section,
we introduce a kinetic framework supporting this entropic interpretation.

2.2. Enskog second order kinetic entropy corrector

We consider, for the sake of simplicity, a single monatomic dilute gas. The state of the
gas is described by a distribution function f(t, z,c) governed by Boltzmann’s equation,
where ¢ is time, z the n-dimensional spatial coordinate, and ¢ the molecular velocity
[CC70 [FK72] [Cer8§ [Gio99 [Golog [Vilo0] [DV03]. Approximate solutions of Boltzmann’s
equation are obtained from a first order Enskog—formal—expansion

f=FfO®1+epM +0(?)), (2.3)

where £ is the local Maxwellian distribution, ¢! the perturbation associated with
the Navier-Stokes regime and e the usual formal expansion parameter. The perturba-
tion ¢(1) depends linearly on the temperature and velocity gradients and is the solution
of a linearized Boltzmann equation [CC7( [FK72] [Gio99. The compressible Navier-Stokes
equations—or the zero Mach number equations—can then be obtained upon taking
moments of Boltzmann’s equation [CC70 [FK72] [Gol0Q.

A fundamental property is that the kinetic entropy defined by

Skin — _Jo f(logf — 1)dc, (2.4)
Rn
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where ks is the Boltzmann constant, obeys the H theorem, that is, the second principle
of thermodynamics [CC7( [FK72] [Gio99 [Vilo1] [DV03]. The expansion of S¥* induced by
a second order Enskog expansion, however, can be written

Skin — S(O) + 628(2) + (9(53)’ (25)

where S(©) is the usual zeroth order macroscopic entropy evaluated from Maxwellian
distributions and where S reads

S — ks f(o)(¢(1))2dc, (2.6)

2 Jan

so that —S®) is quadratic in the temperature and velocity gradients and is a natural
candidate for deriving a balance equation like (2.2). For compressible monatomic gases,
after detailed calculations, one can establish that

5@ = —%(X|8xT|2 L LyldP?), @.7)
where T denotes the absolute temperature, p the density, v the gas velocity, d the
strain rate tensor d = 9,v + 9,v" — 2(9,-v) I and |d|? = > i d;, and where the scalar
coefficients A and 7 only depend on temperature. In a first approximation, using a
single term in orthogonal polynomial expansions of perturbed distribution functions,
one can establish that A = (1/2rc,)A\2/T3 and 7) = (1/4r)n?/T? where c,, is the constant
pressure specific heat per unit mass, r the gas constant per unit mass, A the thermal
conductivity, n the shear viscosity, and the actual values of the numerical factors in
front of A and 7 are evaluated here for n = 3. In the special case of Maxwellian gases,
such a calculation has already been performed by Boltzmann [Bol95].

2.3. Zeroth order entropy dissipation rate

A second kinetic interpretation can be obtained from the zeroth order entropy balance
equation

8,89 + 9 - (vS®) 4+ 9 . FO =0 (2.8)

where F(©) is the zeroth order dissipative entropy flux and v(?) the zeroth order entropy
production given by

A U
0@ = ﬁ|(990T|2 + %T |d)?. (2.9)

This entropy production is quadratic in the macroscopic variable gradients with tem-
perature dependent coefficients. It also appears as a natural norm of the system
and a natural candidate for deriving a balance equation like (2.2). Denoting the lin-
earized Boltmann equation by J¢(!) = ¢ the second order entropy and the entropy
production are essentially in the form (¢, o) and (p(M), (M), respectively, where

(€,¢) = Jun JO6Cde.



2.4. Enskog second order kinetic information corrector

The Sobolev logarithmic inequality majorizes the relative entropy of f with respect to
f©) by the relative Fisher information of f with respect to f(% [vilo1]. Here f(© is the
Maxwellian distribution with the same local macroscopic properties as f

z N2
1 - &) ool 57)

where m denotes the particle mass. After a rescaling ‘a la Boltzmann’, the Sobolev
logarithmic inequality can be written in the form

| 2

(0)
£ go < k:ng 10:(f/F)

g e @10

0<ks | (f/1)log(f/ 1)

Rn

and one can establish that

S = 5O = —ky | (f/17)1og(f/1V) S de,

R~

so that the relative entropy of f with respect to f° coincides with S(® — Skin The
relative Fisher information thus appears as an estimator of kinetic entropy deviation.
One can also establish that the relative Fisher information is given by

2
[0c(£/1)]
re f/fO

where 7K = Ky [o.(|0:.f/f)de and T = Ky [,.(|0-f°|?/ f°) de denote the kinetic
and zeroth order Fisher informations. Substituting a second order Enskog expansion
in the logarithmic Sobolev inequality (2.10), the leading order term of the left hand
side is —S(®) and the leading order term I®) of the right hand side reads

Ikin —I(O) — kB f(O) dC,

2
<2>:ﬁ<2):ﬂ/ 2 1(0)
I 5L o Rn\ac¢\ F9de,

and is a natural candidate for deriving a balance equation like (2.2). For compressible
monatomic gases, after detailed calculations, one can establish that

1, —
1 = Z(Na, T + i7(d]?), (2.11)

)

where, again, A and 7, only depend on temperature. In a first approximation, using
a single term in orthogonal polynomial expansions of perturbed distribution functions,
one can establish that A = ((10r/c, 4+ 3)/2¢,)A\?/T? and 7 = (1/2r)n?/T?, where the
actual values of the numerical factors in front of X\ and 77 are evaluated here for n = 3.
The second order information corrector 12 is thus similar to the second order entropy
corrector —S?) and to the zeroth order entropy production rate v(®).
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Remark 2.1. Logarithmic Sobolev inequalities have been investigated in a prob-
abilistic framework by Patrick Cattiaux [Cato4. In this situation, the relative Fisher
information has been shown to represent a relative entropy in a path space, that is,
in the space of particle trajectories [Cato4. This further supports the idea that these
quadratic quantities represent an entropy. m

2.5. Enskog higher order entropy correctors

Higher order Enskog expansions f/f(©) =1+ ¢ + ... 4 €2k p(2k) L O(e2F+1) actually
induce higher order expansions for Sk

Skin . S(O) _ 525(2) + 535(3) I 82k5(2k) + 0(52k+1)’

where SO is a sum of terms in the form A, fR" ILi<i< ((b(i))yif(o) dc with nonnegative
integers v; > 0,1 <i <[, such that [ =, . ivi.

On the other hand, in the absence of external forces acting on the particles,
#W® is a sum of products of solution derivatives with a total number of ! derivations

oW = (p;ﬁ)l > aps Caps (22 LY (%)Vﬁ (%)yé, where the summation is over all

multiindices «, # and J, and all nonnegative integers v,, vg, and vs, with |a| > 1,
18] > 1, |6] > 1, and vq|a|+v|8|+v5|0| = I and where the coefficients C,gs are tensors
in C = (c — v)/v2rT multiplied by smooth scalar functions of |C|* and log T". This re-
sult is established by examining the successive construction of ¢V from ¢, ..., ¢¢—1
applying {*" time the—generalized—inverse of the linearized collision operator which
scales as n/prT and has isotropicity properties [FK72 [Cer8§. After integration with
respect to C, S?%) is found in the form

SR —pp <p\7ﬁ)2k azﬁdcaw (WTTYQ (?)Vﬁ (%)Ué, (2.12)

where the summation is over all multiindices «, 3 and ¢, and all nonnegative integers
Va, Vg, and vs, with |of > 1, || > 1, |§] > 1, and v,|a| + vg|8| + vs|d] = 2k and
where the coefficients c,gs are smooth bounded scalar functions of logT". After inte-
grations by parts with respect to the spatial variables in the integrals associated with
fRnS (2k) dz, in order to eliminate spatial derivatives of order strictly greater than k,

and by using interpolation inequalities, one obtains that the quantity | fRnS (k) d| is
essentially controled by the integral of

(k] — n_\* 81€_T2 0% 12 &2 2.1
Y Tp(p\/ﬁ) (‘T‘+‘\/ﬁ‘+’p‘>’ (2.13)

or equivalently of
2k
FE — g (L) (10" log T|? + 0% (v/VrT)|*> + |0* log p|?). (2.14)
oNrT

This suggests the quantities v¥1 or F¥ as (2k)*™™ order kinetic entropy correctors—
or kinetic entropy deviation estimators. Furthermore, | fRnS(%*l) dzx| is controled by

Je Y™ dz and [,V dz.



A similar analysis can also be conducted for the Fisher information and suggests
the same quantities ¥ or 31¥! as higher order kinetic information correctors. Moreover,
denoting by 7% or 1% zeroth order entropy estimators, and upon summation, we obtain
the (2k)'™" order kinetic entropy estimators % 4 ... 4 4} and A1 4 ... 4 54,

A parallel can be made with the heat equation, for which the quantity ¢!¥ = |0Fu|?
can be considered as a (2k)'™ order entropy corrector, and with Bernstein method
applied to parabolic scalar equations with variables coefficients, for which one considers
sums of squares of derivatives [LSU6S.

2.6. Temperature scaling

Scaling properties of scalar partial differential equations are of fundamental impor-
tance for investigating the behavior of solutions like asymptotic expansions, singular
limits, boundary layers, or even existence of solutions with the concept of renormalized
solutions [DL89] [Li096].

Considering systems of partial differential equations, however, a possible rescaling
method could be to use functions of a single scalar quantity to rescale all solution
components and solution derivatives. For fluid models, a natural candidate of such a
scalar quantity appears to be temperature. In particular, higher order entropies provide
a natural scaling of solution derivatives in terms of powers of temperature.

Remark 2.2. There are also p factors at the denominator of the corresponding deriva-
tives 0% in (2.12)(2.13). Similarly, for multicomponent flows, entropy production asso-
ciated with diffusion is essentially in the form Y>, ;. [p.(pD/T)|8,p:*/pi dz, where

D is a typical diffusion coefficient, p; a typical concentration of the it" species and ng
the number of species in the mixture [Gio99. =

2.7. Persistence of kinetic entropy and small Mach numbers

Various thermodynamic theories have already considered entropies differing from that
of zeroth order, that is, entropies depending on macroscopic variable gradients. These
generalized entropies have been associated notably with Burnett type equations and
extended thermodynamics. In both situations, new macroscopic equations are corre-
spondingly obtained, which are of higher order than Navier-Stokes type equations.

On the contrary, in this work, we want to investigate the properties of solutions
of a given fluid model, that is, of a given second order system of partial differential
equations. In particular, we do not consider composite quantities like S(® + S(2) ag
the system entropy, since we typically deals with fluid equations for which the zeroth
order entropy S(?) is already of fundamental importance as imposed by the hyperbolic-
parabolic structure of these equations [Kaws4 [Gio99. We only want to use quantities
like S(©, S0 452 and more generally like Y% 4. 44 or 30 ... 431 0 <1 < K, as
a mean to obtain further information on solutions of the fluid model. These quantities
should thus be considered as families of mathematical entropy estimators—of kinetic
origin—and we will establish that they indeed satisfy conditional entropic principles
for solutions of Navier-Stokes type equations.

