UNIQUENESS VIA THE ADJOINT PROBLEM FOR SYSTEMS OF CONSERVATION LAWS

Philippe G. LeFloch^∗ and Zhouping Xin

Courant Institute of Mathematical Sciences New York University, 251 Mercer Street New York, New York 10012

Abstract. We prove a result of uniqueness of the entropy weak solution to the Cauchy problem for a class of nonlinear hyperbolic systems of conservation laws, that includes in particular the p-system of isentropic gas dynamics. Our result concerns weak solutions satisfying the, as we call it, Wave Entropy Condition or WEC, for short, introduced in this paper. The main feature of this condition is that it concerns both shock waves and rarefaction waves present in a solution. For the proof of uniqueness, we derive an existence result (respectively a uniqueness result) for the backward (resp. forward) adjoint problem associated with the nonlinear system. Our method also applies to obtain results of existence or uniqueness for some linear hyperbolic systems with discontinuous coefficients.

Content 1. Introduction 2. Statement of the main results

3. Uniqueness via existence for the backward adjoint problem 4. Uniqueness via uniqueness for the forward adjoint problem 5. Linear hyperbolic systems with discontinuous coefficients 6. Examples and remarks

Final version: october 1992. To appear in Communications in Pure and Applied Mathematics (1993). � Present address: CMAP-CNRS, Ecole Polytechnique, 91128 Palaiseau Cedex (France).

Typeset by AMS-TEX 1

1. INTRODUCTION

This paper treats the question of uniqueness of entropy weak solutions for a class of systems of conservation laws (1.1) ∂_tu + ∂_xh(u) = 0, u(t, x) ∈ U, t > 0, x ∈ RI . Here U is a convex open subset of RI^p, h: U → RI^p is a given function of class C^2 and, for each vector u in U, Dh(u) has only real eigenvalues and admits a complete basis of eigenvectors. As is well known, nonlinear hyperbolic systems like (1.1) in general do not admit smooth solutions globally defined in time and one must seek for weak solutions understood in the sense of distributions. Moreover, in order to ensure uniqueness of the weak solutions, one must add to the problem a suitable entropy condition. We refer to Lax [15], [16], [17] and Smoller [30] for the background on weak solutions and Dafermos [3] for a review of the various versions of entropy condition.

The question of whether or not there is a unique entropy weak solution to the Cauchy problem associated with (1.1) was considered by several authors. The case p = 1 of a scalar conservation law is very well understood; cf. Volpert [32], Kruskov [14] and Oleinik [25], [26]. Regarding systems of conservation laws, we recall that Oleinik [24] and Liu [22] treated the case of piecewise smooth solutions and, in this class, obtained a uniqueness result for systems of two equations. Oleinik’s result holds for the p-system of isentropic gas dynamics and assumes the genuine nonlinearity of the equations. Liu considers the general case of a nonconvex equation of state in the p-system. Next DiPerna [6] developped a general approach for proving uniqueness in the class of functions of bounded variation. Considering entropy weak solutions to systems of two genuinely nonlinear equations, he proved that if the Cauchy problem admits a piecewise Lipschitz continuous solution, then there cannot exist another solution in the large class of bounded functions of bounded variation. For additional material on the question of uniqueness, we refer to Dafermos-Geng [4], Hurd [13], Lyapidevskii [23], Rozhdestvenskii [27], Smoller [29] and the other references cited in [6]. For results on the Riemann problem, we refer for instance to Li-Yu [20], Liu [21] and Schatzman [28].

The main contribution of this paper is a result of uniqueness of the entropy weak solution to the Cauchy problem for a class of systems of conservation laws. The class of systems under consideration includes the so-called p-system of gas dynamics in Lagrangian coordinates and possibly other physical systems. The solutions are assumed to belong to L^∞_{loc}([0, ∞[, BV_{loc}(RI ,U) ) where BV_{loc}(RI ,U) is the space of functions of locally bounded variation. This space is natural in view of the existence result of Glimm [9].

A main idea in our approach lies in the new version of the entropy condition we propose for the system (1.1), cf. inequality (2.16) below. Our condition follows the one given by Oleinik for the scalar equations and the p-system but differs however in an essential way. Indeed, the Wave Entropy Condition or WEC for short, as we call it, not only picks up the physical shock waves, but also enforces a specific rate of blow-up for the derivatives of the solution near a center of a centered rarefaction wave. We recall that dealing with the centers of rarefaction, or more generally with the points of interaction of waves, was an important obstacle to a satisfactory result of uniqueness for systems of conservation laws. We believe that our version of entropy condition provides a satisfactory way to handle centered rarefaction waves and interactions of elementary waves. Note however that we can not allow an arbitrary number of such centers in the solution. The technical assumption we demand in the WEC on the set of centers of interaction of waves is not very restrictive. Our result applies to the solutions obtained by piecing together perturbations of solutions to Riemann problems (they are, roughly speaking, the “generic” solutions to system (1.1)).

The proofs in this paper are based on a study of the (linear hyperbolic) adjoint problem associated with system (1.1). As a matter of fact, we shall give two different proofs of our main result. A first method, whose idea goes back to Holmgren and was first used by Oleinik in the context of conservation laws, requires the existence of solutions in the Sobolev space H^1_{loc} for a backward adjoint problem associated with (1.1). The second method, called Haar’s method and used by Rozhdestvenskii and Liu, requires the uniqueness of Lipschitz continuous solutions for a forward adjoint problem associated with (1.1). As we show it, the WEC is essential in the derivation of the existence and uniqueness results for the adjoint problem, since in general such a problem is not well-posed. As a byproduct of our proofs, we also get existence and uniqueness results of solutions in the Sobolev space H^1 for some linear hyperbolic systems with discontinuous coefficients.

Regarding the Holmgren approach applied to scalar conservation laws, we refer to the work by Tadmor [31], who shows how to use the scalar Oleinik entropy condition to derive an W^{1,∞} control for the adjoint problem. In particular, he derives in [31] a local error estimate for approximate solutions to conservation laws. In [18], an existence and uniqueness result is proved for a linear hyperbolic equation with discontinuous coefficients. See also DiPerna- Lions [7] for other related results. The scalar Oleinik condition was also used by Hoff [12], and by Goodman-LeVeque [10] and Brenier-Osher [1] in studying numerical schemes.

Our method applies to the so-called p-system, i.e. the system of isentropic gas dynamics in Lagrangian coordinates [2]: (1.2) ∂_tv − ∂_xu = 0, ∂_tu + ∂_xp(v) = 0, v > 0, u ∈ RI with

(1.3) p = p(v), p > 0, p^′ < 0 and p^{′′} > 0.

In (1.2), v, u and p are the specific volume, the velocity and the pressure of the gas respectively. For this system, we obtain a uniqueness result provided that the function p satisfies the additional condition

(1.4) p^′ p^{′′} is a convex function,

Condition (1.4) is for instance satisfied in the case of a polytropic perfect gas, i.e. when p(v) = kv^{−γ} with k > 0 and γ ≥ 1.

An outline of the paper follows. Section 2 contains the statement of the results of this paper concerning system (1.1), including the cases of the scalar conservation laws and the p-system. The proofs based on the backward adjoint problem and the forward one are given in Sections 3 and 4, respectively. Section 5 presents results of existence and uniqueness for linear systems with discontinuous coefficients. Finally in Section 6 we treat several examples.

2. STATEMENT OF THE MAIN RESULTS

This section contains the statements of the results of this paper. For convenience in the presentation, we first state our result when (1.1) is the p-system and then a scalar conservation law, c.f. Theorem 2.1 and 2.2. Theorem 2.3 contains a uniqueness result for two classes of systems. The next two sections, Sections 3 and 4, will yield the proofs of Theorem 2.3. Additional comments on Theorem 2.1 and 2.3 can be found in Section 6.

Throughout this paper, it will be convenient to consider systems of conservation laws in the following symmetric form: (2.1) ∂_tg(v) + ∂_xf(v) = 0, v(t, x) ∈ V, t > 0, x ∈ RI . Here V is a non-empty open subset of RI^p, g: V → RI^p and f: V → RI^p are mappings of class C^2 and (2.2) Dg ≥ cId, (Dg)^∗ = Dg and (Df)^∗ = Df. In (2.2), c is a positive constant, Id the identity matrix and Dg and Df are the Jacobian matrices of g and f, respectively. If A and B are two p × p real-valued matrices, A^∗ denotes the transposition of A and A ≤ B means that ξ^∗Aξ ≤ ξ^∗Bξ for all vectors ξ in RI^p.

In fact, assuming the form (2.1), (2.2) for system (1.1) is not a restriction for the applications we have in mind. As is well known, many systems issued from physics of the form (2.3) ∂_tu + ∂_xh(u) = 0, u(t, x) ∈ U, x ∈ RI , t > 0, admit a (uniformly) strictly convex entropy-entropy flux pair (η, q): U → RI × RI . By definition, such a pair satisfies

(2.4) (∇q)^∗ = (∇η)^∗ Dh and ∇^2η ≥ c^′Id

for some constant c^′ > 0, and each smooth solution u to (2.3) satisfies the additional conservation law ∂_tη(u) + ∂_xq(u) = 0.

And we recall that any system having an entropy pair can be rewritten in the symmetric form (2.1), (2.2), via the change of variables given by the so-called entropy variables (see, for instance, Friedrichs-Lax [8], Harten-Lax [11] and the reference cited therein) v = ∇η(u), u ∈ U. System (2.3) takes the form

(2.5) ∂_t { (∇η)^{−1}(v) } + ∂_x { h( (∇η)^{−1}(v) ) } = 0.

So (2.5) has the form (2.1) with here

Dg(v) = ∇^2η(u)^{−1} and Df(v) = Dh(u) ∇^2η(u)^{−1}.

Property (2.2) is satisfied because of (2.4) and the matrices

∇^2η Dh = ∇^2q − (∇η)^∗D^2h

and then Df = (∇^2η)^{−1} { ∇^2η Dh}(∇^2η)^{−1} are symmetric matrices.

In this paper, we will use indifferently the formulations (2.1) or (2.3). We are concerned with the weak solutions (in the sense of distributions) to these systems of equations. So we have to add to the problem an entropy condition in order to guarantee uniqueness. It can be checked that the notions of entropy weak solution for system (2.1) and system (2.3) coincide. We first introduce a definition which will help us to formulate the entropy condition that we propose in this paper.

We shall say that a subset E of RI_+ has only left accumulation points if the condition

(2.6) for each t_∗ in E, there exists ϵ > 0 such that ]t_∗, t_∗ + ϵ[∩E = ∅

is fulfilled. Note that a locally finite set E ⊂ RI_+, i.e. such that E ∩ [0, T ] is finite for all T > 0, clearly satisfies (2.6). It is worth also remarking that a closed set satisfying (2.6) is necessarily countable and that min(E∩]t_0, ∞[) is well defined (i.e., the infimum is achieved) for all t_0 ≥ 0.

Using the above definition, we impose a restriction on the location of the centers of rarefaction wave in the solutions of (2.1). Specifically, in the formulation of the entropy condition, we assume that centered rarefaction waves arise at times defining a closed set having only left accumulation points. This will be clear in the formulation given shortly.

