Inverse Boundary Value Problems for Helmholtz Equation in an Infinite Periodic Structure�

Habib Ammari^†

Abstract In this paper, we begin by proving that the Helmhotz equation in an infinite grating of dielectric material with a C^{1;1} boundary has a unique solution provided the frequency is not in a discrete set and then we show that the tangential variations of the electric permittivity and the magnetic permeability of the dielectric material can be determined by steady measurements at the boundary.

1 Introduction and main results Let (x^′, x_n) ∈ IR^n × IR. Let q(x) be a periodic real-valued function, in L^∞(Ω), where Ω ⊂ IR^{n+1} is an infinite periodic domain^1 with a C^{1,1} boundary and such that it is bounded in the direction x_n. This means that there exists a constant ρ_0 > 0 such that if x ∈ Ω then |x_n| < ρ_0. We recall that an open set D ⊂ IR^{n+1} is called a C^{m,1} domain with m nonnegative integer if for each p ∈ ∂D there exist a neighborhood U(p) of p in IR^{n+1}, and a new orthogonal coordinates (x^′, x_n) ∈ IR^n × IR, such that : (i) U(p) is an hypercube in the new coordinates U(p) = { (x^′, x_n), −a_j < x_j < a_j } ; (ii) there exists a function φ of class C^{m,1}, defined in U^′(p) = { x^′, − a_j 2 < x_j < a_j 2 } , and such that |φ(x^′)| ≤ a_n 2 for every x^′ ∈ U^′(p), U ∩ D = { (x^′, x_n) : x_n < φ(x^′) } , and U ∩ ∂D = { (x^′, x_n) : x_n = φ(x^′) } . We assume that q(x^′ + d_J , x_n) = q(x^′, x_n), where d_J = (2πj_1d_1, . . . , 2πj_nd_n)^2, and q = 0 outside Ω. Consider the following Helmholtz equation : ( Δ + k^2 + q(x) ) u = 0 in IR^{n+1},

u − u^{in} satisfying an outgoing radiation condition at infinity, (1)

with u^{in} is a θ− quasi-periodic incident plane wave. It satisfies :

u^{in}(x + x_J ) = e^{iθ . dJ} u^{in}(x), ∀ x ∈ IR^{n+1}, ∀ J ∈ ZZ^n, (2) ∗This paper is submitted for publication to Comm. in Part. Diff. Equa.

†Centre de Mathématiques Appliquées, CNRS URA 756, École Polytechnique, 91128 Palaiseau Cedex, France._1 If x ∈ Ω then x + xJ ∈ Ω, ∀J ∈ ZZ^n.

2For 1 ≤ i ≤ n, di is assumed to be strictly positive. 1

2 H. Ammari

where θ ∈ IR^n and x_J = (d_J , 0). Throughout, functions satisfying (2) are called θ−quasiperiodic functions.

Let d be defined as d = (2π)^n n∏ i=1 d_i. Let us introduce α_J = (j_1/d_1, . . . , j_n/d_n) + θ and

μ_J = √ k^2 − |α_J |^2 if k ≥ |α_J |, i √ |α_J |^2 − k^2 else.

We also introduce ω as ω = { x = (x^′, x_n) ∈ Ω, x^′ ∈ n∏ i=1 ] 0, 2πd_i [ } , (3) and V_θ = { w = ∑ J∈ZZ^n w_J e^{iμJ (ρ0−xn)+iαJ . x′} , x_n ≤ ρ_0 } , where w_J are the Fourier coefficients of w, i.e. w = ∑ J∈ZZ^n w_J e^{iβJ . x′} with β_J = (2πj_1/d_1, . . . , 2πj_n/d_n).

Let Γ^± defined as ∂ω = Γ^±∪ ( ({0} × IR) ∩ Ω ) ∪ ( ({d} × IR) ∩ Ω ) , where ∂ω is the boundary of ω. Let ω_ρ denote the following hypercube

ω_ρ = { x = (x^′, x_n) ∈ IR^{n+1}, x^′ ∈ n∏ i=1 ] 0, 2πd_i [, |x_n| < ρ } . Finally, we define

Π^n = IR^n/d . ZZ^n × IR, ω^′ = Π^n \ ω, ω^′_ρ = ω^′ ∩ { |x_n| < ρ } , and Γ^±_ρ = { x = (x^′, x_n) ∈ IR^{n+1}, x^′ ∈ n∏ i=1 ] 0, 2πd_i [ and x_n = ±ρ } . Section 2 is devoted to prove the following uniqueness and existence theorem :

Theorem 1.1. Suppose that Ω is with a C^{1,1} boundary, q is periodic real valued, in L^∞(Ω). Then, except for some discrete set N of values of k with accumulation point at infinity, there is a unique solution u ∈ H^{2,loc}_θ (ω^′) to the problem (1).

A precise definition of the quasi-periodic Sobolev space H^{2,loc}_θ (ω^′) will be given below. When k is in N , the problem (1) will still have at least one solution but uniqueness is no longer guaranteed.

The main result in section 3 is the uniqueness result for the inverse problem. If we suppose that q(x) = q(x^′) then we obtain the following theorems.

Theorem 1.2. Let Ω be with a C^{1,1} boundary. Suppose that q is periodic real valued, in L^∞(Ω) with a lower bound > −k^2. Let u(x, y) be the solution of (1). Then q(x^′) is uniquely determined by the surface data u(x) given at all x ∈ Γ^±_ρ and for all u^{in} ∈ V_θ.

Inverse boundary value problems 3

Theorem 1.3. q(x^′) is uniquely determined from the knowledge of its θ−Dirichlet-to- Neumann operator.

We will show that q(x^′) can be reconstructed by solving certain integral equations on Γ^±. It is impossible to prove similar results for q = q(x).

The arguments leading to the inversion procedure for q (Theorem 3.1 ) are easily generalized to treat the following problem. Consider the scattering θ−quasi-periodic solution generated by a point source at y oscillating harmonically with frequency k and satisfying (2). From the measure of the surface data u(x, y) for all x, y ∈ Γ^±_ρ and a fixed k > 0 and θ ∈ IR^n, we find q(x^′) ∈ L^∞(ω_{ρ0} ) such that ( Δ + k^2 + q(x^′) ) u(x, y) = −δ_θ(x − y) in IR^{n+1}, (4) with δ_θ = ∑ J∈ZZ^n δ_J e^{iθ . dJ} , where δ_J is the Dirac measure at x_J = (d_J , 0).

Theorem 1.4. Let Ω be with a C^{1,1} boundary. Suppose that q is periodic real valued, in L^∞(Ω) with a lower bound > −k^2. Let u(x, y) be the solution of (4) satisfying the θ−Sommerfeld radiation condition^3 for |x_n| → +∞. Then q(x^′) is uniquely determined by the surface data u(x, y) given at all x, y ∈ Γ^±_ρ .

The proof of this Theorem follows arguments of Nachman in [14].

Now, given the surface data u(x, y) for all x, y ∈ Γ^±_ρ and a fixed k > 0 and θ ∈ IR^n, find q_1(x^′) ∈ C^{1,1}(ω)^4 and q_2(x^′) ∈ L^∞(ω) such that ( div q_1(x^′) ∇ + k^2 + q_2(x^′) ) u(x, y) = −δ_θ(x − y) in IR^{n+1}. (5) Once the unique solvability of (5) is established in Theorem 1.5, we prove Theorem 1.6 below which expresses in a precise way our inverse boundary value problem for (5).

Theorem 1.5. Suppose that Ω is with a C^{1,1} boundary, q_1 is periodic real valued, in C^{1,1}(Ω) and q_2 is periodic real valued, in L^∞(Ω). Then, except for some discrete set of values of k with accumulation point at infinity, there is a unique solution u ∈ H^{2,loc}_θ (ω^′) to the problem (6). ( div q_1 ∇ + k^2 + q_2 ) u = 0 in IR^{n+1},

u − u^{in} satisfying an outgoing radiation condition at infinity. (6)

We will prove the following Theorem and we will give a constructive procedure for recovering q_1 and q_2.

3The radiation condition at infinity is not the usual one. The new radiation condition is called θ−Sommerfeld radiation condition.

