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Homogenization of reative �ows in porous mediaand ompetition between bulk and surfaedi�usionG. Allaire ∗, H. Hutridurga ∗AbstratIn this work, we study the onvetion and di�usion of a solute in a porousmedium in the presene of a linear hemial reation of adsorption/desorptionon the pore surfaes. The mathematial model is a system of two oupledonvetion-di�usion equations, one in the bulk of the saturated �uid �owingin the porous medium, the other on the pore surfae, at the interfae with thesolid part of the porous medium. The oupling takes plae through a linearreation term expressing the exhange of mass between the bulk onentrationand the surfae onentration. By a method of two-sale asymptoti expan-sion with drift we obtain the homogenized problem in a moving frame. Werigorously justify our upsaling approah by using the notion of two-sale on-vergene with drift. Some 2-d numerial tests are performed in order to studythe e�et of variations of the adsorption rate onstant and surfae moleulardi�usion on the e�etive dispersion tensor.AMS lassi�ation: 35B27, 76M501 IntrodutionTransport of solutes through porous media, where there is an exhange of massat the interfae between the bulk and the pore surfae, has many appliations inhemial engineering or in soil sienes [10℄, [16℄. We understand porous media�ows based on our knowledge of basi physial priniples at the pore sale but mostexperimental observations are made at the marosale. Diret numerial simulationfor solving mirosopi models are often impossible to handle with the availableomputational resoures and thus upsaling is a neessary tool in pratie. Themethod of multisale asymptoti expansions is one of the most e�ients to derivee�etive models at a marosopi sale and has the de�nite advantage that it an bemade mathematially rigorous through the theory of homogenization [17℄. Disper-sion phenomenon has attrated a lot of interest sine the pioneering work of Taylor[29℄. Multiple sale expansions were employed to study dispersion phenomena inpresene of adsorption in many works inluding [4℄, [9℄, [12℄, [14℄, [18℄, [22℄, [23℄,[28℄ (and referenes therein).In the present paper we onsider a single solute in an inompressible satu-rated �uid �owing in a porous medium. A linear hemial reation of adsorp-tion/desorption an take plae at the pore surfaes. Therefore, two unknown on-entrations are taken into aount: one in the bulk and the other on the liquid/solidinterfaes. The mathematial model is a system of two oupled onvetion-di�usionequations, one in the bulk of the saturated �uid �owing in the porous medium, the
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other on the pores surfae. This model is a generalization of that in [4℄, [6℄: thenovelty is the presene of onvetion and di�usion on the pores surfae too (andnot only in the bulk). In partiular we study the possible ompetition betweensurfae and bulk moleular di�usion. Higher values of the surfae di�usion mayfavor a solute transport along the pore boundaries rather than in the bulk of the�uid. Of ourse, our model an still be onsidered as a toy model sine in mostappliations one should onsider multiple phase multi-omponent �ow with moreomplex adsorption isotherms of Langmuir type. This will be the topi of futurework [19℄.Under a periodiity assumption on the porous media, our main result says thatthe homogenized or upsaled limit of both surfae and bulk onentrations is givenby the solution ũ0(t, x) of the following marosopi onvetion-di�usion equation
Kd

∂ũ0
∂t

+
1

ε
b∗ · ∇ũ0 − div (A∗∇ũ0) = 0 ,where Kd is the e�etive porosity, A∗ is the e�etive di�usion (or dispersion) tensorand b∗/ε is the e�etive veloity. Note that, as usual, ε is the small positive param-eter whih is the ratio between the heterogeneities lengthsale and a harateristimarosopi lengthsale. Suh a result is �rst obtained by the formal method oftwo-sale asymptoti expansion with drift (see [8℄, [4℄, although it was antiipatedin [20℄, [26℄) in Proposition 4.3 and Remark 4.4, whih also deliver expliit formulafor the e�etive oe�ients. A mathematially rigorous proof of our main result islater given in Theorems 5.7 and 6.1 whih rely on the notion of two-sale onver-gene with drift introdued in [21℄ (see [3℄ for a pedagogial review). This notionhas also been applied to the homogenization of onvetion-di�usion equations in [8℄,[6℄, [13℄.The ontents of this paper is the following. Setion 2 desribes the periodiporous medium and the nondimensional mirosopi model. Setion 3 is devotedto uniform a priori estimates and brie�y review existene results. In setion 4, weapply the formal method of two-sale asymptoti expansion with drift to deduethe homogenized limit. Setion 5 is dediated to the rigorous justi�ation of theupsaling proess and it ontains most of the de�nitions and results of two-saleonvergene theory. An improved onvergene theorem (in the strong norm) isproved in Setion 6. Eventually, Setion 7 is onerned with some 2 − d numerialtests using the FreeFem++ pakage [27℄. In partiular we study the behavior of theell solutions and of the homogenized dispersion tensor with respet to variations ofvarious mirosopi parameters like the loal Pélet number, the reation rate andthe surfae moleular di�usion.2 Desription of the problemWe onsider an ε-periodi in�nite porous medium. Typially, this medium is builtout of Rd (d = 2 or 3, being the spae dimension) by removing a periodi distributionof solid obstales whih, after resaling, are all similar to the unit obstale Σ0. Morepreisely, let Y = [0, 1]d be the unit periodiity ell. Let us onsider a smoothpartition Y = Σ0 ∪Y 0 where Σ0 is the solid part and Y 0 is the �uid part. The unitperiodiity ell is identi�ed with the �at unit torus Td. The �uid part is assumedto be a smooth onneted open subset whereas no partiular assumptions are madeon the solid part.For eah multi-index j ∈ Z

d, we de�ne Y j
ε = ε(Y 0 + j), Σj

ε = ε(Σ0 + j), Sj
ε =

ε(∂Σ0+j), the periodi porous medium Ωε = ∪j∈ZdY j
ε and the (d−1)−dimensionalsurfae ∂Ωε = ∪j∈ZdSj

ε . 2



We denote by n(y) the exterior unit normal to Y 0. Then, G(y) = Id−n(y)⊗n(y)is the projetion matrix on the tangent hyperplane to the surfae ∂Y 0 = ∂Σ0. Inorder to de�ne a Laplae-Beltrami operator on this surfae, we de�ne the tangentialgradient ∇S = G(y)∇ and the tangential divergene divSΨ = div(G(y)Ψ) for avetor �eld de�ned from Y 0 into R
d.We assume that the porous medium is saturated with an inompressible �uid,the veloity of whih is assumed to be independent of time, periodi in spae andgiven. The �uid annot penetrate the solid obstales but an slip on their surfae.Therefore, we onsider two periodi vetor �elds: b(y), de�ned in the bulk Y 0, and

bS(y), de�ned on the surfae ∂Σ0 and belonging at eah point of ∂Σ0 to its tangenthyperplane. Assuming that the �uid is inompressible and does not penetrate theobstales means that
divyb(y) = 0 in Y 0, b(y) · n(y) = 0 on ∂Σ0,

divSy b
S(y) = 0 on ∂Σ0.In truth, bS(y) should be the trae of b(y) on ∂Σ0 but, sine this property is notneessary for our analysis, we shall not make suh an assumption. Of ourse, someregularity is required for these vetor �elds and we assume that b(y) ∈ L∞(Y 0;Rd),

bS(y) ∈ L∞(∂Σ0;Rd) and bS = GbS is always tangential to the surfae.We assume that the moleular di�usion is periodi, possibly anisotropi, varyingin spae and di�erent in the bulk and on the surfae. In other words, we introduetwo periodi symmetri tensorsD(y) and DS(y), with entries belonging respetivelyto L∞(Y 0) and to L∞(∂Σ0), whih are assumed to be uniformly oerive, namelythere exists a onstant C > 0 suh that, for any ξ ∈ R
d,

D(y)ξ · ξ ≥ C|ξ|2 a.e. in Y 0, DS(y)ξ · ξ ≥ C|ξ|2 a.e. on ∂Σ0.Without loss of generality, we also assume that DS ats only on the tangent hyper-plane of Σ0, i.e., DS = GDSG.Introduing the two positive onstants κ (the adsorption rate) and K (the ad-sorption equilibrium onstant), for some positive �nal time T we onsider the ou-pled system
∂uε
∂t

+
1

ε
bε · ∇uε − div (Dε∇uε) = 0 in (0, T )× Ωε. (1)

−Dε

ε
∇uε ·n =

∂vε
∂t

+
1

ε
bSε ·∇Svε−divS

(

DS
ε ∇Svε

)

=
κ

ε2

[

uε −
vε
K

] on (0, T )×∂Ωε.(2)
uε(0, x) = u0(x) in Ωε, vε(0, x) = v0(x) on ∂Ωε (3)where the initial data are hosen suh that u0(x) ∈ L2(Rd) and v0(x) ∈ H1(Rd)(so that its trae is well-de�ned on ∂Ωε). The notations for the oe�ients are, asusual, Dε(x) = D(x/ε), DS

