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¼U§�¨\½e«�½4±²»¶±¶¦�¾�¹¢¼e«�Â.¯
(ΩN , FN

T := (FN
t )t∈[0,T ], P

N)
·8®�±¶¦�ë�«(¼S¨\¹¢±¶¦�±hÁ\¯�·

FN
T

¿�¼U§�¯.­U±²Âc¦�«�½4»¶¯�±²©K¦�¯.©4¹¢±¶¦�¾
κ¹�«�¦�±¶¹¢³ ¾*±²©Uª

EPN [
∫ T

0
κ(t)dt] < +∞ È^ê�ë4¯t¼4§¢¨8Âc¯.¹�¹ M

­4¯�ðe©4¯c­#½K¾
M(t) := N(t) −

∫ t

0
κ(s)ds

±²¹
«

(FN
T , PN)

¿�´�«�§¢¦�±¶©4ªK«�»¶¯�·FÂY«�»²»²¯c­�¦�ë4¯�Âc¨\´µ¼S¯.©U¹�«�¦�¯.­Ã´�«�§�¦�±¶©4ªK«�»¶¯�¨�³�¦�ë4¯�¼S¨\±²©K¦�¼U§�¨*Â.¯.¹¢¹
N
È

%
¯�¦
(Ω, FT , P) := (ΩW × ΩN , FW

T ⊗ FN
T , PW ⊗ PN )

½f¯�¦�ëU¯A¼U§�¨*­4º4Âc¦t¹¢¼e«�Â.¯�È
W
«�©4­

N
«�§�¯

±¶©4­4¯c¼f¯c©4­4¯.©K¦X¼4§¢¨8Âc¯.¹�¹¢¯.¹cÈ %
¯c¦
d = m + n

ÈW%
¯�¦
A < T

È

�1¯�Â.¨\©4¹¢±²­4¯c§Ç«�ðe©4«�©4Â.±²«�»4´µ«�§�°�¯c¦`®�±¶¦�ë
K
«�ª\¯c©K¦�¹`®�ë4¨	±¶©KÁ\¯.¹�¦^±¶©¬¨\©4¯�½f¨�©4­�«�©4­

d
¹¢¦�¨8Âw°F¹òöOðU¿

©4«�©4Â.±²«�»8«�¹�¹¢¯c¦�¹ ú ·\¦�ë4¯�¼4§¢±²Â.¯c¹Ë¨�³e®�ë4±¶Âwë¬«�§�¯�¯yì8¼4§�¯c¹�¹�¯c­µ±¶©%º4©4±h¦�¹ï¨�³S«�¹�±¶©4ª\»²¯ä¼f¯c§�±¶¹�ëe«�½U»²¯^Âc¨\´A´µ¨*­4±¶¦�¾
«�©4­�­4§�±hÁ\¯.©Ã½K¾�¦�ë4¯I³O¨\»¶»²¨P®�±²©Uª(¹¢¦�¨8Âwë4«�¹¢¦�±²Â�­4±G5f¯.§¢¯.©K¦�±²«�»�¯cÄ*º4«�¦�±¶¨\©4¹��
ö � È ç�ú

P0(t) = P0(0) exp(

∫ t

0

r(s)ds)

ö � È �\ú
dPi(t) = Pi(t

−)[bi(t)dt +
d∑

j=1

σij(t)d(W ∗, N∗)∗j(t)] i = 1, · · · , d

®�ëU¯.§�¯
X∗ ­4¯c©4¨�¦�¯I¦�ë4¯I¦�§�«�©4¹�¼S¨\¹�¯c­ô¼4§¢¨8Âc¯.¹¢¹X¨�³ï¼4§¢¨8Âc¯.¹�¹ X

È
σ
±¶¹�«%ª\±hÁ\¯.©�¹�¦�§�¨�©4ª\»¶¾µ©4¨\©*¿�­4¯cª\¯.©4¯c§�«�¦�¯

d× d
¿�´�«l¦�§�±}ìF¿�Á�«�»²ºU¯.­�¼U§�¨*Â.¯.¹¢¹.È`ê�ë4¯I¼4§¢¨8Âc¯.¹¢¹�¯.¹

r
·
b
«�©4­

σ
«�§�¯�«�¹�¹¢º4´A¯.­ ¦�¨ô½S¯�º4©4±h³O¨\§�´A»¶¾ô½f¨�º4©4­4¯c­�¨\©

[0, T ] × Ω
«�©4­

FT

¿�¼4§�¯c­4±²Â�¦w«�½U»²¯�ÈM�1¯�«�¹�¹�ºU´µ¯
¦�ëe«�¦

σij > −1
³O¨\§�«�»²»

m + 1 ≤ j ≤ d
«�©4­

1 ≤ i ≤ d
È�ê�ëFº4¹¬ö � È �\ú ëe«�¹ò«Aº4©4±¶Ä*ºU¯	¹�¦�§�¨�©4ª

�



¹¢¨\»²º8¦�±²¨�©�«�©4­�¦�ë4¯�´µ«�§�°�¯c¦X±²¹�Âc¨\´A¼4»²¯�¦�¯Aö<Â�³�È`ó�«�§¢­4ëe«�©Å«�©4­ÅÀ^ëe«�¨ û��lÿ ú È
��³U¦�ë4¯

k
¿�¦�ë%«�ª�¯.©K¦ïëe«�¹ï«�¹�¦�§¢¨\©4ªò±¶©U³O¨\§�´µ«�¦�±²¨\©AöO±²©4±h¦�±ñ«�»\¨\§�¼4§�¨\ª�§�¯.¹¢¹�±hÁ\¯ ú ·\ë4¯ä§�¯.Âc¯.±hÁ\¯.¹ï«�© ±²©4­U±¶Á*±²­4º4«�»74¨�® ¨�³W)�¹¢±²­4¯y¿�±²©8³O¨\§�´µ«�¦�±¶¨\©�*�·,§�¯c¼4§�¯c¹�¯c©F¦�¯.­ ½K¾M¦�ë4¯ ðe»h¦�§�«l¦�±²¨�©

Hk
T := (Hk

t )t∈[0,T ]

È^ED±²©4«�»²»h¾\·Y³O¨\§â«�»¶»
k = 1, · · · , K

·4®ä¯(±²©K¦�§�¨*­4º4Â.¯I¦�ë4¯	±¶©4­4±hÁ8±¶­4ºe«�»�«�ª\¯.©K¦��Ô¹�ðe»¶¦�§�«�¦�±²¨\©
Gk

T := (Gk
t )t∈[0,T ]

¨�³Ë«YÁ�«�±²»²«�½4»¶¯
±¶©U³O¨\§¢´�«�¦�±²¨\©,·F®�±h¦�ë

Gk
t := Ft ∨ Hk

t , 0 ≤ t ≤ T.��©Ã¨�¦�ë4¯.§�®^¨�§�­4¹c·S¦�ë4±²¹X«�ª\¯c©K¦�¼S¨\¹¢¹�¯.¹¢¹�¯c¹I«�»²»,±²©U³O¨\§¢´�«l¦�±²¨�©4¹�«�½S¨\ºU¦�¦�ëU¯	´µ«�§�°�¯c¦Xº4¼Ã¦�¨¬¦�ë4¯�¼4§¢¯.¹�¯c©K¦
¦�±²´A¯

t
·D¼4»¶º4¹të4±²¹t¨P®�©_)�¹¢±²­4¯y¿�±²©8³O¨\§�´µ«�¦�±¶¨\©�*�È¬ó^¯.¹¢±²­4¯c¹.·ï±h³�«�ª\¯c©K¦

k
ëe«�¹(«Ã®ä¯Y«�°M±²©8³O¨\§�´µ«�¦�±¶¨\©�·
ë4¯

¨�©4»¶¾�ëe«�¹�¦�ë4¯Iðe»h¦�§�«�¦�±¶¨\©
Gk

T := FT

¨�³�¦�ë4¯�´µ«�§�°�¯c¦�«YÁ�«�±²»ñ«�½4»²¯�È

ê�ë4¯�«�ª\¯.©K¦�¹�¹�¦�§�«�¦�¯cª\±²¯c¹�«�§�¯�¼4§�¨*­4º4Âc¯.­ ¨\©
[0, A]

·ï®�±h¦�ë
A < T

Èíê�ëU¯
k
¿�¦�ë «�ª\¯c©F¦%ëe«�¹%ë4±¶¹

¨P®�©Ã©4¨\©K¦�§¢±¶Á*±ñ«�»�¯.©4­U¨�®�´A¯.©K¦�¼4§�¨*Â.¯c¹�¹
εk

·e¯yìU¼U§�¯.¹¢¹�¯c­�±²©�º4©4±h¦�¹�¨�³D¦�ë4¯�Â.¨\´A´A¨8­4±h¦�¾�«�©4­ô«�¹�¹�ºU´µ¯c­
¦�¨#½S¯�«#©4¨\©4©4¯cªK«�¦�±¶Á\¯�º4©4±¶³O¨�§�´A»¶¾M½S¨\º4©4­4¯c­

Gk
A

¿�«�­4«�¼U¦�¯c­ ¼4§�¨*Â.¯c¹�¹cÈ_�1¯�±²©K¦�§¢¨8­Uº4Â.¯�¦�ë4¯�Âcº4´%º8¿
»²«�¦�±hÁ\¯�¯.©U­4¨P®�´µ¯c©F¦�§�«�¦�¯

ε :=
∑K

k=1 εk

È ê�ë4¯
k
¿b¦�ë�«�ª\¯.©K¦�±²¹¬³O§�¯.¯Ã¦�¨1Âwë4¨8¨�¹�¯�«í©4¨\©4©4¯cªK«�¦�±¶Á\¯

Âc¨\©4¹¢º4´µ¼8¦�±²¨�© §�«�¦�¯ ¼U§�¨*Â.¯.¹¢¹
ck Gk

A

¿�«�­e«�¼U¦�¯.­�·¬«�©4­ «
Rd
¿�Á�«�»¶º4¯.­ ¼S¨\§¢¦¢³O¨\»²±¶¨ ¼4§�¨*Â.¯c¹�¹

πk Gk
A

¿
¼U§�¯.­U±²Âc¦�«�½4»¶¯�È`"�¯MÂwë4¨*¨\¹�¯c¹ô½S¨�¦�ë ¦�ë4¯c¹�¯í¼4§�¨*Â.¯c¹�¹¢¯.¹Å¦�¨ ¹�«�¦�±¶¹¢³ ¾ ¦�ë4¯M±²©K¦�¯cª\§�«�½U±²»²±h¦�¾�§¢¯.ÄFº4±¶§�¯.´A¯.©K¦
∫ A

0
(ck(t) + ||σ∗(t)πk(t)||2)dt < ∞ P

«�»²´A¨\¹¢¦X¹¢º4§�¯c»¶¾\È
πki(t)

§¢¯.¼4§¢¯.¹¢¯.©K¦�¹ò¦�ë4¯�«�´A¨\º4©K¦�±²©KÁ\¯c¹¢¦�¯c­
½K¾Ã¦�ë4¯

k
¿�¦�ë�«�ª\¯c©K¦�«�¦�¦�±²´A¯

t
±¶©ô¦�ë4¯

i
¿�¦�ë#¹¢¦�¨8Âw°�ö

i = 1, · · · , d
ú ÈO
�¹�º4¹�ºe«�»²»¶¾�·f®ä¯�«�¹¢¹�º4´A¯(¦�ë4«�¦

¦�ë4¯�¹¢¦�§�«�¦�¯.ª�¾�±¶¹�¹�¯c»¶³ñ¿�ð4©e«�©4Âc±²©4ª4·8¹�¨¬¦�ë4¯
k
¿�¦�ëÃ«�ª�¯.©K¦R�ý¹�­U±²¹�Âc¨\º4©K¦�¯c­Ã®ä¯Y«�»¶¦�ëÃ±²¹�ª�±¶Á\¯c©�½F¾

β(t)Xk(t) =

∫ t

0

β(s)(εk − ck)(s)ds +

∫ t

0

β(s)π∗
k(s)(b − rId)(s)ds

+

∫ t

0

β(s)π∗
k(s

−)σ(s)d(W ∗, N∗)∗(s)
ö � È üKú
®�ëU¯.§�¯

β(t) := (P0(t))
−1 ±¶¹(¦�ë4¯�­4¯$7W«l¦�¨\§�¼4§¢¨8Âc¯.¹¢¹µ«�©4­ Id = (1, · · · , 1)∗ ∈ Rd

È1ó^ºU¦¬¨\© «�©
¯c©4»ñ«�§�ª\¯c­1ðe»h¦�§�«l¦�±²¨�©�·
¦�ë4¯µ¼4§�¨*Â.¯c¹�¹

(W ∗, N∗)
Â.¨\º4»¶­ ©4¨Å´µ¨�§�¯A½f¯�«ô¹�¯c´µ±}¿�´µ«�§¢¦�±²©4ªK«�»²¯�ÈI�1¯µ®�±²»¶»

«�­4­�±²©�¹¢¯.Â�¦�±²¨�© ü ¹¢º10AÂ.±¶¯.©K¦�Â.¨\©U­4±¶¦�±²¨\©4¹Ç¦�¨�¨\½8¦w«�±¶©�«%´µ¯.«�©4±¶©4ª�³Oº4»W®^¯.«�»¶¦�ë�¯.ÄFºe«�¦�±²¨\©�³O¨�§�«%¹¢¦�§�¨\©4ª
±¶©4¹�±¶­4¯.§cÈ
a/b�c4d^egf2eihjd kFlnmpo

Gk
A q-r ¡�sZt²£w£utnv�w²�¬£ux<  r x��zy��Z{Y�l Mxg|e� k q xg| r y*�u}�xOt²£ r/~1r t   (πk, ck) � ~ �l Ux�{Y� qw�tb���;�w�Y}U£u��s ~ xntb�Y}���£u�T��|_xg| r x ck

t²£
Gk

A q-r ¡ ru~ x���¡Y� πki

Pi

�
i = 1, · · · , d

� r  �� Gk
A q	~  ���¡�tz�ux r v�w²� r }S¡£ r xnt²£i{y�Ytg}�yCxg|e�Vtg}�x��zy�  r v�tgw�tgxE�� ��:����t  ��us��u}�x ∫ A

0
(ck(t) + ||σ∗(t)πk(t)||2)dt < ∞ P r w�s��P£uxä£u�* w�uw��

r }S¡µ£P�8xi| r x�xi|e���w�l y w�w£ ~ �Y}S¡�tg}�y��^� r w�xg| ~  w���w�w£w£ Xk

t²£Zv��Y��}S¡*��¡�{y ��Ys�v��uw²�l�
dt ⊗ dP r�� £ �Ir }S¡£ r xnt²£i���w£ Xk(A) ≥ 0 P r w�s��P£uxË£u�* ��uw�� �


�ª\¯.©K¦
k
Âwë4¨*¨\¹�¯c¹�ë4±¶¹�¹¢¦�§�«�¦�¯cª�¾�¹¢¨�«�¹�¦�¨¬¨\¼8¦�±²´A±	�c¯òë4±¶¹XÂc¨\©4¹¢º4´µ¼8¦�±²¨�©

ck

·e¨\§�´A¨\§¢¯t¼U§�¯.Âc±²¹¢¯.»¶¾�¦�ë4¯
¯yì8¼f¯cÂc¦w«l¦�±²¨�©9¨�³�ë4±¶¹%ºU¦�±²»²±h¦�¾1³O§¢¨\´ Âc¨\©4¹¢º4´µ¼8¦�±²¨�©�È 
�© ºU¦�±²»¶±¶¦�¾M³Oº4©4Â�¦�±²¨�©

Uk : (t, c) → Uk(t, c)±¶¹�Âc¨\©K¦�±²©Fº4¨�º4¹.·X¹¢¦�§�±²Â�¦�»h¾�±¶©4Â.§¢¯Y«�¹¢±²©4ª «�©4­ ¹¢¦�§�±²Â�¦�»h¾ Âc¨\©4Â.«PÁ�¯M±²© ±h¦�¹�¹¢¯.Â.¨�©4­ Á�«�§�±ñ«�½4»²¯Å«�©4­ ∀t ∈
[0, A] Ik(t, ·)

±²¹t¦�ë4¯�±²©KÁ\¯c§�¹�¯�¨�³�¦�ë4¯µ¹¢¦�§¢±²Â�¦�»¶¾í­4¯cÂ.§¢¯Y«�¹¢±²©4ª�´µ«�¼4¼4±¶©4ª ∂
∂c

Uk(t, ·)
«�©4­�¹�«�¦�±¶¹¢ðe¯c¹M�

Ik(t, +∞) = limc→+∞ Ik(t, c) = 0, Ik(t, 0) = limc↘0 Ik(t, c) = +∞.

