REGULARITY AND EXACT CONTROLLABILITY FOR A BEAM WITH PIEZOELECTRIC ACTUATOR

MARIUS TUCSNAK�

Abstract. We consider an initial and boundary value problem modelling the vibrations of a Bernoulli-Euler beam with an attached piezoelectric actuator. We show that the Sobolev regularity of the solution is by^1_2 + ffl higher than that one obtains by simply using the Sobolev regularity of the control term. The main results concern the dependence of the space of exactly controllable initial data on the location of the actuator. Our approach is based on the Hilbert Uniqueness Method introduced by Lions (cf.[13]) combined with some results from the theory of diophantine approximation.

Key words. Exact controllability, Hilbert Uniqueness Method, piezoelectric actuator, diophantine approximation

AMS subject classifications. 93C20, 35B75, 35B60

1. Introduction . In recent years a lot of papers were devoted to the study of elastic structures with piezoelectric actuators (e.g.[2], [3], [5], [6]). The main topics covered in the papers quoted above are modelling ([2], [5], [6]), LQR and identification problems ([3]). Concerning the controllability problems, as far as we know, all published works consider finite dimensional approximations of the initial distributed control problems (see [6] and references therein). The main purpose of the present paper is to study the exact controllabillity of a beam with piezoelectric actuator by the use of the theory of infinite dimensional control systems as developed in [13]. More precisely we consider the initial and boundary value problem modelling the vibrations of a Bernoulli-Euler beam which is subject to the action of an attached piezoelectric actuator. If we suppose that the beam is hinged at both ends and that the actuator is excited in a manner so as to produce pure bending moments, the model for the controlled beam can be written as (cf. [5]) w^{′′}(x, t) + ∂^4w ∂x^4 (x, t) = u(t) d dx [δ_η(x) − δ_ξ(x)], 0 < x < π, t > 0, (1.1)

w(0, t) = w(π, t) = ∂^2w ∂x^2 (0, t) =

∂^2w ∂x^2 (π, t) = 0, t ≥ 0, (1.2)

w(x, 0) = w^0(x), w^′(x, 0) = w^1(x), 0 < x < π.

(1.3)

In the equations above w represents the transverse deflection of the beam, ξ, η ∈ (0, π) stand for the ends of the actuator and δ_y is the Dirac mass at the point y. Moreover by w^′, w^{′′} we denoted the time derivatives of w. The control is the fonction u : [0, T ] → R represents the time variation of the voltage applied to the actuator. Our main purpose is to determine the initial data which can be steered to rest by means of the control function u. More precisely we can give the following definition

Definition 1.1. We say that the initial data w^0, w^1 are ”exactly L^2-controllable in ξ, η at time T ” if there exists u ∈ L^2(0, T ) such that the solution w of ( 1.1)-( 1.3)

�_{Ecole Polytechnique, Centre de Mathématiques appliquées, 91128 Palaiseau Cedex and Université}

de Versailles (tucsnak@cmapx.polytechnique.fr). 1

2 M.TUCSNAK

satisfies the condition w(x, T ) = w^′(x, T ) = 0, 0 < x < π. (1.4)

The plan of this paper is as follows. The second section contains some notations and preliminaries. In the third section we prove an existence and regularity result for ( 1.1)-( 1.3). The exact controllability is studied in the fourth section. Our approach was inspired by ideas and methods used in [9] and [10] for point control problems.

2. Notations and preliminaries. In order to study the wellposedness and controllabillity for ( 1.1)-( 1.3) we introduce the function spaces (Y_α)_{α∈}R defined as follows: if α > 0 then Y_α is the closure in H^α(Ω) of the set of all functions y ∈ C^∞(Ω̄)

satisfying the conditions d^{2n}y dx^{2n} (0) = d^{2n}y dx^{2n} (π) = 0, for all n ≥ 0; for negative α we define Y_α as the dual space of Y_{−α} constructed by means of the inner product of Y_0 = L^2(Ω).