4We recall that saying that φ belongs to the class C^{m,1}(Ω)(m ≥ 1, possibly equals to +∞) means that it is m times continuously differentiable and its derivatives of order m are Lipchitz continuous in Ω.

4 H. Ammari

Theorem 1.6. Let Ω be with a C^{1,1} boundary. Suppose that q_1 is uniformly Lipschitz in Ω with a strictly positive lower bound and q_2 ∈ L^∞(Ω) with a lower bound > −k^2. Let u(x, y) be the solution of (5) satisfying the θ−Sommerfeld radiation condition for |x_n| → +∞. Then q_1(x^′) and q_2(x^′) are uniquely determined by the surface data u(x, y) given at all x, y ∈ Γ^±_ρ for two admissible frequencies.

2 Integral equation and uniqueness result In this section we prove Theorem 1.1 and Theorem 1.5. We assume throughout that Ω has a C^{1,1} boundary and q is a periodic real valued potential in L^∞(Ω).

2.1 `�quasi-periodic Green kernel We begin with some basic properties of the θ−Green’s function G_θ. Let G_θ be defined as

G_θ(x, k) = i 4 ( k 2π )(n−1)/2 ∑ J∈ZZ^n 1 | x + x_J |^{(n−1)/2} e^{−iθ . dJ} H^{(1)}_{(n−1)/2} ( k | x + x_J | ) , (7)

where H^{(1)}_{(n−1)/2} is the Hankel function of order (n − 1)/2 satisfying the outgoing condition at infinity.

Let K be defined as K = { k ∈ IR^+, k ≠ 0 and k ≠ |α_J |, ∀J ∈ ZZ^n } . We assume throughout that μ_J ≠ 0, ∀J ∈ ZZ^n. We show that G_θ(x) is equal to i 2d ∑ J∈ZZ^n 1 μ_J e^{iμJ |xn|} e^{iαJ . x′} .

Lemma 2.1. Let x_J = (d_J , 0) ≠ (x^′, x_n) ∈ IR^{n+1} and let k ∈ K. Then,

G_θ(x, k) = i 2d ∑ J∈ZZ^n 1 μ_J e^{iμJ |xn|} e^{iαJ . x′} (8) converges uniformly in compact sets.

Proof. We assume that ℑm(k) > 0. Then, by (7) it follows that e^{−iθ . x′} G_θ(x^′, x_n) is a periodic function of x^′. Its J−th Fourier coefficient is then given by

a_J (x_n) = 1 d ∫ IR^n/d . ZZ^n e^{iθ . x′} G_θ(x^′, x_n) e^{iβJ . x′} dx^′. Since H^{(1)}_{(n−1)/2} ( k | x+x_J | ) is a fundamental solution of Δ+k^2, it follows that a_J satisfies

d^2a_J dx^2_n + μ^2_J a_J = − 1 d δ(x_n). Using that H^{(1)}_τ (z) = ( 2 πz )^{1/2} e^{i(z−πτ/2−π/4)} ( 1 + O( 1 |z| ) )

( see Olver [18] ), we may prove that |G_θ(x^′, x_n)| −→ 0 as |x_n| −→ +∞, (9)

Inverse boundary value problems 5

uniformly for x^′ ∈ IR^n/d . ZZ^n. Now, from (9), we conclude that

a_J (x_n) = { a^+_J e^{iμJ xn} if x_n ≥ 0, a^−_J e^{−iμJ xn} if x_n ≤ 0, for some constants a^+_J and a^−_J . Since we know that for ℑm(k) > 0 the equality (8) holds, and since G_θ is continuous in K, it follows that the equality (8) remains valid for ℑm(k) = 0.

Now, we verify that G_θ is a θ−quasi-periodic fundamental solution of (1).

Lemma 2.2. G_θ given by (7) satisfies

(Δ + k^2) G_θ = δ_θ = ∑ J∈ZZ^n δ_J e^{iθ . dJ} in D^′. (10)

Proof. Let ψ^N = i 2d ∑ |J|≤N 1 μ_J e^{iμJ |xn|} e^{iαJ . x′} . Using the fact that μ^2_J = k^2 − |α_J |^2, we have

Δ ψ^N + k^2ψ^N = 1 d ∑ |J|≤N e^{iαJ . x′} δ(x_n).

Hence for φ ∈ C^∞_0 (IR^{n+1}),

(Δ + k^2) ψ^N (φ) = 1 d ∑ |J|≤N ∫ IR^n e^{iαJ . x′} φ(x^′, 0) dx^′.

(Δ + k^2) ψ^N (φ) = 1 d ∑ |J|≤N ^φ(αJ , 0), where ^φ is the Fourier transform which is with respect to x^′ and with x_n = 0. Letting N → +∞ and applying the Poisson summation formula yields

(Δ + k^2) G_θ(φ) = ∑ J∈ZZ^n φ(x_J ) e^{−iθ . dJ} . The proof is then complete.

Remark 2.1. The series (8) cannot be term twice differentiated with respect to x_n at x_n = 0.

Lemma 2.3. G_θ(x, k) is L^{2,loc}(IR^{n+1}).

Proof. Since the sum (8) contains only a finite number of terms with non exponential decay in x_n then G_θ(x, k) is easily checked to be locally integrable as a function of x in IR^{n+1}.

Lemma 2.4.

G_θ(x, k) = G^{(r)}_θ (x, k) + G^{(0)}_θ (x), with

G^{(r)}_θ (x, k) = i 2 ∑ J∈ZZ^n e^{−iθ . dJ} | x + x_J |^{(n−3)/2} ∫ k 0 ( τ 2π )(n−1)/2 H^{(1)}_{(n−3)/2} ( τ | x + x_J | ) dτ, (11)

6 H. Ammari and G^{(0)}_θ (x) = 1 γ_n ∑ J∈ZZ^n e^{iθ . dJ} | x + x_J |^{1−n} .

(12)

where γ_n =

2 π^{(n+1)/2} (n − 1) Γ((n + 1)/2) . G^{(r)}_θ (x, k) is C^∞ for x away from x_J = (d_J , 0), ∀J ∈ ZZ^n and its local singularity near x_J can be expressed as it is shown in the following lemma.

Lemma 2.5. For fixed k and x near x_J = (d_J , 0) we have the following estimates :

|G^{(r)}_θ (x, k)| ≤ C |x − x_J |^{3−n} when n ≠ 3.

(13)

|G^{(r)}_θ (x, k)| ≤ C log |x − x_J | when n = 3.

(14) |∇ G^{(r)}_θ (x, k)| ≤ C |x − x_J |^{2−n}. (15) | ∂^2G^{(r)}_θ ∂x_j∂x_l (x, k)| ≤ C |x − x_J |^{1−n}. (16)

We begin by showing the following lemma.

Lemma 2.6.

lim_{k→0} G_θ(x, k) = G^{(0)}_θ (x).

(17)

Proof. From the explicit formula (7) for G_θ(x, k) and the asymptotic form of the Hankel function of small arguments

H^{(1)}_τ (r) = −i

Γ(τ) π 2^τ r^τ (1 + o(r)), (τ > 0),

(18)

we see that lim_{k→0} G_θ(x, k) = G^{(0)}_θ (x).

We now return to the proof of Lemma 2.5. Computation of the derivation of G_θ(x, k) with respect to k yields ∂G_θ ∂k (x, k) = i 8π ( k 2π )(n−3)/2 ∑ J∈ZZ^n e^{−iθ . dJ} | x + x_J |^{(n−1)/2} g_n(| x + x_J |, k),

where

g_n(| x + x_J |, k) = k | x + x_J | H^{(1)′}_{(n−1)/2} ( k | x + x_J | ) + n − 1 2 H^{(1)}_{(n−1)/2} ( k | x + x_J | ) . By using (17) and the relation

rH^{(1)′}_τ (r) + τH^{(1)}_τ (r) = rH^{(1)}_{τ−1}(r),

(19)

we find

G^{(r)}_θ (x, k) = i 2 ∑ J∈ZZ^n e^{−iθ . dJ} | x + x_J |^{(n−3)/2} ∫ k 0 ( τ 2π )(n−1)/2 H^{(1)}_{(n−3)/2} ( τ | x + x_J | ) dτ.

Inverse boundary value problems 7

and (11) follows. The inequality (13) is an immediate consequence of (11). For n = 2 and n = 3, (18) should be replaced by the following formulae for τ = 0 and for τ < 0.