ε (x) = DS(x/ε), bε(x) = b(x/ε) and bSε (x) = bS(x/ε).It should be noted here that the divergene free assumption and the no-penetrationondition on the veloity �eld is not neessary as one an still homogenize the abovesystem in their absene, using a fatorization priniple to start with as is done in[8℄. The saling of system (1)-(3), where some terms are very large of order ε−1 or
ε−2, should not be a surprise for the attentive reader. Indeed, it is obtained from anadimensonalized system (without any ε fator) by the paraboli hange of variables
(τ, y) → (ε−2t, ε−1x). In other words, one an laim that, even though the globalPélet number is of the order of ε−1, the loal Pélet number is just of order 1. Wereall that the presene of a large drift is lassial in the literature [4℄, [9℄, [13℄, [21℄,[22℄, [26℄, [28℄. 3



Remark 2.1 When κ = 0, the equations for uε and vε are deoupled. So, wealways assume κ > 0. Formally, when κ tends to +∞, the two onentrations arefully oupled in the sense that vε = Kuε.On the other hand, when K = 0, it formally yields that vε = 0 and the onlyremaining unknown uε satis�es a homogeneous Neumann boundary ondition on
∂Ωε. However, if K tends to +∞, then uε and vε are again deoupled in the limit,with a Fourier-type boundary ondition −Dε∇uε · n = κuε/ε on ∂Ωε.Remark 2.2 A ruial assumption in our work, as in [4℄ and[6℄, is that all oe�-ients are purely periodi funtions depending only on the fast variable y = x/ε andnot on the slow variable x. In partiular, we are unable to treat the ase of moregeneral veloity �elds of the type bε(x) = b(x, x/ε) and bSε (x) = bS(x, x/ε) where
b(x, y) and bS(x, y) are smooth divergene-free (with respet to both variables) vetor�elds. The main tehnial reason is that the homogenized drift b∗ would then dependon x whih annot be handled by our method. Even more, we know from [7℄ that,under speial assumptions on the oe�ients depending on x and y, a new loal-ization phenomenon an happen whih is ompletely di�erent from the asymptotibehavior proved in the present work. There is still a lot to understand for generalveloity �elds b(x, y) and bS(x, y) but we are laking the adequate tools (even formalones) to guess the orret e�etive limit.3 A Priori EstimatesThe existene and uniqueness of solution to (1)-(3) is lassial. One an either usethe argument of Galerkin approximation followed by a priori estimates as in [15℄(Chapter 7) or use a variant of the Lax-Milgram lemma due to Lions-Magenes (see,if neessary, hapter 10 in [11℄).The variational formulation for (1)-(2) amounts to �nd (uε, vε) suh that uε ∈
L2((0, T );H1(Ωε))∩C([0, T ];L2(Ωε)) and vε ∈ L2((0, T );H1(∂Ωε))∩C([0, T ];L2(∂Ωε))satisfying, for any test funtion (φε, ψε) ∈ H1(Ωε)×H1(∂Ωε),

T
∫

0

∫

Ωε

[

∂uε
∂t

φε +
1

ε
bε · ∇uεφε +Dε∇uε · ∇φε

]

dx dt

+
ε

K

T
∫

0

∫

∂Ωε

[

∂vε
∂t

ψε +
1

ε
bSε · ∇Svεψε +DS

ε ∇Svε · ∇Sψε

]

dσε(x) dt

+

T
∫

0

∫

∂Ωε

[

κ

ε

(

uε −
vε
K

)

(

φε −
ψε

K

)]

dσε(x) dt = 0. (4)From this variational formulation we dedue the following paraboli a priori esti-mate.Lemma 3.1 There exists a onstant C, whih is independent of ε, suh that thesolution of (1)-(3) satis�es
‖uε‖L∞((0,T );L2(Ωε)) +

√
ε‖vε‖L∞((0,T );L2(∂Ωε))

+‖∇uε‖L2((0,T )×Ωε) +
√
ε‖∇Svε‖L2((0,T )×∂Ωε)

+
√
ε‖wε‖L∞((0,T );L2(∂Ωε)) ≤ C

(

‖u0‖L2(Rd) + ‖v0‖H1(Rd)

)

(5)where wε = ε−1
(

uε −K−1vε
). 4



Remark 3.2 Sine the (d− 1)-dimensional measure of the periodi surfae ∂Ωε isof the order of ε−1, a bound of the type √
ε‖zε‖L2(∂Ωε) ≤ C means that the sequene

zε is �bounded" on the surfae ∂Ωε.Proof. We �rst derive an energy equality for (1)-(3). We multiply (1) by uε andthen integrate over Ωε

1

2

d

dt

∫

Ωε

|uε|2 dx+

∫

Ωε

Dε∇uε · ∇uε dx+
κε

ε2

∫

∂Ωε

(

u2ε −
uεvε
K

)

dσε(x) = 0 (6)where the integral of the onvetive term has disappeared sine
∫

Ωε

1

ε
bε · ∇uεuε dx =

1

2

∫

Ωε

div(bε|uε|2) dx =
1

2

∫

∂Ωε

|uε|2bε · n dσε(x) = 0.Multiply the seond equality in (2) by K−1εvε and integrate over ∂Ωε to get
ε

2K

d

dt

∫

∂Ωε

|vε|2 dσε(x)+
ε

K

∫

∂Ωε

DS
ε ∇Svε·∇Svε dσε(x)+

εκ

ε2

∫

∂Ωε

(

v2ε
K2

− uεvε
K

)

dσε(x) = 0(7)where the integral of the onvetive term has also disappeared sine bSε is divergenefree. Adding (6) and (7) results in the following energy equality
1

2

d

dt

∫

Ωε

|uε|2 dx+
ε

2K

d

dt

∫

∂Ωε

|vε|2 dσε(x) +
∫

Ωε

Dε∇uε · ∇uε dx

+
ε

K

∫

∂Ωε

DS
ε ∇Svε · ∇Svε dσε(x) +

εκ

ε2

∫

∂Ωε

(

uε −
vε
K

)2

dσε(x) = 0Integrating it over the time interval (0, T ) leads to the desired estimate (5).
24 Two Sale Expansions with driftWe homogenize the mirosopi model (1)-(3) using the formal method of two-saleasymptoti expansions with drift [4℄, [6℄, [8℄, [13℄, [26℄. This method starts with theassumption that uε and vε an be written in terms of an in�nite series as

uε(t, x) =
∞
∑

i=0

εiui

(

t, x− b∗t

ε
,
x

ε

) (8)and
vε(t, x) =

∞
∑

i=0

εivi

(

t, x− b∗t

ε
,
x

ε

) (9)where ui(t, x, y) and vi(t, x, y) are funtions of marosopi variable x and the mi-rosopi variable y = x
ε
∈ (0, 1)d. The drift b∗ ∈ R

d is unknown to start with. Itshall be determined along the proess of homogenization. The idea is to plug (8)and (9) in (1)-(2). We shall keep in mind the following hain rule di�erentiation:
∂

∂t

[

φ

(

t, x− b∗t

ε
,
x

ε

)]

=





∂φ

∂t
−

d
∑

j=1

b∗j
ε

∂φ

∂xj





(

t, x− b∗t

ε
,
x

ε

)

,

∂

∂xj

[

φ

(

t, x− b∗t

ε
,
x

ε

)]

=

[

∂φ

∂xj
+

1

ε

∂φ

∂yj

](

t, x− b∗t

ε
,
x

ε

)

.

(10)5



Inserting the asymptoti expansions of the solutions in the model, we identify theoe�ients of the various powers of ε to get a asade of systems of equations. Wepresent a lemma that plays a ruial role in solving those systems of pde's.Lemma 4.1 For f ∈ L2(Y 0), g ∈ L2(∂Σ0) and h ∈ L2(∂Σ0), the following systemof equations






























b(y) · ∇yu− divy(D(y)∇yu) = f in Y 0,

−D(y)∇yu · n+ g = κ
(

u− 1
K
v
) on ∂Σ0,

bS(y) · ∇S
y v − divSy (D

S(y)∇S
y v)− h = κ

(

u− 1
K
v
) on ∂Σ0,

y → (u(y), v(y)) Y − periodi, (11)admits a solution (u, v) ∈ H1
#(Y

0) × H1
#(∂Σ

0), unique up to the addition of aonstant multiple of (1,K), if and only if
∫

Y0

f dy +

∫

∂Σ0

(g + h) dσ(y) = 0. (12)Remark 4.2 The subsript # indiates a spae of Y -periodi funtions. Reallthat Y 0 and Σ0 are thought as subsets of the unit ell Y , identi�ed with the unit�at torus, i.e., Y 0 and Σ0 are periodi subsets of Rd.Proof. The variational formulation of (11) is
∫

Y 0

(b · ∇yu)φdy +

∫

Y 0

D(y)∇yu · ∇yφdy+

1

K

∫

∂Σ0

(

bS · ∇S
y v

)

ψ dy +
1

K

∫

∂Σ0

DS(y)∇S
y v · ∇S

yψ dσ(y)+

∫

∂Σ0

κ
[

u− v

K

]