�



%
¯�¦�º4¹�±¶©K¦�§�¨*­4º4Âc¯I¹�¨\´A¯I©4¨�¦�«�¦�±¶¨\©4¹$�
• In = (1, · · · , 1)∗ ∈ Rn

È
• ��³ v1

¯�¦
v2

«�§�¯Ç¦�®^¨�Á\¯.Â�¦�¨\§¢¹Ë¨�³e¹�«�´µ¯ä­4±²´A¯.©U¹�±²¨�©
d
·l®^¯�©U¨�¦�¯

v1.v2

¦�ë4¯äÁ�¯.Â�¦�¨\§D®�±h¦�ë%Âc¨\´A¼f¨\©U¯.©K¦�¹
(v1.v2)i = v1,i.v2,i

·
i = 1, · · · , d

È
• E ­U¯.©4¨�¦�¯I¦�ë4¯N��¨\»GJY«�©U¹X¯yì8¼f¨\©U¯.©K¦�±²«�»bÈ
�1¯�­4¯cð4©4¯

Θ(t) := m
ðe§�¹�¦�»¶±²©4¯c¹�¨�³

(σ(t))−1(b(t) − r(t)Id)«�©4­ ¦�ë4¯
n
­4±²´A¯.©4¹¢±²¨\©4«�» ¼U§�¨*Â.¯.¹¢¹

q
¹�ºUÂwë ¦�ëe«�¦

q(t).κ(t)
�H�

n
»ñ«�¹�¦�»²±¶©4¯.¹�¨�³ −(σ(t))−1(b(t) − r(t)Id)

È
�1¯Ç«�¹�¹¢º4´A¯Ç¦�ëe«�¦

q
±²¹�«�¼4§�¨*Â.¯c¹�¹>®�±h¦�ë�¼S¨\¹�±h¦�±¶Á�¯`Â.¨\´A¼f¨�©4¯.©K¦�¹^ö<¨�¦�ë4¯c§¢®�±²¹¢¯Ç«�§�½4±h¦�§�«�ª\¯Ë¨\¼4¼S¨\§�¦�º4©4±h¦�±¶¯.¹

Â.«�©�¨8ÂcÂ.º4§c·e¹�¯c¯ û��8ç.ÿñú È
ö � È �Fú

Ŵ (t) := W (t) +

∫ t

0

Θ(s)ds, t ∈ [0, T ].

ö � È �\ú
M̂(t) := N(t) −

∫ t

0

q(s)κ(s)ds, t ∈ [0, T ].

�1¯�­4¯.©U¨�¦�¯
Ŝ := (Ŵ ∗, M̂∗)∗

È

� � � ù�ø/�Gð ít��ï��níGÿ ù�ÿ>ò�þôòôñU÷ î ð�ùt�[ü��nð ùGø>ö íGïÅñaò�î ò$�bù�ñaòôíõø í	�
ìTíGø��[ü>î ïÅñaòôíõø

��©&"�±²»¶»ñ«�±¶§�¯�¦�ö ��þ\þ��\úòû}ç�ølÿ ·e®^¯tëe«YÁ\¯	¹¢¦�ºU­4±²¯c­Å¦�ëU¯	Â.«�¹�¯t¨�³Ë«�©#«�ª\¯c©K¦�®�ë4¨A°F©4¨P®�¹I«�³Oº4©4Âc¦�±²¨\©4«�»
Lk ω

¿�®�±²¹¢¯Ã³O§¢¨\´ ¦�ë4¯Å½f¯cª\±²©U©4±²©4ªUÈ��1¯ô¹�«P¾9¦�ë4«�¦�ë4¯ô±²¹µ«�© ±²©U±¶¦�±²«�»�¹¢¦�§�¨\©Uª�±²©4¹¢±²­4¯c§.È3ê�ë4¯#¹¢±²­4¯
±¶©U³O¨\§¢´�«�¦�±²¨\©A³O¨\§�«�±²©4±h¦�±²«�»f¹�¦�§¢¨\©4ª¬±²©4¹¢±²­4¯c§�±²¹�¦�ë4¯I³O¨\»²»¶¨�®�±¶©4ª
�/���R�^�(� f2eih�d��Flnm ∀t ∈ [0, T ],Hk

t = σ(Lk)
�4|e�� ��

Lk

t²£ r } FT q s�� r £u�*  r v�w²�^  r }S¡*�Ys�� r  ut r v�w²��.tgxg|A� r w��W�w£,tg} r8� �Yw�t²£�|�£ ~1r �w� (Ek, Ek) � xi|e� k q xi| r y*�u}�x^ ����w�utg���w£�|�t²£ r ¡K¡�tgx�tb�Y} r w�tg}R{Y�l Us r xntb�Y}tgsZs���¡�t r x��uw�� r }S¡ �Y}�w�� r xZxntgs�� t = 0
� r }S¡ s��l ��w�Y���� 3� Lk

£ r xnt²£i���w£Axi|e� r £w£u��s ~ xntb�Y}Î¤
P(Lk ∈ ·|Ft)(ω) ∼ P(Lk ∈ ·) {Y�l  P r w�s��P£ux r wgw ω ∈ Ω

�T{Y�l  r wgw t ∈ [0, A] �
¡��us r  3¢�¤9
�¹¢¹�º4´A¼U¦�±¶¨\© ü È ç ±²¹D¯.ÄFº4±¶Á�«�»¶¯.©K¦D¦�¨Z� ê�ë4¯c§�¯�¯yìU±¶¹¢¦�¹`«�¼4§�¨�½e«�½4±¶»²±¶¦�¾�´A¯Y«�¹�º4§¢¯�¯.ÄFº4±hÁ�«�»²¯.©K¦¦�¨

P
¨\© FA ∨ σ(Lk)

«�©4­Ãº4©4­U¯.§�®�ë4±²Âwë ∀t ∈ [0, A]
· Ft

«�©4­
σ(Lk)

«�§�¯�±²©U­4¯.¼S¯.©4­U¯.©K¦¬ön%â¯c´µ´µ«
ü È ç «�©4­ ü È � ±²© û}çPù�ÿ ú È^�1¯^Â.¨�©4¹�±¶­4¯.§â¦�ë4¯ä¨\©4»h¾�¨\©4¯ä¦�ëe«�¦>±²¹�±²­4¯c©K¦�±²Â.«�»\¦�¨

P
¨\© FA

«�©4­(¨�©
σ(Lk)

öOÂc³�È
%
¯c´µ´µ« ü È ç ±²© ûhçPùlÿ ³O¨�§Ç¦�ë4¯�Âc¨\©4¹¢¦�§�º4Â�¦�±¶¨\©�¨�³,¦�ë4±¶¹ä´A¯Y«�¹¢º4§�¯ ú È��1¯�­4¯c©4¨�¦�¯�±¶¦

QLk
È4� ¯�±²©K¦�§¢¨8­Uº4Â.¯

¦�ë4¯�­4¯.©U¹�±¶¦�¾%¼4§�¨*Â.¯c¹�¹
Zk(t) := EQLk [ dP

dQLk
|Gk

t ].
ê�ë4¯c§�¯X¯�ì8±²¹�¦

Gk
A

¿�¼4§¢¯.­4±¶Âc¦�«�½4»²¯�¼U§�¨*Â.¯.¹¢¹�¯c¹
ρk

1

«�©4­
ρk

2

¹¢º4ÂwëÅ¦�ëe«�¦
dZk(t) = Zk(t

−)[ρk∗
1 (t)dW (t) + (ρk

2(t) − In)∗dM(t)].

W̃ k(·) := W (·)−
∫ ·
0
ρk

1(t)dt
±¶¹D«

(Gk
A, P)

¿�ó^§¢¨�®�©U±ñ«�©t´µ¨�¦�±²¨�©	«�©4­
M̃k(·) := N(·)−

∫ ·
0
κ.ρk

2(t)dt±¶¹ò¦�ë4¯¬Âc¨\´µ¼S¯.©U¹�«�¦�¯.­í¼4§�¨*Â.¯c¹�¹t¨�³�«
(Gk

A, P)
¿�¼S¨\±²©K¦I¼4§¢¨8Âc¯.¹¢¹t®�±h¦�ëM±²©K¦�¯c©4¹�±h¦�¾

(κ.ρk
2)
ÈAê�ëU¯.§�¯�³O¨\§�¯

¦�ë4¯I®^¯.«�»¶¦�ë�¯.ÄFºe«�¦�±²¨\©1ö � È üKú ±¶¹�´µ¯.«�©4±¶©4ª�³Oº4»�ºU©4­4¯.§X«�¹¢¹�º4´A¼U¦�±²¨\© ü È ç È
ù



a/b�c4d^egf2eihjd �FlGk

Yk := E
(∫ ·

0

(
−(Θ + ρk

1(s))
∗dW̃ k(s) +

(
q

ρk
2(s)

− In

)∗
dM̃k(s)

))
.

Yk

±¶¹�«A¼S¨\¹�±h¦�±hÁ\¯
(Gk

A, P)
¿�»²¨*ÂY«�»S´�«�§¢¦�±¶©4ªK«�»¶¯�È^
 ¹�¦�§�«�±²ª\ëK¦¢³O¨\§¢®^«�§�­�Â.«�»²Âcº4»²º4¹ä¾8±¶¯.»¶­4¹��

d(Y −1
k )(t) = Y −1

k (t−)l∗k(t)dŜ(t)
®�±¶¦�ë

l∗k :=
((

Θ + ρk
1

)∗
, (

ρk
2

q
− In)∗

)
.

�/���R�^�(� f2eih�d��FlG�¤£A� r £w£u��s���xi| r x Yk

¡*�i�D},��¡�tg} �¦¥ �	§ �Zt²£ r (Gk
A, P) q s r  Ux�tg}�y r w²� �

LX©4­4¯c§�¦�ë4±²¹�«�¹�¹�ºU´µ¼U¦�±²¨\©,·
P̂k := Yk(A)P

±¶¹�«¬§¢±²¹¢°�©4¯.º8¦�§�«�»
¼4§�¨\½4«�½4±²»¶±¶¦�¾A´A¯Y«�¹¢º4§�¯I³O¨\§�¦�ë4¯�±²©4±h¦�±ñ«�»
¹�¦�§¢¨\©4ªA±²©4¹¢±²­4¯c§�«�©4­ ûhç�ø�ÿ ª\±¶Á�¯.¹�ë4±²¹�¨\¼8¦�±²´µ«�»f¹¢¦�§�«�¦�¯cª�¾\ÈD�1¯t¯yì*¦�¯.©U­#ë4¯.§¢¯I¦�ë4¯c¹�¯(§¢¯.¹¢º4»¶¦�¹�®�±h¦�ë�¦�®ä¨
¨�¦�ë4¯c§ò¦�¾8¼S¯.¹t¨�³ä¹�±¶­4¯¬±²©U³O¨\§¢´�«l¦�±²¨�©#«�©4­�®ä¯µ¹�¦�§¢¯.¹�¹t¨\©�¦�ëU¯A¹¢±²´A±²»²«�§�±h¦�±²¯c¹X«�©4­M¦�ë4¯¬­4±65,¯c§�¯.©UÂ.¯.¹�½S¯�¿
¦�®ä¯.¯c©í¦�ë4¯.¹¢¯�¦�ë4§¢¯.¯�¹�¯�¦�¦�±²©4ª\¹�¨�³Ç¹�±²­U¯�±²©U³O¨\§¢´�«l¦�±²¨�©�È��1¯%®�±²»²»�¼S¨\±²©K¦I¨\º8¦ò¦�ë4¯�Âc¨\´A´µ¨\©Å³<«�Âc¦ò¦�ëe«�¦
«�»²»D¦�ë4¯¬§�¯.»¶¯cÁ�«�©K¦t±²©U³O¨�§�´µ«�¦�±¶¨\©ô³O¨\§ò¦�ë4¯µ±¶©4¹�±¶­4¯.§I±¶¹�Â.¨\©K¦w«�±²©4¯c­1±¶©M¦�ë4¯A­4¯.©4¹¢±¶¦�¾M¼4§¢¨\½e«�½U±²»²±h¦�¾ô¨�³�«�©
¯cÄFº4±¶Á�«�»¶¯.©K¦�Âwëe«�©Uª\¯I¨�³�¼4§�¨�½e«�½4±¶»²±¶¦�¾A´A¯Y«�¹¢º4§�¯�öE«�§�±¶¹�°A©4¯.ºU¦�§�«�»,¼4§�¨\½4«�½4±²»¶±¶¦�¾¬´A¯Y«�¹¢º4§�¯ò³O¨�§�«%¹¢¦�§�¨\©4ª
±¶©4¹�±¶­4¯.§c·4§�¯c¹�¼S¯.Â�¦�±¶Á�¯.»h¾�«�´µ±¶©4±²´µ«�»S¼4§�¨\½4«�½4±²»¶±¶¦�¾A´A¯Y«�¹¢º4§�¯I³O¨\§�«%®ä¯Y«�°�±¶©4¹�±¶­4¯.§ ú È

¨#©-ª «�¬®­D¯.¬®°�±�±�²¦³D°´±�µ�¬®­D¶�¯·²¸¶�¹�­.¬®º¼».µ�²¸­D¶
��©%¦�ë4±²¹ï¹¢º4½4¹¢¯.Âc¦�±²¨\©,·\®^¯�Âc¨\©4¹�±¶­4¯.§ï«�©�«�ª\¯c©K¦ï®�ë4¨\´ «�­4­4±h¦�±²¨�©e«�»F±²©U³O¨�§�´µ«�¦�±¶¨\©�Âwëe«�©4ª\¯c¹ï¦�ë4§¢¨\º4ª\ë

¦�±²´A¯�È#"X±²¹X°*©U¨�®�»¶¯.­4ª�¯(±²¹X­4±¶¹¢¦�ºU§�½S¯.­#½K¾ô«�©ô±¶©4­4¯.¼S¯.©U­4¯.©K¦I©4¨�±²¹�¯�·,«�©4­ô±¶¹�ª\¯�¦�¦�±¶©4ª¬¦�¨�ëU±²´ Â.»¶¯Y«�§¢¯.§
«�¹�¦�±²´A¯I¯cÁ�¨\»¶Á�¯.¹cÈ
�/���R�^�(� f2eih�d��Fl¾½
∀t ∈ [0, T ],Hk

t = σ(Lk(s), s ≤ t)
�4|e�� ��

Lk(s) = hk(Lk, Bk(s))
�.tgxg|

• hk : R2 → R
t²£ r y�tg���u}�s�� r £u�*  r v�w²�.{U��}S�uxntb�Y} �

• Bk = {Bk(t), 0 ≤ t ≤ T} t²£�tg}S¡*� ~ �u}S¡*�u}�x��¸{ FT .

