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Abstract

We consider the homogenization of both the parabolic and eigenvalue problems for a
singularly perturbed convection-diffusion equation in a periodic medium. All coefficients
of the equation may vary both on the macroscopic scale and on the periodic microscopic
scale. Denoting by e the period, the potential or zero-order term is scaled as e~2 and
the drift or first-order term is scaled as e~!. Under a structural hypothesis on the first
cell eigenvalue, which is assumed to admit a unique minimum in the domain with non-
degenerate quadratic behavior, we prove an exponential localization at this minimum
point. The homogenized problem features a diffusion equation with quadratic potential
in the whole space.

1 Introduction

We study problems of homogenization associated to the following singularly perturbed
second order non self-adjoint elliptic operator with locally periodic coefficients

A® = —div (A(z,2/e)V) + e tb(z,z/e) - V 4+ e 2c(z, x/e), (1.1)

where the coefficients A(x,y) = {ai;j(z,y) hi<ij<n, b(z,y) = {bi(z,y) h<i<n, c(x,y) are real
and bounded functions defined for 2 € Q € R and y € TV (the unit torus). In other words,
the coefficients are periodic of period (0,1)" with respect to the variable y. Furthermore, the
matrix A(z,y) is possibly non-symmetric, uniformly positive definite, while the vector b(z,y)
and the scalar potential ¢(x,y) do not satisfy any further assumption (in particular ¢ is not
necessarily non-negative and b is not divergence-free nor of zero mean value). We study the
asymptotic behavior, as € goes to zero, of the following parabolic problem

aau; YA =0 in (0,T) x Q 12)
ue(t,x) =0 (t,x) € (0,T) x 092, ue(0,7) = ul(z) in Q,
and of the eigenvalue problem
A°p® = X°p°  in Q, p°=0 on 09. (1.3)

The novelty in the present work is that (1.1) is a non self-adjoint operator. The case of
self-adjoint operators was previously analyzed in [2], [4], [8] and [15].
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In order to homogenize both (1.2) and (1.3), the main idea is to use an auxiliary non
self-adjoint eigenvalue problem in the space of periodic functions (see section 2). It is called
exponential spectral problems (see [7], [12], [13]) and it is similar to the well-known Bloch
spectral problem.

Our main assumption is that the first exponential eigenvalue has a single minimum at a
point zg € 2 with a non-degenerate quadratic behavior near x( (see section 2). Then, we prove
that the first eigenfunction of (1.3), is approximately given as the product of an oscillating
function (with period ¢) and an homogenized eigenfunction concentrating exponentially at
(with characteristic lengthscale /). The homogenized problem is posed on the whole space
R with a quadratic potential linked to the Hessian of the first exponential eigenvalue (see
Theorem 3.5). We also prove a similar result for the parabolic equation (1.2) if the initial
data are well prepared (see Theorem 3.1). In other words, we build a sequence of approximate
solutions of (1.2) which are defined as the product of the same oscillating function (with period
¢) and of the solution of a parabolic homogenized equation, concentrating exponentially at z
with characteristic lengthscale /e.

There are several motivations for studying the homogenization of (1.2) and (1.3). The first
problem can be seen as a convection-diffusion-reaction equation. In particular, in the limit
case of indicator-type potentials (i.e ¢ = 400 in a subdomain of TV and ¢ = 0 elsewhere),
we recover perforated domains with periodic holes supporting Dirichlet boundary conditions.
In such a case the term of order ¢2 disappears from the operator (1.1) although there is
still a singular perturbation due to the presence of Dirichlet holes. This is a typical model
of convection-diffusion in porous media. The self-adjoint case (for the spectral problem) was
studied in [21].

The ground state asymptotic (i.e., characterizing the limit of the first eigenvalue and
eigenfunction as ¢ goes to 0) plays an important role when studying the long time behavior
of solutions of the corresponding parabolic equation. Namely, the first eigenvalue governs the
rate of decay (or growth) of solutions while the limit profile of the solutions is determined
by the first eigenfunction. Another motivation for studying the eigenvalue problem is the
modelling of the so-called criticality problem for the neutron diffusion equation (which allows
to compute the power distribution in a nuclear reactor core, see e.g., [3]).