Enskog expansion is associated with small Knudsen numbers Kn = [/L, where [
is a typical mean free path and L a hydrodynamic length. On the other hand, we
are interested in fluid models which take into account dissipative effects like viscosity



and heat conduction and the corresponding characteristic length L is such that the
Reynolds number Re = pvL/n is of order unity, that is, L = n/pv. As a consequence,
since pcl = n [FK72], where ¢ is a typical sound velocity, we obtain that the Knudsen
number Kn = KnRe = pvl/n = v/¢ is equal to a typical Mach number Ma = v/ec.
Therefore, since Ma ~ Kn, assuming that the Mach number is small is equivalent with
the underlying kinetic assumption of a small Knudsen number and we expect the Mach
number to play a fundamental role in the analysis [Gol0og.

3. Preliminary study

We investigate in this section some elementary properties of second order entropy cor-
rectors in the simplified situation of incompressible fluids with constant transport co-
efficients.

3.1. Incompressible model

We consider a fluid governed by the incompressible Navier-Stokes equations

0,-v =0, (3.1)
0,(pv) + 0, (pv&@v +pl) 4+ 0,-1I =0, (3.2)
at(pe) +aﬂc(pev) +aatQ = _H:axv> (33)

where p is the constant density, v the velocity, p the pressure, I the unit tensor, II the
viscous tensor, e the internal energy per unit mass, and Q the heat flux vector. The
viscous tensor is given by IT = —nd where d = 9, v + d,v" is the strain rate tensor and
n the shear viscosity, the heat flux by @ = —A\9,T where A is the thermal conductivity,
and the energy per unit mass e is taken for simplicity in the form e = ¢, T, where ¢,
is the specific heat per unit mass. All the coefficients ¢,, A, and 7, are taken to be
constant in this section.

Our aim is not to study various boundary conditions and we only consider the case
of functions defined on R™, with n > 2, that are ‘constant at infinity’. From Galilean
invariance and incompressibility, we can choose that v and p vanish at infinity. We only
consider smooth solutions of the Navier-Stokes equations, that is, taken into account
the eventual temperature dependence of the system coefficients as in Section 5, we
assume that

v, T —T, € C([0,t], H") nC*([0,£], H'"*) n L*([0,£], H"T1), (3.4)

where [ is an integer such that [ > [n/2] + 2, that is, | > n/2+ 1, and ¢ is some positive
time. We will establish in Section 6 that these solutions are as smooth as expected from
initial data. In the simpler case of constant coefficients, smoothness properties hold as
soon as it is established that v € C([0,¢], L™) [Lio96]. Existence of such smooth solutions
can be established locally in time, or globally in time for small initial data. We will
also assume that 7T is positive and bounded away from zero T" > T ,;, where Ti,i, > 0
and this property is easily established as soon as it holds at initial time Ty > Thin
thanks to the nonnegativity of viscous heat dissipation [Lio96]. We consider as usual the



momentum equation as projected on the space of divergence-free L? functions. More
specifically, we introduce the Leray projector P defined on L?(R™)" by

P =1+ R®R, (3.5)

where R = (Ry,...,R,)" and R; = (—A)~'/29;, 1 < i < n, are the Riesz transforms,
so that (Pv); = vi + >0, RiRjvj, 1 <1 < n [Liogg] [Lem0d. It is well known that
P is a continuous projector in any Sobolev spaces H®, s € R, and P is also continuous
in L® for 1 < s < oo [Lio96] [Lem0Z. Since the viscosity n is constant, the momentum
conservation equation is easily rewritten as 9,(pv) — nAv = —P(9,- (pv®@v)), which is
equivalent to defining the pressure from

p= Y RiRj(pv;), (3.6)

1<i,j<n
and we have p € C([0,¢], H") nC*([0,¢], H'=?) N L*([0,t], H'T!).

3.2. Second order entropy corrector

As is traditional in mathematics, we change the sign of entropy, and thus of second
order entropies, and we define ~y as one of the equivalent expressions —S®), v(®) or 1(2).
Specializing formally expressions (2.7), (2.9), or (2.11) to the situation of incompressible
gases we are led to consider v = A9,T|? + 17|d|* where d = ,v + 0,v", and we will
use the coefficients A = Ay /T and 7 = A, /T, so that

v= T1+a

A
0, T1” + 3 g 1l (3.7)

where Ay > 0, A, > 0, and a > 0, are positive parameters at our disposal. Kinetic
theory suggests values a € (0, 2], e.g., for small Mach number flows or incompressible
flows. We will assume in the following that a € (0, 1] since we want to control logT
from the second order entropy corrector .

Remark 3.1. A natural scaling associated with the temperature weights of —S®),
0(0), I(Q), and -y is that v scales as VT. =

Remark 3.2. The second order entropy corrector y corresponds to ¥ in (2.13) with
k =1 if we replace d by 0,v. These modifications are unessential and a similar analysis
can be conducted for v!1 as for 7. =

Remark 3.3. In the definition of higher order entropies, we have confined ourselves

to weights in the form of power functions of temperature but more general functions of
temperature could also be considered, as well as functions of entropy. m

3.3. Balance equation for ~

We write the balance equation for v in the form
O+ 0, (vy) + 0, p+T+E+w=0, (3.8)
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where ¢ represents a dissipative flux and 7 + = + w a source term. We expect 7 to
be nonnegative and composed of higher order derivative terms, £ to be composed of
higher order derivative split terms and is to be controled with 7, and w to be composed
of lower order derivative terms arising from convection and is to be majorized by .

Proposition 3.4. Let (v,T) be a smooth solution of the incompressible Navier-Stokes
equations. Then we may take

arg |d)? 0, T Ay d:0,d N (1+a)a 9, TP0,T  2a\A9;T-9,T
2pc, T1te p T@ PCy T2ta pc, Tlte

2A\N |O2T2 (14 a)(2+ a)AxA |9, T
T =

PCy T1l+a PCy T3+a
N ((1 +a)ay | a(l+ G)AnA> dI* 10, T1* | aayn |d|* L At 10,4
2pc, 2pc, T2ta 4pc, Tita p Te '

S=—

4(1 4 a)az\ 82T:0,T ® 0, T B <2A>\17 N aApA N aA,m) 0,d:d® 0,T

PCy T2+a PCy PCy P Tl+a
d:@wT ® 8$T Ay d:agp d: (axvaxv)
w = A)\v + 27? + 2A77T.

In this proposition, for the sake of conciseness, we have introduced convenient compact
notation. For a and b vectors, we denote by a ® b the matrix with elements a;b;,
1 <14,5 < n. For a matrix and b vector we denote by a ® b the third order tensor with
elements a;;bx, 1 < 4,7,k < n. For a and b matrices we denote by a:b the quantity
> _ij @igbiy and la|?> = a:a. For a and b third order tensors, like ,d or d®9, T, we denote
by aib the quantity ), ik ai;kbijr and we define |a\2 = aia. Some expressions would
be ambiguous for general tensors, but these ambiguities are easily resolved thanks to
symmetry properties of multiple derivatives.

Of course, the decomposition (3.8) is not unique since various integration by parts
may be performed and terms may be exchanged between ¢, m, and =. In particular,
all expressions involving tensor full contractions—Ilike for instance 92T:92T—can be
replaced by similar expressions involving partial contractions—as (AT)? for instance.
Some of these expressions are derived in Section 3.4 where we investigate the sign of
the higher order derivative terms [p(7 + =) dx.

Proof. In order to derive a balance equation for v, we evaluate its time differential in
terms of temperature and velocity gradients. To this aim, letting A = A,/T'"%, and
n=A,/T? we write that

O+ Y vy = (9N TP + 3ormldP? ) 0,7+ > wdiT)

1<I<n 1<I<n
+2X > OT(0,0T+ > wddT)+1 Y dij(@ydi; + Y vidydij).
1<i<n 1<I<n 1<i,j<n 1<I<n

10



Upon using the governing equations we obtain

00+ 30 wd = (0 N0 TE + 0rmdR) - = (30,-0,T + haldl?)

1<Ii<n

+2X( > aiTai(i(Aam-axTJr%nyd\Q)) - > aiTﬁivlalT>
1<i<n Pty 1<4,l<n
1
+21( > di (-0 D —0p) = D didud ). (3.9)
1<i,5<n P 1<i,5,l<n

The governing equation for v is then obtained after various integrations by parts. More
specifically, let us denote by 77, T*, and 77, the terms appearing in the rigth hand
side of Equation (3.9). The contributions in 79 in the form |9,7|?|d|? and |d|* are left
unchanged whereas the contributions in the form |0,T|?9,-9,T and |d|?d,-9,T are
integrated by parts. This yields in particular a term in the form |9,7|*. The two first
terms of 7> and 7" are integrated by parts, thereby eliminating third order derivatives,
whereas the second term of 77 is left unchanged. Finally, the third term of 7> and
the second and third of 7" yield the lower order convective contributions of w. =

3.4. Unconditional entropicity

Integrating the = balance equation (3.8), all the flux terms are eliminated, and we

obtain the identity
8t/fyd:1:+/(7r—|—2)dx:—/wdx. (3.10)
n n Rn

Our aim in this section is to study the sign of fRn(w + x)dx. More specifically, we
investigate the entropicity property

1
—/Wdajg/(w—l—z)d:cgc/wdx, (3.11)
C n U T

where ¢ denotes a positive constant. This inequality implies in particular that

1
0, ’ydm—l——/%dmﬁ/ |w| dx, (3.12)

Rn Cc

and majorization of the remaining term [, |w|dx is discussed in Section 3.5.

Proposition 3.5. Assume that the parameter a associated with ~ is such that

dn — 1 5 A 7701;)—1>‘

<a<m( oL
sa<m 2n2 + 1’ (ncv A

(3.13)

Then there exists positive constants Ay and A, such that unconditional entropicity holds,
that is, (3.11) holds for any functions (v, T) such thatv,T—T., € H*(R")NA(R™), and
T > Twin > 0, where A denotes the Wiener algebra. On the other hand, unconditional
entropicity does not hold when a is close to unity.
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Proof. By a density argument, and thanks to classical interpolation inequalities, it
is sufficient to consider the situation where v, T — T, € D(R™), T' > T, > 0. We
first consider the terms of fRn(ﬂ' + x)dx which only involve temperature gradients.

Regrouping these terms, we have to investigate the sign of

02T|? 02T:0,T ® 0, T a,T*
T _ /<2’T1_+C|L 41+ @) = F(1+a)2+ a)‘TTL)dl«. (3.14)

A direct application of the binomial formula is not very useful since it would only yield
entropicity with respect to temperature gradients for —1 < a < 0. In order to obtain
entropicity for posivite values of a we use the polar decomposition of the Hessian matrix
O2T. Defining for short

92T 9,T®0,T
2 — _“z= 1] — Za” & Yz"
= caton Z ETa (3.15)
we have
27T = / (21212 =41 + a)2® 2 + (14 a)(2 + a)|2M)?) da. (3.16)

On the other hand, using integrations by parts, one easily establishes that

/ (tr2l?))? da = / (12212 =31 + @) 2+ (1 4+ a) (2 + a)|2M)?) d2e,  (3.17)

/ trzPtezl da = / (—22[2]:2[1] + (24 a)|z ?) dz, (3.18)

and we also have z[1: 2l = (tr2[11)2. We have denoted by trA the trace of a matrix A

and we define A = A + (trA/n)I where I is the unit matrix and tr(A) = 0. After some
manipulations, using (3.17) (3.18) and polar decompositions, we obtain

A=y [ 122 = / (522 - 3(+a) gy p, +a)2+a) ) do
n’ Jgn n n+ 2 n+ 2 ’

(1+ E)/ 22 dy = / (2[2] 2y B1a) 1) !2“]]2) dz,

n

1
1—==) [ |2MPde = [ 2% de.

