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ABSTRACT. We investigate the effect of the anisotropy of a harmonic trap on
the behaviour of a fast rotating Bose-Einstein condensate. This is done in the
framework of the 2D Gross-Pitaevskii equation and requires a symplectic reduction
of the quadratic form defining the energy. This reduction allows us to simplify
the energy on a Bargmann space and study the asymptotics of large rotational
velocity. We characterize two regimes of velocity and anisotropy; in the first one
where the behaviour is similar to the isotropic case, we construct an upper bound:
a hexagonal Abrikosov lattice of vortices, with an inverted parabola profile. The
second regime deals with very large velocities, a case in which we prove that the
ground state does not display vortices in the bulk, with a 1D limiting problem. In
that case, we show that the coarse grained atomic density behaves like an inverted
parabola with large radius in the deconfined direction but keeps a fixed profile
given by a Gaussian in the other direction. The features of this second regime
appear as new phenomena.
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1. INTRODUCTION

Bose-Einstein condensates (BEC) are a new phase of matter where various as-
pects of macroscopic quantum physics can be studied. Many experimental and
theoretical works have emerged in the past ten years. We refer to the monographs
by C.J.Pethick-H.Smith [I7], L.Pitaevskii-S.Stringari [18] for more details on the
physics and to A.Aftalion 2] for the mathematical aspects. Our work is motivated
by experiments in the group of J.Dalibard [I4] on rotating condensates: when a
condensate is rotated at a sufficiently large velocity, a superfluid behaviour is de-
tected with the observation of quantized vortices. These vortices arrange themselves
on a lattice, similar to Abrikosov lattices in superconductors [I]. This fast rotation
regime is of interest for its analogy with Quantum Hall physics [5, 9] 21].

In a previous work, A.Aftalion, X.Blanc and F.Nier [3] have addressed the math-
ematical aspects of fast rotating condensates in harmonic isotropic traps and gave
a mathematical description of the observed vortex lattice. This was done through
the minimization of the Gross-Pitaevskii energy and the introduction of Bargmann
spaces to describe the lowest Landau level sets of states. Nevertheless, the ex-
perimental device leading to the realization of a rotating condensate requires an
anisotropy of the trap holding the atoms, which was not taken into account in [3].
Several physics papers have addressed the behaviour of anisotropic condensates un-
der rotation and its similarity or differences with isotropic traps. We refer the reader
to the paper by A.Fetter [§], and to the related works |16 19, 20]. The aim of the
present article is to analyze the effect of anisotropy on the energy minimization and
the vortex pattern, and in particular to derive a mathematical study of some of
Fetter’s computations and conjectures. Two different situations emerge according to
the values of the parameters: in one case, the behaviour is similar to the isotropic
case with a triangular vortex lattice; in the other case, for very large velocities, we
have found a new regime where there are no vortices, and a full mathematical anal-
ysis can be performed, reducing the minimization to a 1D problem. The existence
of this new regime was apparently not predicted in the physics literature. This
feature relies on the analysis of the bottom of the spectrum of a specific operator
whose positive lower bound prevents the condensate from shrinking in one direction,
contradicting some heuristic explanations present in [8]. Our analysis is based on
the symplectic reduction of the quadratic form defining the Hamiltonian (inspired
by the computations of Fetter [§]), the characterization of a lowest Landau level
adapted to the anisotropy and finally the study of the reduced energy in this space.

1.1. The physics problem and its mathematical formulation. Our problem
comes from the study of the 3D Gross-Pitaevskii energy functional for a fast rotating
Bose-Einstein condensate with NV particles of mass m given by

g3aN

(1.1) Eapr(9) = (Ho, @) r2r3) + T|’¢Hi4(ma)7
where the operator H is
1
(1.2) H = %(h2D§+h2D§+h2D§) - %( 20+ wiy? +wiz?) — QxzhDy —yhD,),

where h is the Planck constant, D, = (2i7)'0,, w; is the frequency along the j-axis,
(2 is the rotational velocity, and the coupling constant gs, is a positive parameter.
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In the particular case where w, = w,, the fast rotation regime corresponds to
the case where (2 tends to w, and the condensate expands in the transverse di-
rection. It has been proved [4] that the minimizer can be described at leading
order by a 2D function ¥ (x,y), multiplied by the ground state of the harmonic
oscillator in the z-direction (the operator h?/(2m)D? + mw?2%/2), which is equal
to (2mw,h~1)/4emmwsh""2* This property is still true in the anisotropic case if
wy K w,. The reduced 2D energy to study is thus

924N

(1.3) E(W) = (Ho), V) 2wy + T"w“4L4(R2)7
where the operator H, is
1
(1.4) Ho = —(h*D2 + h2D2) + = (w22 + w2y?) — Q(xhD, — yhD,),

2m 2
and the coupling constant go4 takes into account the integral of the ground state in
the z-direction:

h2
(1.5) g2aN = g—, where ¢ is dimensionless (and > 0).
m

Since h has the dimension energy x time, it is consistent to assume that the wave
function ¢ has the dimension 1/length, with the normalization 4[| 2g2) = 1. We
define the mean square oscillator frequency w, by

W = 562+ )
and the function u by
(1.6) Y(z,y) = h’l/zml/%&/zu(h’l/zmlﬂwiﬂaﬁ, h’l/zmlﬂwi/zy),
so that
lullz2@e) = 1Wll2@e) =1, gaaN 1Y [|74(ge) = ghewi]uage)-

We also note that the dimension of h*1/2m1/2w1/2 is 1/length, so that

_ 1/2 _ 1/2 . .
1 =h 1/2m1/2wL/ x, To=nh 1/2m1/2w1 y, u(zy,x2) are dimensionless.

Assuming w? < wz, we use the dimensionless parameter v to write

wy=(1=vwi, wy=(1+v")wi,

and we get immediately

1 1 1 1 1
mg(@b) = 5||D1UH%2(R2)+§HD2UH%Z(R2)+§(1—V2)”5’31U||2L2(R2)+§(1+V2)||$2UH%2(R2)
Q 9,14
- E<($1D2 — 2o D1)u, u) p2(m2) + §HUHL4(R2)'
Finally, we have
1 ) g 4
(1.7) mg(iﬁ) = Egp(u) = (Hu,u) + Zllullzage),

(1.8) 2H =D} + D3+ (1 — 1) + (1 +v%)25 — 2w(v1 Dy — 13Dy), w=—,
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where w, v, u, g are all dimensionless and ||u|| 2r2) = 1. The minimization of this
functional is the mathematical problem that we address in this paper. The Euler-
Lagrange equation for the minimization of Egp(u), under the constraint ||ul 22y =
1,1is

(1.9) Hu + glu|*u = \u,

where ) is the Lagrange multiplier. We shall always assume that Q? < w? i.e.
w? + 1v? <1 and define the dimensionless parameter ¢ by
(1.10) Wttt =1
The fast rotation regime occurs when the ratio Q2/w? tends to 1_, i.e. € tends to 0.
Summarizing and reformulating our reduction, we have
(1.11) E . g 4q

. GP(U) - §<qw,y,€u7 u>L2(R2) + 5 - ‘u| xz,

where q, .. 15 the quadratic form

(112)  Guue(r, 2,61, 60) = & + & + (1 = v)af + (1 +v7)25 — 2w(2:& — 2261),
which depends on the real parameters w,v,e such thaﬂ (L.10) holds. Here g, . is
the operator with Weyl symbol q,, ¢, that 1s:

(1.13) Qoppe = D? + D3+ (1 —v)a? + (1 4+ v*) 2l — 2w(z Dy — 23Dy),

where D; = 0;/(2im). We would like to minimize the energy Eqp(u) under the
constraint ||u||zz = 1 and understand what is happening when ¢ — 0.

1.2. The isotropic Lowest Landau Level. When the harmonic trap is isotropic,
i.e. when v = 0, it turns out that, since w? +¢% =1,

(1.14) 4= Qoo = (&1 +waa)? + (& — way)? + (2] + 23)
so that
1 ~ 2 ¥ 2 € 2, 9 4
Egp(u) = S[[(D1 +wr2)Y) +i(Dy — wry)ull” + —|lull” + S llzful]” + 5 [ [ul dz.
2 2 2 2
We note that, with z = z1 + 129,
1 - 1 -
Dy + wxo +i(Dy —wzy) = —0 —iwz = —(0 + mwz),
i i

hence the first term of the energy is minimized (and equal to 0) if u € LLL -1,
where

(1.15)  LLL,-1 = {u € L*(R?),u(z) = f(2)e ™} = ker(8 + mwz) N L*(R?),

with f holomorphic. We expect the condensate to have a large expansion, hence the
term [ |ul* to be small. Thus, it is natural to minimize the energy Egp in LLL, 1.
It has been proved in [4] that the restriction to LLL -1 is a good approximation

LOf course there is no loss of generality assuming that e, v are nonnegative parameters; we may
also assume that w > 0, since the change of function u(zy, xs) — u(—2x1, x2) preserves the L*-norm,
is unitary in L?, corresponding to the symplectic transformation (1, zo,&1,&2) — (=21, T2, —&1, &2)
and leads to the same problem where w is replaced by —w.
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of the original problem, i.e. the minimization of Egp in L?*(R?). We get for u €
LLL,, ||ul|z2 =1,

w

2
ot Slalal? + 4 [ jupas

1 :
EGP(U) = §||\(D1 + wxg)u + Z(Dg — u)[L’l)lf ||2 +

(im) =1 (0+mwz)u=0

and with u(z) = v((we)"/?z)(we)"/? (unitary change in L*(R?)),

Bor() = o+ o [IoPlotPar + g [lotl'ay).

The minimization problem of Egp(u) in the space LLL, -1 is thus reduced to study
(1.16) Erprn(v) = |zv|32 + w?glv||a, v € LLL,

ie. with z = @y 4 izy, v(xy,22) = f(2)e ™ '1#°, f entire (and v € L*(R?)). This
program has been carried out in the paper [3] by A. Aftalion, X. Blanc, F. Nier.
In the isotropic case, a key point is the fact that the symplectic diagonalisation of
the quadratic Hamiltonian is rather simple: in fact revisiting the formula (1.14)), we
obtain easily

1—w , 1—w 5
(117) ¢ = (T>(§1 — x9)° + (T)(§2 + z1)
1+w 1+ w
(T)(& + 13)° + (T)(§2 —1)%,
% Mg;ﬁ

with

m=2"121-w)2 (&G —2), m=1-w, y1=2"Y41-w) V(& + ),
(1.18)

2 = 2_1/2(1 + w)1/2(£1 + 332)7 H2 = 1 +w, Y2 = 2_1/2(1 +(,U)_1/2($1 - £2)7

so that the linear forms (y1, 42, 71, 72) are symplectic coordinates in R%, i.e.

vt ={nyet =1 {n,m}={m, v} ={mun}={v, v} =0.

In [3], an upper bound for the energy is constructed with a test function which
is also an “almost" solution to the Euler-Lagrange equation corresponding to the
minimization of in LLL.. This almost solution displays a triangular vortex
lattice in a central region of the condensate and is constructed using a Jacobi Theta
function, which is modulated by an inverted parabola profile and projected onto
LLL..

1.3. Sketch of some preliminary reductions in the anisotropic case. The
analysis of the reduced energy in the anisotropic case yields two different situations:
one is similar to the isotropic case and the other one is quite different, without
vortices. To tackle the non-isotropic case where v > 0 in , one would like to
determine a space playing the role of the L LL and taking into account the anisotropy.
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Step 1. Symplectic reduction of the quadratic form q,,.. Given the quadratic form
Gure (1.12), identified with a 4 x 4 symmetric matrix, we define its fundamental
matrix by the identity F' = —07'q, . = 0¢,, where

-1, 0

The properties of the eigenvalues and eigenvectors of F' allow to find a symplectic
reduction for g, .

o= ( 0 IQ) is the symplectic matrix given in 2 x 2 blocks.