Apart from the already quoted papers [2], [4], [8], there are many other related works.
For example, when the coefficients are not rapidly oscillating (i.e. they depend on z and
not on y), the study of (1.1) is a problem of singular perturbation without homogenization
[18]. The result of [18] is that, if ¢(x) has a unique global minimum point z¢ € € then the
first eigenfunction pj(z) is exponentially small everywhere except at xg and the logarithmic
asymptotic behavior of pf is given. A similar logarithmic asymptotic of the ground state for
an operator with locally periodic coefficients was obtained in [19]. On the other hand, when
the coefficients are purely periodically oscillating functions (i.e. they depend on y but not
on x), the homogenization of (1.2) and (1.3) is also quite well understood, and more precise
results are obtained in [3, 6, 13, 14]. In the case b = 0 and ¢ = 0 we also refer to [16]. Similar
problems, with a different scaling, are also studied using probabilistic tools in [10], [11].

The rest of the paper is organized as follows: In section 2 we present the non-self adjoint
exponential eigenvalue problem and our assumptions on the cell ground state. In section 3
we state our main homogenization results. In section 4 and section 5 we prove the conver-
gence of the homogenization process for the parabolic problem and the eigenvalue problem,
respectively.



2 Notations and assumptions

In order to formulate our assumptions on the operator A° we introduce an auxiliary
eigenvalue problem: the so-called exponential cell eigenproblem. Following e.g. [7, 12, 13],
for any parameter vector # € RY and for any point = € (, we introduce the following 6-
exponential periodic problem: find (A(z, ), ) the first eigenpair of

_divy (A($, y)vy¢x,0) + b(ZL‘, y) : vy¢x,€ + C(l‘, y)¢x,€ = )\($, 9)¢x,07 (2 1)
Y — Yag (y)e=2 v (0,1)N-periodic. :

Here and in the sequel we denote by V, the derivative in the oscillating variable and by V,
the derivative with respect to the macroscopic variable. Analogously, denoting by A* the
adjoint matrix of A, we consider the adjoint problem: find (A*(zx,6), ;,6) the first eigenpair

of
{ —divy (A" (2,y)Vy1; o) — divy (b(, 915 o) + c(, y)¢; o = X' (2, 0)1] o,

y — 9% 4(y)e*™ v (0,1)N-periodic. (2.2)

Of course, in (2.1) and (2.2), ¢, ¢ and v} , are functions of the variable y (z € Q is just a
parameter, like ). Equations (2.1) and (2.2) are posed on the whole space RY, but, due to
the “exponential periodic” boundary condition, they can be restricted to the unit cell (0,1)".
In order to find a convenient formulation of the boundary condition we change the unknown
as

Yao(y) =™V, 0(y) and V% 4(y) = e PV o(y),

where ¢, ¢ and ¢ , are now (0, 1)N-periodic functions. This allows us to rewrite an equivalent
form of (2.1) on the unit torus TV (a compact manifold)

—(divy + 270) (A(z,y)(Vy + 270) 5 0) + b(x,y)(Vy + 270)ds0 + c(x,y) bz = Az, 0) 04 0,

(2.3)
and similarly for the adjoint problem (2.2). Remark that there is no ¢ or imaginary numbers
in (2.3) which is the main difference with the Bloch cell problems. In particular (2.3) is not
self-adjoint, even if A is symmetric and b = 0. However, since (2.3) is a real-valued problem
and the corresponding Green operator is compact, one can apply the Krein-Rutman theorem
which is at the basis of the next result. By an obvious generalization of Lemma 3 of [13], we
get the following result:

Lemma 2.1 For all § € RY and x € Q, there exist a first eigenvalue and eigenfunction
Ve to (2.1) and ), 4 to (2.2). The first eigenvalue of (2.1) and (2.2) is the same, i.e.
Mz, 0) = X(x,0). It is real, of smallest modulus among all eigenvalues and of geometric
and algebraic multiplicity equal to one. The first eigenfunctions ¢ and ¢} , can be chosen
positive in TV,

Furthermore, for all x € Q, the function  — X(z,0) is concave from RY into R and
admits a mazimum A\ (x) which is obtained for a unique 0 = 0o (). Denoting by Voo (x,y)
the corresponding eigenfunction 1y g () (y) (and similarly for the adjoint), it is characterized
by the following relation

TN

where the divergence-free vector § is defined by

B(@,y) = Y2 ¥ocb(@,y) + Yoo AV Y05 (2, y) — V3 AV ythoo(, y). (2.5)



Remark 2.2 The characterization (2.4) is actually equivalent to the optimality condition
VoX(z,000(z)) = 0 [18]. In the sequel a case of special interest will be O (x) = 0 (see
Remark 8.2). It is clear that if the operator (1.1) is self-adjoint, i.e. if the matriz A is
symmetric and the vector b is equal to 0, then v} o = 10 which implies 3 = 0 and O (z) = 0.
Another sufficient condition to have 0 (x) = 0 is the following central symmetry with respect
to the center of the unit cell (—1/2;1/2)N. If we assume that A(—y) = A(y), c(—y) = c(y)

and b(—y) = —b(y), then ¥} o(=y) = ¥y o(y) and Yz o(—y) = Yz 0(y), so that B is an odd
function of y and condition (2.4) is satisfied for O (x) = 0.

