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cSdfe gXh�d
i � s ���>jJ��� tlk ��� � �.m s � s �on � �����Ç�Sj k �r�~�   �.p toqu� �$jr� � �Ç�sr¯� � �����Ç�MtujJ�wv��>n����Ç�� r¯� �>� jxn��   �r�����Ç�²�u� � � t ���u�¾� �   �u� �,oC^ � �   �.p toqu� � ���Ç�>n¥����� su  �yn�n�� � �½  t��� � � t � qu  � � �u���Sj � �>n t � �M� j   ��jJ� � �Ç���  �zÇt �{jr�   �on������yn�j � �>n tlk �u�fr��   �Ç�r���|t� �u��� e n���� �~}Ç� m¯��jr�yn�j sÔ� ���u��nT��� �ut�sM� �   �yn �R��� t�t �r�����Ç��jr�ynFnÏ� t n�� �½  jr�yn�� �½  t��� � � t �yn  �sM�Ç� ����r¯�yn mpoZS � � ��j qut � s ���>jJ� s �yn�� � � t �r��jr� t �{� �Ç�sr¯� � �����Ç�MtujJ�wv��>n����Ç�jr�P� �½  ��� � � t �yn«�  Ï� �>n�� �   � s �yn{� �½ «tlk � � �Dj � �>n t �0n�� t � �   �u� �%e � � �r������� � �u���jr� tlk �½  mK� t � m � � r¯� � jr�yn  �sM�Ç� �����Ç�>n � �r� � �������yn+n��  lt �yn�p��   jxn�jr�ynl� �   �yn o i �n k ����� su  �yn�nÏ�{� t �>� �Ç� � �u���  Ï� �����Ç�*jr� � �yn�� �½  ��� � � t �yn�j � �>n t � � � t ���u����jr�ynsÔ� ��� t�t �yn1j k �yn�� �Ç� � �u�1jr����� � �>n��  �q nTm  Ï� �>jr�yn�� �½ G Ï� �r� �   � � � �¿sÔ� ��� t�t �yn� � �u  ��n � �Ç�r�������yn2jr�yna�r� s ��� �0q ���yn � �onn�u�+���u� o¯Y �Sn��r�r� ��n � ���n����� t �yn5jr�Ç�Mt� s �yna���r����� �½t �yn2n��Ç����pr���u���  �s � �½ �s �yn)�Z�Ç���   �Ç�xr¯�j����� t � n�� t �r�����Ç�SjJ� � �fj qut ��yn�� � �r�   � � � ��� ����r¯� � �u��� t �G�   �fjJ�r����j k �r��� � �Ç� � �����Ç�)�   �Ç�   ��jr��� t � � �`�����n � � t�t � �����Ç�  Ï� �r�ojr��� � r¯� � �r��� � �Ç� � �����Ç�6��r �½  � � �����Ç� t �u������nÏ� t �r�����Ç��j k �r���s ��� � �����Ç�>��� � �.m s � s �on s ���U�   �on��0j � �>n��r�   �u� qu  ���  Ï� �>n�� �   � s �1m  Ï� �>jr�0rZ�wt���yn�n�� o S �yn � ���|� � ���u����nl��� � �.m s � s �on s n+j s ���u�>jr�u���+jJ� �   �.p toqu� ��jr��� t � � ��u��jr�+n��Ç�
�   �.p toqu� � � j<�X�Ç����� e¡tlk �Ç� su Ï� ���u�  j� �Ç�>n��oj su �s � k�s � � ���T� � n � �r��� � j�t�X�Ç����� mpo[SÙ� r������yn�nÏ��jr���  Ï� �>n����   � ���Ç�u  ��n � �Ç�r�������9� �u�r�T�u�   � �  �q nTm  Ï� �>jr�n � �>nP����� � ��nÏ�Ç��� t � �M� n�� �Ç�  Pt � � � � �u�r����jr� t � r������yn~n���jr� � �Ç�sr¯� � �����Ç�� � �u  ��n � �Ç�r������� o i ��r¯�u�r�{� � � � �u���   ���u��r �½t �u�  «t � �w� ���«����� t �yn
jJ�wv su  �u����n�r� s ��� �0q ���ynÕ�r� � n��������yn �M��� ��� t ���u��� tlk�sÔ� ��� t�t � � � �u  ��n � �Ç�r�������l�Ç���Õ�r�������Mt� ���u� � � � �Ç�r� t�s ��n��  ât �ynar �½t �u�   n�jr�yn � �Z�|� � ���u����nE��� � �.m s � s � s n o i �~�|v�� � ������u�M���Tjr�yn �M�½t�� � t n[��� ��su  �������yn[���Ç�  [s r �½t ���  [t �yn � �Z�|� � ���u����nn��� � �.m s � s �on s n� ����j k � t�t �>n��   �  j� �yn � �Ç�r� t � m¯�yn o
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>�?TU�S=: FdS8qd>Rn¡U�UXnTFdS=Q¢e�WYn;S=:=>�H�FdDGDV>RH�U^aGFd:-e�Q�n^aVF8<=aV{0S=>�<=>
U^n^FdS=?MaG<A>R:_UXaV{ISA>R?

τ ε
i £ >�U T > 0

>R?¡U¢DG>pUX>�c�eA?M¤�:=W%D�7�¥!>R?MUXnTFdS=?M?^Fd:_U¢<A>R?�e=W%nTU^aG>R?
?TFdDGaV<=>R? £ HRF%c�e=DVQRcf>R:_UKWYaGn^>�?m<=>�?�e�FdnT>R?¦FIHRH�S=e�Q�>R?�e�W%n¦DV>+§�S=aV<=> £ >�U�?TFd:_U@<AQ�¤�:=aV?¦e�W%n

τ ε
i = εi + εS,

HYx\>�?TU � o � <AaGn^>�{0S4xlaGDV?�?TFd:_U�U^FdS=?zaV<=>R:_U^aG{0S=>R?zo�SA:¨Fdy=?¡UKW%H�DG>i?^FdDVaG<=>�S=:=agUXQ
S £ c�aV?�oD�x\Q�HKJ=>RDVDG>

ε
>�UhUXn^W%:=?TD©WYU^QR?�e�W%n

εi
Wsqd>�H

i ∈ ZN 7¦ª+W%:=?
� ��� £ b(y)

n^>�e=n^Q�?^>R:_U^>�DG>
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DV>�UX>�:=?^>�S=n

<=>�<Aa � S=?^aVFd:hc�F%DGQRH�S=D©WYaGn^>Y789�:h?TS=e=e(Fd?^>�{0S=>�DG>�?¦HRFI>�ufHRaV>R:_UX?
A(y), c(y), b(y)

?^Fd:_U
<=>�?��'Fd:=H�UXaGF%:=? nTQR>RDVDG>�?�y�F%n^:=Q�>R? <=Q�¤�:=aG>�? ?^S=n DV>EU^Fdn^>�SA:=aVU^Q

TN 7_9;:�?TS=e=e(Fd?^>¦<=>¦eADGS=?
{0S=>

A(y)
>R?¡U S=:=ag�'Fdn^cfQRcf>R:_U�H�F8>�n^H�aVqd> £ a�7l>%7Y{0S4x\aVDA>��AaV?TU^>¦S=:=>¦HRF%:=?TUXW%:_UX> ν > 0

UX>�DGDV>
{0S=>�e(FdS=n¦UXFdS8U

y ∈ TN £ F%:-WYaVU

A(y)ξ.ξ ≥ ν | ξ |2
e(FdS=n¦UXFdS8U

ξ ∈ R
N .
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ε
>R?¡U�W%DVFdn^?�DV> n^W%e=e(FdnTU#>�:0U^n^> D©W¦UKW%aVDGDV>�<=> D©W¦HR>�DGDGSADG>
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L £ ?^S=n¦DV>R{0S=>RD�Fd:h> � >RH�UXS=>�DV>R?cf>R?TS=n^>�?m>�Ume�F%S=nmDV>R{0S=>RD(Fd:fqd>RS8U¦Q�qYW%DVS=>Rn DG>�?mHRFI>�ufH�aG>R:_U^?�> � >RH�UXaV�'? <=>;H�Fd:_qd>�H�UXaVFd: £<=a � SA?^aGF%:��Y<=aV?^e(>Rn^?TaGFd: 749;: e=nT>R:=<�<=Fd:=H�SA: q%FdDGSAc�>¢c�W%H�n^Fd?THRFde=aV{0S=>�{0S=a�HRF%:0U^aG>�:0U
S=:�UXnT�R?�vdn^W%:=<�:=Fdc¢yAn^>�<=>�HR>�DGDGSADG>R?�7
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+b(y) · (∇y + 2iπθ)Ψm + c(y)Ψm = λm(θ)Ψm

<�W%:A?
TN \ S
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η = θ
ε £
F%:-e(Fd?^>pb

wε(t, x) =

∫

R
N

α1 (η) e−
λ1(εη)t

ε2 Ψ1(
x

ε
, εη)e2iπη·xdη.
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� FdS=?�W%DVDGFd:A?@cfFd:_UXnT>Rn;{0S=>
wε

>R?TU;?^FdDVSAUXaVFd: >��AeADGaGH�aVU^>�<=>¢D�x\Q�{0S�WYUXaVFd: � ���je(FdS=n;DV>R?
H�Fd:=<=agUXaGF%:=?�aG:AaVUXaGW%DG>�?m<=S�UXJAQRFdnT�Rcf>%7

�8a
Ψ1 (y, θ)

>R?¡U�?^F%DGSAU^aGFd:i<=> � k0� £ W%DVFdn^? Φ1(y) = Ψ1 (y, θ) e2iπθ·y >R?¡U;?^F%DGSAU^aGFd:
<=>






−
<=aVq

y(A(y)∇yΦ1) + b(y) · ∇yΦ1 + c(y)Φ1 = λ1(θ)Φ1
<�W%:A?

RN \ S,

A(y)∇yΦ1 · n + kΦ1 = 0
?TS=n

∂S. � N_�
�8a�Fd:|e=n^>�:=<¨DGW �'FdnTc¢S=DGWYUXaVFd: qYW%n^aGWYUXaVFd:=:=>�DGDG>z<=> � N_� £ n^>�c�aV?^>io D�x\Q�HKJ=>RDVDG> ε

e(FdS=n
{0S=>

Φε
1(x) = Φ1

(

x
ε

) >�: ?^FdagU ?TFdDGSAU^aGFd: £ H�Fd:_UXnT> S=:=>��'F%:=H�U^aGFd: U^>R?¡U
χ(t, x) ∈

C∞
c (]0, T [, C∞

c (RN))
aG:=<AQRe(>R:=<�WY:0U^>�<=>

θ £ Fd:�FdyAU^aG>�:0UMb
∫

Ωε

A
(x

ε

)

∇Φε
1(x) · ∇χ(t, x)dx + ε−1

∫

Ωε

χ(t, x)b
(x

ε

)

· ∇Φε
1(x)dx

+ ε−2

∫

Ωε

c
(x

ε

)

Φε
1(x)χ(t, x)dx + ε−1

∫

∂Ωε

kΦε
1(x)χ(t, x)ds

−
λ1(θ)

ε2

∫

Ωε

Φε
1(x)χ(t, x)dx = 0.
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α1(η)e−

λ1(εη)

ε2
t {0S=a8>�?TU S=:=> HRFd:=?¡UKW%:_U^>�e�W%n

n^W%e=e(FdnTUmoCD�x\aV:0U^QRvdn^W%:=<=> £ e=S=aG? aG:_U^QRvdnT>Rnme=W%nEn^W%e=e(FdnTUmo η
?TS=n

RN 78¥!>jU^J=QRFdnT�Rcf>+<=>
� S=y=aV:=a4e(>RnTc�>�U@< x\Q�HKJ�W%:=vd>�n@DV>R?�<=>�S8�-aG:_UXQ�vdnXW%DV>R?¦>�:

x
>�U

η
>�U@Fd:in^>RH�Fd:=:�WYaVU�<=Fd:AH

DGW��'Fd:=H�U^aGFd:
wε(t, x)

>�Uj?^>R?�<=Q�n^agqdQR>�?@>�:->�?^e�WYHR>fb
∫

Ωε

A
(x

ε

)

∇wε(t, x) · ∇χ(t, x)dx + ε−1

∫

Ωε

χ(t, x)b
(x

ε

)

· ∇wε(t, x)dx

+ ε−2

∫

Ωε

c
(x

ε

)

wε(t, x)χ(t, x)dx + ε−1

∫

∂Ωε

kwε(t, x)χ(t, x)ds

−

∫

Ωε

χ(t, x)

(
∫

R
N

λ1(εη)

ε2
α1(η)e−

λ1(εη)

ε2
tΨ1(

x

ε
, εη)e2iπη.xdη

)

dx = 0.

9;:hn^>�HRFd:A:�W%aVU¦W%DGFdnT?�<�W%:A?¦DG>;<=>�n^:=aV>RnmU^>RnTc�>�DGW�<=QRnTaVq%QR>�>R:hUX>�c�eA?�<=>
wε(t, x)

7�9;:
aV:0U^�RvdnT>�W%DGF%n^?¦e�W%n¦e=W%nTU^aG>R?¦>�:iU^>Rcfe=?�?^S=n

[0, T ]
>�UjFd:�FdyAUXaV>R:_U¦¤�:�WYDG>Rcf>R:_UMb

∫ T

0

∫

Ωε

A
(x

ε

)

∇wε(t, x) · ∇χ(t, x)dxdt + ε−1

∫ T

0

∫

Ωε

χ(t, x)b
(x

ε

)

· ∇wε(t, x)dxdt

�



+ ε−2

∫ T

0

∫

Ωε

c
(x

ε

)

wε(t, x)χ(t, x)dxdt + ε−1

∫ T

0

∫

∂Ωε

kwε(t, x)χ(t, x)dsdt

−

∫ T

0

∫

Ωε

wε(t, x)
∂χ

∂t
(t, x)dxdt = 0,

{0S=ad>�?TU#D©W �'Fdn^c¢SAD©WYU^aGFd:jq%WYn^a©W1UXaGF%:=:=>RDVDG>�<=> � ����7�ª@> e=DGS=? £ wε(t, x) ∈ C([0, T ], L2(Ωε))>�U
wε(0, x) = uε(0, x) £ <AFd:=H £ e�WYnfSA:=aGH�aVUXQ�<=>iD©W ?TFdDGSAU^aGFd: � k � £ Fd:|F%yAUXaV>R:_Uf{ISA>

wε(t, x)
>�?TUjy=aV>R:�D©W�?^F%DGSAU^aGFd:47

� W%aG?TFd:=?�c�W%aG:_U^>R:�W%:_U�SA: <=Q�qd>�DGFde=e(>Rcf>R:_UM<=> ��W��IDVFdn�<�W%:=?�H�>�U^U^>��'Fdn^c¢SADG>¢>�� �e=DVaGH�aVUX>i<=>�DGW�?^F%DGSAU^aGFd:47E9;:r> � >RH�UXS=> DV>�HKJ�W%:Avd>Rcf>R:_Uh<=>�qYW%nTa©W%yADG>
η = θ

ε

<�W%:=?
D�x\aV:0U^QRvdn^W%DG>@e�F%S=n¦FdyAU^>R:=aVn

uε(t, x) = wε(t, x) =

∫

R
N

α1 (η) e−
λ1(εη)t

ε2 Ψ1(
x

ε
, εη)e2iπη·xdη.