Let us consider now the homogenous initial and boundary value problem ϕ”(x, t) + ∂^4ϕ ∂x^4 (x, t) = 0, 0 < x < π, t ∈ (0, T ) (2.1)

ϕ(0, t) = ϕ(π, t) = ∂^2ϕ ∂x^2 (0, t) =

∂^2ϕ ∂x^2 (π, t) = 0, t ∈ (0, T ), (2.2)

ϕ(x, 0) = ϕ^0(x), ϕ^′(x, 0) = ϕ^1(x), 0 < x < π.

(2.3)

It is by now wellknown that the initial and boundary value problem ( 2.1)-( 2.3) is well posed in Y_{α+2} × Y_α, for all α ≥ −2. Moreover, as a consequence of the Hilbert Uniqueness Method (HUM), introduced in [13], the following result holds Proposition 2.1. All initial data in Y_{α+2} × Y_α are ”exactly L^2-controllable in ξ, η at time T ” if and only if there exists a constant c > 0 such that ∫ T 0 [ ∂ϕ ∂x (ξ, t) − ∂ϕ ∂x (η, t)]^2dt ≥ c(‖ϕ^0‖^2_H�α_{(Ω)} + ‖ϕ^1‖^2_H�α�2_{(Ω)}],

(2.4)

for all

(ϕ^0, ϕ^1) ∈ Y_3 × Y_1.

We shall also need some results from the theory of diophantine approximation. For a real number ρ, we denote by |||ρ||| the diference, taken positively, between ρ and the nearest integer, i.e. |||ρ||| = min_{n∈} Z |ρ − n|. Let us also denote by A the set of all irrationals ρ ∈]0, 1[ such that if [0, a_1, . . . , a_n, . . .] is the expansion of ρ as a continued fraction, then (a_n) is bounded. The set A plays a very important role in our control problem. Let us notice that A is is obviously uncountable and, by classical results on diophantine approximation (cf. [4, p.120]), its

PIEZOELECTRIC ACTUATOR 3

Lebesgue measure is equal to zero. In particular, by Euler-Lagrange theorem(cf.[11, p.57]) A contains the irrational quadratic numbers (i.e. satisfying a second degree equation with rational coefficients). We shall esentially use the fact that the element of A are badly approximable by rational numbers. More precisely, the following result holds true(cf.[11, p.24])

Proposition 2.2. A number ρ ∈ (0, 1) is in A if and only if there exists a constant C > 0 such that |||qρ||| ≥ C q , (2.5)

for all stictly positive integer q.

We shall also use the following result on simultanous approximation (cf. [4, p.14]) Proposition 2.3. Let ρ_1, . . . , ρ_k be k irrationals in (0, 1). Then there exists a strictly increasing sequence of natural numbers q_n such that q^{1k}n max_{i=1,k}(|||q_nρ_1|||, . . . , |||q_nρ_i|||, . . . , |||q_nρ_k|||) ≤ k k + 1 , ∀n ≥ 1. The next proposition, which is proved in [4, p.120], shows that an inequality slightly weaker than ( 2.5) holds for almost all points in (0, 1).

Proposition 2.4. There exists a set B ⊂ (0, π) having the Lebesgue measure equal to π and a constant C > 0, such that for any ρ ∈ B |||qρ||| ≥ C q^{1+ϵ} , (2.6)

for any strictly positive integer q.

Let us notice that by Roth’s theorem (cf. [4, p.104]) B contains all algebraic irrationals numbers in (0, π).

3. Existence and regularity of solutions. The regularity of the solutions of ( 1.1)-( 1.3) is a problem which is similar in many respects to the regularity for the wave or Euler-Bernoulli equations with interior point control (see [14], [16]). As in the cases mentioned above one can prove that the regularity of the solutions of ( 1.1)-( 1.3) is higher than that one obtains by simply using the Sobolev regularity of the right hand side of ( 1.1). More precisely if we denote by Ω the interval (0, 1) we notice that

if u ∈ L^2(0, T ) the function u(·) d dx (δ_ξ − δ_η) is in L^2(0, T ; H^{− 32 −ϵ}(Ω)), for any ϵ > 0.

