Diffraction at a Curved Grating. TM and TE cases, Homogenization^�

Toufic Abboud^† Habib Ammari^†

Abstract A hierarchy of effective boundary conditions are derived for Helmholtz equation with Dirichlet or Neumann boundary conditions. These generalized impedance boundary conditions approximate the effect of thin dielectric layers with perfectly conducting inclusions covering an object. Well-posedness of the problems with these new boundary conditions are proved and optimal error estimates are given.

1 Introduction In this paper, we present a first attempt to study the diffraction of an electro-magnetic wave by a curved and finite grating. The grating we consider is cylindrical, lit up by a TM or TE polarized incident plane wave, which leads us to the study of 2D Helmholtz equation with Dirichlet or Neumann boundary conditions on the boundary of a perfect conductor, covered by a periodic grating image of an infinite plane grating.

The purpose of this paper is to describe approximate equalities between the curved grating and a hierarchy of generalized impedance conditions. This approximation is valid for the ratio of the period of the grating to the wave length tending to 0. We prove that we can replace the grating by an equivalent boundary condition on the boundary of the conductor and we exhibit the boundary layer correctors. If we are not interested in the boundary layer, we can write the generalized impedance conditions, each of them generates a well-posed boundary value problem for Helmholtz equation and can be used for accurate numerical calculations of the electro-magnetic field in the exterior of the coated body.

The outline of this paper is as follows. We first set the problem we are dealing with. In section 3, devoted to the TM case, we prove the convergence to the limiting problem and we obtain the first error estimate proved by contradiction using compactness and uniqueness arguments. Constructing boundary layer corrector by solving problems set in the elementary cell of the plane infinite grating, we use them to derive generalized impedance conditions. The curvature appears for the first time from the second order approximation. In section 4 we derive the first equivalent boundary condition in the TE case by correcting analogous quantities to the order 2 .

Our method has a great generality in the sense that it allows very general diffraction structures. We deal with only one thin dielectric layer for the sake of simplicity, the generalization to several superposed layers does not present new major difficulties.

We finally mention that the problem studied in this paper belongs to the subject which is commonly referred to as diffractive optics in grating material. Interesting engineering and

~This paper is submitted for publication to J. Math. Anal. Appl..

yCentre de Mathématiques Appliquées, CNRS URA 756, École Polytechnique, 91128 Palaiseau Cedex, France. 1 numerical aspects can be found in the collection of articles edited by R. Petit [15]. Related work was done by T. Abboud and H. Ammari [1] and [2], Y. Achdou [4], Y. Achdou, O. Pironneau and A. Zebic [5], T.S. Angel, R.E. Kleinman and F. Hettlich [6], M. Artola and M. Cessenat [7], A. Bendali and K. Lemrabet [8], B. Engquist and J.C. Nédélec [10], R.F. Harrington and J.R. Mautz [11], S.N. Karp and F.C. Karal [12] and T.B.A. Senior and J.L. Volakis [14].

2 Setting of the problem The curved grating is constructed in the following way : let Ω^c_0 ⊂ IR^2 be a bounded smooth open set, Γ = ∂Ω^c_0. For x in IR^2 \Ω^c_0, sufficiently close to Γ, we denote by x_Γ the orthogonal projection of x on Γ, s a curvilinear abscissa of x_Γ,

n = | x − x_Γ | .

(s, n) is a parameterization of the neighborhood of Γ. Consider now a bi-dimensional infinite plane periodic grating of period unity in IR × IR^∗_+, made up of a dielectric layer with perfectly conducting inclusions, which is in contact with a thick perfect conductor. Consider N a large integer and let us set δ = l/N. The mapping

ϕ_δ : (y_1, y_2) ∈ IR × IR^∗_+ → ϕ_δ(y_1, y_2) = x(s, n) ∈ IR^2 \ Ω^c_0,

where s = δy_1 mod (l) and n = δy_2,

sends the plane grating onto the curved one. Let Ω^c_N denote the conducting inclusions,

Ω = IR^2 \ Ω^c_0, Ω^c_δ = Ω^c_0 ∪ Ω^c_N ,

Ω^d_δ the dielectric medium, Ω^e_δ the exterior domain,

Ω^δ = IR^2 \ Ω^c_δ

and Γ^δ the interface between the dielectric material and the exterior domain. As usual in the periodic homogenization theory, we first define a so called unit cell, which, upon rescaling to size δ, becomes the period of a periodic structure. We denote by O the unit cell of the plane grating, O^c the scatterer, O^d the dielectric material :

O = ]0, 1[×IR^∗_+ \ O^c, G = ]0, 1[×{0}, G^c the boundary of O^c and G^d the interface between the dielectric material and the exterior domain,

G_h = { y = (y_1, y_2) ∈ O, y_2 = h } , O_h = O ∩ {y_2 < h}, O^e = O \ O^d, and O^e_h = O^e ∩ {y_2 < h} . These open sets are supposed to be smooth.

We shall need some differential operators on the curve Γ that we will introduce. The normal vector on Γ is the opposite of the gradient of the function n. We use this property to define n(x) = −∇n(x) = n(x_Γ).

The curvature is defined as c(s) = divn.

We also introduce the family of parallel curves Γ_n :

Γ_n = { x ∈ IR^2 \ Ω^c_0 ; x = x_Γ(s) + nn(s) , x_Γ(s) ∈ Γ } . The vector field n is the field of the normal vectors to the curves Γ_n. To any function u defined on the curve Γ, we associate the function ũ defined on the interior domain by

ũ(x) = u(x_Γ).

The tangential gradient of the function u is :

∇_Γu = ∇ũ |_Γ .

This vector belongs to the tangent to the curve Γ. We denote by Δ_Γ the vectorial operator of Beltrami-Laplace on Γ. The length element ds_n on the curve Γ_n at the point

x = x_Γ(s) + nn(s),

is related to the length element of the curve Γ at the point x_Γ by : ds_n = (1 + c(s)n) ds. Let u be a smooth function defined in Ω, we have :

Δu =

∂^2 u ∂s^2_n + ∂^2 u ∂n^2 + c(s, n) ∂ u ∂n and ∇u = ∇_{Γn} u + ∂ u ∂n n. (1) where c(s, n) denotes the curvature of Γ_n.