Step 2. Determination of the anisotropic LLL. The anisotropic equivalent of the
LLL can be determined explicitely, thanks to the results of the first step. We find
that it is the subspace of functions u of L*(R?) such that
2
v

2 2
. ”Y7T|: 2 ey

_ 1- 2

f(xl + Zﬁng) exp ( % xi( 5

)+ (B2 (1 + 2”—0)}) exp (i~
where f is entire. The positive parameters a,~y, 32 are defined in the text and
are explicitely known in terms of w,v. We also determine an operator M, which
can be used to give an explicit expression for the isomorphism between L?(R) and
the anisotropic LLL as well as to express the Gross-Pitaevskii energy in the new
symplectic coordinates.

.1'11132),

Step 3. Rescaling. Introducing a new set of parameters (w, v, € are positive satisfying

(L.10), g > 0 given by (L.5)),

212 a+ 2w? + V2
2 _ 2 2 _ _
(1.19) k2 = (2w +6)(1+—a—y2+w2)’ o= Vritde? g =g,

AR e S | B
ﬁ27 90 4627 ~ w? 2 Oé+2w2+7/27

we show that, after some rescaling, the minimization of the full energy Egp(u) of
(1.11)) can be reduced to the minimization of

1
(1.21) E(u) = /R — (%22 + K%23)|ul® + %|u|4.

(1.20) K= pe =14+w’+a,

2 2
on the space
(1.22) Ag = {u € L*(R?), u(z1,x3) = f(2)e ™*/2 f holomorphic, z = 1 4 iz}

The point is that, after some scaling, we are able to come back to an isotropic space.
The orthogonal projection Iy of L*(R?) onto Ay is explicit and simple:

(1.23) Mo(e) = [ e gt nauy)ay

RQ
We are thus reduced to the following problem: with E(u) given by (1.21)), study
(1.24) I(e, k) = inf{E(u), u € Ao, |Jullr2mre) =1}

The minimization of £ without the holomorphy constraint yields
2 x? a2 4gok 14 4goe /4
1.25) |ul® = 1— =5 — 22, where Ry = Ro=(—"—) .
( ) |U| 7TR1R2( R% R%)’ where 1 7T€3 ’ 2 7-[-/{3

As ¢ tends to 0, R, always tends to infinity (in fact R, > e7/2), but the behaviour
of Ry depends on the respective values of ¢ and k, that is of ¢ and v.
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Step 4. Sorting out the various regimes. Recalling that the positive parameter v
stands for the anisotropy, we find two regimes:

o v < /3 (weak anisotropy): R, — oo (in fact, Ry® ~ min(e=%3,&1/3p71)).
Numerical simulations (FIGURE 1)) show a triangular vortex lattice. The behaviour
is similar to the isotropic case except that the inverted parabola profile takes
into account the anisotropy. We will construct an approximate minimizer.
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FIGURE 1. Plot of the zeroes of the minimizer (left) and the density (right)
for €2 = 0.002, v = 0.03. Triangular vortex lattice in an anisotropic trap.

e v > £1/3 (strong anisotropy): Rs — 0 (in fact RY® ~ £/3y~1). Numerical
simulations (FIGURE [2)) show that there are no vortices in the bulk, the behaviour
is an inverted parabola in the x; direction and a fixed Gaussian in the x5 direction.
Thus, the size of the condensate does not shrink in the x5 direction and is not
a good approximation of the minimizer. The shrinking of the condensate in the x5
direction is not allowed in Aq (see (1.22)) because the operator z3 is bounded from
below in that space by a positive constant and the first eigenfunction is a Gaussian
in the xo direction. We find an asymptotic 1D problem (upper and lower bounds
match) which yields a separation of variables.
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FIGURE 2. Plot of the zeroes of the minimizer (left) and the density (right)
for 2 = 0.002, v = 0.73. No vortex in the visible region.

1.4. Main results.

1.4.1. Weakly anisotropic case. In a first StepE], we assume that, with s given by
(L.20),

(1.26) <kl

The isotropic case is recovered by assuming x = €. This case is similar to the isotropic
case and we derive similar results to the paper [3], namely an upper bound given by
the Theta function but we lack a good lower bound.

We recall that the Jacobi Theta function ©(z, 7) associated to a lattice Z @ Zr is
a holomorphic function which vanishes exactly once in any lattice cell and is defined
by

1 & . ) .

(1'27) @(2’7_) _ ; Z (_1)nez7r7-(n+l/2) e(2n+l)mz’ ~eC.

n=—oo

This function allows us to construct a periodic function on the same lattice: w, is
defined by

(1.28) ur (1, 29) = e%(z2_|zl2)®( TIZ,T), z=ux +1ixy, T =Tgr+iTI,

|u,| is periodic over the lattice Z ® 7Z, and u, satisfies

(1.29) 11, (|u7|2u7) = A\ U,
with

f |u |? 277

2We shall see that x ~ v + ¢ in the sense that the ratio x/(v + ) is bounded above and below
by some fixed positive constants, so that the weakly anisotropic case is indeed v < £'/3.
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and

(1.31) R L

The minimization of v(7) on all possible 7 corresponds to the Abrikosov problem.
It turns out that the properties of the Theta function allow to derive that
— T |j7—k|?
W)= D et
(4,k)ez?
and prove (see [3]) that 7 — ~(7) is minimized for 7 = j = ¢%7/3
to the hexagonal lattice. The minimum is

(1.32) b= ~(j) ~ 1.1596.

, which corresponds

The function wu, allows us to construct the vortex lattice and we multiply it by the
proper inverted parabola to get a good upper bound:

Theorem 1.1. We have for I(e, ) defined in (L.24), b given in (1.32)),  in (L.20),

(1.33) /29081{ k) < § 29055,‘1 ( ( ;’)1/8) |

when (e, ke /3) — (0,0). Moreover, the following function provides the upper bound:
(1.34) v =1l (usp),
where u, is defined by |D with T = €5 and

(@) 2 (1 22 22 > " <4goﬁ>1/4 " (4905)1/4
€T = ——— — — s = _— s = _— .
’ VbR Ry VoR?  VBRZ), T\ we? 27\ s

We expect v to be a good approximation of the minimizer and the energy asymp-
totics to match the right-hand side of ([1.33]). Thus, the lower bound is not optimal
(it does not include b). In addition, the test function (1.34]) (with a general 7 # j

a priori) gives the upper bound of (|1.33) with ~(7) instead of b. The proof is a
refinement of that in [3].

1.4.2. Strong anisotropy. In the case where the rotation is fast enough in the sense
that

(1.35) K> ell?

we have found a regime unknown by physicists where vortices disappear and the
problem can be reduced in fact to a 1D energy.

Theorem 1.2. For I(e, k) defined in (1.24), b given in (1.32)), x in (1.20), we have

I(e, k) — 2
(1.36) lim Herm) =5 _ J,
(e,e1/3k~1)—(0,0) g2/3

where

(1.37)
mf{/ —t%p( /p(t)4, p real-valued € L*(R) N L*(R), ||plr2®) = 1}
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In addition, if u is a minimizer of 1(e, k), then

1 z —TT
(1.38) S ‘u (ﬁ,,ﬂfg)) — 2 e (1),

in L*(R?) N L*(R?), where p is the minimizer of J.

Note that the minimizer p of (1.37) is explicit:

3 #2 390\ *
2 _ 9 v _ [ 29

A few words about the proof of Theorem [I.2] The first point is that the operator
a2y (see (1.22)), (1.23))) is bounded from below by a positive constant:

1
Yu € Ao, /x2u2>— ul?.
o [tz o [
This is proven in Lemma[f.4 below. Actually, the spectrum of this operator is purely
continuous, and any Weyl sequence associated with the value 1/(47) converges (up
to renormalization) to the function

(1.39) uo(xy, T9) = exp (—ﬂmg + iwxlxg) ,

which satisfies the equation ITy(ug) = %uo. This gives the lower bound

2
K
I(e,k) > —,
(e,h) 2 o
and indicates that in order to be close to this lower bound, a test function should
be close to (|1.39). Thus, the second point is to construct a test function having the
same behaviour as ((1.39) in x9, and a large extension in x;. This is done by using

the function
1

uy(xy, x9) = We_

INIE]

96%/6g((xly1)22iy1$2)p(y1)dy17
R

which is equal to Iy(p(z1)do(z2)), where dq is the Dirac delta function and p any
real-valued function of one variable. This test function is then proved to be close
to 21/4em3 p(x1), which allows to compute its energy, and gives the upper bound,
provided that p(t) = €'/3p(¢*/3t), where p is the minimizer of (1.37). Finally, in
order to prove the lower bound, we first extract bounds on the minimizer from the
energy, which allow to pass to the limit in the equation (after rescaling as in (1.38])),
hence prove that the limit is the right-hand side of . This uses the fact that
the energy appearing in is strictly convex, hence that any critical point is the
unique minimizer.

The paper is organized as follows: in section 2, we review some standard facts on
positive definite quadratic forms in a symplectic space. This allows us, in section 3, to
construct a symplectic mapping y, which yields a simplification of the quadratic form
q. In section 4, quantizing that symplectic mapping in a metaplectic transformation,
we find the expression of the LLL and manage to reach the reduced form of the
energy (Proposition 4.5). Section 5 is devoted to the proof of Theorem 1.1 and
section 6 to Theorem 1.2.
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Open questions. We have no information on the the intermediate regime where, for
instance, '/3 /K converges to some constant Rg/ ? (in that case, Ry ~ e 2/3, Ry ~ Ry).
We expect that the extension in the x5 direction depends on Ry and wonder whether
the condensate has a finite number of vortex lines. We have not determined the
limiting problem.

Acknowledgements. We would like to thank A.L.Fetter and J.Dalibard for very
useful comments on the physics of the problem. We also acknowledge support from
the French ministry grant ANR-BLAN-0238, VoLQuan and express our gratitude
to our colleagues participating to this ANR-project, in particular T.Jolicceur and
S.Ouvry.

2. QUADRATIC HAMILTONIANS
We first review some standard facts on positive definite quadratic forms in a

symplectic space.

2.1. On positive definite quadratic forms on symplectic spaces. We consider
the phase space R} x Rf, equipped with its canonical symplectic structure: the
symplectic form o is a bilinear alternate form on R?" given by

(2.1) o((x,8);(y.m) =& y—n-z=(0X,Y),

(2.2) with X = (‘E) Y = (797) o= (_OIn %) |

where the form o is identified with the 2n x 2n matrix above given in n x n blocks.
The symplectic group Sp(n) (a subgroup of SI(2n,R)), is defined by the equation
on the 2n x 2n matrix ¥,

(2.3) X'ox =0, ie VXY €R*™ (oxX,xY)=(cX,Y).
The following lemma is classical (see e.g. the chapter XXI in [10], or [15]).

Lemma 2.1. Let B € GL(n,R) and let A,C be n x n real symmetric matrices.
Then the matrix =, given by n X n blocks

@4)  Zape= (D0 L TBCC )= (D O) (BT 0 (F €
. ZA,B,C — AB™' B*— AB'Cc) \A I 0 B* 0 I

belongs to Sp(n). Any element of Sp(n) can be written as a product

=A1,B1,01=42,B2,05-

N.B. The first statement is easy to verify directly and we shall not use the last statement,
which is nevertheless an interesting piece of information. For a symplectic mapping =, to
be of the form above is equivalent to the assumption that the mapping x — priZ(x ®0) is
invertible from R"™ to R™.