ª�x\W%SAU^n^>�e�WYnTU £ DG>�U^J=QRFdnT�Rcf>�<=>G��n^>RaV: � P�SAU^czW%: :=FdS=?�e(>RnTc�>�U�<=>�<=aGnT>¢{0S=> λ1(θ)>�?TU¦?TaGcfe=DG>�>�U�n^QRv%S=DGaV�Rn^>j<�W%:A?�S=:zq%FdaG?TaG:�W%v%>+<=>
� £ >�U�<=>;c �Rcf>je�FdSAn
Ψ1(y, θ)

7A9;:
e(>RSAUm<=Fd:=H@> � >RH�UXS=>�n�S=:w<=Q�qd>�DGFde=e(>Rcf>R:_Um<=>���W��8DVFdn >R:

θ
W%SzqdF%aG?^aV:�W%vd>j<=>

θ = 0
b

λ1(εη) = λ1(0) + εη · ∇θλ1(0) +
ε2

2
∇θ∇θλ1(0)η · η + O(ε3)

Ψ1(y, εη) = Ψ1(y, 0) + O(ε)

� H�adDG>�<AQ�qd>�DGFdeAe�>�c�>�:0U#DVaGcfaVUXQ�<=>
Ψ1

>R?¡U�q%WYD©W%y=DV> <�WY:=?!DG>�?!:=Fdn^cf>R?
L2(TN ) £ L∞(TN) £FdS

H1(TN )
7

9;:�?�x\aV:0U^QRnT>R?^?T>mc�W%aG:_U^>R:�W%:_U�o@D�x\aV:=HRF%:=:0S=>
ũε(t, x) = uε(t, x)e

λ1(0)t

ε2
7Y9;:�aV:1`T>RH�UX>

DV>R?¦<=>�S8�i<=Q�q%>RDVFde=e(>Rcf>R:_UX?jDGaVc�agUXQR?E<�W%:=?�D�x\>��AeAn^>R?T?^aVFd:-<A>
uε(t, x)

>�U�Fd:iFdyAUXaV>R:_U�b

ũε(t, x) =

∫

RN

α1 (η) e−( η
ε
∇λ1(0)t+

1
2
ηη∇θ∇θλ1(0)t+O(ε))(Ψ1(

x

ε
, 0) + O(ε))e2iπη·xdη

= Ψ1(
x

ε
, 0)

∫

RN

α1 (η) e−( η
ε
∇λ1(0)t+ 1

2
ηη∇θ∇θλ1(0)t)e2iπη·xdη + O(ε).

� H�a £ D©Wz:=F%n^cf>�SAU^aGDGaV?^Q�>�e(FdS=n+DV> O(ε)
>R?TU;D©Wz:=F%n^cf>

L∞
loc(R

+, L∞(RN))
7 �+DGF%n^? £ ?^aFd:�e(Fd?^>pb

v(t, x) =

∫

RN

α1 (η) e−
1
2
ηη∇∇λ1(0)te2iπη·xdη.
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v
>R?TU@?^F%DGSAU^aGFd:h<=>�D�x\Q�{IS=WYUXaVFd:hJ=FdcfFdvdQ�:=QRaV?^Q�>�b

∂v

∂t
−
<=agq

(A?∇v) = 0

Wsqd>�HCDGW¢czW1UXn^aVHR>;<A>M<Aa � S=?^aVFd:�J=FdcfFdvdQR:AQRaG?TQR>�<=F%:=:=QR>Me�W%n�b

A? =
1

8π2
∇θ∇θλ1(0).

9;n £ <4x\W%e=n^��?pDG>wDV>Rcfc�>w6 £ Fd: ?^W%aVU�{0S=>
∇θλ1(0)

>R?TUfaVczW%v%aG:�W%aVn^>�e=SAnR7 �@aG:=?Ta £ >�:� FdS=nTaG>�n £ DGW c�S=DVU^aGe=DVaGHsW1UXaGF%:|e�WYn
e−

η
ε
∇θλ1(0)t

Q�{ISAaVqYW%SAU-o S=:=> UXnXWY:=?^DGWYUXaVFd:r<�W%:=?
D�x\>�?^e�W%H�>�<=>R?

x
e=W%n

−U?

ε
t
Wsq%>RHMDG>�HKJ�W%cfe�<=>�HRFd:_q%>RH�U^aGFd:-J=FdcfFdvdQ�:=QRaV?^Q�b

U? =
1

2iπ
∇θλ1(0).
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ũε(t, x)

?TFdS=?jD©W��'FdnTc�>�b

ũε(t, x) = Ψ1(
x

ε
, 0)v(t, x −

U?

ε
t) + O(ε),

H�>M{0S=a!<AFd:=:=>�DG>�nTQR?TS=DVUXWYU¦qdFdSADGSie�FdSAn
uε(x, t)
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� q+3�u5#86 1
Ψ?

1(
x
ε
, 0) b � #K1�S�7�HA����!9HA����757��)%Q#K!(� F?�/6 ���B
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∂vε

∂t
−
<=agq (

Ã(
x

ε
)∇vε

)

+ ε−1b̃(
x

ε
) · ∇vε = 0

�$6 �87
Ωε × (0, T ),

Ã(
x

ε
)∇vε · n = 0

7���1
∂Ωε × (0, T ),

� Zd�

6 � ���
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1(y)A(y)
���
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1(y)∇Ψ1(y)) .
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2iπ
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b̃(y)dy.

� 6 1���
�87Z�/HA�	�����)>i!"�k�)[���
12S�%&�W3x��7��'�;
��� �/6 �x!"
1�7AHA���k!96x��
�K� �)�=�B
��q��Nu4�;.0��7��U#867
7A6 �=�"7�TN6 �)�+��>Q��.0��7���R , R � �)12�*!"
127AHA� . �)!i6�#$#86 1]6 �)���a�;�4�Z�)�t��7�7Z��[�
%&
/E����;���"7Z��� �;
�r����!)!"�
U? 6= 0 b

��6



���� � � �r�i|�} �i� ��� ��� �'}����Qz�! �
	�� � ��t}�� � � ��� � ������� ��� � ���"! #

ª;W%:A?fDV>hHsW%?�F%�
b (y) = 0, ∀y ∈ TN £ >�U A(y) = A?(y) £ D�x\Fde(QRn^WYUX>�S=n A(θ)>�?TUiW%SAU^F_W%<1`TF%aG:_Us7m]m>RDGW ?^aGcfe=DVaV¤�>iDG>�eAn^Fdy=DV�Rcf> £ HsW%nhF%:r<=aG?Te�Fd?T> W%DGF%n^?ze(FdS=nzHR>�U

Fde(QRn^WYUX>�S=n�WYSAUXF_WY<1`TFdaG:_U HRF%c�e=DV>��8>+< x\S=:A>;y�W%?T>;<=>@q%>RH�UX>RSAn^?¦e=nTFde=n^>�?�Fdn¡UXJ=Fd:AFdn^cfQR?
Ψn(y)

<=>
L2(TN )

W%?^?TF8H�aGQ�?CWYS8� qYW%DG>�S=n^?�e=nTFde=n^>�?CnTQR>�DGDG>�?�HRnTFdaG?T?XW%:_UX>�?
λn(θ)

7�9;:
n^W%e=e(>RDGDV>�{0S=>hD�x\F%: W�W%DGF%n^?�e(FdS=n�HR>�UpF%e�Q�nXWYU^>RS=n¢DGW <=Q�HRFdcfe�F%?^aVU^aGFd: >R: Fd:A<=>R?�<=>
BmDVF8HKJ�?TS=aVqYW%:_UX> �\6 � b
� ,I� ��, ����
�)�

u(y) ∈ L2(RN) b �	�'
�&#�
Z7Z�

αn(θ) =

∫

R
N

u(y)Ψ̄n(y, θ)e−2iπθ.ydy

�?�J6-6 !"
127X!96-������
%Q#�
Z7��)�=�B
�x7����)�6 ���t� �

u(y) =
∑

n≥1

∫

T
N

αn(θ)Ψn(y, θ)e2iπθ.ydθ

c �o#K!(� 7�>U7��
v(y) =

∑

n≥1

∫

T
N βn(θ)Ψn(y, θ)e2iπθ.ydθ

�$6 �87
L2(RN)

>o6 !"
1�7Q
�x6 �
∫

R
N

u(y).v̄(y)dy =
∑

n≥1

∫

T
N

αn(θ)β̄n(θ)dθ.

9;:iWf<AFd:=H�S=:=>�aG?TFdcfQ�UXnTaG>;<A>
L2(RN )

<�W%:=?
l2(N; L2(TN ))

7
]m>�UTUX>j<=QRH�Fdcfe�Fd?TaVU^aGFd:p>R?¡UmJ=W%y=aVU^S=>RDVDG>�c�>�:0U�SAUXaVDGaG?TQR>¦<�WY:=?EDV>�HsW%<=nT>�<=>@DGW�c�Q�HsW �:=aV{0S=> {0S�W%:_UXaV{ISA> <=>R?�c�WYUXQ�n^a©WYS8��7Rª;WY:=?�HR> HsWY<=n^> £ θ n^>ReAn^QR?T>R:_UX> D©WE{IS=W%?^a � aGcfe=S=DV?^aVFd:>�U
λn(θ)

DV>�:=aVq%>sW%Sr< x\Q�:=>RnTvdaG> <=>�?hQRDV>RH�U^n^Fd:A?w<=S czW1UXQRnTa©W%S £ >�U Ψn

D©W �'F%:=H�U^aGFd:
<4xlFd:=<A>CWY?^?^FIHRaVQR>�<=Q�HRn^agqYW%:_U�DG>R?�Q�UKWYU^?j{0S�WY:0U^aG{0S=>�?R7

ª;W%:A?MDV>¢HsWY<=n^>pW%S8UXF � W%<1`TFdaV:0U £ DGWw<=QRH�Fdcfe�Fd?TaVU^aGFd:�>�: Fd:=<=>�?M<A>pBmDGFIHKJ e�>�n^cf>�U<4xlFdyAU^>R:=aVn <=>R? >R?¡UXaGc�WYU^aGFd:=? W�e=nTaGFdnTa�<=>@DGW�?^FdDVSAUXaVFd:p<=S�eAn^Fdy=DV�Rcf>�e�W%nXWYy�FdDVaG{0S=>¦{0S=a
Q�q8agUX>�<4x\WsqdFdaVnjopH�Fd:=?TaG<=Q�n^>Rn�<=>�?@<AFd:=:=Q�>R?jaG:=agUXa©WYDG>R? y=aV>R:ie=n^Q�e�W%n^Q�>R? � � ��7

]m>RDGW e�>�n^cf>�Uh<A> c�aV>RS8� HRFdcfe=nT>R:=<=nT> DG>�?T>R:=?�<=> DGW�e=nTQRe�W%n^WYUXaVFd:r<=>�?h<=Fd: �:=Q�>R?�aV:=aVU^a©W%DV>R? <�W%:A?�DG>jHsW%?m:=Fd:�W%SAU^F_W%<1`TF%aG:_Us789;:we=nTF1`T>�UTUX>;?TS=n�D©W��'Fd:=H�UXaGF%:ze=nTFde=n^>
Ψ1(y, θ)

e(FdS=nm<=>R?�qYW%DV>RS=nT?m<=>
θ
<=>;D�xlFdnT<=n^>;<A>

ε
7�]m>�D©W�e(>RnTc�>�U¦<4xlSAUXaVDGaG?T>Rn D©W�nTQRvdS �DGW%n^agUXQj<=S�HRFdS=eADG>;e=nTFde=nT>�>R:

θ = 0
7Aª;W%:=?�DV>;HsW%?m:=Fd:iW%SAU^F_W%<1`TFdaV:_U�>R:�> � >�U £ Fd:h:A><=aV?^e(Fd?^>�{0S=>�<=S�UXJ=Q�Fdn^��c�>�<=>k��n^>�aG: � PjS8UXc�W%:we(FdS=n¦DG>�e=W%nXW%cf��U^n^> θ = 0

7

��[



~ :A¤�: £ <�W%:A?-H�>�HsWY? W%S8UXF � W%<1`TFdaV:0U £ Fd: ?XW%agU-<AQ `^o �OZ��M{0S=> D�xlFd: W W%DVFdn^?�S=:=>
qIaVU^>R?T?^>i<=>-H�Fd:_qd>�H�UXaVFd: JAFdc�F%vdQR:=Q�aG?TQR>

U? = 0
HsW%np<�WY:=?�H�>-HRW%? £ DV>he�W%nXWYc�Q�UXn^>

θ = 0
HRF%n^n^>�?^e(Fd:=< o S=: cfaG:=aVc¢S=c e(FdS=nhD©W�q%WYDG>RSAnwe=n^F%e=n^>

λ1(θ)
<=Fd:=H Fd: W

∇θλ1(0) = 0
7

���� � �����$��!K}�� � ��� |�� ���$���$� ���+|���z�� �	�iz
�C�����1,I$%��&'�(��
 �� �(�1 ���, ) 9;:|e(>RS8UzWYDGDG>�n¢e=DVS=?�DGFdaV: <�W%:=?fDG>h<AQ�qd>�DGFdeAe�>�c�>�:0U
W%? �Ic�eAU^F%UXaV{0S=> e�F%S=n�FdyAUX>�:=aGnh<A>R?�n^Q�?^S=DgUKWYU^?ieADGS=?�e=nTQRHRaV?R7j9;: <=FdagUiW�`TFdSAU^>Rn�<=>R?
U^>Rn^cf>R?�H�Fdn^nT>RH�U^aV�'?�<�WY:=?CD�x\Q�{0S�WYUXaVFd: J=FdcfFdvdQ�:=QRaV?^Q�>fe(FdS=n�F%yAUX>�:=aGn�S=:=>pH�Fdn^nT>RH�U^aGFd:
o�S=:iFdn^<An^>�e=DGSA?¦QRDG>�qdQY7

� .#/0�����8� , ) ��
�)�
α1(η)

�a�;�eTV
�;�����B
�r���
L2(RN)

>\,:7���#$#�
1^����
%Q#86���� b �	�Z#KR#�
Z7Z
�87WHA���X!96x��
�K� �)�=�B
�5�)���=�=6 !"��7Z
�)�?���<!96LTV
1�%&� �

uε(x)(t = 0) = ε−N

∫

T
N

α1(
θ

ε
)Ψ1(

x

ε
, θ)e2iπθ·x

ε dθ.

� !"
127X!96G7Z
!(�����B
�����Iq+3�u4� ��1^� F?� �

uε(t, x) = e−
λ1(0)

ε2
t

(

Ψ1(
x

ε
, 0)vε(t, x −

U?

ε
t) +

ε

2iπ
∇θΨ1(

x

ε
, 0) · ∇vε(t, x −

U?

ε
t) + O(ε2)

)


C
U? = 1

2iπ
∇θλ1(0)

���
vε(t, x)

��7��e!96I7Z
!(�����B
�w� �G#K12
 @A!"S�%&�X[�
%&
/E����;���"7Z��7����)R
�6 ��� �

∂vε

∂t
−
<=agq

(A?∇vε) + εB?∇∇∇vε = 0

6 � ���X!"��7 ��
Z��� ���B�����)7�[�
%&
/E����;���"7Z��7X��
���;��7e#86 1 �

A? =
1

8π2
∇θθλ1(0)

B? =
i

48π3
∇3λ1(0)

� �1,I"��(,� #" ��.#/0�����I��,
9;: nT>�qIaG>�:_U;?^SAn@DV>CnTQR?^SADVUKW1U@<A>�<=Q�qd>RDVFde=e(>Rcf>R:_U�WY? �Ic�e8UXF%U^aG{0S=>M<=>�DGWf?TFdDGSAU^aGFd:�>�:

�sk



e(FdS=?T?XW%:_UjDG>�<=Q�qd>�DGFde=e(>Rcf>R:_U+o�S=:-F%n^<=nT>�?^S=e(QRnTaG>RSAnR7

λ1(εη) = λ1(0) + εη.∇θλ1(0) +
ε2

2
ηη∇θ∇θλ1(0)t +

ε3

6
ηηη∇θ∇θ∇θλ1(0)t + O(ε4)

Ψ1(y, εη) = Ψ1(y, 0) + εη.∇θΨ1(y, 0) + O(ε2)
� H�a_HR>R?#<=Q�qd>RDVFde=e(>Rcf>R:_UX?�DVaGcfaVUXQ�? ?TFd:_U#qYW%DGW%y=DV>R?!<�W%:A?#DV>R?!:=F%n^cf>R?