The case of a scalar equation with a convex flux is easier. In that case, rarefaction waves can arise only at the time t = 0, and the set E = {0} trivially satisfies our condition (2.6). For a system (p ≥ 2), centered rarefaction waves possibly arise either from the initial data at t = 0 or, at later times, due to the interactions in the solution between two or more waves. Not so much is known a priori about the amount and the location of the centers of rarefaction. For instance, solutions derived by the random choice scheme with small data possess an at most countable set of such points. We hope that the structural restriction made here will be relaxed in the future.

To be specific, we focus our attention first on the p-system of gas dynamics for which we can prove a uniqueness result in the L^∞ class. Consider the system (c.f. [2], [30] for the background):

(2.7) ∂_tu_1 − ∂_xu_2 = 0, ∂_tu_2 + ∂_xp(u_1) = 0,

where u_1 > 0 and u_2 represent the specific volume and the velocity of the gas, respectively. The pressure p is given by the equation of state of the gas p = p(u_1) that is assumed to satisfy:

(2.8) p(u_1) > 0, p^′(u_1) < 0 and p^{′′}(u_1) > 0.

Let us formulate Wave Entropy Condition for the p-system as follows:

(2.9)

There exists a closed set E ⊂ RI_+ having only left accumulation points such that, for each t_∗ in E, one has

∂_tu_1 + 2 (t − t_∗) p^′(u_1) p^{′′}(u_1) ≤ K_∗ in the sense of distributions in the strip {x ∈ RI , t_∗ < t < t^∗}, where K_∗ is a non-negative constant and t^∗ = min(E∩]t_∗, ∞[).

Note that, away from the points t_∗ in the set E, condition (2.9) is equivalent to Oleinik’s condition [24]

(2.10) ∂_tu_1 ≤ K

for some constant K. Such a condition is also consistent with the Lax entropy inequalities for a shock wave [17]. However, a drawback of (2.10) is that it does not allow rarefaction waves in the solutions.

Condition (2.9) indeed allows both shock waves and rarefaction waves in the solution. It is interesting to note that we have identically

∂_tu_1 + 2 t p^′(u_1) p^{′′}(u_1) = 0 (which implies trivially (2.9)), if (u_1, u_2) is a centered rarefaction wave with its center located on the line t = 0. In fact, any C^2-perturbation of a Riemann solution satisfies (2.9). More generally, any solution composed of Lipschitz continuous regions, Lipschitz continuous shock curves and perturbations of Riemann problems do satisfy WEC. We omit the proof. This is an easy consequence of the Lax entropy condition and the explicit formulae known for Riemann solutions and their perturbations (e.g. [17], [20]).

Our main result for the p-system is the following one:

THEOREM 2.1. Consider the p -system (2.7) with a function p of class C^4 satisfying (2.8) and the condition

(2.11) ( p^′ p^{′′} )_{′′} ≥ 0.

Let (u^0_1, u^0_2) be a given function in L^∞_{loc}(RI , RI_+ × RI ). Then there exists at most one solution (u_1, u_2) to system (2.7) in the space L^∞_{loc}(RI_+ × RI , RI_+ × RI ) ∩ C^{0,δ}_{loc} ([0, ∞[, L^1_{loc}(RI , RI_+ × RI ) ) (with δ > 0) which satisfies the Wave Entropy Condition (2.9) and assumes the initial condition (u^0_1, u^0_2) at t = 0.

Note that the convexity condition (2.11) is satisfied by a polytropic perfect gas:

p(u_1) = k u^{−γ}_1 , k > 0 and γ ≥ 1,

since, in that case, the function p^′(u_1) p^{′′}(u_1) = −u_1 γ + 1 is linear.

Remark 2.1. 1) An equivalent form for the entropy inequality in (2.9) is ∂_t ( −1 (t − t_∗)^2 p^′(u_1) ) ≤ K_∗ (t − t_∗)^2 . 2) In view of the Wagner’s result of equivalence of the Eulerian and Lagrangian systems [33], the result of uniqueness in Theorem 2.1 could be as well re-written by using the Eulerian coordinates.

We now state a result of uniqueness for scalar conservation laws. Of course, such a result is known from [14], [25] and [32]. Our interest in the scalar case comes from the fact that we can derive a quite elegant method of proof, using the potential method and an estimate in L^p norm, cf. Section 6.

THEOREM 2.2. Consider a scalar conservation law (2.12) ∂_tu + ∂_xf(u) = 0, u(t, x) ∈ RI^1, t > 0, x ∈ RI , where the flux-function f: RI → RI is of class C^2 and satisfies

(2.13) f^{′′} > 0.

Let u_0 be a given function in L^∞_{loc}(RI ). Then there exists at most one weak solution u to equation (2.12) in the space L^∞_{loc}(RI_+ ×RI )∩Lip_{loc}([0, ∞[, L^1_{loc}(RI ) ) which assumes the initial data u_0 in the L^1_{loc} sense and satisfies

(2.14) ∂_xf^′(u) ≤ 1 t .

Remark 2.2. 1) The approach through the Holmgren method was studied by Oleinik [26] to get an uniqueness result, and by Tadmor [31], who has shown the existence of the adjoint problem in W^{1,∞} norm.

2) The existence of a solution to equation (2.12) satisfying the requirements in the theorem is well known after the work by Oleinik [25]. Condition (2.14) was first introduced by Hoff [12]. It was studied by Brenier-Osher [1] Goodman-LeVeque [10] and Tadmor [31] in the setting of numerical schemes.

3) Note that (2.14) could be weakened as well to the condition

(2.15) there exists a closed set E ⊂ RI_+ with only left accumulation points such that for each t_∗ in E, one has ∂_xf^′(u) ≤ 1 t − t_∗ + K_∗ in the sense of distributions in the strip {t_∗ < t < t^∗}, where K_∗ is a non-negative constant and t^∗ = min(E∩]t_∗, ∞[).

4) Condition (2.14) implies that f^′(u) (and thus u itself since the function f^′ is continuously differentiable) belongs to L^∞(RI_+, BV_{loc}(RI )).

5) Inequality (2.14) is equivalent to say that: f^′(u(t, x)) − f^′(u(t, y)) x − y ≤ 1 t for almost all x ≠ y and t,

i.e., since f^′ is increasing, u(t, x) − u(t, y) x − y ≤ u(t, x) − u(t, y) f^′(u(t, x)) − f^′(u(t, y)) 1 t for almost all x ≠ y and t, which implies that for some constant M (2.14bis) ∂_xu ≤ M t . In the proof of Theorem 2.2, we actually use the condition (2.14bis).

We next consider a class of systems of conservation laws of the form (2.1), (2.2). We will treat solutions having locally bounded variation in space. Specifically, we consider solutions v to system (2.1) (or equivalently (2.3)) which belong to the space L^∞_{loc}([0, ∞[, BV_{loc}(RI , V ) ), and thus to Lip_{loc}([0, ∞[, L^1_{loc}(RI , V ) ). This is the regularity of the solutions given by Glimm’s scheme [9]. As before, we impose a restriction on the set of points of rarefaction centers based on the notion of set with only left accumulation points. We introduce the Wave Entropy Condition for the system (2.1):

(2.16)

There exists a closed set E ⊂ RI_+ with only left accumulation points such that for each t_∗ in E one has ∂_t( (t − t_∗)^{−α} Dg(v) ) + ∂_x( (t − t_∗)^{−α} Df(v) ) ≤ (t − t_∗)^{−α}K_∗ in the sense of distributions in the strip {x ∈ RI , t_∗ < t < t^∗}, where K_∗ is a non-negative constant and t^∗ is defined by t^∗ = min(E∩]t_∗, ∞[).

In (2.16), α is an exponent depending on the system under consideration, but not on the specific solution. We shall assume below a range of admissible values for α. The constants K_∗ as well as the set E can depend on the solution. The inequality in (2.16) bears on matrix-valued functions of the variable (t, x). By definition, it means that ∫_t� t� ∫ RI { ξ^∗ Dg(v)ξ ∂_tθ + ξ^∗Df(v)ξ ∂_xθ + ξ^∗ξ K_∗θ } (t − t_∗)^{−α} dx dt ≥ 0 for each vector ξ in RI^p and each non-negative function θ of class C^1 compactly supported in the strip {x ∈ RI , t_∗ < t < t^∗}.

As (2.9) and (2.14), the Wave Entropy Condition allows the presence of shock waves in the solution, as well as rarefaction centers. Moreover the condition enforces an “upper bound” on the rate of blow-up of the derivatives of a solution when approaching a rarefaction center.

This feature of the condition will be very essential in the derivation of the main a priori estimates in Sections 3 and 4. We also emphasize that, although bearing on matrix-valued functions, which seems at first very stringent, condition (2.16) is actually realistic in several situations, e.g. for the scalar equations and the p-system. In these cases and others, (2.16) is consistent with the Lax entropy inequalities [17] and satisfied by (perturbations of) the solution of a Riemann problem.

The class of systems we deal with is motivated by the specific form of WEC and is mainly characterized by some convexity properties of the flux functions of the system. We shall distinguish between two classes of systems. System (2.1), (2.2) is said to belong to the class A if the following three conditions hold: (2.17i) Dg is a constant matrix,

(2.17ii) for all vectors v_0, v_1 in V and w_0, w_1 in RI^p, all s in [0, 1] and any constant K > 0, one has:

D^2f(v_i) · w_i ≤ α Dg + KId for i = 0 and i = 1 ⇒ D^2f(v_s) · w_s ≤ α Dg + KId, where v_s = (1 − s)v_0 + sv_1 and w_s = (1 − s)w_0 + sw_1 and

(2.17iii) for all vectors v^±_0 and v^±_1 in V and all s in [0, 1], one has : Df(v^−_i ) ≥ Df(v^+_i ) for i = 0 and i = 1 ⇒ Df(v^−_s ) ≥ Df(v^+_s ), where v^±_s = (1 − s)v^±_0 + sv^±_1 .

For instance, Burgers’ equation (for which p = 1, g(v) = v and f(v) = v^2/2) belongs to the class A. More generally, (2.17) holds for a conservation law (2.12) when f^{′′} > 0 and ( − 1/f^{′′} )_{′′} ≥ 0 . Another example is given in Section 6.

System (2.1), (2.2) is said to belong to the class B if the following three conditions hold: (2.18i) Df is a constant and invertible matrix,

(2.18ii) for all vectors u_0, u_1 in U, w_0, w_1 in RI^p and all s in [0, 1] and any constant K > 0, one has:

D^2g(v_i) · Dg(v_i)^{−1}w_i ≤ α Dg(v_i) + KId for i = 0 and i = 1 ⇒ D^2g(v_s) · Dg(v_s)^{−1}w_s ≤ α Dg(v_s) + KId, where g(v_s) = (1 − s)g(v_0) + sg(v_1) and w_s = (1 − s)w_0 + sw_1 and

(2.18iii) for all vectors u^±_0 and u^±_1 in U and all s in [0, 1], one has: Dg(v^−_i ) ≥ Dg(v^+_i ) for i = 0 and i = 1 ⇒ Dg(v^−_s ) ≥ Dg(v^+_s ), where g(v^±_s ) = (1 − s)g(v^±_0 ) + sg(v^±_1 ).

