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<>=�?A@�=�BDCFEHGAIKJMLFJONHIK@�P�LQGSRTJUEVJUNHIDCWBDJOJS=X?Y@ZR	NV[DJ\E^] _H=�N;@�CF=`[aEVJUb5_�=5_HR	cAIKCWdZ_�J

EVJ7Be?A@�=`[KfZ?g[KBhJY[if�_V[K@�j&?Y@�=`[kf�?g[kB	_H=HCFLFf�[DcSIKf�_Vl�BKf�=mBonpIK@�[q[KJAR	JA=`[kBeEVJ�Br[KID_m?g[D_�IDJ7B
cALWf�Bq[DCWd`_HJSBT=H@Z=�LQCF=HcSf�CQIKJSBT_H=�CFEVCFR	JA=�BDCF@�=H=HJSLQLFJSBoBDJiEVcAN�LFfZsAf�=`[oEHf�=mB	LQJ�NHLWf�=

R2 tu JvNHID@ZPHLFGAR	JiNHIKCQ=�?ACQNmf�L�IKcSBDCWEVJ/EHf�=mBhLFJi[DIkf�CQ[DJSRTJS=`[eEVJ/LWf-?Y@Z=`[DIkf�CF=Z[KJ/EVJ/=H@Z=
CF=Z[KJAIkBqJ7?g[KCQ@Z= t <>=vNHIK@�N;@ZBDJX_�=HJ	RTcA[DwH@VEVJoEVJ	N;cA=�f�LQCWBKfx[DCF@�=�@�IKCQyZCQ=mf�LFJ�z;P�f�BDcAJTBq_HI_H=HJ�R	@VEVcSLQCWBDf�[DCF@�=�d`_HJ$=H@�_�B
f{bZ@�=�BUCF=`[DIK@5EH_HC|[KJ�EHf�=mB\=H@ZB\NHIKcS?AcSEVJS=`[KBU[DIkf{bxf�_Vl t

} :^~Y���S�{�!�96����7���;�
u f�BDCQRX_HLWfx[DCF@�=�=5_HR	cAIKCWdZ_�J	EHJSB�?A@�=`[KfZ?g[KB$JS=`[DIKJhEVCQbZJAIkB�Bq@ZLQCWEVJ7B�EVcYnp@ZIDRof�P�LQJ7B

IKJSBq[DJ�zSRof�LFy�IKc�LQJ7B^=H@�RXPHIKJA_Vl�[DIkf{bxf�_Vl>d`_�] JALFLFJOf
BD_�BD?AC|[Kc�zS_H=�NHIK@�PHLFGAR	Ja[KIDG7B!EVcSLQCW?Af�[
JA=�R	cS?Sf�=HCWd`_HJ�EHJSB\R	CQLFCFJA_VleEHcYnp@�IKRof�PHLFJSB t <>_V[DIKJ>LWfTNHIKCFBDJ>JS=�?A@�R	NV[KJ�EVJ$LWf	?Y@�=Hj[DIkf�CF=`[DJ�EVJ�=H@Z=hCF=Z[KJAIKNmcS=HcY[KIKf�[DCF@�=�zZLQJ7BOBDCFR�_HLWfx[KCQ@Z=�B(IKcSf�LQCWBr[KJSBM=HcS?AJSBKBqCQ[DJS=Z[ULFf�NHIKCFBDJ
JA=�?A@�R	NV[DJhEHJSB$npIK@�[D[DJAR	JS=Z[kB�JY[�EHJSB�?kwH@V?SBAz�EHf�=�B�LFJh?AfZB�EV�5=�f�R	CWdZ_�J�z!f�_VlHdZ_�JALWB
E^] f�_V[KIDJ7B�N�wHcA=H@ZR	GA=HJ7B�N;JA_HbZJA=`[�BS] f�y�IKcAyZJAI�?A@�R	R	J�L#] _mBq_HIKJ�z;L#] JS=�EV@�R	Rof�yZJAR	JA=`[7z
LWfinp@�IKRofx[KCQ@Z=-EVJhnpIkf�?Y[D_HIKJSBX@�_-R	�SRTJeLFf�EVCWBqLF@V?Afx[KCQ@Z= t9� f�=mBX?AJY[of�ID[DCW?YLFJ�z!@Z=�BDJLFCQR	CQ[DJ�f�_�NHIK@�PHLFGAR	JhLFCFce�/LWf/N�IDCWBqJ3JA=�?A@�R	NV[DJ�EVJSBT?Y@Z=`[DIkf�CF=Z[KJSB�EHJ3=H@Z=-CQ=`[KJAIDj
N;cA=HcA[DIkfx[DCF@�=mB$JA=`[DIKJhBq@ZLQCWEVJ7B�EVcYnp@ZIDRof�P�LQJ7B�Bq_HP�CFBKBDf�=`[�EHJoy�Ikf�=�EVJ7B$EVcYnp@ZIDRofx[KCQ@Z=�B tu f�y�Ikf�=�EHJiR	f��r@�IKC|[KcvEVJ7Bh[KIKf{bxf�_Hl�N;@�ID[Kf�=Z[�Bq_HI�LFJ�BD_x�rJY[iBq@Z=`[3P�f�BDcSBeBq_�Ie_H=�Jnp@�IKR�_�LFf�[DCF@�=�EVJ/[r�5N;JvRof{�W[DIKJ{�xJSBK?YLWf{b�J ta� f�NHN;JALF@�=�B3PHIKCQGSb�JAR	JS=Z[eJA=�d`_H@ZC>?YJA[q[KJ
EVJSID=HCFGAIKJ\?Y@�=mBqCWBr[KJ t�� @�=mBqCWEVcAIK@�=mB9EVJS_VlXBD@�LFCFEHJSB�EVcYnp@ZIDRof�P�LQJ7BAzxEVJ
?Y@Z=V��yZ_HIKf�[DCF@�=�EHJIKcYnpcAIKJA=m?YJ

Ω1
JY[
Ω2
z�@�_�b�JAID[KB
EHCFBq[DCF=�?g[kB�EVJ

Rn
z;EVJ�EVcAnp@�IKR	f�[DCF@�=�B

ϕi : Ωi → Rn�
n = 2

@�_
3 � t u ] _�=�EHJSB�BD@�LFCFEHJ � N�f�I�JAlVJAR	NHLFJ Ω1 � JSBq[�EVcSBDCFy�=Hco?Y@ZR	RTJoBD@�LFCFEHJRof{�W[DIKJ>JA[UL#] f�_V[KIDJ�?Y@�R	R	J�JSBK?YLWf{b�J t <>=hCF=`[DIK@5EH_HC|[ gϕ, EHC|[KJ>np@Z=�?g[KCQ@Z=T�qyZf�N5�kz`d`_HC^�[D@Z_V[�cALFcAR	JS=Z[�EVJ

Ω2
fZBDBD@V?YCFJ�BKf	EVCFBq[Kf�=�?YJ�BDCFy�=HcSJ��

ϕ1(∂Ω1)
zm?�] JSBq[
�	EVCFIKJ

gϕ(x) =

{
dist(ϕ2(x), ϕ1(∂Ω1))

BqC
ϕ2(x) /∈ ϕ1(Ω1)

− dist(ϕ2(x), ϕ1(∂Ω1))
BqC
ϕ2(x) ∈ ϕ1(Ω1)
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� �m=�EVJ$NHIKcAbZJA=HCFI\LQJ$IKJS?A@�_Hb5IKJAR	JA=`[UEHJSB
EVJS_VleBD@�LFCFEVJ7B\EVcYnp@ZIDR	cSBSz5_H=HJ�?Y@Z=`[DIkf�CF=Z[KJ
JSBq[(f�NHN�LQCWd`_HcAJ\��[K@�_V[�cSLQcSRTJS=`[aEV_TP;@�IkEXEV_TBq@ZLQCWEVJ\JSBK?YLWf{b�J

Ω2
t�� LF_�B�NHIKcS?ACFBDcAR	JA=`[7zCFL>BS] f�y�CQ[eE^] CQR	N;@ZBDJAIed`_HJvLFf-EHCFBq[Kf�=�?YJvBDCFy�=HcSJ/�

ϕ1(∂Ω1)
EVJi[K@�_V[ecALFcAR	JA=`[�EHJ

ϕ2(∂Ω2)
IDJ7Br[KJ$Nm@`BqCQ[DCFb�J��

gϕ(x) ≥ 0
N;@�_�I\[D@�_H[

x ∈ ∂Ω2.
��� �

� =�JAl5N;@ZBDcoEVcY[kf�CFLQLFchEVJh?AJY[q[KJ	np@�IKR�_HLWfx[KCQ@Z=vN;JA_V[X�Y[DIKJT[DIK@�_HbZcoEHf�=�B$LWfe[DwHG7BqJhEHJ
u f�_HIkBqJS=�� �� "! � b�@ZCQI�f�_�BKBDC�� �$# ! � t�� JY[D[DJ	f�NHN�ID@V?kwHJ�N�IDc7BqJS=Z[KJ�EVJS_Vl/EVC	%h?A_HL|[KcSB�CFRXjN;@�ID[Kf�=`[KJSB t�& @Z_V[eE^] f�P;@�IkE^z(JSLQLFJ/=HJvNmJS_V[eBS] f�NHNHLFCFd`_HJSIo[DJSL>d`_HJALFLFJ/=HC>f�_�[DIkf�CQ[DJAjR	JA=`[hEVJSBof�_V[D@�j ?A@�=`[KfZ?g[kB �

Ω1 = Ω2
JA[
ϕ1 = ϕ2 � =�C�EVJSBoBq[DIK_�?Y[D_HIKJSBTR	CQ=m?YJSB�

ϕi : Ωi → Rn
JY[
Ωi

@Z_Hb�JSIq[UEVJ
Rp

f{b�J7?
p < n � t`� f�=mBU?AJSBU?AfZBAzZLQJ7BU?A@�=`[DIkf�CF=`[DJ7B��� � BD@�=`[�bZcAIKC|��cSJSB�Nmf�I�[K@�_V[KJeEVcAnp@�IKRofx[DCF@�= t9� ] f�_V[DIKJhN�f�Iq[7z9?YJSIq[kf�CF=HJSBXEVcYnp@ZIDRof�j[DCF@�=mB	b�cAIKCQ�mf�=`[ �'� � NHIKcSBDJA=`[DJS=`[TRof�LFy�IKce[D@�_H[oEHJSBof�_H[D@�j CF=Z[KJAIkBqJ7?g[KCQ@Z=�BAz9R	�AR	Ji�CFRTN;@ZBDJAIULWfX?A@�=`[DIkf�CF=`[DJ>BD_HNHN�LQcSRTJS=`[Kf�CFIKJ

det(∇ϕi) > 0
NHIDJ7BDd`_HJ>N�f�ID[D@Z_V[ t)( =H��=�zLWf
=H@�=�EVcSIDCFbxf�PHCFLFC|[KcMEVJ(LWf�EVCWBr[kf�=�?AJ(BqCFy�=�cAJ�N�f�I!Ikf�NHN;@�ID[�f�_Vl�EVcYnp@ZIDRof�[DCF@�=�B

ϕ1
z
ϕ2
tN;JA_V[�JS=`[DIkf{� =HJAI�_�=iNHwHcA=�@�R	GA=HJ�EHJ�=H@�=/?A@�=5b�JSIDyZJA=�?AJ�EHJSB�BK?kwHcARofZB
=5_HR	cAIKCFd`_HJ7B

?Y@Z=H=5_hBq@Z_�B�LFJ�=H@ZR EHJO�q?kwmfx[q[KJAIq� � [DIKJARXPHLQ@�[DJSRTJS=`[KB � z � CQbZJAIkBqJ7B(Bq[DIkfx[DcSy�CFJSB�@Z=`[McY[KcEVcSb�JALF@�N�NmcSJSBaN;@�_HIM?A@�=`[D@Z_HIK=HJAI�?YJ7BacS?A_HJACFLFB t�� _mBq@�JA[ u f�_�IKBDJA=*� +�,�!HNHIK@�N;@ZBDJA=`[�=H@�j[Kf�R	RTJS=`[�_H=HJ	IDcSy�_HLWf�IKCWBDf�[DCF@�=vEVJoLWf�EVCWBr[kf�=�?AJ	BDCFy�=HcSJ�z�[Kf�=�EVCWB�d`_HJ.-�JSCQ=�Bq[DJSCQ=�JA[
f�L t � � ,"!H@�=`[Mf�EHf�NV[Dc\L#] f�NHNHIK@V?kwHJ\R	fx�F[KIDJx�{J7BD?ALFf{bZJO�$L#] cA[D_�EVJ�EHJSB(Bq[DIK_�?g[K_HIKJSBaR	CQ=m?YJSBJY[�EHJSB�f�_V[D@�j ?A@�=`[KfZ?g[KB t u JS_HI�f�LFy�@ZIDCQ[DwHR	J	BqJSR�PHLFJoJ/%h?ACQJS=Z[�E�f�=�B$LWf�NHLQ_�N�f�ID[�EVJSB?AfZBO?A@�_HIkf�=`[kBAzZRT�SR	J�BDC�CQL;Nm@Z_HIKIKf�C|[\f�NHIKCQ@ZIDC;�Y[KIDJ>R	CFBUJA=�EVcYn�f�_V[
EHf�=�BUEVJ7BOBDC|[K_�fxj
[DCF@�=mB(?Y@ZRTN�LQJAl5J7B t0� @Z_HI(_H=	JAl5N;@ZBDc�EVcA[Kf�CFLFLQc�EHJSB(EVCFb�JSIKBDJSB�Bq[DIkfx[KcAyZCQJ7B�EVcAbZJALF@�NHN;cAJ7BEHf�=�BO?AJ�?Y@Z=`[DJYl5[KJ�z`=H@�_�BMIDJS=5b�@x��@Z=�BaLFJ�LFJS?g[KJA_HI\��L#] f�ID[DCW?YLFJ�EVJ1->f�LFLFd`_HCWBq[OJY[\f�L t d`_HC?Y@Z=`[DCFJA=`[$EHJT=�@�R�P�IDJS_�BqJ7B�IKcYnpcSIDJS=�?YJ7B2� ��� ! � b�@ZCQIKJ	f�_�BKBqC�� ��3 z'��+"! � JY[�f�_Vl/R	@�=H@�jy�Ikf�N�wHCQJ7BOEHJ54$C765_�?kwHC�JY[�<�EVJA=8� �:9 !^@�_<;�IKCFy�y�JSIKB=� +0�"! t � =HJ�f�NHN�ID@V?kwHJ�EVC	>�cAIKJA=`[KJf�cY[KcTN�ID@ZNm@`BqcSJ�N�f�I?-�CFID@�[KfHzA@�CWBqwHJSI$JY[CB`[kfx[DJD� � +"!�EHC|[KJ��qRofx[KJAIKCFf�LaEHJANV[Kw5�TN;@�_HI
[DIkf�CQ[DJSIMLFJ�?AfZBMEVJ7BMf�_V[D@�j ?A@�=`[KfZ?g[KBSz�Rof�CWB(JSLQLFJ>BDJARXPHLFJ�EVCE%o?ACQLFJ>��f�EHf�NV[DJSIM��L#] cA[D_�EVJ
EVJ7B
Br[KID_�?Y[D_HIKJSBUR	CF=�?YJ7B t � =HJ�f�_V[KIDJ$PHIkf�=�?kw�J�BS] J7Br[
?Y@Z=�Bq[DCQ[D_HcSJ$f�_V[D@Z_HI
EV_�[DIkf�CQ[DJAjR	JA=`[OEVJ7B(?Y@Z=`[Kf�?Y[KBaJS=Z[KIDJ�BD@�LFCWEVJSBaIKCQyZCFEHJSB t B5JSB(IDJSNHIDc7BqJS=`[Kf�=`[kB�BS] CQ=`[DcSIDJ7BDBDJA=`[(BD@�CQ[M�L#] cA[D_�EVJXEVJSB
R	CFLQCFJA_Hl�yZIKf�=`_�LFf�CQIKJSBSz`BD@�CQ[��oEVJ7B�f�N�NHLQCW?Af�[DCF@�=�B
�	L#] CQ=�EH_�Br[KIDCFJ�EVJ7B�f�=Hj
CFR	f�[DCF@�=�B�yZIKf�NHwHCWdZ_�JSB t u feR	cY[KwH@VEVJGF1B �U� � F�@�=�B5R	@5@�[Dw � @�=`[KfZ?g[ � �5=�f�R	CF? �fTcY[Kc�CF=`[DIK@VEV_HCQ[DJ$N�f�IIH t�J JSf�=K� � ��!#zA� �ML !�JA[ J�t j Jmt Hi@�IKJSf�_K�N+0+"!�N;@�_�I
L ] cY[K_�EVJ�EVJSBR	CQLFCFJA_Vl�y�Ikf�=5_HLWf�CFIKJSB t � =HJ�RTcA[DwH@VEVJ�f�BKBqJ$O/NHIK@V?kwHJ/EVCQ[DJ-<5P � � <>NV[KCQR	C7OSfx[KCQ@Z=
P\f�BDJSE � =HCFRofx[KCQ@Z= � f	cY[Kc�RTCWBDJ�f�_�Nm@ZCQ=`[ � EHJ�R	f�=HCFGAIKJ�CQ=�EHcAN;JA=�EHf�=`[DJ�BDJAR�P�LQJAj [DjCFL � N�f�IQBV?kwHR	CFEHL�JA[5HiCFLFJA=�6Z@xb`CW?R� �$S ! � bZ@�CFI�cAy`f�LFJAR	JA=`[1P\f�IKf�>T� �Hz L !�JY[QPUf�IKf�>�JA[
;�CQ[�65CQ=U�N,Vz 9 ! � tV LaJSBq[$f3=H@�[KcTd`_HJ	BDC�LWf3np@�IKR�_HLWfx[KCQ@Z=/Rof{�W[DIKJ{�{J7BD?ALFf{bZJ�BqJSR�PHLFJ�=mfx[D_�IDJSLQLFJ�z�JALFLFJ
=�] fhN;@�_HI�f�_V[kf�=`[�f�_�?Y_�=HJ��r_�Bq[DCQ�m?Sfx[DCF@�=/[DwHcS@�IKCFd`_HJ�?A@�R	NHLFGY[KJAR	JA=`[�BKfx[KCFBqn�f�CWBKf�=`[DJ tu J7BMN�IDCF=�?YCFN�f�_VlTN�ID@ZPHLQGSR	JSB�[KwHcA@ZIDCWd`_HJSBSz�LFCFcSBU��L#] cA[D_�EVJ�EVJSBU?Y@Z=`[Kf�?Y[KBOBDf�=�B�npIK@�[D[DJYj
R	JA=`[SzmNm@ZIq[KJA=`[�BD_HI
LFfoEHcY��=HCQ[DCF@�=/EHJ�L ] JA=�BDJARXPHLFJ�EVJSB�EHcYnp@�IKRofx[KCQ@Z=�B�f�EHRTCWBKBqCFPHLFJSBSz
L#] JAl5CWBq[DJA=m?YJoEVJoR	CQ=�CQR	CWBqJS_HIKB�EHJTL#] cA=HJSIDyZCQJoBD_HI�?YJA[$JS=�BDJAR�P�LQJ	JY[�L#] @�PV[KJA=`[DCF@�=�EVJSB
cSd`_�f�[DCF@�=�B
E�] ( _�LQJSI u f�y�Ikf�=HyZJ�b�cSIDCQ��cSJSBUN�f�I
LFJSB\R	CF=HCFRTCWBDJA_HIkB t PUf�LQLW�N+�!!?A@�=�BDCWEVGAIKJLFJ�NHIK@�PHLFGAR	J�EVJ�L#] CF=x�rJ7?g[DCFb5C|[Kc�NHIKJSBKd`_HJ�N�f�Iq[K@�_V[�EVJ�BD@�LFCWEVJSB
w5�5N;JAIKcALWf�Bq[DCWdZ_�JSB
f{b�J7?
?Y@Z=�EVCQ[DCF@�=�B>f�_Vl�Pm@ZIKE�B�EVJ�[r�5N;J � CQIKCF?kw�LQJA[ t�� CFf�IDLFJY[�f�=�EXF�J:YAf�BZ� 3 !9@Z=Z[�N�ID@ZNm@`Bqc7B_H=HJOR	@5EHcALFCFBKfx[KCQ@Z=�NmJSIDR	JY[D[Kf�=Z[aEVJM?A@�=�BDCFEHcAIKJAI!EVJ7B9?A@�=�EHC|[KCQ@Z=�B!f�_Vl�LFCFRTCQ[DJ7B!R	CQl5[DJSB



���������
	��� � ��� ��� � ��� � �
� ����� � ����� ������ � � ����� ��� ��� ���� � ���  

� bZ@�CFI�f�_�BKBqC & f�=Hy"!>C � � � ! z�#�CFf�y�_HCF=`[Kf�$�f�L � # ! z)� S ! � t�� JY[q[KJUEHJAIK=HCQGSIDJO=HJOBS] f�NHNHLFCWdZ_�JN�f�I�?A@�=`[DIKJ(N�fZB9��L ] cY[K_�EVJ\EVJSB�Br[KID_m?g[D_�IDJ7B!R	CF=�?YJ7B t #�@�=�O7f�LFJMO(JA[af�L t � �  "! z"BV?kw5_HIDCW?kw`[JY[�f�L t � + S !9@Z=`[>cY[K_�EVCFcXLFJSB�?Y@Z=`[Kf�?Y[KB>JY[$f�_V[K@�j&?Y@�=`[kf�?g[kB�EVJTBr[KID_m?g[D_�IDJ7B�_H=�CFEVCFR	JA=VjBDCQ@Z=H=HJALFLFJSB � E�f�=�B
R2

@Z_
R3 � � bZ@�CFI\f�_�BKBqCW�N+ 3 !#zA�N+ 9 !�JA[?� + # ! � t� c7?YJAR	R	JA=`[7zZ=H@Z_�BMf{bZ@�=�B(NHID@ZNm@`Bqc�_H=HJ�=�@�_HbZJALFLQJ�R	@VEVcSLQCWBDf�[DCF@�=hEVJ7BO?A@�=`[KfZ?g[kBJY[�f�_V[K@�j&?Y@�=`[kf�?g[kB\BDf�=�B\npIK@�[q[KJAR	JA=`[�JS=�R	c7?Af�=�CFd`_HJ�EVJ7B�BD@�LFCFEHJ$EHcYnp@�IKRof�PHLFJSB?� + L ! z

NHw5�VBqCWd`_HJAR	JS=Z[�BDf�[DCWBrn�f�CFBKf�=`[DJiN;@�_�I
Ωi ∈ Rm

z\EHf�=mBhLFJSB3?Sf�B
(m,n) = (2, 2)

z
(m,n) = (3, 3)

z
m,n = (2, 3)

JA[
(m,n) = (1, 2)

� @�%
n
JSBq[3LFf�EVCQR	JS=�BqCF@�=

EVJeL ] JSBDN�f�?AJ3EHf�=�B�LFJSd`_HJSLMJSBq[XN�LQ@Z=Hy�c
Ωi ⊂ Rm

za?�] JSBq[X�vEHCQIKJ
ϕi : Ωi → Rn � t� JY[D[DJ$R	@VEVcALFCFBKfx[KCQ@Z=eIKJAN;@ZBDJ$Bq_HI\_H=�J�=�@�_HbZJALFLQJ$EVcY�m=HC|[KCQ@Z=iEVJ$L ] JA=�BDJARXPHLFJ�EVJ7B
EVcYjnp@�IKRofx[KCQ@Z=�B\f�EVR	CWBDBDCQP�LQJ7B t � =HJ�?Y@Z=`[DIkf�CF=Z[KJ>J7Br[
CF=`[DIK@5EH_HC|[KJ�fx��=iE^] f�BKBD_HIDJSI
dZ_�J�LFJSBEVcAnp@�IKR	f�[DCF@�=�BafZEVR	CFBKBqCFPHLFJSB�=HJUNHIKcSBDJA=`[DJS=Z[aN�fZB�E^] f�_V[D@�j#CF=`[DJSIKBDJS?Y[DCF@�=�B�[DIkf�=�BDb�JSIKBDJSB tu ] @�PH�rJY[�EV_�NHIKcSBDJA=`[�f�ID[DCW?YLFJo?Y@�=mBqCWBr[KJo�eN�ID@ZNm@`BqJSI�_H=HJoCFRTN�LFf�=Z[kfx[KCQ@Z=�=5_HR	cYj

IKCFd`_HJ�EVJX?YJY[D[DJ�R	@VEVcSLQCWBDf�[DCF@�=�N�f�I�_H=HJ�R	cA[DwH@VEVJ�EHJ�NmcS=�f�LFCFBKfx[KCQ@Z=�JA=/EVCFR	JA=�BDCQ@Z=
n = 2 t F�@�[K@�=�BXdZ_�Jh=H@�[KIDJef�NHNHIK@V?kwHJhEVCE>;GSIDJeIKfZEVCW?Af�LFJAR	JS=Z[�EHJ3LWf�np@�IKR�_HLWfx[KCQ@Z=Rof{�W[DIKJ{�xJSBK?YLWf{b�J�_mBq_HJSLQLFJAR	JS=Z[
_V[KCQLFCWBqcSJ t

F�@�[DIKJif�ID[DCW?YLFJ�BDJ/EVc7?Y@�R	N;@ZBDJi?Y@�R	R	J/BD_HC|[ t u f�BDJS?Y[DCF@�= +�JSBq[3?Y@�=mBDfZ?YIKcAJ��
LWf�np@�IKR�_HLWfx[KCQ@Z= Rofx[KwHcARof�[DCWdZ_�J�EV_ NHIK@�PHLFGAR	J t <>= � EVcA��=HCQ[vL ] JA=mBqJSR�PHLFJ-EVJSB
EVcAnp@�IKR	f�[DCF@�=�B�BDf�=�B�f�_V[D@�j#CF=`[DJAIkBDJS?g[KCQ@Z= � BDJS?g[KCQ@Z= + t � � JA[XNHIKcSBDJA=`[K@�=�B�BDJSB�NHIKCQ=�?AC|jN�f�LQJ7B\NHID@ZNHIKCQcA[DcSB � BqJ7?g[DCF@�=X+ t + � tH� f�=�B\_H=iEVJS_VlVCQGSRTJ�[KJAR	N�BSzH@�=�EVcY�m=HC|[�EHCQbZJAIkBqJ7Bnp@�=m?g[DCF@�=mB�EHJUN;cA=mf�LFCFBKfx[KCQ@Z=XEVJ7B�EHcYnp@�IKRofx[KCQ@Z=�B!N�IDc7BqJS=Z[kf�=`[�EVJSBaf�_H[D@�j CF=Z[KJAIkBqJ7?g[KCQ@Z=�B� BDJS?Y[DCF@�=D� � t u J$NHIK@�PHLFGAR	J�Bq[Kfx[KCFd`_HJ�EHJ�IKJS?kw�JAIk?kwHJ�E�] _H=�J�EVcYnp@ZIDRofx[KCQ@Z=�E�] cS=HJAIKy�CFJR	CQ=�CQRof�LFJ�E^] _�=HJeR	JSR�PHIkf�=HJeNHIKcSBDJA=`[Kf�=Z[	EVJSB	?A@�=`[KfZ?g[KBX@�_�f�_V[K@�j&?Y@Z=Z[kf�?Y[KB�BKf�=mB
npIK@�[q[KJAR	JA=`[3J7Br[ecY[D_mEVCQcvJA= EVcA[Kf�CFL � b�@�CFI3BDJS?Y[DCF@�= L � ��[KC|[KIDJ�E^] JAlVJAR	NHLFJ t�( =V��=�zEVJS_Vl�f�NHNHLFCF?Sfx[KCQ@Z=�B�=5_HR	cAIKCFd`_HJ7B�BD@�=`[�NHIKcSBDJA=`[KcAJSBSz�L#] _�=HJ3?Y@Z=�?YJSID=�JoLQJeNHID@ZPHLFGAR	J
EVJONHID@��rJS?Y[DCF@�=�E^] _H=HJ\EVcYnp@ZIDRof�[DCF@�=�d`_HJALW?Y@Z=�d`_HJOBD_HI9L ] JA=�BDJARXPHLFJOEVJ7B9EVcAnp@�IKRofx[DCF@�=mB
f�EHRTCWBKBqCFPHLFJSBSzmL#] f�_V[DIKJ�LWfhR	CF=HCFRTCWBKfx[DCF@�=�EVJ�L#] cS=HJAIKy�CFJXE�] _H=�Bq�VBq[DGSRTJT?Y@Z=�Br[KC|[K_HcXEHJ
P�f�LQLF@�=�B � BqJ7?g[KCQ@Z=D, � t
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B5@ZC|[
M

_H=HJ
_H=�CQ@Z=hEVCFB��r@�CF=`[DJ7B�E^] JS=�BDJAR�P�LQJ7B(EVCE>;cS@�R	@�IKNHwHJ7B(Bq@ZC|[M��L#] CF=`[DJSIDbxf�LFLFJ
npJAIKR	c

[0, 1]
z;Bq@ZC|[$f�_/?AJAIk?YLFJ�_H=HCQ[Dc

S1
EVJ

R2 t & @�_V[KJXEVcAnp@�IKRofx[DCF@�=/EHJ M z�?�] JSBq[
��EHCQIKJ�[K@�_V[KJ�f�NHNHLFCF?Sfx[KCQ@Z=3EVJ

M
EHf�=�B

R2
=�] J7Br[\N�fZBMNHw5�VBDCFd`_HJSRTJS=`[UIkf�CWBq@Z=H=�f�PHLQJZz

?Y@ZR	RTJ3N�f�I�JAlVJAR	NHLFJhLFfvEVcYnp@ZIDRofx[KCQ@Z=�IDJSNHIKcSBDJA=`[DcSJ	BD_HIXLFf��my�_HIKJ �v� @�%
M

JSBq[
?Y@Z=�Bq[DCQ[D_Hc	EVJoEVJA_HlvCQ=`[KJAIKb{f�LQLFJSB � d`_HC(?A@�R	N;@�ID[DJ	EVJSB�CF=Z[KJAIkBqJ7?g[KCQ@Z=�B t!� f�IKfZ?g[DcSIDCWBDJAIL#] JS=�BqJSR�PHLFJ�EVJSB�EVcYnp@ZIDRofx[KCQ@Z=�BUNHw5�VBqCWd`_HJAR	JA=`[
Ikf�CWBq@Z=H=�f�P�LQJ�JSBq[
_H=�NHID@ZPHLFGAR	J�f�Bqj
BDJMOXEHcALFCF?Sfx[Sz�=H@�[Kf�RTR	JS=Z[$LF@�IkBDd`_�] @�=/BS] CF=`[DcSIDJ7BDBDJXf�_Vl/Br[KID_�?Y[D_HIKJSB>R	CQ=m?YJSB$?A@�R	R	J
EHf�=�B�LQJ\?AfZB!NHIKcSBDJA=`[ t7� f�=�B�L#] _�=XEVJ\=H@`B�[KIKf{bxf�_Hl$N�IDc7?YcSEHJA=`[KB � + L !5=H@�_mB9N�ID@ZNm@`Bq@Z=�B_H=HJ�IKcAN;@�=�BDJ�N�f�Iq[KCQJSLQLFJ>�X?YJY[D[DJ�dZ_�JSBq[DCF@�= t <>=3�oEVcA��=HCQ[UL#] JS=�BDJAR�P�LQJ�EVJSBUEVcYnp@ZIDRof�j[DCF@�=mB�f�EHRTCWBKBqCFPHLFJSB�N�f�I�L ] CF=Z[KID@VEV_m?g[DCF@�=-E�] _H=�J3?Y@Z=Z[KIKf�CQ=`[KJ	EHJo[r�5NmJo[K@�N;@�LF@�yZCFd`_HJ t<>=�N�ID@Z_Hb�J�d`_HJ�L ] JA=�BDJARXPHLFJ�f�CQ=�BDC
EVcY�m=HC|[hbZcAIKC|�mJ3_H=�?YJSIq[kf�CF=�=H@ZR�PHIKJ�EHJ�N�ID@�j
NHIKCQcA[Dc7BMd`_HC;JA=	n�f�CQ[O_�=hJA=�BDJARXPHLFJ�EVJ>EHcYnp@�IKRofx[KCQ@Z=�B�NHw5�VBqCWd`_HJAR	JS=Z[OIKf�CFBD@�=H=mf�PHLFJSB t
� f�=�B	LWf�BqJ7?g[KCQ@Z= + t � z�@�=�IKf�NHNmJSLQLFJ�LFf�EHcY��=HCQ[DCF@�=�EVJ�L#] JS=�BDJAR�P�LQJ/EVJ7BoEVcYnp@ZIDRof�j
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[DCF@�=mB>fZEVR	CFBKBqCFPHLFJSB�[Kf�=�EVCWB�d`_HJT?YJ7B>N�IDCF=�?YCFN�f�LQJ7B�NHIK@�NHIKCFcY[Dc7B>BD@�=`[�IKf�NHNmJSLQcSJSB>EHf�=�B
LWfTBDJS?Y[DCF@�=X+ t + t
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<>=/CF=`[DIK@5EH_HC|[>[D@Z_V[$E�] f�Pm@ZIKEiLFJX?kwmf�R	NvEVJTb�J7?g[DJS_HIkB
Φ
EVJ

R2
∗ = R2 − (0, 0)EVcA��=HC�N�f�I

Φ(x1, x2) =
1

(x2
1 + x2

2)

(
−x2

x1

)

u J>?kw�f�R	N
Φ
JSBq[UEHJ�ID@�[Kf�[DCF@�=H=HJSL�=5_HL t5� JSNmJS=�EHf�=`[7z`?AJ�=�] JSBq[ON�fZB(_H=hyZIKfZEVCFJA=`[ t�( =J/>�JY[�BDC

n
J7Br[$LFf�=H@ZIDRof�LQJXJYl5[DcSIDCFJA_HIKJ	f�_vP;@�IkE�EVJ	LFfePm@Z_HLFJT_�=HC|[Kc�z ∫

S1 n ∧ ΦdsJSBq[$=H@�=�=`_�LQLFJ�z�cAy`f�LFJX�
2π t F�@�[D@�=mB�JS=V��=�dZ_�JTBDC x J7Br[$_H=HJTnp@�=m?g[DCF@�=�EVcAIKCQbxf�PHLQJ�Tbxf�LFJA_HIkB
EHf�=mB

R2
∗

EVJ�LWfTnp@�IKRTJZz
x(t) = r(t)(cos(θ(t)), sin(θ(t)))

zm@Z=�f
θ′(t) =

Φ(x(t)) · x′(t) tB5@ZC|[
j

M
: M → R2

L#] CQ=x�rJ7?g[KCQ@Z=�EHJTIKcYnpcSIDJS=�?YJ	EVJ
M

E�f�=�B
R2 t <>=�BD_HNHN;@ZBDJd`_HJ

j
JSBq[U_�=eNHLF@�=�y�JAR	JS=Z[7zV?�] JSBq[\�TEVCFIDJ�_H=HJ�f�N�NHLQCW?Af�[DCF@�=�EVJ�?ALFfZBDBDJ C1

zVCQ=x�rJ7?g[KCQbZJ
JY[\EVJ$EVcAIKCQbZcAJ�Nmf�ID[D@�_H[M=H@�=3=`_�LQLFJ t B5@ZC|[ ϕ _H=HJ>EHcYnp@�IKRofx[KCQ@Z=oIDcSy�_HLFCQGSIDJ>EVJ M t <>=CF=Z[KID@VEV_�C|[�L#] f�NHNHLFCF?Sfx[KCQ@Z=�EVJ

M ×M
�Tb{f�LQJS_HIkBUE�f�=�B

R2
EHcY��=HCFJ�N�f�I

rϕ(x1, x2) = ϕ(x1) − ϕ(x2)

N;@�_HI9[D@Z_V[
(x1, x2)

EHf�=�B
M×M t <>=�EVCQ[�dZ_�J ϕ JSBq[9_�=HJUEHcYnp@�IKRofx[KCQ@Z=�f�EVR	CWBDBDCQP�LQJBDC^JY[�BDJA_HLFJAR	JA=`[�BDC zVN;@�_�I
[D@Z_V[
@�_HbZJAID[

U
EVJ

int(M) × int(M)
[DJSL!d`_HJ

inf
x∈U

|rϕ(x)| > 0
� + �

CFL�JYlVCWBr[KJ�_�=HJ�f�NHN�LQCW?Af�[DCF@�=
u : U → R

[KJALFLQJ�d`_HJ

Φϕ(x) = ∇u(x), Nm@Z_HI\[D@Z_V[ x ∈ U,
� � �

@ %
Φϕ

J7Br[�LFJ�?kw�f�R	N�EVJ�b�J7?g[DJS_HIkB
EVJ
R2 EVcY��=�C!Bq_�I U Nmf�I

Φϕ = ∇rϕ(Φ(rϕ)) −∇rj(Φ(rj)).