These relations imply—after some algebra—that

1 2 2 2
-1y, 2 m:/ o1+ V52 _ (1 v a4t 2y52). 50
(1-)1+2)z (204 DR - 1+ a)a+ D)z

+(1+a)2+ a)|2[11|2) dz.

12



From the binomial formula, there exists 6 > 0 such that
5( 1212112 d + / 512 dx) < 7, (3.19)
R’I’L n
provided that
2 2
(1+a)?(4+ 5)2 —8(1+ )1 +a)2+a) <0,

that is, provided a < (4n — 1)/(2n? + 1). The inequality (3.19) then implies that for
some positive constant § we have

(5( 12812 dz 4+ [ |21 dx) < 271, (3.20)
Rn Rr

We now have to consider the remaining terms of fRn(ﬂ' + =) dx involving velocity
gradients

e :Ann/ |0,d|? B (QA/\n N aApA N aA,,n)/ 0,d:d®0,T
p Jpn T° PCy PCy p n  Tlte
(LR Sy T g
2p¢, 2pC, ge  T2ta dpc, Jpn T

Using the binomial formula, the existence of § > 0 such that

5 10,d)? |d|* [0, T a1\
<R” Ta + . T2+a + RnTl—l—a) >z

is a consequence of

<2Aw N aAp N aAn77>2 B 4A,777 <(1 +a)Axn n a(l + a)An)\> “o
PCy PCy P P 2pc, 2pcy,

Defining ¢ = A, c,/2A) and £ = A\/nc,, this is equivalent to
1+ ) +ag (¢ +2(1-()+1-¢ <0, (3.21)

and it implies that ¢ = A,c,/2A5 > 1. In this situation { > 1 there are two roots of
the left hand side of (3.21), one negative a(&, () and one positive @(§, (). Keeping in
mind that a has to be positive, we must have

(6N 21— O)H(AC2 + C(AET2 — g — ) 4 4e7L —3¢2) /2
20(E+¢71)

Noting that @(¢,1) = 0 and a(€,00) = 2/(£ + €71), we obtain for large ¢ the sufficient
condition 0 < a < 2/(€ + ¢71) and the first part of Proposition 3.5 is proved.

We assume now that a = 1 and establish that unconditional entropicity does not
hold, keeping in mind that n > 2. To this purpose, it is sufficient to let v = 0 and to

a<a(§,¢) =
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only consider the terms involving temperature derivatives. Denoting 7 = logT, it is
easily checked that

LT / (210272 - 4027:0,7 @ 0,7 da. (3.22)

Let ¢ € D(R) be a C*° function with ¥ (s) > 0 for |s| < 1 and ¥(s) = 0 for |s| > 1,
and consider ¢((x) =[], ¥ (x;). Since the contributions [;,07¢ (9x¢)*dx, 1 <k < n, in
the sum fRné’:%C :0,( ® 0,¢ dr vanish and since 0;1¢ 0;¢ Ox(¢ is nonnegative and nonzero
for j # k, it is easily checked that fRnagg :0,¢( ® 0, dx is strictly positive. Since the
two terms scale differently in (3.22), letting 7 — 7o, = A(, that is, T' = T, exp(A(),
there exists A > 0 large enough such that the quantity z[7} is negative, and we also

have v, T — T, € D(R™). By a continuity argument with respect to a, using the same
fixed 7, z[T! remains negative for a close to unity and the proof is complete. u

Remark 3.6. Many refinements of Proposition 3.5 are feasible but are beyond the
scope of this work. Note that we have investigated entropicity independently of the fact
that (v,T) is a solution of the governing equations and independently of any constraint
on (v,T). This is in contrast with Section 5 where we will impose constraints on the
norms of log T and v/v/T for entropicity. The ratio (4n — 1)/(2n? + 1) can be written
1—2(n—1)%/(2n2+1), is always smaller than unity—keeping in mind that n > 2—and
is11/19 forn=3. =

Remark 3.7. Inequalities like

0. T* 05T
Rnw dx <c an d.’E, (323)
hold whenever a # —2, T — T € H*R") N AR") and T > Tpin > 0. It can
be established by a density argument and upon considering 8,-(|0,T|9,T/T**+%).
The particular case a = —1 has been investigated by Lions and Villani [Lv95]. Different

inequalities will be established in Section 4 with powers of || log T'|| saro as multiplicative
factors in the right hand side of (3.23). =

Proposition 3.5 shows that unconditional entropicity—unconditional positiveness
of higher order derivative source terms fR,(ﬂ' + x) dz—only holds for a restricted family
of second order entropy correctors. In particular, unconditional entropicity does not
hold for the natural logarithmic scaling a = 1. An inescapable consequence is that only
conditional entropicity will allow stronger and more satisfactory results. Conditional
entropicity will be investigated in Section 5 for generalized entropies of arbitrary order
with temperature dependent transport coefficients.

3.5. Estimates of convective terms

In order to estimate convective terms, we need to express velocity gradients in terms
of the strain rate tensor.

14



Proposition 3.8. For any v € H' and any index pair (i,j) we have [Tin72]

20v; = d;j — Z RiRjdy; + Z Ry R;d,j, (3.24)

1<i<n 1<i<n
where R; = (—A)—W@- are the Riesz transforms, 1 <1i < n, and we also have

2(%‘(9]#)1 = 8/€dij + ajdik — 8idjk. (3.25)

In the following proposition, we obtain a typical estimate of fRn\w| dx in terms of
Jgnmdz and [,|d]? dz.

Proposition 3.9. Assume that v, T —T., € H*(R") N AR"), T > Tin > 0, and
a < 1/3. Then the following estimate holds

1/2 1/2
lw| dx < c(/ 7rdac> ( |d|? dm) sup T(1—9)/2, (3.26)

Proof. We have w = \d:0,T ®0,T +2(7j/p)d:02p + 27d: 0,v- 0, v and we examine each
term at a time. The first term A\d:0,T ® 0,1 can directly be estimated by using Holder
inequality

d:0. T T 1/2 1/2
’ a:): 1? 8;5 ’ dx S C(/ de> ( ’d‘Q d.flf) SupT(l_a)/2.
Tire . R

R

In order to estimate |27d:0,v-0,v|, we use the expression of d,v in terms of d, and we
obtain a sum of terms in the form

A [R@)|[R@)|
Rn Te

where R and R’ are products of Riesz transforms. Upon introducing temperature

factors as
d 1+

|d| a
/nTlfT“ |R(T1TT“T °)

and applying Holder inequality with exponents

R (d) |73/ dz (3.27)

1 . 1 n 1 n 1 . I 1

4 4 o0 2 o0
we obtain the desired estimate provided that a < 1/3. Upon using the expression of
92p in terms of velocity gradients and the expression of velocity gradients in terms of
the strain rate tensor, we can finally express 2(7]/p)d:92p as a sum of terms in the form

/ dR(R'(d)R"(d))

Ta dx

15



where R, R/, and R" are products of Riesz transforms so that the pressure term can
be treated as the term |27d:0,v-0,v|. =

3.6. Temperature weights

The main difficulties of the Navier-Stokes equations arise from the nonlinear convective
terms v-0,¢, where ¢ stands for v or 7T'. These terms introduce nonlinearities through
a multiplication by the velocity v of the gradient 0,¢ appearing in the ¢ equation. On
the other hand, the natural scaling associated with the temperature weights of ~ is
that v scales as v/T. Therefore, we expect extra temperature factors in the form 7T
to appear when estimating [ |w|dz in terms of [mdxz and [~y dx, as inherited from
original nonlinearities. Indeed, a direct consequence of Proposition 3.9 is that

Rn|¢d! dr < c(/nw dm>1/2 (/n'y dm) 1z S&)Tl/?, (3.28)

and the problem is now to control these supg.1’ factors. A first possibility could be
to use (3.26) with @ = 1 and the natural kinetic energy estimates of fot Jgeld|? dzdt,

assuming that we can eliminate the limitation a < 1/3 in Proposition 3.9. However, this
seems hopeless since unconditional entropicity does to hold for a = 1. More generally,
larger values of a promote majorization of convective terms, but inhibit unconditional
entropicity, and, conversely, smaller values of a promote unconditional entropicity, but
prevent majorization of convective terms. Another possibility could be to estimate
Supp.1" in terms of fR,ﬂr dx and fRn’y dz, but this is not possible since T, > 0 and only

T — T, can be estimated in this manner, as for instance for n = 3

1
sup [T —T, | < c(/ de/ 'ydac> 21-a) (3.29)
R n n

Therefore, it appears that, in the estimates of Proposition 3.9, the powers of the solution
derivatives are not a difficulty thanks to the terms |0, 7|4, |d|*, |02T|?, and |9,d|?, but
difficulties arise, however, in the temperature exponents appearing at the denominator
of the convective term w which are too small in comparison to those appearing in the
higher derivative terms m associated with transport fluxes.

A natural phenomenon which reduces the temperature exponents appearing at the
denominator of the higher order derivative terms of 7 is the temperature dependence
of transport coefficients. When A and 7 scale as 77, all temperature exponents at
the denominators of m are decreased by s whereas those of w are unchanged. The
corresponding system of partial differential equations is investigated in the following
sections using somewhat different methods. The direct techniques used in this section
do not apply anymore because of a new pressure term p, = — >, <ij<n TR (nd;;) due
to the derivatives of viscosity with respect to temperature, which vanishes for constant
1. This pressure term introduces extra contributions in = which are not simply controled
by those of w. Furthermore, the simple direct method of this section cannot be used
for the higher order entropy correctors y*! or 4! when k > 2.
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Remark 3.10. The same discussion can be conducted in a periodic framework and
yields the same conclusions. In this situation, we also have estimates in the form

/Q|w!d:v§c(/97rd:c)3/4</gT3_adx>l/4, (3.30)

where the periodic domain (2 is a product of intervals, but the quantity |, ol 3-ady
cannot be estimated in terms of [, wdz and [, ydz. Only the difference T —T', where

T denotes the average of T over the periodic domain {2, can be estimated in terms of
Jomdx and [,ydx. =

Remark 3.11. Assuming that 9,7/T € L? N L* when n = 3 implies that log T has a
finite limit at infinity [Gal94 so that T, must be positive. In other words, it does not
make sense to try to rescale with 7T, = 0. =

Remark 3.12. The convective term w, after a few integrations by parts, can also be
written as a sum of terms proportional to the velocity v. This does not improve the
estimates of [, |w| dz since the gain obtained with the v factor are compensated by the
loss of one derivative factor. m

4. Weighted inequalities

We collect in this section various weighted inequalities that will be used in the following
in order to investigate the situation of temperature dependent transport coefficients.

4.1. Differential identities

As usual, if a;, 1 < i < n, are nonnegative integers and o = («,...,a,) € N™ is the
corresponding multiindex, we denote by 0¢ the differential operator 97" --- 9% and by
|| its order |a| = a4+ + ;. The derivative of superpositions has been investigated in
particular by Vol’pert and Hudjaev [VH72] and the following proposition is established
by induction of |«|.