The p-system (2.7) belongs to the class B when (2.11) is satisfied. C.f. Section 6.

We will need the regularity properties for functions of bounded variation established by Volpert. According to [32], one has, for each function v in L^∞_{loc}([0, ∞[, BV_{loc}(RI , V ) ), the decomposition ]0, ∞[×RI = E^1(v) ∪ E^2(v) ∪ E^3(v), where E^1(v) is the set of points of approximate continuity for v, E^2(v) is the set of points of approximate jump for v and E^3(v) is a set of one-dimensional Hausdorff measure zero, i.e. H_1(E^3(v)) = 0. Cf. [32] for the definitions. We also recall that a normal ν(t, x) and left and right limiting values v^±(t, x) and v^±(t, x) exist at any point of E^2(v).

We finally state our result concerning the system (2.1).

THEOREM 2.3. Let v_0 be a given function in BV_{loc}(RI , V ). Consider a system of the form (2.1), (2.2) belonging to either the class A or the class B characterized by conditions (2.17) and (2.18) respectively. Suppose that the exponent α (introduced in (2.16)) belongs to the interval [1, 3[. Then there exists at most one function v in L^∞_{loc}([0, ∞[, BV_{loc}(RI , V ) ) which satisfies the system of conservation laws (2.1), the initial condition v_0 in the L^1_{loc} sense and the Wave Entropy Condition (2.16) and, on the set E^2(v), is absolutely continuous with respect to the Lebesgue measure.

Sections 3 and 4 contain two proofs of Theorem 2.3. Section 3 however requires that α ∈ [1, 5/2[. Theorem 2.1 and 2.2 are essentially corollaries of Theorem 2.3. See Section 6 for the details.

Remark 2.3. 1) The assumption that v is absolutely continuous when restricted to the set E^2(v) is technical, and is used in deriving the entropy inequality for the average between two solutions (Lemma 3.3 below). For instance, this assumption is satified if v is locally piecewise Lipschitz continuous on E^2(v).

2) One can check from the proofs in Sections 3 and 4 that a result of continuous dependence of the solution with respect to its initial data holds in the class of entropy solutions that have no centered rarefaction waves. This kind of result was already proved by DiPerna in [6] when comparing a Lipschitz continuous solution with an arbitrary entropy solution having bounded variation.

3) All the results in this paper remain valid if we replace the Wave Entropy Condition by the following weakened version of it: for each point (t_∗, x_∗) there exists an ϵ small enough and a function K_∗ = K_∗(t) in L^1(t_∗, t_∗ + ϵ) such that:

∂_t( (t − t_∗)^{−α} Dg(v) ) + ∂_x( (t − t_∗)^{−α} Df(v) ) ≤ (t − t_∗)^{−α}K_∗(t)Id

holds in the sense of distributions in the set { t_∗ < t < t_∗ + ϵ, x_∗ − ϵ < x < x_∗ + ϵ } .

3. UNIQUENESS VIA EXISTENCE FOR THE BACKWARD ADJOINT PROB- LEM This section contains a (first) proof of Theorem 2.3 based on Holmgren’s method. The problem of proving uniqueness of weak solutions in BV for (2.1) is reduced to proving existence of strong solutions in H^1_{loc} for the backward adjoint problem associated with (2.1). This latter problem consists of a linear hyperbolic system whose coefficients are only BV functions. The existence of a solution is not guaranteed in general. However, when the Wave Entropy Condition (2.16) holds, this problem admits a solution which is at least continuous and in general non-unique. The uniqueness result for the nonlinear system follows from that. Note that this proof requires that α < 5/2 instead of the assumption α < 3 made in Theorem 2.3.

Let v_1 and v_2 be two solutions to (2.1) in L^∞_{loc}([0, ∞[, BV_{loc}(RI , V ) ) satisfying the Wave Entropy Condition (2.16). Set u_1 = g(v_1) and u_2 = g(v_2). To begin with, we consider the region ]0, T [×RI where T is defined by

T = min{t ∈ E_1 ∪ E_2 | t > 0}

and E_1 and E_2 are the sets in the entropy condition (2.16) associated with the solutions v_1 and v_2, respectively. We establish first the uniqueness result in ]0, T [×RI , by assuming (later in this section) that v_1(0, ·) = v_2(0, ·). At the end of this section, we will explain how to deal with the times t > T . Let us first assume the existence of a solution to the adjoint problem associated with the system (2.1) and deduce from that the uniqueness result for the nonlinear problem. We shall next prove that the adjoint problem admits a solution having the required properties.

Let C be the matrix-valued function defined by

(3.1) C =

∫_1 0 Dh ( (1 − s) u_1 + s u_2 ) ds.

We assume that the following backward adjoint problem admits (at least) one solution ϕ in the space H^1_{loc}(]0, T ] × RI , RI^p):

(3.2) ∂_tϕ + C^∗ ∂_xϕ = k, t ≤ T, x ∈ RI , ϕ(T, x) = 0, x ∈ RI , ϕ(t, x) = 0, |x| ≥ b + M(T − t), satisfying the additional property:

(3.3) t^α ∫ RI |∂_xϕ(x)|^2 dx ∈ L^∞(0, T ). Here α is the exponent introduced in the entropy condition (2.16). In (3.2), the constants b > 0 and M > 0 are assumed to be sufficiently large (cf. below), and k is a given function in W^{1,∞}(]0, T [×RI , RI^p) compactly supported in the open set {|x| < b + M(T − t) , 0 < t < T }.

Lemma 3.1. For all times t in [0, T ], one has

(3.4) ∫_T t ∫ RI ( u_2 − u_1 )_∗ k dx dt = − ∫ RI ( u_2(t) − u_1(t) )_∗ ϕ(t) dx.

Proof: We observe that the functions u_1 and u_2 are locally Lipschitz continuous in time with values in L^1_{loc} in space and satisfy the equations (2.1) in the sense of distributions. On the other hand, ϕ belongs to H^1([t, T ] × RI ) and has there compact support, thus can be used as a test-function. These facts imply that

(3.5) ∫_T t ∫ RI { ∂_tϕ^∗(u_2 − u_1 ) + ∂_xϕ^∗(h(u_2) − h(u_1) ) } dx dt + ∫ RI ϕ(t)^∗ ( u_2(t) − u_1(t) ) ) dt = 0 where we have used the fact that ϕ(T ) = 0. Using the equations in (3.2) and the definition of C (cf. (3.1)), one obtains

(3.6) ( u_2 − u_1 )_∗ ∂_tϕ + ( h(u_2) − h(u_1) )_∗ ∂_xϕ = ( u_2 − u_1 )_∗ k. Thus (3.4) follows from (3.5) and (3.6). The proof is complete.

We next estimate the right-hand side of (3.4) by using the property (3.3).

Lemma 3.2. Suppose that α ≥ 1. For all times t in ]0, T ], one has

(3.7) | | ∫_T t ∫ RI ( u_2 − u_1 )_∗ k dx dt^′ | | ≤ O(1) t^{(−2α+1)/4} { t + ‖u_2(0) − u_1(0)‖_L1_{(−b−MT,b+MT )} }

where the constant O(1) is independent of t but can depend on T .

Proof: Let us first check that (3.3) implies the following bound for ϕ: (3.8) ‖ϕ(t)‖_L1_{(RI )} ≤ O(1) t^{(−2α+1)/4} textfor 0 < t < T. On one hand, by Sobolev’s inequality, one has ‖ϕ(t)‖_L1_{(RI )} ≤ ‖ϕ(t)‖^{1/2}_{L2(RI )}‖∂_xϕ(t)‖^{1/2}_{L2(RI )}, and, on the other hand, by Poincaré’s inequality and using (3.2) ‖ϕ(t)‖^2_L2_{(RI )} = ‖ϕ(t)‖^2_L2_{(RI )} − ‖ϕ(T )‖^2_L2_{(RI )} ≤ ∫_T t 2‖ϕ(s)‖_L2_{(RI )}‖∂_tϕ(s)‖_L2_{(RI )} ds ≤ O(1) ∫_T t ‖∂_tϕ(s)‖^2_L2_{(RI )} ds ≤ O(1) ∫_T t { ‖∂_xϕ(s)‖^2_L2_{(RI )} + ‖k(s)‖^2_L2_{(RI )} } ds, where the constant O(1) depend on T . Hence we obtain (3.9) ‖ϕ(t)‖_L1_{(RI )} ≤ O(1)‖∂_xϕ(t)‖^{1/2}_{L2(RI )} { ∫^T t { ‖∂_xϕ(s)‖^2_L2_{(RI )} + ‖k(s)‖^2_L2_{(RI )} } ds }_{1/4} . Then, we use (3.3) in inequality (3.9) and get ‖ϕ(t)‖_L1_{(RI )} ≤ O(1)t^{−α/4} { ∫^T t s^{−α} ds + ∫_T t ‖k(s)‖^2_L2_{(RI )} }_{1/4} ≤ O(1) t^{(−2α+1)/4} since α ≥ 1. The proof of (3.8) is complete.

We next estimate the right hand side of (3.4): | | ∫ RI ϕ(t)^∗ ( u_2(t) − u_1(t) ) dx | | ≤ O(1) ‖ϕ(t)‖_L1_{(RI )}‖u_2(t) − u_1(t)‖_L1_{(−b−M(T −t),b+M(T −t) )}. ¿From (3.8) and the Lipschitz continuity in time in L^1 norm of the functions u_2 and u_1, we deduce form the above inequality that | ∫ RI ϕ(t)^∗ ( u_2(t) − u_1(t) ) dx | ≤ O(1) t^{(−2α+1)/4} { t + ‖u_2(0) − u_1(0)‖_L1_{(−b−MT,b+MT )} } . Using the above inequality in (3.4) yields (3.7). The proof of Lemma 3.2 is complete.

In view of Lemma 3.2, we can conclude our proof of uniqueness for the nonlinear problem. Namely, when u_2(0) = u_1(0) i.e. when the solutions u_2 and u_1 assume the same initial data, estimate (3.7) as t goes to zero implies ∫_T 0 ∫ RI ( u_2 − u_1 )_∗ k dx dt = 0

if the exponent α in the entropy condition belongs to the interval [1, 5 2 [. Henceforth, since the function k is arbitrary, we obtain in that case u_2 = u_1 almost everywhere in ]0, T [×RI .

It now remains (and this is the central issue of this section) to prove the existence of a solution to the backward adjoint problem (3.2) that also satisfies the condition (3.3). To this end, we are going to regularize the (discontinuous) coefficients of system (3.2). The existence of a smooth solution ϕ^ϵ to the regularized problem is trivial, and we end up with the need of deriving suitable uniform estimates on ϕ^ϵ to prove that ϕ^ϵ converges to a solution of (3.2), (3.3).

We decompose the matrix C defined by (3.1), in the form C^∗ = AB^{−1} as follows. If system (2.1) belongs to the class A, we set A = ∫_1 0 Df( (1 − s)v_1 + sv_2) ds, B = Dg.

If the system belongs to the class B, we set A = Df , B^{−1} = ∫_1 0 D ( g^{−1} ) ((1 − s) u_1 + s u_2 ) ds.