<>=�=H@�[KJ A(j
M

)
L#] JA=�BDJARXPHLQJ�EHJSB
EVcAnp@�IKR	f�[DCF@�=�B
fZEVR	CFBKBDCQPHLFJSB t
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� NHIKJAR	CFGAIKJUb5_HJZzxCQL�=�] J7Br[(Nmf�B�cSb`CWEVJS=Z[(d`_HJ
LFJ�?YIKC|[KGAIKJ � � � EHcY��=HCWBKBqJ\_H=	JA=mBqJSRXjPHLFJ�EHcYnp@�IKRofx[KCQ@Z=�BMN�w`�VBDCFd`_HJSR	JA=`[UIkf�CWBD@�=H=�f�PHLFJ tZ� f�=mBOLFJSB\BDJS?Y[DCF@�=�B\BD_HCQbxf�=Z[KJSBSzZ@Z=cY[kf�PHLFCQ[\@Z_3cS=H@�=�?AJ�?AJAID[Kf�CQ=HJ7BMN�ID@ZNHIDCFcY[KcSBUEVJ$L ] JA=mBqJSR�PHLFJ A(j
M

) tH� f�=�BULFfTBDJS?g[KCQ@Z=+ t + t � za@Z=�N�ID@Z_Hb�J�d`_HJ�[D@Z_V[DJ/EVcAnp@�IKRofx[DCF@�= CFBD@�[K@�N;J/��L ] CQ=��rJS?g[KCQ@Z=�EVJiIDcAnpcAIKJA=�?AJ
f�N�N�f�ID[DCFJA=`[U�XL#] JS=�BqJSR�PHLFJ$EVJSB\EVcAnp@�IKR	f�[DCF@�=�BUf�EHRTCWBKBqCFPHLFJSBSz5E�f�=�BULWf�BDJS?g[KCQ@Z=*+ t + t +Hzd`_�] _H=HJXEHcYnp@�IKRofx[KCQ@Z=/NHIKcSBDJA=`[Kf�=Z[�EVJSB�f�_V[K@�j CQ=`[KJAIkBqJ7?g[DCF@�=mB\[DIkf�=�BDb�JSIKBDJSB�=�] J7Br[�N�f�B
f�EHRTCWBKBqCFPHLFJ t u f�BqJ7?g[KCQ@Z= + t + t �>J7Br[U?Y@�=mBDfZ?YIKcAJ
��_H=HJ�JYl5[DJS=�BqCF@�=hEH_h?YIKC|[KGAIKJ � � � f�_VlEVcAnp@�IKR	f�[DCF@�=�B\?A@�=`[DCF=5_HJSB t
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<>=3EVCQ[�d`_�] _�=HJ�EHcYnp@�IKRofx[KCQ@Z=
ϕ
JSBq[UCWBD@�[D@ZNmJ��

j
M

BA] CFL;JAlVCFBq[DJ�_H=HJ$f�NHN�LQCW?Af�[DCF@�=
F ∈ C1([0, 1] ×M ; R2)

[KJALFLQJ�d`_HJ

F (0, x) = j(x); F (1, x) = ϕ(x)
N;@�_HI\[K@�_V[

x ∈M

JY[a[KJALFLQJ
d`_HJ\L ] f�N�NHLQCW?Af�[DCF@�=
x 7→ F (t, x)

Bq@ZC|[�_H=TNHLF@�=HyZJAR	JA=`[aNm@Z_HI�[D@Z_V[
t ∈ [0, 1] t

$�x���O�m47�p�7���;� } :�� '�� % *�(+� 8/'�:615;�%9# '�! #=0�'�% '��$*3;�����,4'�!��+*�15*�!$% (+*7: � 8/��:�*�!��>*
j

M;���� ;�:6%9# *�!$%�	 , . */!$0�*/132/,�*<(+*60<(+� 8/'�:615;�%9# '�! 0<;�(�1<#=0>06# 2�,4*60 A(j
M

)
�

$��+56�� +m: B5@ZC|[
ϕ
_H=HJXEHcYnp@�IKRofx[KCQ@Z=iCFBD@�[K@�N;JX�oL#] CF=x�rJ7?g[DCF@�=�EVJ�IKcYnpcSIDJS=�?YJ t B5@ZC|[ U_H=�@�_�b�JAID[
EVJ

int(M) × int(M)
[KJAL!d`_HJ

inf
x∈U

|rϕ(x)| > 0.

� @�_HI\[K@�_V[KJ�f�NHN�LQCW?Af�[DCF@�= G IKcAy�_�LQCFGAIKJ
G : [0, 1]× U → R2

∗

(t, x1, x2) 7→ G(t, x1, x2),@�=�f
d

dt
(∇GΦ(G)) = ∇

(
dG

dt
· φ(G)

)
∇G((∇ΦT −∇Φ) ◦G)

dG

dt
.

� @�R	R	JTLQJTID@�[Kf�[DCF@�=H=HJSL�EHJ Φ JSBq[�=5_HL#z�@�=�JA=�EHcSEV_HCQ[�JA=�f�NHN�LQCWd`_�f�=`[>L#] cSd`_�fx[KCQ@Z=
NHIKcS?AcSEVJS=Z[KJ��

G(t, x1, x2) = F (t, x1) − F (t, x2)
d`_HJ

∇rϕ(Φ(rϕ)) −∇rj(Φ(rj)) =

∫ 1

0

d

dt
(∇GΦ(G))dt

=

∫ 1

0

∇
(
dG

dt
· Φ(G)

)
dt

= ∇
(∫ 1

0

dG

dt
· Φ(G)dt

)
.

� L �
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� JSR	f�IKd`_H@Z=�B>[D@Z_V[�E^] f�P;@�IkE�d`_HJoN;@�_HI$[K@�_V[KJhEVcYnp@ZIDRof�[DCF@�= ϕ z9LQJo?kw�f�R	N�EHJb�J7?g[KJA_HI
Φϕ

JSBq[OEVJ�IK@�[kfx[KCQ@Z=H=HJAL�=`_�LmBD_HI(L#] JS=�BqJSR�PHLFJ�EVJ7B(N;@�CF=`[KB
x
EVJ
M ×M [DJSLFB

d`_HJ
rϕ(x) 6= 0 t�( =�J/>�JY[7zH@�=�f

∇∧ (∇rϕΦ(rϕ)) =
∂rϕ
∂x2

.(∇Φ−∇ΦT )(rϕ)
∂rϕ
∂x1

.

<>I�?Y@ZR	RTJ ∇ ∧ Φ = 0
zV@�=if ∇Φ−∇ΦT = 0

JY[ ∇ ∧ (∇rϕΦ(rϕ)) = 0 t � _ib5_EVJ�?AJ�IKcSBD_HL|[kfx[7z�@�=o=�J�NmJS_V[U?AJAN;JA=�E�f�=`[MN�fZB�JA=hEVc7EV_HCFIDJ>dZ_�J
Φϕ

J7Br[O_H=oy�Ikf�EVCFJA=`[7z
?Af�I�L#] JS=�BDJAR�P�LQJTEVJSB>Nm@ZCQ=`[kB�[KJALWB>d`_HJ

rϕ(x) 6= 0
=�] JSBq[>Nmf�B>=HcS?AJSBKBDf�CQIKJAR	JA=`[�BDCQRTj

NHLFJAR	JA=`[M?A@�=H=HJAlVJ t u J
?AIDCQ[DGSIDJ � � � =�] J7Br[(Nmf�Bab5CFEHJ�?Y@�R	R	J\=H@�_mB�f�LFLQ@Z=�BaLQJ\R	@�=`[KIDJSIRof�CF=`[DJA=mf�=`[ t<>=�EVCQ[Xd`_�] _�=HJhEVcYnp@ZIDRof�[DCF@�=�IDcSy�_HLFCFGAIKJ
ϕ
Nm@`BDBDGSEHJo_H=HJhCF=`[DJAIkBDJS?g[KCQ@Z=v[KIKf�=�Bqj

b�JSIKBDJ�JA=i_�=iNm@ZCQ=`[
(x1, x2)

EHJ
M ×M

BDC
ϕ(x1) = ϕ(x2)

JY[>BDC
(ϕ̇(x1), ϕ̇(x2))JSBq[�_H=�J�P�f�BDJ�EVJ

R2 t � =HJ�[KJALFLQJXEVcYnp@ZIDRofx[KCQ@Z=�z�EV@Z=`[�_H=/JAl5JSR	NHLQJ�JSBq[>EV@�=�=Hc�N�f�ILWf��my�_HIKJ � zV=�] JSBq[�N�f�B\N�w`�VBDCFd`_HJSR	JA=`[
IKf�CFBD@�=H=mf�PHLFJ t
$�x���O�m47�p�7���;� & :�� #

ϕ
*606% � !�* (��98/'�:613;�%&# '�! :�� � � , #	�/: * �$' 0>0�� (+;�! % � !�* ;�� % '��

#�!$% *�:>0/*���%9# '�! %&:�;�! 0
� *�:>0�*
� ;�,4'�:>0
ϕ

! . ;���� ;�:6%9# *�!$% �$; 0 	 , . *�! 0�*�152�,4* (+*60<(+� 8/'�:615;��
%&# '�! 07;+(�1�#=0 06# 2�,4*/0 A(j

M
)
�

$��+56�� +m: B5@ZC|[
ϕ
_H=HJXEHcYnp@�IKRofx[KCQ@Z=iNm@`BDBDcSEHf�=`[�_H=HJXCQ=`[DJSIKBDJS?Y[DCF@�=�[KIKf�=�BqbZJAIkBqJ�JS=

(x1, x2)
t u ] f�NHNHLFCF?Sfx[KCQ@Z= rϕ

JSBq[i[DJSLXd`_HJ ∇rϕ(x1, x2)
JSBq[vEVJ-Ikf�=Hy�RofxlVCFRof�L t

� ] f�NHIDG7B3LFJ/[KwHcA@ZIDGSR	J�EVJ7B3np@Z=�?g[KCQ@Z=�BeCQR	NHLFCF?AC|[KJ�z\CFL�JAlVCFBq[DJ�_H=�bZ@�CWBqCF=�f�yZJ
V
EHJ

(x1, x2)
JA[U_�=eN;JY[KC|[
IKcAJAL�N;@ZBDC|[KC|n

r
[DJAL�d`_HJ

rϕ
EHcY��=HCWBKBqJ�_H=eEHC	>�cA@ZRT@ZIDN�wHCFBDR	J�EHJ

V
EHf�=�B
LWfoP;@�_HLFJ�EVJ

R2
?AJA=`[DIKcAJ�JS=

0
EVJ�Ikf{��@Z=

r t � f�I�_H=/BDCQR	NHLFJ�?kw�f�=Hy�JSRTJS=`[EVJ�bxf�IKCWf�PHLFJ�z5@�=�JA=iEVc7EV_HCQ[�d`_HJ
∫

∂V

∇rϕ(Φ(rϕ)).ds =

∫

|x|=r

Φ(s).ds = signe(det(∇rϕ)).

� ] f�_V[DIKJhN�f�Iq[7z9=H@�[D@Z=�B�d`_HJhN;@�_�I�[D@Z_V[ ϕ z�LQJ�?kw�f�R	N ∇rϕ(Φ(rϕ))
JSBq[TEHJhID@�[Kf�j

[DCF@�=�=HJAL�=5_HL t ( =iN�f�Iq[KCF?A_HLFCQJSISz
∫

∂V

∇rj(Φ(rj)).ds = −
∫

V

∇∧ (∇rj(Φ(rj)))dx = 0.

( =V�m=�z�N;@�_HI\[K@�_V[�?kwmf�R	N�EHJ�bZJS?Y[DJA_�I u EVJ V − (x1, x2)
zH@�=�f

∫

∂V

∇u.ds = 0.

� CF=�BDC z
∫

∂V

Φϕ.ds =

∫

∂V

(∇rϕ(Φ(rϕ)) −∇rj(Φ(rj)).ds 6=
∫

∂V

∇u.ds

JY[
ϕ
=�] f�NHN�f�Iq[KCQJS=`[\Nmf�B
�TL ] JA=mBqJSR�PHLFJ�EVJSB�EHcYnp@�IKRofx[KCQ@Z=�B\f�EVR	CWBDBDCQP�LQJ7B t
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	��� � ��� ��� � ��� � �
� ����� � ����� ������ � � ����� ��� ��� ���� � ��� �

� JSR	f�IKd`_H@Z=�B3d`_HJ�BqC ϕ =HJ�Nm@`BDBDGSEHJ�d`_HJ�EHJSB�f�_V[K@�j CQ=`[DJSIKBDJS?Y[DCF@�=�Bo[DIkf�=�BDb�JSIKBDJSBSz
r−1
ϕ (0) \∆(M)

@�%

∆(M) = {(x1, x2) ∈M ×M : x1 = x2}
JSBq[O_�=hJA=�BDJARXPHLFJ
��=HC�EVJ�N;@�CF=`[KBOEV@�=`[U?kwmf�?Y_�=oNmJS_V[O�A[DIKJ�R�_H=�C;E^] _H=3BDCFy�=HJ�EHcY[DJSIqj
R	CQ=�c�N�f�I
LFJ�EVcY[KJAIKRTCF=�f�=Z[�EH_eyZIKfZEVCQJS=`[
EHJ

rϕ
t

�
�������+�����+% */!$06# '�! (+*-,4; (��9��! #�%9# '�!)(+*-, . *�! 0�*�152�,4*5;�(�1<#=0>06# 2�,4*3;�� (+� 8/'�:615;�%9# '�! 0
� '�!$%&#�!��$*/0

u f�EVcY��=�C|[KCQ@Z=�EVJvL#] JA=�BDJARXPHLQJ�EVJSB�EVcYnp@ZIDRof�[DCF@�=�BhfZEVR	CFBKBDCQPHLFJSB A(j
M

)
N;JA_V[

�Y[KIDJecY[KJA=�EV_�Jef�_Hl�EHcYnp@�IKRofx[KCQ@Z=�B�?A@�=`[DCF=5_HJSB ta� J7?YC\EVcS?A@�_HLFJeEVJeLFfvNHIK@�NHIKCQcA[Dc3EHJBq[Kf�P�CQLFC|[Kc�Bq_�CQbxf�=`[KJ
' +58-8 + } :�� '�#�%

ϕ
� !�* (��98/'�:613;�%&# '�! :�� � � , #	��:�* (+*

M
� � '�#�%

U
� ! '�� ��*�:6%7(�*

int(M) × int(M)
% */,�� �$*

inf
x∈U

|rϕ(x)| > δ > 0,

;�,�'�:>0��$'�� : % '�� % *7(��98/'�:613;�%&# '�!):�� � � , #	�/: *
ϕ̃

% */,�,4*�� �$*

‖ϕ− ϕ̃‖ < δ,

#�, *	�+#=0>% *
u

% */,
� �$*

Φϕ − Φeϕ = ∇u.
$��+56�� +m:QV L!BD_ %	[�EVJ�N;@ZBDJAI

ϕt = (1 − t)ϕ+ tϕ̃ tH� ] f�N�IDG7B � L � zH@�=�f

Φϕ − Φeϕ = ∇
(∫ 1

0

dϕt
dt

.Φ ◦ ϕtdt
)
.

<>= EHcSEV_HCQ[3EVJi?YJ�LFJAR	R	J�d`_HJ�LFJ�?AIDCQ[DGSIDJ � � � JSBq[oBq[Kf�PHLFJeN�f�I	NmJSIq[K_HIDPmfx[DCF@�= C0EVJ
ϕ
�
U
�HlVc t � CF=�BDC za_H=�JeEVcAnp@�IKR	f�[DCF@�=-?A@�=`[DCF=5_HJeBDJAIkf/EVCQ[DJ�f�EVR	CWBDBDCFPHLQJ�BqCUJY[BDJA_HLFJAR	JA=`[�BDC zHN;@�_�I\[D@�_H[�@�_HbZJAID[

U
EVJ

int(M) × int(M)
[DJAL9dZ_�J

inf
x∈U

|rϕ(x)| > δ > 0,

JY[O[D@Z_V[DJ�EVcYnp@ZIDRofx[KCQ@Z=
ϕ̃ ∈ C1(M ; R2)

Bq_�%oBKf�R	R	JA=`[UNHID@V?kwHJ>EVJ
ϕ
_H=HJ�f�NHN�LQCW?Af�j

[DCF@�=
u
EVJ
U
EHf�=�B

R
[KJALFLQJ�d`_HJ

Φϕ̃(x) = ∇u(x) Nm@Z_HI\[D@Z_V[ x ∈ U.

� ?Sf�_�BDJ�EVJ�LWfoNHIK@�N�IDCFcY[Kc�EVJ�Bq[Kf�P�CQLFC|[Kc�zmCQL�Bq_ %	[$EVJ�b�cSIDCQ��c�?AJY[q[KJ�?Y@Z=�EVCQ[DCF@�=iN;@�_HI
_H=HJ�EVcYnp@ZIDRof�[DCF@�=

ϕ̃
dZ_�JALW?Y@�=mdZ_�J/Nm@Z_HIKb`_ d`_HJ ‖ϕ − ϕ̃‖L∞ < δ/2 t <>=�NmJS_V[

R	@�=`[DIKJAI
d`_HJ�L#] JS=�BDJAR�P�LQJ�f�CF=�BDC^@�PV[KJA=5_�JSBq[\npJAIKRTc�N;@�_�I
LFfX[D@ZNm@ZLQ@Zy�CFJ C0 t
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ϕ(b1) = ϕ(b2)

ϕ(a1) = ϕ(a2)

���������$� � � ��� ��� � 
 � � 	 � � ����� � �������

�
����� � ��� */:613*/% � :�*<*/% (�*�! 06#�% �
B5CFy�=�f�LQ@Z=�BUNm@Z_HI
��=�CQI�EHJA_Vl�NHID@ZNHIKCQcA[DcSB\CFR	Nm@ZIq[kf�=`[DJ7BAzHEH@�=`[�LQJ7B
NHIKJA_HbZJSB\N;JA_Vj

b�JS=`[��Y[KIDJ3[DIK@�_HbZcAJhEHf�=�B.�N+ L ! t u ] _H=HJ3J7Br[T_H=HJeNHID@ZNHIKCQcA[DchEVJ3npJAIKRTJA[D_HIKJ�z9L ] f�_H[DIKJ_H=HJ�IKcS?ACQN�ID@Vd`_HJ�N�f�ID[DCFJALFLQJ�EVJ�LWfTNHIK@�N;@ZBDC|[KCQ@Z= �
$�x���O�m47�p�7���;���!:�� . *�! 0�*�152�,4*5(�*/0<(��98/'�:613;�%&# '�!$0�;�(�1<#=0>06# 2�,4*60 A(j

M
)

*/0>%�8/*�:615�
�$'�� : ,4; % '�� '�,4' ��# * C0 �
$�x���O�m47�p�7���;�
	9:�� '�� % * #�1<13*�:>0># '�! ;���� ;�:6% *�!�;�!$% 	 A(j

M
)

;�� �$;�:6%&# *�!$% 	 , . ;�(�� � �
:�*�!��>* C1 (�*/0 ��,4'�!��+*�13*/! % 0 #=0�'�% '��$*60 	 , . #�! ��*���%9# '�! (+*<:�� 8/��:�*�!��>*

j
M

�

��: �25��3 /�� 4
3H�S���;�
u ] @�PH�rJY[>EVJT?YJA[q[DJTBqJ7?g[KCQ@Z=v?Y@Z=�BqCWBq[DJ��3CQ=`[DIK@VEV_HCFIDJXEVCQbZJAIkBqJ7B
N;cA=�f�LQCWBDf�[DCF@�=�B>EVJSB

EVcAnp@�IKR	f�[DCF@�=�B!=H@�=�fZEVR	CFBKBDCQPHLFJSB t{� f�=�B�_H=�NHIDJSR	CQJSI�[DJSR	N�BAz{@Z=�J/>�JS?g[K_HJM_�=HJOcA[D_�EHJwHJS_HIDCWBq[DCWdZ_�J$f���=iE^] JSBq[DCFRTJSI
LFfoEHCFBq[Kf�=�?YJ�E^] _H=HJ�EVcAnp@�IKRofx[DCF@�=�NHIKcSBDJA=`[Kf�=`[U_H=�J�CQ=Vj
[DJSIKBDJS?Y[DCF@�=�BDCQR	NHLFJh?Y@ZRTR	Jh?AJALFLQJhIKJAN�IDc7BqJS=Z[KcAJ	Bq_�I�LFf��my�_HIKJ � ��L ] JA=mBqJSR�PHLFJhEVJSB
EVcAnp@�IKR	f�[DCF@�=�B9f�EVR	CWBDBDCFPHLQJ7B t�� JY[D[DJUcY[K_�EVJUJSBq[9cY[KJA=�EH_HJUf�_�?AfZB9d`_HJSLF?A@�=�d`_HJOEHf�=�B9LWfBDJS?g[KCQ@Z=.� t + tV� JAN;JA=�EHf�=`[Sz�LWf$np@Z=�?g[KCQ@Z=hEVJ�N;cA=�f�LQCWBKfx[DCF@�=of�CQ=�BDC�CF=`[DIK@VEV_HCQ[DJ�N�IDc7BqJS=Z[KJ?YJSIq[kf�CF=�B�CF=�?Y@Z=5b�cA=�CQJS=Z[kB t"( =oN�f�ID[DCW?Y_HLFCFJAI7z�JALFLQJ
=!] J7Br[MNmf�B(EVcSIDCFbxf�PHLFJ�zZ?YJ�d`_HCmBS] f{b�GAIKJw�f�=�EVCW?Af�Nmf�=`[�E^] _H=�Nm@ZCQ=`[�EHJXb5_HJX=`_�RTcSIDCWd`_HJ t�� JS?ACa=H@�_�B�?Y@Z=�EV_HCQ[���?Y@Z=�BDCFEVcSIDJSIEVJS_Vl n�f�R	CQLFLQJ7BhEVJinp@Z=�?g[KCQ@Z=�BhEVJvNmcS=�f�LFCFBKfx[KCQ@Z=�BSz(EV@�=`[3LFJSBhEHcY��=HCQ[DCF@�=mBhIKJAN;@ZBDJA=`[
=Hc7f�=HR	@�CF=�BOBq_HIULFJ�R	�AR	J�NHIDCF=�?ACQN;J � BqJ7?g[DCF@�=<� t L � t5� f�=�BM[D@Z_V[U?AJ>d`_HC^Bq_�C|[7zZLFJSBUEVcYjnp@�IKRofx[KCQ@Z=�B^CF=Z[KID@VEV_�C|[KJSB�BDJAIK@�=`[!BD_HNHN;@ZBDcAJSB!f�NHN�f�Iq[KJA=HCFI�f�_�R	@ZCQ=�B!�

W 1,1(M ; R2) t
�
������ !�*7��% �$(+*��$* � :6#=06%&# � �$*

<>=h?Y@Z=�BDCFEVGSIDJ
LFJ>?Sf�BOE^] _�=3Bq@ZLQCWEVJ
M

?A@�=�Bq[DCQ[D_Hc�EVJ>EHJA_Vl	CQ=`[KJAIKb{f�LQLFJSBOEVCWBp�r@ZCQ=`[KB
I1
JY[
I2
[D@Z_�B\EVJA_HleEVCE>;cS@�R	@�IKNHwHJ7BO�XL ] CF=Z[KJAIKbxf�LFLQJ�npJAIKRTc

[0, 1]
JA[ULWfTEVcYnp@ZIDRofx[KCQ@Z=

ϕ
IDJSNHIKcSBDJA=`[DcSJ�Nmf�I3LWf���yZ_HIDJ + t\� JA[q[KJvEVJAIK=HCFGAIKJiNHIKcSBDJA=`[DJvEHJA_Vl�CQ=`[KJAIkBqJ7?g[DCF@�=mB[DIkf�=mBqbZJAIkBqJ7BOL#] _H=HJ�JA=

a = (a1, a2) ∈ I1 × I2
zHL#] f�_V[KIDJ�JS=

b = (b1, b2) ∈ I1 × I2
t

( =iE^] f�_V[KIDJ7BU[DJSIDR	JSBSz
ϕ(a1) = ϕ(a2), ϕ(b1) = ϕ(b2)
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ϕ(b1) = ϕ(b2)u(t)

ϕ(γ1(t))

ϕ(γ2(t))

ϕ(a1) = ϕ(a2)

��������� ��� ����� � �2� � � �
� ��� � � ��� ��� � 
 � � 	 � � �
�

[Kf�=�EVCWB9d`_HJMLQJ7B�n�f�RTCFLFLQJ7B
(ϕ̇(a1), ϕ̇(a2))

JA[
(ϕ̇(b1), ϕ̇(b2))

BD@�=`[9?kw�fZ?Y_H=�JMEVJSB9P�fZBqJ7B
EVJ

R2 t<>=�?kwHJSIK?kw�JM��?A@�=�Bq[DIK_HCFIDJ�_H=�JUEVcAnp@�IKRofx[DCF@�=�fZEVR	CFBKBDCQPHLFJ
ψ
NHIK@V?kwHJMEVJ

ϕ t � ?YJA[J/>�JY[7zH@�=�bxf	EVcY��=�CQI
_H=�J$n�f�R	CQLFLFJ$EHJ�EVcYnp@ZIDRofx[KCQ@Z=�B\f�EVR	CWBDBDCFPHLQJ7B
ψu,γ

EHcAN;JA=�EHf�=`[
EVJ�EVJA_Hl-N�f�Ikf�R	GY[KIDJ

u
JA[
γ t u f�EHcYnp@�IKRofx[KCQ@Z= ψ IKJS?kw�JAIk?kwHcAJ3BDJAIkfi@ZPV[DJS=`_�JeJS=

R	CQ=�CQR	CWBDf�=Z[�LWf	EVCWBr[kf�=�?AJ$EHJ
ψu,γ

�
ϕ
Nmf�I
Ikf�NHN;@�ID[\�

γ
JA[
u t!>_HCQ[q[KJ3��CQ=`[KJAIKb�JAID[DCFI�LFJSB�@ZIDCFJA=`[kfx[DCF@�=mB�EVJ

I1
JY[
I2
z�@�=�NmJS_V[TBD_HNHN;@ZBDJAIXdZ_�J

a1 < b1
JA[
a2 < b2

t u f>EVcAnp@�IKRofx[DCF@�= ψu,γ J7Br[�@�PH[DJA=5_HJUJA=XIDJ7?Y@ZLQLWf�=`[9LFJSBaN;@�ID[DCF@�=mB
ϕ([a1, a2])

JA[
ϕ([b1, b2])

LFJ�LQ@Z=HyoE^] _�=HJ�?Y@Z_HIDP;J
u : [0, 1] → R2 t � CQ=�BDC#z ψu,γ JSBq[[DJSL!d`_HJ

ψu,γ = ϕ(x)
Nm@Z_HI\[D@Z_V[

x /∈ [a1, a2] ∪ [b1, b2]
JY[

ψu,γ([a1, a2]) = ψu,γ([b1, b2]) = u([0, 1]).

� J�NHLQ_mBAzHN;@�_�I�f�BKBq_HIKJAI\LWf	?Y@�=`[KCQ=5_HCQ[Dc�EVJ ψu,γ @�=�?kwH@�CWBDC|[ u [KJAL�d`_HJ
u(0) = ϕ(a1) = ϕ(a2)

JY[
u(1) = ϕ(b1) = ϕ(b2).

� J7Br[KJ/��N�IDc7?YCWBqJSITLWf�EVcA��=HCQ[DCF@�=�EVJ
ψu,γ

Bq_HI
[a1, a2] ∪ [b1, b2]

zO?�] JSBq[3��EHCQIKJi�
EVc7?YIKCQIKJ�?Y@ZRTR	JS=Z[�?kw�f�d`_HJ�P�IDCF=iJSBq[>IKJS?A@�LFLQc�LFJ�LF@�=Hy3EHJ�LFf3?Y@�_�IDP;J�EVcA��=HCFJ�N�f�I

u t
� @�_HIX?YJ	n�f�CFIKJ�z^@�=�BDJhEV@�=�=HJo_H=HJhf�NHNHLFCF?Sfx[DCF@�= γ = (γ1, γ2)

EVJ
[0, 1]

��bxf�LQJS_HIKB
EHf�=�B

M × M t <>=�Bq_HN�Nm@`BqJiEVJiNHLF_�Bhd`_HJiN;@�_�I
i = 1, 2

LQJ7Bof�NHN�LQCW?Af�[DCF@�=�B
γiEVcA��=HCWBDBDJA=`[�EVJ7B�EVCE>;cS@�R	@�IKNHwHCWBqR	J7B�EVJ

[0, 1]
E�f�=�B

[ai, bi]
t � @Z_HI$[D@Z_V[ t ∈ [0, 1]@�=�N;@ZBDJ

ψu,γ(γ1(t)) = u(t)JY[
ψu,γ(γ2(t)) = u(t).

B5C;LFf�EVcYnp@ZIDRofx[KCQ@Z=
u
JSBq[OBKf�=�BMCQ=`[KJAIkBqJ7?g[DCF@�=!z�LFf�EVcYnp@ZIDRofx[KCQ@Z=

ψu,γ
JSBq[Of�EHRTCWBKBqCFPHLFJ� bZ@�CFIaLFf���y�_�IDJ�� � t V LV=HJ\IDJ7Br[KJONHLF_�B�d`_�] ��R	CF=HCFRTCWBDJAI�LWf�EHCFBq[Kf�=�?YJ\EVJ ψu,γ � ϕ N;@�_HI@�PH[DJA=�CQI�_�=HJhJSBq[DCFRofx[KCQ@Z=�EHJhLFfiEHCFBq[Kf�=�?YJhEVJ

ϕ
��L#] JS=�BDJAR�P�LQJ3EHJSB�EVcAnp@�IKRofx[DCF@�=mB

f�EHRTCWBKBqCFPHLFJSB t <>=v?kwH@ZCFBDCQ[�E^] cAbxf�LF_HJSI>?YJA[q[KJTEVCWBq[Kf�=m?YJX�hL ] f�CWEVJXEHJXLWfo=H@ZIDR	J W 1,1
0
t

� f�=�Ba_H=	NHIKJAR	CFJAIa[KJAR	N�BSz�@�=TR	CQ=HCFR	CFBDJ
N�f�I�IKf�NHNm@ZIq[(f�_XN�f�IKf�R	GY[DIKJ u JY[(@�=TN;@ZBDJ
Lϕ(γ) = inf

u
‖ψ̇u,γ − ϕ̇‖L1 .
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� *�13;�: � �$*7�+� � ] f�_H[DIKJSB�=�@�IKRTJ7BAzmf�_V[KIDJ7B�d`_HJ W 1,1
0

N;@�_HIKIkf�CFJA=`[��Y[KIDJ�JS=5b`CWBKf�y�cSJSB t
� JAN;JA=mEHf�=`[SzZ?�] JSBq[MLQJ�BDJA_�L�?kwH@�CQlTd`_HCmBqJSR�PHLFJ�?Y@Z=�EV_HCFIDJ
�$_H=oIKcSBD_HLQ[Kf�[(JYlVNHLF@�CQ[Kf�P�LQJ t
u JoR	CF=HCFR�_HR EVJ ‖ψ̇u,γ − ϕ̇‖L1

Nmf�I�Ikf�NHN;@�ID[��
u
JSBq[Xfx[D[DJSCQ=`[�N;@�_HI�=!] CFR	Nm@ZIq[KJ

d`_HJAL�np@�=�?Y[DCF@�=
u
EVJ�LFfXnp@ZIDR	J

u = θϕ ◦ γ1 + (1 − θ)ϕ ◦ γ2

f{b�J7?
θ ∈ [0, 1] t � CF=�BDC z�@�=�f

Lϕ(γ) =

∫ 1

0

∣∣∣∣
d(ϕ ◦ γ1 − ϕ ◦ γ2)

d t

∣∣∣∣ dt.

F�@�[D@Z=�B(d`_HJ Lϕ =�] JSBq[MIKCQJS=	E�] f�_V[DIKJ�d`_HJ
LWf�LQ@Z=Hy�_�JA_HIMEHJ
LFf�?A@�_HIKP;J rϕ ◦γ JA[MN;JA_V[EV@Z=�?��A[DIKJXEVcA��=HC�N;@�_HI>[D@Z_V[DJ	EVcAnp@�IKR	f�[DCF@�=
ϕ
?Y@�=`[KCQ=5_HJ � EHf�=�B$?YJX?Sf�BSz Lϕ =�] JSBq[N�fZBO=�cS?YJ7BDBKf�CFIKJAR	JA=`[M�m=HC � t <>=3@ZPV[DCFJA=`[�f�CF=�BDC�_H=HJ$JSBq[DCFRofx[DCF@�=�EVJ ϕ �XL ] JA=�BDJARXPHLFJEVJ7B
EVcYnp@ZIDRofx[KCQ@Z=�B
f�EHRTCWBKBqCFPHLFJSB\JA=�N;@ZBKf�=`[

J(ϕ) = inf
γ
Lϕ(γ),

@ %�L#] CF=V��RX_HR J7Br[
NHIKCFB
BD_HI
L#] JS=�BDJAR�P�LQJ�EVJ7BUnp@�=�?Y[DCF@�=�B
γ : [0, 1] →M ×M

[KJALFLQJ7B
d`_HJ

γ(0) = a
JY[
γ(1) = b t � CF=�BqC#z J(ϕ)

JSBq[XLWf/EVCWBq[Kf�=m?YJeE�f�=�B
I1 × I2

JS=`[DIKJ
LFJSB
N;@�CF=`[KB

a = (a1, a2)
JA[
b = (b1, b2)

N;@�_HI�LFfTR	cY[KIDCWd`_HJ$[DJSLQLFJ�d`_HJ�LFfTLF@�=HyZ_HJA_�I
CF=V��=HCQ[Dc7BqCFRof�LFJ

dl
EV_�b�J7?g[DJS_HI

(dx1, dx2)
f�_eN;@�CF=`[

(x1, x2)
J7Br[

dl = |ϕ̇(x1)dx1 − ϕ̇(x2)dx2|.
� J7Br[KJ��XcA[DJS=�EVIKJ�LWf	EVcY�m=HC|[KCQ@Z=iEVJ J f�_�?Sf�B\y�cS=HcAIkf�L t

�+���������9��!$#�%&# '�! ( . � !�*"8/'�!���%9# '�!)(�* �$�/!�;�, #=0�;�%&# '�!

<>=	=H@�[KJ
C1(M ×M)

L#] JS=�BqJSR�PHLFJ�EVJ7B�n�f�RTCFLFLQJ7B���=HCFJSBOE^] f�NHNHLFCW?Afx[KCQ@Z=�BM?A@�=`[DCF=Vj
_HJ7B
Bq@ZC|[�EV_i?AJAIk?YLFJ

S1 E�f�=�B M ×M
zHBD@�CQ[�EVJ$L ] CF=Z[KJAIKbxf�LFLQJ

[0, 1]
EHf�=�B

M ×M t
B5@ZC|[

ϕ
_H=HJeEVcYnp@ZIDRofx[KCQ@Z=�IDcSy�_HLFCQGSIDJoEVJ

M
� @�%

M
J7Br[X_H=HJh_H=�CQ@Z=�EHCFB��r@�CF=`[DJ3EVJ

?YJSIK?ALQJ7B\JY[�E^] CF=Z[KJAIKbxf�LFLQJ7BUnpJAIKRTc7B � f�NHN�f�ID[DJS=�f�=`[��TL ] JSBDN�fZ?YJ W 1,1(M ; R2) t B5@�CQ[ U_H=	@�_�b�JAID[�EVJ
int(M)× int(M)

b�cSIDCQ�mf�=Z[aLWf�?A@�=�EHC|[KCQ@Z= � + � t <>=XCF=`[DIK@5EH_HC|[�LFJ�Bq@Z_�BJA=mBqJSR�PHLFJ
ΓU (ϕ)

EVJ
C1(M ×M)

EVcA��=HC�N�f�I

ΓU (ϕ) =

{
γ ∈ C1(M ×M) : ∂γ ⊂ {U,

∫

γ

(ω∧n)ds =

∫

M×M

(ω∧Φϕ)dx,
N;@�_HI\[K@�_V[�?kwmf�R	N�EHJ�b�JS?Y[DJS_HI

ω
EVJ
M×M

[KJAL!d`_HJ ∇ ∧ ω = 0
JA[�EV@�=`[
LQJ�BD_HNHN;@�ID[
JSBq[�CQ=m?YLF_�B�EHf�=�B

U

}
.

