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Abstract

We prove new global Hélder-logarithmic stability estimates for the
Gel'fand inverse problem at fixed energy in dimension d > 3. Our es-
timates are given in uniform norm for coefficient difference and related
stability efficiently increases with increasing energy and/or coefficient reg-
ularity. Comparisons with preceeding results in this direction are given.

1 Introduction

We consider the Schrédinger equation

—AY+o(z)yp = Eyp, z €D, (1.1)
where
D is an open bounded domain in R?, d > 2, (1.2)
with D € C?, '
v € L>®(D). (1.3)
Consider the map ® = ®(E) such that
A oY
(E)(Wlop) = 5 ~lop (1.4)

for all sufficiently regular solutions v of (1.1) in D = D U dD, where v is the
outward normal to D. Here we assume also that

E is not a Dirichlet eigenvalue for operator —A + v in D. (1.5)

The map & = <i>(E) is called the Dirichlet-to-Neumann map and is considered
as boundary measurements.
We consider the following inverse boundary value problem for equation (1.1):

Problem 1.1. Given ® for some fixed FE, find v.

This problem can be considered as the Gel’fand inverse boundary value prob-
lem for the Schrodinger equation at fixed energy (see [10], [23]). At zero energy
this problem can be considered also as a generalization of the Calderon problem
of the electrical impedance tomography (see [6], [23]). Problem 1.1 can be also
considered as an example of ill-posed problem: see [18], [4] for an introduction
to this theory.

Problem 1.1 includes, in particular, the following questions: (a) uniqueness,
(b) reconstruction, (c) stability.



Global uniqueness results and global reconstruction methods for Problem 1.1
were given for the first time in [23]| in dimension d > 3 and in [5] in dimension
d=2.

Global logarithmic stability estimates for Problem 1.1 were given for the
first time in [1] in dimension d > 3 and in [30] in dimension d = 2. A principal
improvement of the result of [1] was given recently in [29] (for the zero energy
case): stability of [29] optimally increases with increasing regularity of v.

For the Calderon problem (of the electrical impedance tomography) in its
initial formulation the global uniqueness was firstly proved in [36] for d > 3 and
in [21] for d = 2. Global logarithmic stability estimates for this problem were
given for the first time in [1] for d > 3 and [19] for d = 2. Principal increasing
of global stability of [1], [19] for the regular coefficient case was found in [29] for
d > 3 and [34] for d = 2.

In addition, for the case of piecewise constant or piecewise real analytic
conductivity the first uniqueness results for the Calderon problem in dimension
d > 2 were given in [7], [16]. Lipschitz stability estimate for the case of piecewise
constant conductivity was proved in [2] and additional studies in this direction
were fulfilled in [33].

Due to [20] the logarithmic stability results of [1], [19] with their principal
effectivization of [29], [34] are optimal (up to the value of the exponent). An
extention of the instability estimates of [20] to the case of the non-zero energy
as well as to the case of Dirichlet-to-Neumann map given on the energy intervals
was given in [12].

On the other hand, it was found in [25], [26] (see also [28], [31]) that for
inverse problems for the Schrodinger equation at fixed energy E in dimension
d > 2 (like Problem 1.1) there is a Holder stability modulo an error term
rapidly decaying as E — +oo (at least for the regular coefficient case). In
addition, for Problem 1.1 for d = 3, global energy dependent stability estimates
changing from logarithmic type to Hélder type for high energies were given in
[15]. However, there is no efficient stability increasing with respect to increasing
coefficient regularity in these results of [15]. An additional study, motivated
by [15], [29], was given in [22].

In the present work we give new global Holder-logarithmic stability estimates
for Problem 1.1 in dimension d > 3 for the regular coefficient case, see Theorem
2.1 and Remark 2.6. Our estimates are given in uniform norm for coefficient
difference and related stability efficiently increases with increasing energy and/or
coefficient regularity. In particular cases, our new estimates become coherent
(although less strong) with respect to results of [29], [26], see Remarks 2.2,
2.3. In general, our new estimates give some synthesis of several important
preceeding results.