Given a quadratic form @ on R?", identified with a symmetric 2n x 2n matrix,
we define its fundamental matriz F' by the identity

F=—-0'Q=0Q, sothatfor X,Y € R*™ (oY, FX)=(QY,X).
The following proposition is classical (see e.g. the theorem 21.5.3 in [10]).
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Proposition 2.2. Let ) be a positive definite quadratic form on the symplectic
R} x RZ. One can find x € Sp(n) such that with

RQHBXIXY7 Y:(yla'-'7yn>n17"'7nn>7
(@X,X) = (QxY,XY) = Y_ (o +15y}), ;> 0.
1<j<n

The {£ip;}1<j<n are the 2n eigenvalues of the fundamental matriz, related to the
2n eigenvectors {e; £ ic; 1<j<n. The {€j, € 1<j<n make a symplectic basis of R*":

o(ejex) =0k, o(gj,ex) =0(ej,ex) =0,
and the symplectic planes 11; = Re; ® Re; are orthogonal for Q.

N.B. A one-line-proof of these classical facts: on C?" equipped with the dot-product given
by @, diagonalize the sesquilinear Hermitian form io.

2.2. Generating functions. We define on R" x R" the generating function S of
the symplectic mapping of the form =4 p ¢ given in the lemma [2.T by the identity

1
(2.5) S(a,n) = 5 ((Az, @) + 2(Bz, n) + (Cn,m) ).
We have
_ oS oS
(2.6) ZABC (3_77’77) = (x, 6_x> .
—_—
€R" xR" ER"xR"

In fact, we see directly

G0 8@ 7)) =G () = (el o)

Given a positive definite quadratic form @ on R?", identified with a symmetric
2n X 2n matrix, we know from the proposition that there exists y € Sp(n) such

that
2

* 0 :
X"Qx = (% [n) o opt=diag(pt, )

Looking for x = =4 p.¢ given by a generating function S as above, we end-up (using
the notation ¢(X) = (QX, X) with X € R*") with the equation

q(x,8:5) = [|u0, SI” + [nll*,  10yS = (1;0y;,9)1<j<n € R",
R xR"™

where || - || stands for the standard Euclidean norm on R”. This means
(2.7) q(z, Az + B'n) = ||(Bx + Cn)|* + |In||*.

We want now to go back to the study of our quadratic form (1.12)).
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2.3. Effective diagonalization.

Lemma 2.3. Let q be the quadratic form on R* given by (1.12)), where w,v, e are
nonnegative parameters such that w? + v? + 2 = 1. The eigenvalues of the funda-
mental matrix are ipy, £ips with

(2.8) 0<p=14+u?—a<p=1+w*+a, o= Vvi+iw?
202%e? 4 £
9) @=L re
M2

In the 1sotropic case v = 0, we recover iy =1 —w, s = 1 +w. When € > 0, we have
0 < u? < ui and q is positive-definite. When ¢ = 0, we have py, = 0 < o, and q is
positive semi-definite with rank 2 if v = 0 and with rank 3 if v > 0.

Proof. The matrix () of ¢ is thus

1—12 0 0 —w 0 w 1 0

B 0 1+ w 0 o w 0 0 1

(2.10) Q= 0 w 1 0 ,and F =0Q = 21 0 0w
—w 0 0 1 0 —12-1 —w 0

The characteristic polynomial p of F' is easily seen to be even and we calculate

p(A) =det(F—\) = M +2(1+wH) N+ (1 —w?)? —v* = (V2 +1+w?)? — (v +4w?).

The four eigenvalues of I are thus +i V14 w2+ Vit 4l?, proving the first state-
ment of the lemma. Since (1 + w?)? —a? = (1 — w?)? — ! = 2(2? + £2), we get
pi = e%(2v? + %) /u3. The statements on the cases v = 0, > 0 are now obvious.
When ¢ = 0 = v, we have w = 1, and rankg = 2 as it is obvious on . When
e =0,v > 0, we consider the following minor determinant in F'; cofactor of f3;

w 1 0
0 0 1|=(D(-w*+12+1)=—-202#£0,
1 -1 —w 0
so that rank () = rank F' = 3 in that case. 0

N.B. We may note here that the condition w? + 12 < 1 is an iff condition on the real
parameters v, w for the quadratic form to be positive semi-definite. This is obvious on
the expression in the isotropic case v = 0, and more generally, the (non-symplectic)
decomposition in independent linear forms

q= (&1 +wze)? + (& —wr) 2+ 22(1 — 12 — W) + 23(1 + 12 — w?),

shows that ¢ has exactly one negative eigenvalue when w? + 12 > 1 > w? — 12, and exactly

2

two negative eigenvalues when w? — v? > 1. As a result, when w? + v2 > 1, the operator

q% is unbounded from below.

Using now the equations (2.7), (1.12) and assuming that we may find a linear
symplectic transformation given by a generating function ({2.5)), we have to find

A, B, C like in the lemma with n = 2, so that for all (z,7n) € R? x R?
[ Az + B nl]* + [J2|* + v*(25 — 27) — 2w (@ A (Ax + B™)) = ||[u(Bz + Cn)||* + |nl*,

with A = 218 — 1981, u = diag(u, 2). At this point, we see that the previous iden-
tity forces some relationships between the matrices A, B,C. However, the algebra
is somewhat complicated and assuming that B is diagonal, A, C' are (symmetrical)
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with zeroes on the diagonal lead to some simplifications and to the following results.
We introduce first some parameters:

9 -9 2 _ .2
(211) 61 = o 2251+ 2 = a 2::)#1 Y since (o — 2w?)? — 1 = 40? + 4wt — 40?0 = 40?p? |
9 9 2 .2
(2.12) o = o 22g2+ 3 _@ +2:JU/L Y since (o 4 2w?)? — vt = 40? 4 4w? + 40?0 = 40?13 |
2
200
(2.13) v=—,
w
1 1 —2w% + 12
(2'14) /\%: = = = 2_,2 :a WAy s
p1 + B1B2p2 1+% 14—%5;2 2a
(2.15) 2 1o _ 1 _ 1 o+ 2w 42
. 2 — - 810 - —ow2—p2 ;
pot BB 14 Bl g asBeior 2a
and we have
2 2\2 4
v (v +v°)* —dw
2.16 Ny =1+— N2 = .
( ) 1 2 o 112 102
We define also
_ VA1 A2 CA+N 20(1 +v*/a)  a+v?

(217) d

= hich gi d = =
5 c N which gives ¢ o R

Lemma 2.4. We define the 2 x 2 matrices

(A0 _ (0 a B 0 i —cd
B—<0 )\2_1)7 O_<d_1 0), A_<#d>\2_cd 120 .

The 4 x 4 matriz given with 2 X 2 blocks by

= _ IZ 0 B_l 0 IQ —C
X==4BC =\ 4 g, o B)\0 I

belongs to Sp(2) and

A 0 0o -4

0 A2 —2 0
(2.18) X= 00 L—dsed e 0|

)% - )\10d 0 0 C/\1

Ao 0 0 22

0 A A0

—1 _ d

(2.19) X = 0 —L i ded N0

5+ Aaed 0 0 A

Proof. The lemma [2.1] gives that x € Sp(2) and we have also

. (L C\(B 0 L, 0
X =\o n)\o B1)\-4a 1,)

The remaining part of the proof depends on the formula giving Z4 p ¢ in the lemma
and a direct computation whose verification is left to the reader. O
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Lemma 2.5. Let x be the symplectic matrixz given by (2.18)) and Q be the matriz
giwen in (2.10). Then, with p; given by (2.8), we have

(220) X Qx = diag(pf, 3,1, 1).

The (tedious) proof of that lemma is given in the appendix [7.3.1]
Using the expression of x ! in (2.18)), defining

U1 C)\Q 0 O )72 T
A1
y2 O C)\l 7 0 ,ZUQ
2.21 =
( ) 771 O —)% —f- )\10d )\1 0 §1 !
P —/\il + )\ch 0 0 )\2 62

we get from the lemma [2.5] the following result.

Lemma 2.6. For (1,23,61,&) € RY, (y1,92,m,m2) € R* given by ([2.21), we have
the following identity,

KU + 13y3 + i+ 03 = pd (Aama + dad &) + i3 (Aot + Mid )
+ ((—dAy + Med)s + A1) + (AT + daed)ar + Aako)?
=&+ &+ (1 —vNal + (140925 — W16 — 2261),

where the parameters ¢, Ay, d, \1 are defined above (note that all these parameters are
well-defined when (w,v) are both positive with w? + v* < 1).

We have achieved an explicit diagonalization of the quadratic form and,
most importantly, that diagonalization is performed via a symplectic mapping. That
feature will be of particular importance in our next section. Expressing the param-
eters in terms of o, w, v, e (cf. section , we obtain

2
g= (2—1/2a—1/2(a 2?4 )2 9782 0"V 2 (- 202 4 )2 — VQ)x2>

&2

a+2w? — V2)1/2 (202e% 4 4)1/2
202 + &2 2

(20%e% 4 e*)1/? _ Cag 10202 — V2 10 2
n - (a1/2+v2a 1/2)2 3/2,, 1( oo ) / x1>

i ((1—|—w2+a)1/221/2a_1/2w(a—|—2w2 —1—1/2)_1/251

n (271/20[71/2(

2
+(1+w?+ a)1/2(1 + a_11/2)2_1/2a1/2(a + 2w? + 1/2)_1/23:2)

2
4 (2_1/2a_1/2(a 1202 4 V2)1/2£2 _ 2_3/2w_1a_1/2(a ) (a+ 202+ y2)1/2x1> 7

so that
(2.22)
nt Hivi
o —2w? 4 1? a—1vr 12 ra+2w— 2\, a+rvi 72
q—( 2a )[él_( 2w )x2} +< 2043 )5 [§2+( 2w )xl]
1+w?+a a+v? 12 sa+ 2w+ v a—v? 2
2 )| [+ (e |
e ala+ 2w? 4+ 12 G+ ( 2w )72 +\ 20 & ( 2w ) B

~\~ 2

Up

NN

13y
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The equation encapsulates most of our previous work on the diagonalization
of g. In the appendix [7.3.2] we provide another way of checking the symplectic
relationships between the linear forms, y;, ;.

We have seen in Lemma that when € = 0,v > 0, the rank of ¢ is 3, whereas
its symplectic rank is 2. Indeed, ¢ = 0 and v > 0, we have

(2.23)
ﬁ
o — 2% + V2 a — V2 2
q—( 200 )[él_( 2w >x2} *
14+ w? 4+« a+ v? 2 a + 2w% + 12 a — 2 2
22 ( )| | +( )| - }
ala + 2w? 4 12 G+ ( 2w )72 20 & ( 2w )
393 3

3. QUANTIZATION

3.1. The Irving E. Segal formula. Let a be defined on Ry x R¢ (say a tempered
distribution on R?"). Its Weyl quantization is the operator, acting for instance on

u € . (R"),

/
(3.1) (a"u)(z) = / / oL )l de.
In fact, the weak formula (a“u,v) = [o,, a(z,§)H(u, v)(x, §)dzdé makes sense for
a € S'(R*™), u,v € #(R") since the Wigner function H(u,v) defined by

/ /

H(u,v)(z,&) = /e_%”/fu(x + %)T)(x - %)d:v’
belongs to . (R*") for u,v € #(R™) . Note also our definition of the Fourier
transform 4(§) = [ e 2™ Cy(z)dx (so that u(z) = [ e*™*a(€)d¢) and
1 Ou 1

= Dju, x;”u =xzju, (z;§)" = E(ijj + Djxj).