[

φ− ψ

K

]

dσ(y) =

∫

Y0

fφ dy +

∫

∂Σ0

(

gφ+
h

K
ψ

)

dσ(y).Taking (φ, ψ) = (1,K) we �nd the neessary ondition (12). The left hand side ofthe variational formulation is oerive on the spae [H1
#(Y

0)×H1
#(∂Σ

0)]/[R(1,K)]where the spae R(1,K) is the set of onstant vetors of the type (C,KC) when Ctakes values in R. Lax-Milgram lemma yields the existene of a unique solution inthis spae.
2Proposition 4.3 Under the assumption (8)-(9), the solution (uε, vε) of (1)-(3)formally satisfy

uε(t, x) ≈ u0

(

t, x− b∗t

ε

)

+ εu1

(

t, x− b∗t

ε
,
x

ε

)

vε(t, x) ≈ Ku0

(

t, x− b∗t

ε

)

+ εv1

(

t, x− b∗t

ε
,
x

ε

)with the e�etive drift
b∗ =

∫

Y 0

b(y) dy +K

∫

∂Σ0

bS(y) dσ(y)

|Y 0|+K|∂Σ0|d−1

(13)6



and u0 the solution of the homogenized problem






Kd

∂u0
∂t

− divx (A
∗∇xu0) = 0 in (0, T )× R

d

Kd u0(0, x) = |Y 0|u0(x) + |∂Σ0|d−1v
0(x), x ∈ R

d

(14)where Kd = |Y 0|+K|∂Σ0|d−1 and the dispersion tensor A∗ is given by
A∗

ij =

∫

Y 0

D(y) (∇yχi + ei) · (∇yχj + ej) dy + κ

∫

∂Σ0

(

χi −
ωi

K

)(

χj −
ωj

K

)

dσ(y)

+K−1

∫

∂Σ0

DS(y)
(

Kei +∇S
yωi

)

·
(

Kej +∇S
yωj

)

dσ(y) (15)with (χ, ω) = (χi, ωi)1≤i≤d being the solution of the ell problem suh that
u1(t, x, y) = χ(y) · ∇xu0(t, x) , v1(t, x, y) = ω(y) · ∇xu0(t, x) , (16)and the ell problem is















b(y) · ∇yχi − divy(D(∇yχi + ei)) = (b∗ − b) · ei in Y 0,

bS(y) · ∇S
yωi − divSy (D

S(∇S
yωi +Kei)) = K(b∗ − bS) · ei + κ

(

χi −K−1ωi

) on ∂Σ0,
−D(∇yχi + ei) · n = κ

(

χi −K−1ωi

) on ∂Σ0,
y → (χi, ωi) Y − periodi.(17)Remark 4.4 In Proposition 4.3, the asymptoti pro�le u0 is de�ned in a movingframe of referene. Of ourse, one an go bak to a �xed frame of referene byde�ning

ũ0 (t, x) = u0

(

t, x− b∗t

ε

)

.Then, while u0 was solution of the di�usion homogenized equation (14), ũ0 is nowsolution of an homogenized onvetion-di�usion equation
Kd

∂ũ0
∂t

+
1

ε
b∗ · ∇xũ0 − divx (A

∗∇xũ0) = 0 in (0, T )× R
dwhih has a nier physial interpretation sine b∗/ε is learly the homogenized ve-loity.Proof. Inserting the ansatz (8) and (9) in the equations (1) and (2) yields thefollowing asade of equations.































b(y) · ∇yu0 − divy(D(y)∇yu0) = 0 in Y 0,

−D∇yu0 · n = bS(y) · ∇S
y v0 − divSy (D

S(y)∇S
y v0)

= κ
(

u0 −K−1v0
) on ∂Σ0,

y → (u0(y), v0(y)) Y − periodi. (18)From Lemma 4.1 we dedue that the solution of (18) does not depend on y andsatisfy v0(t, x) = Ku0(t, x). 7



At order ε−1:






























−b∗ · ∇xu0 + b(y) · (∇xu0 +∇yu1)− divy(D(y)(∇xu0 +∇yu1)) = 0 in Y 0,

−b∗ · ∇xv0 + bS(y) · (∇S
xv0 +∇S

y v1)− divSy (D
S(y)(∇S

xv0 +∇S
y v1))

= −D(y)(∇xu0 +∇yu1) · n = κ
(

u1 −K−1v1
) on ∂Σ0,

y → (u1(y), v1(y)) Y − periodi. (19)The ompatibility ondition (12) of Lemma 4.1 yields the desired value (13) of thedrift veloity b∗ in order to solve (19). By linearity of (19) we dedue that itssolution is given by
u1(t, x, y) = χ(y) · ∇xu0 and v1(t, x, y) = ω(y) · ∇xu0where (χ, ω) is the solution of the ell problem (17).At order ε0:



























































∂
∂t
u0 − b∗ · ∇xu1 + b(y) · (∇xu1 +∇yu2)

−divx(D(y)(∇xu0 +∇yu1)) − divy(D(y)(∇xu1 +∇yu2)) = 0 in Y 0,

∂
∂t
v0 − b∗ · ∇xv1 + bS(y) · (∇S

xu1 +∇S
y u2)

−divx(D
S(y)(∇xv0 +∇S

y v1))− divSy (D
S(y)(∇xv1 +∇S

y v2))

= −D(y)(∇yu2 +∇xu1) · n = κ
(

u2 −K−1v2
) on ∂Σ0,

y → (u2(y), v2(y)) Y − periodi. (20)On identifying (20) with (11) we get the following right hand sides














f = (b∗ − b) · ∇xu1 + divx(D(∇xu0 +∇yu1))− ∂u0

∂t
+ divy(D(∇xu1)) in Y 0,

g = −D∇xu1 · n on ∂Σ0,

h = −∂v0
∂t

+ b∗ · ∇xv1 − bS · (∇xu1)

+divx(D
S(∇xv0 +∇S

y v1)) + divSy
(

DS∇xv1
) on ∂Σ0.(21)Aording to Lemma 4.1, there exists a solution (u2, v2) provided (12) holds true.This ompatibility ondition leads to the homogenized problem

Kd ∂tu0 = divx (A
∗∇xu0) in (0, T )× R

dwhere Kd = |Y 0|+K|∂Σ0|d−1 and the entries of the dispersion tensor A∗ are givenby
A∗

ij =

∫

Y 0

Dei · ej dy +
1

2





∫

Y 0

D∇yχj · ei dy +
∫

Y 0

D∇yχi · ej dy





+K

∫

∂Σ0

DSei · ej dσ(y) +
1

2





∫

∂Σ0

DS∇S
yωj · ei dσ(y) +

∫

∂Σ0

DS∇S
yωi · ej dσ(y)





+
1

2





∫

Y 0

(b∗i − bi(y))χj(y) dy +

∫

Y 0

(

b∗j − bj(y)
)

χi(y) dy





+
1

2





∫

∂Σ0

(

b∗i − bSi (y)
)

ωj(y) dσ(y) +

∫

∂Σ0

(

b∗j − bSj (y)
)

ωi(y) dσ(y)
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Remark that we have symmetrized the dispersion tensor A∗ sine only its ontra-tion with the (symmetri) hessian matrix ∇2u0 plays a role in the homogenizedequation. In other words its antisymmetri part (if any) annot be dedued fromthe above method of obtaining the homogenized equation. Testing the ell problem(17) for (χi, ωi) by (χj , ωj) and vie-versa leads to the following relationship
∫

Y 0

D∇yχi·∇yχj dy+
1

K

∫

∂Σ0

DS∇S
yωi·∇S

yωj dσ(y)+κ

∫

∂Σ0

[

χi −
ωi

K

] [

χj −
ωj

K

]

dσ(y)

+
1

2





∫

Y 0

D∇yχj · ei dy +
∫

Y 0

D∇yχi · ej dy





+
1

2





∫

∂Σ0

DS∇S
yωj · ei dσ(y) +

∫

∂Σ0

DS∇S
yωi · ej dσ(y)





=
1

2





∫

Y 0

(b∗i − bi(y))χj(y) dy +

∫

Y 0

(

b∗j − bj(y)
)

χi(y) dy





+
1

2





∫

∂Σ0

(

b∗i − bSi (y)
)

ωj(y) dσ(y) +

∫

∂Σ0

(

b∗j − bSj (y)
)

ωi(y) dσ(y)



Adding the above equality to the previous expression for A∗ yields the desiredformula (15). To obtain the initial ondition of the homogenized equation we use aonservation property in the unit ell whih says that
∫

Y 0

u0(0, x) dy +

∫

∂Σ0

v0(0, x) dy =

∫

Y 0

u0(x) dy +

∫

∂Σ0

v0(x) dywhih leads to the desired initial ondition upon realling that v0 = Ku0. Letus emphasize one again that this proof is purely formal sine it is based on theassumption (8)-(9) of a given ansatz for the solution (uε, vε) (and we don't provethat suh a series is onverging).
25 Two sale onvergene with driftThe goal of this setion is to rigorously justify the homogenized limit heuristiallyestablished in the previous setion. We shall use the notion of two-sale onvergenewith drift introdued in [21℄ (see [3℄ for detailed proofs). It is a generalization ofthe usual two-sale onvergene de�ned in [2℄, [24℄.Proposition 5.1 [21℄ Let V be a onstant vetor in R

d. For any bounded sequeneof funtions Uε(t, x) ∈ L2((0, T )× R
d), i.e., satisfying