Standard regularity for the Bernoulli-Euler equation (cf. [13]) implies the existence and the uniqueness of a solution of ( 1.1)-( 1.3) in

C([0, T ], Y 1_{2 −ϵ}) ∩ C^1([0, T ], Y_− 3_{2 −ϵ}).

(3.1)

The main result of this section, given bellow, shows that the space regularity in ( 3.1) can be improved by 1 2 + ϵ.

Theorem 3.1. Suppose that w^0 ∈ Y_1, w^1 ∈ Y_{−1}. Then the initial and boundary value problem ( 1.1)-( 1.3) admits an unique solution having the regularity

w ∈ C([0, T ], Y_1) ∩ C^1([0, T ], Y_{−1}).

(3.2)

4 M.TUCSNAK

Consider τ ∈ [0, T ]. In order to prove Theorem 3.1, following [14], we introduce the homogenous initial and boundary value problem v”(x, t) + ∂^4v ∂x^4 (x, t) = 0, 0 < x < π, t ∈ (0, τ) (3.3)

v(0, t) = v(π, t) = ∂^2v ∂x^2 (0, t) =

∂^2v ∂x^2 (π, t) = 0, t ∈ (0, τ), (3.4)

v(x, τ) = 0, v^′(x, τ) = g(x), 0 < x < π. (3.5)

The following lemma shows that the solution of ( 3.3)-( 3.5) has a point regularity property which is essential for the proof of Theorem 3.1.

Lemma 3.2. For any g ∈ Y_{−1} the initial and boundary value problem ( 3.3)-( 3.5) admits an unique solution having the regularity

v ∈ C([0, T ], Y_1) ∩ C^1([0, T ], Y_{−1}).

(3.6)

Moreover, for any ρ ∈ (0, π) the function ∂v ∂x (ρ, ·) is in L^2(0, T ) and there exists a constant C > 0 such that ‖ ∂v ∂x (ρ, ·)‖_L2_{(0,T )} ≤ C‖g‖_Y�_1 .

(3.7)

Proof. . The existence and uniqueness of a solution having the regularity ( 3.6) is a standard result for the Bernoulli-Euler equation. In order to prove ( 3.7) we put g(x) = ∞∑ n=1 n^2a_n sin (nx).

By density it is enough to show that ( 3.7) holds for g ∈ C^∞_0 (Ω). Obviously the solution of ( 3.3)-( 3.5) is given by v(x, t) = ∞∑ n=1 a_n sin (n^2t) sin (nx),

which implies that ∂v ∂x (ρ, t) = ∞∑ n=1 na_n sin (n^2t) cos (nρ).

(3.8)

If we consider the right hand side of ( 3.8) as a Fourier series in t (see Theorem 4.1 from [7] for details) we obtain the existence of a constant C depending on T such that ‖ ∂v ∂x (ρ, ·)‖_L2_{(0,T )} ≤ C ∞∑ n=1 n^2a^2_n < ∞,

(3.9)

which is exactly ( 3.7).

PIEZOELECTRIC ACTUATOR 5

Remark 3.1The result of Lemma 3.2 is optimal in the sense that one can easily find g ∈ Y_{−1}, T > 0, and ρ ∈ (0, π) such that equality holds in ( 3.9). We also remark that another possibility to prove Lemma 3.2 is a multiplier technique, as used in [7] for the wave equation with point control.