YA

Let x be a linear symplectic transformation x(y,n) = (z,£). The Segal formula (see
e.g. the theorem 18.5.9 in [10]) asserts that there exists a unitary transformation M
of L*(R™), uniquely determined apart from a constant factor of modulus one, which
is also an automorphism of . (R") and .#/(R") such that, for all a € .%/(R*"),

(3.2) (aox)” = M"a"M,

providing the following commutative diagrams

R~ SR IRy = LA(R)
MT lM* and if a¥ € ﬁ(LQ(Rn)) MT lM*
SRY) —— S(RY) LRG) o PR

(aox)™



ANISOTROPIC BOSE-EINSTEIN CONDENSATES 17

3.2. The metaplectic group and the generating functions. For a given y, how
can we determine M 7 We shall not need here the rich algebraic structure of the
two-fold covering Mp(n) (the metaplectic group in which live the transformations
M) of the symplectic group Sp(n). The following lemma is classical (and also easy
to prove directly using the factorization of the lemma and provides a simple
expression for M when the transformation x has a generating function.

Lemma 3.1. Let x = Z4 ¢ be the symplectic mapping given by (2.4). Then the
Segal formula (3.2)) holds with
(3.3) (Mv)(x) = /eQi”S(I’”)@(n)dnldetB\1/2,

where S is given by (2.5)).
3.3. Explicit expression for M.

Lemma 3.2. Let x be the symplectic transformation of R* given by (2.18). Then
the Segal formula (3.2)) holds with M given by
(34) (Mv)(z1,22) = ()\1>\2)_1/262”d((’\1’\2)_1_C>z””2

. 1 ~ . —1 —1
% // €2z7rd nlnzv<nl’n2)e2z7r()\l 1M +A xznz)dnldn%

(35) (MU) (1'17 1‘2) _ ()\1)\2)—1/262i7rd(()\1)\2)—1_c)mlmg(BQinlelDZU)()\l—ll,l’ )\2_11‘2).

Proof. We apply the lemmas [3.1] and [2.4, along with the fact that the mapping
Mp(n) > M +— x € Sp(n) is an homomorphism or more elementarily that (3.2)
implies for x; € Sp(n),

(aoxa0x1)” = M{(aox)"M; = M;Mja” MyM;.
The factorization of the lemma [2.4] implies that

(MU)(%) — 6i7r(Ax,:t> / €2i7r(B:t,r]>eiﬂ(Cr],n);&(n)dn’
R2

which gives readily the formulas above. OJ

Summing-up, we have proven the following result.

Theorem 3.3. Let q be the quadratic form on R* given by (1.12). We define the
symplectic mapping x by (2.18)) and the metaplectic mapping M by (3.5). We have
(3.6) (q0X)(ysm) = piy? + pays + 07 + 13, (the i1} are given by 23)),
(3.7) (gox)” = M*"q“M.

We can also explicitly quantize the formulas of the lemma , to obtainﬂ

(ni)® 13 (y3)"

-
2

’ ~ 2
(3.8) ¢ = ((Alcd — Dy Y)ws + /\1Dx1> + ol (AQd_le n c)\2x1>

2 2
+ (eed = dXT a1 + AeDu )+ i3 (M Day + iz

-~
(n3)w A

3Note that for a linear form L on R?", LYL" = (L?)".
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4. THE FOCK-BARGMANN SPACE AND THE ANISOTROPIC LLL

4.1. Nonnegative quantization and entire functions.

Definition 4.1. For X,Y € R?" we set
(4.1) [[(X,Y) = e sX-YPgmimlXy],

where [X,Y] = (6 X,Y) is the symplectic form [2.1). For v € L*(R"), we define

Yy

(42)  (Wo)(y,m) = (v, pyn)rz@ey,  with  yp(x) = 247V e2mlemn,
We define also

(4.3) Ay ={u € LQ(RT,]) such that u = f(z)e 3° 2 =n+iy , f entire.}

Proposition 4.2. The operator Ty with kernel 11(X,Y )is the orthogonal projec-
tion in L*(R?*™) on Mg, which is a proper closed subspace of L*(R*"), canonically
isomorphic to L*(R™). We have

(4.4) Ao = ranW = L*(R*™) N ker(0 + gz),

(4.5)  W'W =Idpemny (reconstruction formula u(x) = / (Wu)(Y)ey (x)dY ),
R2n

(4.6) WW*=1ly, (W is an isomorphism from L*(R™) onto Ag).

Proof. These statements are classical (see e.g. [12]) ; however, since we shall need
some extension of that proposition, it is useful to examine the proof. We note that
e~ "™ (Wwv)(y,n) is the partial Fourier transform w.r.t. z of

R" x R" 5 (z,y) — v(z)2" e ™0,

whose L*(R*")-norm is ||v||r2gn) so that W is isometric from L*(R™) into L*(R*"),
thus with a closed range. As a result, we have W*W = Id 2rn), WW™ is selfadjoint
and such that WW*WW* = WW*: WIW* is indeed the orthogonal projection on
ran W (ran WW* C ran W and Wu = WW*Wu). The straightforward computation
of the kernel of WW™* is left to the reader. Let us prove that Ag = ran W is indeed
defined by (4.3)). For v € L*(R™), we have

(4.7) (Wv)(y,n):/ v(z)2M e @) g 2ime—gn gy

= / ()2 e @) e W07 o~ B (n+iy)®
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and we see that Wo € L*(R*")Nker(0+2z). Conversely, if ® € L*(R*")Nker(0+3z),
we have ®(z, &) = e 2+ £(¢ 4+ iz) with & € L2(R?") and f entire. This gives

W a)w,) = [ [ et gy pyayay

e~ 5 (% +a?) / / 6—%(n2—2§n+y2—2ry+2i§y—2im’)(I)(y,n)dydn
— o5 (E+a?) //e g n?+y?+2iy({+iz) — 2n(§+im))q)(y777)dyd77
= ¢ HE+) / / e W) W) £y 4y dydy

= // G_WW@W&JC(C)dydn ((=n+iy, z=E{+ix)

et 10 1 e

1<j<n
2 0 1 > =
= e 2 F(F(0) (=), ¢ V™) s peny (gen
1ggl_£n 8Cj(ﬂ(<j—zj)> s
= e3P f(2),

since f is entire. This implies WIW*® = & and & € ranW. The proof of the
proposition is complete. O

Proposition 4.3. Defining
(4.8) H = ker(D + gz) n.7' (R,

the operator W given by can be extended as a continuous mapping from .#'(R")
onto A (the L*(R") dot-product is replaced by a bracket of (anti)duality). The
operator 11 defined by its kernel I1 given by defines a continuous mapping from
S (R*™) into itself and can be extended as a continuous mapping from ' (R*") onto

. It verifies
(4.9) =1, M, =Idy.

Proof. As above we use that e~ (Wwv)(y,n) is the partial Fourier transform w.r.t.
x of the tempered distribution on R2?

v(2)2M e @Y,

Since ™7 are in the space €);(R?") of multipliers of .%(R?"), that transformation
is continuous and injective from .#’/(R") into .#/(R**). Replacing in the inte-
grals by brackets of duality, we see that W (./(R")) C #. Conversely, if & €
the same calculations as above give and . 0
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For a Hamiltonian a defined on R?", for instance a bounded function on R?", we
define a™Viek = W*aW :

L2 (R*") : L2 (R™)

(multiplication by a)

] [

R

aWick

we note that a(z, &) > 0 = aVi* = W*aWW > 0, as an operator. There are many
useful applications of the Wick quantization due to that non-negativity property, but
for our purpose here, it will be more important to relate explicitely that quantization
to the usual Weyl quantization (as given by ) for quadratic forms.

Lemma 4.4. Let ¢(X) = (QX,X) be a quadratic form on R*" (Q is a 2n x 2n
symmetric matriz). Then we have

, 1
(4.10) "'t = ¥ 4+ — trace Q.
47

Let L(y,n) =7 -y —t-n be a real linear form on R?"; then, for all ® € Ay, we have

2 2 7[>+ [t 2
(4.11) Ly m)"|®(y, m)["dydn = ————||Pl|z2reny.
Proof. A straightforward computation shows that
(4.12) gV = (¢ T)”,  where ['(X) = 2" 2" (X € R*").

By Taylor’s formula, we have (g% I)(X) = ¢(X) + [pan 2" 21V F(QY, Y)dY, we can
use the formula [; 2/ 22¢=2mt% It — -+ to get the first result. For ® € Ay, we have
¢ = Wu with u € L?(R") and thus

|’L®H%2(R2n) - <L2Wu, WU>L2(R2n) = <W*L2WU,U>L2(Rn)

Wick w trace(L?)
= <(L2) %U)L?(Rn) = <(L2) U;U>L2(Rn) + THUH%%Rn)a

and since L¥L* = (L*)“ for a linear form, we get since L is real-valued,

w 71 + [t
IZ®I[z2gan) = L ul Lageny + = Pllz2man),

which implies (4.11]). O

N.B. The inequality looks like an uncertainty principle related to the localization in
R?” for the functions of Ag. Moreover the equality provides a simple way to saturate
approximately the inequality ; for instance if L(y,n) = y1, we consider the sequence
®. = Wu. with u.(z) = @(z1/e)e™ V2 (a’), lell2wy = 1¥llz2@n-1) = 1, and we get,
provided zp(z) € L*(R),

1

_ 1
[ e Payan = [ atiotere)Petan + o = 0 + -
R v T
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4.2. The anisotropic LLL. Going back to the Gross-Pitaevskii energy (1.11]), with
q given by (1.13]), we see, using the theorem and (3.8) that, with u = Mo,

2Eqp(u) = (q"u, u) r2(r2) + g/ \u]4dx
— (MG M, v) oz + g / (M) ()| da

= (D2 + 13y; + D2, + p5y3)0, v) 12re) +g/| (Mv)(z)[*dz

= <(<)\16d — dA51)$2 + >\le1) U+ M1 ()\Qd 1Dm2 + C)\Qfﬂl) u, u>
+ ((Aaed — dATY a1 + AaDyy ) uyu) + (B (Md ™ Dy + ehias) *u, w)

+g/|u|4d$.

The question at hand is the determination of inf, ,—1 Egp(u), which is equal to
infy),,=1 Eap(Mv). Since p; = 0 at ¢ = 0 (see (2.9)) and py € [1,4] (see (7.1))),
it is natural to modify our minimization problem, and in the (y,7n) coordinates, to
restrict our attention to the Lowest Landau Level, i.e. the groundspace of Dy2 +py2,
that is the subspace of L*(R?)

(4.13)  LLLy, = {vi(y1) © 24y e ™298Y | 1wy = ker(Dy, — ipiaya) N L*(R?).

If we want to stay in the physical coordinates (x, ) we reach the following definition,

obtained by using Segal’s formula (3.2) with M, x given in the lemma so that
LLL, = M(LLL,).

Proposition 4.5. Let q be the quadratic form on R* given by (1.13)). We define the
LLL as

(4.14) LLL = (ker £) N L*(R?), with
(4.15) L = (Med — dA\ Dy + MDDy, — ipodid™ "Dy, — ipachizo = 1Y — iy
The LLL is the subspace of L*(R?) of functions of type
2 2
; _Om 2 B 2 v _
(4.16) F (1 + if2a2) exp < 15, [a:l(l Qa) + (Baz2) (1 + 2a)]> exp (—1

where F' is entire on C, and the parameters v, B2, v, are given in the section [7.2].
The real part of the phase of the Gaussian function multiplying F(xl + iﬁgxg) 1S a
negative definite quadratic form when (w,v) # (0,0).