Remark 2.3 Since the eigenfunctions are positive and continuous on TV, there ezists a pos-
itie constant C (depending on x and 0) such that 1, 9(y) > C > 0 and ¥} 4(y) > C > 0

uniformly in y € TVN. As is usual we normalize the eigenfunctions by imposing

/ [¢o0(y)’dy =1 and / Gz,0(y)050(y) dy = / Va0 (Y)¥30(y) dy = 1. (2.6)
TN TN ™

A consequence of the simplicity of A\(x,0) and of the above normalization is that the eigenvalue
and eigenfunctions have the same differentiability property as the coefficients with respect to
x.

Our main assumptions on Ay () = A(z, 0o (7)) with respect to its dependence on x are:
Hypothesis H1. The function x — Ao (x) has a unique global minimum point z( in the
interior of 2.

Hypothesis H2. The coefficients a;;(x,y), b;(x,y) and c(z,y) are of class C? in Q x TV, and
the Taylor series for Ao () about xg has non-degenerate (positive definite) quadratic form

Aoo(T) = Aoo(@0) + Aij(z — 20)i(x — T0)j + 0|z — m0[?), Aij&i& = clé® (e >0), (2.7)

for any vector £ € RV, where
L (0y)
2 8%8% 0/

Without loss of generality we shall assume in the sequel that g = 0 and we denote
Voo(Y) = Yo0(0,y), oo = 0o0(0) and Ae = Ao (0).

Remark 2.4 Hypothesis H1 ensures the concentration of Voo(x, /) in the neighborhood of
xo while Hypothesis H2 allows to characterize, in the vicinity of xo, the asymptotic behavior
of its profile.

Notations. For any function ¢(x,y) defined on RY x TV, we denote by ¢° the function
é(x,x/e). For a variable z € R, we denote by L?(R*; L?(R";|z|?)) the space defined by

LART L2 (RY; [2%) = {u(t, 2) € L*(RT x RY) such that || |2[v]| 2 g+ xray < 00}

3 Main results

Let © € RY be an open set (bounded or not). Let 0 < T' < +o00 be a final time. We first
consider the following parabolic problem
Oue - )
5 + Au. =0 in (0,7) x Q,
u(t,r) =0 (z,8) €99 x (0,T), (3.1)

ue(0,2) = (@) in 2,
4




with A® defined in (1.1). Hille-Yosida-Phillip’s theorem guarantees that (3.1) generates a
semigroup of contractions. Thus, for any initial data u? which belongs to L?(f2), (3.1) has a
unique weak solution u. = u.(z,t) such that u. € C([0,T]; L?(2)) N L2((0,T); HE(Q)).

Theorem 3.1 Assume H1 and H2 and that the initial data u® € L?(Y) is of the form

ue(2) = Yoo(z, 2 /)0’ (2/VE), (3.2)

with w® € L2(RY). The solution of (3.1) can be written as

ue(t, ) = e~ Tl (t e, 2/ V) oo (z, 2 /), (3.3)

where w® (s, z) is a function which converges weakly in L*(RT; H'(R™N)) N L>¥(R*; L2(RY))N
L2(R*; L2(RY;|2|?)) and strongly in L2([0, S]; L2(R™)) (for any finite time S) to the solution
w of the homogenized problem

ot (3.4)

N _ div(AFT V) + (A2 +dT)w =0 inRT xRY,
w(0,2) = w’(z) in RV,
with
deft = / (q/);;bvwzboo — 1/J;Odivy(AVx¢oo) - wiodivx(AVWoo)) (0,y)dy, (3.5)
TN

and the matriz AT = {a%ﬁ}lSiJSN is given by

agy = /woowioA(O,y)V(Xj +y5) - V(xi + yi)dy, (3.6)
™~

where the functions y; are defined fori=1,..., N by:
{ ~divy (Yoct L AO, 1) Ty (i 90)) +00,) - Tyl +p) =0 im T, g
y — xi(y) TN-periodic,
with the vector [ defined in (2.5).
Remark 3.2 The initial data (3.2) is well prepared. Indeed, recall that

Vool /) = 20/ (z,x/€),

where ¢oo(,y)is (0,1)N -periodic in the variable y. This implies that 1w, has an ezponential
behavior, except if 0o = 0. In the special case 0 = 0, the initial data is uniformly bounded.
Furthermore, there is no need to have well prepared initial data in such a case since for any
sequence u?, uniformly bounded in L*(Q2), one can extract a subsequence which has the same
limit behavior (in the sense of two-scale convergence) as (3.2).