� , �
<>=�EVcY��=�C|[>EHJ�N�LQ_�B�LFfXnp@�=m?g[DCF@�=

JU
N�f�I

JU (ϕ) = inf
γ∈ΓU (ϕ)

Lϕ(γ).
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	��� � ��� ��� � ��� � �
� ����� � ����� ������ � � ����� ��� ��� ���� � ��� � �

( =V�m=�z5LFf$np@Z=�?g[KCQ@Z=3EVJ>NmcS=�f�LFCFBKfx[KCQ@Z= J JSBq[O@�PH[DJA=5_HJ�JA=hNHIKJA=mf�=`[OLFJ�BD_HNHIKJAR�_�R EHJ
JU

Bq_�I
L ] JA=�BDJARXPHLFJ�EVJSB
U
b�cSIDCQ�mf�=`[
LWfT?A@�=�EHC|[KCQ@Z= � + � �

J(ϕ) = sup
U
JU (ϕ).

F�@�[D@Z=�B�d`_HJ�BDC
U
JY[
V
BD@�=`[�EVJS_Vle@Z_Hb�JSIq[kB\b�cAIKCQ�mf�=`[
LFfo?A@�=�EHC|[KCQ@Z=�B � + � [DJSLFB�dZ_�J

U ⊂ V
z�@Z=�f�f�LF@�IkB

JU (ϕ) ≤ JV (ϕ) t�( =�?A@�=�BDcSd`_HJS=�?YJZz�@Z=�N;JA_V[hcSyZf�LQJSRTJS=`[EVcA��=HCFI
J
N�f�I

J(ϕ) = lim
δ→0+

JUδ(ϕ)(ϕ),
@ %

Uδ(ϕ) = {(x1, x2) ∈ int(M) × int(M) : |ϕ(x1) − ϕ(x2)| > δ} .
� 9 �

( =V�m=�z{LFf>EVcY��=�C|[KCQ@Z=�EVJ J N;JA_V[a�Y[KIDJOcY[KJA=�EV_�JOf�_Hl$EVcAnp@�IKRofx[DCF@�=mB!?Y@Z=`[DCF=`_�JSBSzSyZI � ?YJf�_�LFJAR	R	J�Bq_HCFbxf�=`[
' +58-8 + & :�� '�#�%

ϕ
� !�* (��98/'�:613;�%&# '�! (�*

M
� � '�#�%

U
� ! '�� ��*/:6% (�*

int(M) ×
int(M)

% *�,
� �$*
inf
x∈U

|rϕ(x)| > δ > 0,

;�,�'�:>0��$'�� : % '�� % *7(��98/'�:613;�%&# '�!
ϕ̃

(�*
M

% *�,�,4*�� �$*

‖ϕ− ϕ̃‖ < δ,
'�! ;

ΓU (ϕ) = ΓU (ϕ̃)
�

$��+56�� +m: ( =�Ikf�CWBq@Z=H=�f�=Z[
?Y@ZR	RTJ$JS= � L � zH@�=�@�PV[KCQJS=`[
d`_HJ�N;@�_�I\[D@�_H[ x ∈ U
z

(Φϕ̃ − Φϕ) (x) = ∇v(x),@ %
v =

∫ 1

0

drϕt

dt
· Φ(rϕt

)dt.

� CF=�BDC z^N;@�_�I$[D@�_H[�?kwmf�R	N�EVJ	bZJS?g[KJA_HI
ω
EHJTIK@�[kfx[KCQ@Z=H=HJALa=5_HL�EVJoBD_HNHN;@�ID[$CF=�?ALQ_�B

EHf�=�B
U
zH@Z=�f

∫

M×M

(ω ∧ Φϕ̃) − (ω ∧ Φϕ)dx =

∫

U

(ω ∧ ∇v)dx

= −
∫

U

∇ ∧ (vω)dx =

∫

∂U

v(n ∧ ω)ds = 0.

� @�_HI>[D@Z_V[DJ	EVcAnp@�IKR	f�[DCF@�=v?A@�=`[DCF=5_HJ ϕ JY[�[D@�_H[�@Z_Hb�JSIq[
U
b�cAIKCQ�mf�=`[>LWf3?A@�=�EHC|[KCQ@Z=� + � zHCFL!BD_ %	[�EVJ$Nm@`Bqc

JU (ϕ) = inf
γ∈ΓU (eϕ)

Lϕ(γ).

f{b�J7?
ϕ̃
BD_ %hBKf�R	R	JA=`[�NHIK@5?kw�JhEVJ

ϕ t9� ] f�NHIKGSB�LWf�NHIK@�NHIKCQcA[DchEVJeBr[kf�PHCFLQCQ[DchN�IDc7?YcYjEVJS=Z[KJ�z
ΓU (ϕ̃)

JSBq[eCF=�EVcSNmJS=�EHf�=`[iEV_�?kwH@ZC|l�EVJ
ϕ̃
JY[
JU (ϕ)

JSBq[�?Y@ZIDIKJS?Y[DJSRTJS=`[
EVcA��=HC t

� �m=�E�] cSb{f�LQ_�JAI
J(ϕ)

CFL^n�f�_H[>?Af�IKfZ?g[DcSIDCWBDJAIUJYlVNHLFCF?AC|[KJAR	JA=`[�L#] JS=�BqJSR�PHLFJ
ΓU (ϕ) t<>= b�cSIDCQ��JAIkf�f�CF=�BqCXdZ_�J�LFf�np@Z=�?g[KCQ@Z= EHJ-NmcS=�f�LFCWBDf�[DCF@�= @�PV[KJA=5_HJ�JSBq[/PHCFJA= _H=�J

y�cS=HcAIkf�LFCWBDf�[DCF@�=3EVJ�?AJALFLQJ$CF=`[DIK@5EH_HC|[KJ�LQ@ZIKB
EHJ�=�@�[DIKJ$cY[K_�EVJ�wHJS_HIDCWBq[DCWdZ_�J t



�/� ���������	��
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�
���+����;�, � � , (+*-,4; 8/'�! �/%&# '�! (�*��$�/!�;�, #=0�;�%&# '�!
J

� f�=�Bh?AJY[D[DJ�BDJS?Y[DCF@�=�@�= ?kw�JAIk?kwHJ/��cAbxf�LQ_HJSI
J(ϕ) t <>= ?Y@Z=�BqCWEVGSIDJ/EHf�=�Bh_�=

NHIKJAR	CFJAIo[KJAR	N�BeLQJv?Sf�BhE�] _H=�JvEVcYnp@ZIDRof�[DCF@�=
ϕ
f�NHN�f�Iq[KJA=�f�=`[3��L ] JA=�BDJARXPHLFJvEVJSB

EVcAnp@�IKR	f�[DCF@�=�B�fZEVR	CFBKBDCQPHLFJSB t!� f�=�BX?YJh?Sf�BSz�@�=�NHIK@�_HbZJhd`_HJ J(ϕ)
JSBq[�=5_HL t9� f�=�B_H=�EVJS_VlVCQGSRTJT[KJAR	N�BSz�@�=�?Y@Z=�BqCWEVGSIDJT_H=HJhEVcAnp@�IKRofx[DCF@�=

ϕ
d`_HJSLF?A@�=�d`_HJZz^R	f�CFB$@Z=

BDJvLFCQR	CQ[DJ�f�_Vl Bq@ZLQCWEVJ7B
M

?Y@Z=�Br[KC|[K_HcSBe_H=HCWd`_HJAR	JS=Z[�E^] _H=HJ�_H=HCF@�=�E^] CF=Z[KJAIKbxf�LFLQJ7B
npJAIKR	cSB t�( =V�m=�z�@Z=T?A@�=�BDCFEHGAIKJULFJ�?AfZB M = S1 t u J�?Sf�B�E^] _H=oBq@ZLQCWEVJ M d`_HJALW?Y@Z=�d`_HJ� ?A@�=�Bq[DCQ[D_�c�E^] _H=HJ/_�=HCQ@Z=�E^] CQ=`[KJAIKb{f�LQLFJSBhJY[�EHJv?YJSIK?ALQJ7B � =!] J7Br[3Nmf�B3f�Pm@ZIKEHJAI7zM?Af�ILWf	np@�IKR�_HLWfx[KCQ@Z=/EV_/IKcSBD_HLQ[Kfx[>JSBq[>f�BKBqJ$O�LWf�P;@�IKCQJS_�BqJ�JA[>=�] f�N�Nm@ZIq[KJ�N�f�B>E^] cALFcAR	JA=`[KB
=H@Z_Hb�J7f�_Vl t

�+���+���+����; 07( . � !�*<(+� 8/'�:615;�%9# '�! ;�(�1�#=0>06# 2/,4*

� @�=mBqCWEVcAIK@�=mB�_H=HJ�EVcYnp@ZIDRof�[DCF@�=-f�EHRTCWBKBqCFPHLFJ ϕ ∈ W 1,1(M ; R2) t � @Z_HIX[D@�_H[@�_�b�JAID[
U
EVJ

int(M) × int(M)
bZcAIKC|�mf�=`[ � + � z�CFL\JYlVCWBr[KJe_H=�J�f�NHNHLFCF?Sfx[DCF@�= u :

U → R
[KJALFLQJ�d`_HJ

Φϕ(x) = ∇u(x) Nm@Z_HI\[D@Z_V[ x ∈ U.
B5C
ω
J7Br[U_H=e?kw�f�R	NeEVJ�b�J7?g[DJS_HIkBMEVJ�ID@�[Kf�[DCF@�=H=HJSLm=5_HL^EVJ�Bq_�NHNm@ZIq[\CF=�?YLF_�B\EHf�=mB

U
z

@�=�f
∫

M×M

ω ∧ Φϕdx =

∫

U

ω ∧∇udx = −
∫

U

∇ ∧ (uω)dx

=

∫

∂U

u(n ∧ ω)ds = 0.

u f�n�f�R	CFLQLFJOb5CWEVJOf�NHN�f�Iq[KCQJS=Z[aEV@�=m?M�
ΓU (ϕ)

JA[
J(ϕ) = JU (ϕ) = 0 t <>=�f�R	@�=`[DIKJAId`_HJ

$�x���O�m47�p�7���;����:�� #
ϕ

;�� �$;�:6%&# */! % 	 , . *�! 0�*/132�,4*5(�*/0-(+� 8/'�:615;�%9# '�! 0�;+(�1�#=0>0># 2�,4*/0
A(j)

� ;�,4'�:>0
J(ϕ) = 0

�

�+���
���
����;�0-( . � ! 0�'�,�# (�*5(�*7% '�� '�,4'���# *�%&:6# � # ;�,4*

� �m=�E^] cAbxf�LQ_HJSI
J(ϕ)

z(CFL
=H@�_mBTn�f�_V[hEVcA[DJAIKR	CQ=�JAIoJYlVNHLFCW?YCQ[DJAR	JS=Z[
ΓU (ϕ) tU� JEVJSID=HCFJAI�EVcAN;JA=mE$np@�ID[DJSRTJS=`[9EVJMLWf\[K@�N;@�LF@�y�CFJ(EVJ

M t u JU?AfZB�LFJ(NHLF_�B9BDCFRTN�LQJU?Y@�=mBqCWBr[KJ�o?Y@Z=�BDCFEVcSIDJSI\_H=/Bq@ZLQCWEVJ
M

EV@�=`[�?kw�fZdZ_�J$?A@�R	N;@ZBKf�=`[DJ�?Y@Z=H=HJAl5J�J7Br[�BDCFRTN�LQJSRTJS=`[
?Y@Z=H=HJAl5JZz�?�] JSBq[���EHCQIKJ	LQ@ZIKBKd`_HJ

M
JSBq[�_H=HJo_H=�CQ@Z=�E^] CF=Z[KJAIKbxf�LFLQJ7B�npJAIKRTc7B t u Jh?AfZBE^] _H=HJ$[K@�N;@�LF@�y�CFJ�=H@�=�[DIKCFb`CWf�LFJ

M = S1 BqJSIKfTcA[D_�EVCFc�EHf�=�B\LFf	BDJS?Y[DCF@�=�Bq_HCFbxf�=`[DJ t
� @�R	R	JvL#] JA=�BDJARXPHLQJ�EVJ7B�EHcYnp@�IKRofx[KCQ@Z=�BhN;@ZBKBqc7EHf�=`[�EVJSB�f�_H[D@�j CF=Z[KJAIkBqJ7?g[KCQ@Z=�B[DIkf�=mBqbZJAIkBqJ7BaJSBq[OEVJA=mBqJ
JA[UE^] f�NHIKGSB(LQJ�LFJAR	R	J1+Hz�@�=	N;JA_V[\Bq_�NHNm@`BqJSISz`BDf�=�B�N;JAID[DJ�EHJ

y�cS=HcAIkf�LFCQ[Dc	dZ_�JXLFJSB�f�_V[D@�j#CF=`[DJAIkBDJS?g[KCQ@Z=�B�EHJ
ϕ
Bq@Z=`[>[KIKf�=�BqbZJAIkBqJ7B t u @ZIKBKd`_HJ M J7Br[

?Y@Z=�Bq[DCQ[D_Hc�E�] _H=�J�_H=HCF@�=�E^] CF=`[DJSIDbxf�LFLFJSB\npJSIDR	cSBSz�L#] JA=�BDJARXPHLQJ
ΓU (ϕ)

JSBq[>EVcY[KJAIKR	CQ=Hc
N�f�I
LFfTNHIK@�N;@ZBDC|[KCQ@Z=eBD_HCFb{f�=`[DJ t
$�x���O�m47�p�7���;���!:�� � ��� '�0�'�! 0 � �$*

M
0/'�#�% �>'�!$0>%&#�% �$��( . � !�*�� ! # '�! ( . #�! % *�:
��;�,�,4*/0

8/*�:615�/03(�#=0 ��'�#�!$%90�� � '�#�%
ϕ
� !�* (��98/'�:613;�%&# '�! :�� � � ,�#	�/:�* (�*

M
!�* � '�0 0��>(�;�!$% � �$*



���������
	��� � ��� ��� � ��� � �
� ����� � ����� ������ � � ����� ��� ��� ���� � ��� �  

(�*/0 ; � % '�� #�!$% */:>0�*��/%&# '�!$0 %9: ;�! 0
��*/:>0�*/0 */%
U

� ! '�� ��*�:6% (+*
int(M) × int(M)

% */,
� �$*

inf
x∈U

|rϕ(x)| > 0,

;�,�'�:>0
γ ∈ ΓU (ϕ)

06# *�% 0�* � ,4*/13*�!$% 0>#
∂γ ⊂ {U

*�% 06# �$'�� :3% '�� % * � '�1��$' 0�;�!$% *
�>'�! !�*	�
*

C
(�� �>'�1 ��,4��13*/! % ;�#�:�* (�*

U
(+'�! % , . #�! % *�:>0�*��/%&# '�! ;���*��

∂(M ×M) ∪
∆(M)

*/06% � # (�* � '�!);

∑

(x1,x2)∈r
−1
ϕ (0)∩C

s(x1, x2) = Card(γ(1) ∩ C) − Card(γ(0) ∩ C)

'��
s(x1, x2) = signe(det(ϕ̇(x1), ϕ̇(x2)))

�

$��+56�� +m: � @ZRTR	J ϕ =HJXNm@`BDBDGSEHJ�d`_HJ�EVJ7B�f�_H[D@�j CF=Z[KJAIkBqJ7?g[KCQ@Z=�B\[DIkf�=mBqbZJAIKJSBSzVL ] JA=Vj
BDJAR�P�LQJ

r−1
ϕ (0) \ ∆(M)

J7Br[	_H= JA=�BDJARXPHLQJe��=HC�EHJeN;@�CF=`[KBTR�_H=�CFB	E^] _H=HJ�@�IKCFJA=Vj
[Kf�[DCF@�= � bZ@�CFIhLWf�BqJ7?g[DCF@�= + t + t + � t � ��= EVJ/EVcA[DJAIKR	CQ=�JAI

ΓU (ϕ)
zM@Z= ?Af�LF?A_HLQJ�[K@�_V[

E^] f�P;@�IkE�Nm@Z_HI�[K@�_V[9?kwmf�R	N�CQIKIK@�[Kf�[DCF@�=H=�JAL
ω
EVJMBD_HNHN;@�ID[!CF=�?YLF_�B!E�f�=�B

U
L#] CQ=`[DcSy�Ikf�LFJ

∫
M×M (ω∧Φϕ)dx t5� f�=�B�_H=hEHJA_VlVCFGAR	J\[DJSRTNmBAzZ@�=oEVcY[KJAIKR	CQ=HJ ∫

γ(ω∧n)ds
Nm@Z_HI

[D@Z_V[�cSLQcSRTJS=`[
γ
EVJ

C1(M ×M)
EV@�=`[�LFJ�P;@�IkEeJ7Br[>CQ=�?ALQ_mB�EHf�=�B
LFJ�?Y@ZRTN�LQcSRTJS=Vj

[Kf�CQIKJeEHJ
U t ( =V��=!z�@Z=�?Y@ZR	N�f�IKJhLFJSBTEVJA_Vl�IKcSBD_HLQ[Kfx[kB�@ZPV[DJS=`_mBXf���=�E^] CFEHJA=`[DCQ��JAI

ΓU (ϕ) t
� @�_HI\[K@�_V[>cALFcAR	JA=`[ (x1, x2)

EVJ
r−1
ϕ (0) \∆(M)

zmCQL�JAlVCFBq[DJ�_H=�J�NmJA[DCQ[DJ�P;@�_�LQJ
B(x1, x2)

?YJS=Z[KIDcSJ�JS=
(x1, x2)

CF=�?YLF_�BDJ�E�f�=�BOLQJ$?Y@ZR	NHLQcSR	JA=`[Kf�CQIKJ�EVJ
U t <>=hNm@`BqJ

V = M ×M \


∆(M) ∪

⋃

(x1,x2)∈r
−1
ϕ (0)\∆(M)

B(x1, x2)


 .

B5@ZC|[
ω
_H=/?kwmf�R	N/EVJ�bZJS?g[KJA_HI>EVJ

M ×M
EV@Z=`[�LQJXBq_HN�Nm@ZIq[�J7Br[�CF=�?ALQ_�B>EHf�=mB

U t� @�R	R	J M×M J7Br[�_H=HJ(_�=HCQ@Z=�EVJO?A@�R	N;@ZBKf�=`[DJ7B�BqCFR	NHLFJAR	JA=`[9?A@�=H=HJAlVJ�zALFJM?kw�f�R	N
EVJ�bZJS?Y[DJA_�I

ω
J7Br[O_H=oy�Ikf�EVCFJA=`[ t V L�JAl5CWBq[DJ�EV@Z=�?
_H=HJ>f�NHNHLFCW?Afx[KCQ@Z= α : M ×M → R[DJSLQLFJhd`_HJ

ω = ∇α t�� J	NHLF_�BSz α N;JA_V[��A[DIKJ	?kw�@�CWBqC(EVJoBD@�ID[DJod`_HJ
α
BD@�CQ[$=5_HL(BD_HI

∂(M ×M) ∪∆(M) t <>=�JS=�EVc7EV_HCQ[�d`_HJ
∫

M×M

(ω ∧ Φϕ)dx =

∫

V

∇α ∧ Φϕdx =

∫

V

∇∧ (αΦϕ)dx

=

∫

∂V

α(Φϕ ∧ n)ds =

∫

∂V \∆(M)

α(Φϕ ∧ n)ds.

B5_HI�?kw�f�?A_H=HJ�EVJ7B�P;@�_HLFJSB
B(x1, x2)

zm@�=/f ∇α = ω = 0 t � CF=�BqC#z α JSBq[>?A@�=�Bq[Kf�=Z[
BD_HI�?kw�f�?A_H=HJ�EVJ�?AJSB\P;@�_HLFJSB\JA[

∫

M×M

(ω ∧ Φϕ)dx =
∑

(x1,x2)∈r
−1
ϕ \∆(M)

α(x1, x2)

∫

∂B(x1,x2)

(Φϕ ∧ n)ds.

<>I�?Y@ZR	RTJ$=H@Z_�B\L#] f{bZ@�=�B\EHf�=�B\LFf	BDJS?Y[DCF@�=X+ t + t +VzV@�=�f
∫

∂B(x1,x2)

(Φϕ ∧ n)ds = s(x1, x2),
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@ %
s(x1, x2) = signe(det(∇rϕ(x1, x2))).

<>=�f	EV@�=�?�NHIK@�_�b�JAI
d`_HJ
∫

M×M

(ω ∧ Φϕ)dx =
∑

(x1,x2)∈r
−1
ϕ (0)\∆(M)

α(x1, x2)s(x1, x2).

� @�=mBqCWEVcAIK@�=mB>_�=�cALFcAR	JA=`[ γ EVJ C1(M ×M)
EV@Z=`[�LQJoP;@�IkEvJ7Br[�CF=�?ALQ_�B�EHf�=�B�LQJ

?Y@ZR	NHLQcSR	JA=`[Kf�CQIKJhEVJ
U t <>=�f γ = (γj)j∈J1∪J2

z9@�%
γj

BD@�=`[XEVJ7B�f�NHNHLFCF?Sfx[DCF@�=mB
?Y@Z=`[DCF=`_�JSB�EVJ

[0, 1]
EHf�=�B

M ×M
BDC
j ∈ J1

JA[�EHJ
S1

EHf�=�B
M ×M

BqC
j ∈ J2

t<>=�Nm@`BqJ
γ(0) = ∪j∈J1

γj(0)
JY[
γ(1) = ∪j∈J1

γj(1) t <>=�f
∫

γ

(ω∧n)ds =

∫

γ

∇α ·ds =
∑

(x1,x2)∈γ(1)

α(x1, x2)−
∑

(x1,x2)∈γ(0)

α(x1, x2).
� 3 �

� CF=�BDC z
γ
f�N�N�f�ID[DCFJA=`[3�

ΓU (ϕ)
BqC�JA[eBDJA_HLFJAR	JA=`[3BDC�N;@�_HIh[D@�_H[DJvf�NHNHLFCF?Sfx[DCF@�=

αEVJ
M × M

��bxf�LQJS_HIKB�EHf�=�B
R
[DJSLQLFJ�dZ_�J ∇α = 0

BD_HI
{U

zUJA[
α = 0

Bq_�I
∂(M ×M) ∪∆(M)

zH@Z=if
∑

(x1,x2)∈r
−1
ϕ (0)\∆(M)

α(x1, x2)s(x1, x2)

=
∑

(x1,x2)∈γ(1)

α(x1, x2) −
∑

(x1,x2)∈γ(0)

α(x1, x2).

( =iE^] f�_V[KIDJ7BU[DJSIDR	JSBSz γ f�NHN�f�ID[DCFJA=`[
� ΓU (ϕ)
BDC^JY[�BDJA_HLFJAR	JS=Z[�BDC

∑

(x1,x2)∈r
−1
ϕ (0)∩C

s(x1, x2) = Card(γ(1) ∩ C) − Card(γ(0) ∩ C)

N;@�_HIT[D@Z_V[DJ�?Y@ZR	Nm@`BDf�=Z[KJe?A@�=H=HJAlVJ
C
EH_ ?Y@ZR	NHLQcSR	JA=`[Kf�CQIKJeEVJ

U
EH@�=`[TL#] CQ=`[DJSIqj

BDJS?g[KCQ@Z=�f{b�J7?
∂(M×M)∪∆(M)

JSBq[9b5CWEVJ t u f
��y�_HIKJ L IDJSNHIKcSBDJA=`[DJ(_�=�cALFcAR	JA=`[�EVJ
ΓU (ϕ)

@ %
ϕ
JSBq[MLWf�EVcYnp@ZIDRof�[DCF@�=	IDJSNHIKcSBDJA=`[DcSJ�Bq_HIMLFf$�my�_HIKJ=+ t <>=o�Tf�cSyZf�LQJSRTJS=`[IKJANHIKcSBDJA=`[Dc�LQJ7B�P;@�_HLFJSB

B(x1, x2)
JY[$L ] @�_�b�JAID[

U t F�@Z_�B>=�] f{bZ@�=�B�IDJSNHIKcSBDJA=`[Dc�d`_HJLWfT?A@�R	N;@ZBKf�=`[DJ�?Y@Z=H=HJAl5J
I1 × I2

EHJ
M ×M

d`_HC�JS=�?A@�R	NV[DJ�d`_�f�[DIKJ t
u f>EVcY[KJAIKR	CQ=�f�[DCF@�=�EHJ

ΓU (ϕ)
=H@Z_�B9NmJSIDR	JY[aEVJ\EV@�=H=�JAI�_H=HJMJAlVNHIDJ7BDBDCF@�=�P;JSf�_m?Y@�_�N

NHLF_�B�BqCFR	NHLQJ�EVJ
J(ϕ)

[D@Z_V[�EH_ R	@�CF=�B3LF@�IkBKdZ_�J
ϕ
=HJvN;@ZBKBqG7EVJ�d`_HJ�EVJSB�f�_H[D@�j

CF=Z[KJAIkBqJ7?g[KCQ@Z=�BO[DIkf�=�BDb�JSIKBDJSB tV� f�=�B
?YJ�?AfZBAzV@Z=if
J(ϕ) = inf

γ∈Γ (ϕ)
Lϕ(γ),

@ %

Γ (ϕ) =

{
γ ∈ C1(M ×M) :

∂γ ∩ int(M ×M \∆(M)) = r−1
ϕ (0) \∆(M)

}
.

� # �
F�@�[D@Z=�B>d`_HJ

∂γ
JSBq[>_H=�JA=�BDJARXPHLFJ���=HCaEVJTNm@ZCQ=`[kB>d`_�] @�=/N;JA_H[�RX_H=HCFI�E^] _H=HJX@�IKC|j

JA=`[kfx[DCF@�= ��Nm@`BqCQ[DCFb�J	N;@�_HI�LQJ7B$cALFcAR	JA=`[KB�EVJ
γ(1)

JY[�=�cAyZf�[DCFb�J	N;@�_HI�LFJSB�cSLQcSR	JA=`[KB
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b2

a2

b1a1

I2

I1

+

−

γ(0)

γ

γ(1)

�"�4������� � � � ��� � � ��� � �
ΓU (ϕ)

EVJ
γ(0) t)� f�I\L#] cSyZf�LQCQ[Dc ∂γ ∩ int(M ×M \∆(M)) = r−1

ϕ (0) \∆(M)
@Z=3JS=Z[KJA=�E

_H=HJ�cAyZf�LQCQ[Dc>EVJSBOEVJA_Vl	JA=mBqJSR�PHLFJSBSz�Rof�CWB(cSyZf�LQJSRTJS=`[MEVJSBOBqCFy�=HJ7B(f">�JS?Y[Dc7BM��?kw�fZd`_HJ
cALFcAR	JS=Z[ tu ] JYlVNHIKJSBKBDCQ@Z= @�PV[KJA=5_HJ�?Y@�� =m?YCWEVJ�f{b�JS?�?YJSLQLFJ�CQ=`[KID@VEV_HCQ[DJ�EHf�=�B�=H@�[DIKJ�cA[D_�EHJ
wHJS_HIDCWBq[DCWdZ_�JhEHf�=�B�LQJh?Sf�B�E^] _H=HJhCF=`[DJSIKBDJS?Y[DCF@�=�BqCFR	NHLQJ t9� JhNHLF_�BSz�JALFLQJhfZBDBD_HIKJodZ_�JBDC
ϕ
JSBq[UIKcAyZ_HLQCFGAIKJ�JA[
=HJ>N;@ZBKBDGSEVJ$d`_HJ�EHJSB\f�_V[K@�j CQ=`[KJAIkBqJ7?g[DCF@�=mB([KIKf�=�BqbZJAIkBqJ7BAz`f�LF@�IkB

J(ϕ)
J7Br[O��=HC t u f�N;cA=mf�LFCFBKfx[KCQ@Z= J =!] J7Br[
EV@�=m?�N�fZB(LWf�N;cA=�f�LQCWBDf�[DCF@�=	[KIDCFb5CFf�LQJZzZ=5_HLFLQJBD_HI$LQJ7B�EVcYnp@ZIDRofx[KCQ@Z=�B$f�EVR	CWBDBDCFPHLQJ7BAz�CF=V��=HCFJoBq_�I�LQJ7B�EHcYnp@�IKRofx[KCQ@Z=�B�=H@�=�f�EVR	CWBDBDCQj

PHLFJSB t!� JhNHLF_�BAz J JSBq[�?Y@Z=`[DCF=`_�JhBq_HI�L ] JA=�BDJARXPHLFJ	EHJSB�EVcAnp@�IKRofx[DCF@�=mB�[DIkf�=�BDb�JSIKBDJSBSz
R�_�=HC!EVJ$LWfT[D@�N;@�LF@�yZCQJ

W 1,1 t
�+���
���+����;�0-( � �>*/: ��,4*

� f�=�BaLFJ�?AfZBa@ % M = S1 z�@�=	N;JA_V[OBD_HCFb5IDJ\_H=	Ikf�CWBq@Z=H=HJAR	JS=Z[(BDCQR	CFLFf�CQIKJ
��?YJSLQ_HCJ/>�JS?Y[D_Hc$EHf�=�BMLWfTBqJ7?g[DCF@�=3NHIDc7?Yc7EVJA=`[DJ tV� JSNmJS=�EHf�=Z[7z5LFfX?Af�Ikf�?Y[DcSIDCWBDf�[DCF@�=oEVJ ΓU (ϕ)JSBq[�_H=�NmJS_�N�LQ_�B�EHcALFCF?Sfx[DJ	JA[$=�cS?YJ7BDBDCQ[DJ	L ] CF=Z[KID@VEV_m?g[DCF@�=�EVJod`_HJALWd`_HJSB�EVcA��=HCQ[DCF@�=�B
BD_HNHNHLFcAR	JA=`[kf�CFIDJ7B t F�@�[K@�=�B�[D@Z_V[�E�] f�Pm@ZIKE/d`_HJTE^] f�NHIKGSB�LFf3NHID@ZNHIKCQcA[Dc�EVJTBr[kf�PHCFLFC|[Kc
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S1

S1

B+
0

B−
0

Γ−
0

����� ���$��� � � � � � � � ��� � � � �	�
B−

0

� �
B+

0

� �
S1

× S1

EVJ
ΓU (ϕ)

N�f�I�Ikf�NHN;@�ID[��
ϕ
� LFJAR	R	JR+ � CFL�Bq_ %	[�EVJX?A@�=�BDCWEVcAIKJAI>LQJ7B>CFR	R	JAIkBqCF@�=�B

ϕ
E^] f�_H[D@�j CF=Z[KJAIkBqJ7?g[KCQ@Z=�BO[DIkf�=�BDb�JSIKBDJSB t0( =�JM>;JA[SzHJSLQLFJSBOnp@�IKR	JA=`[
_H=iBq@Z_�Bqj#JS=�BqJSR�PHLFJEVJS=�BqJ>EVJSBanp@Z=�?g[KCQ@Z=�BM?A@�=`[DCF=5_HJSB t�� @�_�IMEVJ
[KJALFLQJ7BMEVcAnp@�IKR	f�[DCF@�=�BSz�CFL�JAl5CWBq[DJ�_H=oN;JY[KC|[IKcAJAL�N;@ZBDC|[KC|n

ε
[DJSL�d`_HJ>N;@�_�I\[D@�_H[

s ∈ S1 zVLWf�IKJSBq[DIKCF?Y[DCF@�=�EVJ ϕ � ]s− ε, s+ ε[
JSBq[

CF=x�rJS?Y[DCFb�J t <>=o=H@�[KJ B0
LFJ�b�@ZCFBDCF=�f�yZJ\?A@�R	N�fZ?g[MEVJ>LFf�EHCFf�y�@�=mf�LFJ\EHJ

M ×M EVcA��=HC
N�f�I

B0 = {(x1, x2) ∈ S1 × S1 : |x1 − x2| ≤ ε/2}.
u ] JA=mBqJSR�PHLFJ

B0 \∆(S1)
N;@ZBKBqG7EVJ�EVJA_Hl�?Y@ZR	Nm@`BDf�=Z[KJSB\?Y@Z=H=HJAl5J7BU=H@�[KcAJSB

B+
0 = {(x1, x2) ∈ S1 × S1 : ε/2 ≤ x1 − x2 ≤ 0}

JY[
B−

0 = {(x1, x2) ∈ S1 × S1 : ε/2 ≤ x2 − x1 ≤ 0}.
<>=�=H@�[DJ

Γ−
0

LFf>?Y@�R	N;@ZBKf�=`[DJO?Y@�=�=HJYlVJOEHJOLWf
npIK@�=`[DCFGAIKJMEVJ
B−

0

=H@�=XcAyZf�LQJO�
∆(S1)

z
?�] JSBq[��	EVCFIDJ

Γ−
0 = {(x1, x2) ∈ S1 × S1 : ε/2 = x2 − x1}.

u J7BUJA=�BDJARXPHLQJ7B
B±

0

BD@�=`[OIKJAN�IDc7BqJS=Z[KcSBUBq_�IOLWf��my�_HIKJ5, t <>=�f�NHN;JALFLQJ�LFJ>=H@ZR�PHIKJ>EHJ[D@Z_HIkB\J/>�JS?g[K_HcSB�N�f�I
ϕ
L#] JA=`[DCFJAI

]ϕ = (2π)−1

∫

Γ−

0

(∇rϕ(Φ(rϕ)) ∧ n)ds.

� *�13;�: � �$* ��� u ] JA=`[DCFJAI
]ϕ

=�] JSBq[
f�_V[DIKJ>d`_HJ$LFJ>=�@�R�P�IDJ$EVJ>[D@�_�IKBUJ/>�JS?Y[D_Hc7B\N�f�IULWf
[Kf�=Hy�JS=`[DJ��

ϕ
JY[�=�J�EVcAN;JA=�E�N�fZB
EVJ

ε t
u f���y�_HIKJ 9 IKJANHIKcSBDJA=`[KJA=`[3EVJSB3CQR	R	JAIkBDCQ@Z=�B3EVJ

S1 EV@Z=Z[�LQJv=H@�RXPHIDJ/EHJ/[D@Z_HIkB
J/>�JS?Y[D_Hc7B
JSBq[
cAy`f�LFJ�IKJSBDN;JS?g[KCQbZJAR	JA=`[��T_H=�JY[�EVJS_Vl t
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� ����� � ����� ������ � � ����� ��� ��� ���� � ��� � �

���������$��� ��� � 
 � � ����� � � 	 � 
 	 ���I����� 	�� � �
��� � ��� � � �>��� �� ��
 �

$�x���O�m47�p�7���;�	��:�� '�#�%
ϕ
� !�* (+� 8/'�:615;�%9# '�! : � � � , #	��:�* (�*

S1 !�* �$' 0>0��>(�;�!$% � �$*
(�*/07;�� % '�� #�! % *�:>0�*���%&# '�! 0 %&:�;�!$0
� *�:>0�*60-*/%

U
� ! ' � � *�:6% (+*

S1 × S1 % *�,�� �$*

inf
x∈U

|rϕ(x)| > 0.