Proof of Theorem 3.1. Due to the linearity of ( 1.1) and to well known properties of the Bernoulli-Euler equation it is enough to consider the case w^0 = w^1 = 0. Suppose again g ∈ C^∞_0 (Ω) and let v be the solution of ( 3.3)-( 3.5). A simple calculation shows that ∫ π 0 w(x, τ)g(x)dx = − ∫ T 0 u(t)[ ∂v ∂x (ξ, t) − ∂v ∂x (η, t)]dt. (3.10)

Lemma 3.2 implies that ∫ T 0 u(t)[ ∂v ∂x (ξ, t) − ∂v ∂x (η, t)]dt ≤ C‖u‖_L2_{(0,T )}‖g‖_Y�_1 , so, by ( 3.10), we obtain that w(·, τ) ∈ Y_1, for all τ ∈ [0, T ]. By replacing τ by τ + h in ( 3.10) we easily get that w ∈ C([0, T ], Y_1), (3.11)

which implies that

∂^4w ∂x^4 ∈ C([0, T ], Y_{−3}). (3.12)

As w satisfies satisfies ( 1.1) from ( 3.12) we obtain that

w” ∈ L^2((0, T ), Y_{−3}), .

(3.13)

From ( 3.11) and ( 3.13), by applying the intermediate derivative theorem (cf.[15, p.19]) it follows that

w^′ ∈ L^2((0, T ), Y_{−1}).

(3.14)

The conclusion ( 3.2) is now a consequence of ( 3.11)- ( 3.14) and of the general lifting result from [12].

Remark 3.2 As by ( 3.10) the interior regularity of w is equivalent to a point regularity property, Remark 3.1 implies that the result in Theorem 3.1 is sharp.

4. The exact controllability results. In this section we shall study the space of initial data which are exactly L^2-controllable in ξ, η at time T . Let us put

ϕ^0(x) = ∞∑ n=1 a_n sin (nx), ϕ^1(x) = ∞∑ n=1 n^2b_n sin (nx).

(4.1)

A simple calculation shows that the solution of ( 2.1)-( 2.3) is given by ϕ(x, t) = ∑ n≥1 [a_n cos (n^2t) sin (nx) + b_n sin (n^2t) sin (nx)],

which implies that ∫ T 0 [ ∂ϕ ∂x (ξ, t) − ∂ϕ ∂x (η, t)]^2dt =

(4.2)

6 M.TUCSNAK = 4 ∫ T 0 { ∑ n≥1 [na_n cos (n^2t) + nb_n sin (n^2t)]^2 sin^2 [ n(η + ξ) 2 ] sin^2 [ n(η − ξ) 2 ] dt.

Relation ( 4.2) implies that ( 2.4) is false for any α if ξ + η 2 or η − ξ 2 is rational and by Proposition 2.1 it follows that the condition ξ + η 2π , η − ξ 2π ∈ R − Q, (4.3)

is necessary in order to have exact controllability of all initial states in Y_{α+2} × Y_α. The following result shows that the condition above is not sufficient, in the sense that there are ξ, η satisfying ( 4.3) which doesn’t allow the control of arbitrary regular initial data. More precisely we have:

Proposition 4.1. For any α > −2 there exist ξ, η ∈ (0, π) satisfying ( 4.3) such that the space Y_{α+2} × Y_α contains initial data which are not exactly L^2-controllable in ξ, η at time T , for any T > 0.

Proof. By Proposition ( 2.1) it is enough to show that ( 2.4) is false for any α, c > 0. Let us fixe α > 0 and ν >

3α + 2 2 . We choose then ξ + η 2π = ∞∑ n=1 a_n 10^{n!} , (4.4)

where a_n ∈ {0, 1, . . . , 9}, for all n ≥ 1 and a_n is not identicaly zero for great n. According to [17] the right hand side of ( 4.4) is a Liouville number, i.e. it is transcendental and there exists a strictly increasing sequence of integers q_n such that |||q_n ξ + η 2π ||| ≤ 1 q^ν_n , ∀n ≥ 1. (4.5)

We notice that

| sin (q_n ξ + η 2 )| = | sin [π(q_n ξ + η 2π − p)]| ≤ π|q_n ξ + η 2π − p|, for any integer p. The relation above and ( 4.5) imply that

| sin (q_n ξ + η 2 )| ≤ π q^ν_n , ∀n ≥ 1. (4.6)

Consider now the sequence of initial data

ϕ^0_n(x) = q^{3α2}_n sin (q_nx), ϕ^1_n(x) = 0, ∀x ∈ (0, π).