Remark 3.3 The periodic cell problems (3.7) are well posed for 1 < i < N. Indeed, by
Fredholm’s alternative, there exists a unique solution (up to an additive constant) of (3.7) if
and only if

/B(Ovy) - Vy(xi +yi)dy = 0.
TN

This is satisfied since 3 defined in (2.5) is divergence free and satisfies condition (2.4).



Remark 3.4 Theorem 2 still holds true if we add a source term of order e~'. Indeed, we can
add to (3.1) the following source term

Aoco

ot ) = 2~ F 1,3/ VE /),

where f(t,z,2,y) € L*(RT x Q x RN x TN). In such a case, the homogenized equation (3.4)
has an additional source term which is f(t, 2) defined by

(L 2) = / F(£,0, 2, 9)0 (0,)dy.
TN

Also, we can add to equation (3.1) a non-linear term e 1g(x,x/\/2,x /e, us) where g(z, 2,y,€)
is a continuous function, homogeneous of degree one and uniformly Lipschitz with respect
to the variable £. Hence, the homogenized equation (3.4) has an additional non-linear term

g°% (2, w) defined by
5 Cevw) = [ 90,2006 00w 0,
Next, for a bounded open set 2, we consider the following eigenvalue problem

(3.8)

ApE = Np* in Q,
=0 ondQ,

with A° defined in (1.1). As is well known, for each fixed £ > 0 this operator has compact
inverse in L?(Q2) (possibly non self-adjoint) and satisfies the maximum principle. Thus, by the
Krein-Rutman theorem, we have a first eigenvalue A] of multiplicity one and the corresponding
eigenfunction pj can be chosen positive in .

Theorem 3.5 Under assumption H1 and H2 we have

A = Ao +ep1 +o0(e)  with lim ole) =0,

e—0 €

and the corresponding eigenvector p admits the representation

pi(@) = di(z/Ve)boo(z, 2 /c), (3.9)

where ¢5(z) € HY(RN), up to a renormalization, converges, as € goes to zero, to a limit q1(2)
which is the first eigenfunction associated to the first eigenvalue py of the homogenized spectral
problem

—div(A*TVg) + (AijZiZj + deﬁ) q=pq inRY, (3.10)
with d*T and A°Y defined by (3.5) and (3.6), respectively.

Remark 3.6 The spectral problem (3.10) has a purely punctual spectrum since A;jz;z; is a
non-degenerate quadratic potential. This is the so-called harmonic oscillator problem (see e.g.

18])-



4 Parabolic problem

This section is devoted to the proof of Theorem 3.1. We introduce a new unknown in the
spirit of [4, 13],
_ Ag;’ft Ue (tv x)
ve(t,z) = e 71%0(33733/5)’
which is well defined since v, is positive as already mentioned in Remark 2.3. We replace
ue by ve in (3.1) and we recall that ¥ (z,y) and % (z,y) are the first eigenfunction of (2.1)
and (2.2), respectively. After some algebra we obtain that (3.1) is equivalent to

(4.1)

505% —ediv (a* Ve ) + ° - Vo,
—I—Ua)m(x)%vg +eBf Vo, +X0.=0 inR"xQ, (4.2)
ve(t, ) =0  (t,z) € RT x 99, '
_ (@) :
’UE(O,QT) = m m Q,
where
0% (1) = Yoothi (2 /), () = Y Voo Alz,2/E), [°(2) = B(z,2/8), (4.3)
and
BE (1) = Yoo A"Vl (2, 2/2) — Wi AVt (1, 0/2), wa
(z) = Ej(z) + eXi(w), '
with

28(‘73) = @obvxlﬁoo(% x/g) - 'lﬂéo diVyAvxq/}oo(ma x/g) - 'lﬂéo dinAqu/}oo(ma 1:/6),
Z‘i(:ﬂ) = _w:o dinAvw¢m($v$/5)'

Remark that o° converges weakly-x in L>(R™) to 1 because of the normalization condition
(2.6), while 2§ converges weakly-« in L>®(RY) to d*% defined by (3.5).