2 Stability estimates

In this section we assume for simplicity that

v e W™HR?) for some m > d, suppv C D, (2.1)



where

W RY = {v: 87v e LYRY), |J| <m}, meNUO, (2.2)
where J "
Je (Nuo, |J| :;Ji, 7v(z) = M. (2.3)
Let
[0]fm1 = lgllgﬁlla‘]ﬂlwm- (2.4)
Let

[|A|| denote the norm of an operator

A :L>®(dD) — L=(dD). (2:5)

We recall that if vy, vy are potentials satisfying (1.3), (1.5) for some fixed E,
then R R
Oy (FE) — @1(FE) is a compact operator in L.°°(9D), (2.6)

where &, &, are the DtN maps for vy, v, respectively, see [23], [27]. Note also
that (2.1) = (1.3).
Let p d
m— m—
S():T, Sl:T’ ngm—d. (27)
Theorem 2.1. Let D satisfy (1.2), where d > 3. Let v1, vy satisfy (2.1) and
(1.5) for some fized real E. Let ||vj|lm1 < N, j =1,2, for some N > 0. Let

Oy (F) and @Q(E) denote the DtN maps for vi and va, respectively. Then
[[ve — 1| (p)y < Cy (1n (3—|— 5_1))75, 0<s<sy, (2.8)

where C; = C1(N,D,m,s,E) >0, § = ||®3(E) — ®1(E)|| is defined according
to (2.5). In addition, for E >0, 7 € (0,1) and any s € [0, s1],

Jva — 1L (py < Co(L+ VE)S™ + C5(1+ VE)* ™ (In(3+4671)) ", (2.9)
where Co = Co(N, D, m,7) >0 and C3 = C5(N,D,m,7) > 0.

Remark 2.1. Estimate (2.8) for s = sg is a variation of the result of [1] (see
also [29], [13]). One can see that estimate (2.8), s = s1, of Theorem 2.1 is more
strong (as much as s; is greater than sg) than the aforementioned result going
back to [1].

Remark 2.2. Estimate (2.8) for s = so, E =0, d = 3 was proved in [29]. One
can see that this estimate of [29] is more strong (as much as s, is greater than
s1) than estimate (2.8), s = s1, of Theorem 2.1 for E =0, d = 3.

Remark 2.3. Using results of [26] one can obtain estimate (2.9) for s = 0,
d = 3, with so in place of s1, for sufficiently great E with respect to V. One
can see that for this particular case the aforementioned corollary of [26] is more
strong (as much as sy is greater than s;) than estimate (2.9) of Theorem 2.1.



Remark 2.4. In a similar way with results of [13], [14], estimates (2.8), (2.9)
can be extended to the case when we do not assume that condition (1.5) is
fulfiled and consider an appropriate impedance boundary map instead of the
Dirichlet-to-Neumann map.

Remark 2.5. Concerning two-dimensional analogs of results of Theorem 2.1,
see [25], [31], [34], [35]-

Remark 2.6. Actually, in the proof of Theorem 2.1 we obtain the following
estimate (see formula (4.19)):

o1 — vl (o) < CoV/E+ 92 258 + Co(E+ )~ /2, (2.10)
where L = m%)[()|x|, Cy = C4(N,D,m) > 0, C5 = Cs5(N,D,m) > 0 and
pAS

parameter p > 0 is such that E + p? is sufficiently large: E + p? > Cs(N, D, m).
Estimates of Theorem 2.1 follow from estimate (2.10).

The proof of Theorem 2.1 and estimate (2.10) is given in Section 4 and is
based on results recalled in Section 3. Actually, this proof is technically very
similar to the proof of estimate (2.8) for s = s, see [1], [29], [13]. Possibility of
such a proof of estimate (2.8) for s = s;, E = 0 was mentioned, in particular,
in [32].

3 Faddeev functions

We consider the Faddeev functions G, ¥, h (see [8], [9], [11], [23]):

) zfxdg
_ ikx 1
Gl k) = *ge, ), g ) / ten R
wlek) = 4 [ Gla = g B (. b, (32)
Rd
where z € R?, k€ C¢, Imk # 0, d > 3,
Bk, 1) = (27)~ / =1y (), k), (3.3)
Rd
where
k,leC k=12 Imk=1Iml#0. (3.4)
One can consider (3.2), (3.3) assuming that
v is a sufficiently regular function on R? (3.5)

with suffucient decay at infinity.



For example, in connection with Problem 1.1, one can consider (3.2), (3.3)
assuming that
vel™®(D), v=0onR\D. (3.6)

We recall that (see [8], [9], [11], [23]):

e The function G satisfies the equation
(A +EHG(z,k) = 6(z), =R keC?\RY (3.7)
e Formula (3.2) at fixed k is considered as an equation for

Y = ek, k), (3.8)
where y is sought in L>°(R%);
e As a corollary of (3.2), (3.1), (3.7), ¢ satisfies (1.1) for E = k?;

e The Faddeev functions G, ¢, h are (non-analytic) continuation to the
complex domain of functions of the classical scattering theory for the
Schrodinger equation (in particular, h is a generalized "‘scattering"’ am-
plitude).