• Lk

t²£ r } FT q s�� r £u�8  r v�w²��  r }S¡*�Ys¿� r  Ut r v�w²�ò£u����|@xg| r x�¤
P(Lk ∈ ·|Ft)(ω) � P(Lk ∈ ·) {Y�l  r wgw t ∈ [0, T [

{Y�l 
P r w�s��P£ux r wgw ω ∈ Ω �

Gk
T

«�©4­
Yk

T

­4¯.©4¨�¦�¯I¦�ë4¯�º4¹¢ºe«�»
¯c©4»ñ«�§¢ª\¯.­�ðe»h¦�§�«l¦�±²¨�©4¹

Gk
t = ∩u>t (Fu ∨ σ(Lk(s), s ≤ u))

«�©4­ Yk
t = ∩u>t (Fu ∨ σ(Lk)) , t ∈ [0, T [.

Lk

Âc¨\©K¦w«�±¶©4¹�¦�ë4¯M«�­4­4±h¦�±¶¨\©e«�»�±²©8³O¨\§�´µ«�¦�±¶¨\© «PÁ�«�±¶»ñ«�½U»²¯�¦�¨�¦�ëU¯#±²©4¹¢±²­4¯c§.·X«�©4­
Bk

§�¯.¼U§�¯.¹¢¯.©K¦�¹Ã«�©
«�­4­4±¶¦�±²¨\©4«�»D©4¨�±²¹�¯�¦�ëe«�¦t¼f¯c§¢¦�º4§�½4¹�¦�ëU±²¹�)�¹¢±²­4¯y¿�±²©8³O¨\§�´µ«�¦�±¶¨\©�*�È(ê�ë4¯c§�¯c³O¨�§�¯A¨\©4¯¬¯�ì8¼S¯.Âc¦�¹(±¶©1ª\¯c©4¯.§�«�»
¦�ëe«�¦

Bk(T ) = 0
«�©4­�¦�ë4«�¦�¦�ë4¯IÁ�«�§�±²«�©4Âc¯I¨�³D¦�ë4¯�©4¨\±²¹¢¯�­4¯.Âc§�¯Y«�¹�¯.¹X¦�¨I�.¯c§�¨�«�¹�§�¯cÁ�¯.»²«�¦�±¶¨\©�¦�±²´A¯

T«�¼4¼4§�¨\«�Âwë4¯.¹cÈ
�1¯�­4¯.©U¨�¦�¯t½K¾
P k

t (ω, dx)
«A§¢¯.ª\º4»²«�§�Á\¯c§�¹¢±²¨\©Ã¨�³�¦�ë4¯�Â.¨�©4­4±¶¦�±²¨\©4«�»�»ñ«Y®Z¨�³

Lk

ª\±hÁ\¯.©
Ft

«�©4­Ã½K¾
PLk

¦�ë4¯�»ñ«Y®Z¨�³
Lk

È

ø



ÀDb � � Á ��lGÂ � �  �� ~ �P£utgx�tb�Y}�Ã §�Ä  ��l u�U¡ � §1Å�Å�Å ��Æ¸Ã�ÇÉÈÊ�ËF|e�� ��%�ÉÌ�t²£ux £ r s�� r £u�*  r v�w²������ �£utb�Y}1�¸{;xg|e�Z�w�Y}S¡�tgx�tb�Y} r w�¡*�u}U£utgxE� pk(t, x)(ω) =
dP k

t

dPLk

(ω, x)�4|�tz��|/t²£ r (FA, P) q s r  uxntg}�y r w²� r }S¡C� r }�v��t�Ë utgxnx��u}1��{Y�l  r wgw x ∈ R
� r £

pk(t, x) = pk(0, x) +

∫ t

0

αk(s, x)dW (s) +

∫ t

0

βk(s, x)dM(s)

�4|e�� ��Í{Y�l  r wgw x � s → αk(s, x) r }S¡ s → βk(s, x) r  �� FA q	~  ���¡�tz�ux r v�w²� ~  ����w�w£w£P�w£ �CÎ �l ��w�Y���� ��{Y�l  r wgw s ≤ A
�
pk(s, Lk) > 0 P r w�s��P£uxÇ£u�* ��uw�� � W (·) −

∫ ·
0

αk(s,Lk)
pk(s,Lk)

ds
t²£ r (Yk

A, P) qzÏ  ��l�.}�t r }s��Yxntb�Y} r }S¡�t { (In + βk(s,Lk)
pk(s−,Lk)

)
| r £ ~ �P£utgxntg���&�w�Ys ~ �Y},�u}�x £�� M(·) −

∫ ·
0

(κ(s).βk(s,Lk))
pk(s−,Lk)

ds
t²£/xg|e�

�w�Ys ~ �u}U£ r x���¡ ~  ����w�w£w£%�¸{ r (Yk
A, P) q	~ �Ytg}�x ~  ����w�w£w£��.tgxg|@tg}�x��u}U£utgx<� κ(s).

(
In + βk(s,Lk)

pk(s−,Lk)

)
�

�  ��P�¸{c¤�Âc³�È`¼4§¢¨8¨�³D¨�³ïÆË§�¨\¼S¨\¹�±h¦�±¶¨\© ç2� ±²©AÐI§�¨\§¢º4­1ö ��þ\þ�þKúòûhç���ÿ ·SºU¹�±²©Uª8�\«�Â.¨*­F�Ô¹�§¢¯.¹�ºU»¶¦�¹ û}çP÷�ÿ öOê�ë4¯�¿¨�§�¯.´ � È ç «�©U­Ãê�ëU¯.¨\§¢¯.´ � È �\ú È
2

Ñ,Ò b+hTÓ2b � �FlGÔ¤£A� r £w£u��s��#xg| r x EP

(
||αk(t,Lk)

pk(t,Lk)
|| + ||In + βk(t,Lk)

pk(t−,Lk)
||
)

< +∞ ∀t ∈ [0, A] r }S¡xg| r x
(
In + βk(t,Lk)

pk(t−,Lk)

) | r £ ~ �P£utgx�tg���@�w�Ys ~ �Y},�u}�xO£ �ÖÕ �ux�xntg}�y ρk
1(t) = EP

(
αk(t,Lk)
pk(t,Lk)

| Gk
t

)
r }S¡

ρk
2(t) = EP

((
In + βk(t,Lk)

pk(t−,Lk)

)
| Gk

t

) ���^� r £w£u��s��Vxi| r x ∫ A

0

(
||ρk

1(t)|| + ||(κ.ρk
2)(t)||

)
dt < +∞

P r w�s��P£uxä£u�* w�uw�� � ËF|e�u} W̃ k(·) := W (·) −
∫ ·
0
ρk

1(s)ds
t²£ r (Gk

A, P) qzÏ  ��l�.}�t r }�s��Yx�tb�Y} r }S¡
M̃k(·) := N(·) −

∫ ·
0
(κ.ρk

2)(s)ds
t²£�xg|e�Z�w�Ys ~ �u}U£ r x���¡ ~  ����w�w£w£%�¸{ r (Gk

A, P) q	~ �Ytg}�x ~  ����w�w£w£��.tgxg|tg}�x��u}U£utgx<�
(κ.ρk

2) �
�  ��P�¸{c¤�Âc³�È.
�©4©4¯yì � È ç È 2

×XØ Á�� �^Ù b&�FlÛÚ
önÜDì4«�´µ¼4»¶¯I±²©ÃÀ^¨\§¢Â.º4¯c§�«A¯c¦X«�»EÈXö ��þ\þ>�Fú�û}çPþ�ÿñú È
Lk

±¶¹�¦�ë4¯I³O¨\»¶»²¨P®�±²©4ª
m
¿�­4±¶´µ¯c©4¹�±¶¨\©e«�»f¼4§�¨*Â.¯c¹�¹

(Lk)i(t) = δiWi(T ) + Bi(gi(T − t)) i = 1, · · · , m t ∈ [0, T ]

®�ëU¯.§�¯
δi 6= 0

·
B = (Bi, i = 1, · · · , m)

±¶¹I«
m
¿�­U±²´A¯.©4¹¢±²¨\©e«�»>óä§�¨P®�©4±ñ«�©#´µ¨�¦�±²¨�©ô±²©U­4¯.¼S¯.©4­U¯.©K¦

¨�³ FT

·f«�©4­
gi : [0, T [→ [0, +∞[

±²¹X«A¹¢¦�§¢±²Â�¦�»¶¾�±²©4Âc§�¯Y«�¹�±²©Uªµ½S¨\º4©4­U¯.­Å³OºU©4Âc¦�±²¨\©�®�±¶¦�ë
gi(0) = 0

È
ê�ëU¯.©�·

ρk
2 ≡ In

«�©4­ÅºU¹�±²©Uª�õÅ«�»²»¶±ñ«YÁ*±²©F�ý¹�À�«�»¶Â.º4»¶º4¹.·U¦�ë4¯t«�ºU¦�ë4¨\§�¹�ª�¯c¦

ρk
1(t) =

(
δi ((Lk)i(t) − δiWi(t))

δ2
i (T − t) + gi(T − t)

)

i=1,··· ,m
t ∈ [0, A].

2

ê�ëU¯.¨\§¢¯.´ ü È ù ±²´A¼4»²±¶¯.¹Ë¦�ëe«l¦^¦�ëU¯�®^¯.«�»¶¦�ë�¯.ÄFºe«l¦�±²¨�©Mö � È üKú ±²¹^´A¯Y«�©4±²©4ª�³Oº4»S«�©4­�®ä¯�«�§�¯�©4¨P®Z«�½4»²¯�¦�¨
Âc¨\©4¹�¦�§�ºUÂc¦�«�§�±²¹¢°�©4¯cºU¦�§�«�»
¼4§�¨�½e«�½4±¶»²±¶¦�¾A´A¯Y«�¹¢º4§�¯I³O¨\§�¦�ë4±²¹�¼U§�¨\ª\§¢¯.¹¢¹�±¶Á�¯	¹�¦�§¢¨\©4ª¬±²©U³O¨�§�´A¯.­Ã«�ª\¯c©F¦.È

�



a/b�c4d^egf2eihjd �FlGÝ




l∗k :=
(
(Θ + ρk

1)
∗,
(

ρk
2

q
− In

)∗)
.

Yk := E
(∫ ·

0

(
−(Θ + ρk

1)
∗(s)dW̃ k(s) +

(
q(s)

ρk
2
(s)

− In

)∗
dM̃k(s)

))
.

Yk

±¶¹�«
(Gk

A, P
ú ¿�»²¨*ÂY«�»f´�«�§¢¦�±¶©4ªK«�»¶¯�È<� ¯t«�¹¢¹�º4´A¯I¦�ëe«l¦��

�/���R�^�(� f2eih�d��FlGÞ
Yk

t²£ r (Gk
A, P) q s r  Uxntg}�y r w²� �

ê�ëU¯.§�¯�³O¨\§�¯
P̂k := Yk(A)P

±²¹�«�§�±¶¹�°�©4¯cºU¦�§�«�»�¼4§¢¨\½e«�½U±²»²±h¦�¾�´A¯Y«�¹�º4§¢¯�³O¨�§�«�ª\¯.©K¦
k
È

Ŵ
±¶¹�«

(Gk
A, P̂k)

¿�ó^§�¨P®�©4±²«�©�´A¨�¦�±¶¨\©�«�©4­
M̂
±¶¹ä¦�ë4¯IÂ.¨\´A¼S¯.©4¹�«�¦�¯c­Ã¼U§�¨*Â.¯.¹¢¹�¨�³>«

(Gk
A, P̂k)

¿�¼f¨�±²©K¦
¼U§�¨*Â.¯.¹¢¹�®�±¶¦�ëÃ±²©K¦�¯.©4¹¢±¶¦�¾

(q.κ)
È
Eeº4§�¦�ë4¯c§�´A¨\§�¯�·
d(Y −1

k )(t) = Y −1
k (t−)l∗k(t)dŜ(t).

óä¯.¹�±¶­4¯.¹c·�±¶³
(πk, ck)

±²¹A«
Gk

A

¿�«�­4´A±²¹�¹¢±²½4»¶¯�¹¢¦�§�«�¦�¯.ª�¾ ³O¨�§%¦�ë4¯
k
¿b¦�ë «�ª\¯.©K¦.·ä¦�ëU¯.©�±h¦¬¹�«�¦�±²¹�ðe¯.¹¬¦�ë4¯

½Uº4­4ª\¯�¦�Âc¨\©4¹�¦�§�«�±²©K¦

ö ü È ç�ú
EP

[∫ A

0

β(s)Yk(s) (ck(s) − εk(s)) ds|Gk
0

]
≤ 0.

óäºU¦ï±¶©%Â.¨\©K¦�§�«�§�¾(¦�¨ò«�©%±²©U±¶¦�±²«�»K¹¢¦�§�¨\©UªI±²©U³O¨\§¢´�«l¦�±²¨�©�·P¦�ë4±¶¹D©4¯cÂ.¯.¹¢¹�«�§�¾�Â.¨�©4­4±¶¦�±²¨\©�ö ü È ç�ú ³O¨\§ï«�­U´µ±¶¹�¹�±}¿
½U±²»²±h¦�¾�±²¹ä©4¨�¦ä¹�º10AÂc±²¯.©K¦.È
��©U­4¯.¯c­�·U¦�ëU¯ò´�«�±²©A­4±G5f¯.§¢¯.©4Âc¯òë4¯.§¢¯ò±²¹`¦�ë4«�¦^¦�ë4¯�ðe©e«�©4Â.±²«�»f´µ«�§¢°�¯c¦^±²¹Ç©4¨�¦
Âc¨\´A¼4»²¯�¦�¯(³O¨\§ò¦�ë4¯¬±²©4¹¢±²­4¯c§I½f¯cÂY«�ºU¹�¯µ«�¹t«�ª�¯.©4¯c§�«�»Ë§¢º4»²¯�·�®^¯A­4¨�©4¨�¦	«�»h®�«Y¾*¹�ëe«YÁ\¯¬¦�ë4¯¬¯�ì8±¶¹¢¦�¯c©4Â.¯
¨�³X«#¼4§�¨\½4«�½4±²»¶±¶¦�¾í´A¯Y«�¹¢º4§�¯�¯cÄFº4±¶Á�«�»¶¯.©K¦%¦�¨

P
«�©4­ ºU©4­4¯.§%®�ëU±²Âwë Ft

«�©4­ Hk
t

«�§�¯�±²©4­4¯c¼f¯c©4­4¯c©F¦
³O¨�§ò«�»¶»

t ∈ [0, A]
ÈIê�ë4¯c§�¯c³O¨�§�¯%®ä¯�­4¨�©4¨�¦�ëe«YÁ\¯¬«�´µ«�§¢¦�±²©4ªK«�»²¯�§�¯c¼4§�¯c¹�¯.©K¦�«�¦�±¶¨\©#¦�ë4¯c¨\§�¯c´ ³O¨�§�¦�ë4¯

(Gk
A, P̂k

ú ¿�»²¨*ÂY«�»�´µ«�§�¦�±²©UªK«�»²¯c¹.ÈËê�ëFº4¹�«AÂc¨\©4¹�ºU´µ¼U¦�±²¨\©�¹�«�¦�±¶¹¢³ ¾*±²©4ª�¦�ë4¯	½Uº4­4ª\¯�¦�Âc¨\©4¹¢¦�§�«�±¶©K¦%ö ü È ç�ú ±²¹
©U¨�¦X«�»¶®^«Y¾*¹�«l¦�¦w«�±²©e«�½U»²¯�È