Lemma 4.1. Let f and g be smooth functions and o = (av, ..., ay) be a multiindez.
Then we have
0%(fg) = Y capd’fol Py, (4.1)
0<B<La

where cop = a!/B(a — B)! are nonnegative integer coefficients with B! = (1! 5,! and
where we write 0 < f < a when 0 < G; < ay, 1 <i<n.

Furthermore, let f and g be smooth scalar functions, and let « = (aq,...,ay) be a
multiindex with |o| > 1. The partial derivatives of the superposition go f can be written
in the form

0%(go f) = condg [J(0° )", (4.2)
op

1<[B]<|e|
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where ¢y, are nonnegative integer coefficients, and the sum is over 1 < o < |aof,
1= (pg)i<ip|<|a) with pg €N, B € N, such that

Z/U’B =0, Zﬁ :uﬁ =, (43)

1<|BI< ]| 1<|Bl< ]|
so that we have in particular g |B| pg = |af.

A natural scaling induced by higher order entropies is that v scales as VT. As a
consequence, we introduce the rescaled unknowns 7 and w defined by

v
7 =logT, W= —, 4.4
& VT &9

which will naturally appear in higher order entropy estimates. In particular, we will
need the following differential indentities, easily established by induction on |«].

Lemma 4.2. Let T' be smooth and positive and o be a multitndex. Then we have

GO‘T _ Z Cu H 8’8 Hg 8aT+Z c H 66 (45)

1<[B|<] ] wo1<|Bl< al -1

where p = (15)1<|p|<|a| With ug € N, B € N, and ¢, are nonnegative integer coeffi-
cients. The sum is extended over the u such that

Zﬁ/lﬂ:av

1<|B|<| ]

so that we have in particular 3 5|8 pg = l|af, and the only term with |3] = |«
corresponds to 0%t. Conversely, we have

o°T 0T 85T
o, / Hg
orr=> o [ ==+ [IG (4.6)
Ko 1<iBI<lal Ho1<|pl<]al = 1
where c; are integer coefficients and the sum is extended over the same set of L.

Lemma 4.3. Let T and v be smooth, T be positive, © with 1 < 1 < n, and a be a
multiindex. Then we have

o vz ZCW H 7' MB 0%w;, (4.7)

na  1<[8]<|of

where p = (ug)i<ipi<lal, Mg € N, B € N*, & € N, c,q are nonnegative integer
coefficients, and the sum is extended over the u and &, such that

0<a<a, Zﬁuﬁ—l—d:a.
1<[B[<] o]
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More precisely, isolating the only term 0“w; corresponding to & = a and all the terms
corresponding to & = (0,...,0), we have

8\;‘_ Yw; +ch H 85 "8 9%, +Zcu0 H(@BT)“‘* w;, (4.8)

pa  1<|BI<] o w18l ] af

where the & in the middle sum are such that 1 < |&| < |a|. Conversely, we have
OPT\rs 0%,
« _ / )
0 w; = Zcud H(T) ﬁ, (49)
ra1<18I< o

and more precisely

o = L +Z s H(aBT)“B il +) e H(aﬂT)MB \1/)7 (4.10)

Ha1<|Bl<]al B 1Bl al

where CLd are integer coefficients and the sums are extended over the same sets.

4.2. Weighted operators

We investigate the norm of weighted Calderén-Zygmund operators in Lebesgue spaces
[CF74 [GCR83 [MC90] [MC9]]. A natural condition associated with weights has been shown
to be the Muckenhoupt property A,, where 1 < p < oo [CF74 [CRW7§ [GCR8H [GT024
[GTO20 [GT02d [Mey90H.

Definition 4.4. Let G : D(R™) — D'(R™) be a continuous linear operator and denote
by K the restriction of the distribution kernel associated with G to the open set x #£ y of
R™ xR™. We say that G is a Calderon-Zygmund operator when the following properties
are satisfied.
(i) K is a locally integrable function and there exists co such that for x # y
| K (2, y)| < colz—y|™
(ii) There exists § € (0,1] and ¢1 such that for x # y and |z' — x| < x — y| we
have | K (2',y) — K(z,y)| < c1]a’ — z|’|z — y| 7"~
(111) Similarly if © # y and v —y| < iz — y| we have |K(z,y') — K(z,y)| <
aly’ —yl’le —y| ™"
(iv) g can be extended mto a continuous linear operator over L*(R™) with norm
lower or equal to cs.

Definition 4.5. Let g € L} _(R™) be positive and locally integrable and let 1 < p < oo.
We say that g satisfies the Muckenhoupt condition A, if

1 o\
[Q]AP Sup<|Q|/gdac>(|Q|/g P dx) < 00, (4.11)

where the supremum is taken over all cubes.
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For detailed studies about the Muckenhoupt property we refer to the book of
Garcia-Cuerva and Rubio de Francia [GCR8§. We have in particular A,NA; = Apnin(p,q)
and the weights of A, have their logarithms in BMO [GCR85. A locally summable
function f belongs to the space BMO(R"™) if

1 _
HfHBMo=sgp@/Q|f<x>—fQ\dx<oo,

where the supremum is taken over all cubes @ and where fg = 1//Q| [, 0 f(x) dz denotes
the average of f over () [Mey90d. The function space BM O has been introduced by John
and Niremberg [IN6] and naturally arises when estimating the norms of the weighted
operators T R;T~% where R; = (—A)*l/QGi, 1 < i < n, are Riesz transforms, or when
using the Coifman and Meyer inequalities [MC90] [MC91]. The space BM O and its dual
H?! have already been used in the context of the Navier-Stokes equations [Lio96] [KT0O]
[Lem0Z.

Theorem 4.6. Let G be a Calderon-Zygmund operator, let 1 < p < oo, and let g be a
weight in A,. Then the operator G is bounded in LP (gda:), or equivalently, the operator

g*"'?Gg=V/? is bounded in LP, with norm lower than C(co,c1,¢2,1,p,[9]4,), where C
only depends on cg, c1, c2, n, p, and [g]a, .

Proof. We refer to Meyer [Mey90d [Mey90, Garcia-Cuerva and Rubio de Francia [GCR83,
and Coifman and Fefferman [CF74. A careful examination of the above mentioned
references reveals that the constant C only depends on ¢y, c1, c2, n, p, and [g]4,. =

Theorem 4.7. There exists constants b(n) and B(n) such that for any 0 € R, any
u e BMO, and any 1 < p < 0o, the conditions

OlllullBrro < b(n)/2,  |0lllullBro < (p—1)b(n)/2,
implies that exp(fu) € A, and

[exp(Hu)]A <(1 +B(n))p.

P

Proof. From a result of John and Niremberg [JN61, there exists positive constants b(n)
and B(n), depending only on n, such that for any v € BMO, any cube () and any
positive s the following inequality holds

sb(n) )

po(s) = —ymes{ x € Q, |u—1uq| > s} < B(n) eXp(_ lull Brpro

1
Q|

where ug denotes the average of u over (). Using the identity

1 u = o S S
@/Qf(W_UQDdI—/OMQ( ) df (s),
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valid for increasing continuously differentiable functions f such that f(0) = 0, with
f(s) =exp(b's) —1 and 0 < V'||u||ppo < b(n)/2, we obtain that

B(n)v'l[ullparo
(n) = V[lullBaro

1
—/exp(b'|u—uQ]) der <1+ <1+ B(n).
QI Jg b

Therefore, we deduce that

S“p(|22| / xp(fu) dx) (|22| / (-7 )d"’“")p_l :

sup - [ expllo]u— ol de ) (5 [ exp( u— gl d "< Bwy,
w(iar/, )G [

provided that |0]]|u||pymo < b(n)/2 and |0|||ullpo < (p—1)b(n)/2. =

As a direct application of Theorems 4.6 and 4.7 we investigate operator with
weights in the form exp(fu) where § € R and u € BMO.

Corollary 4.8. Let G be a Calderon-Zygmund operator and 1 < p < oo. There exists
constants §(n, p) and C(co, c1,c2,n,p), depending only on (n,p), and (co,c1,co,n,p), re-
spectively, such that for any 0 € R and w € BMO, the condition |0|||u|pypo < 0(n,p)
implies that the operator G is bounded in LP (exp(@u)da:), or equivalently, that the oper-
ator exp(Ou/p)G exp(—0u/p) is bounded in LP, with norm lower than C(cg, c1,c2,n,p).

4.3. Multilinear estimates

We first investigate weighted multilinear estimates, with weights in A,,, and we denote
by A(R™) the Wiener algebra in R"

Theorem 4.9. Let k, | be positive integers, and o, 1 < j < I, be multiindices such
that |a/| >1,1<j <1, and k = Zl<j<l lad]. Let 1 <p < oo, g€ Ap, and uy,...,uy,
be such that there exist constants u; oo with u; —u; .o € H*(R™)NA(R™), and such that

géakuj € LP, 1 < j <. There exists a constant ¢ = c(k,n,p, [g]a,) only depending on
k, n, p, and [g]a,, such that

-1
lg" TTo%us ] < e( 3 Mslimao) (D lo¥/70 ull, ), (4.12)
1<5<1 1<j<1 1<5<1

where we define

a0l = 30 5 [ gl e

loe|=k

using the multinomial coefficients [Tau63 [Com7(

kY k! k!
a) ol ageean!



Proof. We use the Coifman-Meyer theory of multilinear operators [MC90 [MC91]. We
can first assume that u; . = 0, 1 < j < [, since these constants do not modify the
norms in (4.12). Since the Schwartz space S(R") is dense in H*(R") N A(R"), we can
assume that u; € S(R™), 1 < j <. In this situation, we can write that

[T ;) = Cre / [Texp(iz- &))" 2,6 e,

1<5<1 1<5<1

where & € R", 1 < j <, and 4; denotes the Fourier transform of u;. We introduce
¢ € C*°[0,00) such that sup(®) C [0,1], 0 < & < 1, & = 1 over [0,1/2], and we
set ¥ = 1 —&. We further define &; = ¢(3_,, ., 1€712/1€%?) and ¥; = 1 — &;, for
1 <i<1—1, and we have the partition of unity

1 =&y + 0Dy + NP3 + -+ [[¥ &1 + [

1<j<I-2 1<j<i-1

We multiply this partition of unity by the product [],.,.,(& )O‘j and each factor is
rewritten in the form -

[Te)” v e=ler TI(5)" [Tw

1<i<l 1<j<i—1 1<5<1 1<<i—1

with the convention that &; = 1. Denoting by H; the multilinear operator associated

with the kernel
i = H( " 1w .

1<5<1 1<5<i—1

€71

we have obtained that

Haoﬂﬂj = Z Hz’(ulw--,Ui—b(—A)%Ui,Uiﬂa---,Uz)-

1<5<! 1<i<l!