L2(RN) £L∞(RN ) £FdS
H1(RN)

7�9;:�?�x\aV:_UXQRnT>R?T?^>fczW%aV:_UX>R:=W%:_UMowD�xlaG:=H�Fd:=:0S=>
ũε(t, x) = uε(t, x)e

λ1(0)t

ε29;: aV:1`T>RH�UX>fDG>R?C<=>RSI� <=Q�qd>�DGFde=e(>Rcf>R:_U^?¢DGaVc�agUXQR?�<=W%:=?¢D�x\>��AeAn^>R?T?^aVFd: <=>
uε(t, x)

>�U
Fd:�Fdy8UXaG>�:_U�b

ũε(t, x) =

∫

R
N

α1 (η) e−( η
ε
∇λ1(0)t+ 1

2
ηη∇θ∇θλ1(0)t+ ε

6
ηηη∇3

θ
λ1(0)t+O(ε2))

(Ψ1(
x

ε
, 0) + εη.∇θΨ1(

x

ε
, 0) + O(ε2))e2iπθ. x

ε dη

� H�a £ DGW�:=FdnTc�>+SAUXaVDGaG?TQR>je�F%S=n�DG> O(ε2))
>R?TU�DGW�:=FdnTc�>

L2(RN ) £ FdS L∞(RN)
7 �@DGFdnT? £?Ta

U? = 1
2iπ

∇θλ1(0) £ >�Uj?^a!Fd:�e(Fd?^>pb

vε(t, x) =

∫

R
N

α1 (η) e−
1
2
ηη∇∇λ1(0)t− ε

6
ηηη∇∇∇λ1(0)te2iπη.xdη

9;:hqdFdagU�{0S=>
vε

qdQ�n^ag¤�>�D�xlQR{0S�WYU^aGFd:�J=FdcfFdvdQ�:=QRaV?^Q�>�b
∂vε

∂t
−
<=agq

(A?∇vε) + εB?∇∇∇vε = 0

Wsqd>�HCDV>R?¦H�F8>�u�H�aG>�:0U^?@JAFdc�F%vdQR:=Q�aG?TQR?¦<=Fd:A:=QR?je�W%n�b

A? =
1

8π2
∇θθλ1(0)

B? =
i

48π3
∇3λ1(0)

>�U@F%:ie(>RS8U@nTQRQ�HRn^aVn^>
ũε(t, x)

?^F%S=?�D©W��'FdnTc�>�b

ũε(t, x) = Ψ1(
x

ε
, 0)vε(t, x −

U?

ε
t) +

ε

2iπ
∇θΨ1(

x

ε
, 0).∇vε(t, x −

U?

ε
t) + O(ε2)

]m>�{0S=a!<=Fd:A:=>�DG>�n^Q�?^S=DgUKWYU�q%FdS=DGS�e(FdS=n
uε(x, t)

7
2

� ,I���A�Y2 "#,�� �?�5%&
����12��1]6I!"
127 ����7Z
���/6 !"����!dHA���k!"�X�+���87Z����1
B? ��7��f1�����! b

� ,I���A�Y2 "#,����k.0�/HA�86 �=�B
�J��
���;���e#�
��1
vε

��
�����B�����i�����+��1^%&�����
ε
>'HA�a�e��7��f���

�t��1^%&�&��
1^12������� T2>?%G6 �"7�!"��7I��
Z��� ���B�����)7k7Z
����>L��� Mj>?[�
%&
/E����;���"7Z��7�>P������.0��7��Q�������
7Z���87WHA� .0
�I#86 1^!"� �`.��/�/HA�86 ���B
� [�
%&
/E����;���"7Z����� b

��t



�C�����1,I$%��&'�(� 
�� � ���1 #��,�� 9;:Mqd>RS8U��3W%aGnT> n^>Rc�W%nT{ISA>Rn#aGHRa0{0S=>ED©W�HRFdnTn^>RH�UXaVFd:�e(>RSAU
?�x\> � >�H�UXSA>Rn+>�: �3W%agUjofD�x\FdnT<=n^> � 7 9;:-?Rxl>R?TU+n^>�?TUXnT>RaV:0U+o�D�x\F%n^<=nT>��M<�W%:A?@S=: e=n^>�c�aV>Rn
U^>Rcfe=?;e�W%nTHR>¢{0S=>�DV>¢HsWYDGHRSAD <=>�?�HRFI>�ufHRaV>R:_UX?�J=F%c�Fdv%QR:=Q�aG?^Q�?;<=>�q8aV>R:_U�>�:=?^S=agUX>¢U^n^�R?
DVFdS=n^< 7

�8a�Fd:fqd>RS8U¦W%DVDG>Rn�`TSA?^{0S4x\o�D�xlFdn^<An^> � £ aGD�?TSAupU�<=>je(FdS=?^?T>RnEDG>�<=Q�q%>RDVFde=e(>Rcf>R:_U�<=>��W��8DVFdn¦<=>
λ1(0)

>�UjHR>�DGS=a!<=>
Ψ1(y, 0)

b

λ1(εη) =
N+2
∑

k=0

εk

k!
ηk∇k

θλ1(0) + O(εN+3)

Ψ1(y, εη) =
N
∑

l=0

εl

l!
ηl∇l

θΨ1(y, 0) + O(εN+1)

9;:�aG:1`T>�H�U^>MH�>�<=Q�q%>RDGF%e=e�>�c�>�:_U+<�WY:=?�D�xl>��8e=n^>�?^?TaGFd:i<=>�D©W¢?TFdDGSAU^aGFd:
uε

b

uε(t, x) = e−
λ1(0)t

ε2

∫

R
N

α1 (η) e−( η
ε
∇λ1(0)t)e

−t
“

PN
k=0

εk

(k+2)!
ηk+2∇

k+2
θ

λ1(0)+O(εN+1)
”

(

N
∑

l=0

εl

l!
ηl∇l

θΨ1(y, 0) + O(εN+1)

)

e2iπθ. x
ε dη

9;:�aG:_UXnTF8<AS=aVU�WYDGFdnT?�b

vε(t, x) =

∫

R
N

α1 (η) e
−t

“

PN
k=0

εk

(k+2)!
ηk+2∇

k+2
θ

λ1(0)
”

e2iπη.xdη

9;: n^>Rc�W%nT{ISA>¢{0S=>
vε

>�?TU�?TFdDGSAU^aGFd: <4x\SA:=>�QR{0S�WYU^aGFd: JAFdc�F%vdQR:=Q�aG?TQR> £ UXFdS1`TF%S=n^?W%S-?^>�:=?+Fd�-?^>�?+HRFI>�ufH�aG>R:_U^?+DG>�?TFd:_U £ c���c�>�?^a#DG>�?@H�Fdn^nT>RH�UXaGF%:=?@?TFd:_U+>�:�e=S=aV?^?^W%:=HR>
<=>

ε
b

∂vε

∂t
+

N
∑

k=0

εk

(2iπ)k+2(k + 2)!
∇k+2

θ λ1(0)∇k+2vε = 0.

ª�x\W%SAU^n^>�e�W%n¡U�Fd:ie�>�SAUjn^QRQ�HRnTaGn^>�DGW�?^FdDVSAUXaVFd:
uε

HRFdcfcf>�b

uε(t, x) = e−
λ1(0)t

ε2

[

N
∑

k=0

εk

(2iπ)kk!
∇k

θΨ1(y, 0).∇kvε(t, x −
U?t

ε
) + O(εN+1)

]

.

��N



���� � � � !;|�� ������! �"��� ! �����f} ��#�� 	 ���iz��Qz � ��z��

��F%S=npe�FdS8qdFdaVn¢HsW%DVHRS=DV>Rn¢DV>R?�H�F8>�u�H�aG>�:0U^?pJ=FdcfFdvdQR:AQRaG?TQR?�<=F%:=:=QR?fe�W%n�DG>wUXJAQRF �nT�Rcf> £ aVDm�3W%SAUpe(FdSAq%FdaGn�<=F%:=:=>RnpS=:A>i>��8e=n^>�?^?^aVFd: >��8e=DGaVHRagUX>h<=>�?^>�?pHRFI>�ufHRaV>R:_UX? £ oe�WYnTUXaVnp<=>R?�?^FdDVSAUXaVFd:=?
Ψ1(y, 0)

>�U
Ψ?

1(y, 0)
<A>R?zeAn^Fdy=DV�Rcf>R?f<=>-BmDGFIHKJ47E9;:|qd>�SAU

Q�q%WYDGS=>�nMDV>R?M<=QRnTaVq%QR>R?�<=>�DGW�qYW%DV>RS=n�e=nTFde=nT>
λ1(0)

e=W%nCn^W%e=e(FdnTUCW%S e�W%n^W%c���UXnT>f<A>
BmDVF8HKJ

θ
7 9;:�:=>zq%>RSAU¢e�W%?¢o-WsqdFdaVn�o HRW%DGH�S=DG>�n�<=>w<=Q�n^aVq%QR>�?¢<=>R?MqYW%DG>�S=n^?Ce=n^FdeAn^>R?

e�WYnjn^W%e=e(FdnTU@o
θ
:0S=cfQRnTaG{0S=>�c�>�:0U@HsWYn@H�>RD©Wp?^>�nXW%agU�UXn^F%e-?T>R:=?TaGy=DV>�W%SI�i>Rn^nT>RS=nT?@:0S �cfQRnTaG{0S=>R?�7 ��FdSAn@H�Fd:_UXFdS=nT:=>Rn@HR>Me=n^F%y=DG��c�> £ Fd:-<AQRn^agqd>MDG>�e=nTFdy=DG��c�>�<=>CBmDVF8HKJie�W%nn^W%e=e(FdnTU@o

θk £ HR>C{ISAa#>�?TU@DGaVHRaVU^>�HsW%n λ1(0)
>�?TU+?^aGcfe=DV> £ >�U+S=: W%n^v%S=c�>�:_U@H�D©W%?T?^aV{ISA><=>pe(>Rn¡UXS=nTy�WYUXaVFd: <=Fd:A:=>p{ISA>fH�>RH�a nT>R?¡UX>�qYW%D©W%yADG>¢WYS�q%FdaG?TaG:�W%v%>¢<=>

θ = 0
<4xOWYe=n^��?

�\6Yk ��7#]m>RDGWwaGcfe=DGaV{0S=>�{0S=>pDG>�H�FdS=e=DV>
(λ1(0), Ψ1(0))

>R?TUMnTQRvdS=DVaG>�n�W%S qdFdaV?^aV:�W%vd>¢<A>
θ = 0

7
9;:-:AF%UX>

A(θ)
D�xlFde�Q�nXWYU^>RS=n¦:AFd:�y�FdnT:=Q�?^S=n

L2(TN)
<AQ�¤�:=a!e=W%n�b

A(θ)Ψ = −(
<=agq

y+2iπθ)(A(y)(∇y+2iπθ)Ψ)+b(y)(∇y+2iπθ)Ψ+c(y)Ψ−λ1(θ)Ψ.

9;: :=F%UX>
(ek)1≤k≤N

D©W y�W%?T>-HRW%:=Fd:=aV{0S=>-<A>
RN £ WYDGFdnT?�D©W e=n^>�c�aV�RnT>i<AQRn^agqdQ�>-<=>D�x\Fde(QRn^WYUX>�S=n¦?XW1UXaG?¡�3W%aVUmD�xlQR{0S�WYU^aGFd:

A(θ)
∂Ψ1

∂θk

= 2iπekA(y)(∇y + 2iπθ)Ψ1 + (
<=agq

y + 2iπθ)(A(y)2iπekΨ1)

−2iπb(y)ekΨ1 +
∂λ1

∂θk

Ψ1.

�
�_�

�8F%aVU £ >R: θ = 0 £

A(0)
∂Ψ1

∂θk

= 2iπekA(y)∇yΨ1 +
<=agq

y(A(y)2iπekΨ1) − 2iπb(y)ekΨ1 +
∂λ1

∂θk

Ψ1.� ���_�
¥ x\W%DVU^>Rn^:=WYUXagqd> <A> � n^>R<AJ=FdDGc :=FdSA?w<=aVUwW%DGF%n^?z{0S=> D�x\>��8aG?TU^>R:=H�> <=> ∂Ψ1

∂θk
(0)

W%?T?^S=nT>
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A?(0)
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Ψ?

1(0)
e=S=aG?T{0S=>�D©W�qYW%DG>�S=n�e=nTFde=nT>

λ1(0)
>R?¡U@?TaGcfe=DG>Y7=]m>�D©W�:=FdSA?

e(>RnTc�>�U�< x\Fdy8UX>R:AaGn#D�xl>��8e=n^>�?^?TaGFd:C<=>
∇θλ1(0)
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e�WYn¦nXW%e=e(Fdn¡UjW%S-e=W%nXW%cf��U^n^>
θ
b

∂λ1

∂θk

= −2iπ

∫

TN

Ψ̄?
1ekA(y)∇yΨ1dy − 2iπ

∫

TN

Ψ̄?
1

<=aVq
y(A(y)ekΨ1)dy

+2iπ

∫

TN

Ψ̄?
1b(y)ekΨ1dy.

� �M���

� ,I� ��, ) �?��6
∇θλ1(0) ∈ iRN >e���<HA��� ��
���;�f#�
�a1�!964�Z�)�+��7�7Z�

U? ���;�<�6 !"����1
12����!)!"� �

(U?)k = −

∫

TN

Ψ̄?
1ekA(y)∇yΨ1dy−

∫

TN

Ψ̄?
1

<AaVq
y(A(y)ekΨ1)dy+

∫

TN

Ψ̄?
1b(y)ekΨ1dy.� ��6d�

9;:-S8UXaGDVaG?T>�D©W�c���c�>;U^>RHKJ=:AaG{0S=>�e(FdS=n�HRW%DGH�S=DG>�n¦DG>�HRFI>�ufHRaV>R:_Uj<=>M<=a � S=?^aVFd:�J=F �cfFdvdQ�:=QRaV?^Q%7�9�:ie(>RSAU�<=Q�n^agqd>Rn � �_��e�W%n¦nXWYe=e�F%nTUjo
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A(θ)
∂2Ψ1

∂θk∂θl

= 2iπekA(y)(∇y + 2iπθ)
∂Ψ1

∂θl

+ (
<AaVq

y + 2iπθ)

(

A(y)2iπek

∂Ψ1

∂θl

)

+2iπelA(y)(∇y + 2iπθ)
∂Ψ1

∂θk

+ (
<=aVq

y + 2iπθ)

(

A(y)2iπel

∂Ψ1

∂θk

)

−2iπelb(y)
∂Ψ1

∂θk

− 2iπekb(y)
∂Ψ1

∂θl

+
∂λ1

∂θk

(θ)
∂Ψ1

∂θl

+
∂λ1

∂θl

(θ)
∂Ψ1

∂θk

−4π2ekA(y)elΨ1 − 4π2elA(y)ekΨ1 +
∂2λ1

∂θk∂θl

(θ)Ψ1.