 ¼U§�¨\ª\§¢¯.¹¢¹�±¶Á�¯	¹�¦�§¢¨\©4ª¬±²©4¹¢±²­4¯c§�®�«�©F¦�¹X¦�¨¬´�«lì8±¶´µ±G�.¯�¦�ë4¯�´�«�¼4¼4±²©Uª
ö ü È �\ú

(πk, ck) → V (πk, ck) := EP[

∫ A

0

Uk(t, ck(t))dt|Gk
0 ]

¨PÁ�¯.§X«�»²»
Gk

A

¿�«�­4´µ±¶¹�¹¢±²½4»¶¯�±²©KÁ�¯.¹¢¦�´µ¯c©K¦ K Âc¨\©4¹�ºU´µ¼U¦�±²¨\©Ã¹¢¦�§�«�¦�¯.ª\±¶¯.¹cÈ
óä¯.ÂY«�º4¹�¯A¨�³^¦�ë4¯A©4¨\©íÂ.¨\´A¼4»²¯�¦�¯c©4¯.¹¢¹	¨�³ä¦�ë4¯A´µ«�§�°�¯c¦�³O¨\§t«Ã¼U§�¨\ª\§¢¯.¹¢¹�±¶Á�¯µ¹�¦�§¢¨\©4ªÃ±²©4¹¢±²­4¯c§.·â®^¯AÂY«�©
©U¨�¦tª\±¶Á�¯A¦�ë4¯µ¨�¼U¦�±¶´�«�»DÂ.¨\©4¹¢º4´A¼U¦�±¶¨\© «�©4­1®ä¯Y«�»h¦�ëM³O¨\§	«�©K¾MºU¦�±¶»²±¶¦�¾Å³Oº4©4Â�¦�±²¨�©�ÈMßX¯cÁ\¯c§¢¦�ë4¯.»¶¯.¹�¹c·Ë±²©
¦�ë4¯ôºU¹�ºe«�»�ÂY«�¹¢¯#¨�³t« »¶¨\ªK«�§¢±¶¦�ë4´µ±¶Â�ºU¦�±²»²±h¦�¾9«�©4­ «1­4¯c¦�¯.§�´A±²©U±²¹¢¦�±²Â�­4±¶¹�Â.¨�º4©K¦�¯.­ ¯c©4­4¨P®�´A¯.©K¦Y·�®^¯
Â.«�© ¹�¨\»hÁ\¯#¦�ë4±²¹�¨�¼U¦�±¶´µ±G�Y«�¦�±²¨\©9¼4§�¨�½4»²¯c´ ¯�ì8¼4»¶±²Âc±¶¦�»h¾ ½K¾ ¼4§�¨*­4º4Âc±²©4ª «�©3¨�¼U¦�±¶´�«�»�¼S¨\§¢¦¢³O¨\»²±¶¨®��®^¯
¨�½U¦w«�±¶©#¦�ë4¯¬¹�«�´µ¯�¹¢¨\»²º8¦�±²¨�©M«�¹I³O¨\§�«�©M±²©4±h¦�±²«�»>¹�¦�§¢¨\©4ª�±²©4¹¢±²­4¯c§Aö�ÜDìU«�´A¼4»²¯ � È ø ±²© û}ç�ølÿñú ·
®�±¶¦�ë�¦�ë4¯
Âc¨\§�§¢¯.¹¢¼f¨\©U­4±²©4ª

Yk

È
×XØ Á�� �^Ù b&�Flnm�à
�1¯t«�¹�¹¢º4´A¯ ü È � ·4«�¹�¹¢º4´µ¼8¦�±²¨�©4¹�¨�³>ê�ë4¯.¨\§¢¯.´ ü È ù «�©4­ ü È ÷ È
Uk(t, c) = ln(c)

· ∀(t, c) ∈ [0, A]×]0, +∞[
È

÷



�1¯�«�¹�¹¢º4´µ¯X¦�ëe«l¦
EP[
∫ A

0
Yk(t)β(t)εk(t)dt|Gk

0 ] > 0 P
«�»¶´µ¨\¹�¦Ç¹�º4§¢¯.»¶¾A«�©4­�¦�ë4«�¦

βεk

±²¹`­4¯�¦�¯.§¢´µ±¶©8¿
±¶¹¢¦�±²Â�ÈDê�ë4¯.©

λk =
A

EP[
∫ A

0
Yk(t)β(t)εk(t)dt|Gk

0 ]
,

ĉk(t) =
1

λkβ(t)Yk(t)

«�©4­
β(t)Yk(t)X̂k(t) =

A − t

λk

−EP[

∫ A

t

Yk(s)β(s)εk(s)ds|Gk
t ].

π̂k(t) = (σ∗(t))−1

(
A − t

Aβ(t)

∫ A

0

β(s)εk(s)ds

)
1

Yk(t−)
lk(t).

2

¨#©zá â °�»Dã¿²¸¶�¹�­.¬�º¼»�µ�²¸­
¶
"X¯.§�¯	®^¯�Âc¨\©4¹�±¶­4¯.§X¦�ëe«l¦ò¦�ë4¯t¦�§¢º4¯%´A¨8­4¯c»>¨�³Ë¦�ë4¯%¹�¦�¨*Âw°Å¼U§�±²Âc¯.¹ò±¶¹�¼e«�§¢¦�±²«�»²»h¾�¨\½4¹¢¯.§�Á\¯.­,È(õÃ¨\§�¯

¼U§�¯.Âc±²¹¢¯.»¶¾�·�¦�ë4¯¬¯$5f¯.Â�¦�±¶Á�¯�¼4§¢¨\½e«�½U±²»²±h¦�¾ô´A¯Y«�¹�º4§¢¯
P
¨�³^¦�ëU¯A´µ«�§¢°�¯c¦	±²¹�º4©U°*©U¨�®�©,·D½4ºU¦t¦�ëU¯µ«�ª\¯.©K¦�¹

°F©4¨P®�¦�ë4¯^§¢±²¹¢°ò©4¯.º8¦�§�«�»*¼U§�¨\½e«�½4±²»¶±¶¦�¾ò´A¯Y«�¹�º4§¢¯
P̂
¨�³W«X©U¨\©8¿�±¶©4¹�±¶­4¯.§c·P¦�ëe«�¦>±²¹
¦�ë4¯äºU©4±²ÄFº4¯Ç¼4§�¨�½e«�½4±¶»²±¶¦�¾

´A¯Y«�¹�º4§¢¯ä¯cÄ*ºU±¶Á�«�»²¯c©K¦>¦�¨
P
¹�ºUÂwë%¦�ëe«�¦�¦�ëU¯ä­4±¶¹�Âc¨\º4©K¦�¯c­�¼4§�±¶Â.¯.¹>«�§¢¯

(FT , P̂
ú ¿�»²¨*ÂY«�»\´µ«�§�¦�±²©UªK«�»²¯c¹.È
ê�ë4¯

±¶©4¹�±¶­4¯.§�°F©4¨P®�¹ò¦�ë4¯c§�¯(®�±¶»²»�½f¯�«µ§�¯.»¶¯Y«�¹¢¯%¨�³`±¶©U³O¨\§�´µ«�¦�±²¨\©Å«�½S¨\ºU¦�¦�ë4¯%¨\º8¦�Â.¨�´µ¯	¨�³`¹�¨\´A¯(Á�«�§¢±ñ«�½4»¶¯
Lk

¨�³,¦�ë4¯�¼U§�±²Âc¯.¹c·8½4º8¦^±¶©µÂc¨\©K¦�§�«�§¢¾¬¦�¨(«	¹¢¦�§�¨\©Uª(±²©8³O¨\§�´µ«�¦�±¶¨\©�·�ë4¯�­4¨*¯.¹Ç©4¨�¦ä¨\½4¹¢¯.§�Á\¯ò±h¦Y·K¦�ë4¯c§�¯�³O¨\§�¯
ëU¯(«�©K¦�±²Â.±¶¼e«�¦�¯.¹�±¶¦�¹X»²«Y®�ÈW�1¯	¹�«P¾�¦�ëe«�¦�¦�ëU±²¹�«�ª\¯.©K¦X±²¹�®ä¯Y«�°F»¶¾�±¶©U³O¨\§¢´µ¯c­Ã¨�©Ã¦�ë4±²¹ FT

¿�´A¯Y«�¹¢º4§�«�½U»²¯
§�«�©4­4¨�´nÁ�«�§�±ñ«�½4»²¯

Lk

·\´A¯Y«�©4±²©4ª�¦�ë4«�¦ïë4¯ä¨\©4»h¾�ëe«�¹>¦�ë4¯äð4»¶¦�§�«�¦�±¶¨\©
FT

«YÁ�«�±²»²«�½4»²¯Xö ¦�ëFº4¹ïëU±²¹D¹�¦�§�«�¦�¯cª�¾
±¶¹

FT

¿�«�­4´A±²¹�¹¢±²½4»¶¯ ú ·8½4º8¦�ëU¯	«�©F¦�±²Âc±²¼e«�¦�¯.¹�¦�ë4¯�»ñ«Y®Î¨�³
Lk

º4©4­4¯c§
P
È

%
¯�¦
Lk : Ω −→ Rj

½S¯I« FT

¿�´A¯Y«�¹�º4§�«�½4»²¯X§�«�©4­4¨\´ Á�«�§�±²«�½4»²¯�È^�1¯ò­4¯c©4¨�¦�¯I½K¾
P̂Lk

¦�ë4¯I»ñ«Y® ¨�³
LkºU©4­4¯.§

P̂
È�� ±¶¦�ë

Lk

®ä¯t«�¹�¹¢¨8Âc±ñ«�¦�¯�«A¼4§¢¨\½e«�½U±²»²±h¦�¾A´µ¯.«�¹�º4§¢¯
νk

¨\©
Rj
È.�1¯	«�¹�¹�ºU´µ¯I¦�ë4«�¦

�/���R�^�(� f2eih�d��FlnmTm
νk r ¡�sZtgx £ r�~ �P£utgxntg���äv��Y��}S¡*��¡�¡*�u}U£utgxE� ξk

�.tgxg|Ã ��w£ ~ ���uxWx�� P̂Lk �
ê�ëU¯	±¶©4¹�±¶­4¯.§�°F©4¨P®�¹�¦�ëe«�¦X¦�ë4¯t»ñ«Y®n¨�³

Lk

ºU©4­4¯.§X¦�ë4¯t¯$5f¯.Â�¦�±hÁ\¯t¼4§�¨\½4«�½4±²»¶±¶¦�¾�´µ¯.«�¹�º4§¢¯
P
±²¹

νk

È
νk±¶¹�ÂY«�»¶»²¯c­�«�®ä¯Y«�°�±²©U³O¨\§¢´�«l¦�±²¨�©�¨\©�¦�ë4¯I³Oº4©UÂc¦�±¶¨\©e«�»

Lk

È
åNÓ2h � h � eif2eih�d �Flnm�k � �  �� ~ �P£utgxntb�Y} ¥ ÏXr �U¡*�Ytg} � §1Å�ÅY§ ��ÆÉæ¸ÈÊ�ç } FT

�Dxg|e�� ����ÉÌ�t²£uxO£ r ��}�tn���e� ~  ���v r v�tgw�tgxE�Is�� r £u�* w� Pνk
£u����|@xi| r x

(i) è �l  r wgw FT q s�� r £u�*  r v�w²��v��Y��}S¡*��¡A  r }S¡*�Ys¿� r  ut r v�w²�#é;� EPνk (X|Lk) = EbP(X|Lk) �
(ii)

ËF|e��w r �3�¸{ Lk

��}S¡*�� 
Pνk
t²£

νk �
Pνk
t²£Z� r wgw²��¡!xg|e�NsZtg}�tgs r w ~  ���v r v�tgw�tgx<� r £w£P���ut r x���¡A�.tgxg|@xi|e�Z�w�Y}S¡�tgxntb�Y}�tg}�y (T, Lk, νk) �

�  ��P�¸{c¤X�1¯t¯.«�¹�±¶»¶¾µÂwë4¯.Âw°�¦�ëe«�¦ Pνk
ª\±¶Á�¯.©�½K¾?� ∀B ∈ FT

·
Pνk(B) =

∫
Rj P̂(B|Lk = y)νk(dy)±¶¹�¦�ë4¯�º4©U±²ÄFº4¯�¼4§�¨�½e«�½4±¶»²±¶¦�¾A´A¯Y«�¹¢º4§�¯�¨\© FT

¹�«�¦�±¶¹¢³ ¾*±²©4ª
(i)
«�©U­

(ii)
È

2

ê�ëU¯t»¶±²©4°A½S¯c¦�®ä¯.¯.©Ã¦�ë4¯I©U¨�¦�±¶¨\©�¨�³>±²©4±h¦�±ñ«�»S¹�¦�§¢¨\©4ª¬±²©U³O¨�§�´µ«�¦�±¶¨\©�ª\±hÁ\¯c©Ã½K¾�«�©Ã±¶©4±¶¦�±ñ«�»S¯.©U»ñ«�§¢ª\¯.´A¯.©K¦
¨�³Ëðe»¶¦�§�«�¦�±²¨\©Å«�©4­#¦�ë4¯%©4¨�¦�±²¨\©ô¨�³Ë®^¯.«�°ô±¶©U³O¨\§¢´�«�¦�±²¨\©Ã±²¹�ª\±¶Á�¯.©�±¶©�ó�«�º4­U¨\±²© ö ��þ\þUçPútûÔølÿ ê�ëU¯.¨\§¢¯.´
� È � «�©4­�ÆË§¢¨\¼f¨�¹�±¶¦�±²¨\© � È ü È4�1¯�©4¯c¯.­�«�¦�¯.ÂwëU©4±²Â.«�»f»¶¯.´A´�«ò¦�¨%¹�¨\»hÁ\¯�¦�ë4¯�¨\¼U¦�±²´A±	�Y«l¦�±²¨�©�¼4§�¨\½U»²¯.´ ¨�³
«%®ä¯Y«�°\¿�±²©4¹¢±²­4¯c§.È

çPþ



ÀDb � � Á ��lnm��ëê<}S¡*��  r £w£u��s ~ xntb�Y} ¥ � Ã�Ã

(1)
dPνk

dP̂
=

dνk

dP̂Lk

(Lk) = ξk(Lk).

(2)

(
dPνk

dP̂

)

|Ft

= EbP(ξk(Lk)|Ft).

�  ��P�¸{c¤�Âc³�È`ó^«�º4­4¨\±¶©1ö ��þ\þ��\ú�ûýù�ÿ È 2

�1¯�­4¯.©U¨�¦�¯
a/b�c4d^egf2eihjd �Flnm�½

{
ζk(t) := EbP(ξk(Lk)|Ft).

Yk := 1
ζk

.

¥*±²©4Âc¯
ζk = 1

Yk

±²¹�«¬¹¢¦�§�±¶Âc¦�»h¾�¼S¨\¹¢±¶¦�±hÁ\¯
(FT , P̂)

¿�»²¨*ÂY«�»f´�«�§¢¦�±¶©4ªK«�»¶¯�·F¦�ë4¯c§�¯�¯�ì8±¶¹¢¦�¹X«
FT

¿�¼4§¢¯.­4±¶Âc¦�«�½4»²¯I¼U§�¨*Â.¯.¹¢¹
lk
¹�º4ÂwëÃ¦�ëe«�¦

d 1
Yk

(t) = 1
Yk

(t−)l∗k(t)dŜ(t)
È

×XØ Á�� �^Ù b&�Flnm�Â
�1¯I¦w«�°�¯

Lk = Ŵi(T )
«�©4­�®ä¯	¹�¦�º4­U¾�¦�ë4¯�ÂY«�¹�¯�®�ë4¯.§¢¯

νk

±¶¹�¦�ë4¯,Ð�«�º4¹¢¹�±ñ«�©Ã´A¯Y«�¹�º4§¢¯

νk(dy) =
1√
2πs

exp

(−(y − m)2

2s2

)
dy, m ∈ R, s2 ≤ T.