‖Uε‖L2((0,T )×Rd) ≤ C,there exists a limit U0(t, x, y) ∈ L2((0, T ) × R
d × T

d) and one an extrat a sub-sequene (still denoted by ε) whih is said to two-sale onverge with drift V, or9



equivalently in moving oordinates (t, x) → (t, x − Vt
ε
), to this limit, in the sensethat, for any φ(t, x, y) ∈ C∞

0 ((0, T )× R
d × T

d),
lim
ε→0

T
∫

0

∫

Rd

Uε(t, x)φ(t, x − Vt
ε
,
x

ε
) dx dt =

T
∫

0

∫

Rd

∫

Td

U0(t, x, y)φ(t, x, y) dy dx dt.We denote this onvergene by Uε
2−drift−−−−⇀ U0.Remark 5.2 Proposition 5.1 equally applies to a sequene uε(t, x) ∈ L2((0, T ) ×

Ωε), merely de�ned in the perforated domain Ωε, and satisfying the uniform bound
‖uε‖L2((0,T )×Ωε) ≤ C.Indeed, de�ning an extended funtion Uε(t, x) = uε(t, x) in Ωε and Uε(t, x) = 0 in

R
d \ Ωε, we obtain that

T
∫

0

∫

Ωε

uε(t, x)φ(t, x − Vt
ε
,
x

ε
) dx dt =

T
∫

0

∫

Rd

Uε(t, x)φ(t, x − Vt
ε
,
x

ε
) dx dtand the two-sale limit U0(t, x, y) of Uε vanishes in Σ0 so that

lim
ε→0

T
∫

0

∫

Ωε

uε(t, x)φ(t, x − Vt
ε
,
x

ε
) dx dt =

T
∫

0

∫

Rd

∫

Y 0

U0(t, x, y)φ(t, x, y) dy dx dt.Proposition 5.1 an be generalized in several ways as follows.Proposition 5.3 Let V be a onstant vetor in R
d and let the sequene Uε beuniformly bounded in L2((0, T );H1(Rd)). Then, there exists a subsequene, still de-noted by ε, and funtions U0(t, x) ∈ L2((0, T );H1(Rd)) and U1(t, x, y) ∈ L2((0, T )×

R
d;H1(Td)) suh that

Uε
2−drift−−−−⇀ U0and

∇Uε
2−drift−−−−⇀ ∇xU0 +∇yU1.The proof of Proposition 5.3 is a ombination of arguments from [21℄, [3℄ andof the lassial ase without drift in [2℄, [24℄. Two-sale onvergene an also bede�ned for sequenes de�ned on a periodi surfae (see [5℄, [25℄ for the ase withoutdrift).Proposition 5.4 Let V be a onstant vetor in R

d and let Wε be a sequene in
L2((0, T )× ∂Ωε) suh that

ε

T
∫

0

∫

∂Ωε

|Wε(t, x)|2 dσε(x) dt ≤ C.Then, there exists a subsequene, still denoted by ε, and a funtion W0(t, x, y) ∈
L2((0, T )×R

d×∂Σ0) suh thatWε(t, x) two-sale onverges with drift V toW0(t, x, y)in the sense that
lim
ε→0

ε

T
∫

0

∫

∂Ωε

Wε(t, x)φ(t, x−
Vt
ε
,
x

ε
) dσε(x) dt =

T
∫

0

∫

Rd

∫

∂Σ0

W0(t, x, y)φ(t, x, y) dσ(y) dx dtfor any φ(t, x, y) ∈ C∞
0 ((0, T )×R

d×T
d). We denote this onvergene byWε

2S−drift−−−−−⇀
W0. 10



Proposition 5.5 Let Wε(t, x) ∈ L2((0, T );H1(∂Ωε)) be suh that
ε

T
∫

0

∫

∂Ωε

(

|Wε(t, x)|2 + |∇SWε(t, x)|2
)

dσε(x) dt ≤ C.There existW0(t, x) ∈ L2((0, T );H1(Rd)) andW1(t, x, y) ∈ L2((0, T )×R
d;H1

#(∂Σ
0))suh that

Wε
2S−drift−−−−−⇀W0(t, x)

∇SWε
2S−drift−−−−−⇀ G(y)∇xW0(t, x) +∇S

yW1(t, x, y)where G(y) is the projetion operator on the tangent plane of ∂Σ0 at the point y.The proofs of Propositions 5.4 and 5.5 are a slight modi�ation of those in thelassial ase without drift whih are to be found in [5℄, [25℄.Eventually we state a tehnial lemma whih will play a key role in the onver-gene analysis.Lemma 5.6 Let φ(t, x, y) ∈ L2((0, T )×R
d×∂Σ0) be suh that ∫

∂Σ0

φ(t, x, y) dσ(y) =

0 for every (t, x) ∈ (0, T )×R
d. There exist two vetor �elds θ(t, x, y) ∈ [L2((0, T )×

R
d × T

d)]d and Θ(t, x, y) ∈ [L2((0, T )× R
d × ∂Σ0)]d suh that

divyθ = 0 in Y 0,

θ · n = φ on ∂Σ0,

divSyΘ = φ on ∂Σ0.

(22)Proof. We hoose θ = ∇yξ with ξ ∈ H1
#(Y

0) a solution to
{

∆yξ = 0 in Y 0,
∇yξ · n = φ on ∂Σ0,

(23)whih admits a unique solution, up to an additive onstant, sine the ompatibilityondition of (23) is satis�ed. On similar lines, we hoose Θ = ∇S
y β where β isthe unique solution in H1

#(∂Σ
0)/R of ∆S

y β = φ on ∂Σ0 whih is solvable beause
∫

∂Σ0

φdσ(y) = 0.
2We now apply the above results on two-sale onvergene with drift to the ho-mogenization of (1)-(3). Let us hoose the drift V = b∗ given by formula (13).Theorem 5.7 The sequene of bulk and surfae onentrations {uε} and {vε}, so-lutions of system (1)-(3), two-sale onverges with drift V, as ε→ 0, in the followingsense



































uε
2−drift−−−−⇀ u0(t, x)

vε
2S−drift−−−−−⇀Ku0(t, x)

∇uε
2−drift−−−−⇀ ∇xu0(t, x) +∇y(χ(y) · ∇xu0(t, x))

∇Svε
2S−drift−−−−−⇀KG(y)∇xu0(t, x) +∇S

yω(y) · ∇xu0(t, x)
1
ε

(

uε − 1
K
vε
) 2S−drift−−−−−⇀ (χ(y)− ω(y)) · ∇xu0(t, x)

(24)where u0(t, x) is the unique solution of the homogenized problem (14) and (χ(y), ω(y)) =
(χi(y), ωi(y))1≤i≤d are the solutions of the ell problem (17).11



Proof. Up to extrating a subsequene, the two sale onvergene results (24) areobvious onsequenes of the a priori estimates of Lemma 3.1 and of the previousPropositions 5.3 and 5.5 (see [6℄ for similar omputations, if neessary). The onlylimit that deserves some attention is that for wε = 1
ε

(

uε −K−1vε
). From Lemma3.1 we know that it satis�es the uniform estimate

ε

T
∫

0

∫

∂Ωε

|wε(t, x)|2 dσε(x) dt ≤ C,from whih, by virtue of Proposition 5.4, we dedue, for a subsequene, that
wε

2S−drift−−−−−⇀ q(t, x, y) for some q(t, x, y) ∈ L2((0, T )× R
d;L2(∂Σ0)). Let us hoosea test funtion φ as in Lemma 5.6, i.e., ∫

∂Σ0

φ(t, x, y) dσ(y) = 0. To pass to the limitin
lim
ε→0

ε

T
∫

0

∫

∂Ωε

wε(t, x)φ

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dtwe separate wε in a di�erene of two terms. In view of (22), the �rst one is
ε

T
∫

0

∫

∂Ωε

1

ε
uεφ

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dt =

T
∫

0

∫

Ωε

div

(

uεθ

(

t, x− b∗t

ε
,
x

ε

))

dx dt

=

T
∫

0

∫

Ωε

[

∇uε · θ
(

t, x− b∗t

ε
,
x

ε

)

+ uε (divxθ)

(

t, x− b∗t

ε
,
x

ε

)]

dx dt

2S−drift−−−−−⇀
T
∫

0

∫

Rd

∫

Y 0

[

(∇xu+∇yu1) · θ + udivxθ
]

dy dx dt

=

T
∫

0

∫

Rd

∫

∂Σ0

u1θ · n dσ(y) dx dt =
T
∫

0

∫

Rd

∫

∂Σ0

u1φdσ(y) dx dt.Now, the seond term is
ε

T
∫

0

∫

∂Ωε

1

Kε
vεφ

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dt =

T
∫

0

∫

∂Ωε

1

K
vε

(

divSyΘ
)