We consider first the case of a system in the class A and give the definition of the regularizations B^ϵ and A^ϵ of B and A. Let ω^ϵ be a standard smoothing kernel in the two variables (t, x), say ω^ϵ(t, x) = 1 ϵ^2 ω( t ϵ , x ϵ ) where ω is a non-negative and smooth function compactly supported in [−1, 1] × [−1, 1], and satisfying

∫_1 −1 ∫_1 −1 ω(t, x) dt dx = 1. Let Ã be the function

(3.10) Ã(t, x) = A(t, x) for t > ϵ, x ∈ RI , 0 for t < ϵ, x ∈ RI , and define A^ϵ by

(3.11a) A^ϵ = t^α( (t^{−α}Ã) ∗ ω^ϵ).

Since in that case B is constant, we simply set

(3.11b) B^ϵ = B.

Of course B^ϵ and A^ϵ are smooth functions of the variables (t, x). Moreover, one has

A^ϵ = t^α ( ( t^{−α}A) ∗ ω^ϵ ) for t > 2ϵ.

Consider now the case of a system in the class B. The matrix A is a constant, so we set

(3.12a) A^ϵ = A

Let ω^ϵ be a smoothing kernel in the single variable x say ω^ϵ(x) =^1_ϵ ω(^x_ϵ ), where ω is a nonnegative and smooth function compactly supported in [−1, 1] and satisfying

∫_1 −1 ω(x) dx = 1. Define first u^ϵ_1, u^ϵ_2, v^ϵ_1 and v^ϵ_2 by

(3.13) u^ϵ_i = u_i ∗ ω^ϵ and v^ϵ_i = g(u^ϵ_i ) and then B^ϵ by (3.12b) (B^ϵ)^{−1} =

∫_1 0 D(g^{−1}) ( (1 − s) u^ϵ_1 + s u^ϵ_2 ) ds. We note that, although ω^ϵ depends only on the variable x, the functions u^ϵ_1, u^ϵ_2 and B^ϵ are Lipschitz continuous. This is because (2.3) implies ∂_tu^ϵ_i = −h(u_i) ∗ ∂_xω^ϵ ∈ L^∞_{loc}( (0, T × RI , RI^p).

Hence, in both cases, we have constructed A^ϵ and B^ϵ which are (at least) Lipschitz continuous functions in (t, x). Let ϕ^ϵ be the unique solution to the following regularized version of problem (3.2)

(3.14)

∂_tϕ^ϵ + (B^ϵ)^{−1} A^ϵ ∂_xϕ^ϵ = k, t ≤ T, x ∈ RI ,

ϕ^ϵ(T, x) = 0, x ∈ RI ,

ϕ^ϵ(t, x) = 0, |x| ≥ b + M(T − t). Here we require that M is sufficiently large (larger than the maximum characteristic speed of the system).

Due to the specific regularization we have made, the Wave Entropy Condition (2.16) is satisfied by the coefficients B^ϵ and A^ϵ of system (3.14).

Lemma 3.3. There exists a constant K independent of ϵ such that (3.15) ∂_t(t^{−α}B^ϵ) + ∂_x(t^{−α}A^ϵ) ≤ t^{−α}KId in the whole strip ]0, T [×RI .

Proof: Since the functions v_1 and v_2 have locally bounded total variation in space and are solutions to system (2.1), they have locally bounded variation in both variables (t, x) in the set ]0, T [×RI . We can decompose ]0, T [×RI in the form ]0, T [×RI = E^1 ∪ E^2 ∪ E^3, where E^1 is the set of points of approximate continuity for both v_1 and v_2, E^2 is the set of points of approximate jump for either v_1 or v_2 and E^3 is a set of one-dimensional Hausdorff measure zero, i.e. H_1(E^3) = 0. We also have a normal ν(t, x) and left and right limiting values v^±_1 (t, x) and v^±_2 (t, x) exist at any point of E^2.

Since v_1 and v_2 satisfy the entropy condition (2.16), we have (3.16) ∂_t(t^{−α}Dg(v_i) ) + ∂_x(t^{−α}Df(v_i) ) ≤ t^{−α}K_iId for some constants K_1 and K_2. Set K = max(K_1, K_2). We are going to deduce from (3.16) and the convexity properties (2.17) and (2.18) that (3.17) ∂_t(t^{−α}Dg(r_s)) + ∂_x(t^{−α}Df(r_s)) ≤ t^{−α}KId where r_s = g^{−1}(z_s) and z_s = (1 − s) g(v_1) + s g(v_2) = (1 − s)u_1 + su_2 and s ∈ [0, 1].

On the set E^1, both functions v_1 and v_2 are approximately continuous, so we can write: ∂_t(t^{−α}Dg(v_i) ) = −α t^{−α−1} Dg(v_i) + t^{−α} D^2g(v_i) · Dg(v_i)^{−1} ∂_tu_i and ∂_x(t^{−α}Df(v_i) ) = t^{−α} D^2f(v_i) · ∂_xv_i.

Inequality (3.16) thus gives the inequality (3.18) D^2g(v_i) · Dg(v_i)^{−1} t∂_tu_i + D^2f(v_i) · t∂_xv_i ≤ α Dg(v_i) + KId in the set E^1. By our assumption, the measures t∂_tu_i and t∂_xv_i restricted to the set E^1 have densities with respect to the Lebesgue measure, which are locally integrable functions. Inequality (3.18) holds almost everywhere for the density function and we can use the properties (2.17ii) and (2.18ii) and obtain:

D^2g(r_s) · Dg(r_s)^{−1} t∂_tz_s + D^2f(r_s)Dg(r_s)^{−1} t∂_xz_s ≤ α Dg(r_s) + KId in E^1. This last inequality can be easily rewritten in the form (3.17). This proves (3.17) in the set E^1.

We now check (3.17) in the set E^2. Let (t, x) be in E^2. By (3.16), we have

−σ(Dg(v^+_i ) − Dg(v^−_i ) ) + Df(v^+_i ) − Df(v^−_i ) ≤ 0,

where σ is the speed of the discontinuity at the point (t, x). In view of the properties (2.17iii) and (2.18iii), we obtain −σ ( Dg(r^+_s ) − Dg(r^−_s ) ) + Df(r^+_s ) − Df(r^−_s ) ≤ 0,

where g(r^+_s ) = (1 − s) g(r^+_1 ) + s g(r^+_s ) and g(r^−_s ) = (1 − s) g(r^−_1 ) + s g(r^−_2 ). This proves that (3.17) holds in E^2.

Since H_1(E^3) = 0, it follows finally that (3.17) is satisfied in the sense of distributions in the whole strip ]0, T [×RI .

Suppose first that system (2.1) belongs to the class A. Then (3.17) can be rewritten in the form −α t^{−α−1} Dg + t^{−α} ∂_x(Df(r_s)) ≤ t^{−α}KId, that is − α t Dg + ∂_x ( Df(r_s)) ) ≤ KId with, in this case, r_s = (1 − s) v_1 + s v_2. By integration with respect to s and using the fact that − α t Dg ≤ 0 ≤ K for all times t > 0,

we see that Ã (cf. (3.10)) satisfies − α t Dg + ∂_xÃ ≤ KId. This latter inequality is equivalent to ∂_t(t^{−α}Dg) + ∂_x(t^{−α}Ã) ≤ t^{−α}K which, after regularization by the kernel ω^ϵ, cf (3.11), gives immediately ∂_t ( t^{−α}Dg ) + ∂_x ( t^{−α}A^ϵ ) ≤ t^{−α}KId.

This proves (3.15) for the systems of the class A.

Suppose next that (2.1) belongs to the class B, so that (3.17) is equivalent to ∂_t(t^{−α}Dg(g^{−1}(z_s) ) ) ≤ t^{−α}KId. Indeed this latter inequality holds with z_s replaced by z^ϵ_s, i.e. (3.19) ∂_t(t^{−α}Dg(g^{−1}(z^ϵ_s) ) ) ≤ t^{−α}KId, where z^ϵ_s = (1 − s) g(v^ϵ_1) + s g(v^ϵ_2) = z_s ∗ ω^ϵ. This because (3.16) holds with v_i replaced by v^ϵ_i , as it can be checked by using the arguments of the proof of (3.17). Integrating (3.19) with respect to s gives (3.15). The proof of Lemma 3.3 is complete.

The following yields a uniform estimate for ϕ^ϵ in the H^1 norm with the weight t^{α/2}.

Lemma 3.4. For all times t in the interval ]0, T ], one has

(3.20) ‖t^{α/2}ϕ^ϵ(t)‖_H1_{(RI )} + ‖t^{α/2}∂_tϕ^ϵ(t)‖_L2_{(RI )} ≤ O(1) ‖k‖_H1_{( (0,T )×RI )}.

Proof: We treat first the case of a system of the class A. In this case, B = B^ϵ = Dg is a constant matrix. We set ψ^ϵ = ∂_xϕ^ϵ.

We differentiate with respect to x the equations in (3.14) and multiply the resulting equation by t^αψ^∗_ϵ . After integration over RI , we obtain ∫ RI t^αψ^∗_ϵ ∂_t(Bψ^ϵ) dx + ∫ RI t^αψ^∗_ϵ ∂_x(A^ϵψ^ϵ) dx = ∫ RI t^αψ^∗_ϵ ∂_xk dx. Since B and A^ϵ are symmetric, this is equivalent to: d dt ∫ RI 1 2 t^αψ^∗_ϵ Bψ^ϵ dx = ∫ RI 1 2 ψ^∗_ϵ ∂_t(t^αB)ψ^ϵ dx − ∫ RI 1 2 ψ^∗_ϵ ∂_x(t^αA^ϵ)ψ^ϵ dx + ∫ RI t^αψ^∗_ϵ ∂_xk dx, i.e.

(3.21) d dt ∫ RI 1 2 t^αψ^∗_ϵ Bψ^ϵ dx = 1 2 ∫ RI ψ^∗_ϵ { ∂_t(t^αB) − ∂_x(t^αA^ϵ) } ψ_ϵ dx + ∫ RI t^αψ^∗_ϵ ∂_xk dx.

In view of the entropy inequality (3.15) in Lemma 3.3, we have (3.22) ∂_t(t^αB) − ∂_x(t^αA^ϵ) = α t^{α−1}B − t^α∂_xA^ϵ = −t^{2α} { ∂_t(t^{−α}B) + ∂_x(t^{−α}A^ϵ) } ≥ −t^αKId. Using (3.22) in (3.21) yields d dt ∫ 1 2 t^αψ^∗_ϵ Bψ^ϵ dx ≥ − K 2 ∫ RI t^αψ^∗_ϵ ψ^ϵ dx + ∫ RI t^αψ^∗_ϵ ∂_xk dx ≥ − ( K 2 + O(1) ) ∫ RI t^αψ^∗_ϵ ψ_ϵ dx − O(1) ∫ RI t^α∂_xk^∗∂_xk dx. By Gronwall’s inequality and since B is a positive definite matrix (c.f. (2.2)), we get ∫ RI t^αψ^ϵ(t)^∗ψ^ϵ(t) dx ≤ O(1) ∫ RI T^αψ^ϵ(T )^∗ ψ^ϵ(T ) dx + O(1) ∫_T t ∫ RI t^{′α}k^∗_xk_x dx dt^′. Because ψ^ϵ(T ) ≡ 0 (C.f. (3.14)), we have in fact proved that

(3.23) ‖t^{α/2}∂_xϕ^ϵ(t)‖_L2_{(RI )} ≤ O(1)‖t^{α/2}∂_xk‖_L2_{((0,T )×RI )}.