In this section, we also describe the functional setting needed to state our boundary value problems in a suitable mathematical form. We shall use standard notations for the usual functional spaces : L^2(O) is the space of complex square integrable functions defined on O, C^∞_0 (O) is the space of regular functions defined on O with compact support in O. H^s(Ω_R) is the usual Sobolev space of order s ∈ IR, H^1_Δ(Ω_R) is the set of functions u in H^1(Ω_R), with Δu in L^2(Ω_R). H^{s,loc}_Δ (O) is the set of functions in H^s_Δ(O_R) for every positive R. We need to define Sobolev spaces of periodic functions in y_1 of period 1. Let C^∞_{per}(IR^2) denote the set of regular periodic functions in y_1 of period 1. C^∞_{per}(O) will be the space of restrictions to O of functions C^∞_{per}(IR^2). This enables us to consider the periodic Sobolev space H^1_{per}(O), closure of C^∞_{per}(O) in H^1(O).

It is easy to see that, equipped with the usual H^1 norm and Hibertian scalar product, H^1_{per}(O) becomes a Hilbert space. We introduce H^1_{Δ,per}(O) = H^1_{per}(O) ∩ H^1_Δ(O). We will also use the Fréchet space which is locally in H^1_{Δ,per}(O), in the same sense as above. It will be designed by H^{1,loc}_{Δ,per}(O). It is not difficult to show that we can extend a periodic version of the first trace on G_h, well defined for functions in C^∞_{per}(O_h) to H^1_{per}(O_h), with values in a fractionnary order Sobolev space of periodic functions over G_h denoted by H^{1/2}_{per} (G_h).

In the case of a TM polarized incident electro-magnetic field : E^{in}(x_1, x_2, x_3) = u^{in}(x_1, x_2) e_3, the scattered electric field has the following form : E^δ(x) = u^δ(x_1, x_2) e_3, and Maxwell’s equations become : div 1 μ^δ_r ∇u^δ + k^2ε^δ_ru^δ = 0 in Ω^δ, u^δ = 0 on ∂Ω^c_δ, u^δ − u^{in} satisfying an outgoing radiation condition at infinity. (2)

With a TE polarized incident electro-magnetic field, the scattered magnetic field has the following form :

H^δ(x) = v^δ(x_1, x_2) e_3, and Maxwell’s equations become : div 1 ε^δ_r ∇v^δ + k^2μ^δ_rv^δ = 0 in Ω^δ, ∂v^δ ∂n = 0 on ∂Ω^c_δ, v^δ − v^{in} satisfying an outgoing radiation condition at infinity. (3)

where ε^δ_r(x) = ε^0_r(ϕ^{−1}_δ (x)) and μ^δ_r(x) = μ^0_r(ϕ^{−1}_δ (x)).

ε^0_r and μ^0_r are respectively the electric and the magnetic permeability of the plane grating, they can be written as ε^0_r = ε^′_r + iε^{′′}_r and μ^0_r = μ^′_r + iμ^{′′}_r , where ε^0_r ∈ L^∞(IR^2), μ^0_r ∈ L^∞(IR^2), ε^′_r(x) ≥ ε_0 > 0, ε^{′′}_r (x) ≥ 0, μ^′_r(x) ≥ μ_0 > 0 and μ^{′′}_r (x) ≥ 0. ε^0_r = μ^0_r = 1 in the exterior domain.

We introduce a ball B_R of radius R > 0 containing Ω^c_δ ∪ Ω^d_δ . S_R denotes the boundary of B_R . We can express the exterior normal derivative ∂u^δ ∂n (r, θ) and this gives us the Dirichlet- Neumann operator T on S_R, a continuous operator from H^{1/2}(S_R) into H^{−1/2}(S_R), this operator is such that (see Nédélec [13] for the proof) : − ℜe⟨T u, u⟩ ≥ 1 2R |u|^2_L2_{(SR)} and ℑm⟨T u, u⟩ > 0 if u ≠ 0. (4) Helmholtz equations (2) and (3) have unique solutions in H^1_{loc}(Ω^δ) satisfying outgoing radiation condition at infinity. The proofs are based on Fredholm’s alternative and on the inequalities (4).

3 Effective boundary conditions. The TM case 3.1 Limiting problem, first estimate We want to replace the differential equation (2) in the domain Ω^δ by an approximate boundary value problem in Ω, when δ → 0. We will call p^δ the extension operator into the conductor inclusions Ω^c_N by 0. We introduce Ω = IR \ Ω^c_0, Ω_R = Ω ∩ B_R. The proofs of the error estimates are based on the following lemma :

Lemma 3.1. Consider X a separable Hilbert space, (a^n_0 )_{n∈IN}, (a^n_r )_{n∈IN}, a_0 and a_r continuous sesquilinear forms on X satisfying the conditions : (i) ∃ α > 0, ∀ n ∈ IN, ∀ v ∈ X, ℜe a^n_0 (v, v) ≥ α ‖ v ‖^2_X ; (ii) ∀ (u_n) ∈ X^{IN}, u_n ⇀ u ⇒ a^n_r (u_n, u_n) → a_r(u, u) ; (iii) ∀ (u_n) ∈ X^{IN}, u_n → u ⇒ a^n_0 (u_n, u_n) → a_0(u, u) ; (iv) a(u, u) = a_0(u, u) + a_r(u, u) = 0 =⇒ u = 0 ;

Let (u_n) be a sequence in X, then

a^n_0 (u_n, u_n) + a^n_r (u_n, u_n) = O(n^{−s}) ‖ u_n ‖_X (s > 0) =⇒‖ u_n ‖_X = O(n^{−s}).

Proof. This lemma is proved by contradiction, using compactness and uniqueness arguments. If we suppose that lemma (3.1) were not true, then for every C > 0, n_0 ∈ IN, there would exist n ≥ n_0 such that || u_n ||_X ≥ Cn^{−s}. So there exists a subsequence of (n^su_n), still denoted by (n^su_n) such that || n^su_n ||_X converges to +∞. We introduce

v_n = u_n || u_n ||_X , we have : || v_n ||_X = 1 ⇒ v_n ⇀ v. (5) Now, we shall show that there exists a subsequence of (v_n) that converges to 0 in X. The existence of such subsequence would contradict (5).

a^n(u_n, u_n) = a^n_0 (u_n, u_n) + a^n_r (u_n, u_n) = O(n^{−s}) ‖ u_n ‖_X

implies that :

a^n(v_n, v_n) = a^n_0 (v_n, v_n) + a^n_r (v_n, v_n) → 0. (6) Furthermore, since (v_n) is bounded and a^n_r satisfies (ii), there exists a subsequence, still denoted by (v_n), such that a^n_r (v_n, v_n) → a_r(v, v). Hence, using (6) and (iii), v_n converges strongly to v in X. It follows that : a^n(v_n, v_n) → a(v, v) = 0. Finally, using property (iv), it follows that v = 0. This contradicts (5). Hence lemma (3.1) is proved.