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dt

= ε

T
∫

0

∫

∂Ωε

1

K
vε

[

divS
(

Θ

(

t, x− b∗t

ε
,
x

ε

))

− divx (GΘ)

(

t, x− b∗t

ε
,
x

ε

)]

dσε(x) dt

= ε

T
∫

0

∫

∂Ωε

1

K

[

−Θ

(

t, x− b∗t

ε
,
x

ε

)

· ∇Svε − divx (GΘ)

(

t, x− b∗t

ε
,
x

ε

)

vε

]

dσε(x) dt

2S−drift−−−−−⇀
T
∫

0

∫

Rd

∫

∂Σ0

1

K

[

−Θ ·
(

KG(y)∇xu0 +∇S
y v1

)

− divx (G(y)Θ)Ku0
]

dσ(y) dx dt

=

T
∫

0

∫

Rd

∫

∂Σ0

1

K
v1div

S
yΘ dσ(y) dx dt =

T
∫

0

∫

Rd

∫

∂Σ0

1

K
v1φdσ(y) dx dt12



Subtrating the two terms, we have shown that
T
∫

0

∫

Rd

∫

∂Σ0

qφ dσ(y) dx dt =

T
∫

0

∫

Rd

∫

∂Σ0

(

u1 −
v1
K

)

φdσ(y) dx dtfor all φ suh that ∫

∂Σ0

φdy = 0. Thus,
q(t, x, y) = u1(t, x, y)−

v1(t, x, y)

K
+ l(t, x)for some funtion l(t, x) whih does not depend on y. Sine, u1 and v1 are alsode�ned up to the addition of a funtion solely dependent on (t, x), we an get ridof l(t, x) and we reover indeed the last line of (24).The rest of the proof is now devoted to show that u0(t, x) is the solution of thehomogenized equation (14). For that goal, we shall pass to the limit in the oupledvariational formulation of (1)-(3),

T
∫

0

∫

Ωε

[

∂uε
∂t

φε +
1

ε
bε · ∇uεφε +Dε∇uε · ∇φε

]

dx dt (25)
+ε

T
∫

0

∫

∂Ωε

1

K

[

∂vε
∂t

ψε +
1

ε
bSε · ∇Svεψε +DS

ε ∇Svε · ∇Sψε

]

dσε(x) dt

+

T
∫

0

∫

∂Ωε

[

κ

ε

(

uε −
vε
K

)

(

φε −
ψε

K

)]

dσε(x) dt = 0,with the test funtions
φε = φ

(

t, x− b∗t

ε

)

+ εφ1

(

t, x− b∗t

ε
,
x

ε

)

,

ψε = Kφ

(

t, x− b∗t

ε

)

+ εψ1

(

t, x− b∗t

ε
,
x

ε

)

.Here φ(t, x), φ1(t, x, y) and ψ1(t, x, y) are smooth ompatly supported funtionswhih vanish at t = T . Let us onsider the onvetive terms in (25) and performintegrations by parts:
T
∫

0

∫

Ωε

(

∂uε
∂t

+
1

ε
bε · ∇uε

)

φε dx dt+ ε

T
∫

0

∫

∂Ωε

1

K

(

∂vε
∂t

+
1

ε
bSε · ∇Svε

)

ψε dσε(x) dt

= −
T
∫

0

∫

Ωε

uε
∂φ

∂t

(

t, x− b∗t

ε

)

dx dt+
1

ε

T
∫

0

∫

Ωε

uεb
∗ · ∇xφ

(

t, x− b∗t

ε

)

dx dt

+

T
∫

0

∫

Ωε

uεb
∗ · ∇xφ1

(

t, x− b∗t

ε
,
x

ε

)

dx dt−
∫

Ωε

u0(x)φ(0, x) dx +O(ε)

−1

ε

T
∫

0

∫

Ωε

uεbε · ∇xφ

(

t, x− b∗t

ε

)

dx dt+

T
∫

0

∫

Ωε

bε · ∇uεφ1
(

t, x− b∗t

ε
,
x

ε

)

dx dt13



−ε
T
∫

0

∫

∂Ωε

vε
∂φ

∂t

(

t, x− b∗t

ε

)

dσε(x) dt+

T
∫

0

∫

∂Ωε

vεb
∗ · ∇xφ

(

t, x− b∗t

ε

)

dσε(x) dt

+
ε

K

T
∫

0

∫

∂Ωε

vεb
∗ · ∇xψ1

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dt− ε

∫

∂Ωε

v0(x)φ(0, x) dσε(x) +O(ε)

−
T
∫

0

∫

∂Ωε

vεb
S
ε ·∇xφ

(

t, x− b∗t

ε

)

dσε(x) dt+

T
∫

0

∫

∂Ωε

ε

K
bSε ·∇Svεψ1

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dt.We annot diretly pass to the two-sale limit sine there are terms whih apparentlyare of order ε−1. We thus regroup them
T
∫

0

∫

Ωε

uε
b∗ − bε
ε

·∇xφ

(

t, x− b∗t

ε

)

dx dt+

T
∫

0

∫

∂Ωε

vε
(

b∗ − bSε
)

·∇xφ

(

t, x− b∗t

ε

)

dσε(x) dt(26)
=

T
∫

0

∫

Ωε

uε
b∗ − bε
ε

·∇xφ

(

t, x− b∗t

ε

)

dx dt+K

T
∫

0

∫

∂Ωε

uε
(

b∗ − bSε
)

·∇xφ

(

t, x− b∗t

ε

)

dσε(x) dt

+Kε

T
∫

0

∫

∂Ωε

1

ε

(

uε −
vε
K

)

(

bSε − b∗
)

· ∇xφ

(

t, x− b∗t

ε

)

dσε(x) dt.We introdue an auxiliary problem






∆αi(y) = bi(y)− b∗i in Y 0,
∇αi · n = K(b∗i − bsi (y)) on ∂Σ0,
αi is Y − periodi, (27)whih admits a unique solution (up to an additive onstant) sine, by de�nition of

b∗, the soure terms in (27) are in equilibrium. De�ning αε(x) = α(x/ε), thanks to(27), the ε−1-order term (26) is equal to
T
∫

0

∫

Ωε

ε

d
∑

i=1

∇αε
i · ∇

(

∂xi
φ

(

t, x− b∗t

ε

)

uε

)

dx dt

+Kε

T
∫

0

∫

∂Ωε

1

ε

(

uε −
vε
K

)

(

bSε − b∗
)

· ∇xφ

(

t, x− b∗t

ε

)

dσε(x) dtfor whih we an pass to the two-sale limit.In a �rst step, we hoose φ ≡ 0, i.e., we onsider only the terms involving φ1and ψ1 in the variational formulation (25)
T
∫

0

∫

Ωε

uεb
∗ · ∇xφ1

(

t, x− b∗t

ε
,
x

ε

)

dx dt+

T
∫

0

∫

Ωε

bε · ∇uεφ1
(

t, x− b∗t

ε
,
x

ε

)

dx dt

+

T
∫

0

∫

Ωε

Dε∇uε·∇yφ1

(

t, x− b∗t

ε
,
x

ε

)

dx dt+
ε

K

T
∫

0

∫

∂Ωε

vεb
∗·∇xψ1

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dt14



+

T
∫

0

∫

∂Ωε

ε

K
bSε ·∇Svεψ1

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dt+
ε

K

T
∫

0

∫

∂Ωε

DS
ε ∇Svε·∇S

yψ1

(

t, x− b∗t

ε
,
x

ε

)

dσε(x) dt

+ε

T
∫

0

∫

∂Ωε

κ

ε

(

uε −
vε
K

)

(

φ1 −
ψ1

K

)

dσε(x) dt = 0.Passing to the two-sale limit with drift, we obtain
−
∫

Rd

∫

Y 0

b∗·∇xu0(t, x)φ1(t, x, y) dy dx dt+

∫

Rd

∫

Y 0

b(y)·(∇xu0(t, x) +∇yu1(t, x, y))φ1(t, x, y) dy dx dt

−
∫

Rd

∫

Y 0

divy (D(y) (∇xu0(t, x) +∇yu1(t, x, y)))φ1(t, x, y) dy dx dt

−
∫

Rd

∫

∂Σ0

b∗ · ∇xu0(t, x)ψ1(t, x, y) dσ(y) dx dt

+
1

K

∫

Rd

∫

∂Σ0

bS(y) ·
(

KG∇xu0(t, x) +∇Sv1(t, x, y)
)

ψ1(t, x, y) dσ(y) dx dt

− 1

K

∫

Rd

∫

∂Σ0

divsy
(

DS(y)
(

KG∇xu0(t, x) +∇Sv1(t, x, y)
))

ψ1(t, x, y) dσ(y) dx dt

+

∫

Rd

∫

∂Σ0

κ
(

u1 −
v1
K

)