� �s[_�
¥�WzH�Fd:=<=agUXaGF%: <=>CHRFdcfe�WYU^aGy=aVDGaVU^Q�e�F%S=n+D�x\>��AaV?TU^>R:=H�>¢<=> ∂2Ψ1

∂θk∂θl
(0)

<AFd:=:=>�WYDGFdnT?@D�x\>�� �e=nT>R?T?^aGF%:¨<=> DGW��j>R?^?TaG>�:=:=> <=>
λ1(0)

>�Uw<AFd:=H <A>�D©W czW1UXn^aVHR>
A? <=> D�xlQR{0S�WYU^aGFd:

J=F%c�Fdv%QR:=Q�aG?^Q�> � Fd:ie=nT>R:=<iD©W�qYW%DV>RS=n¦>�:
θ = 0

�+b

∂2λ1

∂θk∂θl

= −

∫

TN

Ψ̄?
1

∂λ1

∂θk

(0)
∂Ψ1

∂θl

dy −

∫

TN

Ψ̄?
1

∂λ1

∂θl

(0)
∂Ψ1

∂θk

dy

−2iπ

∫

TN

Ψ̄?
1ekA(y)∇

(

∂Ψ1

∂θl

)

dy − 2iπ

∫

TN

Ψ̄?
1elA(y)∇

(

∂Ψ1

∂θk

)

dy

−2iπ

∫

TN

Ψ̄?
1

<=aVq
y

(

elA(y)
∂Ψ1

∂θk

)

dy − 2iπ

∫

TN

Ψ̄?
1

<=agq
y

(

ekA(y)
∂Ψ1

∂θl

)

dy

� �



+4π2

∫

TN

Ψ̄?
1Ψ1elA(y)ekdy + 4π2

∫

TN

Ψ̄?
1Ψ1ekA(y)eldy

+2iπ

∫

TN

Ψ̄?
1b(y)ek

∂Ψ1

∂θl

dy + 2iπ

∫

TN

Ψ̄?
1b(y)el

∂Ψ1

∂θk

dy

]m>�U^UX> >��8e=nT>R?T?^aGF%:¢>R?¡U�n^Q�>RDVDG>%7�~ :C> � >�U £ ∇θΨ1
>R?¡U�aVczW%v%aG:�W%aVn^>#e=S=n £ H�Fdc�cf> ?^F%DGSAU^aGFd:<4xlS=: eAn^Fdy=DV�Rcf>�DVaG:=QRW%aGnT>pWsqd>RHzS=: ?^>�HRFd:A< c�>�c¢y=n^>�aGc�W%vdaV:�W%aGnT>¢e=S=n £ >�U ∇θλ1(0)>�?TUMW%S=?T?^a aVczW%v%aG:�W%aVn^>Me=S=nT>�<4xOWYe=n^��?MDV>�DG>�c�cf>�6874ª+Fd:=H�DGWwczWYU^n^aVHR>¢<=>�<Aa � S=?^aVFd: �<=aV?^e(>RnT?^aGF%:i<A>MD�x\Q�{0S�WYUXaVFd:hJ=FdcfFdvdQ�:=QRaV?^Q�>

A? >�?TUjy=aV>R:�n^Q�>RDGDV> £ >�U�q%WYSAU�b

(A?)k,l = −
1

8π2

∫

TN

Ψ̄?
1

∂λ1

∂θk

(0)
∂Ψ1

∂θl

dy −
1

8π2

∫

TN

Ψ̄?
1

∂λ1

∂θl

(0)
∂Ψ1

∂θk

dy

−
i

4π

∫

TN

Ψ̄?
1ekA(y)∇

(

∂Ψ1

∂θl

)

dy −
i

4π

∫

TN

Ψ̄?
1elA(y)∇

(

∂Ψ1

∂θk

)

dy

−
i

4π

∫

TN

Ψ̄?
1

<AaVq
y

(

elA(y)
∂Ψ1

∂θk

)

dy −
i

4π

∫

TN

Ψ̄?
1

<=aVq
y

(

ekA(y)
∂Ψ1

∂θl

)

dy

+
1

2

∫

TN

Ψ̄?
1Ψ1elA(y)ekdy +

1

2

∫

TN

Ψ̄?
1Ψ1ekA(y)eldy

+
i

4π

∫

TN

Ψ̄?
1b(y)ek

∂Ψ1

∂θl

dy +
i

4π

∫

TN

Ψ̄?
1b(y)el

∂Ψ1

∂θk

dy

~ :A¤�: £ e(FdS=npHsWYDGHRSADG>RnpDV>iU^>R:=?T>RS=n B? £ Fd: <AQRn^agqd> � ��[_�¢e�WYn�n^W%e=e(FdnTU�o
θµ

>�UzFd:
Fdy8UXaG>�:_U £ >�: θ = 0

b

A(θ)
∂3Ψ1

∂θk∂θl∂θµ

= 2iπeµA(y)∇

(

∂2Ψ1

∂θk∂θl

)

+ 2iπekA(y)∇

(

∂2Ψ1

∂θl∂θµ

)

+2iπelA(y)∇

(

∂2Ψ1

∂θk∂θµ

)

+2iπ
<=agq

y

(

A(y)eµ

∂2Ψ1

∂θk∂θl

)

+ 2iπ
<=agq

y

(

A(y)ek

∂2Ψ1

∂θl∂θµ

)

+2iπ
<=agq

y

(

A(y)el

∂2Ψ1

∂θk∂θµ

)

−2iπb(y)eµ

∂2Ψ1

∂θk∂θl

− 2iπb(y)el

∂2Ψ1

∂θk∂θµ

− 2iπb(y)ek

∂2Ψ1

∂θµ∂θl

−4π2ekA(y)eµ

∂Ψ1

∂θl

− 4π2eµA(y)ek

∂Ψ1

∂θl

− 4π2elA(y)eµ

∂Ψ1

∂θk

���



−4π2eµA(y)el

∂Ψ1

∂θk

− 4π2ekA(y)el

∂Ψ1

∂θµ

− 4π2elA(y)ek

∂Ψ1

∂θµ

+
∂λ1

∂θk

(0)
∂2Ψ1

∂θl∂θµ

+
∂λ1

∂θl

(0)
∂2Ψ1

∂θk∂θµ

+
∂λ1

∂θµ

(0)
∂2Ψ1

∂θk∂θl

+
∂2λ1

∂θk∂θl

(0)
∂Ψ1

∂θµ

+
∂2λ1

∂θµ∂θk

(0)
∂Ψ1

∂θl

+
∂2λ1

∂θµ∂θl

(0)
∂Ψ1

∂θk

+
∂3λ1

∂θk∂θl∂θµ

(0)Ψ1

¥�WpHRFd:=<AaVUXaVFd:�<=>MHRFdcfe�WYU^aGy=aVDGaVU^Q@<A>CD�xOW%DgUX>�n^:�WYU^aVq%>;<=> � nT>R<=JAFdDGc <AFd:=:=>CW%DGF%n^?¦D�xl>�� �e=nT>R?T?^aGF%:-<=>
∇∇∇λ1(0) £ e=S=aG?�<=> B? b

(B?)k,l,µ =
1

24π2

∫

TN

Ψ̄?
1eµA(y)∇

(

∂2Ψ1

∂θk∂θl

)

+
1

24π2

∫

TN

Ψ̄?
1ekA(y)∇

(

∂2Ψ1

∂θl∂θµ

)

+
1

24π2

∫

TN

Ψ̄?
1elA(y)∇

(

∂2Ψ1

∂θk∂θµ

)

+
1

24π2

∫

TN

Ψ̄?
1

<AaVq
y

(

A(y)eµ

∂2Ψ1

∂θk∂θl

)

+
1

24π2

∫

TN

Ψ̄?
1

<=aVq
y

(

A(y)ek

∂2Ψ1

∂θl∂θµ

)

+
1

24π2

∫

TN

Ψ̄?
1

<AaVq
y

(

A(y)el

∂2Ψ1

∂θk∂θµ

)

−
1

24π2

∫

TN

Ψ̄?
1b(y)eµ

∂2Ψ1

∂θk∂θl

−
1

24π2

∫

TN

Ψ̄?
1b(y)el

∂2Ψ1

∂θk∂θµ

−
1

24π2

∫

TN

Ψ̄?
1b(y)ek

∂2Ψ1

∂θµ∂θl

i

12π

∫

TN

Ψ̄?
1ekA(y)eµ

∂Ψ1

∂θl

+
i

12π

∫

TN

Ψ̄?
1eµA(y)ek

∂Ψ1

∂θl

+
i

12π

∫

TN

Ψ̄?
1elA(y)eµ

∂Ψ1

∂θk

+
i

12π

∫

TN

Ψ̄?
1eµA(y)el

∂Ψ1

∂θk

+
i

12π

∫

TN

Ψ̄?
1ekA(y)el

∂Ψ1

∂θµ

+
i

12π

∫

TN

Ψ̄?
1elA(y)ek

∂Ψ1

∂θµ

−
i

48π3

∫

TN

Ψ̄?
1

∂λ1

∂θk

(0)
∂2Ψ1

∂θl∂θµ

−
i

48π3

∫

TN

Ψ̄?
1

∂λ1

∂θl

(0)
∂2Ψ1

∂θk∂θµ

−
i

48π3

∫

TN

Ψ̄?
1

∂λ1

∂θµ

(0)
∂2Ψ1

∂θk∂θl

6��



−
i

48π3

∫

TN

Ψ̄?
1

∂2λ1

∂θk∂θl

∂Ψ1

∂θµ

−
i

48π3

∫

TN

Ψ̄?
1

∂2λ1

∂θµ∂θk

∂Ψ1

∂θl

−
i

48π3

∫

TN

Ψ̄?
1

∂2λ1

∂θµ∂θl

∂Ψ1

∂θk

−
i

48π3

∫

TN

Ψ̄?
1

∂3λ1

∂θk∂θl∂θµ

Ψ1
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9;:�?^>�e=DGW%HR>;<=W%:=?¦DG>+HsW%?¦Fd��Fd:h?�xOWYSAUXFdnTaG?T>�S=:=>�e(>RnTU^S=n^y=WYUXaVFd:hczWYHRn^F%?^HRF%e=aG{0S=>
<=>�?�HRFI>�ufHRaV>R:_UX? £ <A>�U �Ie(>pb

Ãε
(

x,
x

ε

)

= A
(x

ε

)

+ ε2A1
(

x,
x

ε

)

.

]m>�D©W�n^>�D©W%HKJ=>�S=:fe(>RSfD©W�HRFd:_U^nXW%aV:0U^>�<=>R? HRFI>�ufHRaV>R:_UX? e=SAn^>Rcf>R:_UEe�Q�n^aVF8<=aV{0S=>R? £ czWYaG?DGW e(>Rn¡UXS=nTy�WYU^aGFd: W%SAU^Fdn^aV?^Q�>i>�?TU�<=>�D�xlFdn^<An^>h<=>
ε2 7 ]m>RDGW�e(>RS8U�e=W%np>��8>Rcfe=DG> ��UXn^>

aV:0U^QRnT>R?^?^W%:_U�?^a#DG>�?+e=nTFde=nTaGQ�U^QR?@<=S §�S=aV<=>MHRFd:=?TaG<=Q�n^Q�qYW%nTaG>�:0U@S=:�e(>RS�W�q%>RH¢D�x\Q�HKJ=>RDVDG>
c�W%HRnTFd?^H�Fde=aV{ISA>%7_9;:��3W%agU�aGH�aAS=:p<=Q�qd>�DGFde=e(>Rcf>R:_UEW%? �8cfeAU^F%UXaV{ISA>m�'Fdn^cf>RD £ ?^W%:=? �3W%aVn^><=>�e=n^>�SAqd>zn^aGv%FdS=n^>�S=?^>Y7#~ :�> � >�U £ HR>�D©Wi:=QRH�>R?^?TaVU^>RnXWYaVUC<=>��3W%aVn^>p<=>�?�>R?¡UXaVczWYU^aGFd:A?CWe=nTaGFdnTa £ n^>�:=<=S=>�?+<=agu�H�aGDV>R?�e�WYn¦DG>�HsWYnXW%H�UX�RnT>�:=Fd:-W%SAUXFdW%<1`TFdaV:0U�<=>�D�xlFde�Q�nXWYU^>RS=n�79;:-> � >�H�U^S=>CDV>;<=Q�qd>RDVFde=e(>Rcf>R:_U+W%? �IcfeAUXF%U^aG{0S=>�?TS=aVqYW%:_UMb

uε(t, x) = e−
λ1(0)t

ε2

(

u0(t,
x

ε
, x −

U?t

ε
) + εu1(t,

x

ε
, x −

U?t

ε
) + ε2u2(t,

x

ε
, x −

U?t

ε
) + O(ε3)

)

9;:�v_W%n^<A>�DG>R?�c �Rcf>R?�e=nTFdy=DV�Rcf>R?�<=>pHR>�DGDGSADG> £ e�F%S=n Ψn(θ)
>�U

Ψ?
n(θ)

<=F%:=:=QR?Me�W%n� k0� >�U � t%��709;:faG:1`T>�H�UX>�DV>¦<=Q�q%>RDGF%e=e�>�c�>�:_U�W%? �Ic�eAU^F%UXaV{0S=>¦<�W%:=? � ����>�U Fd:pFdyAU^aG>R:_Ujb

� e�FdSAn¦DG>R?�U^>RnTc�>�?j>�: ε−2 b

−λ1(0)u0(t, y, x′) −
<=agq

y(A(y)∇yu0(t, y, x′)) + b∇yu0(t, y, x′) = 0
Wsqd>�H

x′ = x −
U?t

ε
6 �



ª+F%:=H
u0
qdQ�n^ag¤�>@DGW�c���c�>¦Q�{IS=WYUXaVFd:�{0S=>jDG>�q%>RH�UX>RSAnme=nTFde=n^>

Ψ1(y, 0)
7_9�n DGW;q%WYDG>RSAn

e=nTFde=nT>CWY?^?^FIHRaVQR>�>�?TU@?^aGcfe=DV>;<=Fd:=H�H�>RHRa!aVc�eADGaG{0S=>@{0S=>�b

u0(t, y, x′) = Ψ1(y, 0)v(t, x′)

� e�FdSAn¦DG>R?�U^>RnTc�>�?j>�: ε−1 b

A(0)u1 = 2iπ∇θλ1(0).∇v − b∇v.Ψ1 + ∇vA∇Ψ1 +
<AaVq

(A∇vΨ1)
� WYaG? ?^a�F%:fc�S=DVU^aGe=DVaG> D�xlQR{0S�WYU^aGFd: � � �_� e�W%n ∂v

∂xk

>�U {0S=>�D�xlFd:p?^F%c�cf>¦?^S=n DV>R? HRF%c�e(F �?^W%:_UX>R?
1 ≥ k ≥ N £ F%: FdyAUXaV>R:_U;DGW�c �Rcf>�Q�{IS=WYUXaVFd: ozS=:A>¢HRFd:A?TUKWY:0U^>¢e=nT�R? � QRv_WYDG>

o 1
2iπ

�¦e(FdS=n
∇θΨ1 · ∇v £ ?^a!F%:ie(Fd?T>

U? =
1

2iπ
∇θλ1(0).

9;njD©W�?TaGcfe=DGaVHRagUXQ�<=>
λ1(0)

>�U�DGWfH�Fd:=<=agUXaGF%: <=>CHRFdcfe�WYU^aGy=aVDGaVU^Q;<=> � nT>R<=J=F%DGc :=FdSA?
<=F%:=:=>�{0S=>�D©W�?^FdDVSAUXaVFd:h<=>�HR>�U^U^>MQ�{0S�WYUXaVFd:�>R?¡U+S=:AaG{0S=>�<=Fd:=Hpb

u1(t, y, x′) =
1

2iπ
∇θΨ1(y) · ∇v(t, x′)

� e(FdS=n¦DV>R?�U^>Rn^cf>R?�>�: ε0

9;:�FdyAU^aG>R:_UjaGH�a�b

A(0)u2 = −Ψ1(y)
∂v

∂t
(t, x) +

1

2iπ

∑

k,l

∂2v

∂xk∂xl

∂Ψ1

∂θk

∂λ1(0)

∂θl

−
∑

k,l

∂2v

∂xk∂xl

∂Ψ1

∂θk

b(y)el +
<=agq

y

(

A(y)
∑

k,l

∂2v

∂xk∂xl

∂Ψ1

∂θk

el

)

+
<=agq

x (A(y)Ψ1(y)∇(t, x)) +
<AaVq

x

(

A(y)
∑

k

∂v

∂xk

∇

(

∂Ψ1

∂θk

)

)

+v(t, x)
<=agq

y

(

A1(y, x)∇Ψ1

)

6d6



¥ x\W%DVU^>Rn^:=WYUXagqd> <A> � nT>R<=JAFdDGc :=FdS=?h<AFd:=:=>�{0S=> DV>�c�>�c¢y=nT> <=> <=nTFdaVU^>�<=FdagU ��UXn^>
Fdn¡UXJ=F%vdFd:�W%D#o

Ψ?
1

e�FdSAn+{0S=>¢DGWf?TFdDGSAU^aGFd:->��8aG?¡UX> � >�U+>RDVDG>M>R?TU;W%DGF%n^?jS=:=aG{0S=> £ o�D�x\W%< �<=agUXaVFd:�<4xlS=: c¢S=DgUXaVe=DG>f<=>
Ψ1

e=n^��?K��7 9�: Q�HRn^agU�HR>�U^U^>hHRFd:=<AaVUXaVFd: >�UpFd: n^>�HRFd:=:=W%aVU
D�x\>��AeAn^>R?T?^aVFd:-<A>MDGW¢J=>R?T?^aV>R:=:=>

∇θ∇θλ1(0) £ < x\Fd��b

0 = −
∂v

∂t
+

1

8π2

∑

k,l

∂2v

∂xk∂xl

∂2λ1(0)

∂θk∂θl

− v

∫

TN

∇Ψ1A
1∇Ψ?