We have the following theorem :

Theorem 3.1. For any R > 0, the sequence of solutions p^δu^δ of (2) converges in H^1(Ω_R) strongly to u^0 the unique solution of the Helmholtz equation : Δu^0 + k^2u^0 = 0 in Ω,

u^0 = 0 on Γ, u^0 − u^{in} satisfying an outgoing radiation condition at infinity. (7)

Moreover, there exists a constant C(R) > 0 independent of δ such that : ‖p^δu^δ − u^0‖_H1_{(ΩR)} ≤ C(R) δ^{1/2}. (8) Proof. We shall show that there exists a constant C > 0 such that : ∫ Ω_R | ∇p^δu^δ |^2 dx + 1 2R ∫ S_R | p^δu^δ |^2 dσ ≤ C ∫ Ω_R | p^δu^δ |^2 dx. (9) Since p^δu^δ satisfies : ∫ Ω_R 1 μ^δ_r | ∇p^δu^δ |^2 dx − k^2 ∫ Ω_R ε^δ_r | p^δu^δ |^2 dx − ⟨T p^δu^δ, p^δu^δ⟩ = ⟨T u^{in} − ∂u^{in} ∂n , p^δu^δ⟩. (4) implies that : ∫ Ω_R | ∇p^δu^δ |^2 dx + 1 2R ∫ S_R | p^δu^δ |^2 dσ ≤ C ∫ Ω_R | p^δu^δ |^2 dx + | ⟨T u^{in} − ∂u^{in} ∂n , p^δu^δ⟩ | . Furthermore, there exists C > 0 such that : | ⟨T u^{in} − ∂u^{in} ∂n , p^δu^δ⟩ | ≤ C || T u^{in} − ∂u^{in} ∂n ||_L2_{(SR)} || p^δu^δ ||_L2_{(SR)} . Using : ∀ η > 0, ∃ C(η), ∀ φ ∈ H^1(Ω_R), || φ ||_L2_{(SR)}≤ η || ∇φ ||_L2_{(ΩR)} +C(η) || φ ||_L2_{(ΩR)}, we then deduce (9).

We are now ready to establish the convergence to the limiting problem. Let us first prove by contradiction that (p^δu^δ) is bounded in H^1(Ω_R). Suppose that we have a subsequence, still denoted by (p^δu^δ), such that || p^δu^δ ||_L2_{(ΩR)} converges to +∞, we introduce

w^δ = p^δu^δ || p^δu^δ ||_L2_{(ΩR)} . Let φ ∈ C^∞_0 (IR) equal to 1 in a sufficiently large neighborhood of 0, we define : φ^δ(x(s, n)) = φ( n δ ). By using (1 − φ^δ) ψ where ψ ∈ H^1(Ω_R) such that ψ = 0 on Γ as a test function on the variational formulation of (2), we obtain : ∫ Ω_R 1 μ^δ_r ∇w^δ∇ψ dx − k^2 ∫ Ω_R ε^δ_rw^δψ dx − ⟨T w^δ, ψ⟩ −→ 0. (10)

Thus we deduce that w^δ converges to 0, H^1(Ω_R) weakly, but

|| w^δ ||_L2_{(ΩR)} = 1,

which leads to a contradiction. The strong convergence is deduced from the compact imbedding of H^1(Ω_R) in L^2(Ω_R).

To prove the error estimate (8), we define X = { v ∈ H^1(Ω_R) : v = 0 on Γ } , a^δ(u, v) = ∫ Ω_R 1 μ^δ_r ∇u.∇v dx − k^2 ∫ Ω_R ε^δ_r u v dx − ⟨T u, v⟩. (a^δ) is a family of sesquilinear forms on X satisfying the conditions of the lemma 3.1. We can prove that there exists a constant C > 0 independent of δ such that :

|a^δ(p^δu^δ − u^0, p^δu^δ − u^0)| ≤ ‖φ^δu^0‖_H1_{(ΩR)}‖p^δu^δ − u^0‖_H1_{(ΩR)} + C‖φ^δu^0‖^2_H1_{(ΩR)}.

Regularity of u^0 shows that

‖φ^δu^0‖_H1_{(ΩR)} = O(δ^{1/2})

and Lemma (3.1) allows us to conclude.

3.2 First correctors and generalized impedance conditions We exhibit the boundary layer correctors u^0_{BL} and u^1_{BL} of order 0 and 1, the correctors u^1 and u^2, and we prove error estimates.

The boundary layer corrector u^0_{BL} corrects the boundary condition on ∂Ω^c_N and the

jump of [ 1 μ^δ_r ∂u^0 ∂n ] across Γ^δ. For this we introduce (α^{(0)}, a^{(0)}) ∈ H^{1,loc}_{Δ,per}(O) × C^j unique solution of the following problem : div 1 μ^0_r

∇α^{(0)} = 0 in O^e ∪ O^d,

α^{(0)} = −y_2 on G^c, α^{(0)} = 0 on G, [ 1 μ^0_r

∂α^{(0)} ∂n ] = [ − 1 μ^0_r

] on G^d and α^{(0)} − a^{(0)} ∈ S.

(11)

S denotes the space of functions C^∞, periodic in y_1, with exponential decay in y_2(y_2 → +∞) and [.] is the jump across G^d.

The linearity of the equations and the smoothness of the data and boundaries insure that, if α^{(0)} exists, it is C^∞, and its trace on every section y_2 = h, for h large enough, admits a Fourier expansion :

∀ y_2 ≥ h, α^{(0)} = ∑ j∈ZZ α^{(0)}_j (h) e^{−2π|j|(y2−h)} e^{i2πjy1} . So, ∂α^{(0)} ∂y_2 = −2π ∑ j∈ZZ | j | α^{(0)}_j (h) e^{−2π|j|(y2−h)} e^{i2πjy1} .

Hence, ∂α^{(0)} ∂y_2 |_{y2=h} = T_{per}α^{(0)} |_{y2=h} .

(12)

T_{per} can be extended into a continuous operator from H^{1/2}per (G_h) into its dual H^{−1/2}per (G_h). The problem (11) is equivalent to the truncated problem : div 1 μ^0_r

∇α^{(0)} = 0 in O^e ∪ O^d, α^{(0)} = −y_2 on G^c, α^{(0)} = 0 on G, [ 1 μ^0_r

∂α^{(0)} ∂n ] = [ − 1 μ^0_r

] on G^d and

∂α^{(0)} ∂y_2 = T_{per}α^{(0)} on G_h.

(13)

and a^{(0)} = lim_{y2→+∞}α^{(0)}_0 . Once the existence and the uniqueness have been shown for (13), then, plugging the Fourier expansion of the trace of α^{(0)} into the extension formula (12) leads to the solution of (11). A variational formulation for (13) is : ∫ O_h 1 μ^0_r ∇α^{(0)}∇β − ⟨T_{per}α^{(0)}, β⟩ = ∫ G^d [ 1 μ^0_r

]β ∀β ∈ H^1(O_h), β = 0 on G ∪ G^c.