ê�ëU¯.©
ξ(y) =

√
T
s

exp
(

y2

2T
− (y−m)2

2s2

) «�©U­

1

Yk

(t) =

∫
1√
2πs

√
T√

T − t
exp

(
y2

2T
− (y − Ŵi(t))

2

2(T − t)
− (y − m)2

2s2

)
dy.

ê�ëFº4¹X±²©�¦�ë4±²¹�¯yì4«�´µ¼4»¶¯
d 1

Yk
(t) = 1

Yk
(t−)l∗k(t)dŜ(t)

®�±h¦�ë

(lk)i(t) =

∫
y−cWi(t)

T−t
exp

(
y2

2T
− (y−cWi(t))

2

2(T−t)
− (y−m)2

2s2

)
dy

∫
exp

(
y2

2T
− (y−cWi(t))2

2(T−t)
− (y−m)2

2s2

)
dy

,

(lk)j ≡ 0
±h³

i 6= j.

2


n®ä¯Y«�°K¿�±²©U³O¨�§�´A¯.­Ã«�ª\¯c©F¦�®^«�©K¦�¹�¦�¨¬´µ«lì8±²´A±	�.¯X¦�ë4¯�´µ«�¼4¼4±¶©4ª
ö ü È üKú

(πk, ck) → V (πk, ck) := EPνk [

∫ A

0

Uk(t, ck(t))dt]

ç\ç



¨PÁ�¯.§X«�»²»
FA

¿�«�­4´A±²¹¢¹�±¶½4»²¯�¹¢¦�§�«�¦�¯cª\±²¯c¹.·4¦�ëe«�¦X«�§¢¯tÂwë4«�§�«�Â�¦�¯c§�±	�c¯.­Ã½K¾�¦�ë4¯�½4º4­Uª\¯c¦XÂ.¨�©4¹¢¦�§�«�±¶©F¦
EbP[
∫ A

0
β(s)(ck − εk)(s)ds] ≤ 0

ö<±²©U­4¯.¯c­�·U¦�ëU¯.§�¯I±¶¹^©4¨�¯c©4»ñ«�§�ª\¯c´µ¯c©F¦�¨�³
ðe»¶¦�§�«�¦�±²¨\©A³O¨\§�«(®ä¯Y«�°�±²©*¿
¹¢±²­4¯c§.·\¦�ë4¯.§¢¯c³O¨\§¢¯�¦�ë4¯�´µ«�§�°�¯c¦`±²¹Ë½S¨�¦�ë¬Á*±²«�½4»²¯�«�©4­¬Â.¨\´A¼4»¶¯c¦�¯�³O¨�§ïë4±²¹Ë¼S¨\±¶©F¦ï¨�³fÁ*±¶¯c® ú ÈDê�ë4¯.©�·Fº4¹¢±²©4ª%
¯c´µ´µ« ü È çPü ·U®ä¯�¹�¨\»hÁ\¯�ë4±²¹�¨�¼U¦�±¶´µ±G�Y«�¦�±²¨\©µ¼4§�¨\½U»²¯.´ ½F¾�´µ¯.«�©4¹�¨�³�¦�ë4¯N%â«�ª\§�«�©4ª\¯I´%ºU»¶¦�±¶¼4»²±¶¯.§¢¹.È
Ñ,Ò b+hTÓ2b � �Flnm�Ô¤£A�(£u� ~�~ �P£P� r £w£u��s ~ xntb�Y} ¥ � Ã�Ã�£ r xnt²£i����¡ � ì {Zxg|e�� w���ÉÌ�t²£uxO£ rZ~ �P£utgx�tg���M�w�Y} q£ux r }�x λk

£ r xnt²£i{y�Ytg}�y EbP[
∫ A

0
β(t)(Ik(t, λkβ(t)Yk(t)) − εk(t))dt] = 0

� xg|e�u}�xg|e�� ��M�ÉÌ�t²£uxO£ r��}�tn���e�ò£P�Yw���xntb�Y}�x���xi|e�
k q xi|Ã�^� r ¢Itg}R{Y�l Us���¡ r y*�u}�x2í £�� ~ xntgsZt6î r x�tb�Y} ~  ���v�w²�us �ËF|e�(� ~ x�tgs r w^�w�Y}U£u��s ~ xntb�Y}#  r x��Nt²£Xy�tg���u}�v.� ĉk(t) = Ik(t, λkβ(t)Yk(t)) �ËF|e�(� ~ x�tgs r w��^� r w�xg|Ct²£�y�tg���u}?v.� X

(cπk, bck)
k (t) = 1

β(t)
EbP[
∫ A

t
β(s)(ĉk − εk)(s)ds|Ft] �

×XØ Á�� �^Ù b&�Flnm®Ú
�1¯t«�¹�¹¢º4´A¯ ü È ç\ç È

Uk(t, c) = ln(c)
· ∀(t, c) ∈ [0, A]×]0, +∞[

È
�1¯�«�¹¢¹�º4´A¯^¦�ëe«�¦

EbP[
∫ A

0
β(t)εk(t)dt] > 0 P̂

«�»²´A¨\¹¢¦D¹�º4§¢¯.»¶¾�ÈDê�ë4¯c©¬¹�±²©UÂ.¯ 1
Yk

±¶¹Ë«�­4¯c©4¹�±h¦�¾%¼4§¢¨8Âc¯.¹�¹
¨�³ï«�¼4§¢¨\½e«�½4±¶»²±h¦�¾µ´A¯Y«�¹�º4§¢¯�·

λk =

(
EbP(
∫ A

0
β(t)εk(t)dt)

EbP(
∫ A

0
1
Yk

(t)dt)

)−1

=

(
EbP(
∫ A

0
β(t)εk(t)dt)

A

)−1

,

ĉk(t) =
1

λkβ(t)Yk(t)

«�©4­
β(t)X̂k(t) =

(A − t)

λkYk(t)
− EbP[

∫ A

t

β(s)εk(s)ds|Ft].

��³
βεk

±²¹�­U¯c¦�¯c§�´A±²©4±¶¹¢¦�±²Â�·*¦�ë4¯�¨\¼8¦�±²´µ«�»f¼f¨\§�¦�³O¨\»¶±²¨	±²¹

π̂k(t) = (σ∗(t))−1

(
A − t

Aβ(t)

∫ A

0

β(s)εk(s)ds

)
1

Yk(t−)
lk(t).

2

ï8b �(Á Ó2ð �Flnm�Ý ì }Öxi|�t²£!xg|* ��w�8x<� ~ �w£Ã�¸{�£ut<¡*��tg}R{Y�l Us r xntb�Y}1�Oxg|e��� ~ x�tgs r wD£ux<  r x��zy��M�¸{!xg|e� k q xg|
r y*�u}�x.t²£�¡*�ux��� UsZtg},��¡�v.�Ixi|e�	¡*�u}U£utgx<� ~  ����w�w£w£ Yk

�¸{X|�t²£ ~  ���v r v�tgw�tgx<�Zs�� r £u�8 �� � ËF|�t²£�s�� r }U£;xg| r x
r wgwWxi|e�� w�uw²�u� r }�x�tg}R{Y�l Us r xntb�Y} �¸{ô� r ��| r y*�u}�x�t²£��w�Y}�x r tg},��¡?tg}ñ|�t²£#�l�.} ~  ���v r v�tgw�tgxE�?s�� r £u�* w� �ËF|e�� ��i{Y�l ���tgxIt²£?},�Yx%£u�*  ~  ut²£utg}�yñxi| r x r },���w�w£w£ r  y� r }S¡ £u�Uòp�utb�u}�xM�w�Y}S¡�tgxntb�Y} �¸{ �:����tgw�tnv. Utg��s�w£ux r v�w�t²£�|e�w£ r w�tg}1¢äv��ux<�^�w�u}Mxg|e�w£P��¡*�u}U£utgx�tb�w£ ~  w��v r v�tgw�tgxntb�w£ � ËF| r x�t²£X�4| r x��^�X�.tgwgw8£P�w�ótg}Mxg|e�ó},�ÉÌ�x£P���uxntb�Y} �
ô õ û9üÅòôþ�òôÿ��_ò�ü>î

��©_"X±²»²»²«�±²§¢¯c¦(ö ��þ\þ��\útûhç�ø�ÿ ·�¦�ë4¯%³O¨\§�´µ«�¦�±²¨\©Å¨�³ä«�©M¯.ÄFº4±²»¶±²½4§¢±²º4´ ¨�³`¦�ë4¯�Â.¨\©U¹�º4´A¼U¦�±¶¨\©4¹ò±¶¹I¹¢¦�º4­4±²¯c­�·
±¶©�¦�ë4¯�ÂY«�¹�¯I®�ë4¯.§¢¯(«�»²»
«�ª�¯.©K¦�¹X«�§¢¯t±¶©4±¶¦�±ñ«�»S¹¢¦�§�¨\©Uªµ±¶©4¹�±¶­4¯.§¢¹.ÈËê�ë4¯tÂ.¨\©U¹�º4´A¼U¦�±¶¨\©�´�«�§�°�¯�¦XÂ.»²¯.«�§�±¶©4ª
Âc¨\©4­4±h¦�±¶¨\©�®�«�¹N�
ö � È ç�ú K∑

k=1

ĉk(t) =
K∑

k=1

εk(t), t ∈ [0, A].
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ð4»¶¦�§�«�¦�±¶¨\©4¹c·�¦�ë4¯¬±²©U¹�±²­U¯.§�¹�ëe«YÁ�¯µ¦�ëU¯A¹�«�´A¯A§¢±²¹¢°#©4¯.º8¦�§�«�»Ç¼U§�¨\½e«�½4±²»¶±¶¦�¾Å´µ¯.«�¹�º4§¢¯�È���©�«�´µ¨�©4¯c¾*»²¯c¹�¹
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∑K

k=1 π̂k
∗(t) = 0Rd , t ∈ [0, A]
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ö � È �\ú K∑

k=1

π̂k
∗(t) = 0Rd, t ∈ [0, A].
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¦�ëe«�¦�¦�ë4¯I¦�§�«�©4¹�«�Â�¦�±¶¨\©4¹�ÂY«�©Ã¨*Â.Â.ºU§X±h³>¦�ë4¯�¯.©4­U¨�®�´A¯.©K¦�¹�«�©U­Ã¦�ë4¯	±¶©U³O¨\§¢´�«�¦�±²¨\©µ¨�³�¦�ë4¯	«�ª\¯c©F¦�¹X«�§�¯
®ä¯.»¶»h¿�½e«�»ñ«�©4Â.¯c­�È4��¦äÂY«�©�½f¯X±²©K¦�¯c§�¼4§¢¯c¦�¯.­�«�¹`³O¨\»²»¶¨P®�±²©4ªI�D¦�ë4¯�´A¨\§�¯�±¶©U³O¨\§�´A¯.­µ«�©�«�ª\¯.©K¦ä±²¹.·F¦�ëU¯�»²¯c¹�¹
®ä¯.±¶ª\ëK¦�ë4¯t´%º4¹¢¦�±¶©KÁ\¯.¹�¦YÈ

÷ ©-ª ø@ù�ú�²¸û¸²¸üX¬®²¸úOº ýþ²Êµ�ÿ û¸­D¯
».¬1²¦µ�ÿ�º¼²�� ú#µ1²¸û¸²Êµ�� »D¶�� ��°Sµ�°F¬®º¼²-¶X²¸±+µ�²�����²¸±	�
�S­Dú�¶Wµ�°
� °�¶��X­�ýñº¼°�¶Wµ�±

��©Ã¦�ë4±¶¹�¹�º4½4¹¢¯.Â�¦�±²¨�©�·S®ä¯tÂ.¨\©4¹¢±²­4¯c§X¦�ë4¯t¨\¼U¦�±¶´µ±G�Y«�¦�±²¨\©�¼4§�¨\½U»²¯.´ ¨�³ï¦�ëU¯	Âc¨\©4¹�ºU´µ¼U¦�±²¨\©�®�±¶¦�ëô«¬»²¨�ª�¿
«�§�±¶¦�ë4´A±²ÂÃºU¦�±¶»²±¶¦�¾9«�©4­ ­4¯c¦�¯.§�´A±²©U±²¹¢¦�±²ÂÅ­4±²¹¢Â.¨\º4©K¦�¯.­ ¯.©4­U¨�®�´A¯.©K¦�¹.È ê�ë4¯M¼4§¢±²Âc¯#¼4§�¨*Â.¯c¹�¹¢¯.¹Ã½f¯c±²©4ª
¯yì8¨\ª\¯.©U¨\º4¹�ö<ª\±hÁ\¯.©A½K¾ôö � È �\ú�ú ·\¦�ë4¯XÄFº4¯.¹�¦�±¶¨\©µ±¶¹Ë¦�ë4¯�³O¨\»²»¶¨P®�±²©4ªV�>ÂY«�©A¦�ë4¯�¦�§�«�©4¹�«�Âc¦�±²¨\©4¹`¨*Â.Âcº4§.·*«�©4­
ºU©4­4¯.§�®�ë4±¶ÂwëÅÂc¨\©4¹�¦�§�«�±²©K¦�¹��
�1¯�ÂY«�©9¯yì8¼4§�¯c¹�¹¬¦�ë4¯�¨\¼U¦�±²´µ«�»Ç¼f¨\§�¦�³O¨\»¶±²¨Ã³O¨\§%¯Y«�Âwë ¨�³X¦�ëU¯�¦�ë4§¢¯.¯�¦�¾*¼f¯c¹A¨�³#)�¹�±²­U¯�¿�±¶©U³O¨\§¢´�«�¦�±²¨\©�*w·
¹¢¯.¯#¯yìU«�´µ¼U»²¯ � È � ±¶© û}ç�ø�ÿ ·�¯�ìU«�´A¼4»²¯c¹ ü È çPþ «�©U­ ü È ç�ø È Ee¨\§µ« ¹¢¦�§�¨\©Uª ±²©U³O¨\§¢´�«l¦�±²¨�©ÎöO±²©4±h¦�±²«�»�¨\§
¼U§�¨\ª\§¢¯.¹¢¹�±¶Á�¯ ú ¨\§�«�®^¯.«�°�±¶©U³O¨\§�´µ«�¦�±²¨\©�·F¦�ëU¯t¨�¼U¦�±¶´�«�»S¼S¨\§¢¦¢³O¨\»²±¶¨%±²¹�ª\±hÁ\¯c©Å½K¾

β(t)π̂k
∗(t)σ(t) =

A − t

A

∫ A

0

β(s)εk(s)ds
1

Yk(t−)
l∗k(t)

®�±h¦�ë ¦�ë4¯�Â.¨\§¢§�¯c¹�¼S¨\©4­4±¶©4ª
Yk

­4¯cð4©4¯.­3§�¯c¹�¼S¯.Âc¦�±¶Á�¯.»¶¾ ±²© ��¯�ðe©4±h¦�±²¨�©4¹ ü È � · ü È � «�©4­ ü È ç�� È���¦�±²¹
±¶´µ¼S¨\§�¦w«�©K¦^¦�¨¬©4¨�¦�±¶Â.¯�ë4¯c§�¯I¦�ëe«l¦Y·U³O¨\§�¦�ë4¯.¹¢¯t¦�ë4§�¯c¯

Yk

·

d
1

Yk

(t) =
1

Yk

(t−)l∗k(t)dŜ(t)

çPü



®�±h¦�ë�¦�ëU¯tÂc¨\§�§¢¯.¹¢¼f¨\©U­4±²©4ª
lk
«�©4­Ã¦�ë4¯ ��Á�� b

Ŝ(t)
ÈÇê�ëU¯.§�¯�³O¨\§�¯

K∑

k=1

π̂k
∗ ≡ 0Rd ⇐⇒

K∑

k=1

∫ A

0
β(s)εk(s)ds

Yk(t−)
l∗k(t) = 0 t ∈ [0, A]

⇐⇒
K∑

k=1

∫ A

0
β(s)εk(s)ds

Yk(t−)
l∗k(t)dŜ(t) = 0 t ∈ [0, A]

⇐⇒
K∑

k=1

∫ A

0
β(s)εk(s)ds

Yk(t)
=

K∑

k=1

∫ A

0

β(s)εk(s)ds t ∈ [0, A].