Proof. We have

2y
r122),
a

H2Y2 2
AN AN

1L = (Mz)qd*le + M2C>\1£U2) +i ()\Zsz — (A = /\2Cd)x1)

1
= % (ﬂzkldilal + 2')\282 + 22'7T/L2C)\133'2 + 27T(d)\fl - )\QCd)$1>

1 /1 1
= E (5/12)\1d_181 + 25/\282 + i?T[LQC)\ll‘Q + 7T(d)\1_1 — )\QCd)I'1> .
We set
(4.17) ty = py ' AN dwy, by = Ay,
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and we get for z = t1 + ity

0
F + iWMQC)\lAQtQ + W(d)\l_l — )\QCd),UQ)\ld_ltl

a —
= o+ imned T + (AT = Aacd)pzhad 1 JQF :
0 0
= BE + Z?T% + 2#%(1 —2M\\g0) = 3 + 71'% — z7r'u221/204_1
—mh22z ¥ z)2 0 Tr“—zzz 77!'7”2u2 (2)?
— ¢ T3 P Ta 2 220" 4q .

82
As a consequence, the LLL is the subspace of L?(C) of functions

V2 —
f(z)e_”%zzze7r -’ with f holomorphic.

Y

We note that the real part of the exponent is

2 2 2
S - L - ) = -T2 R 1 30
and that

20 — 1° > 0 <= (w,v) # (0,0).
Leaving the t-coordinates for the original z-coordinates, we get with f entire,

1 - 42 200 — 12 20 + 12 T ov?
P o i ) exp (<752 [0 + U] Y exp (<72 ),

1.e.

Flug A dwy+idy tag) exp (_Wg? [x%dz(

200 — /2 20 4 12 _ Tperd
2) + a3 ) exp (—ight
204)\1,u2 20005 21 Ao g

and since

podid ™A = a2y TN = 102y TN = 02y T Ba(22) T = B

- v
2 o APy = 27 oA T NG g = 27 g P AT 200y T Byt = 452’
27 ey ? = 271#27—62 = 7—627
2,LL2 4
muovd  mAd vty
2@)\1)\2/,62 N 2C¥>\1)\2 N 202 ’

we obtain

£ AT [+ pedd A 20))
16
=p2

2

r1x2),

T 200 — 12 200 + 12 C Tud
X exp (—ﬁ [ﬁdQ( 5) + $§(W)D exp <_Z’u2—xlx2)a
5

20\ i3 201 Ao pia

that is, with F' entire on C,

TV

2 2 2
(4.18) F(:L‘l + iﬁg:l:g) exp <_’y7r x7(1— V—) + (ﬁ2x2)2(1 + 2Vo¢)]) exp (—i o T122).

405 [ 2( 2«

The proof of the proposition is complete.

O
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Remark 4.6. We note that in the isotropic case v = 0, we have , = 1,7 =
4, recovering (f(x1 + izy)e ™@1423)) for w = 1. On the other hand, the
reader may have noticed that it seems difficult to guess the above definition without
going through the explicit computations on the diagonalization of ¢ of the previous
sections.

4.3. The energy in the anisotropic LLL.

Lemma 4.7. The LLL is defined by the proposition [{.J and the Gross-Pitaevskii
energy by (1.11). For v € LLL, we have

1 2a s o 20(2074£%) 5
(419) Egr(v) =3 / (m A T a etz ) [ a2 drdes

g 4 M2 iy 1
J doyda, + 22— H1 .
+ 2 /., \u(x1, x2)| dordry + i 8 (ﬁlﬁg + 5152)

Proof. In the LLL, one can simplify the energy. We define
Ay = M (1 — ipoys)"M* = po (Md "Dy, + chiza) + 1 (AaDy, — (dAT! = Aacd)1) |
Al = M(nl - iulyl)wM* = U1 ()\Qd_leQ + C)\Ql‘l) +1 ((Alcd - d)\Q_l).’L'Q + )\le1) N

which satisfy the canonical commutation relations: [Aj, Aﬂ = pj/m, while all other
commutators vanish. We have proven that

_|_
¢° = ATA; + ALA, + ’“%’“‘2 = (Re A;)? + (ImA;)? + (Re Ay)? + (Im Ay)?

and the LLL is defined by the equation Asu = 0. On the other hand, we have
dui*Re Ay —Im Ay = dX\['zy, dps 'ReAs —Im Ay = d\; 'y,

and thus for v € LLL, since Asu = 0 , using the commutation relations of the A;’s,
one gets

d2)\1’2:1:f = d2uf2(Re A1)2 + ((Ay — A;)/2z’)2 + Zd/gl(Re Ap)(Ag — AY)/2i

— 2 2(Re A )2+ H2
Ml (Re 1) +47T7

and similarly,
d*)y%wy = 'y * (A2 + A3)/2)" + (Im Ay)?
d2

= (Im A;)? .
(Im 1)+47TM2

As a result, we get on the LLL,

' ) d? i
/,L%Al 21’% + dz)\g 21'% e (Re Al)Q + (Im A1)2 + 471-“2 + 47Td;,

w o ,2y-2,.2 2y—2, 2 d2 papd | opo
and ¢V = piA] 27 + AN s — Inps  dmd T 3n0 SO that

2Egp(u) = %/}RZ <,u161x% + %x%) |u(z1, 79)|*dy dxy

—l—g/ ’U($1,$2)|4d$1d$2
R2

M2 p 1
+% T i (5152 + M) )
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for any w € LLL, that is, satisfying (4.16)). We note that

b 20 9 , ) Y 20207 + €?)
y oot (coefficient of x7) 25 oo

Definition 4.8. Foru € LLL (see the proposition , we define

1
(4.20) Eppp(u) = —/ (e%x] + kizy)|u(zy, 2o0)|*da 1 dsy + %/ |u(y, 2)|*daydas,
R2 R2

(coefficient of 3) .

2
with
2 2 2 2 2 2 2 2 2
(4.21) K%:(a—ir w +2V)( V2~|—<€)7 glzga+ w +1/, Yo -]
o — V2 +4 2w 2a

We note that, from (4.19),

2a M2 1
4.22 E =—¢ —_ - — )
(422) ar(t) a + 2w? 4 v? ren(u) + A 8w <ﬁ152 * 6152)
Remark 4.9. Since a? = v* 4 4w?, we see that
21/ (a + 2w? + ) (202 + &2)
4.23) 2 +H(1+ ———— ) =rK*= > 27 4 &2
(4.23) (2 +&%)( +a—u2+2w2) " a — 2+ 2w? = e

and k2 =2 <= v = 0.

Remark 4.10. We stay away from the case where w = 0 and shall always assume
w > 0. In the case w = 0, the quadratic part of the energy is diagonal and the LLL
is,

vl(xl) Q 21/4<2 i 82)1/86—7r(2—52)1/2$§7

and we get a 1D problem on the function v;.

4.4. The (final) reduction to a simpler lowest Landau level. Given the fact
that in , we can write F'(x1 + if52x2) as a holomorphic function times 6_622,
with § = yr?/(82cr), and that the energy €111 depends only on the modulus of u
and not on its phase, it is equivalent to minimize &5, on the LLL or on the space

f(:z:l + @'ﬁgxg) exp (—% [I% + (52132)2] ), with f entire.
2
A rescaling in x; and x5y yields the space of the introduction with

(4.24) u(wy, x2) = \/gv(y17y2)a Y1 = xu/?l&y Y2 = T2/ %ﬁz,

and, with Ag given by (4.3), the mapping LLL > u — v € A is bijective and
isometric. With ki, ¢; given in the definition , Be in (2.12), v in (2.13), we

introduce
2

K1 a1y
4.25 K= —, o= ~5,
( ) B2 07 45,
and

1 9
@26) B =; [ @+ el v Pdndys + G0l
R

Using the transformation (4.24]), we have
2,

(427) 5LLL<U> = ~

(v),
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so that, via the definition 4.8 we are indeed reduced to the minimization of ({1.21])
in the space A (given in (1.22))) under the constraint |ju||;2®e2) = 1. We note also
that the quantities

2a 2/62
a+2w?+ 1?2y

¥ a4+ 2w+ 2
(4.29) and fa, —, —————(factors of « in ([@25), of g; in ([£25)), of g in (£21) ,

I 2

are bounded and away from zero as long as w stays away from zero, a condition that
we shall always assume, say 0 < wy < w < 1.

(4.28) ,  (factors of Erpr(u) in and E(v) in ([{.27)),

5. WEAK ANISOTROPY

This section is devoted to the proof of Theorem . We assume € < k < /3,
The isotropic case is recovered by assuming k = . We first give some approximation
results in subsection [5.1] and prove the theorem in subsection [5.2]

We recall that the space Ay, the operator Il, the energy £ and the minimization

problem (e, k) are defined by (1.22]), (1.23), (1.21) and (1.24)), respectively. An
important test function will be (|1.28)), namely

(5.1) ur (1, x9) = e%(’z?*‘zrz)@( TIZ,T), 2=+ i%s,.
for 7 =71 + it = e’
5.1. Approximation results.

Lemma 5.1. Let u(z) = f(z1 +ixy)e” 31 € L®(R?), with f holomorphic. Assume
0< B <1 andletp e C*(R?) be such that supp(p) C Bg the Euclidean ball of
radius S > 0 and of center 0. Define

Then, for any r > 1, there exists a constant Cs, > 0 depending only on S and r
such that, setting R = min(Ry, Ry), we have,

1

(B1Ry)
RSB

Proof. We first prove the lemma in the case 3 = 0. For this purpose, we write

Moo < [ e85 ) o)y

=

(5.3) 1Mo (pu) = pul| pr(gzy < Csirlu]l oo () lIpllco.o @2)

Young’s inequality implies, for any » > 1 and any p,q > 1 such that 1/p+ 1/q =
1+1/r,

ITo(pu)] . < ||~ TP

_ T 2
Nl < ulles ||e 3] ol

Fixing ¢ = r, hence p = 1, we find
(5.4) Mo (pu)ll 1 < 2lullze [[oll e = 2llulle (RiR2)™ 2 [IpllLr-
This proves (5.3) for 5 = 0.
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Next, we assume 3 = 1. We use a Taylor expansion of p(y) = p(x +y — x) around

1 ! ( Y1 — 21 y2—$2) (yl—l’l yQ—iUz)
+— Vv +t 2y : , dt.
VR R, /0 P Ry Ry 'Ry Ry Ry Ry
We then notice that, although u ¢ A a priori, it belongs to £ (see the proposition
and we have Ily(u) = u since u € L™ and u(z) = f(x; + i) exp(—7|z|*/2)
with f holomorphic. Hence, we have

Ho(pu) —pu = / e‘%\I—y|2+i7f(ﬂc2y1—y2x1)u(yl7 y2)
BR1 Ro

S+1

1 ! T Y1 — T1 X Yo — T Y1 — X1 Y2 — X
w«—— | wp(E 4y 2y - , didy,
NI /0 P <R1 R R TR R, R, Y
—_ p(x) /(' . u(y)e_g‘x_y|2+i7r(m2yl_y2x1)dy
B

R1,R2
where the set By s

(5.5) By = {(y1,92) = (Rit1, Rats), t € Boya}.
We thus have, with R = min(Ry, R»),

ey ? 1 |y —«z
_ lz—yl
5.0 Mafon) = pul < Vol [ 8 ) oy

S+1

mpre |/RR y)le ey,
S+1
We bound the first term of the right-hand side of ) using Young’s inequality,
while for the second term, we have, Vx € supp(p) C Bs e

/ oo @2 dy < luf| oo T / e~ Tl g
(B51:") .