(14)

The fact that : − ⟨T_{per}α, α⟩ ≥ 0 ∀ α ∈ H^{1/2}_{per} (G_h), (15) shows that the sesquilinear form is coercive. (13) has a unique solution in H^1_{Δ,per}(O_h). Hence, problem (11) has a unique solution in H^{1,loc}_{Δ,per}(O).

We define u^0_{BL} by :

u^0_{BL}(x) = δ ∂u^0 ∂n (x_Γ) { α^{(0)}( s δ , n δ ) − a^{(0)} } . (16)

The mapping ϕ_δ modifies the operator div 1 μ_r ∇, in fact, using (1), we obtain :

Δxu^0_{BL}(x) = ∂u^0 ∂n (x_Γ) 1 δ Δyα^{(0)}( s δ , n δ ) = 0 +2 ∂^2u^0 ∂s∂n (x_Γ)

∂α^{(0)} ∂y_1 ( s δ , n δ )

+c(s) ∂u^0 ∂n (x_Γ) { ∂α^{(0)} ∂y_2 ( s δ , n δ ) − 2 n δ ∂^2α^{(0)} ∂y^2_1 ( s δ , n δ ) } + O(δ). These terms will be corrected by u^1_{BL}. That is where the curvature appears explicitly for the first time. We define u^1 which corrects the boundary condition on Γ as the unique solution of :

Δu^1 + k^2u^1 = 0 in Ω,

u^1 = a^{(0)} ∂u^0 ∂n on Γ,

u^1 satisfying an outgoing radiation condition at infinity.

(17)

The constant a^{(0)} may be obtained explicitly ( see the last paragraph in the next section).

To exhibit u^1_{BL}, which corrects the boundary condition on ∂Ω^c_N , the jump of [ 1 μ^δ_r ∂u^0 ∂n ] across Γ^δ to the order 2, and the PDE in the boundary layer. In fact, we have : div 1 μ^δ_r ∇(u^0 + u^0_{BL}) + k^2ε^δ_r(u^0 + u^0_{BL}) = O(1),

in the thin dielectric layer. Then we are led to introduce (α^{(1)}_1 , a^{(1)}_1 ) ∈ H^{1,loc}_{Δ,per}(O) × C^j and (α^{(1)}_2 , a^{(1)}_2 ) ∈ H^{1,loc}_{Δ,per}(O) × C^j unique solutions of the following problems :

div 1 μ^0_r

∇α^{(1)}_1 =

∂α^{(0)} ∂y_1 in O^e ∪ O^d,

α^{(1)}_1 = −y_2 on G^c, α^{(1)}_1 = 0 on G, [ 1 μ^0_r

∂α^{(1)}_1 ∂n ] = [ − 1 μ^0_r

] on G^d and α^{(1)}_1 − a^{(1)}_1 ∈ S.

(18)

div 1 μ^0_r

∇α^{(1)}_2 =

∂α^{(0)} ∂y_2 − 2y_2

∂^2α^{(0)} ∂y^2_1 in O^e ∪ O^d,

α^{(1)}_2 = − y^2 2 on G^c, α^{(1)}_2 = 0 on G, [ 1 μ^0_r

∂α^{(1)}_2 ∂n ] = [ − 1 μ^0_r

] on G^d and α^{(1)}_2 − a^{(1)}_2 ∈ S.

(19)

As in the proof of existence and uniqueness of α^{(0)}, a truncated problem is introduced. Here, another difficulty comes from the fact that α^{(0)} does not have a compact support in O, but decays exponentially in y_2. However, since α^{(0)} satisfies (11), we can obtain a transparent boundary condition analogous to (12) :

∂α^{(1)}_1 ∂y_2 |_{y2=h} = T_{per}α^{(1)}_1 |_{y2=h} +c(α^{(0)}).

(20)

Where T_{per} is the operator defined by (12) and c reads :

c(α^{(0)}) = −iπ ∑ j∈ZZ^~ j | j | α^{(0)}_j (h) e^{−2π|j|h} e^{i2πjy1} .

The truncated problem reads : seek α^{(1)}_1 ∈ H^{1,loc}_{Δ,per}(O), such that :

div 1 μ^0_r

∇α^{(1)}_1 =

∂α^{(0)} ∂y_1 in O^e ∪ O^d,

α^{(1)}_1 = −y_2 on G^c, α^{(1)}_1 = 0 on G, [ 1 μ^0_r

∂α^{(1)}_1 ∂n ] = [ − 1 μ^0_r

] on G^d and

∂α^{(1)}_1 ∂y_2 = T_{per}(α^{(1)}_1 ) + c(α^{(0)}) on G^h.

(21)

The variational formulation for problem (21) is : ∫ O_h 1 μ^0_r

∇α^{(1)}_1 ∇β − ⟨T_{per}α^{(1)}_1 , β⟩ = ∫ G^d [ 1 μ^0_r ]β + ⟨c(α^{(0)}), β⟩ (22)

∀ β ∈ H^1(O_h), β = 0 on G ∪ G^c.

This sesquilinear form is coercive. Hence, (18) has a unique solution in H^{1,loc}_{Δ,per}(O).

We define u^1_{BL} by :

u^1_{BL}(x) = δ ( ∂u^1 ∂n (x_Γ) + 2

∂^2u^0 ∂s∂n (x_Γ)) { α^{(0)}( s δ , n δ ) − a^{(0)} } − δc(s) ∂u^0 ∂n (x_Γ) { α^{(1)}_2 ( s δ , n δ } − a^{(1)}_2 }

−2δ ∂^2u^0 ∂s∂n (x_Γ) { α^{(1)}_1 ( s δ , n δ } − a^{(1)}_1 } . (23)

The corrector of order 2 is u^2 unique solution of :

Δu^2 + k^2u^2 = 0 in Ω,

u^2 = a^{(0)} { ∂u^1 ∂n (x_Γ) + 2

∂^2u^0 ∂s∂n (x_Γ) } − c(s)a^{(1)}_2 ∂u^0 ∂n − 2a^{(1)}_1

∂^2u^0 ∂s∂n (x_0) on Γ,

u^2 satisfying an outgoing radiation condition at infinity.

(24)

We have the following theorem :

Theorem 3.2. For any R > 0, there exists a constant C(R) > 0 such that :

‖p^δu^δ − (u^0 + u^0_{BL}) − δ(u^1 + u^1_{BL})‖_H1_{(ΩR)} ≤ C(R) δ^{3/2}.