H^{(1)}_τ (r) = e^{−iπτ} H^{(1)}_{−τ} (r), for τ < 0, and H^{(1)}_0 = 2i π log r + O(1).

Now, by differentiating (11) with respect to x it follows

∇ G^{(r)}_θ (x, k) = i 2 x + x_J | x + x_J | ∑ J∈ZZ^n e^{−iθ . dJ} | x + x_J |^{(n−3)/2} ∫ k 0 ( τ 2π )(n−1)/2 H^{(1)}_{(n−1)/2} ( τ | x+x_J | ) dτ. and then (15) follows.

To complete this subsection, we define the regularized version of the Green’s kernel G_θ as G^ε_θ(x, k) = λ(n, k) ∑ J∈ZZ^n e^{−iθ . dJ} (| x + x_J |^2 +ε^2)^{(n−1)/4}

H^{(1)}_{(n−1)/2} ( k √ | x + x_J |^2 +ε^2 ) , (20)

for ε > 0 and with λ(n, k) = i 4 ( k 2π )(n−1)/2 . Direct computation yields

lim_{ε→0} ( Δ G^ε_θ(x − y, k) + k^2 G^ε_θ(x − y, k) ) = δ_θ(x − y).

Δ G^ε_θ(x − y, k) + k^2 G^ε_θ(x − y, k) is then an approximation of the identity.

2.2 `�quasi-periodic Sobolev spaces In this subsection, we describe the functional setting needed to state our boundary value problems in a suitable mathematical form. We state the only properties we need without proofs. Let ω be an open subset of IR^{n+1} with a boundary of class C^{m,1}. We shall use standard notations for the usual functional spaces : L^2(ω) is the space of complex square integrable functions defined on ω, C^∞_0 (ω) is the space of smooth functions defined on ω with compact support in ω. The Sobolev space of order s, H^s(ω) is defined as the space of all distributions u defined in ω, such that :

(a) D^αu ∈ L^2(ω), for |α| ≤ s, when s is a nonnegative integer,

(b) u ∈ H^{s′} (ω) and ∫ ω ∫ ω |D^αu(x) − D^αu(y)|^2 |x − y|^{n+1+2σ} dx dy < ∞, for |α| = s^′, when s^′ is a nonnegative integer, s = s^′ + σ is nonnegative and is not an integer and 0 < σ < 1. We define a Banach norm on H^s(ω) by ||u||^2_Hs_{(ω)} = ∑ |α|≤s ∫ ω |D^αu(x)|^2 dx

8 H. Ammari

in the case (a), and ||u||^2_Hs_{(ω)} = ||u||^2_{Hs}′_{(ω)} + ∑ |α|=s^′ ∫ ω ∫ ω |D^αu(x) − D^αu(y)|^2 |x − y|^{n+1+2σ} dx dy

in the case (b). In general the space C^∞_0 (ω) is not dense in H^s(ω). Let us define for s < 0, H^s(ω) as the dual space of ( C^∞_0 (ω) )H−s(ω) . We also define H^{s,loc}(ω) to be the set of functions in H^s(K) for any K ⊂⊂ ω. For proofs of the results above, we refer to Nečas [15].

Now, let Γ be an open subset of a C^{m,1} manifold. We consider distributions whose order is less than or equal to m + 1; those span the dual space of the space of all C^{m,1} functions with compact support in Γ. Functions are identified with distributions by means of the usual injection u → T u, defined by ⟨T u, v⟩ = ∫ Γ u v dγ, where dγ is the usual hypersurface measure on Γ ( defined provided Γ is a Lipschitz hypersurface ). A distribution u on Γ belongs to H^s(Γ) with |s| ≤ m + 1 if u ∘ Φ ∈ H^s ( U^′ ∩ Φ^{−1}(Γ ∩ U) ) , for all U and φ fulfilling the assumptions of the definition of C^{m,1} domains ( given in page 1 ) and Φ(x) = (x^′, φ(x^′)). We denote by γ_0 the operator defined by γ_0(u) = u|_Γ when u is a smooth function. We also introduce ν the unit outward normal a.e. on Γ^5.

Assume that s = l + 1/2 + σ, where l is a nonnegative integer and 0 < σ < 1, then the mapping u −→ { γ_0(u), γ_0( ∂u ∂ν ), . . . , γ_0( ∂^lu ∂ν^l ) } , which is defined for u ∈ C^{m+1}(ω) has a unique continuous extension as an operator from

H^s(Ω) onto l∏ j=0 H^{s−j−1/2}(Γ). This operator has a right continuous inverse.

We need to define Sobolev spaces of θ−quasi-periodic functions in x^′ of period d. Let C^∞_θ (IR^{n+1}) denote the set of smooth θ−quasi-periodic functions in x^′ of period d. C^∞_θ (ω) will be the space of restrictions to ω of functions C^∞_θ (IR^{n+1}). This enables us to consider the θ−quasi-periodic Sobolev space H^s_θ (ω), ( for |s| ≤ 2 ) closure of C^∞_θ (ω) in H^s(ω) defined above.

It is easy to see that, equipped with the H^s norm and Hibertian scalar product, H^s_θ (ω) becomes a Hilbert space. We will also use the Fréchet space which is locally in H^s_θ (ω). It will be designed by H^{s,loc}_θ (ω). It is not difficult to show that we can extend a periodic

5ν is defined a.e. ( for the measure dγ on Γ) by

ν(x^′, φ(x^′) = − ( ∂φ ∂x0 , . . . , ∂φ ∂xn−1 , 1 ) / √ 1 + ( ∂φ ∂x0 )^2 + . . . + ( ∂φ ∂xn−1 )^2, for x^′ ∈ U^′.

This vector field is easily extended to the whole U by defining it independently of xn. Finally, by a partition of unity, we define an L^∞ vector field in a neighborhood of ω, such that ν is the unit outward normal a.e. on Γ. The vector field ν is clearly of class C^{m−1,1}.

Inverse boundary value problems 9

version of the first trace on Γ^±_ρ ( Γ^±_ρ is smooth ), well defined for functions in C^∞_θ (ω_ρ) to H^s_θ (ω_ρ), with values in a fractionnary order Sobolev space of θ−quasi-periodic functions over Γ^±_ρ denoted by H^{s−1/2}_θ (Γ^±_ρ ). Because of the invariance of the Sobolev spaces under uniform Lipschitz coordinate transformations for |s| ≤ 2, we can define the spaces H^s_θ (Γ^±) in the usual way using local coordinate representations of uniformly Lipschitz manifold Γ^±.

Finally, to complete our preliminaries, we recall that Green’s formula is valid in any bounded Lipschitz domain, as is shown in Nečas [15]. For u and v in H^2_θ (ω), we have ∫ ω Δu v dx − ∫ ω u Δv dx = ∫ Γ^± ( ∂u ∂ν v − u ∂v ∂ν ) dγ(x). 2.3 `�quasi-periodic layers potentials Using the θ−Green’s function G_θ(x, k) defined above we now define analogues of the classical single and double layer potentials. Let

S_θf(x) = ∫ Γ^±

G_θ(x, y) f(y) dγ(y)

(21)

be the θ−acoustic simple layer operator and

D_θf(x) = ∫ Γ^± ∂G_θ ∂ν(y) (x, y) f(y) dγ(y) for x /∈ Γ^±,

(22)

the θ−double layer operator, where G_θ(x, y) = G_θ(x − y), f is θ quasi-periodic-periodic on Γ^± and x ∈ IR^{n+1} \ Γ^±. Since the singularity of G_θ for x near y is the same as that of G^{(0)}_θ , it is locally integrable on Γ^± and the trace θ−simple layer potential is given by (21). Let us define the trace θ−double boundary potential as B_θf(x) = p.v. ∫ Γ^± ∂G_θ ∂ν(y) (x, y) f(y) dγ(y) for x ∈ Γ^±.

(23)

The following lemmas list some of the basic properties of the θ−acoustic and the θ−generalized layer potentials which will be needed in the sequel. All these properties are well-known for the classical layer potentials when Ω is a bounded smooth domain^6. Some of these properties have been shown to hold in the case of a bounded domain even when the boundary is Lipschitz^7( see Verghota in [20], Costabel in [9] and Nachman [14] for the C^{1,1} domains).

Lemma 2.7. Suppose that ω is with a C^{1,1} boundary Γ^±. Then for 0 ≤ s ≤ 1, there exists a positive constant C(k, s) such that ||S_θf||_Hs+1_{θ (Γ±)} ≤ C(k, s) ||f||_Hs_{θ (Γ}±_). (24)

6These properties were shown, in the case of bounded C^1 domains by Fabes, Jodeit and Riviére in [11]. 7An open set D ⊂ IR^{n+1} is called a Lipschitz domain if for each p ∈ ∂D there exist a rectangular coordinate system (x^′, xn) ∈ IR^n × IR, a neighborhood, U(p) ∈ IR^{n+1} containing p, and a function Φp : IR^n → IR such that :

(i) |Φp(x^′) − Φp(y^′)| ≤ C(p) |x^′ − y^′| for all x^′, y^′ ∈ IR^n, C(p) < ∞; (ii) U ∩ D = { (x^′, xn) : xn > Φp(x^′) } ∩ U. The coordinate systems, (x^′, xn), may always be taken to be a rotation and translation of standard rectangular coordinates of IR^{n+1}.

10 H. Ammari

Proof. We sketch a proof. We recall since Γ^± is of class C^{1,1} for every point x ∈ Γ^± there exist a neighborhood U of x in IR^{n+1}, and a new orthogonal coordinates (y^′, y_n) ∈ IR^n × IR, such that :

(i) U is an hypercube in the new coordinates U = { (y^′, y_n), −a_j < y_j < a_j } ; (ii) there exists a function φ of class C^{1,1}, defined in U^′ = { y^′, − a_j 2 < y_j < a_j 2 } , and such that |φ(y^′)| ≤ a_n 2 for every y^′ ∈ U^′, U ∩ ω = { (y^′, y_n) : y_n < φ(y^′) } , and U ∩ Γ^± = { (y^′, y_n) : y_n = φ(y^′) } . In these local coordinates, for f supported in Γ^± ∩ U, S_θf is equal to S_θf = ∫ U^′ G^{(r)}_θ (x^′ − y^′ + x_J , φ(x^′) − φ(y^′)) f(y^′, φ(y^′))(1 + |∇φ(y^′)|^2)^{1/2} dy + 1 γ_n ∑ J∈ZZ^n e^{iθ . dJ} ∫ U^′ Φ^n_J (x^′, y^′) f(y^′, φ(y^′)) (1 + |∇φ(y^′)|^2)^{1/2} dy,

where Φ^n_J (x^′, y^′) = ( |x^′ − y^′ + x_J |^2 + (φ(x^′) − φ(y^′))^2 )−(1+n)/2 . Let f̃(y^′) = f(y^′, φ(y^′)).

For 0 ≤ s ≤ 2, f̃ ∈ H^s_θ (U^′) if and only if f ∈ H^s_θ (Γ^±). A partition of unity argument reduces (24) to proving that the operator f̃ −→ S_θf̃ is bounded from H^s_θ (U^′) to H^{s+1}_θ (U^′). Since φ ∈ C^{1,1}(U^′), multiplying by

(1 + |∇φ(y^′)|^2)^{1/2} ∈ C^{0,1}(U^′)

is bounded on H^s(U^′) for 0 ≤ s ≤ 1.

We shall consider the operator K_θ on U^′ defined as K_θf = ∑ J∈ZZ^n e^{iθ . dJ} ∫ U^′ Φ^n_J (x^′, y^′) f(y^′, φ(y^′)) (1 + |∇φ(y^′)|^2)^{1/2} dy.

∇_x K_θ is the principal value operator with kernel

∇_x K_θ(x^′, y^′) = ∑ J∈ZZ^n e^{iθ . dJ} Φ^n_J (x^′, y^′) ( x^′ − y^′ + x_J + (φ(x^′) − φ(y^′)) ∇φ ) . From a simple generalization of the Theorem of Coifman, McIntosh and Meyer and the boundeness of ∇ φ we conclude that

||K_θf||_H1_{(IR}n+1_) ≤ C ||f||_L2_{(IR}n+1_).

Inverse boundary value problems 11

We recall the celebrate Theorem of Coifman, McIntosh and Meyer.

Theorem 2.1. ( R.R. Coifman, A. McIntosh, Y. Meyer) Let A, φ be Lipschitz functions on IR^m. The following singular operator with kernel A(x) − A(y) ( |x − y|^2 + (φ(x) − φ(y))^2 )m/2

is bounded on L^2(IR^m).

For the H^1 to H^2 estimate, we prove that

∂^2K_θ ∂x_j∂x_l is L^2 bounded. Thus

||K_θf||_H2_{(IR}n+1_) ≤ C ||f||_H1_{(IR}n+1_).

The inequality (24) follows easily by interpolation.

Lemma 2.8. For 0 ≤ s ≤ 3/2, B_θ is bounded on H^s_θ (Γ^±). Proof. We begin by establishing the identity ( S_θT^±_θ (0) − B_θ − 1 2 ) f = k^2γ_0 ∫ ω G_θ(x − y)P_0f(y) dy,

where γ_0 is the trace operator on Γ^±, P_0 given by P_0f = u ∈ H^2_θ (ω) for f ∈ H^{3/2}_θ (Γ^±) with u the unique solution in H^2_θ (ω) to { (Δ + k^2) u = 0 in ω, u = f on Γ^±, (25)

and T^±_θ (0) the θ−Dirichlet-to-Neumann operator defined as

T^±_θ (0) : f ∈ H^{3/2}_θ (Γ^±) −→

∂(P_0f) ∂ν ∈ H^{1/2}_θ (Γ^±).

The boundeness of the operator B_θ on H^s_θ (Γ^±) for 0 ≤ s ≤ 3/2 can be deduced from the inequality (24).

Lemma 2.9. Suppose that ω is with a C^{1,1} boundary Γ^±. Then if f ∈ H^{1/2}_θ (Γ^±), the function u = S_θf satisfies the following properties :

(a) (Δ + k^2) u = 0 in IR^{n+1} \ Γ^±.

(b) u is in H^2_θ (ω) and in H^{2,loc}_θ (ω^′). (c) lim_{ρ→∞} ∫ Γ^±_ρ { ∂Gθ ∂ν(y) (x, y) u(y) − G_θ(x, y) ∂u ∂ν (y) } dγ(y) = 0,

for almost every x with | x |< ρ.

Proof. (a) is clear. To verify (b), we observe S_θ is bounded as an operator from L^2(Γ^±) to L^2(ω). Then we write − Δu = k^2u in ω ( or in ω^′_ρ ),

(26) and use the interior regularity for (26). From Lemma 2.10 below, this argument yields ||S_θf||_H2_{θ (ω)} ≤ C(k) ||f||_H3/2_{θ (Γ±)}.

12 H. Ammari

To verify (c) we use G^ε_θ the regularized version of G_θ given by (20). By applying the Green’s formula to this smooth function we have ∫ Γ^±_ρ { ∂Gθ ∂ν(y) (y, z) G^ε_θ(x, y) − G_θ(y, z) ∂G^ε_θ ∂ν (x, y) } dγ(y) = G^ε_θ(x, z) − ∫ |yn|<ρ G_θ(y, z) Δ_y G^ε_θ(x, y) dy.

Now, multiplying by f(z) and integrating over Γ^±_ρ give ∫ Γ^±_ρ { ∂u ∂ν (y) G^ε_θ(x, y) − u(y) ∂G^ε_θ ∂ν (x, y) } dγ(y) = − ∫ |yn|<ρ u(y) Δ_y G^ε_θ(x, y) dy + ∫ Γ^±_ρ

G^ε_θ(x, z) f(z) dγ(z).

Letting ε tend to 0 gives lim_{ρ→∞} ∫ Γ^±_ρ { ∂Gθ ∂ν(y) (x, y) u(y) − G_θ(x, y) ∂u ∂ν (y) } dγ(y) = 0,

and then the proof of the Lemma is over.

Now, we verify the interior regularity result used in the proof above.

Lemma 2.10. Suppose that k^2 is not a θ−Dirichlet eigenvalue^8 of the following interior problem (27). If f ∈ H^{3/2}_θ (Γ^±) then there exists a unique solution u ∈ H^2_θ (ω) to { (Δ + k^2) u = 0 in ω, u = f on Γ^±. (27)

Proof. The regularity of the interior solution under these limited smoothness assumptions is classical. See, for instance, Grisvard [12].

Lemma 2.11. If f ∈ H^{3/2}_θ (Γ^±), the function v = D_θf satisfies the properties (a), (b) and (c) given in lemma 2.3 above. The non-tangential limits v^+(v^−) of v as we approach the boundary from outside ( respectively inside ) Ω exist and satisfy

v^±(x) = ± 1 2 f(x) + B_θf(x) for almost every x ∈ Γ^±.

Proof. The proof is based on a straightforward generalization of the result of Fabes, Jodeit and Riviére [11]. We may prove that the nontangential maximal function^9

D_θf^∗(x) = sup { |D_θf(y)|, y ∈ ω, |x − y| < δ(α), (x − y) . ν(x) > α|x − y| } , 0 < α < 1 8We say that k^2 is a θ−Dirchlet eigenvalue if there exists nontrivial solution u ∈ H^2_θ (ω) to the following Dirichlet problem : { (Δ + k^2) u = 0 in ω, u = 0 on Γ^±.

9Let C(x) be an open, circular truncated cone with two non-empty, convex components with vertex at x and one component in ω and the other in ω^′. The nontangential maximal function is defined as f^∗(x) = sup y∈C(x) |f(y)|.

Inverse boundary value problems 13

satisfies ||(D_θf)^∗||_L2_{(Γ}±_) ≤ ||f||_L2_{(Γ}±_), and, for almost x ∈ Γ^±, D_θf(y) −→ − 1 2 f(x) + B_θf(x)

as y approaches x approaches nontangentially from inside ω.

Let T^±_θ (q) be the θ−Dirichlet-to-Neumann operator defined as

T^±_θ (q) : f ∈ H^s_θ (Γ^±) −→ ∂u ∂ν ∈ H^{s−1}_θ (Γ^±),

where u ∈ H^{s+1/2}_θ (ω) is the unique solution to the following problem { (Δ + k^2 + q) u = 0 in ω, u = f on Γ^±. (28)

T^±_θ (q) is well defined if and only if k^2 is not a θ−Dirichlet eigenvalue of −Δ − q in ω.

We shall introduce as the same way T^±_{ρ,θ}(q) T^±_{ρ,θ}(q) : f ∈ H^s_θ (Γ^±_ρ ) −→ ∂u ∂ν ∈ H^{s−1}_θ (Γ^±_ρ ),

where u ∈ H^{s+1/2}_θ (ω_ρ) is the unique solution to the following problem

(Δ + k^2 + q) u = 0 in ω_ρ, u = f on Γ^±_ρ . (29)

T^±_{ρ,θ}(q) is well defined if and only if k^2 is not a θ−Dirichlet eigenvalue of −Δ − q in ω_ρ. Note that T^±_{ρ,θ}(q) gives a precise meaning of the outgoing radiation condition at infinity. u satisfies the θ−Sommerfeld radiation condition if and only if ∂u ∂ν = T^±_{ρ,θ}(q)u on Γ^±_ρ .

We are now able to show that equation (1) admits at most one θ−quasi-periodic solution.

Proposition 2.1. ( Uniqueness ) There exists a discrete set N of values of k with accumulation point at infinity such that, the problem ( Δ + k^2 + q(x) ) u = 0 in IR^{n+1},

u satisfying θ−quasi-periodic radiation condition at infinity,

(30)

can have non trivial solutions in L^{2,loc}(IR^{n+1}) if and only if k is in N . Proof. The argument used in this proof generalizes the one given by Nédélec and Starling in [16]. We sketch it quickly. u appears as an eigenvalue of the operator A = Δ + q with a domain defined as D(A) = { u ∈ L^2(ω_ρ), Δ u ∈ L^2(ω_ρ), ∂u ∂ν = T^±_{ρ,θ}(q)u on Γ^±_ρ } ,

14 H. Ammari

T^±_{ρ,θ}(q) is defined from T^±_{ρ,θ}(q) by T^±_{ρ,θ}(q)u = T^±_{ρ,θ}(q) ũ, where ũ = ∑ |α_J |>k u_J e^{iβJ . x′} , with u_J are the Fourier coefficients of u. It is not difficult to verify that A is a self adjoint, densely defined operator, with compact resolvent. Therefore, there is a complete orthonormal basis { ϕ_m } of L^2(ω_ρ) in D(A) such that

A ϕ_m = λ_m ϕ_m with λ_1 ≤ λ_2 ≤ . . . ≤ λ_m → +∞,

and λ_m is given by the Min-Max principle. We conclude that if k^2 ≠ λ_m, ∀ m ∈ IN then (30) has at most one solution.

Now, consider the following integral equation :

f(x) = u^{in}(x) − ( S_θT^±_θ (q) − B_θ − 1 2 I ) f(x) on Γ^±.

(31)

Proposition 2.2. Suppose that k^2 is not a θ−Dirichlet eigenvalue of −Δ + q in ω. If u solves (Δ + k^2 + q) u = 0 in ω^′, u ∈ H^{2,loc}_θ (ω^′), ∂u ∂ν = T^±_θ (q)u on Γ^±,

u − u^{in} satisfying the θ−radiation condition at infinity,

(32)

then its trace on the boundary Γ^± solves the integral equation (31). Conversely, if f ∈ H^{3/2}_θ (Γ^±) is a solution of (31) then u defined for x ∈ ω^′ by

u(x) = u^{in}(x)− ( S_θT^±_θ (q) − D_θ ) f(x)

(33)

solves (32).

Proof. Assume u solves (32). Applying Green’s formula to G^ε_θ and u in ω^′ and letting ε tend to 0 show that (31) holds. Conversely, the properties of S_θ and D_θ give

(Δ + k^2 + q) u = 0 in ω^′, u ∈ H^{2,loc}_θ (ω^′), u − u^{in} satisfying the θ−radiation condition at infinity.

It remains to prove that ∂u ∂ν = T^±_θ (q)u on Γ^±.

(34)

By the same way as in the proof of Lemma 2.9, we have that

u(x) = u^{in}(x)+ ( S_θT^±_θ (0) − B_θ − 1 2 ) f (x)

Inverse boundary value problems 15

The equation (31) shows then that u|_Γ± = f. We also have

u(x) = u^{in}(x) + S_θ( ∂u ∂ν )(x) + D_θf (x).

Thus S_θ ( ∂u ∂ν − T^±_θ (q)u ) = 0.

From the invertibility of the layer operator S_θ ( see Lemma below ), we conclude that (34) holds.

We prove that the solutions of the exterior problem (32) are precesily the restrictions to ω^′ of the θ−quasi-periodic solutions of the integral equation (31).

Lemma 2.12. If k^2 is not a θ−Dirichlet eigenvalue of −Δ − q in ω then

S_θ : H^{1/2}_θ (Γ^±) −→ H^{3/2}_θ (Γ^±)

is invertible.

Proof. We first show that S_θ is injective. Assume f ∈ H^{1/2}_θ (Γ^±) and S_θf = 0 on Γ^± then u = S_θf is a θ−Dirichlet eigenfunction of −Δ − q in ω. Since k^2 is not a θ−Dirichlet eigenvalue of −Δ − q in ω, u = 0. Lemma 2.9 gives us u = 0 in ω^′. Therefore ∂u ∂ν_+ = ∂u ∂ν_− = 0 on Γ^±.

From f = ∂u ∂ν_− − ∂u ∂ν_+ on Γ^±,

we conclude that f = 0. It remains to show that S_θ is surjective. We will exhibit the inverse of S_θ.

Integrating by parts yields

u(x) = − ∫ Γ^± ( G_θ(x, y) ∂u ∂ν (y) − ∂G_θ ∂ν(y) (x, y) u(y) ) dγ(y) for a.e. x ∈ ω. By taking the trace on the boundary we obtain

S_θT^±_θ (0) = − 1 2 I + B_θ. Let T^±_θ (0) be defined as T^±_θ (0)f = ∂u ∂ν_+ . By the same argument as above we find

S_θT^±_θ (0) = − 1 2 I + B_θ. Therefore S_θ ( T^±_θ (0) − T^±_θ (0) ) = I, and the proof is complete.

16 H. Ammari

We will also need for the proof of Theorem 1.1 that the solutions of the exterior problem are precisely the restriction of the solutions of the integral equation (35) below.

Lemma 2.13. Suppose h ∈ L^{2,loc}(IR^{n+1}) solution to the θ−Lippman-Schwinger equation :

h(x) = u^{in}(x) − ∫ ω G_θ(x − y) q(y) h(y) dy,

(35)

then the restriction of h to ω^′ satisfies (32). Conversely, if h solves (32), there exists a unique solution h̃ ∈ L^{2,loc}(IR^{n+1}) of (35) such that h̃ = h in ω^′.

Proof. The proof of this Lemma is essentially the same as for smooth bounded domains and then we omit it.

Proposition 2.3. S_θT^±_θ (q) − B_θ − 1 2 I is a compact operator on H^{3/2}_θ (Γ^±).

Proof. Let f ∈ H^{3/2}_θ (Γ^±_ρ ) and let u = P_qf be the unique solution to the interior problem (28). By using G^ε_θ, the regularized version of G_θ, and applying Green’s formula to G^ε_θ and u in ω we obtain ∫ ω G_θ(x − y) Δ u(y) dy = ( S_θT^±_θ (q) − D_θ ) f(x). Now, letting x approach to Γ^± ( nontangentially from inside ω ) gives, by the Proposition 2.1, ( S_θT^±_θ (q) − B_θ − 1 2 I ) f(x) = γ_0 ∫ ω G_θ(x, y) q(y) P_q f(y) dy,

with γ_0 : H^2_θ (ω) −→ H^{3/2}_θ (Γ^±) the trace operator on Γ^± and

P_q : f ∈ H^{3/2}_θ (Γ^±) −→ u ∈ H^2_θ (ω),

given by (28). We have then obtained the following factorization

S_θT^±_θ (q) − B_θ − 1 2 I = γ_0G_θ q I P_q,

where I is the compactness of the inclusion operator I from H^2_θ (ω) in L^2(ω). Since P_q is a bounded operator from H^{3/2}_θ (Γ^±) to H^2_θ (ω), multiplication by q is a bounded operator and G_θ maps L^2(ω) to H^2_θ (ω) ( see Lemma 2.14), the result follows from the compactness of the inclusion operator from H^2_θ (ω) in L^2(ω).

Lemma 2.14. G_θ maps L^2(ω) to H^2_θ (ω).

Proof. Lemma above holds from a variation of the argument of Agmon in [4].

Proposition 2.4. Suppose that k /∈ N , then the integral equation (31) is uniquely solvable.

Proof. We have from Proposition 2.2 that the integral equation (31) is uniquely solvable in H^{3/2}_θ (Γ^±) whenever k is such that the operator S_θT^±_θ (q) − B_θ +^1_2 I has a trivial null-space. Let g ∈ H^{3/2}_θ (Γ^±) be in this null-space. g can be extended to h defined in ω^′ satisfying (32). h also extends to h̃ solution to the θ−Lippman-Schwinger (35) in IR^{n+1}. Using the uniqueness result in Proposition 2.1, we obtain h̃ = 0 and then S_θT^±_θ (q) − B_θ + 1 2 I is invertible for any k /∈ N . Let

u(x) = ( S_θT^±_θ (q) − B_θ + 1 2 I )−1 (u^{in}).

Inverse boundary value problems 17

Combining Proposition 2.2 and Proposition 2.1 we see that u extends to IR^{n+1} is to be precesily the solution to (1). Hence we have proved Theorem 1.1.

To this end, we sketch a proof of Theorem 1.5. We begin by reducing the problem (6) to the analogue one for the operator −Δ + q. The substitution w = √ q_1 u yields

−Δw + qw = 0 in IR^{n+1},

with q = 1 √ q_1 Δ( √ q_1) − q_2q_1 − k^2q_1

and then Theorem 1.5 holds from Theorem 1.1. We also have :

Theorem 2.2. The operator u −→ ( div q_1 ∇ u + (k^2 + q_2) u, u|_Γ± )

is a Fredholm operator of index zero from H^2_θ (ω) into L^2(ω) × H^{3/2}_θ (Γ^±).

3 Uniqueness results for the inverse problems This section is devoted to establishing Theorems 1.2, 1.3, 1.5 and 1.6. The reader will note that many of the arguments of this section owe their conception to the results of Nachman given in [14] and Ramm in [17].

Lemma 3.1. For any ρ > ρ_0, span { u(u^{in}), ∀ u^{in} ∈ V_θ } is L^2(ω_ρ)−dense in the space of all θ− quasi-periodic solutions to the following equation :

(Δ + k^2 + q) u = 0 in IR^{n+1}.

(36)

Proof. Let us prove that the closure of the linear span of the set { u(u^{in}), ∀ u^{in} ∈ V_θ } in L^2(ω_ρ) contains N^θ_{ωρ} (l) defined as

N^θ_{ωρ} (l) = { v ∈ H^1_θ (ω_ρ) such that l v = 0 in ω_ρ } , where l = Δ + k^2 + q.

We can assume that 0 is not an eigenvalue of the operator l in ω_ρ with Dirichlet conditions on Γ^±_ρ ( see the proof of Lemma 3.2 below ). If this assumption holds then the set { u(u^{in}), ∀ u^{in} ∈ V_θ } is dense in L^2(ω_ρ) in N^θ_{ωρ} (l) if and only if the set { u(u^{in})|_Γ±_ρ , ∀ u^{in} ∈ V_θ } is dense in H^{1/2}_θ (Γ^±_ρ ).

Suppose that there exists φ ∈ H^{1/2}_θ (Γ^±_ρ ) such that ∫ Γ^±_ρ

φ(y) u(u^{in})(y) dγ(y) = 0, ∀ u^{in} ∈ V_θ.

(37)

Then ∫

Γ^±_ρ φ(y) e^{iμJ yn+iαJ . y′} dγ(y) = 0, ∀ J ∈ ZZ^n. (38)

18 H. Ammari

Let us prove that (38) above implies that φ = 0 on Γ^±_ρ . Define v as v(x) = ∫ Γ^±_ρ

φ(y) G_θ(x − y) dγ(y), ∀ x /∈ Γ^±_ρ .

It is clear that l(v)(x) = 0 for any x /∈ Γ^±_ρ . Uniqueness of θ−quasi-periodic solution implies that v = 0 in IR^{n+1}, thus v = 0 on Γ^±_ρ . From the jump conditions for the normal derivative φ = 0 on Γ^±_ρ follows.

Lemma 3.2. The set { ρ ∈ IR, ρ > ρ_0 such that 0 is not an eigenvalue of the operator l_i in ω_ρ with Dirichlet conditions on Γ^±_ρ } is an open dense set in ] ρ_0, +∞ [.

Proof. By the change of variable

x_n ∈ [ 0, ρ ] −→ x̃_n ∈ [ 0, ρ_0 ] ,

one gets a family of elliptic operators l^ρ_i on the fixed domain IR^n/d . ZZ^n × ] − ρ_0, ρ_0 [ . Let N_ρ be the kernel of l^ρ_i . N_ρ is a finite dimensional space and the mapping ρ −→ dimN_ρ is semi-continuous in ρ. For η > 0, one defines m as inf { dim N_ρ, | ρ − ρ_0 | ≤ η } . One may prove by contradiction that there exists η > 0 such that m = 0. Let one assume that m > 0. There exists then ρ_1 such that

| ρ_1 − ρ_0 | ≤ η

and dim N_{ρ1} = m. As consequently, dim N_ρ = m for ρ − ρ_1 small enough. From the C^∞ regularity of l^ρ_i in a neighborhood of x_n = ρ and by applying the classical theory of elliptic operators^{10}, one deduces that there exists a basis (ẽ_j(x, ρ))_{1≤j≤m} of N_ρ where each of these vectors is C^∞ in x_n ≤ ρ_0. Now, one gets back to the initial coordinates. One has e_j satisfying : { l^ρ_i (e_j) = 0 in |x_n| < ρ, e_j = 0 on x_n = ±ρ.

e_j is C^∞ in a neighborhood of x_n = ±ρ. Let f_j = ∂e_j ∂ρ . Then, f_j satisfies that :

l^ρ_i (f_j) = 0 in |x_n| < ρ,

f_j + ∂e_j ∂x_n = 0 on x_n = ±ρ.

Integration by part yields : ∫ ρ_1 −ρ_1 ∫ x^′

l^ρ_i (f_j |_{ρ=ρ1} ) e_j |_{ρ=ρ1} = − ∫ x^′ f_j |_{xn=±ρ1,ρ=ρ1} ∂ ∂x_n e_j |_{xn=±ρ1,ρ=ρ1} = 0.

10For ρ > ρ0, and in a neighborhood of xn = ρ, the operator l^ρ_i = Δ + k^2.

Inverse boundary value problems 19

Thus, one obtains ∂e_j ∂x_n = 0 on x_n = ±ρ_1 and ρ = ρ_1.

One concludes then that e_j = 0. This leads to a contradiction and ends the proof of the lemma.

Lemma 3.3. For any ρ > ρ_0, span { u(u^{in}), ∀ u^{in} ∈ V_θ } ∀ 0≤θ≤2π is L^2(ω_ρ)−dense in the space of all solutions to the equation (36) above.

Proof. This Lemma follows from Lemma 3.1 and the Bloch decomposition.

Remark 3.1. Lemmas 3.1 holds for any bounded domain.

Now, we give a relation between the Dirichlet to Neumann operator and the trace of the solution of (1) on Γ^±_ρ .

Theorem 3.1. u_1 = u_2 on Γ^±_ρ for any u^{in} ∈ V_θ if and only if T^±_θ (q_1) = T^±_θ (q_2). Proof. Let u_1 = u_2 on Γ^±_ρ for any u^{in} ∈ V_θ. u = u_1 − u_2 solves ( Δ + k^2 ) u = 0 in Π^n \ ω,

(39)

with u = 0 on Γ^±.

(40)

From the uniqueness of a solution satisfying (39) and (40) we deduce that u = 0 and then ∂u ∂ν = 0 on Γ^±.

It follows that T^±_θ (q_1)(u_1) = T^±_θ (q_2)(u_2) for any u^{in} ∈ V_θ.

(41)

By using Lemma 3.4, (41) yields

T^±_θ (q_1)(φ) = T^±_θ (q_2)(φ) for any φ ∈ H^{1/2}_θ (Γ^±).

Now, let u_i be a solution to the following Helmholtz equation : ( Δ + k^2 + q_i(x^′) ) u_i = 0 in IR^{n+1},

u_i − u^{in} satisfying the θ− quasi-periodic radiation condition.

Since T^±_θ (q_1)u_1 = T^±_θ (q_2)u_1 we obtain that u = u_1 − u_2 solves ( Δ + k^2 ) u = 0 in Π^n \ ω,

(42)

with ∂u ∂ν = T^±_θ (q_1)(u) on Γ^±.

(43)

From the uniqueness of a solution satisfying (42) and (43) we deduce that u = 0 and then the proof of Theorem 3.1 is complete.

Remark 3.2. We remark that T^±_{ρ,θ}(q_1) = T^±_{ρ,θ}(q_2) for any ρ > ρ_0. We state here a list of lemmas which are just straightforward consequences of Lemma 3.1.

Lemma 3.4. span { u(u^{in})|_Γ±_ρ , ∀ u^{in} ∈ V_θ } is dense in H^{1/2}_θ (Γ^±_ρ ) for any ρ > ρ_0.

20 H. Ammari

Lemma 3.5. span { u(u^{in})|_Γ± , ∀ u^{in} ∈ V_θ } is dense in H^{1/2}_θ (Γ^±).

Lemma 3.6. span { u(u^{in})|_Γ±_ρ , ∀ u^{in} ∈ V_θ } ∀ 0≤θ≤π is dense in H^{1/2}(Γ^±_ρ ) for any ρ > ρ_0.

Proof. As Lemma 3.3, the Lemma 3.5 above follows from Lemma 3.4 and the Bloch decomposition and then we omit its proof.

In order to construct a special solution to (36), we shall make use of L^2(Π^n)-based Sobolev spaces with weights at infinity. Let

L^2_δ(Π^n) = { f ∈ L^{2,loc}(Π^n), ∫ Π^n

(1 + |x_n|^2)^δ |f(x)| dx < ∞ } . Theorem 3.2. For any J ∈ ZZ^n such that |J| → +∞, there exists a unique u_J in L^2_δ (Π^n) ( for −1 < δ < −1/2 ) solving (36) such that u_J (x) = e^{iμJ xn} e^{iαJ . x′} ( 1 + ψ_J (x) ) , (44)

where ||ψ_J ||_L2_{δ (Π}n_) ≤ C(δ) |J| ||q||_L∞_{(Ω)}. (45)

Proof. The proof follows by using arguments given in section 2. ψ_J must satisfy

Δ ψ_J + 2iγ_J . ∇ ψ_J + q(1 + ψ_J ) = 0,

where γ_J = (α_J , μ_J ).

Let G^J_θ be a fundamental solution to

Δ G^J_θ + 2iγ_J . ∇ G^J_θ = ∑ J^′∈ZZ^n δ_J ′ e^{iθ . dJ′} . ψ_J is then given by the following integral equation

ψ_J (x) = ∫ ω G^J_θ (x − y) q(y) ( 1 + ψ_J (y) ) dy. Arguments given in section 2 insure the unique solvability of the integral equation above.

We recall that l_i = Δ + k^2 + q_i, and N^θ_{ωρ} (l_i) = { v_i ∈ H^1_θ (ω_ρ) such that l_iv_i = 0 in ω_ρ } . Theorem 3.3. If u_1(u^{in}) = u_2(u^{in}) on Γ^±_ρ for any u^{in} ∈ V_θ then ∫ ωρ (q_1 − q_2)(y) v_1(y) v_2(y) dy = 0, for all v_i ∈ N^θ_{ωρ} (l_i).

(46)

Proof. Assume that q_i ∈ L^2(ω). Let u_i be a solution to the following Helmholtz equation : ( Δ + k^2 + q_i(x^′) ) u_i = 0 in IR^{n+1},

u_i − u^{in} satisfying the θ−quasi-periodic radiation condition.

Inverse boundary value problems 21

Since u_1(u^{in}) = u_2(u^{in}) on Γ^±_ρ for any u^{in} ∈ V_θ we obtain that u = u_1 − u_2 satisfies ( Δ + k^2 + q_1 ) u = (q_1 − q_2)u_2 in IR^{n+1},

(47) and ∂u ∂ν = u = 0 on Γ^±_ρ .

(48)

From (47) and (48), integration by part yields ∫ ωρ (q_1 − q_2)(y) v_1(y) u_2(u^{in})(y) dy = 0, for any v_1 ∈ N^θ_{ωρ} (l_1) and u^{in} ∈ V_θ.

(49)

Since { u_2(u^{in}), ∀u^{in} ∈ V_θ } is dense in N^θ_{ωρ} (l_2), (46) follows then from (49).

Our uniqueness result for the inverse problem follows by combining Theorem 3.2 and Theorem 3.3. (46) yields ∫ ωρ (q_1 − q_2)(y) u^1_{J1} (y) u^2_{J2} (y) dy = 0,

(50)

where u^m_{Jm} for m = 1 or 2 is the unique solution to

(Δ + k^2 + q_m) u^m_{Jm} = 0 in IR^{n+1},

such that u^m_{Jm} = e^{iμJm xn} e^{iαJm . x′} ( 1 + ψ_{Jm} (x) ) , with ||ψ_{Jm} ||_L2_{δ (Π}n_) ≤ C(δ) |J_m| ||q_m||_L∞_{(Ω)}. Let J ∈ ZZ^n. There exist J_1 and J_2 such that J = J_1 −J_2 and |J_1| and |J_2| are large enough. It is clear that (50) gives q_1(x^′) = q_2(x^′), ∀x^′ ∈ IR^n, and the proof of Theorem 1.2 is over.

Now, we show that q(x^′) can be reconstructed by solving certain integral equations on Γ^±. Let us introduce Q(J, J^′) = 1 |ω| ∫ ω e^{−iμJ′ |xn|−iαJ′ . x′} e^{−iβJ . x′} q(x^′) u_J ′ (x) dx, (51)

where u_J ′ (x) satisfies (44).

If we expand q(x^′) in Fourier series :

q(x^′) = ∑ J∈ZZ^n q_J e^{iβJ . x′} , (52)

then q_J may be obtained from Q(J, J^′). More precisely, we have the following Theorem.

Theorem 3.4. q_J = lim |J^′|→+∞ Q(J, J^′), ∀J ∈ ZZ^n.

22 H. Ammari

Proof. From Q(J, J^′) = 1 |ω| ∫ ω e^{−iμJ′ |xn|−iαJ′ . x′} e^{−iβJ . x′} q(x^′) ( 1 + ψ_J ′ (x) ) dx, and by using (45), it is clear that Q(J, J^′) −→ 1 |ω| ∫ ω e^{−iβJ . x′} q(x^′) dx. This ends the proof.

One way to recover q is then to use the following formula :

Theorem 3.5. Let J^′ satisfy

β^2_J + 2β_J . α_J ′ = 0,

(53)

q_J = 1 |ω| lim |J^′|→+∞ ∫ Γ^± e^{−iμJ′ |xn|−iαJ′ . x′} e^{−iβJ . x′} ( T^±(q) + iσ_J ′ . ν ) u_J ′ (x) dγ(x),

(54)

where σ_J ′ = ( α_J ′ + β_J , μ_J ′ ) . Proof. (54) follows by applying Green’s formula to (51).

Starting from T^±(q), we now know that Q(J, J^′) can be calculated for all J and |J^′| ≥ M satisfying (53).

Now, we sketch a proof of Theorem 1.3. Let u(x, y) be solution to ( Δ + k^2 + q(x^′) ) u(x, y) = −δ_θ(x − y) in IR^{n+1},

(55)

satisfying the θ−Sommerfeld radiation condition. u(x, y) satisfies

k^2 u(x, y) = k^2 G_θ(x − y) + ∫ ωρ G_θ(x − z) q(z^′) u(z, y) dz.

Multiplying φ(x) ∈ H^{1/2}(Γ^±_ρ ) and integrating over Γ^±_ρ yield ∫ ωρ ( ∫ Γ^±_ρ

G_θ(x − z) φ(x) dγ(x) ) q(z^′) u(z, y) dz

From Lemma 3.1, we deduce that ∫ ωρ v_1(z) q(z^′) u(z, y) dz,

is known for all v_1(z) ∈ N^θ_{ωρ} (Δ + k^2). Multiplying φ(y) ∈ H^{1/2}(Γ^±_ρ ) and integrating over Γ^±_ρ give ∫ ωρ v_1(z) q(z^′) ( ∫ Γ^±_ρ

φ(y) u(z, y) dγ(y) ) dz,

Inverse boundary value problems 23

is known for all v_1(z) ∈ N^θ_{ωρ} (Δ + k^2) and φ ∈ H^{1/2}(Γ^±_ρ ) . Now, given the surface data u(x, y) given at all x, y ∈ Γ^±_ρ , it is clear that ∫ ωρ v_1(z) q(z^′) v_2(z) dz,

is known for all v_1(z) ∈ N^θ_{ωρ} (Δ + k^2) and v_2(z) ∈ N^θ_{ωρ} (Δ + k^2 + q) and then by using the arguments given in the proof of Theorem 1.3, it is easily seen that q(z^′) is uniquely determined.

Finally, we sketch a proof of Theorem 1.6 which follows from Theorem 1.4. The substitution w = √ q_1 u yields

−Δw + qw = 0 in IR^{n+1},

with q = 1 √ q_1 Δ( √ q_1) − q_2q_1 − k^2q_1

Therefore, q_1(x^′) and q_2(x^′) are uniquely determined by the surface data u(x, y) given at all x, y ∈ Γ^±_ρ for two frequencies.

4 Extension remarks Finally, we remark that all the results presented in this paper remain valid for Maxwell’s equations in a periodic structure with boundaru of class C^{1,1}. Using the saddle point formulation of Maxwell’s equations given in [2], we may may prove a uniqueness result similar to Proposition 2.1. Existence holds from integral equation where the operator T^±_θ is replaced by the pseudo-differential operator R^±_θ : E ∧ n → ⃗curlE ∧ n, where E is the electric field solution to Maxwell’s equations in the periodic structure.

References

[1] T. Abboud and H. Ammari, Diffraction at a Curved Grating. Approximation by an Infinite Plane Grating, submitted to J. Math. Anal. Appl, ( see also C. R. Acad. Sci. Paris, t.320, Série I, p.113-118, 1995 ).

[2] T. Abboud and H. Ammari, Homogenization of the Time Harmonic Maxwell Equations in a Curved Doubly Periodic Structure, submitted to SIAM J. Math. Anal, ( see also C. R. Acad. Sci. Paris, t.320, Série I, p.301-306, 1995 ).

[3] T. Abboud, H. Ammari and G. Lebeau, Asymptotic Expansion of the Scattered Field by a Finite Curved Grating at High Frequencies, to appear, ( see also C. R. Acad. Sci. Paris, t.320, Série I, p.1085-1090, 1995 ).

[4] S. Agmon, Spectral properties of Schrodinger Operators and Scattering Theory, Ann. Scuola Norm. Sup. Pisa (4) 2 (1975), 151-218.

[5] H. Ammari, Uniqueness Theorems for an Inverse Problem in a Doubly Periodic Structure, to appear in Inverse Problems, ( see also C. R. Acad. Sci. Paris, t.320, Série I, p.815-820, 1995 ).

[6] O.P. Bruno and F. Reitich, Solutions of a Boundary Value Problem for The Helmholtz Equation Via Variations of The Boundary into The Complex Domain, Proc. Roy. Soc. of Edinburgh, 122 A, 317-340, 1992.

[7] X. Chen and A. Friedman, Maxwell’s equations in a periodic structure, Trans. Amer. Math.

Soc, 323, 465-507 (1992).

24 H. Ammari

[8] R.R. Coifman, A. McIntosh and Y. Meyer, L’intégrale de Cauchy définit un opérateur borné

sur L^2 pour les courbes Lipschitziennes, Ann. of Math., 116 (1982), 361-387.

[9] M. Costabel, Boundary Integral Operator on Lipschitz Domains : Elementary Results, SIAM.

J. Math. Anal., 19 (1988), pp. 613-626.

[10] D. Dobson and A. Friedman, The Time-Harmonic Maxwell Equations in a Doubly Periodic Structure, J. Math. Anal .Appl., 166, 507-528 (1992).

[11] E.B. Fabes, M. Jodeit and N.M. Riviére, Potential Techniques for Boundary Value Problems

on C^1 Domains, Acta Math. 141 (1978), p.165-186.

[12] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Monographs and Studies in Mathematics 24, Pitman (1985).

[13] A. Kirsch, Uniqueness Theorems in Inverse Scattering Theory for Periodic Structures, Inverse problems 10, p.145-152, 1994.

[14] A.I. Nachman, Reconstructions from the Boundary Measurements, Ann. of Math., 128 (1988), 531-576.

[15] J. Nečas, Les Méthodes Directes en Théorie des Équations Elliptiques, Masson (1967), Paris. [16] J.C. Nédélec and F. Starling, Integral Equation Methods in a Quasi-periodic Diffraction Problem for the Time-Harmonic Maxwell’s Equations, SIAM J. Math. Anal., 22 (1991), p. 1679-1701.

[17] A.G. Ramm, Multidimensional Inverse Problems and Completeness of the Products of Solutions to PDE, J. Math. Anal. Appl 134, 211-253 (1988).

[18] F.W.J. Olver, Asymptotics and Special Functions, Academic Press, 1974, New York. [19] J. Sylvester and G. Uhlmann, A Global Uniqueness Theorem for an Inverse Boundary Value Problem, Ann. of Math., 125 (1987), 153-169.

[20] G. Verghota, Layer Potentials and Regularity for the Dirichlet Problem for Laplace’s equation in Lipschitz Domains, J. Funct. Anal. 59 (1984), 572-611.

Acknowledgment. It is a pleasure to thank Jean Claude Nédélec for stimulating discussions and Jean Michel Roquejoffre for many helpful suggestions.