(4.7)

A simple calculation shows that {ϕ^0_n, ϕ^1_n} ∈ Y_{α+2} × Y_α, and

||ϕ^0_n||^2_Y�_α + ||ϕ^1_n||^2_Y�_α�_2 → ∞, ∀α > 0.

(4.8)

Moreover the solution of ( 1.1)-( 1.3) with the initial data given by ( 4.7) is

ϕ_n(x, t) = q^{3α2}_n cos (q^2_nt) sin (q_nx),

PIEZOELECTRIC ACTUATOR 7

so, by ( 4.6) we have ∫ T 0 [ ∂ϕ_n ∂x (ξ, t) − ∂ϕ_n ∂x (η, t)]^2dt =

(4.9)

= 4q^{3α+2}_n sin^2 [ q_n(η + ξ) 2 ] sin^2 [ q_n(η − ξ) 2 ] ∫ T 0 cos^2(q^2_nt)dt ≤

≤ 4T q^{3α+2}_n sin^2 [ q_n(η + ξ) 2 ] → 0, when n → ∞. Relations ( 4.8) and ( 4.9) imply that ( 2.4) is false for any α > −2 and c > 0.

Remark 4.1. The estimates in Proposition 4.1 are not sharp. In fact it seems likely that the methods developed in [10] can be used to prove the existence of ξ, η satisfying ( 4.3) such that ∩_{α≥0}Y_{α+2} × Y_α contains initial data which are not exactly L^2-controllable in ξ, η at time T , for any T > 0. We also remark that, by standard duality arguements, condition ( 4.3) implies approximate controllability in Y_{α+2} × Y_α.

Proposition 4.1 shows that, in order to obtain exact controllability, we need assumptions stronger than the irrationality of ξ + η 2 and η − ξ 2 . At this point we shall use the number theoretic preliminaries stated in the second section. A first result in this direction is

Theorem 4.2. Suppose that that ξ + η 2π and η − ξ 2π belong to the set A (introduced in the second section). Than all initial data in Y_3 × Y_1 are exactly L^2-controllable in ξ, η at time T , for any T > 0.

Proof. By Proposition 2.1 the conclusion of the theorem is equivalent to the existence of a constant c > 0 such that ∫ T 0 [ ∂ϕ ∂x (ξ, t) − ∂ϕ ∂x (η, t)]^2dt ≥ c(‖ϕ^0‖^2_Y�_1 + ‖ϕ^1‖^2_Y�_3 ],

(4.10)

for all

(ϕ^0, ϕ^1) ∈ Y_3 × Y_1.

By applying the Ball-Slemrod generalization of Ingham’s inequality (cf.[1], [8]) from ( 4.2) we obtain that there exists a constant C > 0 such that ∫ T 0 [ ∂ϕ ∂x (ξ, t) − ∂ϕ ∂x (η, t)]^2dt ≥ (4.11)

≥ C ∑ n≥1 (n^2a^2_n + n^2b^2_n) sin^2 [ n(η + ξ) 2 ] sin^2 [ n(η − ξ) 2 ] dt

As ξ + η 2π and ξ − η 2π are in A from ( 2.5) we see that there exists a constant C > 0 such that, for n large enough we have

| sin [ n(η ± ξ) 2 ] | = | sin { π [ n(η ± ξ) 2π − p ]} | ≥ |sin ( πC n ) | ≥ C n , ∀n ≥ 1. (4.12)

8 M.TUCSNAK

Inequalities ( 4.11) and ( 4.12) imply that ∫ T 0 [ ∂ϕ ∂x (ξ, t) − ∂ϕ ∂x (η, t)]^2dt ≥ c ∑ n≥1 (n^{−2}a^2_n + n^{−2}b^2_n),

which is exactly ( 4.10).