(25)

Proof. We introduce w^δ = u^0 + u^0_{BL} + δ(u^1 + u^1_{BL}), w^δ satisfies : Δw^δ + k^2w^δ = 0(δ), in

the dielectric layer, w^δ = 0(δ^2) on Ω^c_N ∪ Γ, and [ ∂w^δ ∂n ] = 0 across Γ^d. We have :

a^δ(w^δ, w^δ − p^δu^δ) − a^δ(p^δu^δ, (1 − φ^δ)w^δ − p^δu^δ) = 0(δ^{3/2}) ‖p^δu^δ − w^δ‖_H1_{(ΩR)}.

‖φ^δw^δ‖_H1_{(ΩR)} = 0(δ^{3/2}) implies that :

a^δ(w^δ − p^δu^δ, w^δ − p^δu^δ) = 0(δ^{3/2}) ‖p^δu^δ − w^δ‖_H1_{(ΩR)}.

Hence, lemma (3.1) allows us to prove error estimate (25).

Starting from the boundary conditions satisfied by u^0, u^1 and u^2 on Γ, we obtain generalized impedance boundary conditions :

order 0 : u = 0 on Γ,

(26)

order 1 : u − δa^{(0)} ∂u ∂n = 0 on Γ,

(27)

order 2 : u − δa^{(0)} ∂u ∂n + δ^2 { a^{(1)}_2 c(s) ∂u ∂n + 2(a^{(1)}_1 − a^{(0)})

∂^2u ∂s∂n } = 0 on Γ.

(28)

To obtain the first order approximation ( error estimate of order δ^{3/2}) we replace the problem (2) by the following exterior problem with the first new boundary condition :

Δu + k^2u = 0 in Ω, u − δa^{(0)} ∂u ∂n = 0 on Γ,

u − u^{in} satisfying an outgoing radiation condition at infinity.

(29)

and for the second order approximation ( error estimate of order δ^{5/2}), we use the second new boundary condition :

Δu + k^2u = 0 in Ω,

u − δ(a^{(0)} − δc(s)a^{(1)}_2 ) ∂u ∂n − 2δ^2(a^{(1)}_1 − a^{(0)})

∂^2u ∂s∂n = 0 on Γ,

u − u^{in} satisfying an outgoing radiation condition at infinity.

(30)

(29) is an exterior Robin problem. The boundary condition (27) is to be interpreted in the sense : u has boundary values u ∈ H^{1/2}(Γ) and normal derivative ∂u ∂n ∈ H^{1/2}(Γ).

We shall show that ℑm a^{(0)} ≥ 0, from this we may prove that problem (29) has a unique solution by using Fredholm’s alternative and the inequalities (4). Let us use α^{(0)} + y_2 as a test function on the variational formulation (14). Condition radiation shows that : ∫ O_h 1 μ^0_r

| ∇α^{(0)} |^2 + ∫ O_h 1 μ^0_r

∂α^{(0)} ∂y_2 − [ 1 μ^0_r ] ∫ G^d α^{(0)} + y_2 −→ 0,

and ∫ O_h 1 μ^0_r

∂α^{(0)} ∂y_2 −→ ∫ G^c 1 μ^0_r y_2 + a^{(0)} + [ 1 μ^0_r

]a^{(0)}.

From this we may deduce that : ∫ O_h 1 μ^0_r

| ∇α^{(0)} |^2 + ∫ G^c 1 μ^0_r y_2 −→ [ 1 μ^0_r

](a^{(0)} + 1) − [ 1 μ^0_r

](a^{(0)} + 1).

All the terms on the left are easily seen to have negative complex part, and it follows then that ℑm a^{(0)} ≥ 0.

(31) The boundary condition (28) is to be interpreted in the sense : u ∈ H^{1/2}(Γ) and ∂u ∂n ∈ H^{1/2}(Γ). From (28) we see that the solution u of (30) and its

normal derivate q = ∂u ∂n ∈ H^{1/2}(Γ) satisfy : ∫ Ω_R ∇u ∇w dx − k^2 ∫ Ω_R u w dx − ∫ Γ q w ds − ⟨T u, w⟩ = ⟨T u^{in} − ∂u^{in} ∂n , w⟩ ∀ w ∈ H^1(Ω_R), ∫ Γ u p ds − a_1 ∫ Γ q p ds − a_2 ∫ Γ ∂q ∂s p ds = 0 ∀ p ∈ H^{1/2}(Γ), where a_1 = δ ( a^{(0)} − δc(s)a^{(1)}_2 ) and a_2 = 2δ^2 ( a^{(1)}_1 − a^{(0)} ) . This problem has a unique solution for δ small enough. To prove uniqueness, we use u as a test function on the previous variational formulation. Therefore, ℑm ( a_1 || q ||^2_L2_{(Γ)} −⟨T u, u⟩ − ia_2 || q ||^2_{H1/2(Γ)} ) = 0.

Uniqueness follows then from the compact imbedding of H^{1/2}(Γ) into L^2(Γ), (31) and (4). In the case of an homogeneous dielectric layer without conducting inclusions, we found

a^{(0)} = μ_r − 1, a^{(1)}_2 = a^{(0)} 2 and a^{(1)}_1 = a^{(0)}.

So we obtain the approximate boundary conditions given by Engquist-Nédélec [10] and Bendali-Lemrabet [8] (written on Γ instead of Γ^δ) .

If we are not interested in the boundary layer, we can write the generalized impedance conditions (27) and (28), and we obtain the following error estimates : ‖p^δu^δ − (u^0 + δu^1)‖_H1_{(ω)} ≤ C(ω) δ^{3/2},

(32)

‖p^δu^δ − (u^0 + δu^1 + δ^2u^2)‖_H1_{(ω)} ≤ C(ω) δ^{5/2},

(33) for each open set ω ⊂⊂ Ω.

4 Effective boundary conditions. The TE case We want to replace the differential equation (3) in the domain Ω^δ by an approximate boundary value problem in Ω, when δ → 0. We will need an extension operator into Ω^c_N , P^δ ∈ L(H^1(Ω^δ_R), H^1(Ω_R)) satisfying :

‖∇P^δv^δ‖_{(L}2_{(ΩR))}2 ≤ C ‖∇v^δ‖_{(L}2_{(Ω}δ_{R))}2 , ∀ v^δ ∈ H^1(Ω^δ_R).

(34) We first prove the existence of such operator.