1dy.

9;:iW�WYDGFdnT?

u2(t, y, x) = C

N
∑

k,l=1

∂2Ψ1

∂θk∂θl

(y)
∂2v

∂xk∂xl

(t, x)

>�U@D�x\Q�{0S�WYUXaVFd:hJ=FdcfFdvdQ�:=QRaV?^Q�>�?^S=agq%WY:0U^>�e�FdSAn
v
b

∂v

∂t
−
<=aVq

(A?∇v) + A1
?(x)v = 0

Wsqd>�HCDV>R?¦H�F8>�u�H�aG>�:0U^?@JAFdc�F%vdQR:=Q�aG?TQR?¦<=Fd:A:=QR?je�W%n�b

A? =
1

8π2
∇θ∇θλ1(0)

A1
? =

∫

TN

∇Ψ1(y)A1(y, x)∇Ψ?
1(y)dy
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e�WYn;D©W��'F%:=H�U^aGFd:

v
{0S=a�<=F%:=:=>�DG>�HRFdcfe�F%nTUX>�c�>�:_U;c�W%HRnTFd?^H�Fde=aG{0SA>¢<=>�D©W�?^FdDVSAUXaVFd: £c�W%aG?@:4xlaG:_UX>�nTqIaG>�:=<=nXWwe=W%?�W%S :=aVq%>sW%S <=>�?�e=n^F%y=DG��c�>�?;<=>�HR>�DGDVS=DG> £ H�>f{0S=a >R?TU�<�� o

DGW¢c�aV?^>�o�D�xlQRHKJ=>�DGDV>�<=>�D©W¢e(>RnTU^S=n^y=WYUXaVFd:io
ε2 7

���� �:}a|���� ��� �=��� ��� ����� � �$� ����� 	 �����
θ

 �
	 � � �����'}������ ��� 
 � z	� � �"� ���?|����

¥!>@eAn^Fdy=DV�Rcf>¦<4xlQ�qdF%DGSAU^aGFd:f:=Fd:zW%SAUXFdW%<1`TFdaV:0U e(>RS8UmWYS=?^?Ta ��UXn^>�UXn^W%aVU^Q�oMD�xOWYaG<=>¦<=>
D�x\aV:0U^n^FI<=S=H�UXaGF%:-<=>�eAn^Fdy=DV�Rcf>R?¢�

θ � >��8e�F%:=>R:_UXaV>RDV?�� � e�Q�n^aGFI<=aV{ISA>R? £ HRF%c�cf>�H�>RD©WzWwQ�UXQ�3W%agU�<�W%:A? �lN ��7 � FdS=?MnXWYe=e�>�DGFd:A?�aGHRa DGWhc�Q�UXJ=FI<=>�>�UC>��8e=DVaG{0S=Fd:A?Me(FdS=nT{0S=Fda >RDVDG>�:=>
:=F%S=?�?XWYU^aG?T�3WYaVU¦e�WY?j<=W%:=?�:=F%U^n^>�HsWY<=n^>Y7
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� D�?�xOW%v%aVU�<4xlaG:_U^n^FI<=S=aGnT> £ W%S DGaV>RS�<=>�?�e=n^F%y=DG��c�>�?�<=>pBmDGFIHKJ <=>�H�>RDGDVS=DG> £ DV>R?;eAn^F �y=DV�Rcf>R?
θ � >��8e(Fd:=>�:0U^aG>�DG? � e�Q�n^aVF8<=aV{0S=>R?¦?TS=aVqYW%:_UX?�b























−
<=agq

y(A(y)∇yΨθ) + b(y) · ∇yΨθ + c(y)Ψθ = λ(θ)Ψθ TN \ S

A(y)∇yΨθ · n + kΨθ = 0
?TS=n

∂S

y → Ψθ(y)e−θ.y TN � e(QRnTaGFI<=aG{0S=>
~�Uj?^Fd:ie=nTFdy=DG��c�>;W%<1`TFdaV:0UjWY?^?^FIHRaVQ�b






















−
<AaVq

y(A
?(y)∇yΨ

?
θ) −

<=agq
y(b(y)Ψ?

θ) + c(y)Ψ?
θ = λ(θ)Ψ?

θ

<�WY:=?
T

N \ S

A?(y)∇yΨ
?
θ.n + b(y)Ψ?

θ.n + kΨ?
θ = 0

?^S=n
∂S

y → Ψ?
θ(y)e−θ.y TN � e(QRnTaGFI<=aG{0S=>

9;:ze(>RS8U¦W%DVFdn^? vdQ�:=QRn^W%DGaV?^>Rn DG>�nTQR?^SADVUKW1Um<=>��OZ ��7 � HRa(Fd:we(>RS8U�W%eAe=DGaV{ISA>Rn DG>�UXJ=Q�Fdn^��c�>
<=>k��n^>�aG: � PjS8UXc�W%:we(FdS=n¦UXFdS8U θ £ <4xlFd�iD�xl>��8aG?¡UX>R:AHR>�<4xlS=:->�:=?^>�c¢y=DV>M<A>Ce=DVS=?¦e(>�UXagUX>qYW%DV>RS=n!e=nTFde=nT>

λ1(θ)
719;:Mc�F%:0U^n^> W%DVFdn^?!{0S=> HR>�U >�:=?^>�c¢y=DG>

{λ1(θ), θ ∈ RN}
W%<=cf>�U

S=: czW��AaVc¢S=c
λ∞

FdyAUX>�:0S�e(FdS=nMS=:=>pq%WYDG>RSAnMSA:=aG{0S=>
θ = θ∞ £ e�F%S=nCDGW%{0S=>RDVDG>�Fd:e(>RSAUjHKJ=F%aG?^aVn�DG>�?¦qd>RH�UX>�S=n^?@e=n^FdeAn^>R?�H�Fdn^nT>R?^e(Fd:=<=W%:_UX?

Ψ∞

>�U
Ψ?

∞

e�Fd?TaVU^aV�'?R7
9;:�e(>RSAU;�3WYH�UXF%n^aG?T>RnjD©Wf?^FdDVSAUXaVFd: <=>CD©WfczW%:AaG�RnT>C?TS=aVqYW%:_U^> £ e(FdS=n@HKJ�W%:=v%>Rn;D�x\aV: �H�Fd:=:0S=>

uε(t, x)
>R:iD�xlaG:=H�Fd:=:0S=>

vε(t, x)
b

uε(t, x) = eθ∞·x
ε Ψ∞(

x

ε
)vε(t, x)e−

λ(θ∞)t

ε2

¥�Wh�'Fd:=H�U^aGFd:
vε(t, x)

H�Fd:_qd>�n^vd>z�3WYaGy=DV>Rcf>R:_U�qd>�n^?�DGWi?TFdDGS8UXaGF%:�< x\S=: e=n^F%y=DG��c�>pJ=F �cfFdvdQ�:=QRaV?^Q�<=Fd:=:=Q e�W%n-S=:=> Q�{IS=WYUXaVFd: <4xlQ�q%FdDGS8UXaGF%: <=> <=a � S=?^aVFd: £ Wsqd>�H <=>R? HRF �>�u�H�aG>�:0U^?hJ=FdcfFdvdQ�:=QRaV?^QR?�<=QRe(>R:A<�W%:_U�<=>R?wq%>RH�UX>RSAn^?�e=n^F%e=n^>�?w<=>R?heAn^Fdy=DV�Rcf>R?��
θ �>��Ae(Fd:=>�:_UXaG>�DG?s�Y7

]m>�UTUX>��3W%H�U^Fdn^aV?XWYU^aGFd:zHRFd:_UXn^W%aG:_U�DGW¢HRFd:=<AaVUXaVFd:�aG:=agUXaGW%DG>@o ��UXnT>�<=>�D©W��'FdnTc�>�b

uε(0, x) = eθ∞·x
ε Ψ∞(

x

ε
)v0(x).
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c(y) = 0 £ k = 0 £ <=aVq (b(y)) = 0 £>�U ∫

T
N b(y) = 0 £ HR>�U^UX>jW%eAe=n^FIHKJ=>¦>R?¡U ?XWYU^aG?¡�3W%aG?^W%:_UX>%7%ª;W%:=? H�>¦HsW%? >�:p> � >�U £ θ∞ = 0 £

Ψ∞(y) = Ψ?
∞ = 1

>�U@aGD�:4x � Wpe=DVS=?@DGWfH�Fd:_UXn^W%aG:_UX>C<=>M<=aG?¡UXn^aVy=SAU^aGFd:�>��8e(Fd:=>�:0U^aG>�DGDG>
?TS=n@DGWfH�Fd:=<=agUXaVFd:�aG:=agUXa©WYDG>%7 � W%aV?j?Ta

θ∞ = 0 £ W%DGFdnT?¦D©W�qIaVUX>�?^?T> U? >R?¡U+:0S=DVDG> £ H�>�{0S=a:4xl>R?¡Uje�W%?�DG>�HRW%<=n^>�<�WY:=?�DG>R{0S=>�D!:=FdS=?¦q%FdS=DGF%:=?¦UXnXWsqYW%aVDGDG>�nR7

� � �#��	h� � �� ������
f�h�

� �� � � � ��!K}���� �
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H�F8>�u�H�aG>�:0U^?;J=FdcfFdvdQ�:=QRaV?^Q�?
A? >�U U? >�U+<=>��3W%aVn^>MS=:=>¢Q�UXS=<=>�<=>¢D©Wf?^>�:=?^aVy=aGDVaVUXQ�<=>
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b(y) £ >�UjDV>�HRFI>�ufHRaV>R:_Uj<=>�HKJ=aGcfaG> k
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e(Fd?^?T�R<=>MS=:-:=F��_W%S47
� WYaG?�Fd:�?^W%aVU¦< xOW%S8UXn^>�e=W%nTU¦{0S=>�H�>RDGSAa � H�a�>�?TUj>R:Avd>R:=<An^Q�e�W%n Ψ1 £ e=S=aG?T{0S=>�D©WCqYW%DV>RS=ne=nTFde=nT>+W%?T?^FIHRaVQR>

λ1
>R?TUE?^aVc�eADG>%7_9�:fqYWM<=F%:=H@HKJA>Rn^HKJA>Rn�DGW�?TFdDGS8UXaGF%:f< x\S=:ze=n^FdyADG�Rcf>

e(>Rn¡UXS=nTy�Q�>�:-HKJ�WY:=vd>sWY:0U
A(0)

>R:
(A(0) + εId)

{ISAa!>R?TUjS=:iFde(QRn^WYUX>�S=n¦aG:_qd>�n^?TaGy=DV> £Wsqd>�H
ε
S=:we(>�U^aVUme�W%nXWYc���UXn^>Y789�:h?TFdS=?¡UXnXWYaVUE>R:=?TS=aVU^>�o�D©WM?^FdDVSAUXaVFd:zF%yAUX>�:ISA>;?XW�eAn^F �`T>�H�UXaVFd:M?^S=n#DG> :=F��_WYS�<=>

A(0) £ >�U�Fd:�Fdy8UXaG>�:_U WYaG:=?Ta_S=:=> ?^FdDVSAUXaVFd:�<�W%:=?#D�xlFdnTU^J=FdvdF%:�W%D<=>�H�>M:AF �dW%S47
9;:ze(>RSAU�W%DGF%n^? HsW%DVHRS=DV>Rn DG>�?EH�F8>�u�H�aG>�:0U^?mJ=F%c�Fdv%QR:=Q�aG?^Q�?E>�:hW%e=eADGaG{0S�WY:0U DV>R?E�'F%n �c¢SADG>R?¦aV:_UXQRv%nXW%DV>R?R7

� �� y{z��a|��~}8�h} ���?| 	 z	� ���?|����

�C�(� �(,0�
	�,I�#$d,z,I� ����&3�3�=��	�, 9;:fq%>RSAU qdQ�n^ag¤�>Rn D©W�H�Fd:_qd>RnTvd>R:AHR>+>�:�c�W%aVDGD©WYvd>E<AS
H�F8<=>+SAUXaVDGaG?TQ%789;:wqYW�Fdy=?T>RnTq%>Rn�DG>@HRFdcfe(FdnTU^>Rcf>R:_U�<=>+D©WCqYW%DV>RS=nEe=n^FdeAn^>

λ1
HsW%DVHRS=DVQR>

e�WYn�DV>EH�F8<=>E>R:��'F%:=H�U^aGFd:M<=S¢n^WYuf:=>Rcf>R:_U�<AS¢czWYaGDGDGW%vd>Y7s9;:¢e=nT>R:=<�HRFdcfc�> c�W%aGDVD©W%v%>
aV:=aVU^a©W%D�S=: c�W%aGDVD©W%vd>�H�Fdc�e(Fdn¡UKW%:_UM6��w:AF8>�S=<=?�?^SAnMHKJ=W%{0S=>p?^>Rv%c�>�:0U�JAFdn^a�RFd:_UKWYD >�U
q%>RnTU^aGHRW%D � qdFdaVnzD©W ¤�vdS=nT> 6d��7¦9;:¨nXW1u�:A>�>R:=?TS=aVU^>�>R: c¢SADVUXaVe=DGaGW%:_UpDG>-:=Fdc¢y=nT> <=>
:=FI>RSA<=? ?TS=n HKJ�WY{ISA>m?^>�vdcf>R:_U�e�WYn�S=:�HRFI>�ufHRaV>R:_U � e�F%nTUXQ >R:¢W%y�H�aG?T?^> <�W%:=?�D©W�HRFdS=nTy�>
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	 6�� � WYaGDGDGW%vd>@<=>�D©W¢HR>�DGDVS=DG>

<=>+D©WC¤�v%S=n^>�[_��7=]mF%c�cf>;Fd:h:=>+HRFd:=:=W%aVUme�W%?¦D©Ww��qInXW%aV>_�jqYW%DV>RS=nE<=>
λ1 £ Fd:h:4x\W¢e�W%?
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Convergence en maillages pour lambda_1

�����
	 [ ��]mF%:0q%>RnTvd>R:=H�>�>�:-c�W%aGDVD©W%v%>
�3W%agU�S=:A>¦Q�UXSA<=>�<4x\>�n^nT>RS=n�U^n^�R? e=nTQRH�aG?^>Y70]m>Re(>R:A<�W%:_U £ Fd:fW;e=nTaG?�<=W%:=? DG>�?�?^aVc¢S=D©W1UXaGF%:=?S=:�H�F8>�ufHRaG>�:_U <=>�n^WYuf:=>Rcf>R:_U�Q�v_W%DAo1��� £ HR>�{0S=a8:=FdS=? <=Fd:=:=>m<=>R? nTQR?^SADVUKW1UX? ?¡UKW%yADG>R?e�WYn�nXWYuf:=>�c�>�:_U e�FdSAn UXFdSA?�DG>�?�HsW%DVHRS=DV?�> � >RH�UXS=Q�? £ o;DGW+e=n^Q�HRaV?^aGF%:¢qdFdS=DVS=>

� W�q%>RH�S=:=>
e=nTQRH�aG?^aVFd:�<4xl>R:_qIaGn^F%:

10%
?TS=n�DG>R?�H�F8>�u�H�aG>�:0U^?�J=FdcfFdvdQR:AQRaG?TQR?X��7

9;:pe=n^>�:=<=nXW�H�Fdc�cf>mqYW%DV>RS=n�e(FdS=n�UXFdSAU^>R? DV>R? ?^aVc¢S=DGWYUXaVFd:=?
c(y) = 0 £ >�U A(y) =

Id
7�9;:MSAUXaVDGaG?T> S=:MHKJ�W%cfeM<=> HRFd:_qd>�H�U^aGFd:Mc�aVHRnTFd?^H�Fde=aG{0S=>

b(y)
<AFd:=:=Q e�W%n!DGW�n^QR?TFdDGS �

6dZ



U^aGFd:¢<A>jD�x\Q�{0S�WYUXaVFd:¢<=> � W�qIaV>Rn � �IUXF %>R? <=W%:=? D©W+H�>RDVDGS=DV> £ Wsq%>RH�HRFd:A<=aVU^aGFd:�WYS8��DVaGcfaVUX>�?<=>pe(QRnTaGFI<=aGH�aVUXQ�>�UMHRFd:A<=aVU^aGFd: <=>�ª+aGnTaGHKJ=DV>�U�?TS=nMD©Wh?^S=n¡�3W%HR>f<=S�e�F%n^>%7 �#FdS=n�UXFdS8UX>R?
DV>R?j?^aGc�S=D©WYU^aGFd:A? £ F%: e=nT>R:=<�SA: HKJ�W%cfe <A>CH�Fd:_qd>RH�UXaVFd:�cfaGHRnTFd?^H�Fde=aV{ISA>CFdnTaG>�:0U^Q�?^> �DVFd: D�x\W1�8>

ex £ HYx\>�?TU � o � <AaGn^>p{0S=>fD©W�HRFdcfe(Fd?XW%:_U^>�?TS=aVqYW%:_U ey

>R?¡U¢:0S=DGDV> £ by(y) = 0
7

9;: HKJ=F%aG?^agU�>�:A¤�: SA: nXW��dF%: <=>ze(Fdn^>
ρ
qYW%D©WY:0U

ρ = 0.1
7 9;:�e=nT>R:=< <=>�?¢HR>�DGDVS=DG>�?

cfaGH�n^Fd?THRFde=aV{0S=>R?¦<=>�UXW%aGDVDG>1�%7
����� "�,8�#$d,p #" ���(� �#��,� �, � /I$_�3,_�@� &3$d�1�(�s$d� ��&�2 "#, 9;:��3W%aVU�qYW%nTaG>Rn#D©Wj:=FdnTc�>
<=S HKJ�WYc�e <=>�H�Fd:_qd>RH�UXaVFd: cfaGH�n^Fd?THRFdeAaG{0S=>

bx(y)
e�FdSAn�Q�UXSA<=aG>�n�D©Ww?^>�:=?^aVy=aGDVaVU^Q�<=>�?

H�F8>�u�H�aG>�:0U^?�J=FdcfFdvdQR:AQRaG?TQR?jW%S�:=Fdc�y=n^>�<=> ��Q�HRDV>�Ujc�aVHRnTFd?^H�Fde=aG{0S=>Y7
9;:�?Rx\W%e=e=S=aV>�?^S=n�<=>�?�HsW%DVHRS=DV?�n^QRW%DGaV?^QR?¦?TS=n¦S=:=>�H�>RDGDVS=DG>+HRFdcfe�W%n^W%y=DG>@<=>���� �W��o

��� �%k �\6dt�� � qdFdaVn@DGW¢¤�vdS=nT>�k0��7(]m>R?+HRW%DGH�S=DG?�qIaG?T>R:_U;ofQ�U^S=<=aG>�n@DV>�HRFdcfe�F%nTUX>�c�>�:_U@<AS
H�F8>�u�H�aG>�:0U�J=FdcfFdvdQ�:=QRaV?^Qi<=>i<=aG?Te�>�n^?^aVFd: � <=a � S=?^aVFd: DGFd:AvdaVU^S=<=aG:=W%Dm>�:|�'Fd:=H�UXaVFd:|<AS
:=F%c¢y=n^>�<A> �#QRH�DG>�U@cfaGHRnTFd?^H�Fde=aV{ISA>%7

�����
	 k ��� W%nTa©WYU^aGFd:�<=S HRFI>�ufHRaV>R:_U;> � >�H�UXag� <=>�<AaG?^e(>RnT?^aVFd: � <Aa � S=?^aVFd:�DGFd:=v%aVUXSA<=aG:�WYD>�: �'Fd:=H�UXaGF%: <=S :=F%c¢y=n^>C<=> �#QRH�DG>�U;c�aVHRn^F%?^HRF%e=aG{0S=> � >�: QRHKJ=>�DGDG>CDGFdv � DGF%v0� £ < xOW%eAn^�R?�\6dt ��7

9;:¨e=nT>R:=<¨SA: HRFI>�ufH�aG>R:_Uz<=> HKJ=aVc�aV>
k = 0

e(FdS=nfe�F%SAqdFdaVn�H�Fdcfe�W%n^>�nzWsq%>RH
DV>R?M?^aGc�S=D©WYU^aGFd:A?;<=>zDGW�¤=vdS=n^>fk=7�9;:�> � >�H�UXSA>w<=>R?C?^aVc¢S=D©W1UXaGF%:=?;e(FdS=nMS=: :=Fdc�y=n^>
<=> �#QRHRDV>�UpqYW%n^aGW%:_U�>R:_U^n^>

10−1 >�U 103.5 >�U�F%:|nT>Re=nTQR?^>�:_UX>iD©W HRFdSAn^y(>i>�:|Q�HKJ=>RDVDG>
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Influence du Peclet sur la dispersion longitudinale en l’absence de chimie

�����
	 t � � W%n^aGWYUXaVFd:�<ASfH�F8>�ufHRaG>�:_U J=FdcfFdvdQR:AQRaG?TQ�<=>�<=aV?^e(>Rn^?TaGFd: � <=a � S=?TaGFd:CDGFd:AvdaVU^S �<=aV:�W%D
A?

11

>R:��'Fd:=H�UXaGF%:�<=Sp:=Fdc¢y=nT>¦<=> ��Q�HRDV>�U c�aVHRnTFd?^H�Fde=aG{0S=> � >R:pQ�HKJ=>RDVDG>¦DGF%v � DVFdv0��7

W%SAvdc�>�:_UX> Wsqd>RHEDG> :=Fdc�y=n^> <=> ��QRH�DG>�U >�:�D�x\W%y=?T>R:=H�>m<=> HKJ=aVc�aV> £ Wsqd>�HmS=:A> U^nXW%:=?TaVU^aGFd:<=>zn^QRv%aGcf>�{0S=aE?^>w?TaVUXSA>hW%S�q%FdaG?TaG:�W%v%>z<=>
Pe = 100

7 ]m>�U^U^>hHRFdS=nTy�>z>R?TU¢e=n^FIHKJ=>
<=>-HR>�DGDG>-WYUTUX>R:A<=S=> e=W%n�DV>R?�HsW%DVHRS=DV?�<=Q `^o H�Fd:=:0S=? £ HR>-{ISAa+e(>Rn^cf>�U�<=>iq%WYDGaG<A>RnpD©WcfQ�U^J=F8<A>%7¦9;:r<=aV?TU^aG:=vdSA>�S=:rn^Q�vdaGcf>-U^FdnTU^S=>RSI�rFd� D©W�q%WYDG>RSAnw<=SrHRFI>�ufH�aG>R:_U�<=>
<=aV?^e(>RnT?^aGF%: � <=a � SA?^aGF%:i>�?TU@DGQ�vd�RnT>Rcf>R:_U+aV:A�'QRnTaG>�S=n^>Mo���o�HRW%S=?^>C<=>MD©W�UXFdn¡UXS=Fd?TaVU^Q £ >�US=: n^Q�vdaGcf>�Fd��D©Wh<=aG?Te�>�n^?TaGFd: W%S=vdcf>R:_U^>zWsqd>�HzDV> �#QRH�DG>�U £ <=>�c�W%:=aV�RnT>�?^S=nTDGaG:AQsW%aVn^>� aGHRa £ F%:pU^n^FdS8qd>jW%e=e=nTFs�AaVczW1UXaVq%>Rcf>R:_U S=:pH�Fdc�e(Fdn¡UX>Rcf>R:_U >�: Pe1.6 HRFdcfcf>�e=n^Q�qIS���7

9;: e=n^>�:=< c�W%aG:_UX>�:�W%:_U¢SA: HRFI>�ufHRaV>R:_U�<=>wHKJAaGcfaG>
k = 500

e=SAaG?
k = 1000

7
9;:fFdy=?^>�nTq%>+D�xlaG:8§�S=>R:AHR>j<=S �#>RHRDV>�UEc�aVHRnTFd?^H�Fde=aG{0S=>¦?TS=n DG>�HRFI>�ufHRaV>R:_UE<=>@<Aa � S=?^aVFd: �<=aV?^e(>RnT?^aGF%:�DGFd:=v%aVUXSA<=aG:�WYD_e�FdSAn�<=a � QRnT>R:_UX>�?�qYW%DG>�S=n^? <=>mD©W;HKJ=aVc�aV> £ k = 0, 500, 1000 £?TS=n�D©Wz¤�v%S=n^>fNA7!¥!>�?MH�FdS=nTy�>�?

k = 500
>�U

k = 1000
?^Fd:_UMHRFd:8�'Fd:=<=S=>�?�?^S=n�HR>�U^U^>

¤�v%S=n^> � >R: n^FdS=v%>���7 9;:�n^>�czWYn^{0S=>�SA:�HKJ�W%:=v%>Rcf>R:_U;<=>CHRFdcfe(FdnTU^>Rcf>R:_U�b(e(FdS=n+DV>R?
e(>�U^aVUX>�?�qYW%DG>�S=n^? <=>

Pe £ DGW;HKJ=aGcfaG>mU^>R:=<fo�W%S=v%c�>�:0U^>Rn D©W;<Aa � S=?^aVFd: £ >�U aG:_qd>�n^?T>Rcf>R:_Ue(FdS=n¦DV>R?¦vdn^W%:=<=>�?jqYW%DV>RS=nT?¦<=>
Pe

7
��F%S=n

k = 0
F%: F%y=?^>�nTqd>hc�W%aV:0U^>R:�WY:0U¢D�xlaG:A§�SA>R:=H�>w<=S ��>�HRDG>�U�cfaGHRnTFd?^H�Fde=aV{ISA>

?TS=nwDG>iHRFI>�ufH�aG>R:_Uh<A>�<=a � S=?TaGFd: � <=aG?Te�>�n^?TaGFd: D©WYU^QRn^W%D � qdF%aGnfD©W�¤=vdS=n^> Zd�f>�Uw?^SAnwDG>
H�F8>�u�H�aG>�:0Up>��IUXnXWY<=a©W%v%Fd:�W%D � qdF%aGn¢DGW ¤�vdS=nT> �_��7 Pj>�czW%nT{0S=Fd:=?�{0S=>�DG>�?¢qYW%DG>�S=n^?¢<AS
H�F8>�u�H�aG>�:0U >��IUXn^W%<=aGW%vdFd:�WYD

A?
12

?^F%:0U UXn^��?��3W%aVy=DG>�?�>�U�<=F%:=Hme�WY?�UXnT�R?�n^>ReAn^QR?T>R:_UKW1UXaVq%>R?�7
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Influence du Peclet sur Aet11 pour k=0,500,1000
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	 N � ~ q%FdDGS8UXaGF%: <=>
A?
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>R: �'F%:=H�U^aGFd:�<=S�:AFdc¢y=nT>�<=> ��Q�HRDV>�UCc�aVHRn^F%?^HRF%e=aG{0S=>
e(FdS=n
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���dt������ �������
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�����
	 Z �h~�qdFdDVSAUXaVFd:h<=>
A?

22

>R:��'Fd:=H�U^aGFd:h<AS-:=F%c¢y=n^>�<=> �#QRHRDV>�UjcfaGHRnTFd?^H�Fde=aV{ISA>

����� "�,8�#$d,| �" ��,0�1��,  #, $1.�&3� &', 9;:�qd>RS8U¢c�W%aG:_UX>�:�W%:_UMQ�U^S=<=aG>�n�D�x\aV:A§�S=>�:=HR>
<=S�U^>Rn^cf>¦<=>�HKJ=aVc�aV>�?^S=n DV>R? HRFI>�ufH�aG>R:_U^? JAFdc�F%vdQR:=Q�aG?TQR?R7I9;:pe=nT>R:=<fS=: ��QRH�DG>�U ¤8�AQ
Pe = 500

>�UpFd: Q�U^S=<=aV>hD�xlaG:A§�SA>R:=H�>h<=S|H�F8>�ufHRaG>�:_U�<A>iHKJAaGcfaG>w?TS=n
U ?

x

� qdFdaVn�D©W
¤�v%S=n^> �_��7�9;:�F%y=?^>�nTqd>f{0S=>fD©WwHKJ=aVc�aV>¢nXW%DV>R:_UXagU�vdDVFdy�W%DV>Rcf>R:_U;D�x\Q�HRFdS=DV>Rcf>R:_Us7!]m>RD©W
?T>�U^nXW%<AS=aGn^W;<=Fd:=H�e�W%n SA:fnT>�UXW%n^<f<=S�§�S8�p<A>jH�Fd:=H�>R:_UXn^WYUXaVFd:47 � D �pW�S=:A>j?^WYUXSAnXWYU^aGFd:
DVFdn^?T{ISA>

k
v%nXW%:=<AaVUs7 ~ :r> � >�U £ DVFdn^?T{ISA> k

UX>�:=<=?zq%>RnT?wD�xlaG:A¤=:=a £ D©W�HRFd:A<=aVU^aGFd:|W%S8�
DVaGcfaVUX>�?�?^S=n�DV>¢y�F%n^< <=>�?�e�FdnT>R?�<=>�qIaG>R:_U�S=:A>�HRFd:=<AaVUXaVFd: W%SI� DGaVc�agUX>�?j<A>pª+aGnTaGHKJ=DV>�U� HRFd:=H�>R:_UXn^WYUXaVFd:f:ISADGDG>s��709;:pe(>RSAUE>��8e=DVaG{0S=>Rn H�>jeAJ=QR:=F%c���:=>@<A>jDGW;�3W��RFd:p?TS=aVqYW%:_UX>Mb
e(FdS=n@S=: ��Q�HRDG>�U�QRDV>�q%Q £ H�Fdcfc�>MDG>CHKJ�W%cfe <=>CqIaVU^>R?T?^>�?Rx\W%:=:0S=DV>¢?^SAn;D©Wf?^S=n¡�3W%HR>¢<ASe(Fdn^> £ D©W�HKJ=aGcfaG>p>R?¡U £ e�F%S=nCSA: k

Q�DG>�qdQ £ e=DVS=?CDVaGcfaVU^QR>¢e�WYnCDV>fU^>Rcfe=?C<A>z<=a � S=?TaGFd:
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>R:��'Fd:=H�U^aGFd:h<AS-:=F%c¢y=n^>�<=> �#QRHRDV>�UjcfaGHRnTFd?^H�Fde=aV{ISA>
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	 � �w~�qdFdDVSAUXaVFd:h<=>
U?

x

>�:i�'Fd:AH�UXaVFd:�<=>
k

<=>�?¦e�W%n¡UXaGH�S=DG>�?¦o¢UXn^W�q%>RnT?jSA:=>�QRe�WYaG?^?T>RS=njW%Swq%FdaG?TaG:�WYvd>;<=>�DGW¢?^S=n¡�3W%HR>�<=S�e(Fdn^>�{0S=>
e�WYn�DG>fHRFI>�ufH�aG>R:_U�<=>wHKJ=aVc�aV>

k
DGS=a � c �Rcf>%7 �#FdSAU�?^>we=W%?^?T>wHRFdcfcf>�?TaEDGW-?^SAnT�3W%H�>

<=S e�F%n^>p:=> ��qdF��_WYaVU��pe�W%?�D©W�HRF%:=HR>�:0U^nXWYU^aGFd:�n^Q�>RDVDG>p>R: >R?^e(�RH�>zHKJ=aVc�aV{0S=>p<�W%:=?MDG>
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15 Influence de la chimie sur la valeur propre pour Pe=500

�����
	 � ���w~�qdF%DGSAU^aGFd:�<=>
λ1

>�:i�'Fd:AH�UXaVFd:h<=>
k

<=>
k
?TS=npDG>wH�F8>�ufHRaG>�:_U�<A>h<=aG?Te�>�n^?^aVFd: D©WYU^QRn^W%D � qdFdaVn¢D©W ¤�v%S=n^>^�M����7 9;: Fdy=?T>RnTq%>

k

A
et

22

0 100 200 300 400 500 600 700 800 900
0

1

0.5

Influence de la chimie sur la dispersion laterale

�����
	 �M���h~�q%FdDGSAU^aGFd:�<=>
A?