Using (3.23) with the identity ∂_tϕ^ϵ = −B^{−1}A^ϵ∂_xϕ^ϵ + B^{−1}k yields:

(3.24) ‖t^{α/2}∂_tϕ^ϵ(t)‖_L2_{(RI )} ≤ O(1) { ‖t^{α/2}∂_xh‖_L2_{( (0,T )×RI )} + ‖t^{α/2}k‖_L2_{( (0,T )×RI )} } . The estimate for ϕ^ϵ(t) follows from (3.23) and Poincaré’s inequality, namely:

(3.25) ‖t^{α/2}ϕ^ϵ(t)‖_L2_{(RI )} ≤ O(1)‖t^{α/2}∂_xϕ^ϵ(t)‖_L2_{(RI )} ≤ O(1)‖k‖_H1_{( (0,T )×RI )}.

Estimates (3.23)–(3.25) give the desired result (3.20) for the systems of the class A.

We now deal with the systems in the class B. In this case, A^ϵ = A = Df is a constant and invertible matrix. Set ψ^ϵ = ∂_tϕ^ϵ. We differentiate the equations in (3.14) with respect to the variable t. After integration over RI and integration by parts, we get

(3.26) d dt ∫ RI 1 2 t^αψ^∗_ϵ B^ϵψ^ϵ dx = ∫ RI 1 2 ψ^∗_ϵ ∂_t(t^αB^ϵ)ψ^ϵ dx − ∫ RI ψ^∗_ϵ t^α∂_t(B^ϵ)ψ^ϵ dx + ∫ RI 1 2 ψ^∗_ϵ ∂_x(t^αA)ψ^ϵ dx + ∫ RI t^αψ^∗_ϵ ∂_th dx.

We have ∂_x(t^αA) = 0 and

(3.27)

∂_t(t^αB^ϵ) − 2t^α∂_tB^ϵ = αt^{α−1}B^ϵ − t^α∂_tB^ϵ = −t^{2α}∂_t(t^{−α}B^ϵ) = −t^{2α} { ∂_t(t^{−α}B^ϵ) + ∂_x(t^{−α}A) } ≥ −t^αK. ¿From (3.26) and (3.27), we deduce that d dt ∫ RI 1 2 t^αψ^∗_ϵ B^ϵψ^ϵ dx ≥ − ( K 2 + O(1) ) ∫ RI t^αψ^∗_ϵ ψ^ϵ dx − O(1) ∫ RI t^αk^∗_t k_t dx. Since B^ϵ is a uniformly positive definite matrix (c.f. (2.2) and the definition of B^ϵ and by Gronwall’s inequality, we finally obtain: ‖t^αψ^ϵ(t)‖^2_L2_{(RI )} ≤ O(1)‖T^αψ^ϵ(T )‖^2_L2_{(RI )} + O(1) ∫_T t ∫ RI t^αk^∗_t k_t dx ds. But ψ^ϵ(T ) = (B^ϵ)^{−1} { − A∂_xϕ^ϵ(T ) − k(T ) } ≡ 0, thus (3.28) ‖t^α∂_tϕ^ϵ(t)‖_L2_{(RI )} ≤ O(1)‖t^α∂_tk‖_L2_{( (0,T )×RI )}. ¿From (3.28), Poincaré inequality and the relation ∂_xϕ^ϵ = A^{−1} { − B^ϵ∂_tϕ^ϵ + k } , similar bounds for ϕ^ϵ and ∂_xϕ^ϵ are easily deduced. The proof of Lemma 3.4 is complete.

We now complete the proof of existence for the adjoint problem. In view of the a priori estimates (3.20), a subsequence of ϕ^ϵ must converge to an element ϕ in the space H^1_{loc}(]0, T ]× RI , RI^p) in the following sense: for all t in ]0, T [ (3.29) ϕ^ϵ → ϕ strongly in L^2( (t, T ) × RI , RI^p) and (3.30) (∂_tϕ^ϵ, ∂_xϕ^ϵ) ⇀ (∂_tϕ, ∂_xϕ) weakly in L^2( (t, T ) × RI , RI^p). The function ϕ also satisfies (3.31) ‖t^{α/2}ϕ‖_H1_{(RI )} + ‖t^{α/2}∂_tϕ‖_L2_{(RI )} ∈ L^∞(0, T ).

Properties (3.29) and (3.30) are sufficient for the passage to the limit in the equations (3.14) satisfied by ϕ^ϵ. Thus the function ϕ satisfies (3.2). Moreover (3.31) implies (3.3). The proof of existence of a solution to (3.2), (3.3) is complete.

It remains to complete the proof of Theorem 2.3. The above arguments have proved that, if u_2(0) = u_1(0), then u_2(t) = u_1(t) for all times t in the interval [0, T ]. Note that u_1 and u_2 are Lipschitz continuous in time. Next, in view of the entropy inequality (2.16), there exists a small interval [T_1, T_2] such that no rarefaction waves arise at the times t in the interval ]T_1, T_2[. We can apply the same arguments as previously and conclude that u_1(t) = u_2(t) for all t ∈ [T_1, T_2]. We can continue this process inductively since the set occurring in condition (2.16) is countable and has only left accumulation points. It follows that u_1(t) = u_2(t) for all times t ≥ 0. The (first) proof of Theorem 2.3 is thus completed provided that α < 5/2.

4. UNIQUENESS VIA UNIQUENESS FOR THE FORWARD ADJOINT PROB- LEM This section contains a second proof of Theorem 2.3. Our approach is based on Haar’s method which reduces the question of proving uniqueness for the nonlinear system to proving uniqueness for a forward adjoint problem. Using again the Wave Entropy Condition (2.16), we obtain an uniqueness result in L^2 for this latter problem.

Let v_1 and v_2 in L^∞_{loc}([0, ∞[, BV_{loc}(RI , V ) ) be two weak solutions of system (2.1) satisfying the Wave Entropy Condition (2.16). It is sufficient to consider the interval ]0, T [ with T defined in Section 3. Larger times can be treated by induction. As before, we also use the notation u_i = g(v_i).

Let us define the potential functions ϕ_1 and ϕ_2 associated with the functions v_1 and v_2, respectively : (4.1) ϕ_i(t, x) = ∫_x 0 g(v_i(0, y) ) dy − ∫_t 0 f(v_i(s, x) ) ds for almost every t > 0, x ∈ RI .

Clearly ϕ_1 and ϕ_2 belong to L^∞_{loc}(RI_+ × RI , RI^p).

Lemma 4.1. In the sense of distributions, one has (4.2) ∂_tϕ_i = −f(v_i) and ∂_xϕ_i = g(v_i). As a consequence of Lemma 4.1 we get (4.3) ϕ_i ∈ W^{1,∞}_{loc} ([0, ∞[×RI , RI^p), and thus ϕ_i(t, x) is defined for all (t, x).

Proof: To show that ∂_tϕ_i = −f(v_i), we have to prove (4.4) ∫ ∫ ϕ_i∂_tθ dx dt = ∫ ∫ f(v_i) θ dx dt for each (say, scalar valued) test-function θ = θ(t, x). In view of (4.1) and using Fubini’s theorem and the fact that ∂_t ∫_t 0 f(v_i(s, x))ds = f(v_i(t, x)) almost everywhere (since f(v_i) ∈

L^∞), one has ∫ ∫ ∂_tθ(t, x) ϕ_i(t, x) dx dt = ∫ ∫ ∂_tθ(t, x) ∫_x 0 g(v_i(0, y) ) dy dx dt − ∫ ∫ ∂_tθ(t, x) ∫_t 0 f(v_i(s, x) ) ds dx dt = ∫ ∫ θ(t, x) f(v_i(t, x) ) dx dt, which proves (4.4).

We now check that ∂_xϕ_i = g(v_i), or more precisely

(4.5) ∫ ϕ_i(t, x) θ^′(x) dx = − ∫ g(v_i(t, x) ) θ(x) dx for almost every t > 0,

where θ = θ(x) is a test-function of the single variable x. Indeed, since v_i are weak solutions to (2.1) and Lipschitz continuous in time, one has

(4.6) d dt ∫ θ(x) g(v_i(t, x) ) dx − ∫ θ^′(x) f(v_i(t, x) ) dx = 0, for almost every t > 0.

Indeed we observe that ∫ θ(x) g(v_i(t, x) ) dx is a Lipschitz continuous function of the time variable since v_i ∈ Lip_{loc}([0, ∞[, L^1_{loc}(RI , V )) and thus d dt ∫ θ(x) g(v_i(t, x) ) dx ∈ L^∞_{loc}([0, ∞[, RI^p). We integrate (4.6) over ]0, t[ and get

(4.7) ∫ θ(x) g(v_i(t, x) ) dx − ∫ θ(x) g(v_i(0, x) ) dx = ∫_t 0 ∫ θ^′(x) f(v_i(s, x) ) dx ds. Then, combining (4.1) and (4.7), we find ∫ θ^′(x) ϕ_i(t, x) dx = ∫ θ^′(x) ∫_x 0 g(v_i(0, y) ) dy dx − ∫ θ^′(x) ∫_t 0 f(v_i(s, x) ) ds dx = − ∫ θ(x) g(v_i(0, x) ) dx − ∫ θ(x) g(v_i(t, x) ) dx + ∫ θ(x) g(v_i(0, x) ) dx = − ∫ θ(x) g(v_i(t, x) ) dx, which proves (4.5). The proof of Lemma 4.1 is complete.

Let ϕ, B and A be defined by: ϕ = ϕ_2 − ϕ_1 and

B^{−1} =

∫_1 0 D(g^{−1})( (1 − s)u_1 + s u_2) ds and A =

∫_1 0 Df( (1 − s)v_1 + sv_2) ds.

Note that B and A are measurable and bounded functions, while ϕ is a locally Lipschitz continuous function. Thus the product of AB^{−1}∂_xϕ is well-defined in a classical sense.

Lemma 4.2. The function ϕ is a solution to the following linear hyperbolic system: (4.8) ∂_tϕ + AB^{−1}∂_xϕ = 0 almost everywhere in ]0, ∞[×RI .

Proof: From (4.1) and the definition of B and A, we deduce: ∂_tϕ = ∂_tϕ_2 − ∂_tϕ_1 = −f(v_2) + f(v_1) and AB^{−1}∂_xϕ = AB^{−1}(∂_xϕ_2 − ∂_xϕ_1) = AB^{−1}(g(v_2) − g(v_1) ) = A(v_2 − v_1) = f(v_2) − f(v_1) and (4.8) follows immediately.

Our goal now is to prove that the only solution to problem

(4.9) ∂_tϕ + AB^{−1}∂_xϕ = 0, t > 0, x ∈ RI ,

ϕ(0, x) = 0, x ∈ RI , is ϕ ≡ 0. This result would imply that v_1(t, x) = v_2(t, x), for almost every x ∈ RI and for all times 0 ≤ t ≤ T (cf. property (4.2) satisfied by ϕ_1 and ϕ_2). As explained previously, we only need consider the strip ]0, T [×RI .