ê�ëU¯�»ñ«�¹�¦(¯cÄFº4±¶Á�«�»¶¯.©4Âc¯�±²¹t¨\½U¦�«�±²©U¯.­�½K¾1±²©K¦�¯cª\§�«�¦�±²©4ª�¦�ëU¯�¯�ì8¼4§¢¯.¹¢¹�±²¨�© ½f¯�¦�®^¯c¯.© þ «�©4­
t
«�©4­�½K¾

ºU¹�±²©Uª¬¦�ë4¯I³<«�Âc¦�¦�ëe«�¦
Yk(0) = 1

È�� ¯�¼4§¢¨�Á�¯.­Ã¦�ë4¯I³O¨\»¶»²¨P®�±²©4ªt¦�ë4¯c¨\§�¯c´¤�
Ñ,Ò b+hTÓ2b � ½<lnm è �l  r }?tg}�tgx�t r w q £ux< ��Y}�yMtg}U£ut<¡*�� ��Ç�^� r £w£u��s�� ¥ � Ã r }S¡ ¥ � ¥ � è �l  rä~  w�:y� ��w£w£utg��� q£ux< ��Y}�y!tg}U£ut<¡*�� 3�`�^� r £w£u��s�� ¥ ��
 � r £w£u��s ~ xntb�Y}U£(�¸{/ËF|e�w�l ��us ¥ � æ r }S¡ ¥ ����� è �l  r �^� r ¢ q tg}U£ut<¡*�� 3��^� r £w£u��s�� ¥ � Ã�Ã ��ì }�xg|e�P£P�Nxi|* ��w�Nx<� ~ �w£��¸{�£ut<¡*��tg}R{Y�l Us r x�tb�Y}1�Dt { ak :=

R A

0
β(s)εk(s)ds

PK
k=1

R A
0

β(s)εk(s)ds

ö � È üKú K∑

k=1

π̂k
∗ ≡ 0Rd ⇐⇒

K∑

k=1

ak

1

Yk(t)
= 1 t ∈ [0, A]

�.tgxg|Cxg|e�Z�w�l y w�w£ ~ �Y}S¡�tg}�y Yk

¡*�i�D},��¡µ ��w£ ~ ���uxntg���uw���tg} ¥ �	§ � ¥ ���/r }S¡ ¥ � Ã 
��
��©�¦�ë4¯òÂY«�¹�¯�¨�³>«�©�¯.ÄFº4±¶»²±¶½4§�±¶º4´ ¨�³â¦�ë4¯IÂc¨\©4¹�ºU´µ¼U¦�±²¨\©U¹^®�±¶¦�ë�¨\©4»¶¾µ±²©U±¶¦�±²«�»W¹¢¦�§�¨\©4ª¬±¶©4¹�±¶­4¯.§¢¹.·UºU©4­4¯.§
«�© «�¹¢¹�º4´A¼U¦�±¶¨\© «�½f¨�ºU¦�Âc¨\©4­4±h¦�±¶¨\©e«�»�±¶©4­4¯.¼S¯.©U­4¯.©4Âc¯#¨�³ò¦�ë4¯Ã¯.©4»²«�§�ª\¯c­ ðe»h¦�§�«�¦�±¶¨\©4¹ÅöE«�¹¢¹�º4´A¼U¦�±²¨\©
� È � û}ç�ølÿñú ·ï¦�ë4¯�±¶©4¹�±¶­4¯.§¢¹%ëe«YÁ\¯�¦�ë4¯�¹�«�´A¯�§¢±²¹¢°1©4¯cºU¦�§�«�»�¼4§¢¨\½e«�½U±²»²±h¦�¾M´µ¯.«�¹�ºU§�¯�·ï¦�ëe«�¦�±¶¹(º4©U±²ÄFº4¯.»h¾
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Yk
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»¶±²©4°�¯.­¬½K¾¬§�¯c»ñ«�¦�±²¨\©Ãö � È ü\ú Èïê�ë4¯�®ä¯.±²ª�ëF¦�¹

ak

öO©4¨�¦�¯�¦�ëe«�¦ ∑K

k=1 ak = 1
ú §¢¯.¼4§¢¯.¹�¯c©K¦^¦�ëU¯�¼4§¢¨\¼S¨\§¢¦�±²¨\©
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ê�ëU¯%¼4§�¨*Â.¯c¹�¹

Yk

¹¢º4´µ´µ«�§¢±	�.¯c¹�¦�ë4¯%±²©8³O¨\§�´µ«�¦�±¶¨\©�¨�³`±²©U¹�±²­U¯.§
k
È;��¦I­4¯�¦�¯.§¢´µ±¶©4¯.¹�ë4±²¹�½f¯cëe«YÁ8±¶¨\§�öOÂc³�È

¦�ë4¯ò¯yìU¼U§�¯.¹¢¹�±¶¨\©4¹�¨�³â¦�ë4¯I¨�¼U¦�±¶´�«�»SÂ.¨�©4¹�º4´A¼U¦�±²¨\©�«�©4­�¼f¨\§�¦�³O¨\»¶±²¨ ú È>ê�ëU¯I¼4§�¨*Â.¯c¹�¹
Yk

±²¹�«�»²¹�¨�Âc»²¨\¹¢¯.»h¾
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Âc¨\©4¹¢º4´µ¼8¦�±²¨�©�±²¹Ë¼4§¢¨\¼f¨�§¢¦�±¶¨\©e«�»F¦�¨ 1

Yk
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çR�



½<lnm�lnm å Á Ó�f2e�� ��ÙnÁ Ó�� Á�� b�� Ò b+Ó2b Á�� b�djf ��� Ò Á Ó2b&f Ò b ��Á�� b�e�d��ÊhTÓ � Á f2eih�d
�1¯^¹¢º4¼4¼S¨\¹�¯�ëU¯.§�¯ä¦�ëe«�¦>¦�ë4¯ä¼4§�¨*Â.¯c¹�¹

Yk

±²¹>¦�ë4¯^¹�«�´A¯ä³O¨\§>«�»²»*«�ª�¯.©K¦�¹c·�¦�ëFº4¹Ë«�»²»*«�ª\¯c©F¦�¹D¹¢ëe«�§�¯ä¦�ë4¯
¹�«�´A¯I±²©U³O¨\§¢´�«l¦�±²¨�©�È>ê�ëU¯.©ô¯cÄFº4±¶Á�«�»¶¯.©4Âc¯�ö � È üKú ±²´A¼4»²±¶¯.¹Ç¦�ëe«�¦X«l¦�¯.ÄFº4±²»¶±²½4§¢±²º4´Ã·

Yk ≡ 1
ÈËê�ë4¯.§¢¯c³O¨\§¢¯

P
±¶¹ä¦�ëU¯ò§�±¶¹�°¬©4¯.º8¦�§�«�»,¼4§¢¨\½e«�½4±¶»²±h¦�¾¬´µ¯.«�¹�º4§¢¯�³O¨\§Ç¦�ë4¯�¹¢¦�§¢¨\©4ª�±¶©4¹�±¶­4¯.§¢¹�«�©4­

P̂ = Pνk
³O¨�§ä¦�ëU¯�®^¯.«�°

±¶©4¹�±¶­4¯.§¢¹.·
¦�ë4«�¦(±¶¹I¦�¨Ã¹�«Y¾�¦�ë4¯µ«�ª\¯c©K¦�¹tëe«YÁ\¯�©U¨Å¹¢±²­4¯y¿�±²©8³O¨\§�´µ«�¦�±¶¨\©�·�¨�§�¦�ë4¯.±¶§�¹�±²­U¯�¿�±¶©U³O¨\§¢´�«�¦�±²¨\©ô±²¹
±¶§�§¢¯.»²¯�Á�«�©K¦YÈ���©�¦�ë4±²¹AÂY«�¹�¯ô¨�³I©4¨ ¹¢±²­4¯y¿�±¶©U³O¨\§�´µ«�¦�±²¨\©�·Ë¦�ë4¯ô«�ª\¯.©K¦�¹µ­4¨ ©U¨�¦�´A¨PÁ\¯�·�«�©4­ Âc¨\©4¹�ºU´µ¯
¯yìU«�Âc¦�»¶¾�¦�ë4¯.±¶§�¯.©4­4¨P®�´A¯.©K¦�¹X­4±¶¹¢¦�§¢±²½4º8¦�¯.­�¨PÁ\¯c§

[0, A]
�ï³O¨\§�«�»²»

k
·

π̂k
∗ ≡ 0Rd

«�©4­
βĉk ≡

∫ A

0
β(s)εk(s)ds

A
.

¡��us r  3¢�¤�»¶±²©4°A®�±¶¦�ë�¦�ë4¯�Â.¨\©4¹¢º4´A¼U¦�±¶¨\©�´�«�§¢°�¯�¦�Â.»²¯.«�§�±¶©4ª�Â.¨�©4­4±¶¦�±²¨\©íö � È ç�ú È��©�¦�ëU¯IÂY«�¹¢¯	¨�³�¦�ëU¯t¼S¨\§�¦�³O¨\»¶±²¨(´µ«�§¢°�¯c¦XÂc»²¯Y«�§�±²©Uª�Â.¨\©4­U±¶¦�±¶¨\©�®�±¶¦�ë�©4¨µ¹¢±²­4¯I±¶©U³O¨\§¢´�«�¦�±²¨\©,·
K∑

k=1

ĉk(t) =

∫ A

0
β(s)(

∑K

k=1 εk(s))ds

β(t)A
t ∈ [0, A].

ê�ëU¯.§�¯�³O¨\§�¯I®ä¯	­U¨A©U¨�¦Xëe«YÁ\¯�ª\¯.©U¯.§�«�»²»¶¾µ¦�ë4¯�§¢¯.»ñ«l¦�±²¨�©íö � È ç�ú ·U½4ºU¦
∫ A

0

β(s)(

K∑

k=1

ĉk(s))ds =

∫ A

0

β(s)(

K∑

k=1

εk(s))ds.

ê�ëU±²¹X¯�ìU«�´A¼4»²¯	¹�ë4¨P®�¹�¦�ëe«�¦X¦�ë4¯	´�«�§¢°�¯�¦òÂ.»¶¯Y«�§¢±²©4ªôö � È ç�ú ±²¹�«�½4±h¦�¦�¨8¨A§�¯c¹¢¦�§�±²Â�¦�±hÁ\¯�·S¦�ë4¯c§�¯�³O¨\§�¯	±¶¦�±²¹�¢ºU¹¢¦�±hðe¯.­Ã«�©U­Å´A¨\§�¯I©4«�¦�º4§�«�»,¦�¨AÂc¨\©4¹¢±²­4¯c§�¦�ë4¯�¼f¨�§¢¦�³O¨�»²±²¨(´�«�§¢°�¯�¦�Â.»²¯.«�§�±¶©4ª�Â.¨�©4­4±¶¦�±²¨\©,È
%
¯�¦%º4¹�©4¨P® ³O¨*Â.º4¹%¨�© ¦�ë4¯�´µ¨\§¢¯�±¶©F¦�¯.§¢¯.¹¢¦�±²©4ªôÂY«�¹¢¯�®�ë4¯.§¢¯�¦�ë4¯�«�ª\¯.©K¦�¹�­4¨#©4¨�¦(ëe«YÁ\¯�¦�ë4¯�¹�«�´µ¯
±¶©U³O¨\§¢´�«�¦�±²¨\©,È

½<lnm�lGk � Á�� b�� Ò b+ÓYb Á�� b�d�f � Ò Á	� b Á����<� � b�f�ÓYe �/end!�zh�Ó � Á f2enh�d
ÀDb � � Á ½�lGkëê<}S¡*��  r £w£u��s ~ x�tb�Y}U£t�¸{!ËF|e�w�l ��us 
�� ÃY��t {�xi|e��¡�t²£��w�Y��}�x���¡��u}S¡*�l�.s��u}�xï  r x��w£ r  ���w�Y}U£ux r }�xg�Dxi|e�u}

K∑

k=1

ĉk ≡
K∑

k=1

εk ⇐⇒
K∑

k=1

π̂k
∗ ≡ 0Rd.

�  ��P�¸{c¤9� ¯ «�¹�¹¢º4´A¯ ¦�ëe«�¦ï¦�ë4¯�­4±²¹¢Â.¨\ºU©F¦�¯.­î¯.©4­4¨P®�´A¯.©K¦ §�«�¦�¯c¹`«�§�¯^Â.¨\©4¹�¦w«�©K¦�ö βεk ≡ ak

®�ëU¯.§�¯
ak

±¶¹�«¬¹�¦�§¢±²Âc¦�»¶¾�¼f¨\¹¢±¶¦�±¶Á\¯IÂc¨\©4¹�¦w«�©K¦ ú ·4¦�ë4¯c©
β(t)ĉk(t) = ak

Yk(t)

È
ê�ëFº4¹

K∑

k=1

ĉk ≡
K∑

k=1

εk ⇐⇒
K∑

k=1

ak

Yk

≡
K∑

k=1

ak ⇐⇒
K∑

k=1

π̂k
∗ ≡ 0Rd.

ç2�



2

E>±²§�¹�¦Y·4»¶¯c¦�º4¹�Âc¨\©4¹�±¶­4¯.§X¨\©4»h¾�¦�®ä¨�«�ª\¯.©K¦�¹X¨\©�¦�ë4¯Iðe©4«�©4Â.±²«�»�´µ«�§�°�¯c¦.È
Y1

¨�³>¦�ë4¯Iðe§�¹�¦ò«�ª�¯.©K¦X½f¯c±²©4ª
ª�±¶Á\¯c©�·e®�ëe«�¦X´%º4¹�¦�¹�«�¦�±¶¹¢³ ¾

Y2

¹¢¨µ¦�ëe«�¦�«�©Ã¯.ÄFº4±²»¶±²½4§¢±²º4´ Â.¨\ºU»²­Ã½f¯t«�Âwë4±¶¯cÁ�¯.­"� ÜËÄFº4±hÁ�«�»²¯.©UÂ.¯�ö � È üKú
¾*±¶¯.»²­U¹

ö � È �Fú
π̂1

∗ + π̂2
∗ ≡ 0Rd ⇐⇒ 1

Y2
≡ 1 +

∫ A

0
β(s)ε1(s)ds

∫ A

0
β(s)ε2(s)ds

(1 − 1

Y1
).