We claim that the operator H;, where 1 < ¢ <[ is fixed, satisfy the assumptions of the
Coifman and Meyer Theorem (Theorem 2, page 434, Section II1.XIII.4 of [MC9(] [MCQl])
so that it can be extended into a continuous operator over BMO™! x L2 x BM o'~
Indeed, for 1 < <1 — 1, the kernel (; of H; is nonzero only when H1<]<1_1 U;d; is
nonzero, that is, only when

Y IEP<IEP,
i+1<;5<l
R < 2R, 1<k<i-1

i—k+1<5<1

These conditions imply that [€77F|2 < 4%|¢12, 1 <k <i—1, and >t |€712 < 4%¢%)2.
On the other hand, for ¢ = [, we have &; = 1, and the kernel (; of H; is nonzero only
when [, i<i—1 ¥; is nonzero, that is, only when

EFP < 2 9P, 1<k<i-1,

I—k+1<j<I

22



and these conditions imply that [¢/F[? < 4F[¢!?, 1 <k <1-1,and ), [67]* < 4'[¢'%.
As a consequence, for any 1 < ¢ < [, the kernel (; of H; is bounded and smooth for
(é1,...,&) #(0,...,0). Furthermore, for 8 = (8%,...,3"), 37 € N”, we have

laﬁCﬂ < C(\g‘l] I ’£l|)—lﬁl’

where |8] = |8 + -+ +|3Y|. Finally, we have (;(&1,...,&) = 0 whenever &; = 0 for any
j # 4. Therefore, from the Coifman and Meyer theorem we obtain that for v € L?(R")

HHi(ulv"'7ui*1>v7ui+17"'7UZ)HL2 < CH||uj”BMO ||\)||L27
J#i

and that for u;, j # ¢ fixed, the operator
v — ’Hi(ul, Ce ,ui_l,v,qu, e ,UZ>

is a Calderén-Zygmund operator. From the results of Coifman-Meyer (Theorem 2, page
434, Section III.XIII.4 of [MC90] [MC91]), we also obtain that the distribution kernel K;
associated with H; is such that

Ki(z,y)| < ][ lwslzrole =y ™"
J#i
with similar inequalities for the derivatives. Therefore, the operator H; rescaled by
[T, llujllBaro satisfies the properties (i)-(iv) of Definition 4.4 with ¢ = 1 and with
constants ¢y, ¢; and ¢y depending only on k and n. As a consequence, as soon as the
weight g satisfies the Muckenhoupt condition A,, we have

Hgl/pHi(ul""7ui—17v7ui—|—17"'7ul)”Lp < CHHUJHBMO ||gl/pv||Lp7
Jj#i

where c only depends on n, k, p and [g]4,. Summing over i, we have obtained that

o Lol <e 3 TT Buslisaro 1978 5],

1<5<d 1<i<l 1<5<
J#i

The proof is then complete upon noting that there exists a constant ¢ only depending
on n, k, p and [g]a, such that

Hg1/p<_A)§u < cHgl/pakui

ill s Iz

This is obvious when k is even since then k = 2I and (—A)*/2 = (—A)! whereas for
kodd k = 20 + 1 we have (=A)"?2 = (=A)/(=A)"/? and from Y, ;. R} = —I we
obtain that —(—A)*/2 = Zlgjgn(—A)l(—A)l/QRJZ = Di<j<n R;j(—A)'9; and thus
Hgl/p(—A)k/ngSHLp < Zlgjganl/p(—A)lajgzﬁHLp from the continuity of g*/?R;g~/? in
LP, 1 < j <n, which is valid if g € A, as established in Theorem 4.6. =
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Remark 4.10. The definition of ||8ka]£p using the multinomial coefficients yields in
particular that for p =2

k!
|0%V]|2, = Z a/Rn(aav)zdx: Z 110, - 0, V|22, (4.13)

‘Ot|:k 1§i1,..‘,ik§n

so that it is compatible with the classical definition [0?v]* =3, ; (0;0;v)? already used
in Section 3.3. This natural definition also simplifies the analytic form of higher order
entropies governing equations. =

Remark 4.11. The space of smooth functions with compact support D(R™) is dense in
H*(R™)NBMO(R™)—for the norm ||- || gz« + || - || ;o of course—if and only if k& > n/2.
Indeed, for k < n/2, D(R™) is not even dense in H*(R™)NL>*(R") and counterexemples
are classically found in the form of series of needles. On the other hand, for &k = n/2,
we have H*(R") N BMO(R") = H*(R"), whereas for k > n/2, H*(R") is included
in the Wiener algebra A(R™). We have introduced the natural simplifying assumption
U; — Uj oo € HF(R™) N A(R™) since it will be sufficient for our applications and since
for k < n/2, D(R™) is dense in H*(R™) N A(R™) and A(R") C L=*(R") C BMO(R").
Extending these inequalities to H*(R")N BMO(R") when k < n/2 by using the notion
of strict convergence [MC9(Q| is not relevant to our study. =

4.4. Weighted interpolation inequalities
We generalize here some Nirenberg interpolation inequalities for intermediate deriva-
tives [Nir59] with weights satisfying the Muckenhoupt properties.

Theorem 4.12. Let k, 7 be nonnegative integers, let 1 < q < o0, 1 < r < o0, and
assume that k > 1 and 0 < j < k. Further assume that g is a weight of the muckenhoupt
class Ar N Ay = Awin(g,r) and let p be such that

i 1
=2 oyl 4.14
+ 2= (4.14)

Then for any v such that v € Li(gdx) and 0%v € L"(gdx), the intermediate derivative
&v is in LP(gdx) and there exists a constant C only depending on n, k, q, r, [g]Aq and

[9] 4, such that

g[@jv|pd:p;§0 glv|? da ®i g™V da i (4.15)
(/. ) <e( [ obvirar) ([ )

Proof. By induction on k, the proof of (4.15) is easily reduced to the special case j = 1
and k = 2. In this situation, we have 2/p = 1/q + 1/r and defining p’ = p/2 we have
1/2 < p' < oo and

— =4, (4.16)



Inequality (4.15) can then be rewritten in terms of the square of the gradient

(/n g(|8v|2)p/ dx)p_ll < c(/n g|v]qalx>é </]R" g|82v|rdac>%. (4.17)

In order to estimate the square of the gradient |dv|? we consider any pair of indices
i1 and i9, any functions uq, ug, in the Schwartz space S(R™), and we write—as in the
proof of Theorem 4.9—that

Oiyu1(x) Oiuz(x) = Cte/exp(ix S+ E7))¢ 6 (€ ia(€7) detdg?, (4.18)

where ¢1,£? € R™, and 4; is the Fourier transform of u;, j = 1,2. Introducing again a
partition of unity @; +¥; = 1 as in Theorem 4.9, we can write that

Diyur Ojguz = Hy (u1, (—A)uz) + Ha ((—A)us, uz), (4.19)

where H; is the multilinear operator associated with the symbol &1 & &2 /¢! and Ha
the multilinear operator associated with ¥y & &2 /|¢2|?. Using the results of Grafakos
and Torres [GT024 [GT024 [GT02d we deduce that the operators H; et Ho are multilinear
Calderén-Zygmund operators (Proposition 6 of [GT024 or Section 2 of [GT02d). On the
other hand, the weight ¢ also belongs to the class A, that is, there exists constants

C > 0 and € € (0, 1] such that for any cube ) and any measurable set E C @) we have

(B) _ . /IE]\
% <¢C (@)

where g(E) = [, g(x) dz and |E| denotes the Lebesgue measure of E. More specifically,
for any 1 < s < oo and g € A,, we have g € A, where the constants C' and € only
depend on s and [g]a, [CF74 [GCR8Y. As a consequence, we can use the weighted
inequalities established by Grafakos and Torres (Corollary 3 of [GT024 or Corollary 5
of [GT02d) taking into account that 1 < r < 0o, 1 < ¢ < 00, 1/2 < p’ < o0, (4.16) and
letting u; = us = v, and the interpolation constant C finally only depends on n, k, g,
7, [gla, and [g]a, . =

We now consider the case ¢ = oo by combining the interpolation inequality of
Theorem 4.12 with the multilinear estimates of Theorem 4.9.

Theorem 4.13. Let k, 5 be nonnegative integers, 1 < r < oo, assume that k > 1, and

1 < j < k. Further assume that g is a weight in the muckenhoupt class A, and let p be
such that ) ,
J

- == 4.20

p kr ( )

Then for any v such that v —vs, € H¥(R™) N A(R™), where v, is a constant, and such

that O%v € L"(gdx), the intermediate derivative &7v is in LP(gdx) and there exists a

constant C only depending on n, k, r, and [g]AT such that

(/ glov| T dz) " < c M5 E (/ glo™v|" dz) ™. (4.21)
R R»
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Proof. Letting p =, |a/| = 1, and k = [ in Theorem 4.9, we deduce that

(/ana"w dQJ")# < eflvll ko (/Rnglf?kVI’“dQ#, (4.22)

and this yields (4.21) for j = 1. For 1 < j < k we can then interpolate 8’v between
O'v and 9%v and combine inequality (4.15) of Theorem 4.12 with (4.22). =

4.5. Weighted products of derivatives

We first investigate products of derivatives of the rescaled unknowns 7 and w, with
powers of temperature as natural weights.

Theorem 4.14. Let k > 1 be an integer, 8 > 0 be positive, 1 < p < oo, T be such
that 7 — 7., € H*(R™) N A(R™) for some constant 7. There exist positive constants
§(n,k,0,p) and c(n, k,p), only depending on (n,k,d,p) and (n,k,p), respectively, such
that if ||7||Baro < O, then for any real 6 with 0] < 0, any integer | > 1, and any
multiindices o/, 1 < j <1, with |[o’| > 1,1 < j <1, and doi<j<i |a?| = k, whenenver
exp(07/p)0kT € LP(R™), we have the estimates

% I 00| < ellrlipmo lleF 0] e (4.29
1<5<1

Further assuming that w € H*(R™) N A(R"), /7/Pokw € LP(R™), and 0 < 1 < 1, we

have
|e% TI @) T (0*'w),

-1
L <l saro + ol paro)
1<5<l I+1<5<l

(50, + ¥ okul,,). @
where we have naturally defined

or or k! 'l aa
e 0l = 3 ¥ ot ul, = 3 5 [ eloru da,

1<i<n |a|=k
1<i<n

and where, in the left hand member of (4.24), with a slight abuse of notation, we have
denoted by w any of its components wi, ..., Wy,.

Proof. This is a direct application of Theorems 4.7 and 4.9 since for 0||7|| garo < b(n)/2
and 0||7||pymo < (p— 1)b(n)/2 we have [eGT]Ap < (1+ B(n))p. .

We now estimates products of derivatives of temperature and velocity components
rescaled by the proper temperature factors.

Theorem 4.15. Let k > 1 be an integer, > 0 be positive , 1 < p < oo, T be such
that T > Tiin > 0 and T — T, € H*(R™) N A(R™) for some positive T.,. There exist
positive constants §(n, k,0,p) and c(n, k,p), only depending on (n,k,0,p) and (n,k,p),
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respectively, such that if || log T||garo < 0, then for any real § such that |0] < 0, any
integer [ > 1, and any multiindices o/, 1 < j < I, with |o?| > 1,1 < j < I, and
> 1<j<r l0?| =k, whenenver T9/P(OFT) /T € LP(R™), we have the estimates

5 _8ajT 0 OFT
HTP H ( T )H < c|log T|| pro |77 = |l (4.25)
1<j<1

Further assuming v € H*(R™) N AR™) and ||log T garo + 1v/VT | 1o < 3(n,k,8,p),
whenever T/P(9%v) /v/T € LP(R™), we have for 0 <1 <1

I (%0 1 <aj;—? )., < (o8 T lasso + I lix)

1<5<! I+1<5<

0 OFT o kv
X(”T” 7N+ T \/—IIL,)>, (4.26)

where, in the left hand member, with a slight abuse of notation, we have denoted by v
any of its components vy,...,Vp.