S+1
C
= e T < ullse
where C' is a universal constant. Hence, we have

Ry,R21/r

1
U|| [0 —F/——
I H ”L \/m| S+1

C
+ Zlullz loll,

5lyl?

1 _n
IWo(pw) = pullye < = IVl | lyle ™

1 11 .
= = 198l V2l (R o) B

1
T

C 1 .,
+ ol Pl (R Ro) =3 B

This gives (5.3) for 3 = 1. We then conclude by a real interpolation argument
between C? and C*. O
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A comment is in order here: we have chosen to state Lemma [5.1] with a general

function p. However, since our aim is to apply the above result with the special case
p(z) = (1— |x|2)i/ ? it is also possible to use explicitly this value of p in order to
give a simpler proof of the above result. The method would then be to prove the

estimate for r = +oo first, then for » = 1, and then use an interpolation argument
between L' and L*°. For instance, the proof of the r = 400 case would go as follows:

Mo(ute) — peut)] = | [ S (gyuty) — pteuts) dy

||| oo /Rg e 37 | p(y) — ()| dy

- —%\m—y|2 |.’L’ — y|d
o [ e =gy
Jul

L= [ =5l /11
e 2 dy.
x@l@ y|dy

The proof of the case r = 1 is slightly more involved, but is based on the same idea.
We now prove

IN

IN

Lemma 5.2. With the same hypotheses as in Lemmald. 1, we have, for any s > 1,

1/2 s Qs
. 1+ R3S
60 ([ o) - ) < Callllmgen Ioloosien ™
RQ
and
1/2
. 1+ RyS®
65 ([ Malon) — pul) < Coullullmollplonscen 7
R

where Cg s depends only on S and s.

Proof. Here again, we first deal with the case § = 0. For this purpose, we write:
5:9) kol Mo(pu)] <27 [ oy = le T uly) p(y)dy
R

s— s —Tlz—y|?
+27 [ e B () oty dy
R

where we have used the inequality (a+b)* < 2571(a®+b%), valid for any a,b > 0,s > 1.
The first line of (5.9) is dealt with exactly as in the proof of Lemma leading to
(5.4) with r = 2, which reads here

Zlal?

(5.10) ‘ 21— yi e 2 u(y) p(y) dy

< Nl [[lze 5| lollse

R2 L2

< Cllullz<lpll 2,

where C; depends only on s. The second line of ([5.9) is treated in the same way,
but p(y) is replaced by |yi|*p(y), that is, p(y) is replaced by R§|y:1/°p(y). Hence, we
have

s1) | [ e

< 2Rj[lullze [y [*pll 2 -
L2
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Collecting (5.9)), (5.10) and (5.11]), we find
21 [*To(pu)ll 2 < Co(L + R3S®) ullze<|plleo| Bs['?.

This proves (5.7) for 5 = 0.

Next, we consider the case 3 = 1. Here again, we use a Taylor expansion to obtain

(5.6). This implies

s s— ”va 00 —T|z—y|? 1 s
[l Mo(pu) — pul <27 F=ge= | e 2 u(y)| ly — allyr — ] dy

R St1 \% RlR?

o1 1Vpll o E ey ?
+2 1TL BRlsze e |u(y)|
S+1

1 s
\/mw - $||y1‘ dy

s —glz— |2
ol lofa) /( oy O

S+1

where B g}r’lR ? is defined by (5.5). We use Young’s inequality again, finding

1/2
BE Y
v\ "Rk, ] oo

92 1/2
[on i)l
Lt B?i’le R1R2

C S
+§||U||L°° Izl 12

V| 100 .
z1|® o (pu) — pul|| ;2 < 251% H|y|s+1e = ly)?

+25—1HV§%HL°° H’y‘e—%ly\Q

where C' is a universal constant. Hence,

S p S S
ol W) — s < s T2 (14 oty
This gives ((5.7)) in the case § = 1. Here again, we conclude with a real interpolation
argument. The proof of (5.8)) follows the same lines. O

5.2. Energy bounds.

Proposition 5.3. Let 7 € C\ R, let p € C™V/2(R?) be such that supp(p) C K for
some compact set K, and [ |p|* = 1. Consider u, as defined by (1.28)), and define

(5.12) v = |[Ho(pur) | 12 a2y Mo(pus),

where p 1s given by

1 T1 To 4gok 1/4
5.13 = — R, = R
( ) p(&?) \/mp (R17R2)7 1 (71'53) ) 2
Then we have, with E(u) defined by (1.21))

11 50 =225 ([ e+ M) +o (F (—)/> ,

for (,ke™'/3) — (0,0), where (1) is given by (1.31]).

N.B. The L function pu, does not belong to Ag since it is compactly supported
and not identically 0; as a result, ||IIo(pu,)||z2 # 0 and v makes sense.

Il
VR
5 |
m‘%
wl m
~~
—
~
Ny
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Proof. First note that R = min(R;, Ry) = Ry, and that Lemma with » = 2
implies

(5.15) M) s — s fz] < CRV2 = € (—)/
We then apply Lemma for s =1,0 =1/2, finding
[t = [ o] < Gl + o)
< c (2llx1puTHLz 4 01;§1> 1};/}}.

We also compute

|t lus o) e < Rl [ otlpta)Pde < CRE

Hence, we get

/ 22 Mo (pus) 2 — / 21oPu,
R2 R2

A similar argument allows to show that

(3 1/8
[ it = [ ok <ovar ()
R2 R2 9

Turning to the last term of the energy, we apply Lemma [5.1| again, with r =4, (3 =
1/2, finding

[ et = [

In addition, we have

[ ol < el [ 100 = el (R [ 91
R2 R2 R

Hence, we obtain

[ et = [ o
R2 R2

Combining (5.16)), (5.17) and ((5.18]), we have

Ho((g’)”)].
1+o(('§)”8>].

2

1+ R?
(5.16) % i

/433 1/8
el go@(ﬁ |

< Ce?

2

1+ R3
(5.17) % Rk

R1/2

< CkK?

IN

2 (IMo(pur) 174 + llpurlze) IMo(pur) — pur |l

< C|lpur|sa (RiRe) Y R7Y2,

3\ 1/8
(5.18) < C(R\Ry) "RV < CVer (’%) .

Hence, with the help of (5.15)), we get

20 =5 (i)
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Finally, we estimate the terms of F(pu.,/||pu-||z2): using real interpolation between
C? and C%!', we obtain

(5.19) HPWHEZ/ [p(2)*ur(Ryzy, Rows)|*d
R2

:][ 2+ 0 (#) :][ fur? + 0 ((’%3)1/3 .

Ii
m#+0(-; )] 22p(a) 2z,
K2 2 2 2
(521)2 SCQIPI lu-|* = —R u-|"+ O %Ip )|*d,
H 1/8
o § - ot ( )

Thus, collecting (5.19), (5.20), (5.21) and (5.22)),

52 /ﬁ]2
B = |58 [ dpotae S [ i
R2 R2

J[’UT’4 9o /R2|p|4 1+O<(’§)1/B)]

" (a2

= (] @b )

Moreover, we have

e 21 12 2 e 2
(5-20)5 R2$1|P| L 531

= 2 ([ Aty e - )
0 (@ (’%3)/8> |
|

Proof of Theorem [I.1: We first prove the lower bound in (1.33): this is done by
noticing that

J(e, k) < I(g, k),

where
J(g, k) = inf {E(u), ue L* (R* (1+ |z*)dz) N L*(R?), / lul? = 1} .
R2

In addition, the minimizer of J(e, k) may be explicitly computed (up to the multi-
plication by a complex function of modulus one):

2 x? x2 1/2
9 1 1 2
(5.23) u() TR Rs ( ) ’




ANISOTROPIC BOSE-EINSTEIN CONDENSATES 31

with Ry, Ry defined by (5.13). Inserting in the energy, one finds the lower
bound of . In addition, the inverted parabola is compactly supported,
so it cannot be in Ag. Hence, the inequality is strict.

In order to prove the upper bound, we apply Proposition 5.3 with

p(z) = L(l— |z)? >1/2’
VA ),

and 7 = j. This corresponds to minimizing the leading order term of (5.14]) with
respect to 7 and p, with the constraint [ |p|* = 1. O

6. STRONG ANISOTROPY

We give in this Section the proof of Theorem [I.2] We deal here with the strongly
asymmetric case that is, (1.35)), which we recall here:
(6.1) ko> et/
We first prove an upper bound for the energy in Subsection [6.1], then a lower bound
in Subsection (6.2, and conlude the proof in Subsection 6.3

6.1. Upper bound for the energy.

Lemma 6.1. Assume that p € L*(R). Then the function

1 —Zx —Z((z1— —2iy1x
(62) u(‘l‘l?'IQ) = We 2 %/R 2(( 1—y1)2—2iy 2),0<y1)dy1,
satisfies u € Ag.

Proof. We first write
T 1 x :
u<x1’x2)€§(a@%+z§) — W / 6*5(y%*Z(erzxz)yl)p(yl)dyl’
R

which is a holomorphic function of x; 4 iz9. In addition, we have

(.’131)7

1
|U(l’1,x2)’ < —efgxg P * e*%y%

— 921/4
Hence, using Young’s inequality, we get

2
Hefgyl

v® 21/4HpHL2(R)’

hence u € L?(R?). O

1
lull 22y < Sz llollezey

Lemma 6.2. Let p € C*(R) have compact support with supp(p) C (=T,T), and
consider the function

(63) pl0) = v (é) |

Then, for any r > 1, there exists a constant C,. depending only on r such that the
function u defined by (6.2)) satisfies, for R > 1,

(64) H'LL($1, 1;2) _ 21/4p(l,1)6—7r$§+i7m1m2 _ 2'21/41,2p/(l,1)e—wxg-i-imleg

L7 (R2)

< C Tl/er”HLm(R)
- r R5/2-1/r *
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Proof. We use a Taylor expansion of p (%) around %, that is,

69 0(5) =r(2) + by (2) )

1 2 ! X1 t(yl - xl)
+ @(551 — 1) /0 (1—t)p" (E t—5 dt.

1 Zz —TxS+HIiTT1IT
)i = ()2

VR

In addition we have

RS L / 5 (@m—mp=2ina) L
R

21/4

and

]. T, .2 s 2 . 1 s
- -Ix —Z((z1—y1)?—2iy1z 1 .
21/46 2 2/]1{;@ 2( 1—Y1 Y1 2)R3/2p (R) (yl xl)dyl
21/4 (ﬂ) e—mcg—i-imclatz'
R3/2 R
Setting

(6.6)  v(xy,x2) = u(xy, x0) — 21/4p(x1)e_”%+i”1’”2 — i21/4x2p/(ml)e_”%H”lm,

we infer

o(z1,20)| < 21/435/2 // e 31— 1) |y <R+t—>‘dtdy1

= 2||£4|1l§572 _gz%// yfe_gy%(l_t)]-(—TR,TR)(l'l+ty1)dtdy1.
R J0

Hence, using Jensen’s inequality, we see that there is a constant C, depending only
on r such that

r b © _pIg2
o) < Ol gt / / Ve (L — )L _pmrm (21 + tyn)didys,

whence
ol < ”ZJ/L?/ / R 2““‘”/ Hornamlin idndidrad,
1P |7
07/’ R5r/2 TR’

which implies (|6 . Il
Lemma 6.3. Under the same assumptions as Lemma let u be defined by (6.2)).