= ©Ã¦�ë4¯	¨\©4¯tëe«�©4­�·
Y2

´%º4¹�¦�½S¯(«A¼f¨�¹�±¶¦�±¶Á�¯	¼4§¢¨8Âc¯.¹¢¹.È = ©Ã¦�ë4¯	¨�¦�ëU¯.§Xëe«�©4­�·W¦�ëU¯(´A¨\§�¯t±²©U³O¨�§�´A¯.­
±¶¹ä¦�ë4¯�ðe§¢¹¢¦X«�ª\¯c©K¦Y·8¦�ë4¯ò½4±¶ª\ª\¯c§^±²¹ 1

Y1

«�©4­�¦�ë4¯c§�¯�³O¨\§�¯�¦�ë4¯ò´A¨\§�¯�©4¯.ªK«l¦�±¶Á�¯ò±²¹Ç¦�ë4¯�¼4§�¨*Â.¯c¹�¹
(1− 1

Y1

)
È

ê�ëFº4¹X®^¯tëe«YÁ\¯t¦�¨V)�Âc¨\º4©K¦�¯c§�½e«�»²«�©4Âc¯.­�)
(1 − 1

Y1

)
®�±¶¦�ëô«¬¹�´µ«�»¶» R A

0
β(s)ε1(s)dsR A

0
β(s)ε2(s)ds

¹¢¨A¦�ëe«�¦
Y2

§�¯c´�«�±¶©4¹
¹�¦�§¢±²Âc¦�»¶¾�¼S¨\¹¢±¶¦�±hÁ\¯�Èó��©K¦�º4±¶¦�±¶Á\¯c»¶¾�·W¦�ë4¯(½U±²ª\ª\¯c§ ∫ A

0
β(s)εk(s)ds

±¶¹.·W¦�ë4¯	´µ¨�§�¯t±²©17eºU¯.©K¦�±²«�»â«�ª\¯c©F¦
k
±²¹

¨�©µ¦�ëU¯�ðe©e«�©4Â.±²«�»W´�«�§¢°�¯�¦YÈËê�ë4±¶¹^±²¹ÇÂ.¨�ë4¯.§¢¯.©K¦�®�±¶¦�ëµ¦�ë4¯�¦�ë4¯.¨\§�¾A¨�³�¦�ëU¯�§�¯c¼4§�¯c¹�¯c©F¦�«�¦�±hÁ\¯�«�ª�¯.©K¦ä¦�ëe«�¦
®^«�¹I±¶©F¦�§�¨*­4º4Âc¯.­�½K¾���«�§�«�¦3�.«�¹�¯�¦t«�»bÈ û���ù�ÿ È�
 §�¯c¼4§�¯c¹�¯c©F¦�«�¦�±hÁ\¯A«�ª\¯c©K¦I±²¹I«�ð4Âc¦�±h¦�±¶¨\º4¹ò«�ª\¯.©K¦ò®�ë4¨
§¢¯.Âc¯.±¶Á�¯.¹�¦�ëU¯�¯.©4­4¨P®�´A¯.©K¦A¼4§�¨*Â.¯c¹�¹

ε
«�©4­9«�¦�¦�¯.´A¼U¦�¹%¦�¨�´�«lì8±¶´µ±G�.¯�ëU±²¹(¦�¨�¦w«�»ä¯�ì8¼S¯.Âc¦�¯.­ ºU¦�±¶»²±¶¦�¾

EP[
∫ A

0
U(t, c(t), Λ)dt|G0]

º4©4­U¯.§`¦�ë4¯�Â.¨�©4¹¢¦�§�«�±¶©F¦
EP[
∫ A

0
β(t)Y (t)(c−ε)(t)dt|G0] ≤ 0

ö
U
±²¹Ë¦�ë4¯

§¢¯.¼4§¢¯.¹¢¯.©K¦w«�¦�±¶Á�¯�«�ª\¯.©K¦��Ô¹�ºU¦�±²»¶±¶¦�¾#³Oº4©UÂc¦�±¶¨\© «�©U­ G0
±²¹(¦�ë4¯�Âc¨\´µ´A¨\©1±²©U³O¨\§¢´�«l¦�±²¨�©í¹¢ëe«�§¢¯.­ ½K¾�«�»¶»

«�ª\¯.©K¦�¹ä«�¦Ë¦�±²´A¯ þKú È.Ee¨\§`«�»²»
k = 1, · · · , K,

¦�ë4¯X§�¯.¼U§�¯.¹¢¯.©K¦w«l¦�±¶Á�¯ò«�ª�¯.©K¦ä«�¹�¹¢±²ª\©4¹`¦�¨I¦�ë4¯
k
¿�¦�ëµ«�ª\¯c©K¦

¦�ë4¯�®^¯c±²ª\ëK¦
Λk

È#
�Â�¦�ºe«�»¶»¶¾�·
Λk = λ−1

k

ö<º4¼Å¦�¨�«A´%º4»h¦�±²¼U»²±²Â.«�¦�±hÁ\¯òÂc¨\©4¹�¦w«�©K¦Y·SÂc³ û}ç�øPÿ ú ·S®�ë4¯c§�¯
λk

±²¹
¦�ë4¯N%â«�ª\§�«�©4ª\¯I´%º4»h¦�±¶¼4»²±¶¯.§Ç¨�³ï«�ª\¯.©K¦

k
ÈD��©�¦�ë4¯�Â.«�¹�¯�¨�³>»²¨\ª\«�§�±h¦�ë4´A±²ÂXºU¦�±¶»²±h¦�¾

Λk = (λk)
−1 =

EP

(∫ A

0
β(s)εk(s)ds

)

Aê�ëU¯.§�¯�³O¨\§�¯�·
¦�ë4¯¬´A¨\§�¯�±¶©U³O¨\§�´A¯.­#«�© «�ª\¯.©K¦�±²¹c·�¦�ë4¯¬»¶¯.¹�¹I®ä¯.±¶ª\ëK¦�ë4¯¬´%º4¹¢¦tëe«YÁ�¯A±¶©�¦�ë4¯�ðe©e«�©4Â.±²«�»
´µ«�§¢°�¯c¦òö<Âc¨\´A¼e«�§�«l¦�±¶Á�¯.»h¾(¦�¨t¦�ë4¯X¨�¦�ë4¯.§¢¹^«�ª�¯.©K¦�¹ ú ¹�¨t¦�ëe«l¦�«�©A¯.ÄFº4±¶»²±¶½4§�±¶º4´ Âc¨\º4»²­µ½f¯�«�Âwë4±¶¯cÁ�¯.­MöOÂc³�È
¹¢¯.Â�¦�±²¨�© � È ü ³O¨\§�¯yìU¼U»²±²Âc±¶¦�Â.«�»²Âcº4»²ºU¹�«�©4­Ã¹�±²´(º4»ñ«�¦�±²¨\©U¹ ú È
óä¯.¹�±¶­4¯.¹c·K¦�ë4¯�´A¨\§�¯�¯c©4­4¨P®�´A¯.©K¦�«�©A±¶©4¹�±¶­4¯.§Ë±¶©KÁ\¯.¹�¦�¹`¨\©µ«òðe©e«�©4Âc±ñ«�»U´�«�§¢°�¯�¦Y·\¦�ëU¯X´A¨\§¢¯�«�½4©4¨�§�´µ«�»
­U¯cÁ*±ñ«�¦�±²¨\©U¹�ë4¯I®�±²»²»,±²©4­4ºUÂ.¯�¨\©�¦�ë4±¶¹X´µ«�§¢°�¯c¦.·W«�©4­�¦�ë4¯c§�¯�³O¨\§�¯I¦�ëU¯	´A¨\§�¯IëU¯t§¢±²¹¢°*¹�¦�¨¬½S¯�­4¯c¦�¯.Âc¦�¯.­�È
Eeº4§�¦�ë4¯c§�´A¨\§�¯�·\¦�ë4¯X«�½U©4¨\§�´µ«�»4¹�¦�§�«�¦�¯cª\±²¯c¹Ç¨�§Ë­4¯cÁ*±ñ«l¦�±²¨�©4¹Ë±²©4­Uº4Â.¯c­�½K¾A«�©¬±²©4¹¢±²­4¯c§Ç«�§�¯�«�¹`½4±¶ªt«�¹`ë4±²¹
¹¢±²­4¯y¿�±¶©U³O¨\§�´µ«�¦�±²¨\©¬±²¹^±²´A¼f¨\§�¦w«�©K¦.ÈDê�ëFº4¹X«%®^¯c»²»h¿�±²©U³O¨�§�´A¯.­µ«�ª\¯.©K¦�®ä¨\º4»¶­�½f¯ò®ä¯.»¶»
«�­UÁ*±²¹¢¯.­�¦�¨A°�¯.¯c¼
ëU±²´A¹�¯.»h³âº4©4¨\½8¦�§�ºU¹�±¶Á�¯t«�©4­Ã±²©KÁ\¯c¹¢¦�«�¹�´µ«�»²»f¼e«�§¢¦�¨�³Dë4±¶¹�¯.©4­U¨�®�´A¯.©K¦�¨\©�¦�ë4¯I´µ«�§¢°�¯c¦(öO¹�¯.¯�¹¢¯.Âc¦�±²¨\©
� È üKú È
åNÓ2h � h � eif2eih�d ½<lG�ëê�}S¡*��  r £w£u��s ~ xntb�Y}U£Ã�¸{(ËF|e�w�l ��us 
�� ÃY�;t { Yk

�
k = 1, · · · , K − 1

�¸{!xi|e�
(K − 1)

�` �£ux r y*�u}�x £ r  ���y�tg���u}1�.xg|e�� ��Nt²£ r } �:����tgw�tnv. Utg��s � t � � � ∑K

k=1 π̂k
∗ ≡ 0Rd)

t { r }S¡��Y}�w��t {
{ ∑K−1

k=1 ak(1 − 1
Yk

) > −1.
1

YK
= 1 +

∑K−1
k=1 ak(1 − 1

Yk
).

�  ��P�¸{c¤���¦�±²¹�«¬¹¢¦�§�«�±¶ª\ëK¦�³O¨\§�®�«�§�­Ã«�¼4¼4»¶±²Â.«�¦�±¶¨\©�¨�³>¯.ÄFº4±hÁ�«�»²¯c©4Â.¯µö � È üKú È 2
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÷ ©zá ø@ù�ú�²¸û¸²¸üX¬®²¸úOº ýþ²Êµ�ÿ ­�µ�ÿ�°F¬ ­$#Xµ�²-º¼²�%j»�µ1²¸­D¶&#X¬®­.üOû¸°<º¼±

 ¹�±¶´µ±¶»ñ«�§Ç®^¨\§¢°�ÂY«�©Å½f¯t­4¨\©U¯t®�±h¦�ëÃ¨�¦�ë4¯c§�¨�¼U¦�±¶´µ±G�Y«�¦�±²¨\©µ¼4§�¨\½U»²¯.´A¹.È
� ¯�ðe©4­Å±¶¦X±²©K¦�¯.§�¯c¹¢¦�±²©4ª

¦�¨A®�§¢±¶¦�¯(«A¹�ë4¨\§�¦�¼4«�§�«�ª�§�«�¼4ëÅ¨\©Å¦�ë4¯.´ ½S¯.Â.«�º4¹�¯�·�«�»h¦�ë4¨�º4ª\ë�¦�ë4¯t¦�ë4¯c¨\§¢¾Ã§¢¯.´µ«�±²©4¹�¦�ë4¯	¹�«�´A¯�·W¦�ë4¯
¹¢±²´%ºU»ñ«�¦�±²¨\©µ¼e«�§¢¦X±¶¹�¹�¨\´A¯c¦�±²´A¯.¹�´A¨\§�¯ò¦�¯.Âwë4©U±²ÂY«�»b·e«�¹�®ä¯I®�±²»²»,¹�¯.¯�È
E>±²§�¹�¦Y·
®ä¯µÂ.«�© Âc¨\©4¹�±¶­4¯.§�¦�ëU¯A¼U§�¨\½4»¶¯.´ Âc¨\©4¹�±¶¹¢¦�±²©4ª�±²©í¨\¼U¦�±²´A±	�c±²©4ª�½S¨�¦�ë1Âc¨\©4¹�ºU´µ¼U¦�±²¨\©1«�©4­M¦�¯c§�¿
´A±²©4«�»^®ä¯Y«�»h¦�ë öO¨\§¬§�¯c¹�¼S¯.Âc¦�±¶Á�¯.»¶¾ ¦�¯.§�´A±²©4«�»�®^¯.«�»¶¦�ë ¨�©4»¶¾ ú ·ä®�±¶¦�ë «�© ±²©4±h¦�±ñ«�»ä®ä¯Y«�»h¦�ë

Xk(0)
«�©U­

©U¨�¯.©4­4¨P®�´A¯.©K¦YÈä��©#¦�ë4¯�Â.«�¹�¯¬¨�³ä«�»²¨�ªK«�§�±h¦�ë4´A±²Â�ºU¦�±²»¶±¶¦�¾\·S½K¾#º4¹¢±²©4ª�¹¢±²´A±²»ñ«�§X´A¯c¦�ë4¨*­4¹I«�¹ò³O¨\§�¦�ë4¯
Âc¨\©4¹¢º4´µ¼8¦�±²¨�©Ã¨�¼U¦�±¶´µ±G�Y«�¦�±²¨\©A¼4§�¨�½4»²¯c´Å·U®ä¯�¹�ë4¨P®n¦�ëe«�¦�¦�ë4¯�¨\¼U¦�±¶´�«�»,¼S¨\§¢¦¢³O¨\»²±¶¨(±²¹�ª�±¶Á\¯c©Å½K¾

β(t)π̂k
∗(t)σ(t) =

β(0)Xk(0)(1 + A − t)

A + 1

1

Yk(t−)
l∗k(t)

(
§¢¯.¹¢¼f¯cÂc¦�±hÁ\¯c»¶¾

β(t)π̂k
∗(t)σ(t) = β(0)Xk(0)

1

Yk(t−)
l∗k(t). )

ê�ëFº4¹c·W±²©4¹�¦�¯Y«�­Ã¨�³D¯cÄ*ºU±¶Á�«�»²¯c©4Â.¯µö � È ü\ú ·U®ä¯	ë4«PÁ�¯

ö � È �\ú K∑

k=1

π̂k
∗ ≡ 0Rd ⇐⇒

K∑

k=1

Xk(0)

Yk(t)
=

K∑

k=1

Xk(0) t ∈ [0, A].