In addition, G, v, h in their zero energy restriction, that is for £ = 0, were
considered for the first time in [3]. The Faddeev functions G, v, h were, actually,
rediscovered in [3].

Let

Sp={keC": k> =ki+...+kj=E},

@E:{]{?EEE7 ZEEEZIHI]{?:IIDZ}7 (39)
|k| = (|Re k| + |Im k|?)*/2.

Under the assumptions of Theorem 2.1, we have that:

plz, k) —1 as |k| — o0 (3.10)
and, for any o > 1,
|p(z, k)| <o for |k|] >r(N,D,m,o), (3.11)
where z € R%, k € £g;
o(p) = b elli;nk i, h(k,1) for any p € R%, (3.12)
[Tm k| = [Im{| — oo
c1(D,m)N?

[0(p) — h(k,1)| < for (k,l) € ©p, p=k—1,

B+ 0272
Imk| = [Imi| = p, E+p®>re(N,D,m),
p* <4A(E +p?),

(3.13)



where
(p) = (ZW)_d/eiva(x)dx, p € R4 (3.14)
Rd
Results of the type (3.10), (3.11) go back to [3]. For more information
concerning (3.11) see estimate (4.11) of [13]. Results of the type (3.12), (3.13)

(with less precise right-hand side in (3.13)) go back to [11]. Estimate (3.13)

follows, for example, from formulas (3.2), (3.3) and the estimate
IA*g(k)A™* ||L2ra)—L2 ey = O(k|™)

PR (3.15)

as |k| — o0, ke C\RY

for s > 1/2, where g(k) denotes the integral operator with the Schwartz kernel
g(z—y, k) and A denotes the multiplication operator by the function (14-|z|?)'/2.
Estimate (3.15) was formulated, first, in [17] for d > 3. Concerning proof of
(3.15), see [37].

In addition, we have that:

M%@Aﬁﬂhh:@ﬂ“/ﬂd%*MW@%ﬂﬂﬂwx%Mm

R (3.16)
for (k,1) € ©g, |Imk| = [Iml| # 0,

and vy, vy satisfying (3.5),

ho(k,1) — ha(k, 1) = (2m) ¢ / ¥ (z, —1) [(ci>2 - <i>1) e k)} (z)dz

oD (3.17)
for (k,1) € Op, Imk| = [Im!| # 0,

and v, ve satisfying (1.5), (3.6),

and, under assumtions of Theorem 2.1,

) . c2(D,m)N vy — va|lLe (D)
|01(p) — D2(p) — ha(k,1) + ha(k,1)] < (E + p2)1/2

for (k,1) € ©p, p=k—1, [Imk|=|Imi| =p,
E+p* >r3(N,D,m), p* <A(E+p°),

(3.18)

where h;, 1; denote h and 9 of (3.3) and (3.2) for v = v, and ®; denotes the
Dirichlet-to-Neumann map for v = v;, where j = 1,2.

Formulas (3.16), (3.17) were given in [24], [27]. Estimate (3.18) follows from
(3.2), (3.15), (3.16) in a similar way as estimate (3.13) follows from (3.2), (3.3),
(3.15).

4 Proof of Theorem 2.1

Let 4 4
L (RY) = {u € L=(RY : Jull, < +oo},

l[ullp = ess sup (1 + [p])*|u(p)], n>0.
peERE
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Note that
we W™ (RY) = b € L7?(RY) NC(RY),

[l < cs(m, d)|[w]lm, for  p=m,

where W™ !, T.o° are the spaces of (2.2), (4.1),

w(p) = (ZW)_d/eipxw(x)dx, peRY,
Rd

Using the inverse Fourier transform formula
w(x) = /e_ipzw(p)dp, r e R4,
Rd

we have that

o1 — U2H]Loo(p) < sup | e T (02(p) — v1(p)) dp| <
xeD

< ILi(r)+ Ixy(r) forany r >0,

where

L(r) = / 62 (p) — b1 (p)dp,

[p|<r

L(r) = / [62(p) — b1 (9)|dp.

[p|>r

Using (4.2), we obtain that
|02(p) — 01.(p)| < 2e3(m, )N (1 +[p)™™", peR™
Due to (3.18), we have that

N R c2(D,m)N|lvi — vallL (D)
[02(p) — 01(p)| < |ha(k, 1) — ha(k, D) + (E+ )12 ;

for (k,1) € ©p, p=k—1, |[Imk|=|Iml| = p,
E+p® >r3(N,D,m), p* <A(E+ p?).