For convenience, we regularize the matrix-valued functions A and B in the same way as it was done in Section 3; cf. formula (3.11) and (3.12) for the definition of A^ϵ and B^ϵ. Of course, we have (4.10) ∂_tϕ + A^ϵ(B^ϵ)^{−1}∂_xϕ = k^ϵ, t > 0, x ∈ RI , where k^ϵ = (A^ϵ(B^ϵ)^{−1} − AB^{−1})∂_xϕ satisfies:

(4.11) k^ϵ → 0 in L^2_{loc}(RI_+ × RI , RI^p). We also recall from Section 3, Lemma 3.3, that the Wave Entropy Condition (4.12) ∂_t(t^{−α}B^ϵ) + ∂_x(t^{−α}A^ϵ) ≤ t^{−α}KId holds in the whole strip ]0, T [×RI .

In what follows, we denote by M > 0 a sufficiently large constant and by N > 0 an arbitrary positive constant. We set : Ω_t = { |x| ≤ N + Mt } . Lemma 4.3. For all times s and t satisfying 0 < s ≤ t ≤ T , one has (4.13) t^{−α} ∫ Ω_t ϕ(t)^∗ ϕ(t) dx ≤ O(1) s^{−α} ∫ Ω_s ϕ(s)^∗ ϕ(s) dx, where O(1) is a constant independent of s and t but possibly on T .

Proof: We consider first a system in the class A. We set: ψ = B^{−1}ϕ. In view of (4.10), one has B∂_tψ + A^ϵ∂_xψ = k^ϵ. We multiply this equation by t^{−α}ψ^∗ and integrate the resulting equation over Ω_t. We get: ∫ Ω_t t^{−α}ψ^∗B∂_tψ + ∫ Ω_t t^{−α}ψ^∗A^ϵ∂_xψ = ∫ Ω_t t^{−α}ψ^∗k^ϵ and, by integration by parts, using the fact that A^ϵ and B^ϵ are symmetric matrices d dt ∫ Ω_t t^{−α}ψ^∗Bψ ≤ ∫ Ω_t ψ^∗∂_t(t^{−α}B)ψ + ∫ Ω_t

ψ^∗∂_x(t^{−α}A^ϵ)_xψ + 2 ∫ Ω_t t^{−α}ψ^∗k^ϵ. Here we take M large enough so that the boundary term arising from the integration by parts in the above inequality is non-positive. Next we use (4.12) and Gronwall’s lemma: t^{−α} ∫ Ω_t ψ^ϵ(t)^∗Bψ^ϵ(t) dx ≤ O(1) s^{−α} ∫ Ω_s

ψ^ϵ(s)^∗Bψ^ϵ(s) dx + O(1) ∫_t s ∫ Ω_τ τ^{−α}k^∗_ϵ k^ϵ dx dτ for 0 < s ≤ t ≤ T . Using (4.11), we get

t^{−α} ∫ Ω_t ψ(t)^∗Bψ(t) dx ≤ O(1) s^{−α} ∫ Ω_s ψ(s)^∗ B ψ(s) dx which is equivalent to (4.13).

We next treat the case of a system of the class B. Setting ψ = A^{−1}ϕ, the equations (4.10) give: B^ϵ∂_tψ + A∂_xψ = B^ϵA^{−1}k_ϵ. We multiply this equation by t^{−α}ψ^∗_ϵ and integrate it over Ω_t: ∫ Ω_t { t^{−α}ψ^∗B^ϵ∂_tψ + t^{−α}ψ^∗A∂_xψ } (t) dx = ∫ Ω_t t^{−α} ( ψ^∗B^ϵA^{−1}k^ϵ ) (t) dx. Because of the symmetry property of the matrices A and B^ϵ, we can easily integrate by parts and obtain: d dt 1 2 ∫ Ω_t t^{−α}ψ^∗B^ϵψ dx ≤ ∫ Ω_t 1 2 ψ^∗∂_t(t^{−α}B^ϵ)ψ^ϵ dx + ∫ Ω_t t^{−α}ψ^∗B^ϵA^{−1}k_ϵ dx. Note here that A and B^ϵ are Lipschitz continuous functions of the variables (t, x), so the above integration by parts is possible. We use the entropy inequality (4.12) to deduce from the above inequality that:

(4.15) d dt 1 2 ∫ Ω_t t^{−α}ψ^∗B^ϵψ dx ≤ ( K + O(1) ) ∫ Ω_t t^{−α}ψ^∗ψ dx + O(1) ∫ Ω_t t^{−α}k^∗_ϵ k^ϵ dx, where we have used the fact that c_1Id ≥ B^ϵ ≥ c_2I. By Gronwall’s lemma, it follows that

t^{−α} ∫ Ω_t (ψ^∗ψ) (t) dx ≤ O(1) s^{−α} ∫ Ω_s

(ψ^∗ψ) (s) dx + O(1) ∫_t s ∫ Ω_τ τ^{−α}k^∗_ϵ k^ϵ dx dτ for all 0 < s ≤ t ≤ T . Letting ϵ → 0 and using (4.11) and the invertibily of A give the estimate (4.13). The proof of Lemma 4.3 is complete.

It remains to determine the limit of the right hand side of (4.13) when s → 0. We have the following estimate for ϕ.

Lemma 4.4. For all t ∈ [0, T ] we have (4.16) ‖ϕ(t)‖_L2_{(Ωt)} ≤ ‖w_2 − w_1‖_L2_{(Ω0)} + O(1) t‖v_2(0) − v_1(0)‖_L2_{(Ω0)} + O(1) t^{3/2}, where (4.17) w_i(x) = ∫_x 0 g(v_i(y, 0) ) dy for x ∈ RI .

Proof: In view of (4.1), one has: ϕ(x, t) = ϕ_2(x, t) − ϕ_1(x, t) = ∫_x 0 (g(v_2(y, 0) ) − g(v_1(y, 0) ) ) dy − ∫_t 0 (f(v_2(x, s) ) − f(v_1(x, s) ) ) ds, which yields

‖ϕ(t)‖_L2_{(Ωt)} ≤ ‖w_2 − w_1‖_L2_{(Ωt)} + { ∫ Ω_t (∫_t 0 |f(v_2(x, s) ) − f(v_1(x, s) )| ds )2 dx }_{1/2}

≤ ‖w_2 − w_1‖_L2_{(Ωt)} + O(1) { ∫ Ω_t t ∫_t 0 |v_2(x, s) − v_1(x, s)|^2 ds dx }_{1/2}

≤ ‖w_2 − w_1‖_L2_{(Ωt)} + O(1) t^{1/2} { ∫^t 0 ‖v_2(s) − v_1(s)‖_L1_{(Ωs )} ds }_{1/2} . But ‖v_i(s) − v_i(0)‖_L1_{(Ωs )} ≤ O(1) s, thus we get

‖ϕ(t)‖_L2_{(Ωt)} ≤ ‖w_2 − w_1‖_L2_{(Ω0)} + O(1) t^{1/2} { ∫^t 0 ‖v_2(s) − v_2(0)‖_L1_{(Ωs )} ds + ∫_t 0 ‖v_2(0) − v_1(0)‖_L1_{(Ωs)} ds + ∫_t 0 ‖v_1(s) − v_1(0)‖_L1_{(Ωs)} ds }_{1/2} ≤ ‖w_2 − w_1‖_L2_{(Ωt)} + O(1) t^{3/2} + O(1)t‖v_2(0) − v_1(0)‖_L1_{(Ωs )}.

The proof of Lemma 4.4 is complete.

We finally combine the results in Lemmas 4.3 and 4.4. Lemma 4.5. For all 0 < s < t < T , we have ‖ϕ(t)‖_L2_{(Ωt)} ≤ t^{α/2} s^{α/2} { ‖w_2 − w_1‖_L2_{(Ω0)} + O(1)s‖v_2(0) − v_1(0)‖_L1_{(Ω0)} } + O(1) t^{α/2}s^{(3−α)/2}.

When v_1 and v_2 assume the same initial condition, i.e. when v_1(0) = v_2(0), then by (4.17), w_2 ≡ w_1 and Lemma 4.5 gives ‖ϕ(t)‖_L2_{(Ωt)} ≤ O(1) t^{α/2} s^{(3−α)/2} for all 0 < s ≤ t ≤ T, which implies ϕ ≡ 0 if α ∈ [0, 3[. The (second) proof of Theorem 2.3 is complete.

5. LINEAR HYPERBOLIC SYSTEMS WITH DISCONTINUOUS COEFFI- CIENTS

In this section, we prove results of existence and uniqueness for some linear hyperbolic systems with discontinuous coefficients. Such a kind of result was proved and used throughout Sections 3 and 4. The systems considered there were adjoint problems associated with the nonlinear equations (2.1). The present section deals with a class of linear hyperbolic systems that are not necessarily an adjoint problem to a nonlinear system.

Generally speaking such systems are ill-posed: neither existence nor uniqueness of solutions is a priori ensured. However, we can prove existence or uniqueness of solutions in the space H^1_{loc}(RI_+ × RI , RI^p) in case that the coefficients of the system satisfy the Wave Entropy Condition. We emphasize that this condition was introduced in the context of nonlinear problems but, as we show it here, is also suitable for linear problems. Results of this type were previously proved for scalar equations and under the restriction that the coefficients have “no singularity” of the kind 1/t, as can be the case here. Our results indeed hold for some systems of equations. For scalar equations, we refer to DiPerna-Lions [7], Le Floch [18] and Tadmor [31].

Note also that an existence and uniqueness result is proved in [18] for some linear hyperbolic equations with discontinuous coefficients. The solutions found are not continuous in general, but simply bounded functions of bounded variation. Thus the concept of nonconservative product in the sense of Volpert [32] (c.f. also Dal Maso-Le Floch-Murat [5] and Le Floch-Liu [19]) is needed there.

We consider the Cauchy problem for a linear hyperbolic system B∂_tϕ + A∂_xϕ = k, t > 0, x ∈ RI , (5.1) ϕ(0, x) = ϕ_0(x),

(5.2)

where ϕ_0 ∈ H^1(RI ), k ∈ H^1(RI_+ × RI , RI^p) and A and B are bounded measurable m × m matrix-valued functions such that A and B are symmetric matrices and either

(5.3a) B is a positive definite constant matrix or (5.3b) B is positive definite and A is an invertible constant matrix. We prove first an existence theorem for the Cauchy problem (5.1), (5.2).

Theorem 5.1. In addition to assumption (5.3), we assume that there exist two non-negative constants T and α and a locally bounded non-negative function K = K(t, x) satifying (5.4) ∫_T 0 max_{x∈RI} K(t, x) dt < ∞, such that (5.5) ∂_t( (T − t)^{−α}B) + ∂_x( (T − t)^{−α}A) ≥ −K (T − t)^{−α} in the sense of distributions in the strip RI × (0, T ). Then the Cauchy problem (5.1), (5.2) has at least one solution ϕ in H^1_{loc}([0, T ) × RI , RI^p). Furthermore, we have the following estimate (5.6) (T − t)^{α/2}‖ϕ(t)‖_H1_{(RI )} ≤ O(1)‖ϕ_0‖_H1_{(RI )} + O(1)‖k‖_H1_{(RI ×(0,T ))} for all t ∈ [0, T ).