In order to eliminate the ¢ scaling in front of the second-order operator in (4.2) and to
obtain uniform a priori estimates, we rescale the space and time variable by introducing

t
z:%eﬁgzs_lﬂﬁ, s=-, (4.5)
and consider the function
we (s, z) = ve(t, z), (5,2) € RT x Q°. (4.6)

This yields

55821;5 + ./ZEZUE + 55)\00(\/52) - )\oo’wa + \/géa - Vw, + iawg —0 inRT x QF,
we(s,2) =0 (s,2) € RT x 90, (4.7)
ug(Vez)
we(0,2) = wl(z) = =—X"2 in QF,
(0,2) = ul(z) = "=V
where the operator A® is defined by
A = —div (a5 (2)V) + e V23 (2) - V. (4.8)

In (4.7) and (4.8), we use the notation ¢°(2) = ¢(1/zz, z/\/€) for any function ¢(z,y) defined
on RN x TV,
Now, we can obtain the following a priori estimate.

7



Lemma 4.1 Let 0 < S < +oo be a final time. Assume that w® satisfies (4.7) with w® €
L%(QF). Then,

[well Lo ((0,5),2200)) + IVwell L2 0,8y ey + Il2lwellz2(0,9)x05) < C(S)[wllz2(0s),  (4.9)

and, for any function (s, z) in the space L*([0,S]; H'(RN)) N L2([0, S]; L?(RY;|z]?)),
S
!QE

with C(S) > 0 independent of c.

(S)[w?l r20e) (HSOHLQ([O,S];Hl(RN)) + ”‘P”LQ([O,S];LQ(RN;\,ZP))) , (4.10)

Proof. First, we multiply equation (4.7) by w. and we integrate by parts to obtain

5 [F@us 2P - 5 [ 3 @ue)Pd:
Qe Qe
S S
+//¢Z5w5(s,z) -wg(s,z)dzds—k//ﬁa)\oo(\/gz) _Aoo\wg(s,z)ﬁdzds
0 Q¢ 0 Qe ¢

8

S
+\/_//BE - Vwe(s, z)wgszdzds—i—//i)‘€ ) we (s, 2)[Pdzds = 0.
0

0 Q¢

By virtue of our smoothness assumption on the coefficients, the vector BE is uniformly
bounded and Cauchy-Schwartz inequality yields

/ / BE(2) - Ve (s, 2)we(s, 2)dzds < cllwel| 120500 [Vl 20,5 x0)-
0 Qs

Analogously, the function f]% and f}f are uniformly bounded. Therefore,

S
[ 5@ (o, 2)Pdzds < el sy

0 Qs

The non-self adjoint operator A® defined in (4.8) can be partly written in divergence form.
Indeed, by (4.3) we have 5°(z) = 5(\/ez, z/+/€) where the vector 3, defined by (2.5), has zero
average in y and is divergence free by virtue of Lemma 2.1. Thus there exists a skew-symmetric
matrix D(x,y), defined by its entries

1 (0B 9B >
dii(z,y) = (=A) 1 < x, L (x 4.11
i@ y) = (=4y) ayj( y) — ayz( Y) (4.11)
such that divyD = —[ (see [13] if necessary) and the operator AF can be written as
Ao = —div ((&5(2) + f)f(z))w) + VEdiv, DE () - V. (4.12)



The hypotheses on the coefficients imply that div, D® (z) is uniformly bounded. Thus, since
D¢ is a skew-symmetric matrix and the matrix a® defined in (4.3) is coercive, we get

S
//j‘swg(s,z) -~ we (s, z)dzds
0 Qe

2
> ¢ Vwell72(0.5)x0s) = eVElwellL2((0,9)x00) [ Vwe 2 ((0,5) x0)
On the other hand, hypothesis H2 implies that there exists two positive constants 0 < ¢; < ¢

such that
Ao (VEZ) — A
€

c1lz)? < 2 < elz)? Vz e Q°. (4.13)

Thus, using also the fact that C' > 0°(z) > ¢ > 0, we deduce

/\wESzldz+//\ngsz|dzds+//\z] lwe (s, z)|2dzds

0 Q¢

<C/|w |dz+C’//|w€sz|dzds

0 Qf

Thus, by Gronwall’s Lemma, we immediately obtain that

//|wesz|dz<ecs/|w )|?dz.

0 Qs

which yields estimate (4.9).
Now, we multiply equation (4.7) by ¢ € L2(R*; HY(RY)) N L2(R*; L2(RY; |2|?)). Then,

S
//N‘€ (s, z)dzds| < //.,Zgwe(s,z)go(s,z)dzds +

0 Qs 0 Q¢

//B6 -Vwe (s, 2)p(s, z)dzds| + / /Za 2)we (s, 2)p(s, z)dzds
0 Q¢
S —
+ / /55(2))\00(\/52) Aoowg(s,z)np(s,z)dzds .
0 2e
QE

By (4.12) and the hypotheses of the coefficients, we get

[ [ Awnts,2)ots. 2)dzds| < clVulzaosyean) [ Tellzaosyxan
0 Qs
+ Vel Vwe |l r2(0,5)x00) 121l 22 ((0,5) x 2¢) -