Proof. Assume that § < b(n)/20, and 6 < (p — 1)b(n)/20 so that all the weights
T? = exp(flogT) satisfy the Muckenhoupt condition A, as soon as ||logT'||pmo < 6,
and are such that [T%)4, < (1+ B(n )) Let [ > 1 be an integer, and o/, 1 < j <,
be multiindices with \oﬂ| >1,1<j <l and 3, |a/| = k. From Theorem 4.14
applied with 7 = logT" we have

HTP Hé’O‘JTHU, < CHlOgTHBMO HT%akTHLp’

1<5<1

where ¢ = ¢(n, k, p), and, thus, we only have to estimate integrals like

[ (L) - o),

1<5<1

Thanks to the differential indentities established in Lemma 4.3, we can write that

H(OTT) [Toor + Z [Iec.: T[(@°7) (4.27)

1<j<l 1<j<l pleept 1<5<0 1<|8|< |0 |

where p/ = (M%)1§|ﬁ|§|aﬂ’\v with u%, € N, 8 € N", and where c,; are nonnegative integer
coefficients. In addition, the p/ are such that > o1<18/<|ad| 18] fr = ||, so that we have

in particular
D Bluy= Yl =k

1<|8]< e | l=j<l
1<j<l
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When k = [, all derivatives must be of first order so that the sum in the right hand
side of (4.27) is absent. On the other hand, when [ < k, in each term of this sum,
there are always at least [ + 1 derivative factors in the product, since the only term
with exactly [ factors has been isolated, and at most k derivative factors. From the
multilinear estimates of Theorem 4.9 applied to each of these terms we obtain

0 ov'T o ! k—1 0
|75 (T = T1oo7) ||, < e (Ioe T+ + Mog Tl saro ) 150 ),
1

<j<i <<
Therefore, assuming § < 1, we have established for any 1 <[ < k that
g aajT ol l 9 Sk
HTp (H( T ) - H8 T)HLp < c|log Ty, 177 0% - (4.28)
1<5<i 1<;5<l

We now consider the special case [ = 1 and we sum the above estimates (4.28) over all
a with |a| = k. This yields

k
aTT s

() 2
|75 ), < cllogTll o (T304,

where ¢ = ¢(n, k, p) so that for ¢(n, k,p)|| log T||ppmo < 1/2 we have

0 0 OFT
2 Trotr|, < TP =l

A
< 3||Trot,,. (4.29)
Reinserting then this inequality (4.29) in inequality (4.28) completes the proof of (4.25).
The proof of inequality (4.26) is similar, and it is found in particular that when

1og Tl paso + 1o/ VT 1 < 8(n,k,0,p) we have

o OFv v 0 ok 0 o
HTP (\/T -0 w)HLp sc <H10gT||BMO + ”ﬁ”Lw) (HTP@ 7|, +Tv0 wHL?)’
(4.30)
where the terms proportional to w in relations (4.8) have been taken into account with
the factors ||v/vVT| . =

Remark 4.16. As a special case of Theorem 4.15 we obtain that for 7' — T €
H2R™) N A(R™), T > Tin > 0 and || log T||paro small enough, we have

02T 2

0. T
Rn Tl—l—a

e o < el o T 0

dx. (4.31)

This inequality differs from that of Remark 3.7 by the factors || log T'||gpro- =
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5. Higher order entropy estimates

We investigate in this section higher order entropy estimates for incompressible flows
spanning the whole space in the natural situation of temperature dependent viscosity
and thermal conductivity. We first discuss the temperature dependence of transport
coefficients as obtained from the kinetic theory of gases. We then derive a governing
equation for kinetic entropy correctors of arbitrary order and establish conditional
entropicity properties, that is entropicity holds whenever || log T|| gas0 + [v/VT || 1o is
small enough. We then discuss majorization of lower order convective terms and the
scales of temperature weights used to renormalize the solution derivatives. Combining
these results, we finally investigate entropic principles for higher order kinetic entropy
estimators.

5.1. Temperature dependent coefficients

Thermal conductivity and viscosity of a gas depend on temperature
A=XT),  n=n(T), (5.1)

as shown by the kinetic theory [CC7(Q [FK72] [Gio99. When one term Sonine polynomial
expansions are used to evaluate perturbed distribution functions, the coefficients A/c,
and n are found in particular in the form

Cl)\Tl/2 ClnTl/Q

Aey = 0(2.2)% = 0(2.2)"

where ay and a,, are constants and 2(22)* i5 a reduced collision integral, and the ratio
A/cym is then a constant. For the rigid sphere model for instance, we have exactly
A ey, = axT'? and n = a,T/2. Similarly, for particles interacting as point centers
of repulsion with an interaction potential V' = ¢/r”, where r is the distance between
two particles, one establishes that 2(2:2)* is proportional to T-2/* so that we have
Aey, = axT”, and n = a,T* with » = 1/2 + 2/v [cCc7q [FK72. The temperature
exponent s then varies from s = 1/2 for rigid spheres with v = oo up to » = 1 for
Maxwell molecules with v = 4. More generally, consider particles interacting with a
Lennard-Jones v-v/ potential

O\v o\
V= 45((;) (<) )
where V' denotes the interaction potential, o the collision diameter, € the potential well
depth, and v, V" are intergers with v > v/ and typical values v = 12, v/ = 6 [CC7] [FK72.
Collision integrals like 2(32)* then only depend on the reduced temperature ksT /e, and,
when k;T'/e is large, the repulsive part r=” is dominant, whereas when k;T'/e is small
the attractive part r=% " is dominant [cC70. As a consequence, like for point centers of
repulsion, collision integrals behave like %" with ' = 1/2 + 2/¢/ for small T and like
T° with s = 1/2 + 2/v for large T [cC7q. In particular, the logarithm log £2(>2)* has
linear asymptotes as function of log T, and d* log 2>2)* /d(log T)* is bounded for any
k > 1. As a consequence, logn and log A have parallel linear asymptotes as function
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of log T, and d*logn/d(logT)* and d*log \/d(log T)* are bounded for any k > 1, or
equivalently, (1/n)T*d*n/dT* and (1/\)T*d*)\/dT* are bounded for any k > 1.

Similar results are also obtained when more than one term are taken into account
in orthogonal polynomial expansions of perturbed distribution functions. Indeed, all
collision integrals 2(»7)* . j > 1, have a common temperature behavior, that is, all ra-
tios of collision integrals are bounded, as for instance for Lennard-Jones or Stockmayer
potentials [FK72] [Gio99. These collision integrals are then used to define the coefficients
of the transport linear systems which thus share a common temperature scaling. As a
consequence, the transport coefficients, which are obtained as solution of transport lin-
ear systems, inherit a common temperature scaling [Gio99. The same conclusion is also
reached with polyatomic molecules when Wang-Chang-Uhlenbeck-Sonine polynomial
expansions are used [Gio99. As a consequence, the relevant mathematical assumptions
are that all transport coefficients have a common temperature scaling in such a way
\/c,n remains positive and bounded, and d* logn/d(log T)* and d* log \/d(log T)* are
bounded for any k > 1.

On the other hand, in our particular application, using the maximum principle
for temperature yields a uniform lower bound for T, only depending on initial data.
Therefore, we may assume that T' > Ty, where T, is fixed and positive. In this
situation, the behavior of transport coefficients for small temperatures is not relevant.
In other words, only the repulsive part of the interaction potential between particles
plays a role and we may assume that such a behavior is asymptotically that of point
centers of repulsion as we have discussed for Lennard-Jones potentials. Therefore, from
a mathematical point of view, since we are not interested in small temperatures, we may
simplify the assumptions about the temperature dependence of transport coefficients
and assume that A and n are C*°(0,00) , that there exist s, a > 0, and @ > 0 with

al” < Ae, <aTl”, aT”* <np<al”, (5.2)
and that, for any integer ¢ > 1, there exists a, > 0 with
T 107N <a, T,  T7|0pn| <a,T”. (5.3)

Kinetic theory suggests that 1/2 < s < 1 but the situations where 0 < 3 < 1/2 or
2 > 1 are still interesting to investigate from a mathematical point of view.

Remark 5.1. Assumptions on transport coefficients valid for all temperature may be
written
c(<Ae,<e¢,  c(<n<cg,

T 99N < Ty ¢, TO|0%n <en(, o> 1,

where ¢, ¢, and ¢,, o > 1, are positive constants. The function { is a smooth function
of T such that T7 |0%(| < ¢, ¢, 0 > 1. For Lennard-Jones v-v/ potentials, we can take
for instance ¢ = T for large T and ¢ = T% for small T, with s = 1/2 4+ 2/v and
s’ =1/2+ 2/ [cc7d. We have made in this paper the simpler choice ( = T% = T*
since we can exclude small temperatures. Kinetic theory also indicates that aT''/2 < ¢
for some positive constant a. It is interesting to note that with an interaction potential
which is infinite at small interparticle distances, we always have v = oo so that ( = T'*/2
for large temperatures. =
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5.2. Governing equations

With variable transport coefficients, the fluid governing equations can be written

0,-v=0, (5.4)
d,(pv) + 0, (pv@v + pI) — 0, (n(T) d) = (5.5)
9,(pe) + 0, (pev) — 9,- (A\(T) 0,T) = 31 (T)d d, (5.6)

where p is the constant density, v the velocity, p the pressure, d = d,v + 9,v" the
strain rate tensor, n(7") the viscosity, e the internal energy per unit mass, and A\(T")
the thermal conductivity. The energy per unit mass e is still taken for simplicity in the
form e = ¢, T where ¢, is a constant.

We again consider the case of functions defined on R™ with n > 2, that are ‘constant
at infinity’, and we only consider solutions such that

v, T —T, € C([0,t], H") nC*([0,], H?) n L*([0,£], H'T1), (5.7)

where [ is an integer such that [ > [n/2] + 2, that is, | > n/2+ 1, and ¢ is some positive
time. We also assume that T is positive and bounded away from zero T' > T,y where
Tinin is positive. It will be shown in the next section that these solutions are smooth
when the initial data is smooth, whenever they exist. Since the viscosity 7 is not
anymore a constant, the momentum conservation equation is rewritten in the form
d,(pv) = P(8,- (—pv®v + n(T)d)), which is equivalent to defining the pressure by

P = Z RZR] (pvivj — 77d13) (58)
1<i,j<n
We also have p € C([0,%], H') nC*([0,¢], H=2?) n L*([0,%], H'™!) from (5.8) and from
the identity Oxp = Zlgi,jgn RLR; (pviaivj — 28Tn8iT8jvi).