Proof: The proof is very similar to the one given in Section 3. So we only sketch it. Using a smoothing kernel as was done in Section 3, we construct the regularizations A^ϵ and B^ϵ associated with A and B. Then (5.5) implies ∂_t( (T − t)^{−α}B^ϵ) + ∂_x( (T − t)^{−α}A^ϵ) ≥ −K(T − t)^{−α}. A solution ϕ to (5.1), (5.2) is obtained as the limit of the solutions ϕ^ϵ to the regularized problem B^ϵ∂_tϕ^ϵ + A^ϵ∂_xϕ^ϵ = k 0 ≤ t < T, x ∈ RI ,

ϕ^ϵ(0, x) = ϕ_0(x), for which a priori estimates are derived in the same way as was done in Lemma 3.4.

We next have the following uniqueness.

Theorem 5.2. Suppose that (5.3) holds and the matrices B and A satisfy the inequality (5.7) ∂_t(t^{−α}B) + ∂_x(t^{−α}A) ≤ K t^{−α} in the sense of distributions, where T and α are non-negative constants and K = K(t, x) is a measurable non-negative function satisfying (5.4). Then the Cauchy problem (5.1), (5.2) has at most one solution ϕ in L^2_{loc}((0, T ) × RI ) such that

(5.8) lim_{t→0+}

‖ϕ(t) − ϕ_0‖_L2_{(RI )} t^{α/2} = 0.

The proof of this theorem follows the lines of the proof given in section 4, so we omit it. Note that (5.8) is automatically satisfied if 0 ≤ α ≤ 1.

6. EXAMPLES AND REMARKS

In this section, we apply the results of Sections 3 and 4 to the cases of the system of isentropic gas dynamics in Lagrangian coordinates (Theorem 2.1), the scalar conservation laws with convex flux (Theorem 2.2) and a symmetric system of two equations that provides us with another application of Theorem 2.3. For scalar conservation laws, the existence of an infinite number of entropy functions (trivial in the scalar case) allows us to relax the assumptions of convexity (2.17).

We deal first with Theorem 2.1. We have to check that the hypotheses of Theorem 2.3 hold for system (2.7). Let η be the following entropy function associated with system (2.7):

η(u) = η(u_1, u_2) = 1 2 (u_2)^2 + W (u_1),

where W^′ = −p. In view (2.8), η is a strictly convex function, so the following formula defines a change of variables:

v = (v_1, v_2) = ∇η(u) = ( − p(u_1), u_2 ) . System (2.7) takes the form (2.1) with

g(v) = u = ( p^{−1}(v_1), v_2 ) and f(v) = ( − u_2, p(u_1) ) = ( − v_2, v_1 ) . The matrix Df is constant and invertible and

(6.1) Dg(v) = ( −1/p^′(p^{−1}(−v_1)) 0 0 1 ) .

We shall define the sound speed c by c = ( − p^′(u_1) )_{1/2} . Condition (2.18i) holds in the case of system (2.7). The entropy condition (2.16) here reads: ∂_t ( 1 (t − t_∗)^{−α} c(u_1)^2 ) ≤ K_∗ (t − t_∗)^{−α} , which is exactly (2.9) with α = 2 (C.f. our argument in Remark 2.2).

Concerning the conditions (2.18ii) in the case of system (2.7), we note that (with the notation introduced in (2.18ii)):

D^2g(v_i) · Dg(v_i)^{−1}w_i = ( p^{′′}(u_1)w_1/p^′(u_1)^2 0 0 0 ) , thus (2.18ii) is equivalent to:

(6.2) p^{′′}(u^i_1) p^′(u^i_1)^2 w^i_1 + 2 p^′(u^i_1) ≤ K ⇒ p^{′′}(u^s_1) p^′(u^s_1)^2 + 2 p^′(u^s_1) ≤ K. But this implication is true in view of the convexity assumption (2.11). This proves (2.18ii). It is not difficult to see also that (2.8) implies (2.18iii).

Henceforth, Theorem 2.3 applies to system (2.7) and provides us with the statement in Theorem 2.1 but under the assumption that the solutions have bounded variation in x. To complete the proof of Theorem 2.1, we have now to relax this assumption. We observe that, in the proofs of Sections 3 and 4, the BV regularity is used only in the proof of Lemma 3.3. As a matter of fact, due to the form of the entropy inequality (2.9), we can somewhat simplify the proof of Lemma 3.3 in the case of system (2.7). We explain that now. For the convenience of the reader, we shall sketch the main lines of the proof of Section 4 in this case.

Let (u^i_1, u^i_2) for i = 1, 2 be two weak solutions of (2.7) satisfying the same initial condition and all the properties stated in Theorem 2.1. To show that (u^1, u^1_2) = (u^2_1, u^2), we consider the potential functions:

(6.3) ϕ^i_1(t, x) = ∫_{(t,x)} (0,0)

u^i_1 dx + u^i_2 dt,

ψ^i_2(t, x) = ∫_{(t,x)} (0,0)

u^i_2 dx + p(u^i_1) dt,

which are well defined since the equation (2.7) has a conservative form. The potential functions are Lipschitz continuous and satisfy ∂_xϕ^i_1 = u^i_1, ∂_tϕ^i_1 = u^i_2, ∂_xψ^i_2 = u^i_2, ∂_tψ^i_2 = −p(u^i_1).

The function ϕ = ϕ_2 − ϕ_1 satisfies the following linear hyperbolic problem

(6.4)

∂_tϕ_1 − ∂_xϕ_2 = 0, ∂_tϕ_2 − c^2∂_xϕ_1 = 0, (ϕ_1, ϕ_2)(0, x) = (0, 0) for all x ∈ RI , where c^2 = −

∫_1 0 p^′( (1 − θ)u^1 + θu^2_1) dθ.

In view of (2.9), there exists a time T > 0 so that

(6.5) ∂_tu^i_1 + 2 t p^′(u^i_1) p^{′′}(u^i_1) ≤ K_i in (0, T ) × RI . We set K = max(K_1, K_2). We rewrite (6.4) in the form

(6.6)

∂_tϕ_1 − ∂_xϕ_2 = 0, ∂_tϕ_2 − c^2_ϵ ∂_xϕ_1 = (c^2 − c^2_ϵ )∂_xϕ_1 ≡ k^ϵ, (ϕ, ψ)(0, x) = (0, 0), for all x ∈ RI , where

(c^ϵ)^2 = −

∫_1 0 p^′( (1 − θ)u^{1,ϵ}_1 + θu^{2,ϵ}_1 ) dθ and u^{i,ϵ}_1 = u^i_1 ∗ ω^ϵ(x).

It follows from the definition of k^ϵ that

(6.7) ‖k^ϵ‖_L2_{(RI ×(0,T ))} → 0 as ϵ → 0.

Using the convexity condition (2.11) and Jensen’s inequality, we deduce from (6.5) that

∂_tu^{i,ϵ}_1 + 2 t p^′(u^{i,ϵ}_1 ) p^{′′}(u^{i,ϵ}_1 ) ≤ K. Consequently, we have

(6.8) t ∂_t(−c^ϵ)^2 − 2(c^ϵ)^2 ≤ t K.

This proves Lemma 3.3 in the case of system (2.7).

For the convenience of the reader, we reproduce the a priori estimates of Section 4 in this case. We estimate the solutions of (6.6) by the method of Section 4. We fix a time t > 0 and s such that 0 < s < t. We take the inner product of (6.6) with (τ^{−2}ϕ_1, τ^{−2}c^{ϵ−2}ϕ_2) and we integrate the resulting expression over (s, t) × RI . After integration by parts we get 1 2 [ ∫ RI 1 2 τ^{−2}ϕ^2 dx ]_t s + 1 2 [ ∫ RI (τc^ϵ)^{−2}ψ^2 dx ]_t s + ∫_t s ∫ RI τ^{−3}ϕ^3 dx dτ ∫_t s ∫ RI ∂_τ ( −1 τ^2(c^ϵ)^2 ) ψ^2 2 dx dτ ≤ 1 2 ∫_t s ∫ RI (τ^2(c^ϵ)^2)^{−1}ψ^2 dx dτ + 1 2 ∫_t s ∫ RI (τc^ϵ)^{−2}(k^ϵ)^2 dx dτ.

The inequality (6.9) yields ∫_τ s ∫ RI ∂ ∂τ ( 1 τ^2(c^ϵ)^2 )ψ^2 2 dxdτ = ∫_τ s ∫ RI τ(τ∂τ(−(c^ϵ)^2) + 2(−(c^ϵ)^2)) 2(τ^2(c^ϵ)^2)^2 ψ^2 dx dτ ≤ ∫_t s ∫ RI (K(c^ϵ)^{−2}) 1 2 (τc^ϵ)^{−2}ψ^2 dx dτ, and so 1 2 [ ∫ RI τ^{−2}ϕ^2 dx ]_t s + 1 2 [ ∫ RI (τc^ϵ)^{−2}ψ^2 dx ]_t s + ∫_t s ∫ RI τ^{−3}ϕ^3 dx dτ ≤ ∫_τ s ∫ RI (K(c^ϵ)^{−2} + 1) 1 2 (τc^ϵ)^{−2}ψ^2 dx dτ + 1 2 ∫_t s ∫ RI (τc^ϵ)^{−2}(k^ϵ)^2 dx dτ.

Letting ϵ → 0^+ in the above inequality and using (6.7), we get [ ∫ RI 1 2 τ^{−2}(c^{−2}ψ^2 + ϕ^2) dx ]_t s ≤ ∫_t s ∫ RI ( Kc^{−2} + 1 )1 2 (τ^2c^2)^{−1} ψ^2(τ, x) dx dτ,

which leads to

(6.9) t^{−2}‖(ϕ, ψ)(t)‖^2_L2_{(RI )} ≤ O(1) s^{−2} ‖(ϕ, ψ)(s)‖^2_L2_{(RI )}.

To get that the right-hand side of (6.9) tends to zero as s → 0^+, we use the property that the potential functions are path independent, so that:

ϕ_1(s, x) = ∫_{(s,x)} (0,x) (u^2 − u^1_2) dτ

ϕ_2(s, x) = ∫_{(s,x)} (o,x) ( p(u^2_1) − p(u^1) ) dτ.

Therefore we have

‖ϕ_1(s)‖^2_L2_{(RI )} ≤ O(1)s^2 ( sup 0<τ≤s ‖u^1_2(τ) − u^1_2(0)‖_L1_{(RI )} + sup_{0<τ≤s} ‖u^2(τ) − u^2(0)‖_L1_{(RI )} ) , and ‖ϕ_2(s)‖^2_L2_{(RI )} ≤ O(1)s^2 ( sup 0<τ≤s ‖u^1(τ) − u^1(0)‖_L1_{(RI )} + sup_{0<τ≤s} ‖u^2(τ) − u^2(0)‖_L1_{(RI )} ) . It follows that lim_{s→0+} s^{−2}‖(ϕ, ψ)(s)‖^2_L2_{(RI )} = 0, which, together with (6.9), shows that

(ϕ, ψ)(t, x) ≡ 0 for almost all (t, x) ∈ (0, T ) × RI .