"X¯.§¢¯�¦�ë4¯�®^¯c±²ª\ëK¦X¨�³D«�ª\¯.©K¦
k
±²©�¦�ëU¯	´µ«�§�°�¯c¦�±¶¹

Λk = β(0)Xk(0)
A+1

öO§�¯.¹¢¼f¯cÂc¦�±¶Á\¯c»¶¾
β(0)Xk(0)

ú ·U¦�ë*ºU¹
ëU±²¹�®^¯c±²ª\ëK¦�±²¹A¼4§�¨\¼S¨\§�¦�±²¨�©e«�»^¦�¨ ë4±¶¹µ±¶©4±¶¦�±ñ«�»Ç®^¯.«�»¶¦�ë�È ��©�¦�ëU±²¹¬¹�¯�¦�¦�±¶©4ª4·�¹¢±²´A±²»²«�§%§�¯c¹�º4»h¦�¹µÂY«�© ½f¯
¼U§�¨PÁ\¯c©�·e®�±¶¦�ë

Xk(0)
±¶©4¹¢¦�¯Y«�­�¨�³ ∫ A

0
β(s)εk(s)ds

È
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(t) +
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0
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Yk
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+
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+
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∫ t

0

1

Yk

(s)ds
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K∑
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È
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:
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:
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r(t) = 0.02
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È
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

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0.1


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σ(t) =




−0.4 −0.1 −0.15 0.17
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0.048 −0.12 0.1 −0.12
0.075 0.26 0.31 −0.28


 ∀t ∈ [0, T ],
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±²¹�»²«�§�ª\¯c§µöE«�©4­í¦�ë4¯c© ¦�ëU¯�´µ«lì8±²´µ«�»D§�«�¦�±¶¨Å¹¢´�«�»¶»²¯c§ ú ±²©M¦�ëU¯�ÂY«�¹�¯�¨�³�¦�ë4¯A¼4§¢¨\ª\§�¯c¹�¹¢±¶Á\¯
¹�¦�§¢¨\©4ªô±¶©U³O¨\§¢´�«�¦�±²¨\©9öO±²©U³O¨�§�´µ«�¦�±¶¨\© üKú ¦�ëe«�©1±²©í¦�ë4¯µÂY«�¹¢¯�¨�³�¦�ë4¯A±²©4±h¦�±ñ«�»ï¹¢¦�§�¨\©4ªÅ±²©U³O¨�§�´µ«�¦�±¶¨\© ç È
ê�ëU±²¹�ÂY«�©Å½f¯�¯yìU¼U»ñ«�±¶©4¯.­Ã½K¾�¦�ë4¯�³<«�Âc¦�¦�ëe«�¦�³O¨\§�¦�ë4¯t±²©8³O¨\§�´µ«�¦�±¶¨\© ç ·4¦�ë4¯t±²©4¹¢±²­4¯c§�°*©U¨�®�¹�«�©Ã¯cÁ\¯c©K¦
¦�ëe«�¦�¨*Â.Âcº4§�¹�®�±¶¦�ë3« ¼S¨\¹¢±¶¦�±hÁ\¯�¼4§¢¨\½e«�½U±²»²±h¦�¾\·�®�ë4¯c§�¯Y«�¹Ã³O¨\§�¦�ë4¯M±²©U³O¨�§�´µ«�¦�±¶¨\© ü ·X¦�ë4¯M¯�Á\¯.©K¦Å¦�ë4¯
±¶©4¹�±¶­4¯.§ä°F©4¨P®�¹(öO±²©�«%­U±²¹¢¦�º4§�½S¯.­�®^«Y¾ ú ¨*Â.Âcº4§�¹�®�±h¦�ë�«%¼U§�¨\½e«�½4±²»¶±¶¦�¾A¯.ÄFºe«�»f¦�¨V�c¯.§�¨UÈWEeº4§�¦�ë4¯c§�´A¨\§�¯�·
¦�ë4¯Ç¼4§�¨*Â.¯c¹�¹�¯c¹ 1
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«�§¢¯ä»²«�§�ª\¯c§
±²©�¦�ë4¯ä¼4º4§¢¯.»¶¾�­U±G5fº4¹�±hÁ\¯`´�«�§�°�¯�¦>¦�ëe«�©	±²©�¦�ë4¯Ç­4±G5fº4¹¢±¶Á\¯y¿G�¢º4´A¼t´�«�§¢°�¯�¦Y·
¯c¹�¼S¯.Âc±ñ«�»¶»¶¾%³O¨\§`¦�ëU¯�±¶©U³O¨\§�´µ«�¦�±²¨\©4¹ � «�©4­ ü ®�ë4¯c§�¯�¦�ë4¯�±¶©4¹�±¶­4¯.§¢¹ä°F©4¨P®3«�©µ¯cÁ\¯c©K¦�¦�ëe«l¦�¨*Â.Â.ºU§�¹ä®�±h¦�ë
«A¼4§�¨�½e«�½4±¶»²±¶¦�¾�¯.ÄFºe«�»�¦�¨!�.¯.§¢¨4Èó��©4­4¯.¯c­�·�±¶©ô½S¨�¦�ëÃ¦�ë4¨\¹¢¯(Â.«�¹�¯c¹.·,¦�ë4¯(¹¢±²­4¯y¿�±²©8³O¨\§�´µ«�¦�±¶¨\©�»²¨�¹�¯.¹X¹�¨�´µ¯
¨�³D±h¦�¹�§�¯c»²¯�Á�«�©4Â.¯�±¶³>«X�¢º4´A¼�¨8ÂcÂ.º4§¢¹X½S¯c¦�®ä¯.¯c©

A
«�©4­

T
È

�1¯^©U¨�¦�±¶Â.¯`¦�ëe«�¦�¦�ëU¯^´µ«lì8±²´µ«�»\§�«l¦�±²¨X­4¯c¼f¯c©4­4¹ï¨\©	¦�ë4¯ä¨\¼U¦�±¶´µ±G�Y«�¦�±²¨\©I¼U§�¨\½4»¶¯.´A¹â¨�³e½S¨�¦�ë�«�ª\¯.©K¦�¹cÈ4��¦
±¶¹
¹�´µ«�»²»¶¯.§�±h³U¦�ë4¯`±²©4¹¢±²­4¯c§�´µ«lì8±²´A±	�c¯.¹�¨�©4»¶¾IëU±²¹�¦�¯c§�´A±²©e«�»�®^¯.«�»¶¦�ë�·�«�©4­(»²«�§�ª�¯.§
±¶³8ë4¯`´µ«lì8±²´A±	�.¯c¹
¨\©4»h¾
ëU±²¹IÂ.¨�©4¹�º4´A¼U¦�±²¨\©�ÈI��©KÁ\¯c§�¹¢¯.»¶¾�·D±h¦�±²¹I»ñ«�§�ª\¯c§I±¶³`¦�ë4¯A¹�¯cÂ.¨\©U­�«�ª\¯c©K¦	´µ«lì8±²´A±	�c¯.¹ò¨�©4»¶¾ôë4±²¹I¦�¯c§�´A±²©e«�»
®ä¯Y«�»¶¦�ë,·e«�©4­Ã¹�´µ«�»²»¶¯.§ä±¶³>ë4¯�´�«lì8±¶´µ±G�.¯.¹ä¨\©4»h¾�ë4±¶¹XÂc¨\©4¹¢º4´µ¼8¦�±²¨�©�È

) ë ø øÅð+*

,9©-ª «�¬®­Í­D¹8­D¹.-�ÿ�°�­.¬1°<º ¨#© /
�1¯Ãº4¹�¯Å¹�±²´A±²»²«�§%«�§�ª\º4´A¯.©K¦�¹�«�¹A¦�ë4¨�¹�¯Ã¨�³�ÆË§�¨\¼S¨\¹¢±¶¦�±¶¨\© ç ¨�³tÀ^¨\§�Âcº4¯.§�«1¯�¦�«�»EÈ ö ��þ\þ��Fú�û}çPþlÿ ¦�¨
ª�¯.©4¯c§�«�»¶±	�.¯Ã¦�ë4¯c±²§�§¢¯.¹¢º4»¶¦�±¶© ¦�ë4¯�Â.«�¹�¯�¨�³t¨\ºU§�´µ±}ì8¯.­ ­4±65,º4¹¢±¶Á�¯�¿G�¢ºU´µ¼4¹�´µ¨*­4¯.»EÈ���©3¼4«�§¢¦�±²Â.ºU»ñ«�§c·
®ä¯�©4¯c¯.­ ¦�¨ô¯�ì8¼4»²±¶Â.±h¦	¦�ë4¯�¼4§¢¨8¨�³�½S¯.Â.«�º4¹¢¯�¨�³�¦�ë4¯��¢º4´µ¼U¹�«�©4­ ¦�¨�¯�ì8¼4»¶±²Â.±h¦	¦�ë4¯�³O¨\§¢´%º4»²«Ã³O¨\§t¦�ë4¯
Âc¨\´A¼f¯c©4¹�«�¦�¨\§�³O¨\§�¦�ë4¯�¼f¨\±¶©K¦�¼4§�¨*Â.¯c¹�¹cÈ
%
¯�¦

q ∈ N∗ «�©4­ s1 ≤ · · · ≤ sq ≤ s < t
È
%â¯�¦

C ∈ Fs

«�©U­
h
«�½S¨\º4©4­U¯.­ô´A¯Y«�¹�º4§�«�½4»²¯ò³OºU©4Âc¦�±²¨\©

¨�©
Rq
Èä¥8¯�¦

H = h(Lk(s1), · · · , Lk(sq))
È
LX¹�±²©Uª!%
¯c´µ´µ« ü È � ³O¨�§�¦�ë4¯�¹�¯cÂ.¨\©U­ô¯.ÄFºe«�»²±¶¦�¾�·U®ä¯	ª\¯�¦

EP [(Wt − Ws) ICH|Bk(s1) = b1, · · · , Bk(sq) = bq]

= EP [(Wt − Ws) ICh (hk (Lk, b1) , · · · , hk (Lk, bq))]

= EP

[
ICh (hk (Lk, b1) , · · · , hk (Lk, bq))

∫ t

s

αk(u, Lk)

pk(u, Lk)
du

]

= EP

[
ICH

∫ t

s

αk(u, Lk)

pk(u, Lk)
du|Bk(s1) = b1, · · · , Bk(sq) = bq

]
.

ê>«�°F±²©UªA¯yì8¼f¯cÂc¦w«l¦�±²¨�©�®�±h¦�ë�§�¯c¹�¼S¯.Â�¦�¦�¨
(Bk(s1), · · · , Bk(sq))

¾8±¶¯.»¶­4¹

EP [(Wt − Ws) ICH] = EP

[
ICH

∫ t

s

αk(u, Lk)

pk(u, Lk)
du

]
.

ê�ëU¯.§�¯�³O¨\§�¯
W (·) −

∫ ·
0
ρk

1(s)ds
±²¹ò«µÂ.¨\©K¦�±¶©Fº4¨\º4¹

(Gk
A, P)

¿�»²¨*ÂY«�»
´µ«�§¢¦�±²©4ª\«�»²¯�È#%<J�ÁF¾j�ý¹IÂwëe«�§�«�Âc¦�¯.§¢±h¿
�.«�¦�±¶¨\©Å¦�ë4¯.¨�§�¯.´ ±²´A¼4»¶±²¯.¹�¦�ëe«�¦

W (·) −
∫ ·
0
ρk

1(s)ds
±¶¹ò«

(Gk
A, P)

¿�óä§�¨P®�©4±ñ«�©ô´A¨�¦�±¶¨\©�ÈXê�ë4¯%¹�«�´µ¯
¼U§�¨*Â.¯Y«�­4±²©4ª%®�±h¦�ë

N
±²©4¹�¦�¯.«�­�¨�³

W
¾*±²¯.»¶­

EP [(Nt − Ns) ICH] = EP

[
ICH

∫ t

s

κ(u).

(
In +

βk(u, Lk)

pk(u−, Lk)

)
du

]
.

��þ



ê�ëFº4¹
N(·) −

∫ ·
0
(κ.ρk

2)(s)ds
±²¹�«

(Gk
A, P)

¿�»²¨*ÂY«�»â´µ«�§¢¦�±²©4ª\«�»²¯t«�©4­�ê�ëU¯.¨\§¢¯.´ � ¼,È ��� ±²© û��lÿ ±²´�¿
¼U»²±²¯c¹D¦�ë4«�¦

N(·)−
∫ ·

0
(κ.ρk

2)(s)ds
±²¹Ë¦�ë4¯�Âc¨\´µ¼S¯.©U¹�«�¦�¯.­A¼4§�¨*Â.¯c¹�¹Ç¨�³�«

(Gk
A, P)

¿�¼S¨\±²©K¦Ë¼U§�¨*Â.¯.¹¢¹Ç®�±h¦�ë
±¶©K¦�¯.©U¹�±¶¦�¾
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,9©zá ø@ù�ú�²¸û¸²¸üX¬®²¸úOº
��©#¦�ë4±²¹�¹�±²´(º4»ñ«�¦�±²¨\©,·

a = 0.6
·
b = 1.2

·
P1(T ) = 0.3666

È�ê�ë4¯�±¶©4±¶¦�±ñ«�»
®ä¯Y«�»h¦�ë�¨�³`¦�ëU¯%¦�®^¨�ðe§¢¹¢¦
«�ª\¯.©K¦�¹I±¶¹I¯.ÄFºe«�»ï¦�¨ ç È%ê�ë4¯�¦�ë4±²§¢­M«�ª\¯.©K¦tëe«�¹�«�Âc¨\©4¹¢¦�«�©K¦t­4±²¹¢Â.¨\º4©K¦�¯.­í¯.©4­4¨P®�´A¯.©K¦t¯.ÄFºe«�»ï¦�¨ ç È
Â�³�Èïðeª\º4§¢¯.¹ ç · � · ü ·W«�©4­ � È
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Âc¨\§�§¢¯.¹�¼S¨\©4­U¹�¦�¨ ¦�ë4¯M¨\¼U¦�±²´A±	�.«�¦�±¶¨\©
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³O¨\§ä¦�ë4¯I±¶©4¹�±¶­4¯.§�«�©4­�©Fº4´%½S¯.§

k
³O¨\§^¦�ë4¯I¹�¯cÂ.¨\©U­ô«�ª�¯.©K¦YÈ��1¯�«�»²¹¢¨�ëe«YÁ\¯�¹�±¶´%º4»²«�¦�¯c­�¦�ë4¯

¼U§�¨*Â.¯.¹¢¹ 1
Y

³O¨\§�¯Y«�Âwëô¹�±¶­4¯I±²©8³O¨\§�´µ«�¦�±¶¨\©�È

ÂFlG�Flnm 0ÍeiÓ � f � e �?��ÙnÁ f2enh�d2143�e65 ��� e � b87�9 ��� � � Á Ó2ðTb�f�:<;

P1(T ) = 0.8083
·

ln(P1(T )) − ln(P2(T )) = −0.2986
È Â�³�È`ð4ª\º4§�¯c¹ � «�©4­ ù È

±²©8³O¨\§�´µ«�¦�±¶¨\© ¨\¼8¦�±²´A±	�.«�¦�±¶¨\©
�g� ç2� ü�� �8ç üUç çPü ��ü

±²©8³O¨ ç þ È ø�þ\÷�� � È ù\þ���� ç È ����÷�� þ È þ\÷�ù�� þ È ç2��ù�ù � È ��ù���ù þ È �4ç�ç�ø
±²©8³O¨ � þ È �8ç\ç�� ç È ��þ\ù�ù þ È üKø*çR� þ È þ��*ç2� þ È þ\üKø>� þ È �\ù\ù8ç þ È ç2��þKø
±²©8³O¨ ü þ È ü\ü��Kü � È ø\ø\ø�ü þ È ��÷�ùKø þ È þ\ü�÷�� þ È þ\ù���þ ç È �����8ç þ È ç����\÷
±²©8³O¨ � �8ç È ���\ü�ü ��� È ù\ü���� ù\÷ È ÷���ü\÷ ç È üUçYù\ü ç È �8ç2��ü ø�þ È ü���ù�� çPþ È ø�þ�÷\ù

ÂFlG�FlGk =Sb>��h�d!3 � e �_��ÙiÁ f2eihjd21 �^� Ó2b Ù�� 3^e�5 �^� e � b �(Á Ó2ð�b�f�:?;

P1(T ) = 2.2397
·

ln(P1(T )) − ln(P2(T )) = 0.7127
È Âc³�Èïðeª\ºU§�¯.¹ ø «�©4­ � È

±²©8³O¨\§�´µ«�¦�±¶¨\© ¨\¼U¦�±²´A±	�.«�¦�±¶¨\©
�g� ç2� ü�� �8ç üUç çPü ��ü

±²©8³O¨ ç þ È ��þ\üKø þ È �Kø�÷Uç þ È ù��Kþ�� þ È çP÷\÷�ù þ È ���>��� þ È ø�þ8çP÷ þ È ü��
±²©8³O¨ � þ È þ\þ\÷�� þ È çPþ\þ�� þ È þUçPù�� ù È �Uç2��� ¯y¿ � þ È þ�þUç2� þ È þ���÷�� þ È þ�þ��
±²©8³O¨ ü þ È þ��Kþ�� þ È çPþ��\þ þ È þ���÷Kø þ È þ\þ\ù�÷ þ È þ8ç\ç�ø þ È þ���þ\ù þ È þ���ù\ù
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