Remark 5.2. In the special case where A\ = a\7T*, n = a,7%, and ¢, is constant, if
v(t,x) and T'(t,z) are a solution of the Navier-Stokes equations (5.4)—(5.6), then

Eu(e21=g ¢(=20) 222 (=20 )

are also a solution for any positive £&. The special situation s = 0 corresponds to the
usual rescaled solutions [Che92 [Lem0d. Note that space and time are not stretched in
the same direction when 1/2 < < 1. =

Remark 5.3. All the results obtained in this section and the following are also valid

if the internal energy e per unit mass is taken to be e = ey + fOT cv(s) ds with a heat
capacity coefficient ¢, depending on temperature in such a way that

c <¢, <0, T |0%¢y| < Cy, o>1,

where ¢ > 0, ¢ > 0, and ¢, > 0, o0 > 1, are positive constants. We will not explicit the
corresponding results for the sake of simplicity. =
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5.3. Higher order kinetic entropy estimators

Specializing formally expression (2.13) to the situation of incompressible gases, we
define the (2k)*™" order kinetic entropy corrector v by

Wk [OFTP

— A (] ka|2
A T1+ak

A T

(5.9)

with Ll
TR = 3 D@2 (o= Y el

la|l=k 1<i<n

where k!/a! are the multinomial coefficients [Tau63 [Com70, and A[f] > 0, A7[7k] > 0,

a;, € R, are parameters at our disposal. We do not assume anymore that a, is positive
since some negative values will naturally appear in the discussion. Similarly, following
(2.14), we also define the (2k)*™ order kinetic entropy corrector ¥ by

514 = exp((1 — ay)7) <A§f1 0% + Al¥ |8kw|2>, (5.10)

where 7 = log T and w = v/ VT. The entropy correctors v¥! and 4¥! will be shown to
have similar properties and both may be used to derive a priori estimates.

In order to recast the zeroth order entropy balance into a more convenient form,
we also define v = 319 for 0 < ay < 1, by

A1 = 5101 = (Al 4 INCTR (5.11)
where A[)?] > 0, A%O] > 0, and
T-T, T | 02 .
T, el ) g o=t
C[O] —
T-T, T %-—TL% | o2 ,
CLOO_ +§ a- 9 1f0<a/0<1-

Finally, we introduce the (2k)*" order kinetic entropy estimators defined by

T — ,-Y[O] et fy[k]7 k>0, (5.12)

T = 5000 4508 >, (5.13)

which will play an important role. Strictly speaking, we should term ~*! and ¥l

“mathematical (2k)*™" order partial entropies” or “(2k)*" order kinetic entropy correc-
tors” or (2k)*™ order kinetic entropy deviation estimators” and T'*l and T'¥ “mathe-
matical (2k)*" order entropies”, or “(2k)*™® order kinetic entropy estimators”. We have
also seen in Section 2 that all these quantities can also be associated with Fisher infor-
mation. However, we will often informally term ~¥!, 3] Tkl and T* “mathematical
(2k)*" order entropies” or simply “higher order entropies”. Our aim is now to establish
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balance equations for v*! and j[k], to use these equations to derive a priori estimates,
and to establish that T'[*] and T'!¥! satisfy conditional entropic principles.

(k]

Remark 5.4. Replacing d,v by d in the definition of 4!*! would yield

SO o~ T|? 10K 0 1d]?
A Tl+ak 2 T, ’

(5.14)

which coincides for £k = 1 with the quantity + introduced in Section 3. However, the
definitions (5.9) and (5.14) are equivalent for £ > 2 from (3.25) and yield similar results
for k = 1 from the expression (3.24) of d,v in terms of d and the continuity of 7% R;T—?
for || log T'|| paro small enough. =

5.4. Balance equation for ~!*!

We investigate the ¥ balance equation for incompressible fluids with temperature
dependent transport coefficients.

Proposition 5.5. Let k > 1 be an integer and (v,T) be a smooth solution of the
incompressible Navier-Stokes equations (5.4)—(5.6). Then the following balance equation

holds

O™ + 0, (vy™) + 0, I + 7l 4 5lM 4 IH — o, (5.15)
where go[wk] s a dissipative flur and ng} + E[sz] + w[f] a source term. The quantity ﬂ%k]
contains higher order derivative nonnegative terms, Ef[yk] higher order derivative split
terms to be controled by wf[yk], and wlyk] lower order derivative terms of convective origin
to be magorized by ’/T,[yk]. The term W[Wk} can be taken as
k k
g 2ax! [T 2na] okt 516
Y PCy Tl—i—ak 0 T ’ :
i such a way that

where pby, = gmin(A[f]/A[)\kJrl],A%k]/A%kH]) and pby, = ﬁmaX(A[)\k}/AE\kH},A%k]/A,{?kH]).

The term Z[f] s in the form

oY =D o TT ORIV 3 0y 70 T VILEHY

ovp ovp
+ > ConrIIFTIR(TT 05 TIFHY), (5.18)
ovuR

where the sums are over 0 < 0 < k, v = (Va, V) 1<|a|<k+1s 1 = (Has o )1<]a|<k+1
Vey Viys Py e, € N, oo € N and for R singular operator in the form T_eRiRjTg with
0= (a,+2)/2 and 1 <i,j <n. The products Y and Hﬂgﬂ) are defined by

R | (30‘_T “ 11 (@)”a, (5.19)
1<]er|<k+1 1§|a\§kz+1ﬁ
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where v denotes—with a slight abuse of notation—any of its components v1,...,v,,
and p and v must be such that

SNlala+v)=k+1, > lal(ua +ub) =k +1,
1<|a|<k+1 1<]ar|<k+1

Y Watvatpatuy) <L
|a|=k+1

so that there is at most one derivative of (k 4+ 1)™ order in the product H(Vk+1)HLk+1).

In particular, one of the terms Hl(,kH) or Hf,,kﬂ) 15 always split between two or more

derivatives factors. Furthermore the term wlyk] s given by

CU,[Yk] T_(1_2%+ak—1_ak)/2 — chunl(lk)nl(fﬂ-l) + Z CVMRHl(Ik)R(HELk-Fl)), (520)

v vuR

where we use similar notation for H,(,k) as for H,gkﬂ) and the summation extends over

Yo ld(vatvi) =k Y lal(ka ) =k + 1

1<]al<k 1<]al<k

so that in particular Z|a|:k+1(ﬂa + ul)) = 0 and there are always at least two factors

in the product HL’“H), and where the singular operator R is in the form T_gRiRjT‘9
with § = (1 +a, —)/2 and 1 < i,j < n. Finally the flux gp[vk] = (go[y’“j,...,go[f,l) is

given by the following formula with R taken as in (5.18)

) T lens =2 = N 7 g T OEN T Y gy 70 TV

ovul ovul
+ > ConurIIPIR(T7 050 I (5.21)
ovuRI

Proof. The proof is lengthy but present no serious difficulties other than notational.
We have

8kU 2
atfy[k] + ((1 + ak)A)\ T2+ak [k]u

n T1+ak

+ akA >8tT

_QA[AHZk_a 0°0T _, 3 K 9%0i0%0vi _

al T m a! T % ’
|a|=k 1<i<n
|a|=k

34



so that from the governing equations

Ok T|2
Oy + (1 + ay)a 'TM' (pT(am-()@xT) + 3nldf*) —0-0,T)
i 1070 8 -N.T) + tnld?) — v-0.T
+akA17 T1+a (pC (m()‘m )+277’d‘) V- Oy )

k] Kl ocT ., 1
— 2A>\ Z ama (pz(ax()\amT) + %77|d’2) — ’anT)
|a|=k

k! 0%v; 1
— oalKl Lo (=(D - (nd;.) — d.p) — v-0.v;) =0
n 1;71 a! T% (p( T (77 ) zp) v m'U> )
la|=k

and we denote by 79 the two first sums of the left hand side, by 7* the third sum and
by 7" the last sum. We first examine separately higher order derivative contributions
associated with each sum 79, 77, and 7". The lower order convective terms in 72,
T*, and 7", are examined all together at the end.

The terms in 79 associated with 0, (N0, T) are integrated by parts. They yield
flux contributions and source terms in the form

k
_ Y (1+a)a |OFT1? | apay” [9%0f?

T2+a, DCy T1+a, >)\81T7

c
1<I<n peu

which are easily rewritten as sums of terms like c;,,77~*07\ H,(,kH)H,(fH) with at
most one derivative of (k+ 1) order. One the other hand, the terms of 79 associated
with |d|? are left unchanged and have the same structure.

The most important contribution in 77 is that associated with 9*9; (A, T), 1 <
I < n. The corresponding terms are integrated by parts and yield sources in the form

24 8T
Ay a'al(THa )o" (AaiT).

C
Pl 1<i<n
lo|=k

After expanding the derivatives, the above sum can be written

> (e, — ro0Tam) (0rar + S cunrsarop T[0T,
1<<n aov

loe|=k

where the summations and products extend over 1 <1 <n, |a| =k, 0< a < a, & #0,
1<o<|al, >5lBlvg =lal, 1 < [8] < |al, and > ;v3 = 0. We can now extract for

[ ! the term in the form A(0%9,T)? which can be written

(k] « 2 (k] fe 2

C ol THa, c al Tita, ’
PCv 1<i<n Pl |oo|=k+1
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thanks to the properties of multinomial coefficients [Tau63 [Com7Q. All other terms are of
admissible form for E,[yk], that is, in the form c¢;,,77 %07\ H,(,kH)HLkH) with at most
one derivative of (k+ 1)*" order since >4 |Blvs +1+]a—al =k+1. More specifically,
we can factorize T~% in the first parenthesis, 711> in the second, and all the terms

involving derivatives of 97\ are multiplied and divided by 7' thanks to > gVg=0.

The contributions in 7 associated with |d|? are treated in a similar way. Indeed,
we decompose each multiindex « with || = k into o = & + e;, where || = k — 1, i,
is chosen arbitrarily with «;_  # 0, and ey, ..., e, denotes the canonical basis of N,
so that we have 9 = 9%9;_ . We can then integrate these terms by parts and obtain

sources in the form
(k] a
A 0T <
T2 ST O (e ) 9% ().
pCv 1<i,j<n T
|a|=k

Upon expending the derivatives with the help of the differential indentities established
in the previous section, all these terms are of admissible form for E[yk].
We now consider the sum 7" and its most important contribution is that corre-

sponding to 0%0, - (nd) which reads

(%] @, A
2A77 Z k!0 vi8 8l(ndll)

al T%

We then use the identity >, 0i(ndy) = >, 01(nOv;) + >, OmO;v; and focus on the
contributions of the terms 0;(ndjv;). The contributions associated with 9yno;v; are
of admissible form for Eiyk} after one integration by parts using o = & + e;_, and the
corresponding details are omitted. After integration by parts we obtain sources in the

form
k]

[ a
2A77 k! 0 Vi .
= 2 Jal<Tak >8 (o),
1<i,l<n
|a|=k

and after expanding the derivatives, the sum can be written

Z E (a;aalkvi — Qg a;"ﬁ—??) (naaaﬂ)z’ + Z Caduaa_dalv’ia%n H(aBT)Vﬁ)’

1<il<n Gov J¢]
|a|=k
where the summations and products extend over 1 < i,l < n, |of =k, 0 < & < «,

a#0,1<o<lal,d>518lvs =lal, 1 <[p] <|al,and }_;v5 = 0. We can now extract

the term in the form 7(9%9dv;)? for ng] which is rewritten as

2nA) k! (0°0w:)? Al (k + 1)! (0%0;)?
Z a T % - Z ol Ta,
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thanks to the properties of multinomial coefficients. All the other terms are of admis-
sible form for ELYk], that is, in the form ¢4, 77 ~*07n H£k+1)H£k+1) with at most one
derivative of (k+ 1) order. The pressure can be splitted as (5.8) and we consider here
the contribution associated with — Z R R; (ndw) After one integration by parts, we

obtain the sources

(k] o

2Aq k! 0%v;

—0; “VO*R R (ndism).