Then, there exists a constant Cr > 0 depending only on T such that u satisfies

(6.7) /}R2 7’

u(fEl’ xz) - 21/4/)(361)@’”5“”112 _ i21/4x2p/(x1)effrngrimcla:z 2 dx

1P" 17 )

S CYT R2 ;
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2
—7rz§+i7r$1:c2 . ,L'21/4 )e—mvg-l—zﬁrwlxg dz

w(xy, T9) — 21/4p(x1)e zop (11

and
lp (R)

(6.8) / 75
R2
R4

Proof. Here again, we use the Taylor expansion (6.5). Hence, v being defined by

, we have

// 1
21| |v(z1, 32)| < wwe—azé / / y2e B (1 — 1)1 (_prr) (1 + ty))dtdy,

//||2
<Cr

91/4 35/2

Pl s,
- 2H1/4|1|§s/2 2// yRe BN (1 — t) |y + tyi [ rrrry (1 + tyr)dtdy

Pl s,
+2H1/4|]’{L5/2 2// [y1[Pe 2ylt(l—t)l( rrrR)(T1 + tyr)dtdy.

Hence, using Jensen’s inequality and arguing as in the proof of Lemma [6.2] we have

//
710l ez < C”izsl)‘/gw <(RT)3/2 + Jﬁ) :

where C' is a universal constant. This implies (6.7)). A similar computation gives

"Nz s
||x2v||L2(R2) < ¢ R5/2 RT7

which proves . O]

6.2. Lower bound for the energy. We first recall an important result by Carlen
[7] about wave functions in Ag (defined by (1.22)):

Lemma 6.4 (E. A. Carlen, [7]). For any u € Ay, Vu € L?, and we have

(6.9) / V]ull? =« / fu?.
R2 R2

Remark 6.5. The result of Carlen is actually much more general than the one we
cite here, but the special case is the only thing we need.

Lemma implies the following decomposition of the energy in Ag:

Lemma 6.6. Let u € Ay be such that ||ul|2 = 1. Then, we have

K2 K2 1 9
E - 4= 2|ul?
(W) = —2+5 (W JR +/Rg2|u|)
K 2, € 9o
6.10 — 0 — 22 —/ 4
(6.10) i o+ 5 [ e+ % [

Proof. We write

61) By =- e / w3Juf? + / A + % [l
7T 2 R2

Hence, applying (6.9)), we find (6.10) - O
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Note that the first line is easily seen to be bounded from below by the first
eigenvalue of the corresponding harmonic oscillator, namely x2/(47). Hence, (6.10)
readily implies

2

=

(6.12) B(u) >

o
3

This explains why we chose the constant g in the decomposition (6.11)): it is the
constant which gives the highest lower bound in (6.12)).

6.3. Proof of Theorem [1.2l
Step 1: upper bound for the energy. We pick a real-valued function p such that

pe R () © (TT). [ =1,

and define u by , where p is defined by , with
(6.13) R=¢c%3
Hence, setting v = IIuH T s we know by Lemma that v is a test function for
I(e, k). Hence,
(6.14) I(e,k) < E(v).
Next, we set

v, = 21/4p(x1)e—7ra:§+i7rmlzz + i21/4x2p/(x1)e—mv%+i7rw1x2,

and point out that, applying Lemma [6.2] with r = 2,

||U||%2 = HUl||2L2 +0 (84/3) =1+ 21/2/ |p/(x1)|2 / x%e_%x%dxg + 0 (64/3)
R R

= 1+C’54/3/p'2+0(64/3),
R

where we have used that the two terms defining v; are orthogonal to each other.
Hence,

lullzz =1+ O (£*/?)

where the term O (£%/%) depends only on ||p'||z2, ||p"||1=~ and T. According to (6.14)
and the definition of v, we thus have

(6.15) I(e,k) < E(u) [1+ 0 (£*7)],

where the term O (54/ 3) is independent of k. We now compute the energy of wu:
applying Lemma [6.3] we have

[ at = [ atorr
R2 R2

Moreover, we have, since p is real-valued,

/ 22|y da:—/xlp(xl) dx1+—/x1p (z1)*dz) =&~ 4/3/ p(t)?dt + O (1).
R? R R

Hence, we have

(6.16) / riul? = 84/3/ t*p(t)*dt + O (1) .
R2 R

< C*3 (|lzull 2 + |11 ]| 2) < C2 (2|01 ||z + C52/3) :
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The same kind of argument allows us to prove that

1
(6.17) / 22uf? = / 2010 () = L 1o,
]R2 R2 4

™

Next, we apply Lemma [6.2| with r = 4:

[t = [
R2 R2

Moreover, we have |[u||g: < ||v1]|zs + Ce?3, hence

o= [
R? R?

ol = [ 2p(on) e dpln o+ 2 (a7
R2

1 3
€ /Rp +647T/Rp()p() e P

Hence, we obtain
(6.18) ul* = £2/3 / p(t)'dt + O (%) .
R2 R
Collecting , and , we thus have
E(u) = L + 0 (K%Y3) + &2/3 (/ 1t2p(t)2dt + @/
8T R 2 2 Jr

Recalling (6.15)), this implies

< 2flw = viflga (lulla + Joallfa) < C¥2 (ulla + loallfa) -

< C*2ur s

We also have

RQ

p(t)4dt) +0 (7).

I(e,r)— 2 1
fem) — 5 <z / t2p(t)2dt + % / p(t)*dt + O (k*c*?) + O (')
g2/3 2 Jr 2 Jr

As a conclusion, we have

I(e,k) — 2
lim sup %/38“ < §/t2p(t)2dt—l—%/p(t)4dt,
€—>O,ﬂ—>0 < R R

for any real-valued p € C%(R) having compact support, and such that ||p||;2: = 1. A
density argument allows to prove that

1(57"0)_57 <J

lim sup 23 <
€

/s,
K

e—0, 0

where J is defined by (|1.37)). Thus, we get

I(&f,ﬁl)-g 51/3
—ap o JrelsT o)

with lim c(t,s) = 0.

(t,5)—(0,0)
t,s>0
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Step 2: convergence of minimizers. Let u be a minimizer of I (e, k). Then, according
to the first step, we have

2 1/3
E(u) < i + Je2/3 4 3¢ (5, 6—) ,
8T K

(t,5)—(0,0)
t,s>0

K2 1 )
(6.19) 5\ 12 |(92|u|| + xz\u|
le 2 2 gO 4 2 51/3
A /3 2/3
+ 872 /RQ 01 |ul|” + — B / 331‘u| / lu|* < —l—Je + e c(e . ) .

We set
1 I
(620) U(.’L’l, 272) = glw ‘U <m, [L’Q)

so that ||v||z2 = ||u||z2z = 1, v > 0, and (6.19)) becomes

2 1
(6.21) = (—2/ \82v|2+/ x%zﬂ)
4/3 2 1/3
5 / X —I——</ 35%24—90/ 214) §i+J62/3+52/3c<5,8—).
87T R2 R2 dm K

This implies that

(6.22) / 050 + / 2 < C,
R2 R2

where C does not depend on (e,K). Moreover, since the first eigenvalue of the
operator — gz g + x3 is equal to 1/(2n), (6.21) implies that

(6.23) / riv? + go/ vt < C,
R2 R2

where C' does not depend on (¢,k). Hence, up to extracting a subsequence, v
converges weakly in L* and weakly in L? to some limit vy > 0. Using (6.22) and

(6.23)), we see that

with lim c(t,s) = 0. Hence, applying Lemma , we obtain

Y

|z[*0? < C,
RQ

hence v converges strongly in L2. Since in addition dyv converges weakly in L?, we

have:
(v — vo strongly in L?(R?),
(6,61/3k=1)—(0,0) 0 &Y ( )
T — r1vy weakly in L*(R?),
(6 24) (6,61/3Kk=1)—(0,0)
' — vy weakly in L*(R?),
(6,61/3k=1)—(0,0)
Oov — Dovp weakly in L?(R?).
\ (,61/3k=1)—(0,0)
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Hence, we may pass to the liminf in the two first terms of (6.21)), getting
(6.25)

1 2 . 1 2 1
— Oy +/ 22 < lim inf —/ Oy +/ 2? ) < —.
472 /R2 ’ 2 0| 2 2%0 = (2,61/35-1)(0,0) 472 w2 | 2 ’ R 2 = 91

We use that the first eigenvalue of the operator — = ‘fg + 32 on L*(R) is equal to

472 da2
1/(27), is simple, with an eigenvector equal to 2'/4 exp(—m232). Thus,
(6.26) vo(1, 72) = E(71)24 e 7™,
with & > 0. Next, (6.21)) and (6.24) also imply
1 2.2, 90 4 Lo 1 2.2 90 4
(6.27) §/Rzarlvo+5 R2v0§8_1)1017n£f_)0 5 R2931v +5 R2U < J

Using (/6.26)), we infer
1 242 90/ 4
— i < J.
2/Rx1€ T R€ B

Hence, recalling that, in view of (6.24) and (6.26)), we have [ £? = 1, the definition of
J implies that ¢ is the unique non-negative minimizer of (1.37)). This proves (|1.38)),
(6.27)

with strong convergence in L? and weak convergence in L*. Moreover, using
again and the fact that £ is a minimizer of ((1.37)), we have

lim 22(v2 — %) + / v — 1) ) =0.
(8,51/35—1)—>(0,0) </RQ 1( 0 ) Jo R2 ( 0 )

Next, using the explicit formula giving vy, a simple computation gives
ettt =)+ oot =)z g [ (7 =of)”
R2 R2

hence v? converges to v2 strongly in L?(R?). Thus,

vt — [ .
R2 R2

The space L*(R?) being uniformly convex, this implies strong convergence in L*,

hence (|1.38)).

Step 3: lower bound for the energy. Using Lemma [6.6], we have

Bz T ([ [
u — —_— v v .
~ 4r 2 ]R21 g0 R2

In addition, we already proved ([1.38)), which implies

1 2 9, 90 4 1 2 2 90/ 4
— TvT 4 — v — — vy + vy = J,
Z/RQ ! 2 R2 2 R2 170 2 RQO

which implies the lower bound for the energy. 0

7. APPENDIX

7.1. Glossary.
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7.1.1. The harmonic oscillator. The operator

(71) > w(E+ N2 = Y w(DL + N3, A >0, Dy =—0,,

- , 20T
1<j<n 1<j<n

has a discrete spectrum

(7.2) % 3 Aj+{ Y aj,\j}(

)
Qe , (U N7
1<j<n 1<j<n Leess n)E

and its ground state is one-dimensional generated by the Gaussian function

(7.3) oa(x) = on/4 H )\]1-/46_7T>\'7$?.

1<j<n

7.1.2. Degenerate harmonic oscillator. Let r € {1,...,n}. Using the identity

: Aj
(74) (Huu)= ) (D3 +Xadu,u) = Y [[(Day —idga)ulfe + 5 ullzz,

1<j<r 1<j<r

we can define the ground state E, of the operator H, as

(75) ET = LQ(Rn) ﬂlgjgr ker(ij — Z)\jZL’j>

= {QO()\LW’)\T)(&H, e ,Z’T) X U(l‘,u,.l, e axn)}vELQ(R”—T)'

The bottom of the spectrum of TH, is 5 Y <<, Aj-

7.2. Notations for the calculations of section [2.3l

(7.6) 4wt <1, V44l =1,
(7.7) =Vt +4w? =42 + (1 -w?—€2)2  (ifv=0,a =2w).
14 w2)2— a2 1— w22 — 4 9,2:2 4 o4
(7.8) - S SN Ch e i Ul L A
l+w®+a K Ko
(7.9) pr=1+uw?+a (fr=0,u=14w).