(

φ1 −
ψ1

K

)

dσ(y) dx dt = 0The above expression is preisely the variational formulation of (19) whih leads tothe ell problem (17).In a seond step we hoose φ1 ≡ 0 and ψ1 ≡ 0 in (25), i.e., we onsider only theterms involving φ
−

T
∫

0

∫

Ωε

uε
∂φ

∂t

(

t, x− b∗t

ε

)

dx dt+

T
∫

0

∫

Ωε

Dε∇uε · ∇xφ

(

t, x− b∗t

ε

)

dx dt

−ε
T
∫

0

∫

∂Ωε

vε
∂φ

∂t

(

t, x− b∗t

ε

)

dσε(x) dt+ε

T
∫

0

∫

∂Ωε

DS
ε ∇Svε·∇Sφ

(

t, x− b∗t

ε

)

dσε(x) dt

+

T
∫

0

∫

Ωε

ε
d

∑

i=1

∇αε
i · ∇

(

∂xi
φ

(

t, x− b∗t

ε

)

uε

)

dx dt

+Kε

T
∫

0

∫

∂Ωε

1

ε

(

uε −
vε
K

)

(

bSε − b∗
)

· ∇xφ

(

t, x− b∗t

ε

)

dσε(x) dt

−
∫

Ωε

u0(x)φ(0, x) dx − ε

∫

∂Ωε

v0(x)φ(0, x) dσε(x) = 0.Taking into aount formula (16) for u1 and v1, passing to the two-sale limit withdrift yields
|Y 0|

∫

Rd

∂u0
∂t

φ dx dt−
∫

Rd

∫

Y 0

d
∑

i,j=1

Dij(y)
∂2u

∂xi∂xj
φdx dt15



−|Y 0|
∫

Rd

u0(x)φ(0, x) dx −
∫

Rd

∫

Y 0

d
∑

i,j=1

d
∑

l=1

Dil(y)
∂2u0
∂xi∂xj

∂χj(y)

∂yl
φdx dt

+K|∂Σ0|
∫

Rd

∂u0
∂t

φ dx dt −
∫

Rd

∫

∂Σ0

K

d
∑

i,j=1

d
∑

l=1

DS
il(y)Glj(y)

∂2u0
∂xi∂xj

φdσ(y) dx dt

−K|∂Σ0|
∫

Rd

u0(x)φ(0, x) dx −
∫

Rd

∫

∂Σ0

d
∑

i,j=1

d
∑

l=1

DS
il(y)

∂2u0
∂xi∂xj

∂Sωj(y)

∂yl
φdσ(y) dx dt

−K
∫

Rd

∫

∂Σ0

d
∑

i,j=1

(

χj −
ωj

K

)

(

bSi (y)− b∗i
) ∂2u0
∂xi∂xj

φdσ(y) dx dt

−
∫

Rd

∫

Y 0

d
∑

i,j=1

d
∑

l=1

∂αi(y)

∂yl

∂χj(y)

∂yl

∂2u0
∂xi∂xj

φdy dx dt = 0.Introduing Kd = |Y 0| + K|∂Σ0|d−1, the above equation is just the variationalformulation of the homogenized problem






Kd ∂tu0 = divx (A
∗∇xu0) in (0, T )× R

d

Kd u0(0, x) = |Y 0|u0(x) + |∂Σ0|d−1v
0(x), x ∈ R

d

(28)The only di�ulty is to reognize that the above ell average for A∗ oinides withformula (15). To hek this point, one needs to test with χj the boundary valueproblem (27) for α whih yields
∫

Y 0

d
∑

l=1

∂αi(y)

∂yl

∂χj(y)

∂yl
dy =

∫

Y 0

(b∗i − bi(y))χj(y) dy +K

∫

∂Σ0

(

b∗i − bSi (y)
)

χj(y) dσ(y).We safely leave the other details of heking the formula for A∗ to the reader.Finally, although we proved onvergene only for a subsequene (following thestatements of Propositions 5.3 and 5.5), the uniqueness of the homogenized solution
u0(t, x) to (28) implies that the entire sequene {uε, vε} onverge.

26 Strong onvergeneIn the previous setion, we proved the (weak) two-sale onvergene with drift of
(uε, vε) to (u0,Ku0). In this setion, we improve Theorem 5.7 by proving that theonvergene is atually strong, in a sense whih is made preise in the followingTheorem.Theorem 6.1 Let (uε, vε) be the solution to (1)-(3). Then, uε(t, x)1IΩε

stronglytwo-sale onverges with drift towards 1IY 0u0(t, x) and vε(t, x)1I∂Ωε
strongly two-sale onverges with drift on surfaes towards K1I∂Σ0u0(t, x), in the sense that

lim
ε→0

∥

∥

∥

∥

uε(t, x)− u0

(

t, x− b∗

ε
t

)∥

∥

∥

∥

L2((0,T )×Ωε)

= 0,

lim
ε→0

√
ε

∥

∥

∥

∥

vε(t, x)−Ku0

(

t, x− b∗

ε
t

)
∥

∥

∥

∥

L2((0,T )×∂Ωε)

= 0.

(29)16



Our proof of Theorem 6.1 is based on the following result about strong two-saleonvergene (see Theorem 1.8 in [2℄ or Proposition 9.1 in [3℄).Proposition 6.2 Let (Uε)ε>0 be a sequene in L2((0, T ) × R
d) whih two-saleonverges with drift to a limit U0(t, x, y) ∈ L2((0, T )× R

d × T
d). It satis�es

lim
ε→0

‖Uε‖L2((0,T )×Rd) ≥ ‖U0‖L2((0,T )×Rd×Td).Assume further that
lim
ε→0

‖Uε‖L2((0,T )×Rd) = ‖U0‖L2((0,T )×Rd×Td). (30)Then, it is said to two-sale onverges with drift strongly and it satis�es
lim
ε→0

∫ T

0

∫

Rd

∣

∣

∣

∣

Uε(t, x) − U0

(

t, x− V
ε
t,
x

ε

)
∣

∣

∣

∣

2

dx dt = 0,if U0(t, x, y) is smooth, say U0(t, x, y) ∈ L2
(

(0, T )× R
d;C(Td)

).Proof of Theorem 6.1. To begin with, we treat the ase of well-prepared initialdata, that is, v0(x) = Ku0(x) ∈ H1(Rd). Later we shall onsider more generalinitial data. The energy equality of (1)-(3) for a time interval (0, t) is
1

2

[

‖uε(t)‖2L2(Ωε)
+

ε

K
‖vε(t)‖2L2(∂Ωε)

]

+

t
∫

0

∫

Ωε

Dε∇uε(s, x) · ∇uε(s, x) dx ds

+
ε

K

t
∫

0

∫

∂Ωε

DS
ε ∇Svε(s, x) · ∇Svε(s, x) dσε(x) ds

+
εκ

ε2

t
∫

0

∫

∂Ωε

(

uε(s, x)−
vε
K

(s, x)
)2

dσε(x) ds =
1

2

[

‖u0‖2L2(Ωε)
+

ε

K
‖v0‖2L2(∂Ωε)

]Following the lead of [6℄ we do not expet a pointwise (in time) strong onvergeneof the sequene (uε, vε). Thus, we integrate one more with respet to time theabove energy equality to obtain
1

2

T
∫

0

[

‖uε(t)‖2L2(Ωε)
+

ε

K
‖vε(t)‖2L2(∂Ωε)

]

dt+

T
∫

0

t
∫

0

∫

Ωε

Dε∇uε(s, x)·∇uε(s, x) dx ds dt

+
ε

K

T
∫

0

t
∫

0

∫

∂Ωε

DS
ε ∇Svε(s, x) · ∇Svε(s, x) dσε(x) ds dt

+
εκ

ε2

T
∫

0

t
∫

0

∫

∂Ωε

(

uε −
vε
K

)2

dσε(x) ds dt =
T

2

(

‖u0‖2L2(Ωε)
+

ε

K
‖v0‖2L2(∂Ωε)

)In the previous setion, we established that all terms in the above formula haveatually (weak) two-sale limits. Sine the orresponding norms are lower semion-tinuous with respet to the (weak) two-sale onvergene, we dedue
lim inf
ε→0

1

2

T
∫

0

[

‖uε(t)‖2L2(Ωε)
+

ε

K
‖vε(t)‖2L2(∂Ωε)

]

dt ≥ 1

2

(

|Y 0|+K|∂Σ0|
)