This completes the discussion of Theorem 2.1.

We now give the proof of Theorem 2.2. For convenience, we focus on the potential method that will give a quite elegant argument. Let bounded measurable functions u_1 and u_2 be solutions to (2.12) with the same initial data u_0 and satisfying Oleinik’s entropy condition (2.14). We set

(6.10) ϕ_i(t, x) = ∫_{(t,x)} (0,0) u_i dx − f(u_i) dt, i = 1, 2. The function ϕ_i(t, x) is Lipschitz continuous and satisfies

(6.11) ∂_tϕ_i = −f(u_i), ∂_xϕ_i = u_i.

The function ϕ = ϕ_2 − ϕ_1 then solves the following problem

(6.12) ∂_tϕ + a(x, t)∂_xϕ = 0 t > 0, ϕ(x, 0) ≡ 0, where a(x, t) = ∫_1 0 f^′(1 − θ)u_1 + θu_2) dθ.

To show that (6.12) has only the null solution in the class of Lipschitz continuous functions, we set a^ϵ(x, t) = ∫_1 0 f^′( (1 − θ)u^ϵ_1 + θ u^ϵ_2) dθ, where u^ϵ_i is the regularization of u_i defined by a kernel ω_ϵ(x) u^ϵ_i = u_i ∗ ω_ϵ(x).

The entropy condition (2.14) implies that (6.13) ∂_xa^ϵ ≤ E t , where E is a positive constant independent of ϵ. Let p be a large positive even integer to be chosen later and let t > 0 be fixed and s such that 0 < s < t. Multiplying (6.12) by pϕ^{p−1} and integrating over (s, t) × RI , one gets [ ‖ϕ(τ)‖^p_{Lp(RI )} ]_t s − ∫_t s ∫ RI ∂_xa^ϵ ϕ^p dx dτ ≤ ∫_t s ∫ RI pϕ^{p−1}(a^ϵ − a) ∂_xϕ dx dz. Taking into account (6.13), one has [ ‖ϕ(τ)‖^p_{Lp(RI )} ]_t s ≤ ∫_t s ∫ RI E τ ϕ^p dx dτ + ∫_t s ∫ RI p ϕ^{p−1}(a^ϵ − a) ∂_xϕ dx dτ Letting ϵ → 0^+ and using Gronwall’s inequality give (6.14) ‖ϕ(t)‖_Lp_{(RI )} ≤ ‖ϕ(s)‖_Lp_{(RI )} t^{E/p} s^{E/p} . In view of (6.10) and the boundedness of u_i, one has ‖ϕ(s)‖_L1_{(RI )} ≤ O(1)s, which implies that the right-hand side of (6.14) goes to zero as s → 0^+ provided that we choose p large enough. Therefore ‖ϕ(t)‖_Lp_{(RI )} = 0 for all 0 < t < T, which shows that u_1 ≡ u_2 almost everywhere. The proof of Theorem 2.2 is complete.

Finally we consider the Cauchy problem for the system

(6.15) u_t + v_x = 0, t > 0, x ∈ RI v_t + (f(v) + u)_x = 0, with initial data (6.16) (u, v)(0, x) = (u_0, v_0), where f is a function of class C^4 such that f^{′′} > 0 and ( − 1/f^{′′} )_{′′} ≥ 0 .

This is a symmetric system with (6.17) B = I, A = ( 0 1 1 f^′(v) ) . It can be checked that (6.15) is a strictly hyperbolic and genuinely nonlinear system. It is also clear that system (6.15) belongs to the class A (see (2.17)). The Wave Entropy Condition (2.16) reads here :

(6.18)

There exists a set E ⊂ RI_+ which has only left accumulation points and such that for each t_∗ in E one has ∂_xf^′(v) ≤ α (t − t_∗) + K in (t_∗, t^∗) × RI , where K and α are non-negative constants and t^∗ = min(E ∩ (t_∗, ∞) ).

We assume that α belongs to the interval [0, 3[.

Consequently, Theorem 2.3 applies to system (6.15). We obtain uniqueness for the solution to (6.15), (6.16), (6.18) in the class of L^∞([0, ∞) , BV (RI ) ). Note that for system (6.15), the Lax entropy condition across shock discontinuities is equivalent to v_x ≤ 0. In other words, (6.18) is automatically satisfied across shock discontinuities. For solutions having centered rarefaction waves, (6.18) imposes a restriction on the range of values of the solution, i.e. √ f^′(v)^2 + 4 (√ f^′(v)^2 + 4 ± f^′(v) ) < 6.

Acknowledgements: The authors want to thank Peter Lax and Jonathan Goodmann for their encouragements and helpful remarks on this work. This work was done while Philippe Le Floch was a Courant instructor at the Courant Institute of Mathematical Sciences, where the hospitality of Peter Lax was fully appreciated. He was supported partially by NSF grants DMS-88-06731 and DMS-92-09326, while being on leave from a research position at the Ecole Polytechnique supported by the Centre National de la Recherche Scientifique. The research of Zhouping Xin was supported by a Sloan Foundation Fellowship, a NSF grant DMS-90-02286 and by a DOE grant DE-FG02-88ER-25053.

REFERENCES

[1] BRENIER, Y., OSHER, S., The one-sided Lipschitz condition for convex scalar conservation laws, SIAM J. Numer. Anal. 25 (1988) 8–23.

[2] COURANT, R., FRIEDRICHS, K.O., Supersonic Flow and Shock Waves, Interscience Publishers, Inc., New York, 1948.

[3] DAFERMOS, C. M., Hyperbolic systems of conservation laws, in “Systems of Nonlinear Partial Differential Equations”, ed. J. M. Ball, NATO ASi Series C, No. 111, Dordrecht D. Reidel, (1983) 25–70.

[4] DAFERMOS, C. M., GENG, X., Generalized characteristics, uniqueness, and regularity of solutions in a hyperbolic system of conservation laws, Preprint # 89–10, May 1989, Lefschetz Center for Dynamical Systems, Brown University.

[5] DAL MASO, G., LE FLOCH, Ph., MURAT, F., Definition and weak stability of nonconservative products, Preprint CMAP-CNRS, Ecole Polytechnique, 1989.

[6] DI PERNA, R., Uniqueness of solutions to hyperbolic conservation laws, Ind. Univ. Math. J.

28 (1979) 244–257.

[7] DI PERNA, R. J., LIONS, P.-L., Ordinary differential equations, transport theory and Sobolev spaces, Inventiones Math. 98 (1989) 511–547.

[8] FRIEDRICHS, K.O., LAX, P.D., Systems of conservation laws with a convex extension, Proc.

Nat. Acad. Sci. USA 68 (1971) 1686–1688.

[9] GLIMM, J., Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math. 18 (1965) 95–105.

[10] GOODMAN J., LEVEQUE, R., A geometric approach to high resolution T V D schemes, SIAM J. Numer. Anal. 25 (1988) 268–284.

[11] HARTEN, A., LAX, P. D., A random choice finite difference scheme for hyperbolic conservation laws, SIAM J. Numer. Anal. 18 (1981) 289–315.

[12] HOFF, D., The sharp form of Oleinik’s entropy condition in several space dimensions, Trans.

Amer. Math. Soc. 276 (1983) 709–714.

[13] HURD, A.E., A uniqueness theorem for weak solutions of symmetric quasilinear hyperbolic equations, Pacific J. Math. 28 (1970) 415–427.

[14] KRUSKOV, S., First-order quasilinear equations with several space variables, Mat. Sb. 123 (1970) 228–255 (in Russian); English translation in Math. USSR Sb. 10 (1970) 217–273.

[15] LAX, P.D., Hyperbolic systems of conservation laws II, Comm. Pure Appl. Math. 10 (1957) 537–566.

[16] LAX, P. D., Shock wave and entropy, in “Contributions to nonlinear functional analysis” Academic Press (1971) 603–634.

[17] LAX, P. D., Hyperbolic systems of conservation laws and the mathematical theory of shock waves, Conf. Board Math. Sci. 11, SIAM (1973).

[18] LE FLOCH, P., An existence and uniqueness result for two nonstrictly hyperbolic systems, in “Nonlinear Evolution Equations that Change Type”, ed. B. L. Keylitz and M. Shearer, Springer-Verlag, IMA Volumes 27 (1991) 126–138.

[19] LE FLOCH, P., LIU, T.P., Existence theory for nonlinear hyperbolic systems in nonconservative form, Forum Math. 5 (1993) 261–280.

[20] LI,T.T., YU, W.C., Boundary value problems for quasilinear hyperbolic systems, Duke University Math Series, V (1985).

[21] LIU, T. P., Existence and uniqueness theorem for the Riemann problems, Trans. Amer. Math.

Soc. 213 (1975) 375–382.

[22] LIU, T. P., Uniqueness of weak solutions of the Cauchy problem for general 2 × 2 conservation laws, J. Diff. Eq. 20 (1976) 369–399.

[23] LYAPIDEVSKII, V., The continuous dependence on the intial conditions of the generalized solutions of the gas dynamics system of equations, Zhurl. Vychisl. Mat. i Mathemat. Fiz. 14 (1974) 982–991.

[24] OLEINIK, O., On the uniqueness of the generalized solution of the Cauchy problem for a nonlinear system of equations occurring in mechanics, Usp. Mat. Nauk (N.S.) 12 (1957) 169– 176 (in Russian).

[25] OLEINIK, O., Discontinuous solutions of nonlinear differential equations, Uspekhi Mat. Nauk.

12 (1957) 3–73 (Amer. Math. Soc. Transl. Ser. 2, 26, pp. 95–172 (1957)).

[26] OLEINIK, O., Uniqueness and stability of the generalized solution of the Cauchy problem for a quasilinear equation, Usp. Mat. Nauk 14 (1959) 165–170 (in Russian); English transl. in Amer.

Math. Soc. Transl. Ser. 2, 33 (1964) 285–290.

[27] ROZHDESTVENSKII, B., Discontinuous solutions of hyperbolic systems of quasilinear equations, Usp. Mat. Nauk 15 (1960) 59–118, (in Russian); English transl. in Russian Math. Surveys 15 (1960) 53–111.

[28] SCHATZMAN, M., Continuous Glimm functionals and uniqueness of solutions of the Riemann problem, Indiana Univ. Math. J. 34 (1985), 533–589.

[29] SMOLLER, J., An uniqueness theorem for Riemann problems, Arch. Rational Mech. Anal. 33 (1969) 110–115.

[30] SMOLLER, J., Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, New York (1983).

[31] TADMOR, E., Local error estimates for discontinuous solutions of nonlinear hyperbolic equations, SIAM J. Numer. Anal. 28 (1991) 891–906.

[32] VOLPERT, A., The spaces BV and quasilinear equations, Mat. Sb. 73 (1967) 255–302; English transl. in Math. USSR Sb. 2 (1967) 225–267.

[33] WAGNER, D., Equivalence of the Euler and Lagrangian equations of gas dynamics for weak solutions, J. Diff. Eq. 68 (1987) 118–136.