Lemma 4.1. There exists an operator P^δ ∈ L(H^1(Ω^δ_R), H^1(Ω_R)) satisfying (34) Proof. To construct P^δ, we use an extension technique similar to the one used in [9]. We first construct an extension operator P on the elementary cell Q = O_h ∪ O^c, verifying : ‖∇P v‖_{(L}2_{(Q))}2 ≤ C ‖∇v‖_{(L}2_{(Oh))}2 , ∀ v ∈ H^1(O_h), (35) and then we derive an extension operator P^δ on Ω_R. Let v ∈ H^1(O_h), m(v) denotes the average of v in O_h. Let S ∈ L(H^1(O_h), H^1(Q)) be any extension operator (such an operator exists since the boundaries of the conductor inclusions are smooth enough). Then : ‖S(v − m(v))‖_H1_{(Q)} ≤ C ‖v − m(v)‖_H1_{(Oh)}. Since the average of v − m(v) is zero, we have ‖v − m(v)‖_H1_{(Oh)} ≤ C ‖∇v‖_{(L}2_{(Oh))}2 . (36)

Set P v = S(v − m(v)) + m(v), by (36), this extension operator has the required property (35). Using the operator P , we shall show the previous lemma. We consider P^δ defined as : P^δv^δ = P (v^δ ∘ ϕ_δ) ∘ ϕ^{−1}_δ .

(37)

P^δv^δ satisfies the inequality (34). In fact, we have :

δ^2 ∫ Ω_R |∇P^δv^δ|^2(x) dx ≤ C ∫ Ω_R

|∇P (v^δ ∘ ϕ_δ)|^2(ϕ^{−1}_δ (x)) dx. Thus, δ ∫ Ω_R |∇P^δv^δ|^2(x)dx ≤ C ∫ Q |∇P (v^δ ∘ ϕ_δ)|^2(y) dy. Using (35), we obtain that : δ ∫ Ω_R |∇P^δv^δ|^2(x)dx ≤ C ∫ O_h |∇(v^δ ∘ ϕ_δ)|^2(y) dy.

It also follows that : ∫ Ω_R |∇P^δv^δ|^2(x) dx ≤ C δ^3 ∫ δO_h |∇(v^δ ∘ ϕ_δ)|^2(y/δ) dy. Hence, ‖∇P^δv^δ‖_{(L}2_{(ΩR))}2 ≤ C ‖∇v^δ‖_{(L}2_{(Ω}δ_{R))}2 .

The behavior of P^δv^δ as δ → 0 will be now studied.

Theorem 4.1. For any R > 0, the sequence of solutions P^δv^δ of (3) converges in H^1(Ω_R) strongly to v^0 the unique solution of the Helmholtz equation : Δv^0 + k^2v^0 = 0 in Ω, ∂v^0 ∂n = 0 on Γ, v^0 − v^{in} satisfying an outgoing radiation condition at infinity.

(38)

Moreover, there exists a constant C(R) > 0 such that : ‖P^δv^δ − v^0‖_H1_{(ΩR)} ≤ C(R) δ^{1/2}.

(39) Proof. We shall show that there exists a constant C > 0 such that : ∫ Ω_R | ∇P^δv^δ |^2 dx ≤ C ∫ Ω_R | P^δv^δ |^2 dx. (40) Since v^δ satisfies : ∫ Ω^δ_R 1 ε^δ_r | ∇v^δ |^2 dx − k^2 ∫ Ω^δ_R μ^δ_r | v^δ |^2 dx − ⟨T v^δ, v^δ⟩ = ⟨T v^{in} − ∂v^{in} ∂n , v^δ⟩. (41)

(4) implies that : ∫ Ω^δ_R | ∇v^δ |^2 dx ≤ C ∫ Ω_R | P^δv^δ |^2 dx + | ⟨T v^{in} − ∂v^{in} ∂n , P^δv^δ⟩ | .

From the inequality (34), we deduce (40).

Now, let us prove by contradiction that (P^δv^δ) is bounded in H^1(Ω_R). Suppose that we have a subsequence, still denoted by (P^δv^δ), such that || P^δv^δ ||_L2_{(ΩR)} converges to +∞, we introduce : w^δ = P^δv^δ || P^δv^δ ||_L2_{(ΩR)} , for any ψ ∈ H^1(Ω_R), we have : ∫ Ω_R 1 ε^δ_r ∇w^δ∇ψ dx − k^2 ∫ Ω_R μ^δ_rw^δψ dx − ⟨T w^δ, ψ⟩ = 1 || P^δv^δ ||_L2_{(ΩR)} ⟨T v^{in} − ∂v^{in} ∂n , ψ⟩. Thus we deduce that w^δ converges to 0, H^1(Ω_R) weakly, but

|| w^δ ||_L2_{(ΩR)} = 1,

which leads to contradiction. The strong convergence is deduced from the compact imbedding of H^1(Ω_R) in L^2(Ω_R) and the equality (41). To prove the error estimate (39), we observe that we have : ∫ Ω^δ_R 1 ε^δ_r | ∇(v^0 − v^δ) |^2 dx − k^2 ∫ Ω^δ_R

μ^δ_r | (v^0 − v^δ) |^2 dx − ⟨T v^0 − v^δ, v^0 − v^δ⟩

= ∫ Ω_R

(1 − 1 ε^δ_r )∇v^0∇(P^δv^δ − v^0) dx − k^2 ∫ Ω_R

(1 − μ^δ_r)v^0(P^δv^δ − v^0) dx

(42) + ∫ Ω_R\Ω^δ_R 1 ε^δ_r ∇v^0∇(P^δv^δ − v^0) dx − k^2 ∫ Ω_R\Ω^δ_R

μ^δ_rv^0(P^δv^δ − v^0) dx.

Regularity of v^0 and lemma (3.1) allow us to conclude.

4.1 Boundary layer corrector and first generalized impedance condition The boundary layer corrector v^0_{BL} corrects the boundary condition on ∂Ω^c_N (to the order 1). In fact, using (1), we have for any x ∈ G^c : ∂v^0 ∂n (x) = { (1 − c(s)n)∇_Γv^0(x) − n(

∂^2v^0 ∂s^2 + k^2v^0)n(x_Γ) } .n(x) + 0(δ^2).

(43)

So to exhibit v^0_{BL}, we introduce β^{(0)} ∈ (H^{1,loc}_{Δ,per}(O))^2 unique solution of the following problem : div 1 ε^0_r

∇β^{(0)} = 0 in O^e ∪ O^d,

∂β^{(0)} ∂n = n on G^c,

∂β^{(0)} ∂n = 0 on G, [ 1 ε^0_r

∂β^{(0)} ∂n ] = 0 on G^d and β^{(0)} ∈ S^2.