‖u0‖2L2(Rd×(0,T )),17



lim inf
ε→0

T
∫

0

t
∫

0

∫

Ωε

Dε∇uε(s, x) · ∇uε(s, x) dx ds dt

≥
T
∫

0

t
∫

0

∫

Rd

∫

Y 0

D(y)|∇xu0(s, x) +∇y (χ(y) · ∇xu0(s, x)) |2 dy dx ds dt,

lim inf
ε→0

ε

K

T
∫

0

t
∫

0

∫

∂Ωε

DS
ε ∇Svε(s, x) · ∇Svε(s, x) dσε(x) ds dt

≥ 1

K

T
∫

0

t
∫

0

∫

Rd

∫

∂Σ0

DS(y)|KG(y)∇xu0(s, x) +∇S
y (ω(y) · ∇xu0(s, x)) |2 dσ(y) dx ds dt,

lim inf
ε→0

εκ

ε2

T
∫

0

t
∫

0

∫

∂Ωε

(

uε −
vε
K

)2

dσε(x) ds dt

≥ κ

T
∫

0

t
∫

0

∫

Rd

∫

∂Σ0

|
(

χ(y)−K−1ω(y)
)

· ∇xu0(s, x)|2 dσ(y) dx ds dt.On the other hand we have
lim
ε→0

(

‖u0‖2L2(Ωε)
+

ε

K
‖v0‖2L2(∂Ωε)

)

= |Y 0|‖u0‖2L2(Rd) +
|∂Σ0|
K

‖v0‖2L2(Rd).Summing up those limits and reognizing the formula for A∗ yields the inequality
1

2

(

|Y 0|+K|∂Σ0|
)

‖u0‖2L2(Rd×(0,T )) +

T
∫

0

t
∫

0

∫

Rd

A∗∇xu0(s, x) · ∇xu0(s, x) dx ds dt

≤ T

2

(

|Y 0|‖u0‖2L2(Rd) +
|∂Σ0|
K

‖v0‖2L2(Rd)

)

. (31)However, if we write the same type of time integral of the energy equality for thehomogenized equation (14), we get an equality with the same left hand side but adi�erent right hand side
1

2

[

|Y 0|+K|∂Σ0|
]

‖u0‖2L2(Rd×(0,T )) +

T
∫

0

t
∫

0

∫

Rd

A∗∇u0(s, x) · ∇u0(s, x) dx ds dt

=
T

2(|Y 0|+K|∂Σ0|)‖|Y
0|u0 + |∂Σ0|v0‖2L2(Rd). (32)It is easy to hek that the two right hand sides in (31) and (32) oinide if andonly if

‖u0 −K−1v0‖2L2(Rd) = 0,whih is preisely our assumption of well prepared initial data. Therefore, underthis assumption we dedue that (31) is not an inequality but rather an equality,whih in turn implies that all the previous lower semiontinuity of norm sequenesare atually exat onvergene. We an thus apply Proposition 6.2 and onlude toa strong onvergene (see [6℄ for details if neessary).18



We now turn to the ase of general initial data (u0, v0) ∈ L2(Rd) × H1(Rd).Let us onsider a small δ0 > 0, to be hosen preisely at the end of the proof.Due to Lemma 3.1 on a priori estimates, by a ontradition argument, it followsthat there exists a time sequene {δε}, δ0/2 ≤ δε ≤ δ0, onverging to some limit δ,
δ0/2 ≤ δ ≤ δ0, and a positive onstant C, whih does not depend on δ0 or on ε (butonly on the initial data), suh that







‖uε(., δε)‖2H1(Ωε)
≤ C/δ0, ε‖vε(., δε)‖2H1(∂Ωε)

≤ C/δ0,

ε‖Kuε(., δε)− vε(., δε)‖2L2(∂Ωε)
≤ Cε2/δ0.

(33)We now follow an idea of [6℄ whih amounts to onsider system (1)-(3) on a smallertime interval (δε, T ) where δε ≥ δ0/2 > 0 is suh that the initial data at this timeshould be almost well-prepared beause of paraboli dissipation on the earlier timeinterval (0, δε). We deompose the solution (uε, vε) of (1)-(3) as
uε(t, x) = u1,ε(t, x) + u2,ε(t, x) and vε(t, x) = v1,ε(t, x) + v2,ε(t, x),in suh way that the initial data are well prepared for the �rst problem while thesolution of the seond one will onverge strongly to zero















































∂

∂t
u1,ε +

1

ε
bε · ∇u1,ε − div (Dε∇u1,ε) = 0 in (δε, T )× Ωε,

−Dε

ε
∇u1,ε · n =

∂

∂t
v1,ε +

1

ε
bSε · ∇Sv1,ε − divS

(

DS
ε ∇Sv1,ε

) on (δε, T )× ∂Ωε,

−Dε

ε
∇u1,ε · n =

κ

ε2
[

u1,ε −K−1v1,ε
] on (δε, T )× ∂Ωε,

u1,ε(δε, x) = uε(δε, x), v1,ε(δε, x) = Kuε(δε, x), (34)and














































∂

∂t
u2,ε +

1

ε
bε · ∇u2,ε − div (Dε∇u2,ε) = 0 in (δε, T )× Ωε,

−Dε

ε
∇u2,ε · n =

∂

∂t
v2,ε +

1

ε
bSε · ∇Sv2,ε − divS

(

DS
ε ∇Sv2,ε

) on (δε, T )× ∂Ωε,

−Dε

ε
∇u2,ε · n =

κ

ε2
[

u2,ε −K−1v2,ε
] on (δε, T )× ∂Ωε,

u2,ε(δε, x) = 0, v2,ε(δε, x) = vε(δε, x)−Kuε(δε, x). (35)Sine (35) is similar in struture to (1)-(3), the standard a priori estimate of Lemma3.1, together with estimate (33) for the initial data at time δε, yields for any t ≥ δε

‖u2,ε(., t)‖2L2(Ωε)
+ ε‖v2,ε(., t)‖2L2(∂Ωε)

≤ Cε2/δ0.Thus, the sequene (u2,ε, v2,ε) strongly onverges to 0. The initial data in (34) arewell prepared but we annot apply diretly our previous results beause the initialtime δε 6= 0 is varying with ε. The new di�ulty is to prove that the initial data of(34) strongly two sale onverge with drift to some limit.Let us reall the existene of a uniformly bounded extension operator [1℄ from
H1(Ωε) into H1(Rd). Thus, the sequene uε(δε, x) an be thought of being de�nedin the whole spae Rd and, by virtue of (33) it satis�es the bound ‖uε(δε, x)‖2H1(Rd) ≤
C/δ0. Shifting the sequene does not hange its bound, so we have

‖uε(δε, x+ (b∗/ε)δε)‖2H1(Rd) ≤ C/δ0. (36)19



Together with Lemma 6.3 whih says that the L2-norm of uε(δε, x+ (b∗/ε)δε) doesnot esape at in�nity, we dedue from (36) that this sequene is (pre-)ompat in
L2(Rd). Therefore, up to a subsequene, uε(δε, x+ (b∗/ε)δε) onverges strongly tosome limit ũ0(x) in L2(Rd).Thus we an use the same arguments as in the ase of well-prepared initial datato onlude that u1,ε and v1,ε strongly two-sale onverge with drift to ũ(t, x) and
Kũ(t, x) respetively where ũ satis�es the following limit equation of (34)

{

Kd ∂tũ = divx (A
∗∇xũ) in (δ, T )× R

d

Kd ũ(δ, x) = |Y 0|ũ0(x) + |∂Σ0|d−1ũ
0(x), x ∈ R

d (37)where Kd = |Y 0|+K|∂Σ0|d−1 and A∗ is given by (15). In partiular,
lim
ε→0

‖u1,ε‖2L2((δε,T )×Ωε)
= |Y 0|‖ũ‖2

L2((δ,T )×Rd)and
lim
ε→0

ε‖v1,ε‖2L2((δε,T )×∂Ωε)
= K2|∂Σ0|‖ũ‖2

L2((δ,T )×Rd)
.Of ourse, sine uε was onverging weakly to u0, we dedue that ũ(t, x) = u0(t, x)for t ≥ δ, and

lim
ε→0

‖uε‖2L2((δε,T )×Ωε)
= |Y 0|‖u0‖2L2((δ,T )×Rd)

lim
ε→0

ε‖vε‖2L2((δε,T )×∂Ωε)
= K2|∂Σ0|‖u0‖2L2((δ,T )×Rd)

.
(38)Now, let us assume that there is a lak of strong two-sale onvergene for (uε, vε),namely that the L2-norm of this sequene is not ontinuous (as required by (30) inProposition 6.2). In other words, either

lim
ε→0

‖uε‖2L2((0,T )×Ωε)
> |Y 0|‖u0‖2L2(Rd×(0,T )) (39)or

lim
ε→0

ε‖vε‖2L2((0,T )×∂Ωε)
> K2|∂Σ0|‖u0‖2L2(Rd×(0,T )). (40)Lemma 3.1 implies that ‖uε(t)‖2L2(Ωε)
+ ε‖vε(t)‖2L2(∂Ωε)

≤ C uniformly in time. So,we an �nd a small δ0 > 0 suh that, the same strit inequalities hold true on asmaller time interval, namely, either
lim inf
ε→0

‖uε‖2L2((δ,T )×Ωε)
> |Y 0|‖u0‖2L2((0,T )×Rd) for any 0 < δ < δ0, (41)or

lim inf
ε→0

ε‖vε‖2L2((δ,T )×∂Ωε)
> K2|∂Σ0|‖u0‖2L2((0,T )×Rd) for any 0 < δ < δ0. (42)Obviously, (41) or (42) ontradits (38). Therefore, there must be ontinuity ofthe L2-norm of (uε, vε) and both (39) and (40) must be equalities. Thus, we haveproved the strong two-sale onvergene with drift in ase of a general initial data.