The following result shows that, for almost all choices of the ends of the actuator, we have exact controllability in Sobolev spaces more regular than Y_3 × Y_1.

Theorem 4.3. Suupose that ϵ > 0 is arbitrary and consider the set B introduced in Proposition 2.4. Then, for any ξ, η ∈ (0, π) such that ξ + η 2π , ξ − η 2π ∈ B, all initial data in Y_{3+ϵ} × Y_{1+ϵ} are exactly L^2-controllable in ξ, η at time T , for any T > 0.

Proof. As ξ + η 2π , η − ξ 2π ∈ B, from ( 2.6) it follows that

| sin [ n(η + ξ) 2 ] | ≥ C n^{1+ϵ} , | sin [ n(η − ξ) 2 ] | ≥ C n^{1+ϵ} , ∀n ≥ 1. (4.13)

Consider again ϕ the solution ( 2.1)-( 2.3) with the initial data given by ( 4.1). By applying ( 4.2), ( 4.13) we obtain ∫ T 0 [ ∂ϕ ∂x (ξ, t) − ∂ϕ ∂x (η, t)]^2dt ≥ c(‖ϕ^0‖^2_Y�_1�_ϵ + ‖ϕ^1‖^2_Y�_3�_ϵ ),

for all

(ϕ^0, ϕ^1) ∈ Y_3 × Y_1.

By Proposition 2.1 it follows that all initial data in Y_{3+ϵ} × Y_{1+ϵ} are exactly L^2- controllable in ξ, η at time T , for any T > 0.

Let y(x, t) be the solution of y^{′′}(x, t) + ∂^4y ∂x^4 (x, t) = h(t) d dx [δ_η(x) − δ_ξ(x)], 0 < x < π, t > 0, (4.14)

y(0, t) = y(π, t) = ∂^2y ∂x^2 (0, t) =

∂^2y ∂x^2 (π, t) = 0, t ≥ 0, (4.15)

y(x, 0) = 0, y^′(x, 0) = 0, 0 < x < π. (4.16)

By Theorem 3.1 we have

y ∈ C([0, T ], Y_1) ∩ C^1([0, T ], Y_{−1}).

By reversing the sense of the time t in ( 1.1)-( 1.3) we easily see that Theorems 4.2 and 4.3 imply that the space regularity y(·, T ) and y^′(·, T ) is higher than that one obtains by simply using Theorem 3.1.

Corollary 4.4. Suppose that y is the solution of ( 4.14)-( 4.16), where h ∈ L^2(0, T ) and ξ + η 2π , η − ξ 2π belong to the set A (respectively to B). Than, for any T > 0, the application h → {y(·, T ), y^′(·, T )} maps L^2(0, T ) onto Y_3 × Y_1 (respectively

PIEZOELECTRIC ACTUATOR 9

onto Y_{3+ϵ} × Y_{1+ϵ}, ∀ϵ > 0).

Theorems 4.2 and 4.3 give no information on the controllability of initial data in Y_{α+2} × Y_α, with α < 1. A partial answer is given by the following result Proposition 4.5. Suppose that ϵ > 0. Than the set Y_{2−ϵ} × Y_{−ϵ} contains initial data which are not exactly L^2-controllable in ξ, η at time T , for any T > 0 and ξ, η ∈ [0, π]. Proof. . By applying Proposition 2.3 we easily obtain the existence of a strictly increasing sequence of positive integers (q_n) such that

| sin [ q_n(η + ξ) 2 ] | ≤ π √ q_n , | sin [ q_n(η − ξ) 2 ] | ≤ π √ q_n , ∀n ≥ 1. (4.17)

Consider now the sequence of initial data

ϕ^0_n(x) = sin (q_nx), ϕ^1_n(x) = 0, ∀x ∈ (0, π).