(44)

We define v^0_{BL} by :

v^0_{BL}(x) = −δ ∇_Γv^0(x_Γ) . β^{(0)}( s δ , n δ ). (45)

v^1_{BL} corrects 1 ε^δ_r Δv^0_{BL} + k^2μ^δ_rv^0_{BL} = 0(1), in the boundary layer, the boundary condition (43) on ∂Ω^c_N to the order 2, the boundary conditions on Γ and the jump of [ 1 ε^δ_r ( ∂v^0 ∂n + δ ∂v^1 ∂n ) ]

across Γ^δ. The mapping ϕ_δ modifies the operator div 1 ε_r ∇, in fact, using (1), we obtain :

Δxv^0_{BL}(x) = −c(s)∇_Γv^0(x_Γ) . { ∂β(0) ∂y_2 ( s δ , n δ ) − 2 n δ ∂^2β^{(0)} ∂y^2_1 ( s δ , n δ ) }

+ 2 ( Δ_Γv^0(x_Γ) + c(s) ∂ v^0 ∂s (x_Γ)n(x_Γ) ) . ∂β^{(0)} ∂y_1 ( s δ , n δ ) + 0(δ).

These terms will be corrected by v^1_{BL}. To exhibit it, we introduce (β^{(1)}_1 , b^{(1)}_1 ), (β^{(1)}_2 , b^{(1)}_2 ) and (β^{(1)}_3 , b^{(1)}_3 ) ∈ (H^{1,loc}_{Δ,per}(O))^2 × C^{j 2} unique solutions of the following problems : div 1 ε^0_r

∇β^{(1)}_1 = −

∂β^{(0)} ∂y_1 in O^e ∪ O^d,

∂β^{(1)}_1 ∂n = 0 on G^c,

∂β^{(1)}_1 ∂n = b^{(1)}_1 on G, [ 1 ε^0_r

∂β^{(1)}_1 ∂n ] = [ 1 ε^0_r

] b^{(1)}_1 on G^d and β^{(1)}_1 ∈ S^2.

(46)

b^{(1)}_1 is given by : b^{(1)}_1 = − ∫ O ∂β^{(0)} ∂y_2 .

div 1 ε^0_r

∇β^{(1)}_2 =

∂β^{(0)} ∂y_2 − 2y_2

∂^2β^{(0)} ∂y^2_1 in O^e ∪ O^d,

∂β^{(1)}_2 ∂n = y_2 n on G^c,

∂β^{(1)}_2 ∂n = b^{(1)}_2 on G, [ 1 ε^0_r

∂β^{(1)}_2 ∂n ] = [ 1 ε^0_r

] b^{(1)}_2 on G^d and β^{(1)}_2 ∈ S^2.

(47)

b^{(1)}_2 is given by : b^{(1)}_2 = − ∫ G^c y_2n_2 + ∫ O ∂β^{(0)} ∂y_2 − 2y_2

∂^2β^{(0)} ∂y^2_1 .

div 1 ε^0_r

∇β^{(1)}_3 = 0 in O^e ∪ O^d,

∂β^{(1)}_3 ∂n = y_2 n on G^c,

∂β^{(1)}_3 ∂n = b^{(1)}_3 on G, [ 1 ε^0_r

∂β^{(1)}_3 ∂n ] = [ 1 ε^0_r

] b^{(1)}_3 on G^d and β^{(1)}_3 ∈ S^2.

(48)

We have : b^{(1)}_3 = − ∫ G^c y_2n_2, and to correct

div 1 ε^δ_r ∇v^0 + k^2μ^δ_rv^0 = 0(1), in the thin layer and the jump of [ 1 ε^δ_r ∂v^0 ∂n ] across Γ^δ, we also introduce (β^{(1)}_4 , b^{(1)}_4 ) and (β^{(1)}_5 , b^{(1)}_5 ) ∈ H^{1,loc}_{Δ,per}(O) × C^j , unique solutions of the following problems : div 1 ε^0_r

∇β^{(1)}_4 = 0 in O^e ∪ O^d

∂β^{(1)}_4 ∂n = 0 on G^c,

∂β^{(1)}_4 ∂n = b^{(1)}_4 on G, [ 1 ε^0_r

∂β^{(1)}_4 ∂n ] = [ 1 ε^0_r

] (b^{(1)}_4 − 1) on G^d and β^{(1)}_4 ∈ S.

(49)

div 1 ε^0_r

∇β^{(1)}_5 = −1 in O^d, div 1 ε^0_r

∇β^{(1)}_5 = 0 in O^e,

∂β^{(1)}_5 ∂n = 0 on G^c,

∂β^{(1)}_5 ∂n = b^{(1)}_5 on G, [ 1 ε^0_r

∂β^{(1)}_5 ∂n ] = [ 1 ε^0_r

] b^{(1)}_5 on G^d and β^{(1)}_5 ∈ S.

(50)

We define v^1_{BL} by :

v^1_{BL} = δc(s)∇_Γv^0(x_Γ).β^{(1)}_2 ( s δ , n δ ) + 2δ { Δ_Γv^0(x_Γ) + c(s) ∂ v^0 ∂s (x_Γ)n(x_Γ) } . β^{(1)}_1 ( s δ , n δ ) +δ { ∂2 v0 ∂s^2 (x_Γ) + k^2v^0(x_Γ) } n(x_Γ) . β^{(1)}_3 ( s δ , n δ ) − δ∇_Γv^1(x_Γ) . β^{(0)}( s δ , n δ ) + { ∂2 v0 ∂s^2 (x_Γ) + k^2v^0(x_{Γ)} } β^{(1)}_4 ( s δ , n δ ) + δk^2(μ^δ_r − 1 ε^δ_r )v^0(x_Γ)β^{(1)}_5 ( s δ , n δ ). (51)

The first corrector corrects the boundary conditions on Γ. It is defined as the unique solution of the following problem :

Δv^1 + k^2v^1 = 0 in Ω, ∂v^1 ∂n = − ∂v^1_{BL} ∂n on Γ,

v^1 satisfying an outgoing radiation condition at infinity.

(52)

We have the following theorem :

Theorem 4.2. For any R > 0, there exists a constant C(R) > 0 such that :

‖P^δv^δ − (v^0 + v^0_{BL}) − δ(v^1 + v^1_{BL})‖_H1_{(ΩR)} ≤ C(R) δ^{3/2}.

(53)

The generalized impedance condition of order 0 is : ∂v ∂n = 0 on Γ,

(54)

and that of order 1 is given on Γ by : ∂v ∂n = −2δb^{(1)}_1 . { Δ_Γv + c(s) ∂ v ∂s n } − δc(s)b^{(1)}_2 .∇_Γv − δb^{(1)}_3 . n { ∂2 v ∂s^2 + k^2v }

+δb^{(1)}_4 { ∂2 v ∂s^2 + k^2v } − δb^{(1)}_5 k^2(μ^δ_r − 1 ε^δ_r )v. (55)

In the case of a homogeneous dielectric layer without conducting inclusions, we found b^{(1)}_1 = b^{(1)}_2 = b^{(1)}_3 = 0, b^{(1)}_4 = 1−1/ε_r and b^{(1)}_5 = 1. So we obtain the approximate boundary condition given by Engquist-Nédélec [10] and Bendali-Lemrabet [8] (written on Γ instead of Γ^δ).