Let
cq = (27r)_d/dx, L = max |z|,
z€dD
oD
6 = [[2(E) — 21 (E),

where ||®5(E) — &1 (E)|| is defined according to (2.5).

(4.3)

(4.5)

(4.9)



Due to (3.17), we have that

|ha(k, 1) — hi(k, )] < calln (-, =D)L o) 0 [[12(-, k) ||lLo< 9y »

4.10
(k,1) € ©p, [Imk| = [Imi| # 0. (4.10)

Using (3.11), we find that

19(-, k)l (apy < 0 exp (|Im k|L>7

ke EEV |k| > Tl(N,D,m,O').

(4.11)

Here and bellow in this section the constant ¢ is the same that in (3.11).
Combining (4.10) and (4.11), we obtain that

|ho(k,1) — ha (K, 1)| < cyc®e®ts,  for (k1) € O,
p=|Imk| = |Iml|, (4.12)
E+ p*>1r3(N,D,m,o0).

Using (4.8), (4.12), we get that

CQ(D, m)N||1)1 — ’UQH]Loo(D)
G+ @)
peRY p? <AE+p?), E+ p* > max{ri, r3}.

o2 (p) — 01(p)| < cao?e®PE5 +

Let
1 1/d
_ , _ d 414
c (202(D,m)Nc5> » G / P; ( )
pERd,IPISI

and r4(N, D,m,c) > 0 be such that

E+p* > r{(N,D,m,0),
2
E+p* > ry(N,D,m,o) = { £+p" 2713(N,D,m), (4.15)

Let
ce = / dp. (4.16)
peRd,lplzl

Using (4.6), (4.13), we get that

CQ(D, m)N||v1 — ’U2||]Loc(D))
E+pE )

r>0, r2 <A(E + p?),

E+ p*>>7r4(N,D,m,o0).

Li(r) < csr? (640262pL5 +
(4.17)



Using (4.6), (4.7), we find that, for any r > 0,

—+oo
dt 2¢3(m,D)Ncg 1
Ir(r) < 2c3(m,d)Ncg / P < — n=d

s

(4.18)

Combining (4.5), (4.17), (4.18) for r = e(E + p*)24 and (4.15), we get that

o1 — vallLos () < er(N, Dym, o)/ E + p? e2PFo+
m=a 1
+cs(N,D,m)(E +p°)~ 2@ + §HU1 — V2|l (D) (4.19)
E+p2 ZT4(NaDam?O-)'
Let 7/ € (0,1) and

1—7
2L

where § is so small that E + p? > r4(N, D,m, o). Then due to (4.19), we have
that

8= p=pBm(3+56"), (4.20)

1
vt = vl (py <

28L

< ¢7(N,D,m,0) (E + (BIn (3 + 5—1))2)1/2 (3406717 6+

m—d
2d

+es(N, D, m) (E+ (81n (3+5—1))2)_ _ (4.21)

= cr(N.D,m,0) (E+ (BIn (3+ 5—1))2)1/2 (1+38) 7 5+

m—d
2d

+es(N,D,m) (B+ (Bl (3+671)%) ™,

where 7/, 8 and ¢ are the same as in (4.20).
Using (4.21), we obtain that

_m-—d
v — v2llLee(p) < co(N, D, E,m,o,7") (In (3 + sh) T (4.22)

for § = ||y —®4|| < 61(N, D, E,m, 0,7, where 6, is a sufficiently small positive
constant. Estimate (4.22) in the general case (with modified ¢y) follows from
(4.22) for 6 < 61 (N, D, E,m,o,7') and the property that

vl (py < c10(D, m)N. (4.23)

This completes the proof of (2.8).
If E > 0 then there is a constant do = do(N, D, m,o,7’) > 0 such that

§€(0,02) = { E+ (BIn(3+671)* < ((1+VE)SIn (3+§—1))2, (4.24)
Bln(3+07") >1,



where (3 is the same as in (4.20). Combining (4.21), (4.24), we obtain that for
s€[0,(m—d)/d], T € (0,7") and ¢ € (0, d2) the following estimate holds:

m—d

[va —v1|| 1o (py < e11(1+VE)S +c1o(1+VE)*™ "7 (In(3+071)) ", (4.25)

where constants ci1,c12 > 0 depend only on N, D, m, o, 7/ and 7.

Estimate (4.25) in the general case (with modified ¢;; and ¢;2) follows from
(4.25) for § < 62(N, D, m,o,7') and (4.23).

This completes the proof of (2.9)
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