� '�#�%
γ
� ! ��,4��15*�!$% (+*

C1(M ×M)
(�'�!$% ,4*/0<#�! % *�:>0�*��/%&# '�!$03;�� *��3,�; (�# ; �
'�!�;�,4*

∆(S1)
0�'�!$%"%9:�;�! 0
��*/:>0�*/0 ��;�,�'�:>0

γ
;�� �$;�:6%&# */! %�	

ΓU (ϕ)
0>#	*�%	0�* � ,4*�13*/! % 0>#

∂γ ⊂
{U

� 06# �$'�� :5% '�� % * �>'�1 � '�0�;�!$% * �>'�!$!�* ��*
C

(�� �>'�1 ��,4��13*/! % ;�#�:�* (�*
U

(�'�! % ,�.
#�!$% *�:>0/*���%9# '�!);�� *��

∆(S1)
*/0>% � # (+*
� '�!);

∑

(x1,x2)∈r
−1
ϕ (0)∩C

s(x1, x2) = Card(γ(1) ∩ C) − Card(γ(0) ∩ C)

'��
s(x1, x2) = signe(det(ϕ̇(x1), ϕ̇(x2)))

*/% 06# � (�;�!$0-,4* �>; 0�' � ,4; �>'�1 � '�0�;�!$% *
C0

(+*
{U \∆(S1)

�>'�!$% *�!�;�! %
B−

0

!�* � '�!$%&# */! % �$; 0
B+

0

� '�! ;

]ϕ− ]j
M

+
∑

(x1,x2)∈r
−1
ϕ (0)∩C0

s(x1, x2) =

Card(γ(1)∩C0)−Card(γ(0)∩C0)+
∑

γ(t)∈∆(S1)

signe

(
det

(
γ̇(t),

(
1
1

)))
.

� *�13;�: � �$* �
� u J>n�f�CQ[�EVJ�Bq_HN�Nm@`BqJSIUd`_HJ$LFJSBUCQ=`[KJAIkBqJ7?g[DCF@�=mBOEVJ
γ
f{b�J7?

∆(S1)
Bq@Z=`[

[DIkf�=mBqbZJAIkBqJ7B
=HJX?A@�=�Bq[DCQ[D_�JXN�fZB�_�=HJ�IKJSBq[DIKCF?Y[DCF@�=/CFR	Nm@ZIq[kf�=`[DJ t ( =vJ/>�JY[7z;[D@�_H[>cALFcYjR	JA=`[UEHJ
ΓU (ϕ)

NmJS_V[O�A[DIKJ�f�N�NHID@V?kwHc
N;@�_�IMLWf�[D@ZNm@ZLQ@Zy�CFJ C0
N�f�IM_H=HJ�f�NHN�LQCW?Af�[DCF@�=

γ
IDcSy�_HLFCQGSIDJ7B�E^] CF=Z[KJAIkBqJ7?g[KCQ@Z=�B�[KIKf�=�BDb�JAIkBDJSB�f{bZJS?oLWf�EHCFf�y�@�=mf�LFJ

∆(S1) t � CF=�BDC zaLWfNHIK@�N;@ZBDC|[KCQ@Z= 3 NmJS_V[TBS] f�NHNHLFCWdZ_�JAI���[K@�_V[XcALFcAR	JA=`[TEHJ
C1(S

1 × S1)
d`_HCQ[q[DJ��iLFJ

N;JAID[D_HIKPmJSI
LQcSy�GSIDJSRTJS=`[ t
$��+56�� +m: � @ZRTR	JhN�IDc7?YcSEHJAR	R	JA=`[Sz�@Z=-f�BKBq@V?ACQJo�/?kw�fZd`_HJocALFcAR	JA=`[XEHJ (x1, x2)EVJ

r−1
ϕ (0) \∆(S1)

_�=HJ	NmJA[DCQ[DJ	Pm@Z_HLFJ
B(x1, x2)

?AJA=`[DIKcAJXJA=
(x1, x2)

?A@�=`[DJS=5_HJ



� � ���������	��
���������

EHf�=�B\LQJ�?A@�R	NHLFcAR	JA=`[kf�CFIDJ$EVJ
U t <>=�N;@ZBDJ

V = S1 × S1 \


B0 ∪

⋃

(x1,x2)∈r
−1
ϕ (0)\∆(S1))

B(x1, x2)


 .

B5@ZC|[
ω
_H=�?kw�f�R	N3EVJ�b�J7?g[KJA_HIkBOEHJ

S1 ×S1 EHJ�BD_HNHN;@�ID[OCF=�?YLF_�B\EHf�=�B U JY[
EVJ�ID@�j
[Kf�[DCF@�=H=�JALV=5_HL t u JUn�f�CQ[(dZ_�J ω Bq@ZC|[�=5_HLHBD_HI ∆(S1)

JY[(EVJ
IK@�[Kf�[DCF@�=H=�JAL`=`_�LHCQR	NHLFCWdZ_�J
d`_�] CQL;JYlVCWBr[KJ�_H=HJ�np@�=�?Y[DCF@�=

α
EVJ
S1 ×S1 \∆(S1)

E�f�=�B
R
[DJALFLFJ>d`_HJ

ω = ∇α tV� JNHLF_�BSz`@Z=hN;JA_V[
?kwH@�CWBDCQI
α
EHJ�[DJSLQLFJ$Bq@ZIq[KJ�d`_HJ�LWf�IKJSBq[DIKCF?Y[DCF@�=3EHJ

α
�
B+

0

Bq@ZC|[U=5_HLQLFJ t<>=�f
∫

S1×S1

(ω ∧ Φϕ)dx =

∫

∂V

α(Φϕ ∧ n)ds

= α(B−
0 )

∫

Γ−

0

(Φϕ∧n)ds+
∑

(x1 ,x2)∈r
−1
ϕ (0)\∆(S1)

α(x1, x2)

∫

∂B(x1,x2)

(Φϕ∧n)ds

= α(B−
0 )(]ϕ− ]j

M
) +

∑

(x1,x2)∈r
−1
ϕ (0)\∆(S1)

α(x1, x2)s(x1, x2).

� J�NHLF_�BAz`BqC γ J7Br[(_H=3cALFcAR	JA=`[MEVJ C1(S
1×S1)

[DJSLmd`_HJ
∂γ ∈ {U

JY[OEH@�=`[ML#] CFRof�y�J
JSBq[�CF=�?YLF_�BDJ$E�f�=�B

S1 × S1 \∆(S1)
zH@�=if

∫

γ

(ω ∧ n)ds =
∑

(x1,x2)∈γ(1)

α(x1, x2) −
∑

(x1,x2)∈γ(0)

α(x1, x2).

<>=�JA=�EVc7EV_HCQ[Td`_�] _H=�[DJSLMcSLQcSRTJS=`[XEVJ
C1(S

1 × S1)
f�NHN�f�ID[DCFJA=`[��

ΓU (ϕ)
BDCMJY[

BDJA_HLFJAR	JA=`[!BDC�N;@�_HI�[D@�_H[DJM?A@�R	Nm@`BDf�=`[DJ
C
EV_�?Y@ZRTN�LQcSRTJS=`[Kf�CFIKJaEHJ

U
=�JM?Y@Z=Z[KJA=�f�=`[

N�fZB
∆(S1)

zH@�=if
∑

(x1,x2)∈r
−1
ϕ (0)∩C

s(x1, x2) = Card(γ(1) ∩ C) − Card(γ(0) ∩ C)

JY[�BDC(LWf�?Y@�R	N;@ZBKf�=`[DJo?A@�=H=HJAlVJ
C0

EVJ
{U \ ∆(S1)

?Y@Z=Z[KJA=�f�=`[
B−

0

=HJh?Y@Z=Z[KCQJS=`[
N�fZB

B+
0

zH@Z=�f

]ϕ− ]j
M

+
∑

(x1,x2)∈r
−1
ϕ (0)∩C0

s(x1, x2) = Card(γ(1) ∩C0)−Card(γ(0) ∩ C0).

� J7Br[KJT��?Y@Z=�BqCWEVcSIDJSI>LFJT?Sf�B$E^] _H=vcSLQcSR	JA=`[ γ EHJ C1(S
1 × S1)

[KJAL�d`_HJ
∂γ ∈ {URof�CWB
EV@�=`[
L#] CFRof�y�J$CF=`[DJAIkBDJS?g[KJ$LFf	EVCWf�yZ@�=�f�LQJ

∆(S1)
EVJ
S1 × S1 t � ��=iE^] cAbxf�LF_HJAI

∫
γ(ω ∧ n)ds

z;@Z=vN;JA_V[�BDJXIkf�R	JS=HJAI$f�_�?Af�B>NHIKcS?AcSEVJS=Z[ tA& @Z_V[$E�] f�Pm@ZIKE^z^d`_HCQ[q[KJT�N;JAID[D_HIKPmJSIaLQcSy�GAIKJAR	JS=Z[
γ
zx@Z=�N;JA_V[(BD_HNHN;@ZBDJAI�d`_HJUL ] CQ=`[KJAIkBqJ7?g[DCF@�=XEVJ

γ
f{bZJS?

∆(S1)JSBq[a[DIkf�=�BDb�JSIKBDJ t:( =V�m=�z�?kw�fZdZ_�J\?A@�_HIKP;J γi CQ=`[KJAIkBqJ7?g[Kf�=`[aLWf$EVCWf�y�@Z=�f�LFJ ∆(S1)
N;JA_V[

�Y[KIDJUEVcS?A@�R	N;@ZBDcAJ(JS=�NHLF_�BqCFJA_�IKB�?Y@Z_HIDP;JSB
γ̃j
EHJ

[0, 1]
�
bxf�LQJS_HIKB�EHf�=�B

S1×S1 [DJSLQLFJSBd`_HJ
γ̃j(]0, 1[)

BD@�CQ[$CF=�?ALQ_�B�EHf�=�B
S1 × S1 \ ∆(S1) t ( =�N;JAID[D_HIKP�f�=`[�LFcAy�GSIDJSR	JA=`[?kw�fZ?Y_H=HJ�EVJv?YJ7B3?A@�_HIKPmJ7B � JA= yZIDCFy�=H@�[Kf�=Z[oLFJA_HIkBhJAl5[DIKcAR	C|[KcSB � zO@�=�@�PH[DCFJA=`[e_H=�J
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n�f�R	CFLQLFJ
γ̃
EVJ

C1(S
1 × S1)

z�[KJAL\dZ_�J
∂γ̃ ∈ {U

EV@Z=Z[XL ] CQRof�y�JhJ7Br[�CF=�?ALQ_�BDJ3EHf�=�B
S1 × S1 \∆(S1) tm� J�NHLF_�BSzH@�=�f

∫

γ

(ω ∧ n)ds =

∫

eγ

(ω ∧ n)ds.

� CF=�BDC z
γ
f�NHN�f�ID[DCFJA=`[\�

ΓU (ϕ)
BDC�JY[�BDJA_HLFJAR	JA=`[
BqC

γ̃
f�N�N�f�ID[DCFJA=`[
�

ΓU (ϕ) t ( =H��=�zN;@�_HIa[K@�_V[KJ�?Y@�R	N;@ZBKf�=`[DJ
C
EV_o?Y@�R	NHLFcAR	JS=Z[kf�CFIDJ\EVJ

U
=HJ
?Y@�=`[KJA=�f�=Z[�N�fZB

∆(S1)
z

@�=�f

Card(γ̃(1) ∩ C) − Card(γ̃(0) ∩ C) = Card(γ(1) ∩ C) − Card(γ(0) ∩ C),

JY[�BDC
C0

JSBq[
LFf	?A@�R	Nm@`BDf�=`[DJ�?Y@Z=H=HJYlVJ�EVJ
{U \∆(S1)

?Y@Z=`[DJA=mf�=`[
B−

0

zH@Z=�f

Card(γ̃(1) ∩ C0) − Card(γ̃(0) ∩ C0),=

Card(γ(1)∩C0)−Card(γ(0)∩C0)+
∑

γ(t)∈∆(S1)

signe

(
det

(
γ̇(t),

(
1
1

)))
.

<>=iJA=/EHcSEV_HCQ[�d`_�] _H=icSLQcSRTJS=`[
γ
EVJ

C1(S
1 × S1)

[KJALad`_HJ
∂γ ∈ {U

f�NHN�f�Iq[KCQJS=Z[
�
ΓU (ϕ)

BqC�JA[
BDJA_�LQJSRTJS=`[\BDC�Nm@Z_HIU[D@�_H[DJ$?Y@�R	N;@ZBKf�=`[DJ
C
EV_�?Y@ZR	NHLQcSR	JA=`[Kf�CQIKJ>EVJ

U
=HJ�?Y@Z=Z[KJA=�f�=`[\Nmf�B

∆(S1)
zH@Z=if

∑

(x1,x2)∈r
−1
ϕ (0)∩C

s(x1, x2) = Card(γ(1) ∩ C) − Card(γ(0) ∩ C)

JY[�BDC(LWf�?Y@�R	N;@ZBKf�=`[DJo?A@�=H=HJAlVJ
C0

EVJ
{U \ ∆(S1)

?Y@Z=Z[KJA=�f�=`[
B−

0

=HJh?Y@Z=Z[KCQJS=`[
N�fZB

B+
0

zH@Z=�f

]ϕ− ]j
M

+
∑

(x1,x2)∈r
−1
ϕ (0)∩C0

s(x1, x2) =

Card(γ(1)∩C0)−Card(γ(0)∩C0)+
∑

γ(t)∈∆(S1)

signe

(
det

(
γ̇(t),

(
1
1

)))
.

� @�R	R	J�EHf�=�B
LFJ�?Af�B
EHJ�LFfoBDJS?Y[DCF@�=�NHIKcS?Yc7EVJA=`[KJ�zHBDC ϕ =�J�Nm@`BDBDGSEVJ�d`_HJ�EHJSB�f�_V[D@�j
CF=Z[KJAIkBqJ7?g[KCQ@Z=�BO[DIkf�=�BDb�JSIKBDJSBSz5@�=�JA=�EVcSEV_�C|[�L#] JYlVNHIKJSBKBqCF@�=�EVJ

J(ϕ)
Bq_HCFbxf�=`[DJ

J(ϕ) = inf
γ∈Γ (ϕ)

Lϕ(γ),

@ %

Γ (ϕ) =

{
γ ∈ C1(S

1 ×S1) : ∂γ ∩ int(S1 ×S1 \∆(S1)) = r−1
ϕ (0) \∆(S1)

JA[
]ϕ − ]j = N(γ)

}
,

� S �



� � ���������	��
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'
+

−
−

−

��������� � �7� � 	 ��� � �
N(γ)

JY[

N(γ) = Card(γ(1) ∩ B−
0 ) − Card(γ(0) ∩ B−

0 )

+
∑

γ(t)∈∆(S1)

signe

(
det

(
γ̇(t),

(
1
1

)))
.

� *�13;�: � �$* ��� u ] JYlVNHIKJSBKBqCF@�=-EHJ
N(γ)

=!] J7Br[	bxf�LWf�PHLFJ3d`_HJeBDCUL ] CQ=`[KJAIkBqJ7?g[DCF@�= EVJ
γf{b�J7?

∆(S1)
JSBq[([DIkf�=�BDb�JSIKBDJ t�� JSNmJS=�EHf�=`[7z�JALFLQJ�JSBq[MBr[kf�PHLFJ�Bq@Z_�B(EVJ
N;JY[KC|[KJSBMNmJSIq[K_HIqjP�f�[DCF@�=�B C0 EVJ γ JY[OL#] f�NHNHLFCW?Afx[KCQ@Z= N(.)

N;JA_V[U�Y[KIDJ>NHID@ZLQ@Z=Hy�cSJ
EVJ�Rof�=�CQGSIDJ�_�=HCFd`_HJ
�o=�] CFRTN;@�ID[DJXdZ_�JAL�cALFcAR	JA=`[

γ
EVJ

C1(S
1 × S1)

[KJALadZ_�J
∂γ ⊂ r−1

ϕ (0) t u J�?Sf�LW?Y_HLEVJ
N(γ)

J7Br[$CQLFLF_�Br[KIDcTN�f�I>LWfo��yZ_HIKJ 3 @�%/@�=�fhIKJANHIKcSBDJA=`[Kc�_H=vcSLQcSR	JA=`[
γ
E^] _H=HJ

N�f�Iq[UJY[
_H=HJ�NmJSIq[K_HIKP�fx[KCQ@Z=3EVJ$?YJ$EVJAIK=HCFJAI\E^] CF=`[DJSIKBDJS?Y[DCF@�=o[KIKf�=�BqbZJAIkBqJ>f{b�JS?
∆(S1)E^] f�_V[KIDJ	N�f�Iq[ tA( =H��=�z!@Z=�f�CF=�EVCWd`_Hc	LQJhBDCQyZ=HJoEVJo?kw�f�?A_H=HJoEVJ7B�?Y@�=`[KIDCFPH_V[KCQ@Z=�B$�

N(γ) t BV_HI�L#] JAl5JSR	NHLQJ	IKJANHIKcSBDJA=`[Kc�z N(γ) = −2 t B5JA_HLM_H=HJ	N�f�ID[DCFJoEV_�b�@ZCFBDCQ=mf�y�JEVJ
∆(S1)

JSBq[�IKJANHIKcSBDJA=`[Dc t
�+���
� � � � *607; � %9:�*/0 � ;�0������

B5CHL#] CQ=`[DIK@VEV_�?Y[DCF@�=oE^] f�NHNHLFCW?Afx[KCQ@Z=�B(EVJ
S1

��b{f�LQJS_HIkB(EHf�=mB
M×M EHf�=�B�LWf�EVcYn j

CF=HC|[KCQ@Z=3EVJ
C1(M ×M)

BA] JSBq[Of{bZcAIKcAJ
CF=`_H[DCFLQJ�EHf�=�BMLQJ7BM?Sf�B(cA[D_�EHCQc7B^�r_�BKd`_HJ�LW�HzZJALFLQJ
BS] f{bZGAIKJ(=HcS?AJSBKBDf�CQIKJMN;@�_�IaE�] f�_V[DIKJSBaBDC|[K_�fx[KCQ@Z=�B�NHLQ_mB�?Y@�R	NHLFJYlVJ7BAzx?Y@ZR	RTJ\?YJSLQLFJ\E^] _�=
BD@�LFCFEVJ

M
?A@�=�Bq[DCQ[D_Hc(EHJMEVJA_Hl$?AJAIk?YLFJSB t � ��=�E�] �A[DIKJ(NHLF_�B�NHIKcS?ACFBSzYCFL�n�f�_�EVIkf�CQ[!?Af�LW?Y_�LQJSI

ΓU (ϕ)
EHf�=�B�LFJT?Sf�B�y�cA=�cAIkf�L t�� JAN;JA=mEHf�=`[Sz;LFJSB>IDc7Bq_HLQ[Kf�[KB>EVJAb5CFJA=H=HJS=`[�f�BKBDJMO�[KJS?kwVj=HCWd`_HJSB���cS=H@�=m?YJAI�JY[�=�] f�NHN;@�ID[DJS=`[�N�f�B�b5Ikf�CFR	JA=`[�E^] cS?YLWf�CFIkf�y�J	BD_HNHNHLFcAR	JA=`[kf�CFIDJ7B

BD_HIO=�@�[DIKJ�R	cA[DwH@VEVJ$EVJ�NmcS=�f�LFCFBKfx[KCQ@Z= t F�@�_mBMNHIKcYnpcSID@Z=�BUBqCFR	NHLQJSR	JA=`[UCFLFLQ_�Bq[DIKJAIUN�f�I_H=�JYlVJAR	NHLFJ�d`_�] @Z=e=�J�N;JA_H[�BqJ$IKJY[DIKJACF=�EVIKJ$f�_Vlon�f�RTCFLFLQJ7B
E^] f�NHNHLFCF?Sfx[KCQ@Z=�B
EVJ
[0, 1]EHf�=�B

M ×M
LF@�IkB�EVJ�LFfhEHcY��=HCQ[DCF@�=/EHJ

C1(M ×M)
JA[>d`_�] CQL9JSBq[�=HcS?AJSBKBDf�CQIKJ�EVJ

?Y@Z=�BDCFEVcSIDJSIMcSyZf�LFJAR	JS=Z[ULQJ7BOf�NHNHLFCF?Sfx[KCQ@Z=�BOEHJ
S1 EHf�=mB M ×M

fx��=eE^] J7BqN;cAIKJAIU_H=HJ
N;cA=�f�LQCWBDf�[DCF@�=�?Y@ZIDIKJS?Y[DJ t

B5@ZC|[
M

LQJ$BD@�LFCFEVJ�?Y@Z=�Br[KC|[K_Hc$EVJ�EHJA_Vl3?AJAIk?YLFJSB
M1 = S1 JA[ M2 = S1 + (0, 2).B5@ZC|[

ϕ
LWf/EVcAnp@�IKRofx[DCF@�=�EVJ

M
EH@�=`[XLWfiIKJSBq[DIKCF?Y[DCF@�=��

M1
JSBq[�_H=HJewH@�R	@�[DwHcA[DCFJ
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ϕ

��������� � � � � � � � � 
� � � � �
� ���
� �
� � � � � � � ���

EVJ�?Y@5JM%o?ACQJS=`[
1/2

JA[�EV@�=`[
LFfTIKJSBq[DIKCF?Y[DCF@�=��
M2

J7Br[
_H=�J>[KIKf�=�BDLFf�[DCF@�=eEHJ�bZJS?Y[DJA_�I
−(0, 2)

� bZ@�CFI
LFfT�my�_HIKJ # � t F�@�[K@�=�B
d`_HJ U = M1 ×M2
JSBq[�_H=�@�_HbZJAID[\bZcAIKC|�;f�=`[

LWf�?Y@Z=�EVCQ[DCF@�= � + � t5� J�NHLQ_mBAzZ[D@Z_V[DJ>n�f�R	CFLQLFJ�EHJ>?Y@Z_HIKPmJ7B γ EVJ [0, 1]
EHf�=�B

M1 ×M2[DJSL9d`_HJ
∂γ ⊂ ∂U

J7Br[�b5CWEVJ t B5C!@Z=�=�J�IDJA[DJA=mf�CQ[�dZ_�J�?YJ$[r�5N;J�EVJ$n�f�R	CFLQLFJSB�EHf�=�B�LFfEVcA��=HCQ[DCF@�=�EVJ
C1(M×M)

zS@�=�f�_�IKf�C|[
J(ϕ) = +∞ z7?YJMd`_HC`=�] JSBq[!N�fZB!BKfx[DCWBqn�f�CWBDf�=Z[ t

� f�I�?Y@Z=`[DIKJ�z7@�=�N;JA_H[abZcAIKC|�mJAIadZ_�JON;@�_HI�[K@�_V[�cALFcAR	JS=Z[ a EVJ M2
z7LWf�?Y@�_�IDP;JMnpJSIDR	cSJ

γ = (−M1) × a
f�NHN�f�Iq[KCQJS=Z[��

ΓU (ϕ)
E^] @�%�@�=�EVcSEV_�C|[�d`_HJ

J(ϕ)
J7Br[
��=�C t

�+� ������* � � 8/;�1<#�,�,4*/0<(�*��$�/!�;�, #=0�;�%9# '�!

u f�np@�=�?Y[DCF@�=�EHJON;cA=�f�LQCWBKfx[DCF@�=
J
d`_HJO=H@�_mB9f{bZ@�=�B!CQ=`[DIK@VEV_HCQ[�N�IDc7BqJS=Z[KJMd`_HJALWd`_HJSB

CF=�?Y@Z=`bZcA=HCFJA=`[kB t ( =�N�f�ID[DCW?Y_HLFCFJAI7z;R	�SRTJ	BDC�JALFLQJTJSBq[$?A@�=`[DCF=5_HJ	Bq_HI$L#] JS=�BDJAR�P�LQJ	EVJSBEVcAnp@�IKR	f�[DCF@�=�B>E^] f�_V[K@�j CQ=`[DJSIKBDJY[KCQ@Z=�[DIkf�=�BDb�JSIKBDJSBSzVJALFLQJX=�] JSBq[>N�fZB�EVcSIDCFbxf�PHLFJ�z;?YJXd`_HC
E^] _H=�N;@�CF=`[aEHJOb5_�=5_HR	cSIDCWd`_HJOJ7Br[�[DIKGSB9w�f�=�EVCW?Af�Nmf�=`[ t � CF=�BDC z{N;JA_V[�CFL5BS] f{b�cAIKJAI!_V[DCFLQJE^] CQ=`[KID@VEV_HCFIKJ>E^] f�_V[KIDJ7B�np@Z=�?g[KCQ@Z=�BOEHJ�N;cA=�f�LQCWBDf�[DCF@�= t V EVc7f�LFJAR	JA=`[SzZ_H=HJ>np@�=�?Y[DCF@�=3EHJN;cA=�f�LQCWBDf�[DCF@�=

T
EHJAb5IKf�C|[\b�cSIDCQ��JSI
LQJ7B\NHID@ZNHIKCQcA[DcSB\BD_HCFb{f�=`[DJSB

� t T (ϕ) = 0
BDC�JY[�BDJA_�LQJSRTJS=`[
BDC

ϕ ∈ A(j
M

),+ t T BDJAR	CW?Y@Z=Z[KCQ_�J�CF=VnpcSIDCFJA_HIKJAR	JS=Z[
N;@�_HI�LFfX[D@ZNm@ZLQ@Zy�CFJ C0
z

� t T EHcAIKCQbxf�P�LQJZz
L t T (ϕ)

CF=�EVcAN;JA=mEHf�=`[�N�f�I
IDJSN�f�Ikf�R	cY[KIDCWBKfx[DCF@�=eEVJ
ϕ t

u fTR	@�[KCQbxf�[DCF@�=�CQ=�C|[KCFf�LQJ�EVJ�=�@�[DIKJ$[DIkf{bxf�CFL�Nm@ZIq[KJ�Bq_HI
LWf	IKcSBD@�LF_V[DCF@�=�EVJ�NHIK@�PHLFGAR	J7BEVJXRTCF=HCFR	CFBKfx[KCQ@Z=vN;@ZBDcSB�Bq_HI>L ] JA=mBqJSR�PHLFJTEHJSB�EVcYnp@ZIDRofx[KCQ@Z=�B�fZEVR	CFBKBDCQPHLFJSB A(j
M

) tu fhRTcA[DwH@VEVJ	EVJXNmcS=�f�LFCFBKfx[KCQ@Z=/?Y@Z=�BqCWBq[DJ��3IDc7Bq@Z_�EVIKJ�_H=HJ	Bq_HCQ[DJTEVJ�N�ID@ZPHLQGSR	JSB�EHJR	CQ=�CQR	CWBDf�[DCF@�=�BKf�=�B�?Y@Z=`[DIkf�CF=Z[KJ/JA= fx�r@Z_V[Kf�=Z[�BqCFR	NHLQJSR	JA=`[���LFf�np@�=m?g[DCF@�= ?Y@��H[
_H=HJ�np@�=�?Y[DCF@�=iN;cA=�f�LQCWBDf�=`[�LQJ7B�EVcAnp@�IKR	f�[DCF@�=�B\=�@�=/f�EHRTCWBKBqCFPHLFJSBSzHNm@Z=�EVcSIDcSJ�N�f�I�_H=
N�f�IKf�RTGA[DIKJ	Nm@`BqCQ[DCQn�EVJhNHLF_�B�JA=�NHLF_�BXcALFJAb�c � b�@ZCQI�BDJS?Y[DCF@�= L � t u fiNHIKJAR	CQGSIDJoN�ID@�jNHIKCQcA[DcT=H@�_mB�fZBDBD_HIKJ�d`_HJTLQJ7B>R	CF=HCFRTCWBDJA_HIkB$EVJXLWf�Bq_HCQ[DJ	EVJ7B>N�ID@ZPHLQGSR	JSB>NmcS=�f�LFCFBDcSB
?Y@Z=5b�JAIKy�J>b�JSIKB\_H=�J�Bq@ZLQ_V[KCQ@Z=�EH_�N�ID@ZPHLQGSR	J�CF=HCQ[DCWf�L t u foEHJA_VlVCFGAR	J�NHIK@�NHIKCQcA[Dc�NmJSIqjR	JY[�E^] cY[kf�PHLFCFI�dZ_�JTLFJSB$N�ID@ZPHLQGSR	JSB$EVJ	NmcS=�f�LFCWBDf�[DCF@�=�Nm@`BDBDGSEVJS=`[ � f�_�R	@�CF=�B � _H=�JBD@�LF_V[DCF@�= t u f�[DIK@�CWBqCFGAR	JONHID@ZNHIKCQcA[DcM=�@�_�B9NmJSIDR	JA[aE^] _V[KCQLFCFBDJAIaLFJSB�f�LFy�@ZIDCQ[DwHR	J7B!EVJ\EVJYjBK?YJA=`[KJ(EVJ(y�Ikf�EHCQJS=Z[!f���=�EVJ(IKcSBD@�_mEVIDJaLFJSB^N�ID@ZPHLQGSR	JSB�EVJMNmcS=�f�LFCFBKfx[KCQ@Z= t u f
EVJAIK=HCFGAIKJNHIK@�NHIKCFcY[Dc	J7Br[�NHLF_�B�BD_HPV[KCQLFJ t BVC(@�=�BD_HNHN;@ZBDJ	d`_HJoLWf�EVcAIKCFb�cAJoEVJ T f�NHNmf�ID[DCFJA=`[��
L2(M ; R2)

zm?YJY[D[DJ�NHIK@�N�IDCFcY[Kc>CFR	NHLQCWd`_HJ�d`_HJ

T ′(ϕ) · ψ =

∫

M

f(s)n(s) · ψ(s)ds,
���  �
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@ %
f
J7Br[�_�=�cSLQcSRTJS=`[�EVJ

L2(M)
JY[
n(s)

JSBq[�LFf�=H@ZIDRof�LQJT_H=HCQ[Kf�CQIKJo�
ϕ̇(s) t ( =E^] f�_V[KIDJX[DJSIDR	J7BAz�LWfhnp@Z=�?g[KCQ@Z=�EVJ	N;cA=�f�LQCWBDf�[DCF@�=�=�] f��r@�_V[KJXNmf�B�EVJT[DJAIKR	JSB$EVJXnpIDCW?gj

[DCF@�=mB�N�f�Ikf�BDCQ[DJSB t � =�J
[DJSLQLFJ�NHIK@�NHIKCFcY[Dc�BS] f{b�GAIKJ\EHf�=�B(LFf$NHIkfx[KCFd`_HJ\[KIDG7B�CFRTN;@�ID[Kf�=`[DJ t
( =�JM>;JA[Sz7LFf�IDc7Bq@ZLQ_V[KCQ@Z=$=`_�RTcSIDCWd`_HJMEVJ7B�NHIK@�P�LQGSRTJ7B!EVJMRTCF=HCFR	CFBKfx[KCQ@Z=�N�f�I9_H=�f�LFy�@�jIKC|[KwHR	J�EVJ$y�Ikf�EVCFJA=`[�?Y@Z=�EV_HCQ[
_H=HCWdZ_�JAR	JA=`[��	L#] @ZPV[DJS=Z[KCQ@Z=�EHJ�RTCF=HCFR�_HRoB
LF@V?Af�_Vl t
V La=�] JSBq[�N�fZB>EH_/[D@Z_V[�cAb5CWEVJA=`[�d`_HJ	?YJ7B�RTCF=HCFR�_HRoB�LF@5?Sf�_Vl/?A@�=5b�JSIDyZJA=`[�b�JSIKB�EVJSB
R	CQ=�CQRX_HRoBOLF@V?Af�_VlhEV_3NHIK@�P�LQGSRTJ�Bq@Z_�BM?A@�=`[DIkf�CF=`[DJ>LQ@ZIKBKd`_�] @Z=hf�_HyZR	JA=`[DJ�LFJ�Nm@ZCFEHB
EVJ�LWfTNmcS=�f�LFCFBKfx[KCQ@Z= t � _iR	CFJA_Vl^zH@Z=eN;JA_H[�JSBDNmcSIDJSI\RT@Z=`[DIKJAI�d`_HJ�LFJSB\R	CQ=�CQR	CWBqJS_HIKBLF@5?Sf�_Vlo?Y@Z=5b�JAIKy�JS=`[abZJAIkB(EVJ7B(N;@�CF=Z[kBO?AIDCQ[DCWd`_HJSBOEV_hNHIK@�P�LQGSRTJ�BD@�_mBM?Y@Z=`[DIkf�CF=Z[KJSB�JS=
N�fZBDBKf�=`[
�XLWfTLQCFR	C|[KJ�Bq_�I
LQJ7B
?Y@�=mEVC|[KCQ@Z=�B
E^] @�NV[KCQRof�LQCQ[Dc�EV_�NHIKJAR	CFJAI\@�IkEVIKJ � C t J t LFJSBcSd`_�f�[DCF@�=�B�E�] ( _�LQJSI � t�� JS?AC�JSBq[�f�BKBq_HIKJAI7z�EV_�RT@ZCQ=mB�np@�IKRTJSLQLFJAR	JS=Z[7z�N�f�I�LWfenp@�IKR	J���  � EVJ�LWf	EVcAIKCQbZcAJ�EV_�y�Ikf�EHCQJS=Z[
EVJ�LWfTNmcS=�f�LFCFBKfx[KCQ@Z= t� f�=�B	LFJSBoBDJS?Y[DCF@�=�B	d`_HC�BD_HCFb�JA=`[7z�=H@�_�B	f�LQLF@�=�B	CF=`[DIK@VEV_HCFIDJ�EVJA_Hl�n�f�R	CFLQLFJSBoEHJN;cA=�f�LQCWBDf�[DCF@�= t u f�N�IDJSRTCFGAIKJ�zOCQ=5bxf�IKCWf�=`[DJiN�f�I3IKJAN�f�IKf�R	cY[DIKCWBDf�[DCF@�=�z�=HJ�b�cSIDCQ��JiLWfNHIKJAR	CFGAIKJXNHIK@�N�IDCFcY[Kc	d`_HJ	N;@�_HI�?AJAID[Kf�CQ=HJ7B$?Y@�=H��y�_HIkfx[KCQ@Z=�B�EVJ

M t B5C M =�] JSBq[�=HC
_H=HJX_H=HCF@�=vEHCFB��r@�CF=`[DJXE�] CF=`[DJAIKbxf�LFLQJ7B
npJSIDR	cSBSz;=HC9LFJ	?YJAIk?YLFJ

S1 zmCFL�JYlVCFBq[DJTEVJSB�EVcAnp@�IDjRofx[KCQ@Z=�B�=H@�=vfZEVR	CFBKBDCQPHLFJSB$f�=H=5_HLFf�=`[>LWfhnp@Z=�?g[KCQ@Z=�EVJTNmcS=�f�LFCWBDf�[DCF@�= t � CF=�BDC z^CFLaJSBq[fTNHIKCQ@ZIDC^N;@ZBKBqCFPHLFJ�dZ_�J�LFJSB�RTCF=HCFR	CFBDJA_HIkB
EVJ�LWf	Bq_HCQ[DJ�EHJSB\NHIK@�PHLFGAR	J7B\NmcS=�f�LFCFBDcSB\=�J
?Y@Z=5b�JAIKy�JS=`[$Nmf�B�bZJAIkB�_H=HJ3EHcYnp@�IKRofx[KCQ@Z=�fZEVR	CFBKBDCQPHLFJ t�� JAN;JA=�E�f�=`[Sz�EHf�=�B�LFfiN�IKf�j[DCWd`_HJ�z�?AJALWfi=HJ�BqJeNHID@VEV_�C|[TN�f�BSz9N;@�_�IDb5_-d`_�] @�=-NHIKJA=�=HJed`_HJSLFd`_HJ7B�NHIKcS?Sf�_V[KCQ@Z=�B t
� f�=�B�[D@�_mB
=H@ZB�[DJ7Br[kB�=5_HR	cAIKCFd`_HJ7BAz�=H@�_�B�f{b�@�=mB\_V[DCFLQCWBDc�?YJ�[r�5N;J�EVJ�np@Z=�?g[KCQ@Z=�B�EHJN;cA=�f�LQCWBDf�[DCF@�=oBKf�=�B��A[DIKJ�?Y@Z=VnpIK@�=`[Dc
��?AJ\[r�`N;J�EVJ�NHID@ZPHLFGAR	J t u f�EVJS_VlVCQGSRTJ�n�f�R	CQLFLFJEVJONmcS=�f�LFCFBKfx[KCQ@Z=�BSzSd`_�f�LFCQ��cAJ7B!EVJO=H@�=�EVcSy�cS=HcAIKcAJ7BAz7f
cY[KcMNHIKcS?ACFBDcAR	JA=`[9?A@�=�sA_HJ(N;@�_HI
=HJ�Nmf�B�N�IDc7BqJS=Z[KJAI�?AJ�EVcYn�f�_V[ t H/f�LQwHJS_HIKJA_�BDJAR	JA=`[7zHLQJ7B�cSLQcSRTJS=`[KB�EVJX?YJY[D[DJ�n�f�R	CQLFLFJ=HJeb�cAIKCQ��JA=`[Td`_�f�=�E-�vJA_Vl�N�fZB�LWf/NHIK@�NHIKCFcY[DceE^] CF=5bxf�IKCFf�=�?YJeN�f�IXIDJSN�f�Ikf�R	cY[KIDCWBKfxj
[DCF@�= t � CF=�BDC z9LQJ7B�R	CQ=�CQR	CWBqJS_HIKB�LQ@V?Af�_Vl�EHJSB�N�ID@ZPHLQGSR	JSB$N;cA=�f�LQCWBqc7B�=HJh?A@�=5b�JSIDyZJA=`[JA=�yZcA=HcSIKf�L(N�fZB�b�JSIKB�EVJSB�Nm@ZCQ=`[KBX?YIKC|[KCFd`_HJ7B�EV_�N�ID@ZPHLQGSR	J3Bq@Z_�B�?A@�=`[DIkf�CF=`[DJ t u JSBEVJS_Vlin�f�R	CFLQLFJSB�EVJTNmcS=�f�LFCFBKfx[KCQ@Z=/Bq@Z=`[�?Y@Z=�Bq[DIK_HC|[KJSB�Bq_�I>LFJ�R	�AR	JTNHIKCQ=�?ACQN;J	dZ_�J�LWf
np@�=m?g[DCF@�=