Since the vector B and ¥ are uniformly bounded, Cauchy-Schwartz inequality yields

S
/ / B (2) - Vs, 2)p(s, 2)dzds| < el Vel aqo.s)x00) 191 120,510
0 Qs

1 (% [~
3| [E@ues 2t dzds] < clwallgosean el o sy
QE

On the other hand, the hypothesis H2 implies (4.13) and, therefore,

S

- Aoo(VEZ) — Ao

| [ 2 20 s (o, 2)dsds| < ey Ielliaqo syasesony -
QE

Thus, using the fact that C' > 0%(z) > ¢ > 0 and the estimate (4.9), we conclude the proof of
(4.10).

As a consequence of the previous a priori estimates and using the Aubin-Lions compactness
lemma, we have the following compactness result.

Lemma 4.2 Let w. be a solution of (4.7). Assume that w? is uniformly bounded in L?(RY).
Then, up to as subsequence, there exists a limit w(s, z) € L®°(RT; L2(RN))NL2(R*; HY(RV))N
L2(R*; L2(RY;|2|%)) such that w. converges weakly-~ in this space to w, and strongly in
L%([0, S]; L2(RN)) for any finite time S < +oo.

Proof. By the a priori estimate (4.9), up to a subsequence, w. converges weakly-x to a
limit w in the space L®°(R*; L2(RY)) N L2(R*T; HY(RY)) N L2(R*; L2(RY; |2]?)). On the
other hand, it is well-known that H*(R™)N L2(RY; |z|?) is included in L?(RY) with compact
embedding. In view of estimate (4.10), the time derivative % is uniformly bounded in the
dual space of the Hilbert space L?([0,S]; H'(R™)) N L2([0, S]; L2(RY;|2|?)). Then, using the
classical Aubin-Lions compactness lemma (see [20]), the sequence wy is relatively compact in
L%(]0, S]; L2(RY)) for any finite time S.  «

We now briefly recall the notion of two-scale convergence (see [1] and [17]). Below, we
denote by § > 0 the period which is going to 0, since we shall apply this result not for ¢ but
rather for (/e.

Proposition 4.3 Let 6 > 0 denote a sequence of positive reals going to zero. Let ws be
a bounded sequence in L?*(Q)). There exist a subsequence, still denoted by &, and a limit
w(x,y) € L*(Q; L2(TVN)) such that ws two-scale converges to w in the sense that

tiy [ ws()oea/dde = [ [ wle.g)ote,)dady,
Q

Q TN

for all functions ¢(x,y) € L*(Q; C(TV)).

Furthermore, if ws is a bounded sequence that converges weakly to a limit w in H(Q).
Then, ws two-scale converges to w, and there exists a function wi(z,y) € L*(Q; HY(TY))
such that, up to a sequence, Vw; two-scale converges to V,w(x) + Vywi(z,y).

10



Proof of Theorem 3.1.

Equation (4.7) is a combined problem of homogenization and singular perturbations: the
coefficients are oscillating with a period /e, and they concentrate to 0 with respect to their
first macroscopic argument. Therefore, we expect that the limit problem of (4.7) is precisely
the homogenized problem (3.4). To prove this statement and study the asymptotic behavior
of (4.7), we follow the methodology of [4], [8].

We multiply (4.7) by a test function ¢.(s,2) = &(s,2) + Veo1(s, z,2/+/€) where ¢(s, 2)
and ¢ (s, z,y) are smooth test functions defined on R* x RY and RT x RY x TV respectively,
and with compact support in Rt x RV, For sufficiently small ¢, the support of ¢, is included
in QF for all times. Integrating by parts yields

//~5 ¢6dzd +//Aews¢ed»2d$+//~e \/_Z) Zwepedzds

0 RN 0 RN 0 RN

b Ve 7 / Ea(z)-vu;gqbgdde]O / S (2 )wododzds = 0. (4.14)

0 RN 0 RN

In view of the a priori estimate (4.9), we get

\/57 / BE(2) - Vuw.(s, 2). (5, 2)dzds — 0,

0 RN

and, since ¥° = X§ 4 X7,

5/ / Y (2)we(s, 2)pe (s, 2)dzds — 0. (4.15)
0 RN

On the compact and fixed space support of ¢., the values of the smooth coefficients at points
(V/ez, z/+/€) are uniformly close to their values at (0, z/+/€). Thus, since by virtue of Lemma
4.2 any average in time of w. converges strongly to the same average of w in L?(R"), we get

0o B a¢€ 00 8¢
//U (2)we s dzdse//w%dzds,

0 RN 0 RN
[ [ Sateruats,onts,xdads — [ [ s, (s, 2z,
0 RN 0 RN

By assumptions H2 we get

7 ~ >\oo - )\oo I =
//JE (\/Ez) wegbgdzds://JEAijzizj wepdzds + o(1),

0 RN 0 RN

and the same argument of strong convergence in L?(R") of time averages of w. implies

//55%0(\/55) _>‘°°w€¢5dzds—>///\ijzizj wé dzds.