2Lemma 6.3 Let uε(t, x) be the solution of (1)-(3). For any δ > 0 there is R(δ) > 0suh that, for any t ∈ [0, T ],
‖uε(x+

b∗

ε
t, t)‖L2(Ωε∩{x≥R(δ)}) ≤ δ.20



Proof. We again follow an idea of [6℄. Let φ ∈ C∞(R) be a ut�o� funtionsuh that 0 ≤ φ(r) ≤ 1, φ = 0 for r ≤ 1, φ = 1 for r ≥ 2. For x ∈ R
d, denote

φR(x) = φ(|x|/R) and φεR(t, x) = φR(x− b∗t/ε). In the variational formulation (4)of system (1)-(2) we take the test funtion {uε(t, x)φεR(t, x), vε(t, x)φεR(t, x)} andwe integrate by parts the time and onvetive derivatives (alulations are shownone term at a time)
2

t
∫

0

∫

Ωε

∂uε
∂t

(s, x)uε(s, x)φ
ε
R(s, x) ds dx =

t
∫

0

∫

Ωε

b∗

ε
· ∇φεR(s, x)(uε(s, x))2 ds dx

+

∫

Ωε

φεR(t, x)(uε(t, x))
2 dx−

∫

Ωε

φR(x)(u
0(x))2 dx,

2

t
∫

0

∫

Ωε

bε
ε
· ∇uε(s, x)uε(s, x)φεR(s, x) ds dx = −

t
∫

0

∫

Ωε

bε
ε
· ∇φεR(s, x)(uε(s, x))2 ds dx,

2ε

K

t
∫

0

∫

∂Ωε

∂vε
∂t

φεRvε ds dσ(x) =

t
∫

0

∫

∂Ωε

b∗

K
· ∇φεR(vε)2 ds dσ(x)

+
ε

K

∫

∂Ωε

φεR(vε)
2 dσ(x) − ε

K

∫

∂Ωε

φR(x)(v
0(x))2 dσ(x),

2

K

t
∫

0

∫

∂Ωε

bSε · ∇Svεvεφ
ε
R ds dσ(x) = − 1

K

t
∫

0

∫

∂Ωε

(vε)
2bSε · ∇SφεR ds dσ(x).This yields

1

2

∫

Ωε

φεR(t, x)(uε(t, x))
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0(x))2 dσ(x) (43)Due to the a priori estimate of Lemma 3.1 and the de�nition of φR, the �rst andseond integrals on the right hand side of (43) are uniformly bounded by C/R. The21



terms involving the initial data (u0(x), v0(x)) do not depend on ε and tend to zeroas R tends to ∞. To get a bound on the remaining (onvetive) terms on the righthand side of (43), we rely again on the auxiliary problem (27) whih allows us toremove the ε−1 singularity of the onvetive terms
t
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i=1

t
∫
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∫
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∇αε
i ·∇

(

(uε)
2∂xi

φεR

)
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t
∫

0

∫

∂Ωε

∇φεR·
(

b∗−bSε
) (

(uε)
2 −K−2(vε)

2
)

ds dσ(x).Sine (u2ε −K−2v2ε ) = (uε+K−1vε)(uε −K−1vε) and ε∇αε
i (x) = (∇yαi) (x/ε), thea priori estimates of Lemma 3.1 imply that (44) is uniformly bounded by C/R too,whih yields the desired statement.

27 Numerial studyThis setion is devoted to the numerial omputation of the ell problems and ofthe homogenized oe�ients, given by Proposition 4.3, and to the study of theirvariations aording to various parameters in the mirosopi model. Our numer-ial simulations are performed with the FreeFem++ pakage [27℄. We have usedLagrange P1 �nite elements with 33586 verties (degrees of freedom) with hara-teristi Galerkin method for the onvetive term. The periodiity ell is the unitsquare and the solid obstale is a disk. Table 1 gives the adimensionalized values ofthe parameters utilized in our simulations.Parameters ValuesRadius of the obstale r 0.2Equilibrium onstant K 1Porosity : |Y 0| = 1− r2π 0.874357Tortuosity : |∂Σ0| = 2πr 1.25664
Kd fator : |Y 0|+K|∂Σ0| 2.13099Surfae veloity bS 0Mean veloity ∫

Y 0

b(y) dy (0.0385,−2.67× 10−5)Adsorption rate κ0 1Bulk moleular di�usion D 1Surfae moleular di�usion DS 1Table 1: Parameter valuesThe veloity pro�le b(y) is generated by solving the following Stokes problem inthe �uid part Y 0 of the unit ell.














∇yp−∆yb = e1 in Y 0,
divyb = 0 in Y 0,
b = 0 on ∂Σ0,
p, b Y − periodi. (45)The drift veloity b∗ is then alulated using (13): we found b∗ = (0.0180,−1.25 ∗

10−5). 22
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Figure 1: Behavior of the longitudinal dispersion with respet to Peloc for variousvalues of the surfae moleular di�usion DS .In a �rst experiment we study the behavior of the longitudinal dispersion withrespet to the loal Pélet number Peloc (we simply multiply the veloity �eld b(y)by an inreasing fator) for various values of DS (see Figure 1). As an be expetedthe dispersion inreases with Peloc. Clearly the dispersion inreases with DS too.However, as shown by Figure 2, the dispersion reahes a limit as DS goes to in�nity.This an be explained formally by the fat that, in suh a ase, the ell solutionsatis�es in the limit that (ωi + Kyi) is onstant on the pore surfae ∂Σ0. In thislimit, the bulk orretors χi satisfy the following limit problem






















b(y) · ∇yχi − divy(D(∇yχi + ei)) = (b∗ − b) · ei in Y 0,
−D(∇yχi + ei) · n+Kb∗i =

κ

(

χi + yi − |∂Σ0|−1

∫

∂Σ0

(χi + yi)dσ(y)

) on ∂Σ0,

y → χi(y) Y − periodi. (46)
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Molecular DiffusionFigure 2: Behavior of the e�etive dispersion with respet to DS : longitudinaldispersion (left), transverse dispersion (right).In a seond experiment we study the behavior of the longitudinal dispersionwith respet to the reation rate κ. Interestingly enough, we observe an inversionphenomenon on the bulk orretor χ1 (see Figure 3 where the grey sale goes fromsmaller values in white to larger values in blak). A similar inversion is exhibitedby χ2 too. However, this inversion phenomenon doesn't appear in the absene ofsurfae moleular di�usion, i.e., when DS = 0. For a given positive value of DS ,inreasing κ implies that it may be more favorable for the solute to �travel� loseto the pore surfae by using the surfae di�usion. Therefore, the solid pores may23



be seen as obstales for small κ or attrators for large κ. It is probably easier tointerpret this inversion phenomenon on the �reonstruted� solution (χ1(y) + y1)rather than on just on the ell solution χ1(y) (see Figure 4). Indeed, (χ1(y) + y1)orresponds to a loal linearization of the two �rst terms of the ansatz of uε as givenin Proposition 4.3. As the reation rate inreases, the isolines of this reonstrutedonentration start to grae o� the obstale, whih implies that the orthogonalurrent lines of the onentration �ux are more and more attrated by the obstale.It should be remarked here that this is a handiap of performing only 2−d numerialsimulations. Indeed, it is only in 3 − d that both the �uid phase and the solidstruture an be onneted, whih only permits a fair omparison between surfaeand bulk moleular di�usions.

Figure 3: The ell solution χ1: Left top, referene value κ = κ0; Right top κ = 5κ0;Left bottom κ = 6κ0; Right bottom κ = 8κ0.In Figures 5 and 6 we plot the dispersion in two asymptoti regimes: κ→ 0 and
κ → ∞. One again when κ → ∞ we get an asymptote for the dispersion, orre-sponding to a limit ell problem where Kχi = ωi. In this limit, the orrespondingsystem satis�ed by the bulk orretor χi is















b(y) · ∇yχi − divy(D(∇yχi + ei)) = (b∗ − b) · ei in Y 0,
−K−1D(∇yχi + ei) · n+ (b∗ − bS) · ei =

bS(y) · ∇S
yχi − divSy (D

S(∇S
yχi + ei)) on ∂Σ0,

y → χi(y) Y − periodi. (47)Of ourse, the transverse dispersion is always smaller than the longitudinal disper-sion. Figures 5 and 6 show the blow-up behavior of both longitudinal and transversedispersions when κ→ 0. This is due to the ill-posedness of the ell problem (17) inthe limit κ→ 0. 24



Figure 4: The reonstruted solution χ1(y) + y1: Left top, Referene value κ = κ0;Right top κ = 6κ0; Left bottom κ = 12κ0; Right bottom κ = 19κ0
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