J
@ZPV[DJS=5_HJ3wHJS_HIKCFBq[DCWd`_HJAR	JA=`[ t u JA_HI	EVcY�m=HC|[KCQ@Z=-=HJ�EVCE>;GSIDJ�dZ_�J3N�f�I�LWfEVcA��=HCQ[DCF@�=/EVJ�LWfoR	cY[KIDCWd`_HJ�_V[KCQLFCFBDcAJXBq_HI

M ×M
Nm@Z_HI�?Sf�LW?Y_HLFJAI�LWf	LF@�=HyZ_HJA_HI>EVJSB

cALFcAR	JS=Z[kB
γ
EVJ$L#] JS=�BqJSR�PHLFJ

ΓU (ϕ) t� f�=�B
?kw�fZ?Y_H=�J�EVJSB
BDJS?Y[DCF@�=�B � t L t � JY[5� t L t +Vz5@�=iEVcA��=HCQ[�_H=HJ$n�f�RTCFLFLQJ�EVJ$np@Z=�?gj[DCF@�=mB!EVJONmcS=�f�LFCFBKfx[KCQ@Z=�IDJ7BqN;JS?Y[DCFb�JSRTJS=`[!CQ=5bxf�IKCWf�=`[DJ�N�f�I!IKJAN�f�IKf�R	cY[DIKCWBDf�[DCF@�=�JA[9=H@Z=
EVcSy�cA=�cAIKcAJ t ( =V��=!z;@Z=icY[K_�EVCFJXLFJSB>EVCQbZJAIkBqJ7B�NHIK@�N�IDCFcY[KcSB�EHJSB
np@Z=�?g[KCQ@Z=H=HJSLQLFJSB>CQ=`[KID@�jEV_HCQ[DJ7BM�
� d`_HCFbxf�LFJA=�?AJ>JS=Z[KIDJ$f�=�=`_�LFf�[DCF@�=3EVJ�LWf�np@Z=�?g[KCQ@Z=eEVJ�NmcS=�f�LFCWBDf�[DCF@�=3JA[\fZEVR	CFBKBDCQPHCFLFC|[Kc� BDJS?Y[DCF@�= � t L t � � zHCF=5b{f�IDCWf�=m?YJ�N�f�I�IKJAN�f�IKf�RTcA[DIKCFBKfx[KCQ@Z= � BqJ7?g[DCF@�= � t L t L � z;BqJSRTCW?Y@Z=`[DCQj=5_HCQ[Dc�CF=VnpcAIKCFJA_HIKJ � BDJS?Y[DCF@�= � t L t , � zmEHC	>�cAIKJA=`[DCWf�P�CQLFC|[Kc � BDJS?Y[DCF@�= � t L t 9 � t u JSB�N�IDJS_Hb�J7B?Y@ZR	NHLQGA[DJ7B�EVJ7B�NHIK@�N;@ZBDC|[KCQ@Z=�B
cS=H@�=�?AcAJ7B�=HJ�BD@�=`[>EH@�=H=HcSJSB>dZ_�J�Nm@Z_HI�LWfoNHIKJAR	CFGAIKJ
n�f�R	CFLQLFJvEVJ�NmcS=�f�LFCWBDf�[DCF@�= t u JSB3NHID@ZNm@`BqCQ[DCF@�=mBo?Y@�IKIKJSBDNm@Z=�EHf�=`[KJSBSz�Nm@ZIq[kf�=`[eBD_HIhLWfEVJS_VlVCQGSRTJvn�f�R	CFLQLFJvEVJ�NmcS=�f�LFCFBKfx[KCQ@Z=�zMN;JA_�b�JA=`[eBS] cY[Kf�PHLFCQI�EVJvRof�=�CQGSIDJvBDCFRTCFLWf�CFIDJZz
d`_HCQ[q[DJ��	BD_HNHNHIKCFRTJSI�?YJSIq[kf�CF=�B\N�f�BKBKf�y�J7B([KJS?kwH=�CFd`_HJ7B
EVJAbZJA=5_�B
BD_HNmJSI��m_�B t

�+� � ���+��� ��!�;�, #=0�;�%&# '�!)#�! ��;�:6# ;�! % *��$;�: :�* �$;�:�;�15��%9:6#=0�;�%9# '�!

� f�=�B�?AJY[D[DJ�BDJS?Y[DCF@�=�zH=�@�_�B
CF=`[DIK@VEV_HCWBq@Z=�B\_H=HJ�n�f�R	CQLFLQJ�EHJ�np@�=�?Y[DCF@�=�B�EVJ�NmcS=�fxjLFCFBKfx[KCQ@Z=/CQ=5bxf�IKCWf�=`[DJ7B�N�f�I�IKJAN�f�IKf�RTcA[DIKCFBKfx[KCQ@Z=iEVJ
M t!� w�fZ?Y_H=HJTEVJX?AJSB�np@�=�?Y[DCF@�=�B
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JSBq[
?Af�Ikf�?Y[DcSIDCWBqcSJ
N�f�IU_H=HJ$f�N�NHLQCW?Af�[DCF@�=
G
IDcSy�_HLFCQGSIDJ>EVJ

R2 ×R2 EHf�=�BOL ] JA=�BDJARXPHLFJEVJ7B�Rofx[KIDCW?YJ7B
4 × 4

BD�5R	cY[DIKCWdZ_�JSB�N;@ZBDC|[KCQbZJSB t <>=-BD_HNHN;@ZBDJ3EVJhN�LQ_�BTd`_�] CQLOJYlVCFBq[DJ_H=HJ>np@�=m?g[DCF@�=
g
EVJ

R+ EHf�=mB
R+ [DJALFLFJ$d`_HJ

g(s) = 0
BDC^JY[
BDJA_HLFJAR	JA=`[
BqC

s = 0
JY[

G(y1, y2) ≥ g(|y1 − y2|2) Id,
Nm@Z_HI
[D@Z_V[

(y1, y2) ∈ R2 × R2.
�'�0� �

u J�?kw�f�R	N�EHJ�Rof�[DIKCF?AJSB
G
EVcY��=�C�_H=HJ�R	cY[KIDCWd`_HJ

dG
BD_HI
L#] J7BqN�fZ?YJ

R2 × R2 @ %

dG(X,Y ) = inf
γ

∫ 1

0

|γ̇T (G ◦ γ)γ̇|1/2ds,
JY[
γ
N�f�Ik?Y@Z_HIq[�L#] JS=�BDJAR�P�LQJ�EVJ7B�?Y@Z_HIDP;JSB(IDcSy�_HLFCQGSIDJ7B9[DJALFLFJ�dZ_�J

γ(0) = X
JY[
γ(1) =

Y t F�@�[K@�=�B\d`_�] @�=�f�_V[K@�IKCFBDJ G ���A[DIKJ$=`_�L�Bq_HI
∆(R2) t�� f�=�B
?YJ�?Sf�BSz`LWfTR	cY[DIKCWdZ_�J

dG
JSBq[>EVcAyZcA=HcSIDcSJ�Bq_�I

∆(R2) t ( =/J/>�JY[7zmN;@�_�I�[D@Z_V[ y1 JY[ y2 EVJ R2 z�@Z=/fhf�LF@�IkB
dG((y1, y1), (y2, y2)) = 0.

BV@�CQ[
γ
_H=�J	f�NHNHLFCF?Sfx[KCQ@Z=�?A@�=`[DCF=5_HJTEHJ

[0, 1]
� @Z_

S1 �EHf�=�B
R2 × R2 zHLWfTLQ@Z=Hy�_HJS_HI
EVJ γ N;@�_HI�LWfTR	cY[DIKCWdZ_�J G JSBq[�EVcY�m=HCQJ�Nmf�I

LG(γ) = sup
∑

i

dG(γ(ti+1), γ(ti)),

@ %�LQJoBD_HNHIKJARX_HR JSBq[�?Af�LW?Y_�LQcoBD_HI$L ] JA=�BDJARXPHLFJTEVJ7B�Bq_�P;EVCFb5CFBDCF@�=�B
t0 = 0 < t1 <

· · · < tn = 1
EHJ

[0, 1] t B5C γ JSBq[�_H=HJ�f�NHNHLFCF?Sfx[DCF@�=�IKcAy�_�LQCFGAIKJ�z5@�=if

LG(γ) =

∫ 1

0

|γ̇T (G ◦ γ)γ̇|1/2ds.

� @�_HI\[K@�_V[KJ�EVcYnp@ZIDRof�[DCF@�= ϕ EVJ
M
zV@�=�=H@�[DJ

ϕ× ϕ
L#] f�NHNHLFCW?Afx[KCQ@Z=

ϕ× ϕ : M ×M → R2 × R2

(x, y) 7→ (ϕ(x), ϕ(y))

� @�_HI�[K@�_V[�?Y@Z_HIKPmJ γ EVJ int(M) × int(M)
z^@�=�=H@�[KJ LGϕ (γ)

LWf�LQ@Z=Hy�_�JA_HI$EVJ	LFf
?Y@Z_HIKPmJ

(ϕ× ϕ) ◦ γ N;@�_HI�LFfTR	cY[KIDCWd`_HJ G t
LGϕ (γ) = LG((ϕ× ϕ) ◦ γ).

<>=	@�PV[KCQJS=`[M_H=HJ
=H@Z_Hb�JSLQLFJ\np@�=m?g[DCF@�=oEVJ�NmcS=�f�LFCFBKfx[KCQ@Z=	JA=	IDJSR	NHLFfZsAf�=Z[MBDCFRTN�LQJSRTJS=`[
Lϕ

N�f�I LGϕ EHf�=�B\LFJSB�EVcA��=HCQ[DCF@�=�B
EHJ
JU

JA[
J t

� @�_HI\[K@�_V[
@Z_Hb�JSIq[ U EVJ
M ×M

bZcAIKC|�mf�=`[\LWf	?Y@Z=�EVCQ[DCF@�= � + � @Z=eN;@ZBDJ
JGU (ϕ) = inf

γ∈ΓU (ϕ)
LGϕ (γ),

JY[
JG(ϕ) = sup

U
JGU (ϕ),

@ %
U
N�f�Ik?Y@Z_HID[UL#] JS=�BDJAR�P�LQJ�EVJ7B
@�_HbZJAID[KB\EVJ

int(M) × int(M)
b�cAIKCQ�mf�=`[ � + � t

����*�1���,4*<�+� u fTR	cY[KIDCWd`_HJ
G
NmJS_V[�N�f�I
JAlVJAR	NHLFJ��A[DIKJ�EVcY��=�CQJ�N�f�I

G(y1, y2) = |y1 − y2|4 Id,

N;@�_HI\[K@�_V[
(y1, y2) ∈ R2 × R2 t
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�+� � ������� ��!�;�,�#=0/;�%9# '�! !�'�! (�� �+��!���:��>*/0

� f�=�B�LWfiEVcA��=HCQ[DCF@�=�EVJ JG z�LWf�R	cY[KIDCWd`_HJo_V[DCFLFCFBDcAJhN;@�_�I�EVcY�m=HCQI�LFf�LF@�=HyZ_HJA_�IEVJ7BMcSLQcSRTJS=`[KBUEVJ
ΓU (ϕ)

J7Br[\EVcAyZcA=HcSIDcSJ tZ� f�=mBO?AJAID[Kf�CF=�BO?Af�BSz�CFL;JYlVCFBq[DJ γ ∈ ΓU (ϕ)[DJSL;d`_HJ H1(γ ∩U) 6= 0
JA[ LGϕ (γ) = 0 tV� @ZR	RTJ>=H@�_mBMf�LFLF@�=�BMLQJ>b�@�CFIMNmf�IMLWf�BD_HCQ[DJ� BDJS?Y[DCF@�= � t L t � � z�CFLUBS] JA=-BD_HC|[	d`_HJ�z9Nm@Z_HIX?AJAID[Kf�CF=HJ7B�?Y@Z=V��y�_�IKf�[DCF@�=�B M z9CQLOJYlVCWBr[KJ

EVJ7BMEVcAnp@�IKR	f�[DCF@�=�B
ϕ
EVJ
M

=H@Z=hf�EVR	CWBDBDCFPHLQJ7Ba[DJSLQLFJSBOd`_HJ
JG(ϕ) = 0 t � ��=3EVJ>?YCFIqj?Y@Z=5b�JA=�CQI��3?YJ�N�ID@ZPHLQGSR	J�z�@Z=/BqJ�NHID@ZNm@`BqJ�E�] CF=`[DIK@5EH_HCQIKJ�_H=�J�=H@Z_Hb�JSLQLFJ�n�f�R	CFLQLFJXEHJ

N;cA=�f�LQCWBDf�[DCF@�=�z�P�f�BDcAJ�BD_HI�L#] _H[DCFLQCWBDf�[DCF@�=iE^] _H=HJ�R	cA[DIKCFd`_HJ�=�@�=iEVcAyZcA=HcSIDcSJ t ( =�?Y@�=Hj[DIKJANmf�ID[DCFJ�zALFJSB9N;cA=�f�LQCWBDf�[DCF@�=�B9@�PH[DJA=5_HJ7B�=HJ\BD@�=`[!N�fZB!CF=5b{f�IDCWf�=`[KJSB�Nmf�I!IKJANmf�Ikf�R	cY[KIDCQj
BKfx[DCF@�= t V =�EVCWd`_H@�=�BM?YJAN;JA=mEHf�=`[Sz`d`_�] @Z=hEV@�CQ[MN;@�_HbZ@�CFI(?Y@ZR�PHCF=HJAIMLQJ7B(EVJA_HlX[r�5N;JSBMEHJN;cA=�f�LQCWBDf�[DCF@�=�CF=`[DIK@VEV_HCQ[DJSBaf���=XEVJU[KCQIKJAI�N�f�ID[DCFJ\EVJSBaf{bxf�=`[Kf�y�J7B!EVJ\?kw�f�?A_H=HJUE^] JS=`[DIKJ
JALFLFJSB t

B5@ZC|[
g
_H=HJ$np@Z=�?g[KCQ@Z=i?Y@�=`[KCQ=5_HJ�EVJ

R+ EHf�=�B
R+ [DJSLQLFJ�d`_HJ

g(s) = 0 ⇐⇒ s = 0.

� @�_HI\[K@�_V[KJ�?Y@Z_HIDP;J γ EVJ M ×M
zV@�=�Nm@`BqJ

Lgϕ(γ) =

∫

γ

g(|rϕ(s)|2)ds,

@ %
ds

JSBq[hLWf�RTJ7Bq_�IDJiEVJ ->f�_�BKEV@�I�> EVJ/EHCQR	JA=mBqCF@�=�_H=�EVJ
γ t F�@�[DIKJi=H@�_�b�JALFLFJn�f�R	CFLQLFJ	EVJ�np@Z=�?g[KCQ@Z=�B$EVJTNmcS=�f�LFCFBKfx[KCQ@Z=vJ7Br[$@�PV[KJA=5_HJXJA=vIKJAR	NHLWf�sSf�=`[ Lϕ N�f�I LgϕEHf�=�B�LFfeEVcY��=�C|[KCQ@Z=�EVJ

J t � LQ_mB$NHIDc7?YCWBqcSR	JA=`[Sz�BqC U JSBq[�_H=�@�_�b�JAID[�EHJ
int(M) ×

int(M)
z�b�cAIKCQ�mf�=`[\LFf	NHIK@�N�IDCFcY[Kc � + � z�@�=�Nm@`BqJ

JgU (ϕ) = inf
γ∈ΓU (ϕ)

Lgϕ(γ).

( =V�m=�z�@Z=�EVcA��=HCQ[�LFfTN;cA=�f�LQCWBKfx[DCF@�=
Jg(ϕ) = sup

U
JgU (ϕ),

@ %
U
N�f�Ik?Y@Z_HID[UL#] JS=�BDJAR�P�LQJ�EVJ7B
@�_HbZJAID[KB\EVJ

int(M) × int(M)
b�cAIKCQ�mf�=`[ � + � t

�+� �����+��� ��!�;�, #=0�;�%&# '�! */% (��98/'�:613;�%&# '�!$0<;�(�1�#=0>06# 2/,4*/0

$�x���O�m47�p�7���;���!:�� � ��� '�0�'�! 0 � �$*
M

*/06% 0�'�#�% ,4* � *�: ��,4*
S1 �30�'�#�% � !�* � !$# '�!

( . #�! % *�:
��;�,�,4*/0 8/*�:613�60 (�#=0 ��'�#�! % 0���� ,4'�:>0��
JG(ϕ) = 0

06# */% 0�* � ,4*�15*�!$% 06#
ϕ

;�� �
�$;�:6%&# */! %�	 , . */!$0�*/132/,�*�(+*607(+� 8/'�:615;�%9# '�! 0<;�(�1<#=0>06# 2�,4*60 A(j

M
)
�

$��+56�� +m: & @�_V[�E^] f�P;@�IkE^z�BqC ϕ f�N�N�f�ID[DCFJA=`[��hL#] JS=�BqJSR�PHLFJ	EVJSB$EVcAnp@�IKR	f�[DCF@�=�B�f�EVj
R	CFBKBDCQPHLFJSBSz�N;@�_�I�[D@Z_V[>@Z_Hb�JSIq[

U
b�cAIKCQ�mf�=`[�LWfh?Y@Z=�EVCQ[DCF@�= � + � zmLFfon�f�R	CQLFLFJ�b5CFEHJXf�NHjN�f�Iq[KCQJS=Z[��

ΓU (ϕ) t � CQ=�BDC#z JGU (ϕ) = 0
JA[
JG(ϕ) = 0 t� c7?YCFNHID@Vd`_HJSRTJS=`[SzaBq@ZC|[ ϕ _�=HJ�EHcYnp@�IKRofx[KCQ@Z=�[DJALFLFJ�d`_HJ

JG(ϕ) = 0 t � @�_�I�[K@�_V[@�_�b�JAID[
U
bZcAIKC|�;f�=`[ULWf	?Y@Z=�EVCQ[DCF@�= � + � zVCFL�JYlVCWBr[KJ δ > 0

[DJSL!d`_HJ
U ⊂ Uδ = (ϕ× ϕ)−1({Bδ) ∩ int(M) × int(M),



���������
	��� � ��� ��� � ��� � �
� ����� � ����� ������ � � ����� ��� ��� ���� � ��� � �

@ %
Bδ = {y = (y1, y2) ∈ R2 × R2 : |y1 − y2| ≤ δ)}.

B5@ZC|[
δ′
_H=hIKcAJSL�N;@ZBDC|[KC|n!Bq[DIKCW?g[DJSR	JA=`[MCF=VnpcAIKCQJS_HIO�

δ t <>=hEVcA��=HCQ[ Uδ′ JA[ Bδ′ ?A@�R	R	J
Uδ

JA[
Bδ
tm� J�NHLF_�BSzV@�=�N;@ZBDJ

m = inf
X∈Bδ′ ,Y ∈{Bδ

dG(X,Y ).

� ] f�NHIDG7B�L ] CQ=�cAyZf�LQCQ[Dc �'�0� � z{LFf$EVCWBr[kf�=�?AJ m � N;@�_HIaLWf>R	cA[DIKCFd`_HJ
G � JA=`[DIKJ Bδ′ JY[ {BδJSBq[MBq[DIKCF?Y[DJAR	JS=Z[(N;@ZBDCQ[DCFb�J t5� @�R	R	J JGUδ′

(ϕ) = 0
z�CQLmJYlVCWBr[KJ

γ = (γj) ∈ ΓU ′

δ
(ϕ)

@�%
γj
BD@�=`[>EHJSB
np@Z=�?g[KCQ@Z=�B�EHJ

[0, 1]
�	bxf�LFJA_HIkB�EHf�=�B

R2
� E^] f�N�IDG7B�LWfh?Af�IKfZ?g[DcSIDCWBKfx[DCF@�=

EVJ
ΓU (ϕ)

EVJSB
BDJS?Y[DCF@�=�BI� t � t �XJY[=� t � t + � [KJAL!d`_HJ
LG(γ) < m.

( =hNmf�ID[DCW?Y_HLFCQJSISzZNm@Z_HI([K@�_V[ j ∈ J
z`@�=hf Lg(γj) < m t`� J>NHLQ_mBAz γj(0)

f�NHN�f�Iq[KCQJS=`[
f�_�?Y@ZR	NHLQcSR	JA=`[Kf�CQIKJ�EVJ

Uδ′
JA[
Nm@Z_HI
[D@Z_V[

t ∈ [0, 1]
@�=�f

dG(Bδ′ , (ϕ× ϕ) ◦ γj(t)) ≤ dG((ϕ× ϕ) ◦ γj(0), (ϕ× ϕ) ◦ γj(t))
≤ LG(γj)

≤ m.

� ] f�NHIDG7B�LWf/EVcY�m=HC|[KCQ@Z=-EVJ m z9@Z=�JA=-EVc7EV_HCQ[Td`_HJhN;@�_HI�[D@Z_V[ t z (ϕ × ϕ) ◦ γj(t)f�N�N�f�ID[DCFJA=`[��
Bδ
t � CF=�BDC z γj(t) =�] f�NHN�f�Iq[KCQJS=`[>N�fZB�� Uδ JY[ γ JSBq[$CQ=�?ALQ_mB�E�f�=�B�LFJ?Y@ZR	NHLQcSR	JA=`[Kf�CQIKJ>EVJ

U t V L�BS] JA=eBD_HCQ[�dZ_�J�LWf�n�f�R	CQLFLFJ�b5CWEVJ�f�NHNmf�ID[DCFJA=`[U� Γϕ(U)
JY[

d`_HJ�z5N;@�_HIU[K@�_V[
?kw�f�R	NeCQIKID@�[Kf�[DCF@�=H=HJSL
ω
EVJ
M ×M

EVJ�BD_HNHN;@�ID[\CQ=�?ALQ_mBUE�f�=�B
U
z

@�=�f
∫

U

ω ∧ Φϕdx = 0.
�'� + �

� ] f�NHIDG7BMLFJ�LFJAR	R	JQ��BD_HCQbxf�=Z[7z5@�=hJS=3EVcSEH_HC|[�d`_HJ ϕ f�NHN�f�Iq[KCQJS=`[U��L#] JA=�BDJARXPHLQJ�EVJSBEVcAnp@�IKR	f�[DCF@�=�B\fZEVR	CFBKBqCFPHLFJSB t
' +58-8 + �!:�� '�#�%

ϕ
� !�* (+� 8/'�:615;�%9# '�! (�*

M
*/%
U
� ! '�� ��*/:6% (+*

int(M)×int(M)% */, � �$*
infx∈U |rϕ(x)| > 0

� � # �$'�� : % ' � % � � ;�1 � (+* ��*���% * � :>0 #�:6:�'�% ;�%&# '�!�;�,
ω

(+*
0 � � �$'�:6% #�!���, ��0-(�;�!$0

U
'�! ;

∫

U

ω ∧ Φϕdx = 0,

;�,�'�:>0-#�, *	�+#=0>% *
� !�*7;�� ��, # �>;�%&# '�!
u

(+*
U

(+;�!$0
R

% */,�,�* � �$*
Φϕ = ∇u �

$��+56�� +m: B5@ZC|[
γ
_H=iLFfZ?YJA[�EVJ

U
z�?�] J7Br[>�oEHCQIKJ�_H=HJ�f�NHNHLFCF?Sfx[KCQ@Z=eIKcAyZ_HLQCFGAIKJ�EVJ

S1EHf�=�B
U t B5@�CQ[ ρ _H=HJ�f�N�NHLQCW?Af�[DCF@�=XIDcSy�_HLFCQGSIDJZz7�$BD_HNHN;@�ID[(?Y@�R	N�fZ?g[KJUEVJ R2

EHf�=�B
R+[DJSLQLFJ
d`_HJ ∫

R2 ρdx = 1 t <>=�CF=Z[KID@VEV_�C|[�LWf�BD_HCQ[DJUIDcSy�_HLWf�IKCWBDf�=Z[KJ ρε(x) = ε−2ρ(x/ε) tu foBD_HCQ[DJ
ρε
?Y@Z=`bZJAIKy�J�b�JSIKB\_H=/EHCQIkf�?$JS=*OScAIK@oLQ@ZIKBKd`_HJ

ε
[KJA=�E�bZJAIkBIOAcSID@ t � @Z_HI εf�BKBDJMO�N;JY[KC|[7z^LQJoBD_HNHN;@�ID[$EHJ

ρε(. − s)
JSBq[�CF=�?YLF_�B$EHf�=�B

U
Nm@Z_HI�[D@Z_V[

s ∈ γ t <>=N;@ZBDJ$f�LQ@ZIKB
α(x) =

∫

γ

ρε(x− s)n(s)ds.



� � ���������	��
���������

u J�BD_HNHN;@�ID[�EVJ
α
JSBq[
CQ=�?ALQ_mB
EHf�=�B

U tH� J$NHLF_�BSz α JSBq[�_H=�?kwmf�R	N�EHJ�IK@�[kfx[KCQ@Z=H=HJAL=5_HL t�( =�J/>�JY[
∇∧ α(x) =

∫

γ

∇ρ(x− s) ∧ n(s)ds = 0.

� ] f�NHIDG7B ��� + � zV@Z=eJS=iEVcSEV_�C|[�d`_HJ
∫

U

α ∧ Φϕdx = 0.

<>I
∫

U

α ∧ Φϕdx =

∫

γ

n(s) ∧ (ρε ? Φϕ)ds,

@ %
?
EVcSBDCFy�=HJ$LFJ�NHID@VEV_�C|[�EVJ�?A@�=5b�@ZLQ_V[KCQ@Z= t � CF=�BDC zHN;@�_�I
[D@Z_V[ ε f�BKBqJ$O>N;JY[KC|[7z�@Z=�f

∫

γ

(ρε ? Φϕ) · τds = 0.

� f�I
N�fZBDBKf�yZJ��TLWfTLQCFR	C|[KJ�JA= ε zV@�=�@�PV[KCQJS=Z[
∫

γ

Φϕ · τds = 0.
��� � �

u ] CF=Z[KcAyZIKf�LQJ�EVJ
Φϕ

BD_HI�[K@�_V[�LFfZ?YJA[>EVJ
U
cA[Kf�=Z[>=`_�LQLFJ�z;CQL�JSBq[>f�CFBDcAJ�EHJ�?Y@Z=�Br[KID_�CQIKJ

_H=HJ	f�N�NHLQCW?Af�[DCF@�=
u
EVJ

U
EHf�=�B

R
[DJALFLFJTd`_HJ ∇u = Φϕ

t � ?YJY[$J/>�JY[7z^CQL�BD_ %	[$EHJ
?kwH@ZCFBDCQI\_H=�cSLQcSRTJS=`[

x0
EHf�=�B
?kw�f�d`_HJ�?A@�R	Nm@`BDf�=`[DJ$?Y@�=�=HJYlVJ�EVJ

U
JY[�EVJ�N;@ZBDJAI

u(x) =

∫

γ̃

Φϕ · τds,

N;@�_HI�[D@Z_V[
x
f�NHN�f�ID[DJS=�f�=`[$�hLWf3R	�AR	J	?Y@ZRTN;@ZBKf�=`[KJX?Y@Z=H=HJAl5JTd`_HJ

x0
z�@�%

γ̃
J7Br[

_H=HJX?Y@�_�IDP;J�EVJ
U
�r@ZCQyZ=�f�=`[

x0
�
x t u ] f�NHNHLFCF?Sfx[DCF@�= u JSBq[>?Y@ZIDIKJS?Y[DJAR	JS=Z[�EHcY��=HCFJ�zL#] c7dZ_mfx[DCF@�= �'� � � =H@�_�B�f�BKBq_HIkf�=`[
L#] CF=�EVcSNmJS=�EHf�=m?YJ�EVJ u(x) N�f�I�Ikf�NHN;@�ID[�f�_/?kwH@ZC|l

γ̃
J/>�JS?Y[D_Hc t

� f�=�B>LQJ	?AfZB�@�% M = S1 ∪ [2, 3]
zmCQLaJYlVCWBr[KJXEVJ7B$EVcYnp@ZIDRofx[KCQ@Z=�B�=�@�=�fZEVR	CFBKBDCQPHLFJSB

f�=�=`_�LFf�=Z[�LWf�N;cA=mf�LFCFBKfx[KCQ@Z=
JG tZ� ] JSBq[(=H@�[kf�R	R	JA=`[�LQJ
?Sf�BaEVJ
L#] f�NHNHLFCF?Sfx[DCF@�= ϕ EV@Z=`[LWf$IDJ7Br[KIDCW?g[KCQ@Z=X�

S1
J7Br[(L#] CWEVJS=Z[KC|[Kc
JY[OEH@�=`[�LFf$IKJSBq[DIKCF?Y[DCF@�=	�

[2, 3]
J7Br[(L#] f�NHNHLFCW?Afx[KCQ@Z=

=5_HLFLQJ t u fXn�f�R	CFLQLFJ�EVJ�N;cA=�f�LQCWBDf�[DCF@�= Jg =HJ�NHIKcSBDJA=`[DJ$N�fZB
?YJA[�CQ=�?A@�=5b�cS=HCFJA=`[ t
$�x���O�m47�p�7���;���!: � ' � : % '�� %

M
� !$# '�! (+* �>*/: ��,4*/0 *�%	( . #�!$% */:
��;�,�,�*60	8/*/:613�/0 � �$'�� :

% '�� % * (��98/'�:613;�%&# '�!
ϕ

(�*
M

�
Jg(ϕ) = 0

0># *�% 0�* � ,4*�13*/! % 0>#
ϕ

;�� �$;�:6%&# */! % 	
, . *�! 0�*�152�,4*5(�*/07(��98/'�:613;�%&# '�! 05;�(�1�#=0>06# 2/,4*/0 A(j

M
)
�

$��+56�� +m: & @�_V[\E^] f�P;@�IkE^zZBDC ϕ JSBq[O_�=HJ>EVcAnp@�IKRofx[DCF@�=hfZEVR	CFBKBDCQPHLFJ�zZLFf�n�f�R	CQLFLFJ�b5CFEHJf�N�N�f�ID[DCFJA=`[
�
ΓU (ϕ)

Nm@Z_HI\[D@Z_V[
@�_HbZJAID[
U
EVJ
M ×M

b�cSIDCQ�mf�=`[ULFf	?Y@Z=�EVCQ[DCF@�=�JY[
Jg(ϕ) = 0 t�� c7?YCFNHID@Vd`_HJSRTJS=`[Sz�BqC Jg(ϕ) = 0

zmN;@�_HI>[D@Z_V[$@�_HbZJAID[
U
b�cSIDCQ�mf�=Z[>LFf

?Y@Z=�EVCQ[DCF@�= � + � JY[�N;@�_HI\[K@�_V[�IKcAJSL m > 0
z�CQL�JAlVCFBq[DJ

γ ∈ ΓU (ϕ)
[KJAL!d`_HJ

Lg(γ) < m.
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B5C
ω
JSBq[�_H=�?kw�f�RTN�EVJobZJS?g[KJA_HI�EHJhBq_HN�Nm@ZIq[�CF=�?YLF_�B�E�f�=�B

U
JY[�EHJoID@�[Kfx[KCQ@Z=H=HJSL

=5_HL#zH@�=�f
∫

U

ω ∧ Φϕdx =

∫

γ

(ω ∧ n)ds.

?Y@ZR	RTJ$LWfTRTcA[DIKCFd`_HJ Lg JSBq[
=H@�=�EVcAyZcA=HcSIDcSJ>BD_HI U zVCFL�BA] JA=�BD_HC|[�d`_�] CFL^JYlVCFBq[DJ$_H=�J?Y@Z=�Bq[Kf�=`[KJ
C
=HJ�EVcSNmJS=�EHf�=`[�d`_HJ�EVJ

ϕ
JA[
U
[KJAL!d`_HJ

∣∣∣∣
∫

U

ω ∧ Φϕdx
∣∣∣∣ ≤ CLg(γ) sup

x∈U
|ω(x)| ≤ Cm sup

x∈U
|ω(x)|.

� JY[D[DJ�CF=HcAy`f�LFC|[Kc$cY[Kf�=`[\bxf�LFf�PHLQJ$N;@�_HI�[D@�_H[ m Nm@`BqCQ[DCQnrzHCFL!BA] JA=�BD_HC|[�d`_HJ
∫

U

ω ∧ Φϕdx = 0.

( =�f�NHNHLFCWdZ_mf�=`[>LFJ�LFJAR	R	JC��zm@Z=/JA=vEHcSEV_HCQ[ ϕ f�NHN�f�Iq[KCQJS=`[>�hL#] JS=�BDJAR�P�LQJTEVJSB�EVcYj
np@�IKRofx[KCQ@Z=�B\f�EVR	CWBDBDCQP�LQJ7B t

�
� � � � ���/! ��;�:6# ;�!��>*�� ;�: :�* �$;�: ;�13�/%&:6#=0�;�%&# '�!