0 RN 0 RN
11




Finally, passing to the two-scale limit (see Proposition 4.3), there exists a function w (s, 2, y)
defined in Rt x RN x TV, such that

hm//AEwggz&gdzds
0 RN
ow 8’[01 qb 8gz51
/ [ [omitasto y>< o ay]> <8$Z ayﬁ)dydzds

0 RN T
ow 8’[01 8¢ 8gz51
///dUOy ( 8—y]> <8$¢+8yi>ddeds

where the skew-symmetric matrix D = {d,;} is defined by (4.11). Regrouping all terms we
obtain a limit variational formulation for the couple (w,w;). In order to eliminate w;, we
take ¢ = 0 and, integrating by parts, we obtain that w; satisfies

0

ow  OJwy 0 ow  Owr\| o b N
~ o [zboozbooaw(o Y) (a + 8%)]—8—% [dw(o Y) (a + %)] =0 in RYxRVxT.

Since divy D = 3, we get that w; is the weak solution of
—divy (Yool A(0,y) (Vaw + Vywr)) + 8(0,y) (Vow + Vywr) =0 in RT x RY x T4.16)

By linearity, we obtain a solution of (4.16) by taking

wy(2,y) = g;uz (2)xi(y),

where the functions x; satisfy (3.7). On the other hand, returning to the weak formulation
and considering ¢ = 0, it is immediate with the above expression of w; that

llm//A€w5 ¢ dzds = /l/)ool/)oo 0,9) <am(0 y) + a0, y) Xj) // gw g;i
0 RN
+/<dm(0 y) + dix(0 Z/ > //gzgfz

T

Since the homogenized coefficients {a 1, defined by (3.6), are constant and D = {d;;} is
skew-symmetric

- / (o2 A, ) + D(0, ) V(x; + ) - V(xi + i)y
T

Now, by definition of D = {d;;} in (4.11), we get for any i

/ (oot A, ) + D(0,)) V(x; + ;) - Vxady = 0,
T
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since x; is solution of (3.7). Therefore, we obtain

limjo/jew ~¢pdzds = —aeff]o/ w ddzds
e—0 © a Y 8:17]8:EZ ’

0 RN 0 RN

Finally, by (4.1) and (4.6), we get

ug(vE2)
Yoo (VEz, 2/V/E)

and, by the hypothesis (3.2) on the initial data u?, we conclude w, (0, 2) = ug(z). Summing
up all the limits, we conclude that w is the unique weak solution of (3.4). By uniqueness of

the limit, the entire sequence w. converges.

we(0,2) =

5 Eigenvalue problem

This section is devoted to the proof of Theorem 3.5 concerning the behavior of the first
eigenvalue of the spectral problem (3.8). As already said in Remark 3.6, the homogenized
spectral problem (3.10) has a countable infinite number of eigenvalues of finite multiplicity.
Indeed, the corresponding Green operator acts from L2(RY) into H'(RY)N L?(RY; |z|?), and
thus is self-adjoint and compact in L?(R"). Furthermore, by the Krein-Rutman theorem, the
first eigenvalue y; is of multiplicity one and the corresponding eigenfunction ¢, € H'(R™) N
L?(RM;|z|?) can be chosen positive.

As in the previous section, we introduce a new unknown

pe(z) = pi(z)

= 71/}00(%96/8). (5.1)

After a little algebra, p. is solution of

A A
—ediv (a°Vp.) + 3 - Vp. + 0° == X pe +eB°-Vp. + X, = pfop.  in Q,

pe =0 on 09},

(z) —
€

(5.2)
where pf = e71(A§ — Ax). The coefficients 0°, o, 3°, B® and X¢ are defined in (4.3) and
(4.4). In order to eliminate the ¢ scaling in front of the second-order operator in (5.2), we
rescale the space variable by introducing

% € Q° =c72Q and ¢.(2) = p.(a).

NG

A

This yields

./Z(EQE +5° AOO(\/EZ) — A

€
qg: =0 on 0€F,

OOQ& + \/Eé‘E Vg + iEQE = po°qe  in QF, (5.3)

where the operator A is defined by (4.12) and the other coefficients are as in the previous
section. Equation (5.3) is a combined problem of homogenization and singular perturbations:
the coefficients are microscopically oscillating with period /¢, and they macroscopically con-
centrate at the origin z = 0. The domain QF is converging to RY. Therefore, we expect that
the limit problem of (5.3) is precisely the homogenized problem (3.10).