Remark 7.1. If v = 0, u; = O(¢?) and if v # 0, u3 = O(g). Moreover, for v + w? < 1,
p3 € [1,4] and for v? +w? =1, 2 € [2,4]: we have indeed

(7.10) 1<1+w?+ W+ 40?2 <4

since 4 4+ 10w? < (1 —w?)? 4+ 10w? = 8w? + 1 +w* < 9+w?, implying (3 —w?)? > v* +4w?
and (7.10). If v2+w? = 1, we have (1—w?)? = v* < v 4+4w? = 2 < 1+ + (1 +4w?) /2,
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We define the following set of parameters,

) ) 2 _ .2
(711) 01 = QWZI_’_ 5 = a 2w Y since (a0 — 20?)? — 1* = 4w? 4 40 — 40?0 = 4023 |
a—2wr+v Wity
2 2 2 .2
(712> P = T 2wl;2+ 5 = a +2w v since (o 4 2w?)? — v? = 4w? + 4w* + 40?0 = 40243
a+2w?+v B
2c
7.13 = —,
(713) vy =—
714y =M 1 1 _a- w4
p + BiBape 1+% 1+% 20 ’
(715) A—— 2 1 1 _ ottt
p2 + B10211 1+% 14 o2 2a ’
2 2\2 4
—4
(7.16)  and we have A2+ A2 =1+ VE It s ”43)[2 ndly
AL A+ A3
(7.17) d="1 ; 2 c= 5;} 2 sothat ed=20042/0) _an?
1A2
We have also
21 o —2w? + 12 - a—2w? + 12 2
W w»y 22 TP
22 a+2wr+1? a4 2w?+02
e o wy 22 ¥
and
A2 4+ 22 91/2,,1/2
=" 21+ )2 ———————
’ 2\ ( ) Va —2w? 4+ 12

N
Va —2w? + 12V + 20?2 — 12
Va I
Va?— (2w? —1?)?
= (1+ 1207127202V /a + 202 — v2(2w) 1 (22 + €2) V2

Moreover, we have

=(1+ V2a_1)2_1

— (1 + V2a71)27121/2a1/2

a4+ 2w? — 12
202 4 ¢2

_ Ao _ _ a4+ 2w -2 2w
Aod—1 = 02 93720172 1 2,-1/2),,-1,
2 cd (@417 Jw W2 42 412’
1 o-1/2,1/2 2 —1/2y o+ 2w? — 12 2 —1
Agd =2 /(Oé/ + 1 o /) W(OK"‘V) s
92 2 _ 4,2
(7.19) Aod™ ! = (2a)_1/2\/—a—; 2w+ 2” (if v = 0, hod 1 = 27 1/2(1 — w)~1/2),
V2 4 ¢

M43
2\

(7.18) ey = 273202 4 120 /)W ! (if v =0,cha = 271/2(1 —w)~1/2),

(7.20) cAy =

Md™t = Ae(ed)™ = (1 + o 0?2720 2 (o + 2w 4+ 1) V22w (a + 12) 7L,

(7.21) Md ' =227V 20 (a + 207 +02)7V2 (i v =0, 0d7 = 27121 + w) V),

39

(1+o¢_1u2)2_1/2o¢1/2(a+2w2 +y2)_1/2 (if v =0,cA; = 2721 +w)~1/?),
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Ared = (a+ 1227w o — 2w? 4 12)1 /207120712,
Med =273 (a+ 1) w a2 (a0 — 2% +v)Y? (i v =0, Aed = 2712(1 — w)V/?),

i _ 77)\1 — aw (o — 22 4 )29 1126712 2 9120112, (o _ 92 4 212,
Aed — )‘\12 = (0 — 2% + )2 (2732 (o + 1A Ta V2 - 2 12012 ),
Ared — ;12 = 2732, 012 (0 — 2% + 122 (a4 1% - 2a),
(7.22) Aed — i = 2732, a2 (0 — 202 + V2V (a0 — 1P),

(0= 0N = 4 = 27121 ) 2),
(7.23) =20 P a— 2 ) (ifr=0,0 =27 21 —w)/?),

d d
Aocd — — = AT Ao(Ned — —
2C ¥ 1 2( 1€ )\2)

_ _2—3/2w—1a—1/2(a_2w2+y2)1/2(a_V2)(a+2w2+1/2)1/2(a_2w2+y2)—1/2

= —273/2w71a71/2(a — %) (a4 2w% + V2)1/2,

(7.24) )\2cd—>\i = 2732 a2 (a—1?) (a+ 202 +%)Y2 (if v = 0, Aged — )\i = 27121+ w)'/?)
1 1
(7.25) Ao =272 V2 (a4 202 + )Y2 (if v = 0,00 = 2712(1 + w)Y/?),
(7.26) b 2 2 T _ dow (202 + €2)
' 2 o+ 2w+ 231 o —v2 2027

7.3. Some calculations.

7.3.1. Proof of the lemma[2.5. We have to calculate

1—v? 0 0 —w A1 0 0 —)‘71
~ a0 1+ w0 0 A2 —2 0
Q=xQx=x 0 w 1 0 0 %—)\2cd Ao 0
—w 0 0 1 )\% — M\cd 0 0 ¢\
(1—y2))\1—‘3\’—§+)\10dw 0 0 —%ﬁﬂ)—c)qw
_ X* 0 (1+u2)>\2+‘>‘\4§i—>\2cdw —%—&—wckz 0
0 Wha+ 5L —Azed —922 4 ehs 0
—whi+ 5 —Aed 0 0 O en
)\1 0 0 /\12 — Alcd
. 0 /\2 %7}\26{1 0
o =2 en 0
—2 0 0 A
(1—V2))\1—;’—‘21+)\1cdw 0 0 —%ﬂﬂ)—c)qw
y 0 (1412 Ao+ $2 —Agcdw — 2 4 en 0
0 Wha+5E—Aacd 22 1 exn 0

—wA+5E —Ared 0 0 D en
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We get easily ¢12 = G13 = 0 = @24 = @34. To prove that the symmetric matrix Q is
diagonal, it is thus sufficient to prove that ¢4 = 0 = ¢23. We have

A A cd)
G1a = —El(l - 1/2) —wc)\% —i—w)\—; + C>\21 _ )\%cw _ cz)ﬁd
)‘% wd cd?
=21 1412 —2wed _ 2d2}
d[ + v we —|—)\2/\1+)\2)\1 c
A (a+v?)a (a+v?)?
=—| -1 2_ ;2 a }
d[ trmasytadt 2w w 4,2
M1 5 (@®+1r%a) (a+v?)?
= ]
:)\_%__w2+(y4+4w2+V204)_(a2+1/4—|—20m2)}
dw? L 92 1
A (V' +4e? +0%0) (44?1t 200
g _1 _w2_'_ - :|
dw? L 92 1
all| (2" 4 8w® + 2v%a) (20 + 4w® + 200%)
) — W 1 — 1 }:0, qed
w2 L
Moreover we have
A3 Ay cd)
Gos = —2(1+02) +wehd — <=2 4 S22 4 Nwe — A3cPd
d M\ A\
A 2 wd cd? 5
=—|—-1- 2wed — — 3 }
d [ Vit wed — e e
/\2 2 212
:f[—l—f—l—a—i—lﬂ—a—i——(a;—y Ja (O‘I’g) ]
w w w
A2 24 2 22
= d_22[_ s | (o —f-21/ a) . (a +47/ ) ] =0, from the previous computation.
w

We know now that Q is indeed diagonal. We calculate

~ A(L=2%) 2cMw 50 A 2 2 12 A 2 o, (@ +v?)°
Qa4 = d2 + d “+c )\1 = E |:1—V +2(.UCd+C d ] = ﬁ |:1—1/ +a+v —|—T
)2 44402 4 4902 22 4 2
Gaa = 2;2 [w2+ozw2+ (v + 4w ZV +2av )] = 2;2 [2w2+aw2+ W Haor) +20w )]
w w
2
Since w)2\312 - 72)\4§w2 - a21)\§ - a2(a+22€32+1/2)’ we have
1 a? + 20w? + av?
5o 4 2 ) 2 4 2:| — -1
s a(a+2w2+y2)[ W sawn v ay a? + 2aw? + av?
Analogously, we have
~ NI +v?) 2eMw 505 A3 2 2 12 A3 2 o, (a+0?)?
Q33 = 7 g +c°N; = - [1-1—1/ —2wedH-cod ] =0 [1+V —a—v+ 12
22 44402 4+ 4902 22 4 2
g3z = wQSl? [w2 —aw? + (" + 4w ZV +eav )] = szZ? [2w2 — aw® + v +2ay )]
2
Since wéfp = 72/\4%2 = 021)\% = (a_2232+y2), we have
1 a? — 2aw? + av?
- 40? — 20 + A 2} _ -1
033 ala —2w? + 1?) [ “ oty ay a? — 2aw? + av?

]
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We calculate

d\ d? EDY
G = X1 —07) =22 L aNedo + 5 - 2C T XA
A2 A5 A2
wd d? cd?
q :)\2[1_ 2 %cdw _9 2d2]
411 1| ( V) — )\1)\2—1- —i—/\2>\2 )\1)\2+C
2 2 22
q +ria  (a+rv?)
:)\2|:1_ 2 —9 2 __204 o :|
o A=v)—2ataty +w2 2w w+ 4w?
- A2 o+ 12)2
G = wQ[(l—a)w +ao? - —a? +( - )}

il a2+, 2 o V44w + vt + 2002
9112—[w —aw? —ar? + }
201w? 4
- a—2wr+vi , 1 o,
QIIZW[ZW — aw _§OW +§]

More calculations:
v v
(o — 2w + %) (2w + 5 a(w? + 3))
v V2 v V2
= (1* — 2w (2w* + ?) — (W + 4w (WP + ?) + oz(2w2 + 5 + (W + ?)(2w2 - V2>>
= —8uw! — 2wt + (2w + 2w?)
which is equal to
2003 (1 + w? — a) = a(2w* + 2w?) — 20°wW? = a(2w? + 2w?) — 22 (V! + 4w?),

proving thus that ¢;; = 1 +w? — a. The previous calculations and (2.8)) give g =
1 + w? + a, completing the proof of the lemma.

7.3.2. On the symplectic relationships in Lemmal[2.6. The reader is invited to check
the following formulaﬂ with the notations of lemma :

oz—l—uz

9 2
fa- (-~ )$2,§2+(a;V )xl} —aw ! {6 - (D)6 + () w} = aw
2 9 2
{& - (a Y2, & + ( )332} =0,{& —( 2; )z, & — (QQWV Jz1} =0,

2 2 2
{&+ ( 2+ )331751-1-( )mz}zoa{fz-l-(a;wy )961,52—(a 7 Jz1} =0,

as well as

(a — 2w? + 1/2)1/2(a + 2w? — 1/282)1/2

2a
=2 epytw™? (4w2—4w4+4w2u2)1/2 = epy (1= 022 = eps Y (202 4e)V2 = 1y

TV ow L = 271&,“;1“)71(042 — (2w? — 1/2)2)1/2

and

a+ 2w+, I+w4+a 12
—TEE T T Nl -1 _ (1 2 2z _
( 5 ) w<a(a 2w2—|—u2)) aw (1+w’+a) Lo

4This is indeed double-checking since those formulas are proven in section 2.
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