B5@ZC|[
ϕ
_H=HJ/EVcAnp@�IKR	f�[DCF@�=�EVJ

M
EHJv?YLWf�BKBqJ

W 1,1 t <>=�N;JA_H[3IDJSN�f�Ikf�R	cA[DIKJAI
M

EVJ�[DJSL9BD@�ID[DJ�d`_HJZzHJYlVNHIKCQR	c�EHf�=�B
LWfo=H@Z_Hb�JSLQLFJ�?Y@�=H��y�_HIkfx[KCQ@Z=�zVLWfo=H@�IKR	J�EVJ�LWf
EVcSIDCFb�cSJ�EVJ�LWf�EVcYnp@ZIDRof�[DCF@�=oBq@ZC|[U?Y@�=mBr[kf�=`[DJ t <>=o=H@�[KJ ϕ̃ ?YJY[D[DJ�EHcYnp@�IKRofx[KCQ@Z= t�� LF_�BNHIKcS?ACFBDcAR	JA=`[7z�EHf�=mB�LFJ�?Af�B

M = [0, 1]
@Z=�CF=`[DIK@VEV_HCQ[�L ] f�N�NHLQCW?Af�[DCF@�=

p
EVJ

M
EHf�=�B

M
EHcY��=HCFJ�N�f�I

p(t) =

∫ t

0

|ϕ̇(s)|ds/
∫ 1

0

|ϕ̇(s)|ds.
���$L �

� f�=�B
?AJ�?Af�BSz ϕ̃ J7Br[
LWfoBqJS_HLQJ�f�NHNHLFCF?Sfx[DCF@�=�EVJ M EHf�=�B
R2

[DJALFLFJ$d`_HJ

ϕ̃ ◦ p = ϕ.
��� , �

<>=ib�cSIDCQ��J�BKf�=�B�R	f�L!d`_HJ
ϕ̃
JSBq[�?Y@ZIDIKJS?Y[DJAR	JS=Z[�EHcY��=HCFJ�JA[>EVJ�Rof�=�CQGSIDJ�_H=�CQbZ@5d`_HJ

N�f�I�?YJA[q[DJ�c7d`_�fx[KCQ@Z= � BqC
p(s) = p(t)

zH@Z=/f
ϕ(s) = ϕ(t) � t;� J�NHLF_�BAz ϕ̃ J7Br[ u CQN�BDwVj

[DC7OACFJA=�=HJ�JY[
|ϕ̃′| =

(∫ 1

0

|ϕ̇(s)|ds
)−1

,

NHIKJSBKd`_HJ$N�f�ID[D@Z_V[ t
$�x���O�m47�p�7���;� }�� : � '�#�%

ϕ ∈ W 1,1(M ; R2)
� !�*<(+� 8/'�:615;�%9# '�! (�*

M
� � ; � ;�,4* � :

(�* ,4; �$�/!�;�, #=0�;�%&# '�!
JG(ϕ)

*606% #�! � ;�:6# ;�! % * � ;�: :�* �$;�:�;�15��%9:6#=0�;�%9# '�! (�*
ϕ

� � !
( . ; � %9: *60 % */:613*60��

JG(ϕ) = JG(ϕ̃),
'��

ϕ̃
*/0>% (��9��! #�� ;�:�� ���	���

u fTNHIKJA_�b�J�EVJ�?YJA[q[DJ�N�ID@ZNm@`BqCQ[DCF@�=�IDJSNm@`BqJ$BD_HI
_H=HJ�BDcAIKCQJ�EVJ�LFJAR	R	JSB t
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���������

' +58-8 + 	9:�� '�#�%
ϕ ∈ W 1,1(M ; R2)

� !�* (��98/'�:613;�%&# '�! (+*
M

� *�%
p

,�; :�* � ;�:�;�13� �
%&:6#=0/;�%9# '�!)(+� �"!$# * � ;�: � � � ����� '�� : % '�� %

δ > 0
� '�!);

(p× p)(ΓU (ϕ)) ⊂ ΓV (ϕ̃),

'��
U = Uδ(ϕ)

*/%
V = Uδ(ϕ̃)

�

$��+56�� +m: B5@ZC|[
γ
_�=TcSLQcSR	JA=`[MEVJ

ΓU (ϕ) t <>=TNm@`BqJ γ̃ = (p×p)◦γ t <>=o?kwHJAIk?kwHJ\�NHIK@�_HbZJAI!d`_HJ
γ̃
f�NHNmf�ID[DCFJA=`[!�

ΓV (ϕ̃) t:& @�_V[�E^] f�Pm@ZIKE�zA@�=�f�cAb5CFEHJAR	R	JA=`[ ∂γ̃ ⊂ {V t� ] f�_V[DIKJ(N�f�Iq[7zSBD@�CQ[ ω̃ _H=�?kw�f�RTN�EHJMb�J7?g[KJA_HI�CFIKID@�[Kfx[KCQ@Z=H=HJSL�EVJ M×M zSEHJMBq_�NHNm@ZIq[
CF=�?YLF_�BUEHf�=�B

V t <>=hN;@ZBDJ ω = (∇(p× p))ω̃ ◦ (p× p) t u J>ID@�[Kf�[DCF@�=H=HJSLmEVJ ω̃ cA[Kf�=Z[=5_HL#z�@�=�JS=/EVcSEV_�C|[>d`_HJ�LQJ�IK@�[kfx[DCF@�=�=HJAL!EHJ
ω
L#] JSBq[�cAy`f�LFJAR	JA=`[ t ( =/J/>�JS?Y[D_�f�=Z[>_H=?kw�f�=Hy�JSRTJS=`[
EHJ�bxf�IDCWf�PHLFJSBSz5@�=�N;JA_V[�cA[Kf�P�LQCFI�d`_HJ

∫

eγ

ω̃ ∧ nds =

∫

γ

ω ∧ nds
�'�$9 �

JY[�d`_HJ
∫

M×M

ω ∧ ∇rϕ(Φ(rϕ))dx =

∫

M×M

ω̃ ∧ ∇reϕ(Φ(reϕ))dx.
�'��3 �

u J>ID@�[Kf�[DCF@�=H=HJSLmEVJ ∇rj(Φ(rj )
cY[kf�=`[O=5_HL;JY[

(p× p)
wH@ZR	@�[D@ZNmJ���L#] CWEVJA=`[KC|[Kc�z5@�=hf

∫

M×M

ω̃ ∧∇rj(Φ(rj))dx =

∫

M×M

(∇(p× p)ω̃ ◦ (p× p)) ∧ (∇rjΦ(rj))dx

=

∫

M×M

ω ∧ (∇rj(Φ(rj))dx.
�'�$# �

� JSB�EVcA��=HCQ[DCF@�=�B
EHJ Φϕ JY[ Φeϕ
JA[�EVJSB
c7d`_�fx[KCQ@Z=�B ����3 � JY[ ���:# � zH@�=�EVcSEH_HC|[�d`_HJ

∫

M×M

ω ∧ Φϕdx =

∫

M×M

ω̃ ∧ Φeϕdx.
�'�$S �

� JTN�LQ_�BSz!?A@�R	R	J ω JSBq[$_�=�?kw�f�R	N�EVJ	IK@�[kfx[DCF@�=�=HJALa=5_HL�JY[�d`_HJ
γ
f�NHNmf�ID[DCFJA=`[$�

ΓU (ϕ)
zH@�=if

∫

γ

ω ∧ nds =

∫

M×M

ω ∧ Φϕdx.
� +� �

( =V�m=�z�@Z=�EVc7EV_HCQ[�EVJ ���:9 � z ���$S � JY[ � +0 � d`_HJ
∫

eγ

ω̃ ∧ nds =

∫

M×M

ω̃ ∧ Φeϕdx.

� JY[D[DJ�cAy`f�LFC|[Kc>cA[Kf�=`[\b�cSIDCQ��cAJ>Nm@Z_HIO[D@�_H[
?kwmf�R	N ω̃ EVJ�IK@�[Kf�[DCF@�=H=�JAL;=`_�L��TBD_HNHN;@�ID[CF=�?YLF_�B�EHf�=�B
V
z
γ̃
f�NHN�f�Iq[KCQJS=Z[
�

ΓV (ϕ̃) t
' +58-8 + ��:�� '�#�%

ϕ
� !�*<(+� 8/'�:615;�%9# '�! (�*

M
*/%
p

,�; :�* �$;�:�;�15��%9:6#=0�;�%9# '�! (+� �"!$# *
�$;�: � � � � � ,4'�:>0 � ' � : % '�� % * ;�� ��, # �>;�%&# '�!

γ ∈ W 1,1([0, 1];M)
� #�,�* �+#=06% * � !�* 0�� #�% *

( . ;�� ��, # �>;�%&# '�! 0
�>'�! %9#�! �$*60
γn

% */,�,�* � �$*
p◦γn

�>'�! ��*/: �
* ��*/:>0
γ
�$'�� : ,4;<% '�� '�,4' ��# *

W 1,1 8/'�:6% * �
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$��+56�� +m: B5C
p
JSBq[�P�C �rJ7?g[DCFb�JZz�CQL�BD_ %	[$EVJ	?kwH@ZCFBDCQI

γn
?Y@Z=�Br[kf�=`[>cSyZf�LQJT�

p−1 ◦ γ t� JAN;JA=mEHf�=`[Sz�EHf�=�B�LFJX?Sf�B�yZcA=HcSIKf�L z p =�] JSBq[>N�fZB�PHC �rJS?Y[DCQn t � ��=vE�] @ZPV[DJS=HCQI>LFfeBq_�C|[KJEVJ$np@Z=�?g[KCQ@Z=�B
γn

BD@�_Hw�f�C|[KcAJZzH@�=�?Y@Z=�Br[KID_�C|[
_H=HJXBq_HCQ[DJ�E�] f�NHNHIK@{l5CFRofx[KCQ@Z=�B
pn

EHJ
pN�f�I�EVJSB>f�NHN�LQCW?Af�[DCF@�=�B
P�C �rJ7?g[DCFb�J7B t <>=iNm@`BqJ�f�LQ@ZIKB γn = p−1

n ◦ γ JA[�@�=iNHIK@�_�b�J$LFf?Y@Z=5b�JAIKy�JS=�?YJ�EHJ
p ◦ γn

b�JSIKB
γ t)� @�_�IO[K@�_V[ ε > 0

z5@�=3CF=`[DIK@VEV_HCQ[UL#] f�NHNHIK@{lVCQRofx[KCQ@Z=
EVJ

p
BD_HCQbxf�=Z[KJ

pn =
np+ s

n+ 1
.

u fXnp@Z=�?g[KCQ@Z=
pn

EVcA��=HCFJ�_H=iEVCE>;cS@�R	@�IKNHwHCWBqR	J�EVJ
M

JY[�@�=�f

p′n =
np′ + 1

n+ 1
.

u J7B�np@�=�?Y[DCF@�=�B�f�%o=HJSB�Nmf�IaR	@�Ik?YJSf�_Vl�cY[kf�=`[MEVJS=�BqJ
EHf�=�B
W 1,1 z�@Z=XN;JA_V[UBq_HN�Nm@`BqJSIBKf�=�BMNmJSIq[KJ>EVJ�yZcA=HcSIKf�LQCQ[Dc>dZ_�J

γ
J7Br[Uf"%o=HJ�Nmf�IMR	@ZIK?AJSf�_Hl t5� @ZR	RTJ>f�=H=H@Z=�?YcZz�@Z=N;@ZBDJXf�LF@�IkB

γn = p−1
n ◦ γ t�� JSBq[DJ	�hN�ID@Z_Hb�JSI>d`_HJ (p ◦ γn)′

?Y@Z=`bZJAIKy�J�bZJAIkB
γ′
JS=

=H@ZIDR	J
L1 tm� ] J7Br[��	EVCFIDJ�d`_HJ

Rn = ‖(p ◦ γn)′ − γ′‖L1

=

∫ 1

0

(1 + 1/n)

∣∣∣∣
(

1

np′ + 1

)
◦ (p−1

n ◦ γ)
∣∣∣∣ |γ

′|ds n→∞−−−−→ 0.

<>=�NmJS_V[>EVc7?Y@�R	N;@ZBDJAI
?YJA[q[KJ�CQ=`[DcSy�Ikf�LFJ�BD_HI�?kw�fZ?Y_H=�EVJ7B\CQ=`[DJSIDbxf�LQLFJSB
[si, si+1]

Bq_HI
LFJSBKdZ_�JALWB

γ
J7Br[�f"%o=HJ t � CF=�BDC zUfx��=�EHJ/NHIK@�_HbZJAIoLWf-?Y@Z=`bZJAIKy�JS=�?YJiEVJ/L#] CF=`[DcSy�Ikf�LFJ

NHIKcS?AcSEVJS=Z[KJ�bZJAIkB OAcSID@mz�@Z=vN;JA_V[�Bq_�NHNm@`BqJSI�d`_HJ
γ
J7Br[�f"%o=HJ t BVC γ′ = 0

zmCFLa=�] ��f
IKCQJS=e�XNHID@Z_Hb�JSI t5� f�=�BULFJ$?Sf�BU?Y@Z=Z[KIKf�CQIKJ�z`@�=eJ/>�JS?Y[D_HJ$LFJ�?kw�f�=Hy�JSR	JA=`[UEVJ$bxf�IKCWf�PHLFJ
t = p−1

n ◦ γ(s) z�?YJ�d`_HC�=�@�_�B
?A@�=�EV_�C|[��TL#] JAl5N�IDJ7BDBDCQ@Z=

Rε =

∫
(1 + 1/n)

∣∣∣∣
1

np′(t) + 1

∣∣∣∣ |p
′
n|dt.

� ] f�NHIDG7B\L ] JYlVNHIKJSBKBDCQ@Z=eEVJ p′n zV@�=�JA=�EVcSEH_HC|[�dZ_�J

Rε =

∫
(1 + 1/n)

∣∣∣∣
1

np′(t) + 1

∣∣∣∣
∣∣∣∣
np′ + 1

n+ 1

∣∣∣∣ dt =

∫
dt/n,

d`_HC!?A@�=5b�JSIDyZJ�b�JSIKB�OScAIK@TLF@�IkBKdZ_�J
n
[DJA=mEebZJAIkB\L ] CF=V��=HC t

' +58-8 + �!:�� '�#�%
ϕ ∈ W 1,1(M ; R2)

� !�* (+� 8/'�:615;�%9# '�! (�*
M

� � '�� : % '�� %
δ > 0

�
*�%"% '�� %

γ̃ ∈ ΓV (ϕ̃)
(�* �/,4;�0>0/*

W 1,1 ��#�, * �+#=06% *
γn ∈ ΓU (ϕ)

% *�,
� �$*

(p× p) ◦ γn → γ̃

�$'�� : ,4; % '�� '�,4' ��# *
W 1,1 � '��

U = Uδ(ϕ)
*/%
V = Uδ(ϕ̃)

�
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$��+56�� +m: & @�_V[�E^] f�Pm@ZIKE�zH[D@Z_V[>cSLQcSR	JA=`[>EVJ ΓV (ϕ̃)
NmJS_V[>�A[DIKJ�f�N�NHID@V?kwHc�Nmf�I�_�=

cALFcAR	JS=Z[UEVJ
ΓV (ϕ̃)

f�%	=�J�N�f�IMRT@ZIK?AJSf�_Vl�[KJALmd`_HJ
∂γ̃

Bq@ZC|[MCF=�?ALQ_�BOEHf�=mB(L#] CF=`[DcAIKCFJA_HI
EV_�?Y@ZRTN�LQcSRTJS=`[Kf�CFIKJ>EVJ

V t <>=eIDJSNHIDJS=�EhLWfT?Y@�=mBr[KID_�?Y[DCF@�=3EHJ�LWfTBq_HCQ[DJ�E^] f�N�NHID@{lVCQjRofx[KCQ@Z=�B
pn

EVJ
p
z�CQ=`[KID@VEV_HCQ[DJhf�_�LFJAR	R	J<,eJY[X@�=�Nm@`BqJ

γn = (pn × pn)
−1(γ̃) t� ] f�NHIDG7B�LFJ3LFJAR	R	J<,Vz (p × p) ◦ γn

?A@�=5b�JSIDyZJTbZJAIkB
γ̃
N;@�_HIXLFf�[K@�N;@�LF@�yZCQJ

W 1,1 t<>=/JS=�EVc7EV_HCQ[>[K@�_V[�E^] f�P;@�IkE/d`_HJ�N;@�_HI
n
fZBDBDJMOXy�Ikf�=�E^z

∂γn
J7Br[�CQ=m?YLF_�B$EHf�=�B>LFJ

?Y@ZR	NHLQcSR	JA=`[Kf�CQIKJXEVJ
U t � �m=�E^] cY[kf�PHLFCFI�d`_HJ γn f�NHNmf�ID[DCFJA=`[�� ΓU (ϕ)

z!CQLaIKJSBq[DJX�
NHIK@�_HbZJAI
d`_HJ$Nm@Z_HI
[K@�_V[�?kw�f�RTN�CFIDIK@�[kfx[KCQ@Z=H=HJAL

ω
EVJ�Bq_�NHNm@ZIq[
CF=�?YLF_�B�E�f�=�B

U
zV@Z=

f
∫

γn

ω ∧ nds =

∫

M×M

ω ∧ Φϕds.
� + � �

� f�I
_H=iBDCQR	NHLFJ�?kw�f�=�y�JAR	JS=Z[�EVJ�bxf�IDCWf�PHLFJ�z5@Z=�f
∫

γn

ω ∧ nds =

∫

eγ

ω̃n ∧ nds,
� +0+ �

@ %
∇(pn × pn)ω̃n ◦ (pn × pn) = ω.

� +�� �
u J�?kw�f�R	N

ω̃n
JSBq[�EVJ$ID@�[Kfx[KCQ@Z=H=HJSLm=5_HL^JA[
EHJ$BD_HNHN;@�ID[
CQ=m?YLF_�B\EHf�=�B

V tm� @�R	R	J γ̃f�N�N�f�ID[DCFJA=`[��
ΓV (ϕ̃)

zH@�=if	EV@Z=�?
∫

eγ

ω̃n ∧ nds =

∫

M×M

ω̃n ∧ Φeϕdx.
� + L �

B5@ZC|[
ϕn = ϕ ◦ p−1

n
ta� @ZR	RTJ reϕ

JY[
reϕn

BD@�=`[�wH@ZRT@�[D@ZNmJ7B�?Y@�R	R	J	np@�=m?g[DCF@�=mB��
bxf�LFJA_HIkB
EHf�=�B

R2
∗

BD_HI
V
zV@Z=�f

∫

M×M

ω̃n ∧ Φeϕdx =

∫

M×M

ω̃n ∧ Φeϕn
dx

� +0, �
� f�I�?kw�f�=Hy�JSR	JA=`[\EHJ�b{f�IDCWf�P�LQJZzV@�=�cY[Kf�PHLFC|[�EVJ$NHLF_�B�d`_HJ

∫

M×M

ω̃n ∧ Φeϕn
dx =

∫

M×M

ω ∧ Φϕdx.
� + 9 �

@�CQ=mf�LFJAR	JA=`[Sz�JA= IKfZBDBDJARXPHLWf�=`[�LQJ7B�c7d`_�fx[KCQ@Z=�B � +0+{j�+ 9 � z9@�=-@ZPV[DCFJA=`[ � + � � za?YJed`_HCf�?kw�GAb�J�LWfXN�IDJS_Hb�J t
' +58-8 + ��:�� '�#�%

ϕ ∈ W 1,1(M ; R2)
��� '�� : % ' � %"'�� ��*/:6%

U
(�*

int(M)× int(M)���/:6# � ;�!$% ,4; � '�!�(�#�%9# '�! � � � ��#�, * �+#=06% *
γ̃ ∈ ΓV (ϕ̃)

% */,�� �$*

JV (ϕ̃) = LGeϕ (γ̃),

'��
V = (p× p)(U)

�
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$��+56�� +m: B5@ZC|[
U
_H=e@�_HbZJAID[OEVJ

int(M)× int(M)
[KJAL^d`_HJ�LFfX?Y@�=mEVC|[KCQ@Z= � + � BD@�CQ[b�cSIDCQ��cSJ�JA[

V = (p× p)(U) t <>=eIkf�N�NmJSLQLFJ�dZ_�J
JV (ϕ̃) = inf

eγ∈ΓV (eϕ)
LGeϕ (γ̃).

BVf�=�B�N;JAID[DJTEVJ�yZcA=HcSIKf�LQCQ[DcZzH@�=/N;JA_H[�BD_HNHN;@ZBDJAI>d`_HJXL ] CF=V��R�_�R J7Br[>��=HC � BDCQ=�@�=�z;CQL
=�] �ef	IKCQJS=i�oEVcAR	@�=`[KIDJSI � t B5@�CQ[ γ̃n _H=�J�Bq_HCQ[DJ�RTCF=HCFR	CFBKf�=`[DJ�EHJ LGeϕ EHf�=mB

ΓV (ϕ̃) t
� @�_HI�BDCFRTN�LQCQ��JAI7zH@Z=�BD_HNHN;@ZBDJ�dZ_�J γ̃n =HJ�?Y@ZR	Nm@ZIq[KJ$d`_�] _H=�_H=HCWd`_HJ�cALFcAR	JS=Z[7zHN�f�IJYlVJSRTN�LQJ�_H=HJ�f�N�NHLQCW?Af�[DCF@�=�EHJ

[0, 1]
��bxf�LFJA_�IKB�EHf�=mB

M × M t�� @�R	R	J�@Z= f
BD_HNHN;@ZBDJAI
L#] CF=V��RX_HR ��=�C zHCFL�JAl5CWBq[DJ$_H=HJ�?A@�=�Bq[Kf�=Z[KJ

C
[DJSLQLFJ�d`_HJ

LGeϕ (γ̃n) < C.

� JXNHLF_�BSzm@Z=/N;JA_V[�Bq_�NHNm@`BqJSI�d`_HJXNm@Z_HI>[D@�_H[ t ∈ [0, 1]
z�@�=�f

rϕ(γn(t)) > δ
z;@ %

δ
JSBq[X_�=HJe?A@�=�Bq[Kf�=Z[KJ3Bq[DIKCF?Y[DJAR	JS=Z[XNm@`BqCQ[DCFb�J t�� ] f�NHIKGSB�LWfiNHIK@�N�IDCFcY[Kc3E^] JALFLQCFNV[DCW?YCQ[Dc����� � zV@�=if

L(ϕ̃× ϕ̃ ◦ γ̃n) < C

(
inf
t>δ/2

g(t)

)−1

LGeϕ (γ̃n),

@ % L((ϕ̃ × ϕ̃) ◦ γ̃n)
EVc7BqCFy�=HJ	LWf�LQ@Z=Hy�_�JA_HI$_�BD_HJALFLFJhEVJoLFf�?A@�_HIKPmJ

(ϕ̃ × ϕ̃) ◦ γ̃n t!>_HCQ[q[KJ>��IKJAN�f�IKf�R	cY[DIKJAI
γ̃n
z`@�=oN;JA_V[

(ϕ̃× ϕ̃)◦ γ̃n
f�N�N�f�ID[DCFJA=`[O�

W 1,∞ JY[\d`_HJ�LWf
=H@ZIDR	J�EVJ�BKfoEVcAIKCFb�cAJ$J7Br[>?A@�=�Bq[Kf�=`[DJ t�� @�R	R	J ϕ̃ f�NHN�f�ID[DCFJA=`[
LF_HC!R	�AR	J��

W 1,∞JY[�d`_HJoLWf3=�@�IKRTJoEVJoBKf�EVcAIKCQbZcAJTJSBq[�cAyZf�LQJSR	JA=`[$?A@�=�Bq[Kf�=`[DJ�z^CFL(BS] JS=�BD_HCQ[�dZ_�J
γ̃nf�N�N�f�ID[DCFJA=`[h�

W 1,∞ JA[3dZ_�JiLFf�BD_HCQ[DJ
γ̃n

J7Br[hc7d`_HCF?A@�=`[DCF=5_HJ tO� J/N�LQ_�BSzM?A@�R	R	J
M ×M

J7Br[�?Y@�R	N�fZ?g[7z�@�=/EHcSEV_HCQ[�EH_i[DwHcS@�IKGAR	J�E^] � BK?Y@ZLQC�dZ_!] CFL9JAlVCFBq[DJ�_�=HJXBD@�_�B
BD_HC|[KJ�JYl5[KIKf�C|[KJ�EVJ

γ̃n
� dZ_�J�=H@�_mB
=H@�[KJAIK@�=�B\cSyZf�LQJSRTJS=`[

γ̃n � ?A@�=5b�JSIDyZJA=`[DJ�b�JSIKB�_H=cALFcAR	JS=Z[
γ̃ ∈ ΓV (ϕ̃)

N;@�_HI
LWfX[D@�N;@�LF@�yZCQJ C0 t � CF=�BqC#z
LGeϕ (γ̃) = LG((ϕ̃ × ϕ̃) ◦ γ̃)

≤ lim inf
n

LG((ϕ̃× ϕ̃) ◦ γ̃n)

= lim inf
n

LGeϕ (γ̃n) = JGV (ϕ̃).

( =V�m=�zVdZ_�C|[D[DJ>��IDJSN�f�Ikf�R	cY[KIDJSI γ̃ z`L ] CQ=H��R�_HR N;JA_V[\�Y[KIDJ>fx[q[KJACF=`[ON;@�_HIO_H=hcALFcAR	JS=Z[
EVJ�?ALFfZBDBDJ

W 1,∞ t
$��+56�� + � $�x� �M�m47�p�7���;� } ��� : � @Z_HI\[D@Z_V[ δ > 0

zV@Z=�f
JUδ

(ϕ) = inf
γ∈ΓUδ

(ϕ)
LGϕ (γ)

= inf
γ∈ΓUδ

(ϕ)
LGeϕ ((p× p) ◦ γ).

<>I
(p× p)(ΓUδ

(ϕ)) ⊂ ΓVδ
(ϕ̃) t � CQ=mBqC#z

JGUδ
(ϕ) ≥ inf

eγ∈ΓVδ
(eϕ)

LGeϕ (γ̃) = JGVδ
(ϕ̃).

� + 3 �
� c7?YCFNHID@Vd`_HJSRTJS=`[SzHE^] f�NHIKGSB\LFJ$LQJSR	RTJ 3 zVCQL!JYlVCFBq[DJ γ̃ ∈ ΓVδ

(ϕ̃) ∩W 1,∞
[DJSL!d`_HJ

JGVδ
(ϕ̃) = LGeϕ (γ̃).
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� ] f�NHIDG7B�LFJhLQJSR	RTJ 9 z�CFLUJYlVCFBq[DJ3_H=HJ3BD_HCQ[DJ γn E^] cSLQcSR	JA=`[KBXEVJ
ΓUδ

(ϕ)
[KJALFLQJ3d`_HJ

(p× p) ◦ γn
?Y@Z=`bZJAIKy�J>b�JAIkB

γ̃
Nm@Z_HI
LWf�[K@�N;@�LF@�yZCQJ

W 1,1 t � CQ=�BDC#z
LGeϕ (γ̃) = lim

n
LGeϕ ((p× p) ◦ γn) = lim

n
LGϕ (γn)

JY[
JGVδ

(ϕ̃) ≥ lim
n

LGeϕ ((p× p) ◦ γn) − ε ≥ JGUδ
(ϕ) − ε.

<>=�EVcSEV_�C|[>EHJ$?AJY[D[DJ�CF=HcAy`f�LFC|[Kc�JA[�EVJ � + 3 � d`_HJ
JGUδ

(ϕ) = JGVδ
(ϕ̃),

E^] @ %�EVcS?A@�_HLFJ�LWfT?A@�=�?ALQ_mBqCF@�=�EVJ�LFfTNHIK@�N;@ZBDCQ[DCF@�= t
�+� ��� ��� � */1�# �>'�!$%&#�!�� #�% � #�! 8/�/:6# * � :�*

$�x���O�m47�p�7���;� };} : � ; 8/'�!���%9# '�!
JG

*/06%�0�*/1�# �>'�! %9#�! �$* #�! 8/��:6# * � : */13*/! %��$'�� : ,4;
% '��$'�,4'���# * C0 �

$��+56�� +m: � @ZRTR	JXLQJTBq_HN�IDJSR�_HR EVJ�np@�=�?Y[DCF@�=�B�BqJSR	C�?A@�=`[DCF=5_HJSB�CQ=VnpcSIDCFJA_�IDJSRTJS=`[
JSBq[hBqJSR	C�?Y@�=`[KCQ=5_HJ�CQ=HnpcAIKCQJS_HIDJSR	JA=`[SzaCFL�Bq_ %	[3E^] cY[kf�PHLFCFITLWf�BqJSR	C\?A@�=`[DCF=5_HCQ[DciEVJSB
np@�=m?g[DCF@�=mB

JGU
t B5@�CQ[ ϕ _H=�J�EHcYnp@�IKRofx[KCQ@Z=�EVJ

M
JA[
U
_�= @Z_Hb�JSIq[hEVJ

M × Mb�cSIDCQ�mf�=Z[9LFf�?A@�=�EHC|[KCQ@Z= � + � t B5@�CQ[ ϕn _H=HJUBq_�C|[KJOEVJUEVcYnp@ZIDRofx[KCQ@Z=�B!?A@�=5b�JSIDyZJSf�=Z[^bZJAIkB
ϕ
Nm@Z_HI�LWf	[K@�N;@�LF@�y�CFJ C0 t � @Z_HI n fZBDBDJMO�yZIKf�=�E^zHLWfh?Y@Z=�EVCQ[DCF@�= � + � J7Br[>cAyZf�LQJSR	JA=`[b�cSIDCQ��cSJ�N�f�I>LQJ�?A@�_HN�LQJ

(ϕn, U)
JA[
JGU (ϕn)

JSBq[�?A@�IKIDJ7?g[DJSR	JA=`[�EVcY��=�C t � @�_HI�[D@�_H[
n
zHCFL^JYlVCWBr[KJ

γn ∈ ΓU (ϕ)
[DJSL�d`_HJ�Nm@Z_HI\[D@Z_V[

n
z

JGU (ϕn) ≥ LGϕn
(γn) − 1/n.

<>=�f
lim inf JGU (ϕn) = lim inf LGϕn

(γn).
� + # �<>=hN;JA_V[
BD_HNHN;@ZBDJAIOBKf�=mB(N;JAID[DJ>EHJ>yZcA=HcSIKf�LQCQ[Dc�d`_HJ�?YJY[D[DJ�LQCFR	C|[KJ>J7Br[O��=HCFJ � EHf�=�BOLFJ

?AfZB$?Y@�=`[KIKf�CQIKJ�zmCQL�=�] �/feIDCFJA=�f3NHIK@�_�b�JAI � t <>=vN;JA_H[�?kwH@�CWBqCFI γn EHJX[KJAL(BD@�ID[DJTdZ_�J
|rϕn

(γn(t)| > δ/2
Nm@Z_HI�[D@Z_V[

t
z;@�%

δ
J7Br[�_H=�JT?A@�=�Bq[Kf�=Z[KJTBq[DIKCW?g[DJSR	JA=`[�N;@ZBDCQ[DCFb�J

CF=�EVcAN;JA=mEHf�=`[DJ>EVJ
n t`� J>NHLQ_mBAz`E^] f�NHIKGSB � + # � JY[Ud`_HCQ[q[KJ���JAl`[KIKf�CQIKJ
_H=HJ>Bq@Z_�BMBD_HCQ[DJ�z@�=vNmJS_V[�Bq_HN�Nm@`BqJSI>d`_HJ LGϕn

(γn)
J7Br[$P;@�IK=Hc�CF=�EVcSNmJS=�EHf�R	R	JA=`[�EVJ

n t � CQ=�BDC#z;@Z=N;JA_V[�IKJANmf�Ikf�R	cY[KIDJSIOLFJSB�f�NHNHLFCF?Sfx[KCQ@Z=�B
γn

EVJ�BD@�ID[DJ�d`_HJ�N;@�_HI�[D@�_H[�cALFcAR	JA=`[kB
s
JA[

t
EVJ

[0, 1]
@Z=�f�C|[

L((ϕn × ϕn) ◦ γn|[s, t]) ≤ C|s− t| + 1/n,

@ %
C
JSBq[�_H=HJ�?Y@Z=�Bq[Kf�=`[KJ>CF=�EVcSNmJS=�EHf�=`[KJ�EVJ

n t ( =iN�f�Iq[KCF?A_HLQCFJAI7z
diametre((ϕn × ϕn) ◦ γn([s, t])) ≤ C|s− t| + 1/n,

JY[�?A@�R	R	J
ϕn

?Y@Z=5b�JAIKy�J>b�JSIKB
ϕ
Nm@Z_HI
LFfX[K@�N;@�LF@�y�CFJ C0 zH@�=�JA=iEVc7EV_HCQ[�d`_HJ

diametre((ϕ× ϕ) ◦ γn([s, t])) ≤ C2(|s− t| + 1/n).
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<>=3N;@ZBDJ
γ̃ = (p× p) ◦ γn

z5@ %
p
JSBq[\LFf�np@�=�?Y[DCF@�=�EVJ>IKJANmf�Ikf�R	cY[KIDCWBDf�[DCF@�=of�BKBD@5?ACQcSJ

�
ϕ t u ] cSd`_�f�[DCF@�=�NHIDc7?Yc7EVJA=`[DJ$CFR	NHLQCWd`_HJ�d`_HJ

diametre((ϕ̃× ϕ̃) ◦ γ̃n([s, t])) ≤ C2(|s− t| + 1/n).

( =T_V[DCFLFCFBKf�=`[aLQJOn�f�CQ[(dZ_�JOLWf�=�@�IKRTJUEVJ\LFf>EVcAIKCFb�cAJ\EVJ ϕ̃ JSBq[(?Y@�=mBr[kf�=`[DJZz7Bq[DIKCF?Y[DJSRTJS=`[N;@ZBDC|[KCQbZJ�z!@Z=-JA=-EHcSEV_HCQ[Td`_HJeNm@Z_HI�[K@�_V[
α > 0

z!CFLOJAl5CWBq[DJ
δ(α) > 0

[DJAL\d`_HJ3BDC
|s− t| + 1/n < δ(α)

f�LF@�IkB

|γ̃n(s) − γ̃n(t)| < α.

� ] f�NHIDG7B$LQJ	[KwHcA@ZIDGSR	J	E�] � BD?A@�LFC z^CFLMBS] JS=�BD_HCQ[�d`_�] CFL(JAl5CWBq[DJ	_H=HJhBD@�_�B�BD_HCQ[DJhEVJ γ̃n� d`_HJ3=H@�_�B�=H@�[KJAIK@�=�B�cAyZf�LQJSR	JA=`[
γ̃n � ?Y@Z=`bZJAIKy�JS=Z[KJ	b�JAIkB�_H=�cSLQcSR	JA=`[ γ̃ N;@�_HIXLFf[D@ZNm@ZLQ@Zy�CFJ C0 t <>I�Nm@Z_HI�[D@Z_V[ n z γ̃n f�NHN�f�ID[DCFJA=`[�� ΓV (ϕ̃)

z;@�%
V = (p × p)(U) t� @�R	R	J ΓV (ϕ̃)

JSBq[�npJAIKRTcTN;@�_HI$LWfo[D@ZNm@ZLQ@Zy�CFJ C0 z γ̃ f�N�N�f�ID[DCFJA=`[�EH@�=�?T� ΓV (ϕ̃)JY[

JU (ϕ) = Jv(ϕ̃) ≤ LGeϕ (γ̃)

= LG((ϕ̃× ϕ̃) ◦ γ̃)
≤ lim inf LG((ϕ̃× ϕ̃) ◦ γ̃n)
≤ lim inf LG((ϕn × ϕn) ◦ γn) = lim inf JU (ϕn),

?YJ�d`_HC!fZ?kwHGAbZJ>LWfTNHIKJA_HbZJ t
( =�_V[KCQLFCFBKf�=`[�EVJ7B
f�IKy�_HR	JS=Z[kB\BqCFR	CQLWf�CFIDJ7BAzV@Z=eN;JA_H[�cY[kf�PHLFCQI�EHJ�R	�SRTJ�d`_HJ
$�x���O�m47�p�7���;� } & : � ; 8/'�! �/%&# '�!

Jg
*/0>% 0�*�1<#�� '�!$%&#�!��$*<#�! 8/��:6# * � :�*/13*�!$% �$'�� :-,4;

% '��$'�,4'���# * C0 �

�+� � ����� �-# � �/:�*�!$%&# ;�2�#�, #�% �5(�*/0	8/'�!���%9# '�! 0<(+*��$�/!�;�, #=0�;�%9# '�!

u J7B^np@Z=�?g[KCQ@Z=�B!EVJONmcS=�f�LFCWBDf�[DCF@�=
JG

JY[
Jg

=�JOBD@�=`[!JA=�y�cA=�cAIkf�LFJ�N�f�B�EVcAIKCFb{f�PHLFJSB t
� JAN;JA=mEHf�=`[SzS@�=�N;JA_V[9J/>�JS?g[K_HJAI9_H=�?Sf�LW?Y_HLxnp@ZIDR	JSLZEVJ(LFJA_�IKB�EHcAIKCQbZcAJSB!EHf�=�B�LQJM?Sf�B^@�%LWf�EVcYnp@ZIDRofx[KCQ@Z=

ϕ
JSBq[(_H=HJ�CQR	R	JAIkBqCF@�=T=HJ
N;@ZBKBqc7EHf�=`[Md`_HJ�EVJ7B(f�_H[D@�j CF=Z[KJAIkBqJ7?g[KCQ@Z=�B

[DIkf�=mBqbZJAIkBqJ7B t <>=eIkf�N�NmJSLQLFJ�d`_HJ�EHf�=�B
?AJ�?AfZBAz

JG(ϕ) = inf
γ∈Γ (ϕ)

LGϕ (γ)
JY[
Jg(ϕ) = inf

γ∈Γ (ϕ)
Lgϕ(γ),

@ %
Γ (ϕ)

JSBq[
EV@�=H=�cAJ�N�f�I � # � BDC M JSBq[UL#] _�=HCQ@Z=eE^] CF=Z[KJAIKbxf�LFLQJ7BUEHCFB��r@�CF=`[KB t`� J$NHLQ_mBAzCFL�JYlVCWBr[KJ
γG(ϕ)

JA[
γg(ϕ) ∈ Γ (ϕ)

[DJALWB
d`_HJ

JG(ϕ) = LGϕ (γG(ϕ))
JA[
Jg(ϕ) = Lgϕ(γg(ϕ)).