22

>�:i�'Fd:AH�UXaVFd:�<=>
k

{0S=>¢H�>�H�F8>�u�H�aG>�:0U;<=aGcfaG:=aV:0S=>m`TS=?^{0S4x\oz?XW1UXS=n^WYUXaVFd:�Wsqd>�H�DG>MHRFI>�ufHRaV>R:_U�<=>CHKJ=aGcfaG>Y7
9;:he(>RSAU¦e(>R:A?^>Rn¦{0S=>�DVFdn^?T{0S=>;D©WCHKJ=aGcfaG>@W%S=vdcf>R:_U^> £ DV>R?�e=W%nTU^aGHRSADG>R?E?^FdnTy�Q�>R?¦?TS=n¦D©W?TS=nT�3W%H�>�<=S-e(FdnT>�e�W%nTU^aGH�aGe(>R:_U�c�F%aG:=?¦o�DGWp<AaG?^e(>RnT?^aVFd:�D©WYU^QRnXWYDG>%7

�8S=nED©W�¤�vdS=nT>S��6MFd:�n^>RvdW%n^<=>@D�xlaG:A§=S=>R:=H�>@<A>
k
?^S=nED©W�<=aG?Te�>�n^?^aVFd:zDVFd:=vdagUXS=<AaG:�W%DV>

e(FdS=n
Pe = 500

7Y9;:¢HRF%:=?TUXWYUX>�{0S=>mD©W+HKJ=aVc�aV> <=aGcfaG:0S=> DG>EHRFI>�ufHRaV>R:_U <=>E<=aG?Te�>�n^?^aVFd:
DVFd:=vdagUXS=<=aV:�W%D £ H�>+{0S=a(>R?TUmHRFdJAQRn^>�:_U¦Wsqd>�H;DG>¦�3W%agUE{0S=>@e�F%S=n Pe = 500 £ Fd:�?^>@U^n^FdS8qd><�WY:=?mDGW �RF%:=>;<=>@HRFdcfe�F%nTUX>�c�>�:_Um<=aV?^e(>RnT?^aV� � e(FdS=nmDV>R? ��>RH�DG>�U�e=DVS=?me(>�U^aVUX? £ F%:hWsq%WYaVUqISi{ISA>MDGW�HKJ=aGcfaG>�WYS=vdcf>R:_UKW%agU¦HR>�H�F8>�u�H�aG>�:0UK��7

[_6



k

A
et

11

100 200 300 400 500 600 700 800 900

310

320

330

315

325

Influence de la chimie sur Aet11 pour Pe=500

�����
	 ��6 �h~�q%FdDGSAU^aGFd:�<=>
A?

11

>�:i�'Fd:AH�UXaVFd:�<=>
k

����� "�,8�#$d,w �,��=� 	�/0�(��/_���1&3,f �,z����$d,I���3"��', 9;:pq%>RSAUEcfaG>RSI�¢cfF8<AQRDGaV?^>�n DG>��3WYaVU
{0S=>�DG>�?��'>RS=aVDGDV>�UX? <4xOWYn^vdaVDG>�F � n^>�:_UESA:=>�e=DGS=? v%nXW%:=<A>¦?^S=n¡�3W%HR>j?^e(QRH�aV¤�{0S=>�<=>�n^QRW%H�U^aGFd:
{0S=>-HR>RDVDG>ie�>�n^cfaG?T>ie=W%n�:AF%UXnT> vdQ�Fdc�Q�UXnTaG>%7 �#FdS=n�HR>RDGW £ Fd:|qYW £ >�:¨HRFd:A?^>Rn¡qYW%:_UhD©W
e(Fdn^F%?^aVU^Q � n^W%e=e(FdnTU <A>jDGW;?^S=n¡�3W%HR>�<=>¦§�SAaG<=>�<�W%:A? D©W�HR>�DGDGSADG>�?TS=n HR>�DGDG>¦<A>jDGW;HR>�DGDGSADG>�� £FdyA?^>Rn¡qd>�n DG> H�Fdcfe�Fdn¡UX>�c�>�:0U�<A>R?#HRFI>�ufHRaV>R:_UX?#J=FdcfFdvdQ�:=QRaV?^QR?�e(FdS=n�<=>�S8�MvdQRF%c�Q�UXn^aV>R?
<=a � Q�n^>�:0U^>R?wb#S=:=>wW�q%>RHhS=:A>we=J�W%?T>w?^F%DGaG<A>�H�aGn^H�S=D©WYaGn^>fHRF%c�cf>�eAn^QRH�QR<=>�c�cf>R:_U £ >�US=:A>CWsq%>RHM<=>RS8�iH�Fdcfe�Fd?^W%:_UX>�?j?TFdDGaV<=>R?¦nT>RH�UKW%:=v%S=D©W%aVn^>�? � q%FdaGn¦DGW�¤=vdS=n^>���[d��7

� ���
	 ��[ �hª+>RSI�ivdQRFdcfQ�U^n^aV>R?¦W��_WY:0U@c �Rcf>�e�FdnTFd?^agUXQY7
9;:¢n^>�v_W%nT<=>�c�W%aG:_UX>�:�W%:_U�D�xlaG:A§�SA>R:=H�>m<=S¢:AFdc¢y=nT>m<=> �#QRH�DG>�U�c�aVHRn^F%?^HRF%e=aG{0S=> ?^S=n

DGWhqIagUX>R?T?^>f<=S §=S8��<=>fHRFd:=H�>R:_UXn^WYUXaVFd:�c�F��d>�:=:=>
U?

x £ e(FdS=n�H�>R?�<A>RS8��vdQ�FdcfQ�UXnTaG>�? £
[d[



>�UhFd:¨UXn^W%HR> ?^S=nwDGW�c �Rcf>-¤�vdSAn^> �sk DGW qYW%DG>�S=nz<A>�D©W�cfF��d>�:=:=> <=SrHKJ�WYc�er<=>
H�Fd:_qd>RH�UXaVFd:-cfaGH�n^Fd?THRFdeAaG{0S=>

b(y)
7

Peclet

U
et

x 
et

 m
oy

(b
)

0 1000 2000 3000 4000 5000500 1500 2500 3500 4500

0

1000

2000

3000

500

1500

2500

Influence du Peclet sur Uetx et moy(b) pour deux geometries differentes

�����
	 �sk ��~�qdFdDVSAUXaVFd: <=>
U?

x

>R: �'Fd:=H�UXaVFd: <=S�:=Fdc¢y=nT>�<=> ��Q�HRDG>�UMc�aVHRn^F%?^HRF%e=aG{0S=>
e(FdS=n¦DV>R?¦<=>�S8�ivdQRF%c�Q�UXn^aV>R?¦<=>�DGW�¤�vdS=nT>��s[A7

9;: n^>Rc�W%nT{ISA>¢{0S=>pe�FdSAn;D©WwvdQ�FdcfQ�UXnTaG>�W�q%>RHpS=:=>�eAJ�W%?^>p?TFdDGaV<=>�nT>RH�UXW%:=vdSAD©W%aVn^>� HRFdS=nTy�>mn^FdS=v%>�� £ D©W@qIagUX>R?T?^>¦cfF��d>R:A:=> U?
x

?�x\Q�DGFdaVvd:=>Ee=DGS=?�<=>¦D©Wjc�F��%>R:=:=>¦<ASfHKJ=W%c�e
<=>@HRFd:_q%>RH�U^aGFd:hcfaGH�n^Fd?THRFdeAaG{0S=>j{ISA>;e�W%nEnXW%e=e(Fdn¡U�W%SzHsW%?E<=>;D©WMe=J�W%?T>+?TFdDGaV<=>@H�aGnTHRS �DGW%aGnT> � HRFdS=nTy�> qd>�nTUX>s��70]m>�D©W;?TaGvd:=ag¤�> {ISA>¦e=DGS=?�D©W+?TS=nT�3WYHR>�?Te�Q�HRaV¤={ISA>¦<=>�n^QRW%H�U^aGFd:�>R?TU
vdn^W%:=<=> £ e=DVS=?;D�xlFd:��3W%agU;S=:A>�>Rn^nT>RS=n�>�:�W%e=e=nTF��8aVczW%:_U�DGW�qIaVU^>R?^?T>�> � >RH�UXaVq%>p<=S §�S8�<=>�H�Fd:=H�>R:_UXn^WYUXaVFd: <=S ?^FdDVSAUXQ�e�WYn�D©W�qIaVU^>R?T?^>pc�F��%>R:=:=>p<=S HKJ�WYc�e <=>pHRF%:0q%>RH�UXaGF%:
cfaGH�n^Fd?THRFde=aV{0S=>%7

����� "�,8�#$d,  �, ��� � �����(�s& ��/ 9;: �3W%aVU;czW%aV:_UX>R:=W%:_U;qYW%n^aV>Rn;DGWwe�FdnTFd?^agUXQ¢e(FdS=n�SA:
c �Rcf>fU �Ie(>w<=>�vdQRFdcfQ�U^n^aV> � qdFdaVnCDGWi¤�vdSAn^>D��td��7 9;:�¤A�8>zDV>R?CqYW%DV>RS=nT?�?TS=aVqYW%:_UX>�?wb
Pe = 500

>�U
k = 500

7 9;: Fdy=?T>RnTq%>-DGW <=aG?Te�>�n^?^aVFd: DGFd:=v%aVUXSA<=aG:�WYDG>f>R:|�'F%:=H�U^aGFd:
<=> D©W e(FdnTFd?^agUXQi?^S=nwDGW�¤�v%S=n^> �sNA7�9;:¨n^W%e=e(>RDVDG>iaGHRaj{0S=>�DVFdn^?T{ISA> D©W UKW%aVDGDV>i<A>�D©W
e=J=W%?^>-?^FdDVaG<=>-W%S=vdcf>R:_U^> £ HR>�D©W <AaGcfaG:0S=>�D©W e�F%n^Fd?TaVUXQY7E9�: Fdy=?^>�nTq%>�<=Fd:=H-aGH�aj{0S=>
DGW�<AaG?^e(>RnT?^aVFd: DVFd:=vdagUXS=<AaG:�W%DV>�W%S=v%c�>�:0U^>�{0S�WY:=<�DGWie(Fdn^F%?^aVU^Qp<=aGcfaG:0S=>Y7�]m>RDGWie(>RSAU
?�x\>��AeADGaG{0S=>�n e�WYn#DV> �3WYaVU#{0S=>mDV> HKJ=W%c�eC<=>mH�Fd:_qd>�H�UXaVFd:�W@W%DGFdnT?�e=DGS=?#<4xlJ=Q�U^QRnTFdvdQR:AQRaVU^Q%7

� S=aG?@Fd:�FdyA?^>Rn¡qd>�D�x\aV:A§�S=>�:=HR>C<=>¢D©Wfe�F%n^Fd?TaVUXQM?^SAn;D©Wpq8agUX>�?^?^>�c�F��d>�:=:=>¢<AS�§�S8�
<=>¦H�Fd:=H�>R:_UXn^WYUXaVFd:fo�DGW+¤�vdS=nT>���Z87 � H�a=Fd:�qdF%aVU {0S=>¦DG>�§=S8�pcfF �%>R:p<=>�HRF%:=HR>�:0U^nXWYU^aGFd:
W%SAvdc�>�:_UX>¦{0S�W%:=<fD©W;e(FdnTFd?^agUXQ¦<=aVc�aV:ISA>%7d¥!FdnT?^{0S=>�D©W+UXW%aGDVDG>E<=>�D©W;e=J�WY?^>�?^FdDVaG<=>�W%S=v �

[%k



�����
	 ��t ��ª+>�S8�ie(Fdn^Fd?TaVU^QR?¦<=a � Q�n^>R:_U^>R?�e�F%S=n�DG>�c �Rcf>+U �Ie�>M<=>�vdQRF%c�Q�UXn^aV>%7

taille de la phase solide

A
et

11

0.2 0.30.15 0.25

0

1000

500

1500

Influence de la taille du feuillet sur Aet11

�����
	 ��N � � W%n^aGWYUXaVFd:f<=>�D©WM<=aG?Te�>�n^?^aVFd:wDVFd:=vdagUXS=<=aV:�W%DV>j>�:w�'Fd:=H�UXaGF%:w<=>;DGWCe(Fdn^Fd?TaVU^Q%7
cf>R:_UX> £ DG>@§�S8��cfaGH�n^Fd?THRFde=aV{0S=>;>R?¡U¦UXnT�R?¦vdn^W%:=<�>R:_UXnT>�DG>R?m<=>RS8�hn^>RH�UKW%:AvdDG>�?¦?^FdDVaG<=>�? £>�U@H�>�Uj> � >�UjcfaGH�n^Fd?THRFde=aV{0S=>;?^>�c¢y=DV>M?T>�n^QRe(>RnTHRSAU^>Rnj?^S=n�DGW�q8agUX>�?^?^>McfF �%>R:=:A>%7

� � � � �m���i�!��� �

]m>�U^nXWsqYW%aGD�Wfe�>�n^cfaG?j<=>�cf>�UTUXn^>C>R:�FI>RS8q8nT>�DGWpU^>RHKJ=:=aV{0S=>¢<4xlJ=FdcfFdvdQ�:=QRaV?XWYU^aGFd:
e(FdS=nfFdyAU^>R:=aVn�<=>�?we�W%n^W%cf��UXnT>R?�> � >RH�U^aV�'?�czW%H�n^Fd?THRFdeAaG{0S=>R?�{0S=a@U^aG>R:A:=>R:_UwH�FdcfeAUX>
<=>�?�H�FdS=e=DGW%vd>�?�cfaGH�n^Fd?THRFde=aV{0S=>R?�7 ~ :|e�W%n¡UXaGH�S=DGaV>Rn £ aGD�aVDGDVS=?TU^n^>hDG>h�3W%agUp{0S=>-D�x\F%:|:=>
e(>RSAUCe�W%?C:=QRv%DGaGv%>Rn�D©W�HKJ=aGcfaG>�e(FdS=nMQ�U^S=<=aV>RnMDG>fHRFdcfe�F%nTUX>�c�>�:_U�oivdnXWY:=<=>zQ�HKJ=>RDVDG>