4.2 On the constants appearing in the TM case We end this section by indicating an idea to obtain explicitly, as in the TE case, the constants appearing in the TM case. For simplicity, we derive the first constant for a grating of conductors without a layer of dielectric material. We first remark that, in the TM case, the magnetic field satisfies :

curl curlH^δ − k^2H^δ = 0 in Ω^δ, div H^δ = 0 in Ω^δ, curl H^δ = 0 on ∂Ω^c_δ, H^δ − H^{in} satisfying an outgoing radiation condition at infinity.

(56)

H^δ has the following asymptotic expansion :

H^δ = H^{(0)} + H^{(0)}_{BL} + δ(H^{(1)} + H^{(1)}_{BL}) + . . . ,

where H^{(0)} = curl E^{(0)} and H^{(0)}_{BL} is the boundary layer corrector of order 0. It corrects the boundary condition curl H^{(0)} on the boundary of the conducting inclusions. H^{(0)}_{BL} is given by :

H^{(0)}_{BL}(x) = δ^2 ∂u^0 ∂n (x_Γ) β^{(0)}( s δ , n δ ), where β^{(0)} ∈ H^{loc}_{curl,per}(O) is a solution of the following problem :

curl curlβ^{(0)} = 0, div β^{(0)} = 0 in O curl β^{(0)} = −y_2e_3 on G^c, curl β^{(0)} = a^{(0)} on G, a^{(0)}.e_2 = 0.

(57)

Therefore, from E^{(0)}_{BL} = curl H^{(0)}_{BL}, we deduce that the constant a^{(0)}, introduced in (11), is given by :

a^{(0)} = ∫ G^c y_2n_2dσ^c.

5 Conclusions and Extensions In this paper we have studied the influence of a thin layer of dielectric material with conducting inclusions on the diffraction of a TM or a TE polarized electro-magnetic wave.

A closely related but more difficult problem is to derive generalized impedance conditions for a doubly periodic curved structure. The first order equivalent boundary condition is obtained in [2] for the general case of Maxwell’s equations and a doubly

18 T. Abboud and H. Ammari

periodic curved structure image of an infinite plane grating by an appropriate mapping. This condition generalizes the first order conditions given in this paper.

The derivation of these generalized impedance conditions assumes that the ratio η of the period d of the grating to the wave length λ is small. An interesting problem is to study the influence of the curvature of a grating on the diffraction of an electro-magnetic plane wave when η is not small. In [3], we study, for every ratio η, the influence of the curvature of a circular cylindrical grating on the diffraction of a TM or a TE polarized electromagnetic plane wave. Our main result is that, locally in the near field, we can replace this curved structure by an infinite plane grating. The approximation is less satisfying in the neighborhood of some angles of incidence. The number of these transition regions is approximately 2 + 4η and the size of each is of order λ^{2/3}R^{1/3} except the usual regions separating the region of direct illumination from the region of shadow which is of order λ^{1/3}R^{2/3}. The error of approximation is of order 0(d/R) outside the transition regions where it is of order 0(d/λ^{2/3}R^{1/3}). In each region, we calculate the first corrector, solution of an infinite plane grating diffraction problem.

References

[1] T. Abboud and H. Ammari, Diffraction at a curved grating. the TM case, homogenization, C.

R. Acad. Sci. Paris, t. 319, Série I, p. 371-376, 1994.

[2] T. Abboud and H. Ammari, Diffraction at a biperiodic curved structure. Homogenization, C.

R. Acad. Sci. Paris, Série I, t.320, p.301-306, 1995.

[3] T. Abboud and H. Ammari, Diffraction at a curved grating. Approximation by an infinite plane grating, C. R. Acad. Sci. Paris, Série I, t.320, p.113-118, 1995.

[4] Y. Achdou, Effect of a thin metallized coating on the reflection of an electromagnetic wave, C.

R. Acad. Sci. Paris, t. 314, Série I, p. 217-222, 1992.

[5] Y. Achdou, O. Pironneau and A. Zebic, Effective boundary conditions for thin coating, Publication du Laboratoire d’Analyse Numérique, Université Pierre et Marie Curie, 1994.

[6] T.S. Angel, R.E. Kleinman and F. Hettlich, The resistive and conductive problem for the exterior Helmholtz equation, SIAM, J. Appl. Math., vol. 50, NO. 6, pp. 1607-1622.

[7] M. Artola and M. Cessenat, Scattering of an electromagnetic wave by a stendered composite slob join side by side with a thick perfect conductor. I. Inclusions with high conductivity, C. R. Acad. Sci. Paris, t. 313, Série I, p. 231-236, 1991.

[8] A. Bendali and K. Lemrabet, Analyse asymptotique de la diffraction d’une onde harmonique par un obstacle recouvert d’une couche mince contrastée, Actes JEE’93, UPS, CERT, ONERA, INSA, p. 101-108, Toulouse 1993.

[9] D. Cioranescu and J. Saint Jean Paulin, Homogenization in open sets with holes, J. Math.

Anal. Appl., 71, 590-607 (1979).

[10] B. Engquist and J.C. Nédélec, Effective boundary conditions for acoustic and electro-magnetic scattering in thin layers, Rapport interne 278, C.M.A.P, École Polytechnique, Palaiseau (1993).

[11] R.F. Harrington and J.R. Mautz, An impedance sheet approximation for thin dielectric shells, IEEE Trans. Antennas Propagt, pp. 531-534, 1975.

[12] S.N. Karp and F.C. Karal, Generalized impedance boundary conditions for surface wave structures, Electromagnetic Wave Theory, Part I,ed. J. Brown, pp. 479-483, Pergamon Press, New York, 1965.

[13] J.C. Nédélec, Quelques propriétés des dérivées logarithmiques des fonctions de Hankel, Rapport interne 259, C.M.A.P, École Polytechnique, Palaiseau (1992).

[14] T.B.A. Senior and J.L. Volakis, Derivation and application of a class of generalized boundary conditions, IEEE Trans. Antennas Propagt, Ap-37, 1989.

[15] Electromagnetic Theory of Gratings, R. Petit, Ed., Topics in current Physics, Vol. 22, Springer- Verlag, Heidelberg, 1980.

Acknowledgment. - The authors are grateful to Professor J.C. Nédélec for suggesting the problem studied in this paper and for stimulating discussions.