) 1<;§%<na! <1mk) e (1dim)
Col=k

Since Riesz transforms and derivatives commute, the sum can be written, after expand-
ing derivatives

_ Z gak%RlR <Z CaanO®™ adlmaTT]H 85T 1/5)

1<il,m<n aov
|a|=k

where the summations and products extend over 1 < i,l,m < n, |a] =k, 0 < a < a,
1 <o <lal, > 5l8lvs = |al, 1 <|B] < |a], and Y ;v3 = 0. After some algebra, all
these terms are written as CUVMRH,(,]HI)R(T”*”@%n Hﬂg“)) where R = T-°R,R,, T?
with 6 = (a,, + »)/2.

Lower order convective terms first yield the contributions

~ 4 aal 20 00,7) — a2 6,7
T2—|— k n Tl—l—ak T
k] k! 0T & k! 0%v; .,
+ 2A5 2 o T 0% (v-0,T) + 2A£7] 1;71 o T 0% (v-0,v;),
la|=k

and the terms proportional to v are easily recast in the form v-9,v*], so that the only
remaining contributions are the sources

k!
+2A[k] Z Z CaB— 'T1+a’ 65016(0‘ ﬁ)alT

la]=k 0<B8<a
1<i<n 1<)

KL O%i g5, 5(a—8)
+2A Z Z CaB— 1 T 07 v;0 01v;,
1<4,l<n 0<g8<a @
la|=k  1<|B]

which are easily rewritten in the form c,,HH(k)H(kH)T(l_Q%JF% 17%)/2 We finally

have to consider the contributions to w[y] due to the pressure term >, ; i R; (pviv;),

which read

ak 0°0; (RlR (vlvm)).
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We now use 0;0;, RiRy, = RiR;, 00y, where o = & + ¢, and > 90y (vimvy) =
> rum OmUnOn Uy, and we obtain

[ e
2 i 5
PSS RERE (0% 00

and these terms can be written cyuRT(l_Q”Jrak—l_ak)/QH(Vk)R(HEfH)) where R =
TORR;T® with 0 = (1 +a, — )/2. =

5.5. Balance equation for #!*!

We will also need in the following the 4% balance equation that we correspondingly
write in terms of the auxiliary variables w and 7.

Proposition 5.6. Let k > 1 be an integer and (v,T) be a smooth solution of the
incompressible Navier-Stokes equations (5.4)—(5.6). Then the following balance equation
holds

- - k k k k
0™ + 0, (A1) 4+ 0yl w4 = 4wl <0, (522
where oF) is a dissivati 4 ¥ (k] (k] Th (k]
p5° 15 a dissipative fluz an Ty + 35 +wsy a source term. e term Ty can
be taken as ] (k]
2)\A 2nA
W%k] _ 6(1—%)7( A 9R |2 + M|ak+1w|2>, (5.23)
pCy p
i such a way that
Zbk ,?[k:-i-l} < 7.‘-%]‘7] 6_(ak+1_ak+%)7- < 251: ﬁ/[k"_l], (524)
where b, and by, are as in Proposition 5.5. The term Z%k] s in the form
E,[~Yk] — Z Cau,ue_%Tag)\ H(Vk—i—l)HLk—Fl) + Z ijue—}m'agn H(Vk—i_l)ﬂl(f—i—l)
oV ovy
(K]
A A
+ Z CaumRH,(,kJrl)Hl(i;;? + % <c_ — ?7) (=) . §F 1y 9FF1r, (5.25)
ovuLlR v

where we have isolated the new terms which contain two derivatives of (k + 1)*" order

k!
w - F T ok = Z —'wiaawia%.
o!

|a|=k
1<i<n

For the two first contributions in (5.25) composed of strictly differential terms, the sums
are over 0 < o < k; V= (Vaay(;)1§|a|§k+17 H = (/vbou,u:x)1§|a|§k+17 Vaa”&»/iou,u; S N;
a € N with the products H,(,]H'l) and HE,,kH) defined by

Hl(,k+1) _ e(l_ak+”‘)T/2 H (aaT)Va H (8aw)V/a’ (526)

1<|a|<k+1  0<|a|<k+1
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where w denotes—with a slight abuse of notation—any of its components w1, ..., w,.
As in the definition of E[f], p and v must be such that 3y <o <pi1 |0l (Va +14) = k+1,

2or<jal<hr 10 (Ha +Ho) = k41, 30 0 i1 (Vo + Vo + Ha + Ho) < 1, s0 that there is at

H,(,k+1)Hka+1)

most one derivative of (k -+ 1) order in the product . In particular, one

of the terms H,(,kJrl) or HLkH) 18 always split between two or more derivatives factors.
Note also that the products over the velocity factors extends up to |a| = 0 in contrast

with the v*! balance equation. The non strictly differential terms HL’CLE) are defined by

k+1 T —2%T 90, TT —
mivy ZHEL"’“’”RG 0Zn Tk LA+ ”) (5.27)

with l /
T(k+1,0) _  (1—ap+x) 575 a_\Ha « Ho
I = U=tz T (0%r)" [ (0°w)"™,
1<|a|<k+l  0<|a|<k+1

k+1—1)7

- ( 4
Hgk—’_l’k—i_l_l) _ e(l—ak-l-%)w H (8(17_)6«1 H (aaw)ba.
1<|a|<k+1  0<|af<k+1

The sums are over v = (Va,V&)1§|a|gk+1; n= (Mmﬂ'a)1§|a|§k; L= (Layba)lgm\gk; and
0 <o <k, wherev, u, and t must be such that

dolallpa+un) =1 D lalltatin) =k+1-1,

1<|a|<k+1 1<|a|<k+1

Z (Voz‘l’V(/x_'—Ma‘i‘Nla"i_La‘i‘L/a) <1
|a|=k+1

for some 0 < | < k, so that there is at most one derivative of (k + 1) order in the

(k4 1) p(k+1)

product 11 and R singular operator in the form e %" R;R;e’", 1 <i,j <mn,

wRo ?
with N l
a, +
0 =-"* 1— :
> Pyt Wt
Note that, in contrast with the v*! balance equation, the integral operator R breaks into
two pieces the term HS{ZEB Furthermore the term w%k] 18 given by
W e (-Petaimar/2 2N e, mIID N7 ¢ IPTERY ) (5.28)
v VLR
where we use similar notation for H(Vk) as for H,(LkH) and where Hl(ﬁ;gl) 18 given by
(k+1) _ 17(k+1,1 T(k+1,k+1—1
mihD — T >R(H§ Lokt >>. (5.29)

The summations are over 3 <\, <p ||(Va+v5) =k, 3o 1<ja<k l0l(la+pe) =k+1,
and Z|a|:k+1(ua + ul,) = 0 for the strictly differential terms H,(,k)HLkH), so that there

are always at least two factors in the product Hffﬂ). For the non strictly differential
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terms Hl(,k)H/(ﬁ#) we have 37 <\ 1<p | (Va + vl) =k, D i<al<k lal(pa + ph) =1,
Di<lal<k [l(ta o) =k +1 =1 and -, i (ta + po + ta + 1) = 0 for some
0 <1<k, so that there are always at least two factors in the product Hﬂ;;gl), and the
singular operator R is in the form T_eRiRjTe with 1 <1,7 <n and

k41—

h=1-— -1~
2(k + 1)

(1 — ay, + »).
(%] (%]

Finally the flux go[&k] = (90&,17 e PR ) is given by the following formula with R taken
as in (5.27)

Pl e a2 = N7 e O 3 T 07y T T
ovul ovul

+ > ConurdIFOTINED. (5.30)
ovplRI

Proof. The proof is lengthy and tedious but similar to that of Proposition 5.5. The new
complications arise from commutators between temperature weights and differential
operators. =

5.6. Conditional entropicity

We now investigate the control of fRn|Zf[yk]| dx by f]Rnﬂ'»[yk] dx, using the weighted inequal-
ities established in Section 4. We will denote by x the quantity

(Y
x = [log Tl prro + HﬁHLOO = 1Tl a0 + llwl] =, (5.31)

which will play a fundamental role in the analysis. We will establish in particular that
entropicity properties hold for v*! and 4% when y is small enough.

Proposition 5.7. Let k > 1 be an integer and (v,T) be a smooth solution of the in-
compressible Navier-Stokes equations (5.4)—(5.6). There exists positive constants 0(k,n)
and c(k,n) such that for x = || log T grro + |v/VT || < & we have the estimates

|2[7k]\ dr <cx / W,[yk] dz. (5.32)

n

R

Proof. From the expressions (5.18)(5.19) for EL,k], since the quantities 77~ *0%\ and
T7770%n are uniformly bounded from assumptions (5.2) and (5.3), and since the oper-
ators TYR; R;T~? are continuous over L? for ||logT|| o small enough, we only have

to estimate the L? norm of the products H,(,kH) and Hgﬁ“). However, using Theorem
4.15 with p = 2, we obtain when ||logT||gro + ||v/VT||z~ < d(k,n) the weighted
inequalities

B 2alc—i—lT Qak—i—lv
I+ e < o™ (7% == e + 175 2
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with 0 =1 —a, + s, ¢ = ¢(k,n), and

N, = Z (Vo + V).

1< <k+1

As a consequence, we have

~

|’Hz€k+1)‘|L2“HLk+1)’|L2 < ey NvtNu=2 / 7 da,
R

and the proof is complete from

NV+NH_2: Z (Va+V&+Ma+H;)_2ZL
1<|a|<k+1
since at least one of the products H,(,kH) or HELkH) is split into two or more derivative
factors. m
(K]

We have a similar result for 4%/ which is more technical to establish because of

the special structure of the products Hfﬁgf) in (5.27).

Proposition 5.8. Let kK > 1 be an integer and (v,T) be a smooth solution of the in-
compressible Navier-Stokes equations (5.4)—(5.6). There exists positive constants §(k,n)
and c(k,n) such that for x = ||7||garo + l|wl| = < § we have the estimates

|ch]‘ dx < cx / W%k] dx. (5.33)

n

R

Proof. We use the expression (5.25)—(5.27) for zgk]. On one hand, for strictly differen-

tial terms, the proof is similar to that for 4*/. Indeed, the terms e~ *TOI\ H(VkH)H,(fH)
or e *70n H,(,kH)HLkH) are easily majorized since the quantities e=*7 9%\ and e~ *707n
are uniformly bounded and since the I? norm of the products H,(,kH) and HL’HI) is di-
rectly obtained from the multilinear estimates of Theorem 4.14. The fact that there is
always a factor x in the upper bound results from the fact that one of the two products
H,(,kﬂ) or Hflkﬂ) is always split. On the other hand, the special contributions involving
two derivatives of (k 4+ 1)™ order are rewritten in the form

e~ FT <i o n>e(1—ak+%)7w . ak—i—lw 816—}—17_7

Coy

and are easily taken into account with a ||w|| e factor.

The new difficulty lies in the non strictly differential terms Hl(,kﬂ)ﬂgjgj) which

requires evaluating the I? norm of HL’GLET) These terms