13



To prove this statement, we follow the methodology of [8]. We introduce the corresponding
Green operator S¢ : L?(Qf) — L2(9°) such that S°(f) = u® where u° is the unique solution
in H}(QF) of

~ A - A ~ = -
Acuf +5¢ oo(\/gz) £ + \/EBE VU 4+ X5 = Uaf in 967 (5 4)
E -

u® =0 on 0€)°.
We shall assume without loss of generality that Y° is positive (indeed, a simple shift in
the spectrum amounts to add a multiple of ¢°, which is positive, to X°. In the sequel we
consider that S¢ is an operator defined in L?(R”) by simply taking f as the restriction to
QF of a function of L?(R") and extending by zero outside ©° the solution u = S°(f). The
homogenization of (5.4) is similar to what we did in the previous section. We introduce the
limit Green operator S : L2(RY) — L?(R") such that S(f) = u where u is the unique solution
in HY(RY) of

—div(A*TVu) + (Aijzizj + deﬁ) u=f inRY, (5.5)

where the coefficient d° and the matrix AT are defined by (3.5)-(3.6). Then, we have the
following convergence result (see Lemma 4.4 of [8])

Lemma 5.1 The sequence of operators S compactly converges to the limit operator S in the
sense that

() forany e LARY), T [S5(F) = S(7) 2, = O,
(i)  the set {S°(f) : [|fllp2mny < 1, € > 0} is sequentially compact.

Proof. The proof is quite classical (see e.g., [3, 5, 8]) for similar examples), so we simply
indicate the main ingredients. First, we multiply (5.4) by u® and integrate by parts to obtain
a priori estimate. Since by assumptions H1 and H2 we have (4.13), we get

V|l 2@y + Hzlu® | L2@yy < CllFll 2@y (5.6)

This implies that the sequence u° is pre-compact in H'(R")-weak and pre-compact in L?(R)-
strong. Second, we pass to the limit in (5.4) using the two-scale convergence (see Proposi-
tion 4.3). We multiply (5.4) by a test function ¢(z) + /e¢1(z,z/\/€) where ¢ and ¢; are
smooth test functions defined on RY and RY x T¥, respectively, and with compact support
in RY and periodic with respect to the second variable y = z/y/z. Since this test function
has compact support (fixed with respect to ¢), the effect of the non-periodic modulation in
the coefficients is negligible. Now, this is a standard matter in the theory of two-scale conver-
gence (see the previous section) to deduce that any converging subsequence of u® converges
weakly in H'(RY) to u which is the unique solution of (5.5). The homogenized coefficients in
(5.5) are thus obtained by considering the cell problems with the frozen macroscopic variable
x = 0. By uniqueness of the limit, the entire sequence u® converges. Furthermore, estimate
(5.6) shows that u® does also converge strongly in L?(R™V). This proves statement (i) of the
lemma. To prove statement (iz) we simply remark that estimate (5.6) as well as the strong
L?(RY) convergence of u® is still valid if the right hand side f is replaced by a bounded
sequence f€ in L?(RY). This shows that S° compactly converges to S.

To finish the proof of Theorem 3.5, we now recall a classical result in operator theory that
can be found, for example, in [9].
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Theorem 5.2 Let X be a Banach space and L(X) be the set of bounded linear operators in
X. Let {T,,}nen be a sequence of operators in L(X) converging compactly to T in the sense
that:

o forallz e X, Thx — Tx as n — oo,

e for any bounded sequence {xy}nen with ||x,|| < 1, the sequence {(T — Tp)xp}nen is
relatively compact in X.

Let o(T) and o(T),) be the spectra of T and T, respectively. Let )\ be an isolated eigenvalue
of T of finite multiplicity and let T be a closed Jordan curve in the complex plane around A
and isolating A such that the domain A enclosed by T' contain no other point of the spectrum
o(T) than A. Then, o(T,) N A contains a number of eigenvalues equal to the multiplicity of
A provided n is large enough.

Moreover, if A, is a sequence of eigenvalues of T,, converging to X\, and u, S a sequence
of mormalized associated eigenvectors, then, up to a subsequence, u,, converges to a limit u in
X which is an eigenvector of T associated with .

By Lemma 5.1, S¢ converges compactly to S, and we can apply Theorem 5.2 to con-
clude that the spectrum of S® converges to that of S. With this we conclude the proof of
Theorem 3.5.
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