( =iBD_HNHN;@ZBKf�=`[\d`_HJ γG(ϕ)
JY[
γg(ϕ)

BD@�=`[
EVcAIKCFb{f�PHLFJSBUN�f�I\Ikf�NHN;@�ID[
�
ϕ
zH@Z=3N;JA_V[

cY[kf�PHLFCFI
LFf	EVcSIDCFbxf�PHCFLQCQ[Dc�EHJ
JG

JY[�EHJ
Jg t�� LF_�B
N�IDc7?YCWBqcSRTJS=`[Sz
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ϕ

� !�*)#�1�13*/:>06# '�! (+'�! % ,4*/0 ;�� % '�� #�! % *�:>0�*��/%&# '�!$0 0�'�!$%
%&:�;�!$0���*�:>0/*/0�� � #

γG(ϕ)
*/06% (���:6# � ;+2/,4* � ;�:7:�;�� �$'�:6% 	

ϕ
� ;�,4'�:>0

JG
*606% (+�/:6# ��;�2�,4*

*�%

〈(JG)′(ϕ, ψ〉 =

∫

γ

F ◦ (ϕ, ϕ) ◦ γ
|F ◦ (ϕ, ϕ) ◦ γ| .(F ◦ (ϕ, ϕ) ◦ γ)d((ψ, ψ) ◦ γ)

ds

+
F ◦ (ϕ, ϕ) ◦ γ
|F ◦ (ϕ, ϕ) ◦ γ| .

(
D(ϕ,ϕ)◦γF (ψ, ψ) ◦ γ d((ϕ, ϕ) ◦ γ)

ds

)
ds,

'��
F

*/06% � !�* 13;�%&:6# � *-0���15��%&:6# � �$* � '�06#�%9# ��*<% *�,�,4*�� �$*
F 2 = G

� ��*���, ��0��

〈(JG)′(ϕ, ψ〉 = 〈(JG)′(ϕ, (ψ.nϕ)nϕ〉,
� + S �

'��
nϕ

*606% ,4; !�'�:613;�,4* 	
ϕ

�

� *�13;�: � �$* �+� <>= N;JA_V[�cY[KJA=�EVIKJ � EV_�R	@ZCQ=�B3np@�IKR	JALFLQJSR	JA=`[ � ?YJY[D[DJ�np@�IKR�_HLFJ�EHJEVcSIDCFbxfx[DCF@�=�� [D@Z_V[DJ�EVcYnp@ZIDRofx[KCQ@Z= � NHIKcSBDJA=`[kf�=`[vN�f�I�JAl5JSR	NHLQJ�EVJSB�f�_H[D@�j CF=Z[KJAIDj
BDJS?g[KCQ@Z=�B\=H@Z=3[KIKf�=�BqbZJAIkBqJ7B � EHf�=�B\LQJ�?Sf�B\@�_ G = 0

BD_HI
∆(R2) t

� J�RT�SR	J�z
$�x���O�m47�p�7���;� } 	!: � '�#�%

ϕ
� !�*)#�1�13*/:>06# '�! (+'�! % ,4*/0 ;�� % '�� #�! % *�:>0�*��/%&# '�!$0 0�'�!$%

%&:�;�!$0���*�:>0/*/0�� � #
γg(ϕ)

*/0>%�(+�/:6# ��;�2�,4*��$;�: :�;���� '�:6% 	
ϕ
� ;�,�'�:>0

Jg
*/06%�(���:6# � ;+2/,4*<*/%

〈(Jg)′(ϕ), ψ〉 = 2

∫

γ(ϕ)

g′(|ϕ(s1)−ϕ(s2)|2)(ϕ(s1)−ϕ(s2)).(ψ(s1)−ψ(s2))ds.

$��+56�� + � $�x� �M�m47�p�7���;�94 } 	 +`� } � � : B5@ZC|[

jg(ϕ, γ) = Lgϕ(γ) =

∫

γ

g(|ϕ(s1) − ϕ(s2)|2)ds.

<>=ef
Jg(ϕ) = jg(ϕ, γg(ϕ)) t ( =e_H[DCFLQCWBDf�=`[OLFJ�n�f�C|[�d`_HJ γg(ϕ)

R	CQ=HCFR	CFBDJ
jg(ϕ, γ)BD_HI�L#] JS=�BDJAR�P�LQJ3EHJSB

γ
f�NHNmf�ID[DJA=mf�=`[��

Γ (ϕ)
JY[TdZ_�J

g(0) = 0
z9@�=�cY[kf�PHLFCQ[Td`_HJ

∂jg/∂γ = 0 t � CQ=�BDC#z (Jg)′(ϕ) = ∂jg/∂ϕ(ϕ, γg(ϕ))
z;?YJ�d`_HC!?A@�=�EH_HC|[��TL#] JAlVNHIDJ7Brj

BDCQ@Z=3f�=H=�@�=�?AcAJ�EVJ>LFfXEVcAIKCFb�cAJ>EVJ
Jg t <>=hNHIK@5?AGSEVJ>EVJ�R	�AR	J�Nm@Z_HI\EVcY[KJAIKRTCF=HJSIMLWfEVcSIDCFb�cSJ�EVJ

JG t5� f�=mBO?AJ>?AfZBAz5?Y@ZR	RTJ JG JSBq[\CQ=5bxf�IKCFf�=`[MN�f�IUIKJAN�f�IKf�RTcA[DIKCFBKfx[KCQ@Z=�z
LWf>EVcSIDCFb�cSJUEHJ

JG
=HJ
EVcAN;JA=�E�f�=`[(dZ_�JUEVJ7Babxf�IKCFf�[DCF@�=�B�EVJ

ϕ
LFJOLF@�=Hy$EVJ
BKf�=H@ZIDRof�LQJ t

	9:���� +�� +58 ��/0+�� ) 3 � �7/�� � 3V�7���;���./�)Q22/83H4S�S� �����S2��9�;� /�� �9223H��� +

� f�=�B�?AJY[D[DJ3BDJS?Y[DCF@�=�z9=H@�_�B�NHIDc7BqJS=`[D@�=mB$_H=HJ3f�NHNHLFCF?Sfx[DCF@�=�EVJ3LFfiR	cA[DwH@VEVJ3EHJN;cA=�f�LQCWBDf�[DCF@�=��T_H=i?YJAID[Kf�CQ=e[r�5NmJ�EHJ�N�ID@ZPHLQGSR	J�=�@�=�LQCF=Hc7f�CFIDJ t
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<>=v?A@�=�BDCFEHGAIKJ�_H=vBD@�LFCFEHJ�w5�5NmJSIDcSLFfZBr[KCFd`_HJ�=�@�=/LFCQ=�cSf�CFIKJ
M

EVJ	EVCQR	JS=�BqCF@�=v_H=
BDJ�EVcAN�LFfZsAf�=`[�EHf�=�B
LFJ�NHLWf�=

R2 zmBD@�_HR	CWB��oEVJSB�np@�Ik?YJ7B
R	@�ID[DJSB f : M → R2 z��HlVcBD_HI\_H=HJ$N�f�ID[DCFJ�=H@�=�b5CFEVJ
N ⊂M t u ] cA=�JAIKy�CFJ I(ψ)

fZBDBD@V?YCFcAJ$��_H=�J$EHcYnp@�IKRofx[KCQ@Z=
ψ : M → M

JSBq[>LWfeEVCE>�cAIKJA=�?AJ�JA=`[KIDJXL ] cA=HJSIDyZCQJ�CQ=`[DJSID=�J�JY[$LFJ�[DIkf{bxf�CFL�EHJSB�np@�Ik?YJSB
JYl5[KcAIKCQJS_HIDJ7B t

I(ψ) =

∫

M

W (x, ψ̇(x))dx −
∫
f(x).ψ(x)dx,

@ %
W

J7Br[�LWfeEVJS=�BDC|[Kc	E�] cS=HJAIKy�CFJXCF=`[DJSID=HJ	JA[�EHcAN;JA=�E�EVJ	LFfe=�f�[D_HIKJoEV_�Rof�[DcAIKCWf�_
?Y@Z=�Bq[DCQ[D_V[KC|n!EVJ

W
� JA[OcAbZJA=`[D_�JALFLQJSRTJS=`[OE^] f�_V[KIDJ7B(N�f�IKf�RTGA[DIKJSBa[KJAL�d`_HJ�LWf�BDJS?g[KCQ@Z= � tu J7BaNm@ZCQ=`[kB�?YIKC|[KCFd`_HJ7B�EVJ\L ] cA=HJSIDyZCQJ\BD@�=`[�LQJ7B�EVcYnp@ZIDRofx[KCQ@Z=�BaE^] cSd`_HCFLQCFPHIKJ t"( =	N�f�Iq[KCF?Yj_HLFCQJSISzZBqC

I
f�EVR	JY[O_H=	RTCF=HCFR	CFBDJA_HI7z�?�] J7Br[M_�=TcA[Kf�[ME^] c7d`_HCQLFCFPHIDJ�Bq[Kf�PHLFJ t <>=oBD_HNHN;@ZBDJd`_HJ

W (x, .)
JSBq[	?A@�=5b�JAlVJhJY[od`_�] CFLUJYlVCFBq[DJ

p > 1
JY[oEVJ7BT?A@�=�Bq[Kf�=`[DJSB

C1
JY[
C2N;@ZBDC|[KCQbZJSBU[DJSLFB
d`_HJ�N;@�_�I\[D@�_H[

a ∈ R2 JY[
[D@Z_V[ x ∈ M
z

W (x, a) ≤ C1(|a|p + 1)
� �0 �

JY[
W (x, a) ≥ C2(|a|p − 1).

� � � �
u ] JA=mBqJSR�PHLFJ�EVJSB�EHcYnp@�IKRofx[KCQ@Z=ef�EHRTCWBKBqCFPHLFJSB
E^] cA=HJSIDyZCQJ���=�CQJ�J7Br[

Φ(j
M

) =

{
ϕ ∈ W 1,p(M ; R2) : ϕ ∈ A(j

M
)

JA[
ϕ(x) = j

M
(x)

N;@�_HI\[K@�_V[
x ∈ N

}
.

$�x���O�m47�p�7���;� } �^: �6, * �+#=06% * � !�* (+� 8/'�:615;�%9# '�!
ϕ ∈ Φ(j

M
)

1<#�! #�1<#=0�;�! %
I

0 � :
Φ(j

M
)
�

I(ϕ) = inf
ψ∈Φ(jM )

I(ψ).
� ��+ �

$��+56�� +m: B5@ZC|[
ϕn

_H=HJ�BD_HCQ[DJ$R	CQ=HCFR	CFBKf�=`[KJ t�� ] f�NHIKGSB\LWfXN�ID@ZNHIDCFcY[Kc�EVJ�?Y@5JAIk?YCFb5C|[Kc� � � � z�LFf$BD_HCQ[DJ�J7Br[(P;@�IK=HcAJ
EHf�=�B W 1,p(M ; R2) t � CQ=�BDC#zZd`_HCQ[q[DJ��$JAl5[DIkf�CFIDJU_H=HJ�BD@�_mBBD_HC|[KJ�z9@�=�NmJS_V[XBD_HNHN;@ZBDJAI�d`_HJoLWfiBq_�C|[KJ
ϕn

J7Br[�?A@�=5b�JSIDyZJA=`[DJTN;@�_HI�LWf�[D@ZNm@ZLQ@Zy�CFJ
n�f�CFPHLFJ���EVJ

W 1,p(M ; R2)
b�JSIKB�_H=�J3EVcYnp@ZIDRof�[DCF@�=

ϕ t�� @�R	R	J A(j
M

)
JSBq[�npJAIKR	c

N;@�_HIOLFf$[K@�N;@�LF@�yZCQJ C0 JA[Ud`_HJ>L ] CQ=��rJS?g[KCQ@Z=3EVJ W 1,p EHf�=�B C0 JSBq[O?A@�R	N�f�?Y[DJZz�CFL;BS] JS=BD_HC|[�d`_HJ
ϕ
f�NHNmf�ID[DCFJA=`[��

Φ(j
M

) t ( =V��=!z�?Y@�R	R	J W JSBq[$?A@�=5b�JAlVJ�JY[�E^] f�NHIKGSB>LWf
NHIK@�NHIKCFcY[Dc>EVJ>?AID@ZCFBKBDf�=�?YJ � �0 � z I JSBq[UBDcSd`_HJS=`[DCFJALFLQJSRTJS=`[OBqJSR	C;?A@�=`[DCF=5_HJ�CF=VnpcAIKCQJS_HIKJN;@�_HI
LWfX[D@�N;@�LF@�yZCQJ�n�f�CQPHLFJ��XEVJ

W 1,p
JY[
ϕ
JSBq[�_H=�R	CQ=HCFR	CFBDJA_�I�EVJ

I
Bq_�I

Φ(j
M

) t
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B5@ZC|[
T
_H=�JOnp@Z=�?g[KCQ@Z=XEVJ\N;cA=�f�LQCWBKfx[DCF@�=TEVJSBaf�_V[D@�j#CF=`[DJAIkBDJS?g[KCQ@Z=�BSz7BDJAR	CQj ?A@�=`[DCF=5_HJ

CF=VnpcAIKCQJS_HIKJoNm@Z_HI�LWf�[D@�N;@�LF@�yZCQJ C0
[DJSLQLFJ3d`_HJoN;@�_HI�[D@�_H[DJ3EVcAnp@�IKRofx[DCF@�=

ψ
EVJ

M
z

T (ψ) = 0
BqC�JY[3BDJA_HLFJAR	JA=`[3BDC

ψ ∈ A(j
M

) t�( =�N�f�ID[DCW?Y_�LQCFJAI7z�@�=�N;JA_V[3?kwH@ZCFBDCFI
T = Jg

Nm@Z_HI
M

d`_HJSLF?A@�=�d`_HJ�@Z_eJS=�?Y@ZIDJ
T = JG

BDC
M

JSBq[�Bq@ZC|[�_H=i?AJAIk?YLFJ�zHBD@�CQ[
_H=HJ�_�=HCQ@Z=iEVCFB��r@�CF=`[DJ�E^] CQ=`[KJAIKb{f�LQLFJSBUnpJSIDR	c7B t�� @Z_HI\[D@Z_V[�IDcSJAL δ > 0

zV@�=�=H@�[KJ
Iδ
LWf

BD@�R	R	J$EHJ�L ] cA=HJSIDyZCQJ
I
JA[�EVJ�LFfTN;cA=�f�LQCWBKfx[DCF@�=!zVNm@Z=�EVcAIKcAJ$N�f�I

δ−1 t

Iδ(ϕ) = I(ϕ) + δ−1T (ϕ).
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Iδ

0 � :
Φ
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ϕδ
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��: '�2�, �/13*5(�*71<#�! #�1<#=0�;�%9# '�! � ��� ���

$��+56�� +m:�u J�R	�AR	JTIKf�CFBD@�=H=�JAR	JA=`[�d`_HJT?YJSLQ_HCaJM>;J7?g[D_�cXLF@�IkB>EHJ�LWf3NHIKJA_�b�J�EVJTLWf
NHIK@�N;@ZBDC|[KCQ@Z= � +�=H@�_mBoNmJSIDR	JA[3EVJ/NHIK@�_HbZJAIoL#] JAlVCFBq[DJS=�?YJ/EVJ/BD@�LF_V[KCQ@Z=�Bhf�_�NHIK@�PHj
LFGAR	J$NmcS=�f�LFCFBDc t ( =V��=�zV[K@�_V[�BD_HCQ[DJ ϕδ EVJ�Bq@ZLQ_V[KCQ@Z=�B\EVJSB\N�ID@ZPHLQGSR	JSBUNmcS=�f�LFCWBqc7B\JSBq[P;@�IK=HcAJhEHf�=�B

W 1,p(M ; R2)
JY[	f�EVR	JA[XEV@�=m?	_H=HJ3BD@�_�Bqj&Bq_HCQ[DJh?A@�=5b�JSIDyZJA=`[DJ � dZ_�J

=H@Z_�B\=H@�[K@�=�B\cSyZf�LQJSRTJS=`[
ϕδ � t <>=if

T (limϕδ) ≤ lim inf T (ϕδ) = 0.

� CF=�BDC z
limϕδ ∈ A(j

M
)
JY[�N;@�_HI\[K@�_V[

ϕ ∈ A(j
M

)
z

I(ϕ) = lim inf Iδ(ϕ) ≥ lim inf Iδ(ϕδ) ≥ lim inf I(ϕδ) ≥ I(limϕδ).

� @�R	R	J Iδ J7Br[�EVcSIDCFbxf�PHLFJ�zV@Z=�NmJS_V[�@�PH[DJA=�CQI�EVJ7B
R	CQ=�CQRX_HRoB � LF@V?Af�_Hl�EV_�R	@�CF=�B �EVJ
Iδ
N�f�I
EVJ7B\R	cY[Dw�@5EHJSB
?YLWf�BKBDCFd`_HJ7BOEVJ�EVJ7BD?AJA=`[DJ$EVJ$y�Ikf�EHCQJS=Z[ t`� JSBq[DJ���N�IDc7?YCWBqJSI?Y@ZR	RTJS=`[�?Af�LW?Y_�LQJSI$E�] _H=�N;@�CF=`[�EVJob5_�N�IKf�[DCWdZ_�JTLFJSB�[KJAIKR	JSB�EVJoN;cA=mf�LFCFBKfx[KCQ@Z=�JA[

LFJA_HI�EVcSIDCFb�cSJSB t

�^:�� � �7/�� � 3V�7���;�94��i698�2Z�x���^6 +54

� f�=�Bi?AJY[q[KJ-BqJ7?g[KCQ@Z=�z
@�= BA] CF=Z[KcAIKJSBKBqJ�f�_Hl f�NHN�LQCW?Af�[DCF@�=�B�=5_HR	cAIKCWdZ_�JSBiEVJ�LWf
R	cY[KwH@VEVJoEVJXN;cA=mf�LFCFBKfx[KCQ@Z=vCF=Z[KID@VEV_�C|[KJ t^� f�=�B�_H=�NHIDJSR	CQJSI�[KJAR	N�BSz^=H@�_�B�NHIKcSBDJA=Hj[D@Z=�B�EVJA_Vl�R	cY[KwH@VEVJSB>NmJSIDR	JA[q[Kf�=`[�E^] cAbxf�LF_HJSI>LFJSB�[DJAIKR	JSB�EVJ�N;cA=mf�LFCFBKfx[KCQ@Z=

Jg
JA[

JG t(� f�=�B	_H=�EVJS_VlVCQGSR	Je[KJAR	N�BSz�=H@�_mB	NHIDc7BqJS=`[D@�=mBTd`_HJSLFd`_HJ7B	IDc7Bq_�L|[kfx[KBT=5_HR	cYj
IKCFd`_HJ7B�@�PV[KJA=5_�B���L#] f�CWEVJhEVJhLWfiEVJA_Hl5CFGAR	JhR	cA[DwH@VEVJ t & @�_V[XE�] f�Pm@ZIKE^z!=H@�_�B�?Y@�=HjBDCFEVcSID@Z=�B�LFJTNHID@ZPHLFGAR	JXEVJTNHIK@��rJ7?g[DCF@�=�E^] _�=HJTEHcYnp@�IKRofx[KCQ@Z=vd`_HJALW?Y@Z=�d`_HJXBD_HI�L ] JA=Vj
BDJAR�P�LQJiEVJ7BhEVcYnp@ZIDRof�[DCF@�=�BofZEVR	CFBKBqCFPHLFJSBSz�NH_HCWBo_H=�NHIK@�PHLFGAR	J�NHw5�VBqCWd`_HJiE^] CQ=`[DJSIqj
f�?Y[DCF@�=�JA=`[DIKJ�EVJSB\Pmf�LFLQ@Z=�B\y�@Z= ��cSB\Nmf�I
_H=�yZf0O�Nmf�IDn�f�CQ[ t
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� f�NHNmJSLQ@Z=�B�dZ_�JMN;@�_HIa_H=HJ\EVcAnp@�IKR	f�[DCF@�= ϕ =�JONHIKcSBDJA=`[kf�=`[9d`_HJ\EVJSBaf�_H[D@�j CF=Z[KJAIDjBDJS?g[KCQ@Z=�BO[DIkf�=�BDb�JSIKBDJSBSz
Jg(ϕ)

JY[
JG(ϕ)

Bq@Z=`[\EVcA��=HCFJSB
?A@�R	R	J>cA[Kf�=`[\LFfXLF@�=HyZ_HJA_HI
R	CQ=�CQRof�LFJ�z�Nm@Z_HI
_H=HJ�R	cY[KIDCWd`_HJ�EVcAN;JA=mEHf�=`[�EVJ

ϕ
z�BD_HI
L#] JS=�BqJSR�PHLFJ

Γ (ϕ) t
JG(ϕ) = inf

γ∈Γ (ϕ)
LGϕ (γ)

JY[
Jg(ϕ) = inf

γ∈Γ (ϕ)
Lgϕ(γ)

� f�I
R	JSBD_HIKJ�EVJ�?Y@�R	R	@VEVCQ[Dc�z�@�=�=H@�[KJAIkf J JA=�LQCFJA_�JA[\N�LFfZ?YJ�EVJ JG @Z_
Jg

JY[ LϕJA=eLQCFJA_�JY[\NHLWf�?AJ�EVJ LGϕ @�_ Lgϕ tH� J�NHLF_�BSzHfx��=�EVJ�BDCFRTN�LQCQ��JAI\LWf�N�IDc7BqJS=Z[kfx[KCQ@Z=�zZ@Z=?Y@Z=�BDCFEVGSIDJ3_H=HCWdZ_�JAR	JA=`[	LQJ�?Af�BXN�f�Iq[KCF?A_HLQCFJAI	E^] _H=HJeb{f�IDCFcY[Kc
M

?A@�=�Bq[DCQ[D_HcSJ�E�] _H=�J
_H=HCF@�=iEVCWB��r@�CF=Z[KJ�E^] CF=`[DJSIDbxf�LFLFJSBUnpJAIKR	cSB tH� f�=�B�?AJ$?Sf�BSzV@�=�IKf�NHN;JALFLQJ�d`_HJ

Γ (ϕ) =

{
γ ∈ C1(M ×M) :

∂γ ∩ int(M ×M \∆(M)) = r−1
ϕ (0) \∆(M)

}
.

<>=/=H@�[DJ
(y+
i )i=1,··· ,n+

JA[
(y−j )i=1,··· ,n−

LQJ7B�n�f�RTCFLFLQJ7B>?A@�=�Bq[DCQ[D_Hc7B>EHJSB>cALFcAR	JA=`[KB
EVJ
r−1
ϕ (0) \∆(M)

[KJALFLQJ7B
dZ_�J
s(y+

i ) = +1
JA[
s(y+

j ) = −1 tV� J$NHLQ_mBAzVN;@�_HIU[K@�_V[?Y@Z_HNHLFJ
(i, j)

[KJALWB�d`_HJ
1 ≤ i ≤ n+ JY[

0 ≤ j ≤ n− zm@�=�=H@�[KJ Aij LFf3EVCFBq[Kf�=�?YJ�EHJ
y+
i

�
y−j

N;@�_�I�LWf	RTcA[DIKCFd`_HJ7B�fZBDBD@V?YCFcAJ�� Lϕ tm� J�NHLF_�BSz�@Z=i=H@�[KJ Ai0 LWfoEVCWBr[kf�=�?AJEVJ
y+
i

�
∂(M×M \∆(M))

JY[
A0j

?YJSLQLFJ�EVJ
y−j

�
∂(M×M \∆(M))

� [D@�_��r@�_HIkB
N;@�_HI>LFfoR	cA[DIKCFd`_HJT?Y@�IKIKJSBDNm@Z=�EHf�=`[KJ � t ( =V��=�z�@�=iN;@ZBDJ A00 = 0 t <>=ib�cSIDCQ��J�BKf�=�BRof�L�d`_�] @�=if	f�LF@�IkB

J(ϕ) = inf
v∈V

∑

i=0,···n+

j=0,··· ,n−

vijAij ,
� �0� �

@ %
V
JSBq[�L ] JA=mBqJSR�PHLFJhEVJSB$Rof�[DIKCF?AJSB

n+ × n− ��?Y@5JM%o?ACQJS=`[KB�EHf�=�B {0, 1} [DJALFLFJSBd`_HJ
∑

k=0,··· ,n−

vik = 1
N;@�_HI
[K@�_V[

i = 1, · · · , n−

JY[
∑

k=0,··· ,n+

vkj = 1
N;@�_�I\[D@�_H[

j = 1, · · · , n+.

� �m=�E^] cAbxf�LQ_HJSI
J(ϕ)

zHCFL�Bq_ %	[�EV@Z=�?>EHJ�?Sf�LW?Y_HLFJAI\LWf�Rofx[KIDCW?YJ
A
NH_HCWB
EVJ$IDc7Bq@Z_�EVIKJ

LFJeNHIK@�yZIKf�R	RTJoLFCF=HcSf�CQIKJ � �0� � t F�@�[K@�=�BTd`_HJ3L#] JS=�BDJAR�P�LQJ�EVJSBTEVcAnp@�IKR	f�[DCF@�=�B�Nm@`BrjBDcSEHf�=Z[�EHJSB�f�_V[D@�j#CF=`[DJSIKBDJS?Y[DCF@�=�B�[KIKf�=�BqbZJAIkBqJ7B$JSBq[�y�cS=HcAIKCWdZ_�J t � CQ=�BDC#z!LWfiR	cY[Dw�@5EHJJYlVN;@ZBDcAJ$N;JA_V[>BS] f�NHNHLFCWdZ_�JAI��X[D@Z_V[DJXEVcYnp@ZIDRofx[KCQ@Z=�zHd`_HCQ[q[DJX�XLWf	N;JAID[D_HIKPmcSJ�LQcSy�GSIDJAj
R	JA=`[ t^� JAN;JA=�E�f�=`[Sz;JALFLQJ�JSBq[>EVcALFCW?Afx[KJ��oCFRTN�LFf�=Z[KJAI�E^] _�=iNm@ZCQ=`[>EVJXb5_HJ�NHIkfx[DCWd`_HJ t
( =hJM>;JA[SzZLQJ
[KJAR	N�BUEVJ�?Sf�LW?Y_HL;f�_HyZRTJS=`[DJ
Ikf�NHCWEVJAR	JS=Z[(JS=	np@�=�?Y[DCF@�=hEV_3=H@�RXPHIDJ�EHJN;@�CF=Z[kBOE�] f�_V[D@�j#CF=`[DJAIkBDJS?g[KCQ@Z=�B t V L�n�f�_V[
?Af�LW?Y_�LQJSIOEVJ (1+n+)(1+n−)

y�cS@5EHcSBDCFd`_HJ7B
fx�m=/EVJXEVcA[DJSIDR	CF=HJAI

A
zm[Kf�=mEVCFB>d`_HJ�LFJ�=H@ZR�PHIKJ�E^] cALFcAR	JA=`[KB�EVJ

V
f�_HyZRTJS=`[DJ�JYl5j

N;@�=HJS=Z[KCQJSLQLFJAR	JS=Z[�JS=3np@Z=�?g[KCQ@Z=iEV_�=H@�RXPHIDJ$EVJ�N;@�CF=`[KB�E^] CF=Z[KJAIkBqJ7?g[KCQ@Z= t
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u ] CF=�?Y@Z=`bZcA=HCFJA=`[�NHIDCF=�?ACQN�f�LVEVJOLWf>RTcA[DwH@VEVJ\NHIKcS?AcSEVJS=`[DJMIKcSBDCWEVJUE�f�=�B�L#] f�_Hy�R	JA=Hj

[Kf�[DCF@�=�Ikf�NHCWEVJiEV_�[DJSRTNmBhEVJ/?Af�LF?A_HL�EVJ
J
JA=�np@�=�?Y[DCF@�=�EV_�=H@�RXPHIKJ�EHJiNm@ZCQ=`[KB

E^] f�_V[K@�j CQ=`[KJAIkBqJ7?g[DCF@�=mB t � �m=/EVJ�N�f�LFLFCQJSI�?YJY[�CF=�?A@�=5b�cS=HCQJS=`[SzV@�=�NHIK@�N;@ZBDJ�_H=HJ�f�_V[DIKJR	cY[KwH@VEVJ�z�P�f�BDcAJ-BD_HI�LFf�[KwHcA@ZIDCFJ-EVJ7Bv?kw�f�=Hy�JSRTJS=`[KB/EVJ�NHw�f�BDJ t � bxf�=Z[v[D@�_H[DJSB?kwH@`BqJ7BAz9CQL\?Y@Z=`b5CFJA=`[XEVJ3IKf�NHNmJSLQJSIXd`_HJSLFd`_HJ7B�IKcSBD_HLQ[Kfx[kB�?ALFfZBDBDCFd`_HJ7B�JA=�LFfvR	f�[DCFGAIKJ� bZ@�CFIDJ2� � z�+� �z + � ! � t
' +/����2`�m���584+�� +����!�9� � 3��������{�7� /03

B5@ZC|[
Ω
_H=i@�_HbZJAID[�Pm@ZID=�c�EVJ

R2
JA[
R
_�=HJ�f�N�NHLQCW?Af�[DCF@�=iEVJ

R
EHf�=mB

R+
Nm@`Brj

BDcSEHf�=Z[$JYlHfZ?g[DJSR	JA=`[�EVJA_Vl�NH_HCQ[KB�f�_HlvNm@ZCQ=`[kB
1
JA[

0 t � @Z_HI$[D@Z_V[�IDcSJAL ε > 0
z�@�=

CF=Z[KID@VEV_�C|[�LWfXnp@�=�?Y[DCF@�=H=HJSLQLFJ

Fε(u) =

{
ε
∫
Ω
|∇u|2dx+ ε−1

∫
Ω
R(u)dx

BqC
u ∈ H1(Ω)

+∞ BqC
u /∈ H1(Ω)

EVcA��=HCFJhNm@Z_HI�[K@�_V[KJhf�NHNHLFCW?Afx[KCQ@Z=
u ∈ L1(Ω) t u f�np@�=m?g[DCF@�=�=HJALFLQJ Fε =�] JSBq[Xf�_V[DIKJd`_HJ�L#] cA=HJSIDyZCQJ�E�] CF=`[DJAIDn�f�?AJ�f�BKBD@5?ACQcSJ���_H=�Bq�VBq[DGSRTJ>?Y@�=mBr[KC|[K_Hc>EVJ�EVJA_Hl �m_HCFEHJSB t u fnp@�=m?g[DCF@�=

u
IKJAN�IDc7BqJS=Z[KJ(LWf�NHIK@�N;@�ID[DCF@�=�LF@V?Af�LQJOJA=�L#] _�=TEVJ7B9EHJA_Vl ��_�CFEVJ7B t u @�IkBDd`_�] @�=?kwHJSIK?kwHJ��3R	CQ=HCFR	CFBDJAI

Fε
zmLFJ�EVJS_VlVCQGSRTJ�[DJSIDR	JXEHJ�L ] cA=�JAIKy�CFJ�E^] CQ=`[DJSIqn�fZ?YJ�n�f{bZ@�IKCFBDJ

LFJSB!?A@�=V�my�_HIkfx[KCQ@Z=�B
u
N�IDJS=�f�=`[!LFJSB9bxf�LFJA_HIkB

0
@Z_

1
� BDcAN�f�IKf�[DCF@�=�EVJ7B!NHwmf�BDJSB � zY[kf�=�EHCFBd`_HJ	LQJTNHIKJAR	CFJAI$NmcS=�f�LFCWBqJ	LFJSB$BDf�_V[KB�EHJXLWf�NHw�f�BDJ t u @�IkBDd`_HJ ε [DJS=�EvbZJAIkB5OAcAIK@�z;LWfnp@�=m?g[DCF@�=�=HJALFLQJ

Fε Γ−
?Y@Z=5b�JAIKy�J � N;@�_HIoLWf�[D@ZNm@ZLQ@Zy�CFJ

L1 � bZJAIkB	LFf�np@Z=�?g[KCQ@Z=H=HJALFLFJLF@�=HyZ_HJA_HI L EVcA��=HCFJ�N�f�I

L(u) =

{
αH1(Su)

BqC
u ∈ SBV (Ω; 0, 1)

+∞ BqC
u /∈ SBV (Ω; 0, 1)

,

@ %
Su

JSBq[3L#] JS=�BDJAR�P�LQJvEHJSBeNm@ZCQ=`[KB3JSBKBqJS=`[DCFJALFLQJSRTJS=`[eEVCWBD?A@�=`[DCF=5_�BhEVJ
u
zM[Kf�=mEVCFB

d`_HJ
SBV (R2, 0, 1)

EVcSBDCQyZ=HJ�L ] JA=mBqJSR�PHLFJ�EHJSBTnp@�=m?g[DCF@�=mBoBqN;cS?ACFf�LQJ7BT��bxf�IKCFf�[DCF@�=�B
P;@�IK=HcAJ7B>EVJ

R2 �hbxf�LFJA_HIkB�EHf�=�B {0, 1} JA[ α J7Br[$_H=�IDcSJALaBr[KIDCW?g[KJAR	JA=`[$Nm@`BqCQ[DCQnM=HJ
EVcSNmJS=�EHf�=`[�d`_HJ�EVJ

R t
� *�13;�: � �$* ��� F�@�[D@�=mBhd`_HJ/N;@�_HIo[K@�_V[KJinp@�=m?g[DCF@�=

u ∈ SBV (R2, {0, 1}) z L(u)=�] JSBq[�f�_V[KIDJ�d`_HJ$LFJ�NmcSIDCFR	GY[DIKJ�EVJ�L#] JS=�BqJSR�PHLFJ�EVJSB\N;@�CF=`[KB\[KJALWB�d`_HJ
u = 1 t

� JMNHLF_�BSzA[K@�_V[KJOBD_HC|[KJ uε [DJSLQLFJOd`_HJZz Fε(uε) J7Br[�Pm@ZID=�c�zAJ7Br[�IDJSLFf�[DCFb�JSRTJS=`[9?Y@ZRTNmf�?g[KJEHf�=�B
L1(Ω) t�� JSBeEVJA_Hl�N�ID@ZNHIDCFcY[KcSB3=H@�_�B3NmJSIDR	JA[q[DJS=`[�E^] @�PV[KJA=HCFI�f�CWBqcSRTJS=`[SzO�L#] f�CFEVJ>EVJ�LWf�[DwHcS@�IKCQJ�EVJ�LFf

Γ
j&?Y@�=5bZJAIKy�JA=m?YJ�zxEVJ7B�IKcSBD_HL|[kfx[kB(EVJ�?A@�=5b�JSIDyZJA=�?AJ\BD_HI(LFJSB

R	CQ=�CQR	CWBqJS_HIKBOEVJSBMnp@�=m?g[DCF@�=�=HJALFLQJ7B
Fε
t � f�IMJAl5JSR	NHLQJZzZLWf�BD_HCQ[DJ>EHJSB(R	CF=HCFRTCWBDJA_HIkB uεEVJ

Fε
Bq_HIUL#] JS=�BqJSR�PHLFJ>EHJSBMnp@�=�?Y[DCF@�=�B

u
[KJALFLQJ7B\dZ_�J ∫

Ω
udx = V

J7Br[UIDJSLFf�[DCFb�JSRTJS=`[
?Y@ZR	N�f�?Y[DJ�z�JY[�[K@�_V[�N;@�CF=`[>E^] f�EVw�cAIKJA=�?AJ�EVJ�?YJA[q[KJ�Bq_�C|[KJ�JSBq[�_H=iR	CQ=�CQR	CWBqJS_HI>EVJ LBD_HI
L ] JA=mBqJSR�PHLFJ�EVJSB

u
bZcAIKC|�;f�=`[ULWf	R	�AR	J�?Y@Z=Z[KIKf�CQ=`[KJ t

� J�IKcSBD_HLQ[Kf�[>N;JA_V[��Y[KIDJXcY[KJA=�EV_��3EVJ7B�RTcA[DIKCFd`_HJ7B>f�_V[DIKJSB�d`_HJ�L#] CFEVJS=`[DCQ[Dc tA� f�I_H=	BqCFR	NHLFJ\?kwmf�=HyZJAR	JA=`[�EVJ\b{f�IDCWf�P�LQJZzS@Z=XN;JA_V[(R	@Z=Z[KIDJSI�d`_HJ
BDC
A
JSBq[a_�=HJ\R	f�[DIKCF?AJ

BD�`R	cA[DIKCFd`_HJ�EVcA��=HCFJ�Nm@`BqCQ[DCFb�J$JY[
a = (detA)

z�f�LQ@ZIKBULWf�np@Z=�?g[KCQ@Z=H=HJSLQLFJ

FAε (u) =





∫
Ω

(
εA−1∇u.∇u+ ε−1R(u)

)√
adx

BDC
u ∈ H1(Ω)

+∞ BDC
u /∈ H1(Ω)
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Γ− ?A@�=5b�JSIDyZJ�zZLQ@ZIKBKd`_HJ ε [DJS=�E�b�JAIkB�OAcSID@	b�JSIKBULWfXnp@�=�?Y[DCF@�=H=HJSLQLFJ

LA(u) =

{
αH1

A(Su)
BqC
u ∈ SBV (Ω; 0, 1)

+∞ BqC
u /∈ SBV (Ω; 0, 1)

@ % H1
A

z7J7Br[aLWf�R	JSBD_HIKJOEVJ�-�f�_�BKEV@�I�>o_H=HCWEVCQR	JS=�BqCF@�=�=HJALVBD_HI
R2 RX_H=HCVEVJULFf>=H@�IKR	J

‖x‖2
A = Ax.x t�( =H��=�z`LQJ
R	�AR	J�IKcSBD_HLQ[Kf�[(IDJ7Br[KJ
b{f�LFf�PHLFJ�EHf�=�B(LQJ�?Sf�B�CF=HwH@ZR	@�y�GS=HJ�z?�] JSBq[(�$EVCQIKJ\LQ@ZIKBKd`_HJ

A
JSBq[a_�=	?kwmf�R	NT?A@�=`[DCF=5_TEHJURof�[DIKCF?AJSBaBq�5R	cY[KIDCWd`_HJSB�EHcY��=HCFJSB

N;@ZBDC|[KCQbZJSB t
� � �7/�����3V�S� �m� 3H6�� 3 / ��6�/U��+54T�
+`�x84+54X��+ �M25� 3 /���4�3V�7���;�

� f�NHNmJSLQ@Z=�B�d`_�] _H=HJhEVcAnp@�IKR	f�[DCF@�= ϕ J7Br[�fZEVR	CFBKBDCQPHLFJoBqCMNm@Z_HI�[D@Z_V[�@�_�b�JAID[
UEVJ

int(M) × int(M)
zV[KJAL�d`_HJ

infx∈U |rϕ(x)| > 0
zVCFL�JAl5CWBq[DJ

u : U → R
[KJAL!d`_HJ

Φϕ(x) = ∇u(x), Nm@Z_HI\[D@Z_V[ x ∈ U,
� � L �

@ %
Φϕ = ∇rϕ(Φ(rϕ)) −∇rj

M
(Φ(rj

M
)JY[

rϕ(x1, x2) = ϕ(x1) − ϕ(x2).
B5C
θϕ
J7Br[aLWf
np@�=m?g[DCF@�=XEVJ

U
EHf�=�B

R/2πZ
dZ_�C`��[D@�_H[a?A@�_HNHLFJ

x1, x2
fZBDBD@V?YCFJML#] f�=Hy�LFJ

EV_�b�J7?g[KJA_HI
ϕ(x1) − ϕ(x2)

f{bZJS?>L ] fxlVJ�EVJ7B
f�P�BK?YCWBDBDJSBSzH?�] JSBq[��	EVCQIKJ$[DJSLQLFJ�d`_HJ
rϕ(x) = |rϕ(x)|(cos(θϕ), sin(θϕ)),

@�=�f
Φϕ = ∇θϕ −∇θj

M
.

� CF=�BDC z`LWf�?Y@Z=�EVCQ[DCF@�=hE^] f�EVR	CWBDBDCFPHCQLFCQ[Dc � � L � cSd`_HCFbxf�_V[O��L ] JYlVCWBr[KJA=�?AJ�E^] _H=HJ�np@Z=�?g[KCQ@Z=
u
EVJ

U
�Tb{f�LQJS_HIkB
EHf�=�B

R
[DJSLQLFJ�d`_HJ

{
∇u(x) = (∇θϕ −∇θj

M
)(x),

u(x) ≡ (θϕ − θj
M

)(x)[2π].

N;@�_HIa[K@�_V[
x ∈ U t B5@ZC|[ R _H=HJ\np@Z=�?g[KCQ@Z=	IDcSy�_HLFCQGSIDJ

2π
j N;cAIKCQ@VEVCWd`_HJ
�>bxf�LQJS_HIKB�E�f�=�B

R+ z;[DJSLQLFJXd`_HJ R(x) = 0
BDC�JY[�BqJS_HLQJSR	JA=`[�BDC

x ≡ 0[2π] t � @�_�I�[K@�_V[$IDcSJAL ε > 0
z

@�=�CF=Z[KID@VEV_�C|[�LWfXnp@�=�?Y[DCF@�=H=HJSLQLFJ�EVcA��=HCFJ�Bq_HI
L1(U)

Nmf�I

Fϕ,ε(u) =

∫

U

(
ε|∇u−∇(θϕ − θj

M
)|2 + ε−1R

(
u− (θϕ − θj

M
)
) )

dx

N;@�_HI�[D@Z_V[
u ∈ H1(U)

JY[ Fϕ,ε(u) = +∞ BDCQ=H@Z= t u fhnp@�=�?Y[DCF@�=H=HJSLQLFJ Fϕ,ε
JSBq[��

R	JY[D[DIKJ�JA=�IDJSyZf�IkE3�TLWfXnp@�=�?Y[DCF@�=
Fε

CF=Z[KID@VEV_�C|[KJ$E�f�=�B\LWfoBqJ7?g[KCQ@Z=eNHIKcS?AcSEVJS=`[DJ t u fEVCE>;cSIDJS=�?YJ�JSBKBDJA=`[DCFJALFLQJ�N;@�ID[DJ$Bq_HIULFJ�n�f�C|[�d`_�] _H=eEVcSNHw�fZBDf�y�J
θϕ − θj

M

f�cA[Dc�CQ=`[KID@�j
EV_HCQ[
JY[
d`_HJ>LWf�np@�=�?Y[DCF@�=

R
d`_HC�=HJ�?A@�R	Nm@ZIq[kf�CQ[Ud`_HJ$EVJA_HlhNH_HCQ[KB
fXcY[Dc�IKJAR	NHLWf�?YcSJ

N�f�IO_H=�J�np@�=m?g[DCF@�=eNmcSIDCF@VEVCWdZ_�J � ?A@�R	N;@�ID[Kf�=`[U_H=HJ�CF=V��=�C|[Kc�EVJ�NH_HCQ[KB � t F�@�[D@Z=�BUdZ_�JBDC
u− (θϕ− θj

M
)
=�] JSBq[OEVcA��=HC�dZ_!] ��_�=hR�_HLQ[DCFNHLFJ>EVJ

2π
NHIK�Y[Sz R(u− (θϕ− θj

M
))JSBq[�?Y@ZIDIKJS?Y[DJSRTJS=`[\EVcA��=HC#z�BD_HC|[KJ��	LFfTN;cAIKCQ@VEVCW?YCQ[Dc�EVJ R t



� � ���������	��
���������

<>=�NmJS_V[�cS=H@�=�?AJAI�_�=�IKcSBD_HLQ[Kf�[�EVJ
Γ
j ?A@�=5b�JSIDyZJA=�?AJ>BD_HI�LWfoBq_HCQ[DJXEVJ$np@�=�?Y[DCF@�=Vj

=HJSLQLFJSB Fϕ,ε(u) BqCFR	CQLWf�CFIDJ	f�_�IDc7Bq_�L|[kfx[�?YLWf�BKBqCWd`_HJ	EVJGHi@VEVCF?Sfxj Hi@�ID[D@ZLFf t ( =�JM>;JA[Sz
Fϕ,ε Γ

j ?A@�=5b�JSIDyZJ � Nm@Z_HI
LFfX[K@�N;@�LF@�y�CFJ
L1 � bZJAIkB\LFfXnp@Z=�?g[KCQ@Z=H=HJALFLFJ L̃ϕ EVcA��=HCFJ�N�f�I

L̃ϕ(u) =





β
∫
U |[u]|H1xSu

BDC
u ∈ SBV (Ω)JY[

u ≡ θϕ − θj
M

[2π]
NHIDJ7BDd`_HJ$N�f�Iq[K@�_V[

+∞ BDC
u /∈ SBV (Ω)@�_

u�≡ θϕ − θj
M

[2π]Bq_HI
_�=eJS=�BqJSR�PHLFJ�EVJ$R	JSBD_HIKJ�=�@�=�=5_HL
.

� f�=�B�?YJA[q[DJUJYlVNHIKJSBKBDCQ@Z=�z Su EVc7BqCFy�=HJOLQJ7B!N;@�CF=`[KB�JSBKBDJA=`[DCFJALFLQJSR	JA=`[�EVCWBK?Y@�=`[KCQ=5_�B�EVJ uJY[
[u]

LFJUBKf�_H[aEVJ
u
JA=	?YJ7B9N;@�CF=`[KBSz7[Kf�=mEVCFBad`_HJ

β
J7Br[a_H=TIDcSJAL5N;@ZBDC|[KC|n�=�J\EHcAN;JA=�EHf�=`[

d`_HJ�EVJ R t F�@�[K@�=�B�d`_HJ
N;@�_�I�[D@Z_V[(cALFcAR	JA=`[ u [KJAL�d`_HJ L̃ϕ(u)
J7Br[��m=HC z�LQJ
yZIKfZEVCQJS=`[

EVJ
u
J7Br[�EVJ�LWfXnp@�IKRTJ�BD_HCFb{f�=`[DJ

∇u = ∇θϕ −∇θj
M

+ [u]νH1xSu,

@ %
ν
J7Br[aLFf�=H@�IKRof�LFJM_H=�C|[kf�CFIDJU�

Su t$( =V��=�zxN;@�_HI9[D@Z_V[ u [KJALVd`_HJ L̃ϕ(u)
J7Br[���=HC#zxBqC

L#] JS=�BqJSR�PHLFJ�EVJ7B
Nm@ZCQ=`[kB�BqCF=HyZ_HLQCFJAIkB
Su

J7Br[�BD_ %hBKf�R	R	JA=`[�IDcSy�_HLFCFJAI
=HJ�NHIKcSBDJA=`[kf�=`[
d`_HJ�EVJSB�BDf�_V[KB
EVJ ±2π

zHf�LQ@ZIKB
Su

J7Br[�_�=ecSLQcSRTJS=`[�EVJ
ΓU (ϕ)

� =H@�_mB\=HJ�EV@�=�=H@�=�B
N�fZBhEHf�=mBh?YJA[ef�ID[DCW?YLFJ�LFf�N�IDJS_Hb�JiEVJv?AJY[D[DJvfZBDBDJAID[DCF@�= � t � _�BKBDC z(LFJ/NHIK@�P�LQGSRTJ/EHJR	CQ=�CQR	CWBDf�[DCF@�=iEVJ Lϕ cSd`_HCFbxf�_V[��oEVcA[DJSIDR	CF=HJAI
L#] cSLQcSR	JA=`[>EVJ ΓU (ϕ)

EVJ�LF@�=HyZ_HJA_HI
R	CQ=�CQRof�LFJ � N;@�_�I
LFfTR	cY[KIDCWd`_HJ�JA_�?ALQCWEVCFJA=H=�J � t ( =iE^] f�_V[DIKJSBU[KJAIKR	JSBSzV@�=if

inf
u

Lϕ(u) = inf
γ∈ΓU (ϕ)

L(γ).

<>I�LQJ7B�np@Z=�?g[KCQ@Z=�B>EHJXN;cA=�f�LQCWBKfx[DCF@�=
JgU

JY[
JGU

BD@�=`[>N�IDc7?YCWBqcSRTJS=`[�EVcA��=HCWB>?A@�R	R	J
cY[kf�=`[!LWf\LQ@Z=Hy�_�JA_HI�R	CF=HCFR	f�LQJOEVJSB!cALFcAR	JA=`[KB!EVJ

ΓU (ϕ)
�
?YJ7?YC�N�ID�A[9d`_HJ(LWf\RTcA[DIKCFd`_HJ

_V[KCQLFCFBDcAJU=�] JSBq[�Nmf�B9LFf�RTcA[DIKCFd`_HJOJA_�?ALQCWEVCFJA=H=�JORof�CWB�_H=HJORTcA[DIKCFd`_HJ\EVcSNmJS=�EHf�=`[�EVJ
ϕ t� �m=3E^] cAbxf�LF_HJAIOLFf$bxf�LQJS_HIOEVJ7B�np@Z=�?g[KCQ@Z=�BMEVJ>NmcS=�f�LFCWBDf�[DCF@�=

Jg
JA[
JG

z�CFL�Bq_ %	[OBDCFRXj
NHLFJAR	JA=`[OE�] fZEHf�NV[KJAI�LWf�EVcA��=HCQ[DCF@�=hEVJ L̃ϕ f���=hEVJ
NHIKJA=�EHIDJ
JS=h?Y@�R	NV[KJ
L ] _V[KCQLFCFBKfx[KCQ@Z=EVJ�R	cY[KIDCWd`_HJSB
f�_V[DIKJSB\d`_HJ�L#] CWEVJS=Z[KC|[Kc t<>=h=H@�[DJ

Agϕ
JY[
AGϕ

LFJSBOR	cY[KIDCWd`_HJSBUEVJ
M ×M

f�BKBD@5?ACQcSJSBOf�_3?Sf�LW?Y_HL;IDJ7BqN;JS?Y[DCQn
EVJ

Jg
JA[
JG

zH?�] JSBq[��TEHCQIKJ
AGϕ (x) = ∇γ(x)(ϕ× ϕ(x))G((ϕ × ϕ) ◦ γ(x))∇γ(x)(ϕ× ϕ(x))T

JY[
Agϕ(x) = g(|rϕ(x)|2)∇γ(x)(ϕ× ϕ(x))∇γ(x)(ϕ× ϕ(x))T .

<>=�CQ=`[DIK@VEV_HCQ[�LQJ7B
Bq_�C|[KJSB�EVJ$np@Z=�?g[KCQ@Z=H=HJSLQLFJSB LGϕ,ε JY[ Lgϕ,ε EVcA��=HCFJSB
N�f�I

LGϕ,ε(u) =

∫

M×M\∆M

(
ε(AGϕ )−1(Φϕ −∇u).(Φϕ −∇u)

+ ε−1R(u− θϕ + θj
M

)

)
(detAGϕ )1/2dx



���������
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JY[

Lgϕ,ε(u) =

∫

M×M\∆M

(
ε(Agϕ)−1(Φϕ −∇u).(Φϕ −∇u)

+ ε−1R(u− θϕ + θj
M

)

)
(detAgϕ)1/2dx.

<>=�fof�LF@�IkB
$�x���O�m47�p�7���;� } �^: � #

ϕ
*/06%�� !�* (+� 8/'�:615;�%9# '�! !�* � '�0>0/�>(+;�!$% � �$* (�*/0 ; � % '�� #�!$% */:
�

0�*��/%&# '�!$0<%&:�;�!$0���*�:>0/*/0�� ;�,4'�:>05,4*/0 8/'�! �/%&# '�! !�*�,�,4*/0 LGϕ,ε Γ−
�>'�! � *�: �
*/! %	� ,4'�:>0 � �$*

ε
% */!�( ��*/:>0�� �/: ' � ��*/:>0 L̃Gϕ

(��9��!$# * �$;�:

L̃Gϕ (u) =





β
∫
U |[u]|H1

AG
ϕ
xSu

06#
u ∈ SBV (Ω)

*�%
u ≡ θϕ − θj

M
[2π]

��:�*60 � �$*��$;�:6% '�� %
+∞ 06#

u /∈ SBV (Ω)'��
u�≡ θϕ − θj

M
[2π]0 � : � ! */!$0�*/132/,�*<(+*-13*60 � :�*-!�'�! !�� ,

.

��*���, ��0�� '�!);

inf
u

L̃Gϕ (u) = inf
γ∈Γ (ϕ)

LG(γ) = JG(ϕ).

� ! ��! � 06#
uε

*606%�� !�* 0 � #�% *7(+*-1�#�!$#�1�#=0�* � :>0<(+* LGϕ,ε
*�%�06#

γε = (uε − (θϕ − θj
M

))−1(π [2π]),

;�,�'�:>0
γε

�>'�! ��*�: �+* � � � #�%&% * 	 *	�+%9: ;�#�:�* � !�*<0/' ��0
� 0�� #�% * � � *�:>0 � ! 1�#�!$#�1�#=0�* � :3(�*
LG 0�� :

Γ (ϕ)
�

u JoR	�SRTJoIKcSBD_HLQ[Kf�[$IKJSBq[DJ	bxf�LWf�P�LQJod`_HCQ[q[DJh��IKJAR	NHLWf�?AJAI
G
N�f�I

g t <>=�JS=�EVcSEV_�C|[d`_HJ�BqC
JGε (ϕ) = inf

u
LGϕ,ε(u)

JY[
Jgε (ϕ) = inf

u
Lgϕ,ε(u),

f�LF@�IkB
JGε (ϕ)

� IKJSBDN t Jgε (ϕ) � ?Y@Z=5b�JAIKy�J	bZJAIkB JG(ϕ)
� IKJSBDN t Jg(ϕ) � t <>=�@�PV[KCQJS=Z[f�CF=�BDC�_H=�JvP;@�=H=HJ�f�NHNHIK@{lVCQRof�[DCF@�=�EVJSBh[DJSIDR	JSBeEVJ/N;cA=�f�LQCWBKfx[DCF@�=mBhJA=�cSbxf�LF_�f�=`[Sz

BD_HCQbxf�=Z[ULFf�NmcS=�f�LFCWBDf�[DCF@�=h?kwH@ZCFBDCQJZz
JGε

@Z_
Jgε

JS=3LF_HC;JY[ON�LFfZ?YJ>EHJ
JG

JY[
Jg t Hi�SR	JBDC�@�=�feIKJAR	NHLWf�?AcX_�=�N�ID@ZPHLQGSR	JX_H=�CFEVCFR	JA=�BDCF@�=H=HJSL � IKJS?kw�JAIk?kwHJXEVJ7B$y�cS@5EHcSBDCFd`_HJ7B

γ ∈ Γ (ϕ)
R	CQ=HCFR	CFBKf�=`[ LGϕ @�_ Lgϕ � Nmf�I�_H=�NHIK@�P�LQGSRTJUPHCWEVCFRTJS=�BDCQ@Z=H=HJAL � IKJS?kw�JAIk?kwHJEVJOLFf
N�w�f�BDJ
u
R	CF=HCQR	CWBDf�=`[ LGϕ,ε @Z_ Lgϕ,ε � z7LQJ([DJAR	N�B�EVJM?Sf�LW?Y_HL`EVJ JGε @Z_�EVJ

Jgε
JSBq[

JSBKBDJA=`[DCFJALFLQJSR	JA=`[OCF=�EVcSNmJS=�EHf�=`[�EV_e=H@�RXPHIDJ�E^] f�_V[K@�j CQ=`[DJSIKBDJS?Y[DCF@�=�BSzZ?A@�=`[DIkf�CFIKJAR	JA=`[
f�_-?Sf�LW?Y_HLOEVCQIKJS?Y[XEVJ

JG
JA[
Jg t�� JeNHLQ_mBAz�?YJY[D[DJhR	cA[DwH@VEVJh=�Jh=HcS?AJSBKBqCQ[DJoNmf�B�EHJEVc7?YIKCQIKJhL#] JS=�BqJSR�PHLFJ

Γ (ϕ)
d`_HC\EVcSNmJS=�E�EVJ

M
z�?AJed`_HC\BqCFR	NHLFC|��JeL ] CFRTN�LFf�=Z[kfx[KCQ@Z=

=5_HR	cAIKCFd`_HJ t
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� � � ��������� � � ��� ��� � 
 � � 	 � � ��� � ����� ���

�+���
� � :�' ��*��/%&# '�! 0 � : ,�. */!$0/*�132/,4*5(+*607(��98/'�:613;�%&# '�!$0�;�(�1<#=0>06# 2�,4*60
� b{f�=`[vE^] f�NHNHLFCFd`_HJSI/=H@�[DIKJ�R	cA[DwH@VEVJ�EHJ-NmcS=�f�LFCWBDf�[DCF@�= ��_H=�?AfZB�NHw5�5BDCWdZ_�J

?Y@Z=�?YIKJY[7z(@�=�BS] CF=`[DcSIDJ7BDBDJif�_�NHIK@�PHLFGAR	Ji?Y@Z=�BqCWBq[Kf�=`[3��?A@�=�Bq[DIK_HCFIDJ�N;@�_HIh_�=HJ/EVcYj
np@�IKRofx[KCQ@Z=

ϕ
EV@Z=H=HcAJo_�=HJ3EVcAnp@�IKR	f�[DCF@�=�f�EHRTCWBKBqCFPHLFJoNHID@V?kwHJ t � ?AJY[�JM>;JA[�@�=�BDJ

NHIK@�N;@ZBDJ�E^] f�NHN�LQCWd`_HJAI�_H=�f�LQyZ@�IKC|[KwHR	J�EVJTR	CQ=HCFR	CFBKfx[KCQ@Z=/N�f�I�EVJ7BD?AJA=`[DJTEVJ�yZIKfZEVCQj
JA=`[o�vLWfinp@Z=�?g[KCQ@Z= EVJ�N;cA=�f�LQCWBDf�[DCF@�=

JG
CQ=HCQ[DCWf�LFCWBqcSJeN�f�I

ϕ t(� f�=�BTLFJSBXJYlVJAR	NHLFJSBd`_HC9BD_HCFb�JS=Z[7z�=H@Z_�B�f{bZ@�=�B\JSRTN�LQ@x�Zc�_H=vf�LFy�@ZIDCQ[Dw�RTJ�EVJ�y�Ikf�EVCFJA=`[��oN�fZB\�HlVJ�zmR�_Vj
=HCWB�L#] JSBDN�f�?AJXEVJ7B�EHcYnp@�IKRofx[KCQ@Z=�B�EV_�NHIK@5EH_HC|[$BD?Sf�LWf�CFIDJ

H1
JA[�_V[KCQLFCWBqcTLFf3R	cY[DIKCWdZ_�J

G(x, y) = |x−y|4 Id t � CF=�BDC z�@Z=T?A@�=�Bq[DIK_HCQ[�LFf$BD_HC|[KJ
EVJ�EVcYnp@ZIDRof�[DCF@�=�B ϕn EHcY��=HCFJSB?Y@ZR	RTJ�BD_HCQ[ t
� t V =HCQ[DCWf�LFCFBKfx[KCQ@Z= t ϕ0 = ϕ+ tI� @�_HI\[K@�_V[ n ≥ 0� f � � f�LW?Y_HLmEVJ JG(ϕn)

N�f�I�LFf$R	cA[DwH@VEVJ�EVJ\[r�5N;J�?kw�f�=�y�JAR	JS=Z[(EVJ�NHw�f�BDJ � bZ@�CFI
BqJ7?g[KCQ@Z=D, t � t + � t <>PV[KJA=`[DCF@�=�EVJ�LWfXN�w�f�BDJ un f�BKBq@V?YCFcAJ t� P � � cA[DJSIDR	CF=�fx[KCQ@Z=�LFf�n�f�R	CQLFLQJ�EVJ/y�cS@VEVcSBDCFd`_HJ7B

γn ∈ Γ (ϕn)
zUBD@�LF_V[KCQ@Z= EV_

NHIK@�PHLFGAR	J�EVJ�R	CQ=�CQR	CWBDf�[DCF@�=
LG(γn) = inf

γ∈Γ (ϕn)
LGϕn

(γ).

u fTn�f�RTCFLFLQJ
γn

JSBq[�@�PV[KJA=5_HJ�?Y@ZR	RTJ$L#] JS=�BDJAR�P�LQJ�EVJ7B
LFCQyZ=HJSB�EHJ�=HCQbZJSf�_�EHJ
un

cAy`f�LFJSB\cAy`f�LFJSB\�
θϕn

− θj
M

+ π [2π] t� ? � � f�LW?Y_HL�EH_�yZIKfZEVCFJA=`[�EVJ J � bZ@�CFI\LFf � IK@�N;@ZBDCQ[DCF@�= � � � t� E � � J7BD?AJA=`[DJ�EHJ�yZIKfZEVCFJA=`[$� � c7Bq@ZLQ_H[DCF@�=�EV_eN�ID@ZPHLQGSR	J�bxf�IDCWfx[KCQ@Z=H=HJAL t
(ϕn+1, ψ)H1 = (ϕn, ψ)H1 − h〈J ′, ψ〉Nm@Z_HI\[D@Z_V[DJ$np@Z=�?g[KCQ@Z=3[KJSBq[KB

ψ
zH@ %

h > 0
J7Br[
LFJ�N�f�B
EHJ�EVJSBK?YJS=Z[KJ t

<>=�f�IKID�A[DJ$L ] f�LFy�@ZIDCQ[Dw�RTJ�LF@�IkBDd`_HJ�LQJ�yZIKfZEVCFJA=`[\EHJ
J
JSBq[�f�BKBqJ$O$NmJA[DCQ[ tu f��my�_HIKJ S CFLQLF_�Bq[DIKJ-L ] f�?Y[DCF@�=�EVJ ?YJY[�f�LFy�@ZIDCQ[DwHR	J-BD_HI/_H=�J ?Y@Z=V��yZ_HIKf�[DCF@�=

NHIKcSBDJA=`[Kf�=`[h_H=HJiCF=Z[KJAIkBqJ7?g[KCQ@Z=�BDCFRTN�LQJ t u f�bxf�IDCFcY[Kc M J7Br[e?A@�=�Bq[DCQ[D_�cAJ/EVJvEHJA_Vl
CF=Z[KJAIKbxf�LFLQJ7BAzaLFJSB	EVcYnp@ZIDRof�[DCF@�=�B	BD@�=`[X��l5cSJSBo��LQJS_HIkBXJAl5[DIKcAR	C|[KcSB t(� J�NHLF_�BSz�@�=�fIKJANHIKcSBDJA=`[Dc	N�f�I�_H=-?kw�f�R	N-EVJob�J7?g[DJS_HI�LFJhy�Ikf�EHCQJS=Z[�EVJ

J
BD_HI�LWf/?Y@Z=V��yZ_HIKf�[DCF@�=

CF=HC|[KCFf�LQJ t u J7B\y�cS@5EHcSBDCFd`_HJ7B γ0
f�BKBD@5?ACQcSJSB\BD@�=`[
IDJSNHIDc7BqJS=`[DcAJ7B\Bq_HI
LWfX��y�_�IDJ �  tu J7B
��yZ_HIKJSB ��� JY[ � +o@�=`[>cA[Dc�@ZPV[DJS=5_HJSB>f{b�JS?�_H=HJ�CF=HCQ[DCWf�LFCFBKfx[KCQ@Z=vEVCE>;cSIDJS=`[DJ t

F�@�[DIKJ�f�LQyZ@�IKC|[KwHR	J�N;JA_V[�BS] f�NHNHLFCFd`_HJSI
f�_e?Sf�BON�f�ID[DCW?Y_�LQCFJAI
EVJ7BUf�_V[D@�j#CF=`[DJSIKBDJS?Y[DCF@�=�B t
F�@Z_�B�N�IDc7BqJS=Z[K@�=�B!NHLF_�BqCFJA_�IKB!IDc7Bq_HLQ[Kf�[KB!@�PV[KJA=5_�B�N;@�_�I

M = S1 CFEHJA=`[DCQ��cO� R/2πZ tu ] CF=x�rJS?Y[DCF@�=iEVJ�IKcYnpcAIKJA=m?YJ$?kwH@�CWBqCFJ$JSBq[
j

M
(t) = (cos(t), sin(t)) t
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������� ��� �
� � ��� � � �4����� �
γ0

��� � ��	 ��� � ��� � �"� � � � 
� � � � �
� � � � � � � ��� � ��� ���	� ��
�� � �

�+���+� � ����, # �>;�%&# '�! 	 � ! �>; 0�� � � 0># � �$*

� f�=�B�?AJY[D[DJeBDJS?Y[DCF@�=�z!@�=-EV@Z=H=HJh_H=�JAlVJAR	NHLFJ3E^] f�NHNHLFCW?Afx[KCQ@Z=�EVJhLWfiR	cY[Dw�@5EHJEVJhN;cA=mf�LFCFBKfx[KCQ@Z=�CF=`[DIK@VEV_HCQ[DJ3�i_�=�NHID@ZPHLFGAR	Jo=H@�=Hj#LFCQ=�cSf�CFIKJ t <>=�?Y@Z=�BDCFEVGSIDJhEHJA_VlR	JARXPHIKf�=HJSB
M1

JA[
M2

EHC	>�cA@ZRT@ZIDN�wHJSB(��L ] CQ=`[KJAIKb{f�LQLFJ
[0, π] t5� wmf�?Y_�=HJ>E^] JALFLFJSB(J7Br[?Y@Z=�Bq[DCQ[D_HcSJ$E�] _H=�Rofx[KcAIKCFf�_ecSLFfZBr[KCFd`_HJ$=H@Z=�LQCF=HcSf�CQIKJ$EVJ�EVJA=mBqCQ[Dc�E^] cA=�JAIKy�CFJ

Wα(F ) = µα

{
(|F |2 − 1)2

BDC |F | ≥ 1
0

BDC |F | < 1.
,

@ %
µα > 0

J7Br[�_H=�?A@`JM%h?YCFJA=`[�E^] cALWf�Bq[DCW?YCQ[DcT?Y@ZIDIKJSBDNm@Z=�EHf�=Z[��hLWfhR	JARXPHIKf�=HJ
Mα�

α = 1, 2 � t u ] cA=HJSIDyZCQJ�CQ=`[DJSID=�J�f�BKBq@V?ACQcSJ���_H=HJ�EVcYnp@ZIDRofx[KCQ@Z= ψα EHJ�LWf�R	JAR�P�IKf�=HJ
Mα

J7Br[
Eα(ψα) =

∫

Mα

Wα(ψ̇α)dx.
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<>=�BD_HNHN;@ZBDJOEVJONHLQ_mB�d`_HJU?kw�f�?A_H=HJMEHJSB9RTJSR�PHIkf�=�JSB�J7Br[9�HlVcAJ7B9BD_HI�_H=�BD_HNHN;@�ID[
NHLWf�=	JY[UdZ_�J
L ] JSBDN�f�?AJ�?Y@Z=Z[KJA=5_TJA=`[DIKJ
LQJ7B�R	JARXPHIKf�=HJSB(JY[(LFJA_HIMBD_HNHN;@�ID[(JSBq[M@V?A?A_HN;c
N�f�I!_H=�y`f�O�Ikf�IKJMd`_HC�JAlVJAIk?YJMBD_HI9?kwmf�?Y_�=HJMEVJ7B�R	JARXPHIKf�=HJSB!_H=HJONHIDJ7BDBDCF@�=$_H=HCQnp@�IKR	J
CF=`bZJAIkBqJSR	JA=`[�NHIK@�N;@�ID[DCF@�=H=HJSLQLFJ��hL#] f�CFIDJ

Vα
d`_�] CFL9@V?A?A_HN;J t � CF=�BqC#z;L ] cA=HJSIDyZCQJ$[K@�[kf�LFJf�BKBD@5?ACQcSJ��T_H=i?A@�_HNHLFJ

ψ = (ψ1, ψ2)
EVJ�EVcAnp@�IKR	f�[DCF@�=�BUJ7Br[

I(ψ) =
∑

α=1,2

∫

Mα

Wα(ψ̇α)dx+ Cα ln(Vα).

& @�_V[KJ�N;@ZBDCQ[DCF@�=�E^] c7d`_HCQLFCFPHIDJ$EVJ7B\RTJSR�PHIkf�=�JSBUJSBq[
_H=eN;@�CF=`[�?YIKC|[KCFd`_HJ�EVJ$L#] cS=HJAIKy�CFJBD_HI(L#] JS=�BqJSR�PHLFJ�EVJ7B(EVcAnp@�IKR	f�[DCF@�=�BMf�EVR	CWBDBDCQP�LQJ7B t u f�np@�=�?Y[DCF@�= Wα
cY[kf�=`[M?Y@Z=5b�JYlVJZz

CFL!JYlVCWBr[KJ�?Y@Z=V��y�_�IKf�[DCF@�=
ϕ
BD@�LF_V[DCF@�=iEV_�NHIK@�P�LQGSRTJ�EHJ�R	CQ=HCFR	CFBKfx[KCQ@Z=iEVJ�L#] cS=HJAIKy�CFJ

BD_HI
L ] JA=mBqJSR�PHLFJ�EVJSB�EHcYnp@�IKRofx[KCQ@Z=�B\f�EVR	CWBDBDCQP�LQJ7BAz
I(ϕ) = inf

ψ∈Φ(jM )
I(ψ).

� ��, �
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F�@Z_�B$f{b�@Z=�B�IKcSBD@�LF_�?AJXN�ID@ZPHLQGSR	JTEVJ	R	CF=HCQR	CWBDf�[DCF@�=��3L#] f�CWEVJoEVJXLWf�R	cY[Dw�@5EHJ	EHJ
N;cA=�f�LQCWBDf�[DCF@�= t ( =�JM>;JA[SzHLFJSB�RTCF=HCFR	CFBDJA_HIkB
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Iδ(ϕ
δ) = inf

ψ

{
Iδ(ψ) := I(ψ) + δ−1JG(ψ)

} � � 9 �
?Y@Z=5b�JAIKy�JS=`[ � d`_HC|[D[DJ\�
JYl5[KIKf�CQIKJ�_H=HJUBq@Z_�B!BD_HCQ[DJ � b�JSIKB^_�=HJOBD@�LF_V[DCF@�= ϕ EV_�NHID@ZPHLFGAR	JCF=HC|[KCFf�L � � , � LF@�IkBDd`_HJ δ > 0

[DJA=mEebZJAIkB�OAcSID@ t
B5_HI\LFJSBUJYlVJSRTN�LQJ7BO=5_HR	cSIDCWd`_HJSBONHIKcSBDJA=`[Dc7BAz`=H@�=�f{b�@Z=�BM?kw�@�CWBqC �

C1 = C = 2 =
140/π

z
µ1 = µ2 = 1 � L#] CQ=x�rJ7?g[KCQ@Z=�B�EVJ3IDcAnpcAIKJA=�?AJhJSBq[XEVcA��=HCFJSB�Nmf�I j

M
|M1

(t) =
(− cos(t), sin(t))

JY[
j

M
|M2

(t) = (0.5 − cos(t), 2 − sin(t))
z;@�%

M = M1 ∪M2JY[
M1

JY[
M2

Bq@Z=`[�CFEHJA=`[DCQ��cSB��iL ] CF=Z[KJAIKbxf�LFLQJ
[0, π] t u f���y�_�IDJ + � IDJSNHIDc7BqJS=`[DJ	LFfN;@ZBDC|[KCQ@Z=	E�] c7dZ_�CQLFCQP�IDJ�EVJ7B�R	JARXPHIKf�=HJSB�BKf�=mBaNHIDCWBDJ
JA=o?Y@ZRTNH[DJ�EVJ
LWf�?Y@Z=Z[KIKf�CQ=`[KJ\EHJ

=H@Z=iCQ=`[DJSIKBDJS?Y[DCF@�= t u fT��yZ_HIDJZ+�+TIDJSNHIKcSBDJA=`[DJ�LFJSB�BD@�LF_V[KCQ@Z=�B ϕδ EV_iNHIK@�P�LQGSRTJ � � 9 �@�PH[DJA=5_HJ7BMNmf�IULFf�RTcA[DwH@VEVJ$EVJ$EVJSBK?YJS=`[DJ$EVJ�yZIKfZEVCQJS=`[U��Nmf�BM�HlVJ>N;@�_HI\EVCE>;cSIDJS=`[DJSB
bxf�LFJA_HIkB
EVJ
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