We notice that

‖ϕ^0_n‖^2_{Yϵ} + ‖ϕ^1_n‖^2_{Yϵ}�_2 = q^{2ϵ}_n → ∞, when n → ∞

(4.18)

A simple calculation gives the corresponding sequence of solutions of ( 2.1)-( 2.3) is

ϕ_n(x, t) = cos (q^2_nt) sin (q_nx),

so, by ( 4.17) we have ∫ T 0 [ ∂ϕ_n ∂x (ξ, t) − ∂ϕ_n ∂x (η, t)]^2dt =

(4.19)

= q^2_n sin^2 [ q_n(η + ξ) 2 ] sin^2 [ q_n(η − ξ) 2 ] ∫ T 0 cos^2(q^2_nt)dt ≤ K, ∀n ≥ 1, where K is a positive constant. In a similar manner we can show that ( 4.18), ( 4.19) hold true for the sequence of initial data

ϕ^0_n(x) = 0, ϕ^1_n(x) = q^2_n sin (q_nx), ∀x ∈ (0, π),

so ( 2.4) is false for α = −ϵ and arbitrary c > 0.

Remark 4.2 The exact controllability of initial data in Y_{α+2} ×Y_α, with 0 ≤ α < 1 seems an open question.

REFERENCES

[1] J. M. Ball and M. Slemrod, Nonharmonic Fourier series and the stabilization pf semilinear control systems, Comm. pure and appl. math., 32(1979), 555-587.

[2] H. T. Banks and R. C. Smith, The modelling of piezoceramic patch interactions with shells, plates and beams, ICASE Report No. 92-66.

[3] H. T. Banks, W. Fang, R. J. Silcox and R. C. Smith, Approximation methods for control of tye acoustic/sructure interaction with piezoceramic actuators, preprint [4] J. W Cassals, An introduction to diophantine approximation, Cambridge University Press, Cambridge, 1966.

10 M.TUCSNAK

[5] E. F. Crawley and E. H. Anderson, Detailed models for piezoceramic actuation of beams, AIAA Conf.paper 89-1388-CP(1989), pp. 471–476 [6] Ph. Destuynder, I. Legrain, L. Castel, N. Richard, Theoretical, numerical and experimental discussion of the use of piezoelectric devices for control-structure interaction Eur. J. Mech., A/Solids, 11(1992), pp. 181–213.

[7] C. Fabre and J. P. Puel, Pointwise controllabillity as limit of internal controllability for the wave equation in one space dimension, to appear in Portugalia Matematica [8] A. Haraux, Quelques propprietes des séries lacunaires utiles dans l’ étude des systèmes élastiques, Publications du Laboratoire d’analyse numérique R88011.

[9] A. Haraux, Remarques sur la contrôlabilité ponctuelle et spectrale de systèmes distribuées, Publications du Laboratoire d’analyse numérique R89017.

[10] S. Jaffard, Sur le contrôle ponctuel des cordes vibrantes et des poutres, , preprint. [11] S. Lang, Introduction to diophantine approximations, Addison Wesley, New York, 1966. [12] I. Lasiecka and R. Triggiani, A lifting theorem for the time regularity of solutions to abstract equations with unbounded operators and applications to hyperbolic equations, Proc. Amer. Math. Soc., 10(1988), pp. 745–755.

[13] J. L. Lions, Contrôlabilité exacte des systèmes distribués, Masson, Paris, 1988. [14] J. L. Lions, Pointwise control for distributed systems, in Control and estimation in distributed parameter systems, H, T. Banks ed., SIAM, Philadelphia, 1992, pp.1-41.

[15] J. L. Lions and E. Magenes, Nonhomogenous boundary value problems, Springer, Berlin, 1972. [16] R. Triggiani, Interior and boundary regularity of the wave equation with interior point control, Differential and Integral Equations, 6 (1993), pp.111– 129.

[17] G. Valiron, Théorie des fonctions, Masson, Paris, 1990.