[_t



Taille de la phase solide

U
et

x

0.2 0.30.15 0.25

900

850

Influence de la taille de la phase solide sur la vitesse Uetx

�����
	 ��Z � � WYn^a©W1UXaGF%:w<=>�D©W¢qIaVU^>R?^?T>�> � >RH�U^aVq%>C>�:i�'Fd:AH�UXaVFd:h<=>�D©W�e(Fdn^F%?^aVU^Q%7
<=>�?¦HRFd:AHR>R:_U^nXWYU^aGFd:=?¦>�:�e�FdDVDGS�WY:0U £ >�U�{0S=>�HR>�DGDG> � H�a :=>�?T>Mc�W%:=ag�'>R?¡UX>+e=W%?¦?^>�S=DG>�c�>�:0Ue�WYn;S=: n^>�UKW%nT< <=S §�S8� <A>�HRFd:=H�>R:_UXn^WYUXaVFd: £ c�W%aV?+aG:_U^>RnTqIaV>R:_UMW%S=?T?^a�<�WY:=?�DG>¢HRW%DGH�S=D<=>�DGW�q%WYDG>RSAn¦<=S-H�F8>�ufHRaG>�:_U@<A>M<AaG?^e(>RnT?^aVFd: � <Aa � S=?^aVFd:wJ=FdcfFdvdQ�:=QRaV?^QY7� :A>;HRFdcfe�W%n^W%aG?TFd:�W�q%>RH;DV>R?Ec�Q�UXJ=FI<=>R?E<=>;cfF��d>R:A:=aG?^WYUXaVFd:�?TS=n�S=:�qdFdDVS=c�>jQRDVQ �cf>R:_UKWYaGn^>+n^>ReAn^QR?T>R:_UKW1UXaV� >R?¡U+H�>RnTUXW%aG:A>Rcf>R:_Ujo¢�3W%aGnT> � qdF%aGn £ e�W%n¦>��8>�c�e=DV> £ �\t��©��79;: e�FdSAn^nXWYaVU�>�:0qIaV?XW%vd>�n�HRFdcfc�>�e�>�n^?^e(>RH�UXagqd>p<=>pHRFdcfe=DV>��8aV¤�>�n;DG>�? �I?TUX��c�>p>�:
aV:0U^n^FI<=S=aV?XW%:_U S=:=>jcfF8<=Q�DGaV?XWYU^aGFd:¢eADGS=? HRF%c�e=DV>��8>�<=>jD©W�HKJ=aGcfaG>¦<AS�e=nTFdy=DV�Rcf> £ >�U >�:U^n^FdSAqYW%:_UjS=:=>MvdQ�Fdc�Q�UXnTaG>;<=>MHR>�DGDVS=DG>�e(>RnTc�>�U^UKWY:0U�<A>CcfaG>�S8�hnT>R:=<=nT>CH�FdcfeAUX>�<=>MD©W
UXW%aGDVDG>+nTQR>�DGDG>+<=>�D©W�?^S=n¡�3W%HR>�nTQsW%H�UXaVq%>%7

� ,I��,0�1$_&',8� ,8�(����� ]m>;UXn^W�qYW%aVD W¢Q�UXQ;> � >�H�U^S=Q�<�W%:=?�DV>;HsWY<=n^>;<AS � <�P �-F � W��
] � P � � 6Yk_[ � ?^FdSAU^>R:0S e�W%nwD�x � � ª;P � £ DG> BmP � � £ DG>�]�~ � £ D�xO~ ª � >�UhD�x � P � � £{0S=>wD�x\F%: n^>�c�>�n^HRaV>ze(FdS=nCDG>RSAn�?^F%SAUXaV>R:47�¥!>R?�W%S8UX>RSAn^?�n^>�c�>�n^H�aG>R:_U �+:=<=nTF �-a Y>RDVaGH
e(FdS=nfDG>�S=nfW�q%FdaGnf?^SAvdvdQRnTQ-H�> e=nTFdy=DV�Rcf>%7 �+:A:=> � ¥�aV?^> P@W%eAJ�W%>RD�nT>Rcf>Rn^H�aG>iW%S=?T?^ajDG>ª
� 6�� ��� � � ~ W%Si]�~ � �AWYHRD©W���{0S=a4D�x\W¢W%H�HRS=>�aGDVDGa�e�F%S=n�?^F%:i?¡UKW%v%>;<=> � W%?¡UX>�n ��6 £W%aV:=?^a {0S4x �+DGW%aG: ]�W%n¡UKW%DGW%<=>p>�U �8Q�y�W%?¡UXaG>�: ]�W%<=W%DG>�: e(FdS=n�DG>�S=nMW%aG<A>f<=W%:=?MD©WhHRFdc �e=nTQRJ=>�:=?^aVFd: <=>zD©W�c�FI<=QRDVaG?^WYUXaVFd: <=S e=nTFdy=DG��c�> £ >�U � aGDVDG>�?�Bm>RnT:�W%n^< �-aGHKJ=>�Dme(FdS=n
?T>R?jHRFd:=?T>RaVDG?¦?^SAnjDGW¢e�W%n¡UXaG>�:0S=cfQRnTaG{0S=>Y7

[dN



� ��� ��� � � �m���

�o� � � 7 �+DVD©W%aVn^> £�� 7�]�W%e(<=>�y�Fd?THR{ £ ��7 � a©WYU^:=aVU^? 0a £ �¢7 �8aG>�?^? £ � 7 � W%:A:=aG:�W1UXJ�W%: £ �k
R
%&
/E��������Z6 ���B
�J
+TP#���1��B
A� �B�Q7�g�7��t��% 7�� �)��[x!96 1�E��P#�
�t�������=6 ! 7�> �+n^HKJ 7�PjWYUR7 �->RHKJ47
�+:�WYD�7X��ZYk £ ��Z � �A6d6��

� 6����%k_��7
�\6�� � 7 �+DVD©W%aVn^> £ ]+7�]mFd:=HsW £ � 7 � W%:A:=aG:�W1UXJ�W%:
	 [��LY�!"
Z��[-�=1]6 �87�TV
1^% 6 �K�&6�#$#K!(�B�/6 R

���B
�87 £ ~ � � � � b � P¦9�]+7 £ � F%D�7\[ £ ��� � � £ N_t � �%k=7�l[ � ��7 �C7 �+:=?T>RDGF%:=> £ D 
!)!"�����=�)� ��!(gw��
%Q#86����W
�#���1]6 �t
1 6�#$#K12
NMO�)%G6 ���B
���)[���
1^g 6 �K�
6�#$#K!(�B�/6 ���B
�87 �t
��)���t�BE 1/6 !<�/HA�86 ���B
�87 £ � nT>R:_UXaVHR> � �+W%DVD £ � :=H%7 £ ~ :AvdDG> �mFIF8< ]mDGa � ? £� > � 	%>RnT?^> � £ ���_Z �d7� k � �C7�BEn^> ��aG? £

� �K6 !(g�7Z� TV
�;���=�B
���;��!)!"� £ �-W%?^?TFd: £ � W%nTaG? £ ��� �d[A7�\t�� ��7@]�W%<�W%DV>R: £ � 7��;S=aG:_UXW%n^< £ �C7;]�WYnTUKWYD©W%<=> £ 	 �B��12
R"#�
12� %&
A����!oTV
1r����7��)��%
��1]6 �87t#�
1^�i�)����!96 g �/�<#�
1�
�$7k%&�/� �)��% > eAn^>ReAn^aG:_UR7

�lN � � 7I]�W%e(<=>�y�Fd?THR{ £ �W
%&
/E��������Z6 �=�B
� 
+TQ6 �;������12
���B�L%*�a!(�=�9E 12
��#���� 
!(���=�B
�-%&
R
����! £ �+? �Ic�eAU^F%Us7 �+:�W%D�7�6Yk

� 6 �����_� £ :=F�6 £ �sk_[ � ��N_t87�\Z�� � 7 ]�W%e(<=>Ry(Fd?^H�{ £ �W
%&
/E��������Z6 �=�B
� 
+T 6 � � ���$7��B
� � �)�)[ � 1�� T^� £]+7OP�7 �¦HsW%<47 �8H�a�7 � W%nTaG? £ UR7O[d6dZ £ �8Q�n^aV> � £ e47 ���_Z � � ��6 £ ��� � �A7� � � � 78]�W%e(<=>Ry(Fd?THR{ £ �k
%&
/E��������Z6 ���B
�5
+TQ6*�;���a�=12
���B�W��1^�)�=�B�/6 !�� � ���$7��B
��#K1�
 @A!"��%
� �)��[-� 1^� T^� £ � n^FIH%78PjF��%7 �8FIH%7A~ <=aG:0y=S=nTvdJ �8>�H�UR7 � �s[_6 � 6����_6d� £ :=F=78[ £ tYN_Z��At �Yk=7� � � � 78]mJ=aGe(F%U £ �(7 �@W%?TU^aG:=v%? £ ª�7a��aV:=<=>�n^DG>�J=n^>�n £ 	 1/6 �87t#�
1^� �)��6*%&
!"������!96 1L%&
�t
1
7�g�7��t��% > ��6 � � �-WYUXJ47 �iF8<=>�D�7 � S=cf>RnR7 �+:�W%D�7�[ � � 6 ���%k0� £ :=F=7=N £ ���W�M� �a���d[%kA7�o��� �C]+7%]mFd:=HRW £ 	A7 � D©W%:AHKJ�W%n^< £ � 7 � W%:=:AaG:�WYU^J�W%: £ _i!(���=�7P6 �K�e#���1^�B
A� �B�f7���1^��������12��7�>P � � ��� £ 	A7� aVDG> ��� � WY?^?^F%: £ � W%nTaG?

� ��� �_td��7
�o�M� � 	A7 ª+FdDVy�>RW%S=DgU £ ª�7f��aG:A<=>RnTDG>RJAn^>Rn £ � 7f�@F��mW%DGH � �  £ ���%G6 1��Z7 6$@�
���W�)[����?6 R

7�[��)��E�1/6���[����)> � WYnTUXaGW%D0<=a � >RnT>R:_UXaGW%D_>R{0S�W1UXaGF%:=?�W%:A<¢aG:_qd>�n^?T>�e=n^F%y=DG>�c�? £ �sN_Z��a��Z%t £]mFd:_UX>�c�e47 �-WYUXJ47 £ [dNd6 £ �+cf>Rn�7 � WYU^J47 �8FIH%7 £ � n^F�qIaG<=>�:=HR> £ P � £ 6����Yk=7�o��6�� � 7 �@>RHKJ_U £ 9�7 � aVn^Fd:A:=>sW%S £ ��7 ¥!> � �_W%nTaGH £ �p7 9�J_U^?^S 1W £ � nT>R>��'>�c ��� £
� >RnT?^aGF%:�687 � � � £ J_U^U^eib � � � � ��7 �'n^>�>��'>�c-7lFdn^v�� � � � � £ ¥#WYy�Fdn^WYUXF%aGn^> 	dW%HR{0S=>�? ¥�F%S=aG?¥!aGFd:=? £ � :AaVqd>�n^?TaVUXQ � aV>Rn^nT>�>�U � W%nTaG>M]mS=nTaG> £ � W%nTaG?R7�o��[ � ��7 	A7OP �jS=vdJ=>�? £ � 7 � W%DGDV>�U £

� �;����Fi���)�t����!"��%&������TV
1�%*��!96 �=�B
�WTV
1 ��
%Q#K��R
�~6 �=�B
�K6 !��'���=�-� gj�K6 %*�B��7 £ ]mFdc�eASAUX>�n �->�U^J47=aG: �@e=e=D�7�W%:=<i~ :=v=7�t1k £ [%kW� � [_t%t £��� �dN87

[_Z



�o�sk �C]+7�	%Fd:AJ=?^Fd: � �a%&��1^�B�/6 !e��
!(���=�B
�m
+T �ic�v @Ag �)[���Fi���)�t�5��!"��%&������%&���)[�
A� £]�W%c¢y=nTaG<=v%> � :=agqd>�n^?^agU �he=nT>R?^? £ ��� �_Z87�o��t�� ��7���WYU^F £ � ��1^�=�a1N@�6 �=�B
���)[���
1^g�TV
1Q!(�)�;�/6 1W
�#���1]6 �+
127�> �8e=nTaG:=v%>Rn � � >RnTD©W%v £ Bm>�n �DGaV: � ���%NdN_��7
�o��N �C]mJ47h��agU^U^>RD £ �����=12
A� �	���=�B
�p�+
 7Z
!(�=�57��B6 �+�W#�[�g�7��B��7�> 	%F%J=:  aGDV> � £ � > � � F%n � ��� �dN_��7
�o��Z��Mª�7 �-HR¥�W%S=vdJ=DVaG: £ � 7 � WYe�W%:=aVHRFdDGW%FdS £ 9¢7 � aGnTFd:=:=>RW%S £ D 
��� �����=�B
�{
+T4%*�B��12
R

7���1^��������12�x6 �K��12��!96 �+�/�&#K12
 @A!"��% 7�> � � �
� 	A7 �@e=e=D�7 � W1UXJ47�k0t � ��� �_td� £ :=F=7�t £Z ��� �8Z �_Z87
�o� � � �C7 � W�`T<�W £ ��7a��n^W%cf>Rn £ �	�)%Q#K!(� F?�/��%&
A����! 7`TV
1Q�=�a1N@A��!"�����f� � ��� 7��B
� �d��[���
1^gZ>

���a%&��1^�B�/6 !�%&
A����!)!(�)��E>�6 �K�?#�[�gZ7��B�/6 !�#�[����;
%&���K6> � J �I?�7_Pj>�e47Y[W�sk � ��� � �_� £ :=F=7k � t £ 6%[_Z��AtdZYk=7�o��� �MP�7 � W%S=nTa £ c �"7t#���127��B
�8> ��
��� �����=�B
�8> 6 �K� 12�/6����=�B
� �)� #�
12
� 7 %&�/� �=6 £
� J �I?�7 � DVS=aG<A? �+[ � t%� £ � W��^��� �W�d7

�\6�� �MP�7 � W%S=nTa £ 	A7#PjSAy=aG:=?¡UX>�aG: £ c �"7t#���127��B
�r6 �K� ��
��� �������B
�r�)�5#���1^�B
A� �B��#�
12
�$7
%&�/� �=6 £ � � � � 	A7 � � � ¥ 7 � � � �C7 £ � FdD�7\kdN £ � F=7\N £ ª+>RH�>Rc¢y(>RnT��� �%NA7

�\6 � � �C7 �ia %>�DGaVH £ ��7�ª+>�qIaGv%:=> £ ]+7 	A7�qYW%:-ª+S=a `T: £ ��9E�
12
� 7<��#�7Z�/6 !(�)��Ex
+TX�)[��k12�/6���R
���)� � �\
 ���)[�12
�OE[&6\#�
12��>`���K����1Q��
%*�)�K6 ��� � ����!"���o6 �K� c 6 % �$
Z[�!"��1?����%G@���127�>
e=n^>�e=n^aV:_Us7

�\6d6��C9¢7�� aVn^Fd:=:A>sW%S 	 ����[�
A����7�����7 v !"��%&�����)7x_i�)���"74#�
�a1 !"��7 �'�a�=����7 £ � W%?^?TFd: £]mFdDGD�7AP�>RHKJA>Rn^HKJA>�>R: � WYU^J=QRc�WYU^aG{0S=>R? �@e=e=DGaV{0S=QR>�? £ ��� � �A7�\6%[ � � 7%Pj>�>R< £ B+7��8aVc�F%: £ 	 ���)[�
A�7�
+T?%&
A����1^�I%G6 ��[���%G6 �=�B�/6 !�#�[�gZ7��B��7�> �¦HsWY<=>RcfaGH
� n^>R?T? £ � > � � Fdn 

� ���_Z �_��7
�\6Yk � � 7�Pj>�DGDGaVHKJ £ � ��1^�=�a1N@�6 �=�B
� 	 [���
1^gr
+T v �9E������6 !(�	��7k#K12
 @A!"��% 7�> � FdnT<=Fd: W%:=<

Bmn^>RW%HKJ �8HRaV>R:=H�> � S=yADGaG?TJ=>RnT? £ � > � � Fdn  � ¥!Fd:=<=F%: � ��W%n^aV?
� ���%N �_��7

�\6dt�� ��7  J=aVUXW %>�n £ 	 [�� 	 ���)[�
A� 
+T � 
!(��%&� � � ��1]6ZE �)��E £ �¦J=>�Fdn � �+e=e=DVaGHRWYUXaVFd:=?mFY���n^W%:=?Te�Fdn¡U�aV: ��F%S=n^FdSA? �->�<=a©W £ ��DGS��E>Rn �¦HRW%<=>�c�aVH�� S=y=DVaG?^JA>Rn^? £ � F%D�7 ��[
� ��� � �_��7

[ �


